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Abstract

We explore the first passage problem for sticky reflecting diffusion processes with double
exponential jumps. The joint Laplace transform of the first passage time to an upper
level and the corresponding overshoot is studied. In particular, explicit solutions are
presented when the diffusion part is driven by a drifted Brownian motion and by an
Ornstein—Uhlenbeck process.
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1. Introduction

A sticky reflecting jump diffusion process can be constructed as a time-changed version of
the reflecting jump diffusion process. More precisely, first consider on [0, +00) the reflecting
process X = {X;, t > 0}, which evolves according to the stochastic differential equation (SDE)

dX; = u(Xy)dt + o (Xp)dW; + dV; + dL;, X0 >0, (1)

where W ={W,, >0} is a standard Brownian motion and V = {V;, >0} is a compound
Poisson process independent of W. The process L = {L;, t > 0} with Ly = 0 is usually called the
regulator of X (see, e.g., [10] and [1]), representing the magnitude of the displacement which is
the minimal amount required to keep X nonnegative. The sample paths of L are nondecreasing,
right continuous with left limits (RCLL), and satisfy

t
L, :/ 1ix,—0ydLs, t>0.
0

Let us denote by L® = {Lf, t > 0} the continuous part of L, i.e. Lf =L, — > o _ -, ALs where
AL; = Ls — Ls_. Now, for an arbitrary given constant g > 0, define the random time

ne=t+ BL;.

It is easy to see that the inverse 7, 1 inf{s > 0, ny > 1} is continuous, strictly increasing, and
satisfies

nyl=1—BL,, )
un
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with 7, '~ 0. Then a new process Y = {Y;, t > 0} can be introduced by time-changing X based
-1
onn, :

Yi=X 1. 3)
Mt
We call this process the sticky reflecting jump diffusion process, since under some restrictive
conditions, the set of times that ¥ spends at the boundary O has positive Lebesgue measure,
compared with zero Lebesgue measure for the reflecting case (1). What’s more, the above
construction extends the one put forward by [24] where only positive jumps are allowed in the
jump part of the process and thus the regulator therein is continuous in time.

The process Y defined by (3) belongs to the class of sticky reflecting Markov processes
which has found a variety of applications in finance, contract theory, storage, and queuing
networks; see [11, 17, 18, 23-25]. Those applications rely heavily on the detailed analysis of
probabilistic properties of involved processes among which the distribution of the first passage
time may be a rather important one. The aim of the current work is to investigate the first
passage time of Y defined by

7 =inf{r =0, Y; > b} “)

when V in (1) is specified as a compound Poisson process with double exponential jumps;
that is to say, V; = Zfil H;, where N = {N;, t > 0} is a Poisson process with rate A and {H;} is a
sequence of independent and identically distributed random variables with double exponential
density

pd1e 01 x>0,
gu(x) = s
q8,e?*, x<0.

The constants p, ¢ >0, p+ g =1, and &1, 62 > 0. We also denote by G(dx) the corresponding
probability distribution of H; such that G(dx) = gy (x)dx.

In the literature, the results on first passage problems for processes with one-sided jumps
are quite abundant (see, e.g., [3, 5, 7-9, 13, 19, 20]), while those for processes with two-
sided jumps are relatively limited. Kou and Wang [15] studied the first passage time of the
double exponential jump diffusion process (more specifically, the diffusion part is driven
by a drifted Brownian motion), and Cai [6] considered the more general case with hyper-
exponential jumps. Using the method of contour integrals, Jacobsen and Jensen [12] derived
the joint Laplace transform of the first passage time and the matching undershoot of the piece-
wise deterministic Markov process with two-sided jumps by solving the related differential
equations. Based on the same method, the explicit solutions to the first passage problem for
the reflecting Ornstein—Uhlenbeck (OU) process with two-sided jumps were obtained by Bo
[4]. Despite all these works, however, to date there are no published results regarding the first
passage times of sticky reflecting jump diffusions. In fact, as far as we know, only one paper,
by Yamada [24], which is irrelevant to first passage problems and mainly focused on approx-
imating storage models by reflecting or sticky Markov processes, has ever taken into account
the jump case for sticky reflecting processes.

In this paper we study the first passage times of sticky reflecting diffusion processes with
double exponential jumps. We start by presenting some fundamental properties of the process Y
with double exponential jumps, including, for example, the semimartingale representation for
Y and the relationship between the continuous part of {Ln;l , t >0} and the local time of Y at 0.
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Then we provide the results associated with the joint Laplace transform of the first passage time
and the corresponding overshoot of Y with general drift and diffusion coefficients. Finally, two
solvable examples are considered, in which the diffusion part is driven by a drifted Brownian
motion and by an OU process, respectively. Actually, using the same logic one can further get
the analytical solutions for more general cases when jumps are hyper-exponential.

The rest of the paper is organized as follows. Section 2 exhibits some basic properties asso-
ciated with Y. The general results on the first passage time of Y together with two concrete
examples are provided in Section 3.

2. Preliminaries

2.1. Assumptions and some properties of Y

To begin with, we make two assumptions concerning the diffusion coefficient o (-) and the
solutions of the SDE (1).

Assumption 2.1. o (+) is bounded below by a positive number.
Assumption 2.2. The SDE (1) with reflection on zero has a unique solution in the law sense.

Assumption 2.2 holds, for example, when the coefficients wu(-) and o(-) are Lipschitz con-
tinuous and o (-) is bounded. In fact, there exists a unique strong solution in such a case;
see [2].

Now let L = {Z, = Lnt—l, t > 0} be the time-changed version of the regulator L, and Ic=

{Zf, t > 0} the continuous part of L. As will be seen, among others, the process Y admits a
semimartingale representation and L¢ can be expressed in terms of Lebesgue integrals.

Proposition 2.1.

() ' = fy Ly,=0)ds.

(ii) On an extended probability space, there exist a standard Brownian motion W= {W,
t>0} and a Poisson random measure N(dt, dx) whose compensator is given by
AG(dx)dt, such that

t

t
Yi=Yo+ / w(Y)ly,~0yds + / o(Y)ly,>0ydW; + V; + Ly, (5
0 0

where V, = fé fR xl{YS7>o}1f\7(ds, dx).
(iii) The sample paths of L are nondecreasing, RCLL, and satisfy

t
Z; =/ l{yszo}dzs, t>0,
0
and
AL = (Y- + AV)” £max (— (Y- + AV), 0).

@iv) Zf is absolutely continuous with respect to the Lebesgue measure:

ZC—I t1 d
=g ), lo=ods
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Proof. The proof of (i) is similar to that of Theorem 3.1 in[22] for sticky diffusion processes
(without jumps). Since X is a semimartingale, it has a local time process I(a) = {/;(a), t > 0} at
each a € [0, +00) (see [21, p. 212]), and denote by [X, X]° = {[X, X]f, t > 0} the continuous
part of the quadratic variation process of X. A direct application of the occupation time formula
(see [21, p. 216, Corollary 1]) yields

f xord / L d[X, X1¢ / M@ 4, _0
X,=0}ds = oo L H{X=0 ) ¢  — ——_da =V,
0 =0l 0 02(Xy) { } : () o%(a)

which in turn implies that

!
/ I{sto}ds =
0

t
Liy,—oydn; !

t !
Liy,=oyds — B / 1x,=0)dL§
0

t

Liy,=o)ds — BL? _,
M

=0 (6)

S— 5— S—

by virtue of the relation (2). From this fact, and using (2) again, we arrive at (i).

For assertion (ii), let N(dz, dx) be the Poisson random measure associated with the com-
pound Poisson process V, and N*(dt, dx) = N(d¢, dx) — AG(dx)dt the corresponding martingale
measure. Then the SDE (1) can be rewritten as

dx; = [M(Xt) + A (35 - §>i| dt + o (X;)dW; +/ xN*(dt, dx) + dL;.
1 2 R
Now set U,:fO'a(Xs)dWS —i—fot Jr XN*(ds, dx) and U= U, 1. Following the idea of [24,
1
pp- 161-162], one can show, by virtue of the martingale argument and the optional sampling
theorem, that on an extended probability space,

t t
UtZ/ U(Yy)lm>0}dWc+/ /XI{YY>O}N*(dSa dx),
0 o Jr

where N*(dt, dx) = N(dz, dx) — AG(dx)dz. Thus it follows that

t
Yt=Y0+/ w0+ a (2= LY [ + 8, + T,
0 s )
14 q

t t
=Yo +/ p¥o) + | — —— ) | Lir,=0ds + / o (Yo)ly,~0ydWs + V;
0 51 & 0

t
— )uf f x1yy,~0)G(dx)ds + L;,
0 JR

where for the second equality we use the property (i). This gives the expression (5).
To justify (iii), note that

t " ! ~
/ liyy,—oydLs = / 1ix,—0ydLs = L’/x_l =1L,
0 0
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Also, the representation (see [1] or [4])
AL = (X;— + AV~ (7
suggests that
AL, = Lm—] — Lnt—l_ = (Xm—]_ + Uﬂt—] - Um—l_)_

=Y+ AU) =(Y- + AV)".

The last assertion comes from (6) and the fact that

c  _ _ _ _ _
Ln;‘ =L Z ALs=L,~ Z (Ln;' Ln?l—)

0<s<n;! O<s<t
~L,- Y AL =T ®)
O<s<t
This completes the proof. O

The construction (3) together with the above proposition guarantee the existence of solu-
tions of the SDE (5). Moreover, repeating the argument in the proof of Proposition 1 in [24]
with only minor changes, we obtain the following uniqueness result.

Proposition 2.2. The solution of the SDE (5) with properties (iii) and (iv) is unique in law.

Remark 2.1. Based on this proposition and by the same argument as in Remark 6.1 in [24],
we conclude that if Y starts at 0, then fol 1{y,—0yds > O for all > 0. In contrast, fot 1y,—yds=0
for any y > 0. Therefore, 0 is a sticky reflecting boundary of Y.

2.2. The relationship between ¢ and the local time of Y at 0

The semimartingale representation (5) enables us to define the local time of Y at the
boundary 0, denoted by /(0) = {/;(0), t > 0}, in the sense of [21, p. 212]. It is a nondecreas-
ing continuous process which increases only at the time set {t > 0, ¥; =0} (see [21, p. 214,
Theorem 69]). The same properties hold for L€ as implied by Proposition 2.1. What is presented
below clarifies the relationship between these two processes.

Proposition 2.3.
~ 1~
L; = 51,(0), t>0. ©))
Proof. We proceed by first proving L = 11,(0) (recalling that I(0) denotes the local time of

the process X at 0). Using (1) and the Meyer—Itd formula (see [21, p. 214, Theorem 70]), we
have

t
1
X=X+ f Lx, ~odX+ > (XF—X1 —1x_-0AX) + F(0)
0

O<s<t

t t t
=Xo + / nwX)1x,>0yds + / o (X)) x>0y dWs + / 1x,>0ydLS
0 0 0

1
+ Z Axx+§l,(0). (10

O<s<t
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Observe that
3 —Xi—, Xi—+AV; <0,
AXt == AV[ + (Xt— + AVI) =
AV,  X—+AV;>0.
Then the series term appearing in (10) can be expressed in integral form:

t
3 ax,= /0 /R [ — (X, + D1, c0)] N(ds, ).

O<s<t

On the other hand, the SDE (1) implies that

Xt+=X0+/
0

t

t
M(Xv)d5+/ o (X;)dW;
0

t
+ / / [x— (Xo +01x,_ ez N(ds, d) + LS, (11
0 JR

because X; > 0 and

t
L=If+ Y AL =L - / / (X +01px, x-0)N(ds, dx)
R

O<s<t 0

by (7). As a consequence, the combination of (10) and (11) produces
t ¢
1
Li=— / (X)L x,=opds — / o X x,=0)dWs + S 1:(0).
0 0

Since fot 1{x,—0yds = 0, the first and second terms on the right-hand side of the above equality
vanish. This leads to the result L = 11.0).
To prove (9), noting that Zf = L;,l = %lm_l (0) (see (8)), it suffices to show that lm_l )=

T,(O). According to the definition of the local time, ln—] (0) and T,(O) are the continuous parts of

—1

Mt
X000 = 1ol = [ signcxax, (12)
and
t
1= %ol = [ sign(riar. (13)
0

respectively, where sign(x) represents the sign function that is equal to 1 if x > 0 and equal
to -1 otherwise. But, from Theorem 3.1 in[14] we know that (12) and (13) are equal, which
completes the proof. U

3. First passage times

In this section we study the joint Laplace transform of the first passage time defined by (4)
and the corresponding overshoot of Y:

Ey[e /% ¢Un =01 0<y<b. (14)

As the first step, we consider the case of general drift and diffusion coefficients. Then we try
to work out the explicit solutions for two special cases when the diffusion part is driven by a
drifted Brownian motion and by an OU process.
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3.1. General results

Let us introduce an integro-differential operator .4 defined as follows:

1
Af(x) = zoz(x)f”(X) + pn)f'(x)
+00

+ A [f(O)G((— 00, —x)) —f(x) +

—X

flx+ u)G(du)i| .

The theorem below states that, for a function satisfying an integro-differential equation associ-
ated with A and certain restrictive conditions (including a boundary condition at 0), it admits
a stochastic representation concerning the first passage time of Y.

Theorem 3.1. Let 0 > 0 and ¢ > 0. Assume that f(-) is a bounded function defined on [0, +00)
which is of class C? on [0, b] and takes the form

f@)=Cem ¢

on (b, +00), where C is a constant. Moreover, on [0, b] it satisfies

{Af(X) =0f(x), (15)
f/(0) = BOf(0). (16)
Then it holds that, for 0 <y <b,

f(y) Zf(b)Ey I:e_arbl{rb<+oo,)’,b=b}:| + CEy I:e_erh_g(Yr”_b)l{tb<+oo,Y,b >b}] . (17)

Proof. Recall the notation in the proof of Proposition 2.1. By It6’s formula (see [21, p. 78,
Theorem 32]) and the semimartingale representation (5) for Y, we have

e_e(tbAt)f(YrbAt)

Tp NI 1
Zf(YO) + /(; e—0s [EOZ(YS)JCN(YS)I{YS>O} + H(Yx)f,(ys)l{}’s>0} - Gf(Ys):| ds

Tp AL

p AL ~ L~
+ fo &0 (Yy) (V) =0Ty +1/(0) /0 e 5T

TN\
+/O /l;e_g‘vl{ys_>0}[f(0)1{>’s_+x<0}
+ f(Yom + 011y, =0 —f(Ys)IN*(ds, dx)
Tp AL
+ )L/o A;{e_esl{ys_>0}[f(o)l{Ys_+x<0}
+ f(Ys— + )Ly, tx=0; — f(¥s-)] G(dx)ds, (18)
where we use the relation (which is evident from (iv) in Proposition 2.1)
t
L= / 1iy,=0)dL,
0
the equality

FOLy, gy, _g<0) +F (Yoo + 21y, =0)) Lye a1y, o200 —f(¥s-)
= 1{YS_>0} [f(o)l{Yv—+x<0} +f(Ys7 + x)l{Ys—+xZ()} _f(Y,\‘f)]
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for 0 <s < 1, A t, and the fact that

_Yt_,Y[_ + AV, < O,

AY,=AV,+ AL =] . -
AV, Yi_ + AV, >0.

Thanks to the property (iv) in Proposition 2.1, the second term on the right-hand side can be
rewritten as

TN 1
fo e [Eoz(mf%m + (Vo) f(Yy) — ef(m] ds
1 Tp Nt -
~B (502(0)%(0) + M(O)f’(O)) /0 e dLs,

and the last term is equal to

Tp N
A /0 fR LAy, 0y +f Vs 4+ 011y, o0y — (s )IG(dDds

+00

T\t o
— BA [f (0)G((= 00, 0)) = f(0) + A f(X)G(dx)} /0 e %sdrt.

Substituting these into (18) gives
e_e(rbM)f(YrbAt)

—f(Yo) + f
0

Tp NI TH AL

&0 [AS(Yy) — 0f (Y] ds + / 50 (Y,) £ (V)L y,-0)diWs
0

TN\t
+/ /Re_gsl{ys,>0}[f(0)1{YS,+x<0}
0
+ f(Ys— + 0Ly, 1x=0) — f(Ys2)] N*(ds, dx)

TH NI

FLF0) - fAFO) [ e,
0
It then follows from (15) and (16) that, conditional on Yy =y € [0, b],

f0) =Ey[e™ @M f(¥r,00)]
=Byl " f (Yo, a0 gy <-too) ]+ By [e77F (V) Ligy—soc) |
Finally, letting t — +o00, we arrive at the desired result using the dominated convergence
theorem and the boundedness of f(-). O
The next corollary is immediate from the above theorem.
Corollary 3.1. Assume that fi(-), i = 1, 2, are two linearly independent C? functions defined on

[0, b]. Define

fik), 0<x<b, ~ H), 0<x<b,

fix) = f2x) =

0, x> b, e ta=h) S .
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Ifbothﬁ(), i=1,2, satisfy (15) and (16) on [0, b], then
E ,[e—efb—f(th—”)] =f1 0] [1 _f2(b)] +/20)/1(D)
’ fid)

Proof. Note that fl('l satisfies the assumptions of Theorem 3.1 when C =0. An applica-
tion of Theorem 3.1 to f;(-), i = 1, 2, solving the resulting system of equations, and using the
relation

Ey[e—efb_z(yrb_b)] — Ey[e_efbl{‘r/,<+00,yrb:b}] + Ey[e_etb_g(yrb_b)l{‘L’b<+OO,Yrb >b}]

) O<y=<b. 19)

complete the derivation of (19). O

Remark 3.1. It is impossible for the denominator f1(b) in (19) to be equal to 0 since if so,
one would deduce from (17) that fi(-) =0 on [0, b]. This contradicts the hypothesis that f;(-),
i =1, 2, are linearly independent.

Consequently, to compute the joint Laplace transform (14) for a specific sticky reflect-
ing process Y, we merely need to find two linearly independent functions f;(-), i =1, 2, as in
Corollary 3.1.

3.2. Example 1: sticky reflecting drifted Brownian motion with double exponential jumps

We assume that the coefficients in (1) are given by u(x) = i and o (x) = o, and the process Y
is thus called the sticky reflecting drifted Brownian motion with double exponential jumps. A
preliminary lemma [15, Lemma 2.1] will be offered before addressing the related first passage
problem.

Lemma 3.1. The algebraic equation
2
o, Pdi g2
X"+ pux+ A + —-1)=0,
2 x e (51 —x S +x )

with 0 > 0, has exactly four roots: €;, i =1, 2, 3, 4, which meet

—0<egl<—8h<e<0<ez <) <e4 <+o00. (20)
Then we have

Proposition 3.1. The two linearly independent functions fi(-), i=1,2, introduced in
Corollary 3.1 can be chosen as

3 3
=35 o, g3
=1 i=1

where (C(i), C(Zi), C@), i =1, 2, are unique solutions of the equation systems

3 3
D i = e, > GG e 0,
= 1€:+52 4+ 682 P gi+ 62

3 3

Ci 1 C; 1

Y ——= , Y ——=- : (€3}
= 181—51 T ey — 6 P & — 68 ¢+ 81

3 3

Cilei — BO)e™ " = —(e4 — B0, | Y Ciei — BO)e™*" =0,

i=1 i=1

respectively.
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Proof. Consider the function f(-) of the form

4
Z CiefiD) 0 < x < b,
i=1

lCe*g(x*b), x> b.

Jfo) =

By computation, we obtain that, for 0 <x < b,

4 4
_ 8iCi —eib 81 (x—b) C
Af(x) —0f(x) = Age 52XZ—6 B 4 Ap81e’tt Z
p &i+ 62 - — 51 {‘ + 81

81 q52
Crefitb) (=L —1)-0].
+Z i€ - +M8;+ 81—8,‘+32—|—8i

To employ Corollary 3.1, we impose the conditions (15) and (16) on f(-) on [0, b]. Then, in
light of Lemma 3.1, the system of equations

4
&iC; .
e
— et

4

C; C
> +——=0,
& — 01 ¢+ 61

i=1
4

> Ciei — pO)e " =0

i=1

must hold, where the last equation is a result of (16). If we denote by (Cy, C3, C3, C4, C)
the solution of the above equation system, we find that (CU), Cgl), C(l) 1,0) and
(C(z) (2), ng), 0, 1) are two linearly independent solutions, which correspond to two linearly
independent functions fi(-) and f>(-), respectively. Now it remains to show that the coeffi-
cient matrix of the linear equation systems in (21) is nonsingular for any 6 > 0. In fact, the
determinant of the coefficient matrix

B €1 —&1b &2 —&b €3 e—83b N
g1+ 8 &+ 6 &3+ 687
®— 1 1 1
g1 — 98 & — 1 €3 — 81
| (e1 — BO)e“10(e0 — BB 20 (g3 — O

is given by
(T1.682860 + T2.0) [T1<i<3 €
ngi,j53 (81 — €82 +¢5)

where (recalling from Lemma 3.1 that the roots {g;} are actually dependent on 6)

det () =

T1o =€ 12(81 — e2)(81 — £3)(82 4 £1)(e3 — £2) +€2P(81 — £1)(81 — £3)(82 + £2)(1 — €3)
+e0(8) —&1)(81 — £2)(82 + £3)(82 — £1),
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and
Ta.0 =e17(81 — £2)(81 — €3)(82 + €1)(e3 — £2)e263
+e28(8) — e1)(81 — £3)(82 + €2)(e1 — £3)e1€3
+e5b(81 — £1)(81 — £2)(82 + £3)(e2 — £1)e162.
The distribution of {¢;} displayed in (20) implies that
T19 > (81 —€2)(01 — &3)(82 +€1)(e3 — €2) + (81 — €1)(81 — €3)(82 + €2)(e1 — €3)
+ (81 —€1)(61 — £2)(62 + €3)(82 — €1)
= (01 +82)(e2 — e1)(e1 — €3)(&2 — €3)
>0,
and that 7> g > 0. Hence, det(®) < O for each 6 > 0, which completes the proof. O

When A =0, the process Y degenerates to the sticky reflecting drifted Brownian motion
(without jumps). Since Y can only cross b by continuity in such a case, we have Y; =b.
Accordingly, the expression (17) in Theorem 3.1 becomes

o) =f(B)Ey[e™"™]. (22)

Moreover, the two roots of the equation appearing in Lemma 3.1 with A =0 are given by

V2 +2002 —— /% 42002
- 2 ’ .
o

o2

€ &=

Proposition 3.2. When L =0,

_ B pO) e — E - o) R0
(@ —pO)eERl T + B0

Proof. For the function f(-) of the form

Ey [e_erh] , 0<y<bh.

2
_ DG 0<x<b,
=14
0, x> b,

it is straightforward to see that A f(x) — 0f(x) =0, 0 <x < b. Hence, to utilize Theorem 3.1,
Jf(©) needs to satisfy the condition (16), thereby suggesting that

2
Z CiEi — po)e 5 =0.
i—1

We may choose C; =1 and thus C; :—%:%e@'_%)b. This leads to the desired result
immediately with the help of (22). (]

3.3. Example 2: sticky reflecting OU process with double exponential jumps

We assume that the coefficients in (1) are given by p(x) = —ax and o (x) =0 witha, o > 0,
and the resulting process Y is called the sticky reflecting OU process with double exponential
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jumps. We apply the contour integral method proposed in [12] to derive the explicit joint
Laplace transform associated with the first passage time. We start by considering the function
defined by

/ Y(z)e¥dz, 0<x<b,
r
0, x>b,

Jrx) = (23)

where I' = {y(t), k1 <t < Kkp} with —00 <k < ko < 400 is some rectifiable Jordan curve in
the complex plane C, and the kernel

A A (12
Y@ =zi @+ 6% -8 ae @,

which satisfies

Aps rgd o2
P _22) 24
z7—381 z+6 2

azy’'(2) =¥ (2) (k +60—a+

In this part, it will turn out to be adequate to consider I" only that are contained in C. or in
C_, and we should choose them appropriately such that

(1) [p ¥ (2)]e"Reds < +oo (where ds denotes the infinitesimal arc length) if I' € C, and
Jp ¥ (@)lds < +o0if [ CC_;

@) Jr lz¥(@)]ePReds < +o0if I S Cy, and . [2(z)|ds < +00if I' € C_;

3) Yy k) ke D =y (y(k2))y (k2)e <2) for 0 < x < b;

4) fr ¥ ¥

bRez
15, =5 | © ds < +o0.

ds < +ooand [

Remark 3.2. Conditions (1) and (2) ensure the boundedness and differentiability of fr(x)
defined as above on [0, b], and conditions (3) and (4) are required by the lemma below.

Lemma 3.2. Suppose that the rectifiable Jordan curve T is taken to satisfy the conditions
(1)—(4). Then, for 0 <x < b,

A — 0fe 0 = Aglfr @) — 8 | L dzge
rz+é
+ ApSi ( A %ebzciz) ede=b), (25)

Proof. The result can be easily derived by routine calculation (which is similar to the proof
of Proposition 2 in [12]), where we use the condition (3) for integration by parts, and employ
the relation (24) to eliminate the fr (...)e**dz term. The condition (4) guarantees that the
expression (25) makes sense. The details of the derivation are omitted. [

Proposition 3.3. The two linearly independent functions fi(-), i=1,2, introduced in
Corollary 3.1 can be chosen as

3 3
fiw=>"B" /F ¥ (2)ledz + /F Y @le%dz. )= B /F ¥ (2)]e*dz.
i=1 i 4 i=1 d
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where
F1=(-00,-8), T2=(-8,0), T[3=(0,68) TIs1=(,+00). (26)
The coefficients (B(i), B(zi), B(;)), i=1, 2, are unique solutions of the equation systems

3
ZBi/ zlw(z)ldzz_/ le(z)'dz,

P . 2+ 62 r, 2+6&

3

ZBif W(Z)le”zdzz—/ W(Z)|e”zdz,

Py r; 2— 961 r, 2—01

3

S5 [ wole-poxz=— [ wole-po,

i=1 Ti Iy

(27)

3

ZBif ZW(Z)'dz:O,

5 r, 2+62

i=1 ¢

3

1

ZBi/ |1/f(Z)|ehde:_ ,

=1 r; 2— 961 ¢+ 01

3

ZBZ-/F V(@I — BOYz =0,

i=1 i

respectively.

Proof. It is not hard to check that the conditions (1)—(4) are satisfied with the curves given
by (26) (see the discussion in [12, Section 7]). Furthermore, note that |/ (-)| also satisfies
(24) on each I';, and consequently Lemma 3.2 holds with ¥ (-) replaced by |y(-)| (including
the replacement in the expression of fr(-)) and with I replaced by I';. Now for the function

O =" Bifr,(-) + Bfo() where

~ [W(z)le™dz, 0<x<bh,
Sri) = /r fox) = {
0, x> b,
since
ADS
Afo(x) — 0fo(x) = %eﬁﬂx—b),
we have by Lemma 3.2 that
! AV @)l
— - —dpx .
AF(x) — 6f(x) = Age ; B, fr A
V@I by,

4
+ Ap8 et B
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So if f(-) satisfies (15) and (16) on [0, b], we get

4
ZBi/ ZW’(Z)'dZ:o,
Py r, 2+8

4

B
ZB,-/ Mebzdz+—=0,
= Jr ¢+8

;2= 61

4
> Bi | 1¥@Ic—pOdz=0.
i=1

I

The rest of the proof is similar to the corresponding part in the proof of Proposition 3.1, and
here we only show the nonsingularity of the coefficient matrix of the linear equation systems
in (27) for fixed 6 > 0. Express this matrix as

o xaly el x| (x2)] BlYe3)l ]

x1 48 X2+ 8 X3+ 82
\y:f / / WDl o WOl Ly 1G] | dxgdiodss.
e — e ¢
I3 JIp JT X1 — 81 X3 — 81 X3 — 8

L(x1 = BV (x| (x2 — BO) Y (x2)|(x3 — BO) |V (x3)]
One can prove that the determinant of the integrand is
(R1,68280 + Ra9) [ T <i<3 [ (i)
[Ti<ij<3 61 —x)(82 +x))
where for each i=1, 2, R;p has exactly the same form as 7;p defined in the proof of

Proposition 3.1 by replacing ¢; with x;, j=1, 2, 3. It follows that, given x; € I';, i=1, 2, 3,
the value of (28) is smaller than 0, which in turn indicates that det (V) < 0. O

(28)

Remark 3.3. We use |y (-)| instead of v(-) in the proposition mainly for ease of proving the
nonsingularity of the related coefficient matrix.

When A =0, the process Y is named the sticky reflecting OU process (without jumps). In
analogy with Proposition 3.2, we obtain the Laplace transform of the first passage time in such
a case.

Proposition 3.4. When ). =0,

IS

M0 (45 (25)
() o ()

where D, (-) denotes the parabolic cylinder function given by (see [16, p. 328])

E, [e—er,,] _ ez(%z(yz—bz)

0<y=<b,
AiD_y

o

Yy

Dy = = * T ot Sy (29)
= c s
T T(=u o
and the coefficients are
2 2
M==3ZD_ s (O =BD_s O, A2=""D_s_; ©)~BD_s (O).
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Proof. Let f(-) = Z?:l B; fr,(-), where fr,(-), i =1, 2, are of the form (23) with the kernel

~ )
Y (z) replaced by ¥ (z) = zg_le_ﬁzz and I';,i=1, 2, given by (0, 400) and ( — oo, 0), respec-
tively. Direct verification yields that A f(x) — 0f(x) =0, 0 < x < b. Therefore, by Theorem 3.1
we will have (22) if f(-) meets the condition (16), or equivalently, if

2
ZBi/ ¥ (2)(z — BO)dz =0.
i=1 Ul

Jr, VG—pO)z
Jr, ¥ (@—po)dz
sion then comes from (22) by virtue of the relation (29). O

Now choose B] = and B, = 1, which satisfy the above equality. The conclu-
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