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Abstract. The gradient of the fluid stresses exerted on curved boundaries, convention-
ally computed in terms of directional derivatives of a tensor, is here analyzed by using
the notion of intrinsic derivative which represents the geometrically appropriate tool
for measuring tensor variations projected on curved surfaces. Relevant differences in
the two approaches are found by using the classical Stokes analytical solution for the
slow motion of a fluid over a fixed sphere and a numerically generated three dimen-
sional dynamical scenario. Implications for theoretical fluid dynamics and for applied
sciences are finally discussed.
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1 Introduction

Fluids interact with various types of boundaries whose shape can be geometrically sim-
ple but also extremely complicated and irregular as it happens, for instance, in geophys-
ical or biophysical situations. A fluid flow, apart for extreme astrophysical situations,
is a phenomenon occurring in flat Euclidean space. On the other hand, the boundaries
interacting with the flow are commonly curved surfaces embedded on flat space.

In some fluid dynamical contexts it is important to evaluate the changes of specific
physical quantities on these surfaces, leading to the necessity to adopt specific methods
for handling the variations of tensors on curved manifolds as described by Differential
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Geometry. The use of these mathematical tools is central in order to define and to extract
specific physical quantities both from experiments and numerical simulations.

In many situations, the stresses exerted on the wall by the flow have great impor-
tance in order to predict possible wall failures. It appears natural then to evaluate the
wall shear stress (WSS), defined as the force per unit area exerted by the fluid tangen-
tially to the wall [10, 23], although also its time and space variations, the so called Wall
Shear Stress Gradient (WSSG), have relevance. For instance, the study of WSS and WSSG
represents a key element for the investigations of the development of life-threatening vas-
cular pathologies as atherosclerosis, aneurysms and gas embolism [10,13,15,16,25,34]. In
the medical Literature, experiments and numerical analyses suggest that abnormal val-
ues of WSSG can induce a vessel remodelling, influencing the shape of the endothelial
cells and promoting inflammatory responses. Endothelium (i.e. the innermost arterial
layer in direct contact with blood) is in fact equipped with numerous mechanoreceptors
sensitive both to WSS and its spatial variations which may induce cell injury and weak-
ening [10,13,15,16,27,35]. In particular, abnormal hemodynamic conditions may increase
the intracellular permeability, promote atherogenic signalling pathways, and thus induce
the progressive intimal thickening involved in the atherosclerosis [6,7,13,36]. Experimen-
tal and numerical estimates have also shown that both WSS and WSSG may play a crucial
role in the weakening of the arterial walls leading to the progressive dilation of a blood
vessel and consequently to the onset of aneurysms [17,25,32]. Moreover the WSSG is
often applied in the optimization of the biomedical devices design such as endovascular
grafts and stents [11,20,26,31, 33].

The aim of this work is to present the appropriate definition of the WSSG by us-
ing mathematical tools commonly adopted in General Relativity, Quantum Field Theory,
Condensed Matter Physics and Continuum Mechanics.

In the Literature, in fact, the WSSG has been historically defined through the direc-
tional derivatives of the WSS. However by using the vielbein formalism (known equiva-
lently as the tetrad, rigid frames, anholonomic bases, or Cartan frames theory), one can
show that the correct definition must involve another tool known as intrinsic derivative.
We find relevant differences between the two definitions of WSSG by using the classical
Stokes analytical solution for the slow motion of a fluid over a fixed sphere and a CFD
three dimensional model of aortic aneurysm. These results have importance both for
experiments and numerical simulations.

The article is organized as follows: Section 2 introduces the differential geometry tools
necessary to provide a correct definition of WSSG whereas the results obtained both for
the analytical and numerical estimates are described in Section 3. Finally the implications
of our results in comparison to the existing Literature are discussed in Section 4.

2 Theoretical framework

We start our analysis from the general equations of fluid dynamics, i.e. the equation of
continuity and the equations of motion. The energy equation is here neglected for the
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sake of simplicity assuming an isothermal flow, although the present formalism can be
immediately applied to the most general case. In order to facilitate the exposition, we
shall denote a vector or a tensor through its indicial expression by following for instance
the conventions in Refs. [3,21]. In Cartesian coordinates (x1,x2,x3)=(x,y,z) [3,22] we
have:

o+ (p0'),;=0, pv'+pv/v; S]—fZ (2.1)

with i,j=1,---,3 (Einstein’s sum convention is adopted). Here comma indicates the par-
tial differentiation in the Cartesian frame, dot stands for the time derivative, v the fluid
velocity contravariant vector (in a Cartesian frame covariant and contravariant tensors
do not differ), p is the fluid density, S7 is the stress tensor and f' is the volume force (i.e.
gravity). For a Newtonian fluid the stress is given by

2
Sij = —péij+y(vj,i+vi,j) — (5]/{—1() (5klvk,l)5i]', (2.2)

where 1 is the dynamic viscosity, k the dilatational viscosity, p is the pressure and J;; is
the Kronecker symbol. Non-Newtonian fluids have a different expression for the stress
tensor instead [5].

At each point of a solid boundary or of a surface within the fluid, an orthogonal triad
can be considered by choosing the outgoing surface’s normal, 7, and two unit vectors,
i.e. ¥/ and @', lying on the plane tangent to the surface itself. The force acting on the unit
wall’s area (traction vector) can be defined as t; = —Sijﬁj (the unpleasant minus sign is in
accordance with the conventions of Ref. [22] for the fluid forces acting on a solid surface).
The WSS results completely defined by the components

—S(ym=—Sit' W, =Sy =—Sy0'W (2.3)

in which, by construction, the pressure term is absent. In the Literature, the WSSG is
defined as the ‘directiqnal derivative of WSS [11,23], so that the directional derivatives of
WSS both in 74 and @' directions, compactly denoted as

=Sy, (1)y TSE@ )y TS@)n),)y  ~Sw)(m),(x) (2.4)

have been computed, where

=Sy (), (1) = — TN (St . (2.5)

Similar expressions hold for other components. In biological problems, these four terms
are supposed to produce different effects on the endothelial layer. In particular, in hemo-
dynamics, —S(7)(),(r) and —S ) ),(w) are hypothesized to be responsible for the inter-
cellular tension, whereas the remaining terms are expected to promote the intercellular
shearing [23]. In some contexts, the latter have been considered to be negligible, so that
a Pythagorean norm of the former terms only has been adopted as a biological quanti-
fier [13, 20, 26,33]. Such a formulation is geometrically and physically incomplete. The
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gradient of a tensor projected onto a rigid frame requires, in fact, the introduction of the
mathematical tool of the intrinsic derivative.

In order to assess this statement quantitatively, it is necessary to introduce further
formalism. In fluid dynamics it is very frequent the use of curvilinear coordinates as the
cylindrical and spherical ones. This step requires the introduction of a metric tensor, g;;,
which replaces the Euclidean metric tensor J;; and connects covariant v; and contravari-
ant v’ vectors as well as higher order tensors. As a consequence, derivatives of tensors
become covariant derivatives, conventionally denoted by using a semicolon. In the New-
tonian stress tensor in Eq. (2.2), as an example, we will have

v =0 —Thog (2.6)
instead of v;;, with
1
ri‘(l = Egkp (8pi,l +8p1,i —giz,p) (2.7)

being the second kind Christoffel symbols, and similarly one must proceed for higher
order tensors. Covariant differentiation generalizes the classical directional derivative of
vector fields on a manifold showing that, in curvilinear coordinates, the partial derivative
v;; is not a tensor (it has not the correct transformation properties under coordinates
transformations) while the covariant derivative v;; transforms correctly [3,21]. In the
Literature, the standard way to generalize Eq. (2.1) to non cartesian coordinates is to
transform it into curvilinear coordinates and introduce then, if the coordinate system
is orthogonal, scale factors which give the physical components of the velocity. If the
curvilinear coordinate system is non orthogonal instead, the procedure is more involved
[3].

In order to simplify the treatment, we shall adopt here the orthonormal rigid frames
formalism (in General Relativity this is known also as tetrad or vierbein formalism), which
allows us to handle the most general scenario in a compact and unified manner [1,3,9,
14,19,21].

To this aim we introduce a basis composed by three contravariant vectors denoted
by e(a)i. In our notation, the parentheses distinguish triadic indices, a =1,---,3, from
coordinate ones. The associated covariant vectors are denoted by e(,); so that e(a)ie(b)i =
O(a)(v), Where d(,)(p) is the triadic Euclidean metric tensor (Kronecker delta) which raises
and lowers triadic indices (i.e. the basis vectors are orthogonal even if the coordinate
basis is not). At the same time it results e(a)z-e(“) j=gij- Any tensor field defined in the
coordinate frame can be projected on the triadic one, i.e.

A =Aiew's  Tiayw =Tiew ew 2.8)

and similarly for tensors of higher rank. We point out that once a vector or a tensor is
projected on a rigid frame, its components are scalars with respect to coordinates transfor-
mations. However they are still subject locally not only to coordinates but also to frame
changes as triad rotations. This is consistent with the fact that locally space is Euclidean
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with a six parameters group describing translations and rotations. In the rigid frame
formalism, the intrinsic derivative of a covariant tensor T|,) ;) generalizes the concept of
covariant derivative of a tensor, i.e.,

Tia))1(0) = Tijke () e)e ()
=Tw)o),0 =~ Y@ T 1) = Tme) 0 Tw " (2.9)
Here
T =Ty~ T3 Ty~ TRT; (2.10)

is the covariant derivative of Tj; in the coordinate frame,

T(a)(0),() =€(0) Ta) (0) 2.11)

is the directional derivative along e(c)i (which is the formula adopted in the Literature to
define the WSSG), and the quantities

V(a)(b) () = €(a) €(b)isiE(c) (2.12)

are the Ricci rotation coefficients (antisymmetric in the first couple of indices). By adopt-
ing the triad formalism we can easily compute the equations of fluid dynamics in any
coordinate system in terms of rigid frame components (see for instance Ref. [3, p. 176]):

We point out that these well known equations naturally contain the intrinsic derivative
and not the directional one, which clearly appears to be the unique candidate to be se-
lected in order to define the WSSG.

For example, choosing spherical coordinates (xl,xz,x3) = (r,0,¢), the metric tensor is
gij=diag(1,7%,r?sin*6) while a spherical triad vector fields result in

ey =e(n'=(1,0,0),
e =ew)'=(0,1/1,0),
e3)' =e(p)'=(0,0,1/(rsinf)). (2.14)

Differentiation of the above relations, provided some tensor algebra gives: v(,)g)6)=
Yy e) @)= —1/1 Vo)) (9) = —1/ (rtan®), while the remaining Ricci rotation coefficients
are connected to the previous ones through the antisymmetric nature of the first two
indices or simply vanish.

We point out that even working in Cartesian coordinates, i.e. a flat metric tensor
ij = dij, a generic local triadic basis will generate non zero Ricci rotation coefficients (ex-
cept if it trivially coincides with the coordinate basis), so that the use of the intrinsic
derivative is still mandatory. This remark is relevant especially in the case of experi-
mental data mapping and simulations of flows in realistic geometries which require the
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introduction of a triad frame adapted to the wall’s surface. We have now all the ingredi-
ents to write down explicitly Egs. (2.13), recovering the standard Navier-Stokes formula-
tion in spherical coordinates (see for instance Appendices in Ref. [5]) and solving them
analytically or numerically.

3 Results

The WSSG definition in the Literature assumes the directional derivative part of the in-
trinsic derivative only, while the remaining terms, containing the Ricci rotation coeffi-
cients, have not been considered. This shall affect noticeably the results both mathemati-
cally and physically. We apply now the formalism just presented to a specific analytically
treatable case and to a numerically generated dynamical scenario in order to quantify
possible discrepancies.

3.1 Analytical estimates

We consider the classical fluid dynamics problem of the slow motion of a fluid over a
fixed sphere [5,22]. In creeping flow conditions (Stokes flow) a low Reynolds number
is implied (less than about Re =0.1), thus the inertial forces, i.e. the term pv(b)v(”)|(b) in
Eq. (2.13) can safely be neglected with respect to the viscous one. In spherical coordinates
and for the spherical triad frame defined by Eq. (2.14), we get [5]:

3R 1/R\?®

V() = Voo [1—§7+§<7> ]cos@, (3.1)
3R 1/R\?
31ve [ R\

P:PO_ng_—gR <7> cosf, (3.3)

while for axial symmetry v, =0. Here g is the gravitational acceleration, R is the sphere’s
radius, v is the asymptotic velocity and py is the pressure in the plane z=0 (z =rcos0)
far away from the sphere. The stress tensor in the frame is

S(a)(0) = —PO(a)(b) T H(0(a)| (0) T 0(0) (a))- (3.4)

Taking into account the spherical boundary and considering that the normal 7’ to a spher-
ical surface coincides with the unit radial vector e(,)’ =7’ together with e’ =1’ and
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e(q,)i =o', we obtain the following non vanishing components:

3uve (R t
—S(Q)(,): R <7> 511’19,

=Sip)n=0,
3uve | (R\* [R\*
=S =pP— R [<7> —<7> ]COSG,
_ 3V R\? /R\*
_S(G)(e):—S(¢)(¢):P— 7R [— <7> +<7> ]cos@. (3.5)

The WSS is given by the first two quantities in Eq. (3.5) evaluated for r=R. We point
out that we may equivalently write —Sg)(-) = —S(7)(n) and —S(¢)(;) = —S(w)(n) in Order to
recover the standard Literature WSS notation. Computing the intrinsic derivative of the
stress tensor, four components only must be selected in order to study the WSSG:

=Se)(10)=~S@)I9) = 3“;:;) = (4R*—3r%) cost,
~SO019)= S0l =0 (36)
while the corresponding directional derivative components are:
—So)r).(0)= 3”5:;% c0s0, =S(¢)(r),(4) =0,
~S00).9)= 3@ 0,0 =0 (3.7)
These expressions must be evaluated at the fluid-wall interface r=R, and the Pythagorean
norms
|WSSGl;, = \/ (5(9><r>\<e>)2+ (5(¢><r>\<¢>)2+ (5(9)(r)|<4>>)2+ (5(4,)(,)|(9))2 (3.8)
and

[WSSG| g = \/ (Swm®) +(Swmw) +(Swnw) +(Swne) 69

are computed, where |WSSG|;, represents the commonly used WSSG as discussed in
Section 2. A comparison between the norms shows that [WSSG|;, , =34ve|cosf|/ (v/2R?)
=+/2|WSSG|,.,, so that one can compute the relative error:

’WSSG’int — |WSSG|diV — \/E_ 1

~0.293. (3.10)
[WSSG,,,s V2

It is evident that, even in this very simple fluid dynamical case, the correct calculation,
i.e. the intrinsic derivative one, gives a result ~30% greater than the directional derivative
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Figure 1: WSSG computed by using the directional (A) and the intrinsic derivative (B) showing noticeably value
differences (color scale is in kPa/m). The streamlines of the background fluid flow in a ¢=constant have been
superimposed in both cases.

one as adopted in the Literature. In order to better visualize the different results obtained
by adopting the two different derivatives, we present in Fig. 1 the plots of the norms
|WSSG|,,,; and [WSSG]|;,, choosing physical values typical of a bubble in water, i.e. R=
25pum, v =0.001m /s and p=0.001Pa-s which leads to a Reynolds number Re=0.05. We
have superimposed to these images also the streamlines of the background fluid flow in
a ¢ =constant plane in order to give a more complete picture of the physical situation in
exam. As anticipated, a ~30% difference in these plots is evident.

Additionally, another import result has been obtained. An orthogonal triad locally
constructed on the wall’s surface represents an inertial frame. For Galilean (or equiva-
lently frame) invariance, measurements performed on a new frame obtained rotating of a
fixed angle the original frame around the normal axis, should be the same as the ones per-
formed in the original frame. We point out that the [WSSG]|,,; is invariant upon generic
frame changes orthogonal to the surface’s normal, i.e. keeping 7’ unchanged. This can
be verified for instance by adopting the following transformed frame:

ey’ =(1,0,0),
e(z)i =(0,cos0/7,1/7),
e(3)i =(0,—sinf/r,cotd/r). (3.11)

While |[WSSG|,,,; computed using the two orthogonal frames in Eq. (2.14) and Eq. (3.11)
gives the same result, in the case of [WSSG|,;, one obtains different quantities. Con-
sequently the latter is a frame dependent object with a questionable geometrical and
physical meaning. This result was not unexpected, as being related to the inappropriate
transformation properties of the directional derivative for local frame changes.

The study here presented has been verified by the authors also by using an alterna-
tive way of projecting tensors orthogonally and tangentially on surfaces (i.e. the tangent
and normal tensor fields theory [30]). This geometrically more elegant approach is more
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involved and especially more complicated to be implemented numerically on realistic ge-
ometries in comparison to the rigid frame one. This is mainly due to the difficult task of
expressing (analytically or numerically) the wall’s surface in terms of surface’s paramet-
ric coordinates. For this reason such an alternative formulation has not been presented
in this article.

3.2 Numerical estimates

In order to further evaluate the differences between the two types of derivatives in exam,
by taking into account the lack of analytical three-dimensional solutions for the incom-
pressible time-dependent Navier-Stokes equations, we study now a numerical model
based on an axially symmetric geometry and flow for which the choice of cylindrical
coordinates (r,¢,z) is appropriate.

Some years ago, both the WSS and the WSSG have been measured [32] in the case
of water flowing in straight and bulged glass-made pipes with the aid of particle image
velocimetry (PIV). Such a first principles study aimed to give a deeper understanding,
through simplified physical situations, of the complicated mechanisms regulating the
hemodynamic response function in blood vessels as the aorta. We adopt here an analyti-
cal function for a bulged vessel boundary:

r—(Rysax—Ring)e ™=/ ®4ied) =Ry, ¢ (3.12)

with Ry, ;=4.5mm, Ryqy=9.5mm and Zfj,,=6mm in order to be qualitatively in agree-
ment with the aforementioned experimental geometry. Quantity R, represents the
maximum radius of the vessel, localized in the bulged region, R,,;, is the minimum one,
which corresponds to the straight ends, while +Z¢,, are the two symmetric z-points on
which the geometry changes its Gaussian Curvature [3] which results to be positive in the
central bulged region (—Z .y <z<Zf,,) and negative outside this range, going gradually
to zero in the straight vessel’s portions. Such a choice allows one to define analytically
the local frame at each point of the vessel surface (we refer to the Appendix for details)
and to compute WSSG by using both the intrinsic and the directional derivatives.

In the numerical simulation, all the parameters have been fine tuned on experiments
[32]. The fluid is Newtonian with a viscosity #=1.3-107% Pa-s and a density p=10° kg /m?
(typical values for water at 10°C). Boundary conditions are chosen as follows: no slip
condition at the wall, a flat velocity profile at the inlet and a mean pressure of 12.5 kPa at
the outlet. The inlet velocity profile corresponds to a peak Reynolds number of 2700 and
a Womersley number [37] of about 10.

Numerical integration through finite element method of the incompressible axial sym-
metric Navier-Stokes equations was obtained via Comsol Multiphysics Software 4.3a
running on a multiprocessor workstation. In particular, the 3D geometry was constructed
by revolving around the z-axis of symmetry the two-dimensional domain on which the
discretization was performed. Mesh and numerical settings were fine tuned in order to
obtain accurate numerical results. Specifically, we used a spatial discretization of about
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Figure 2: Space-time plot of the relative error (|WSSG|;,;,—|WSSG|;;,) /|WSSG|,,;- Because of the axial
symmetry, this quantity has been shown for a constant value of cylindrical angle ¢. The pattern refers to the
bulged region where differences up to the 100% occur. Arrows refer to flow direction.

1.6-10° triangular elements adopting quadratic Lagrange elements for the fluid velocity
field and linear elements for the pressure one. Moreover, a finer mesh distribution at the
vessel wall boundary was considered. Three heartbeats were simulated adopting a BDF
algorithm as temporal discretization scheme with a time step of 107>s. We solved the
complete numerical problem via a direct solver (PARDISO) with absolute and relative
tolerances of 107> for all the dependent variables.

In Fig. 2 the space-time plot of the relative error in Eq. (3.10) is shown. The pattern
refers to the bulged boundary, but because of the axial symmetry, it has been plotted for a
constant value of cylindrical angle ¢ so that the horizontal represents a curvilinear wall’s
coordinate.

As in the Stokes’ sphere problem, |WSSG|;,; has higher values in comparison to
|WSSG| 4;,- In particular the space-time diagram shows that during the evolution of the
flow, in some regions of the bulge, differences up to 100% occur.

4 Conclusions

In this article we have shown, through analytical and numerical estimates, that, in or-
der to compute the wall shear stress gradient on curved surfaces, it is mandatory to
adopt specific tools of Differential Geometry necessary for handling tensor projections
on curved manifolds.
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The analytical example of the incompressible simple viscous flow past a sphere has
shown that the use of the directional derivative in the definition of the WSSG leads to a
~30% error, while the numerical simulation of the vessel flow has shown that on selected
regions and for specific times the error can reach the 100% value. Moreover our formula-
tion for the problem gives frame invariant results, while the existing literature one does
not.

The vessel geometry adopted for the numerical simulations and the flow itself are rel-
atively simple and, although appropriate for handling the aforementioned experiments
of water flowing on bulged glass pipes [32], they must be seen as a toy model for under-
standing more complex situations, mainly of biological types.

Following a common practice in the Literature, it appears mandatory in future to
import accurate geometries from biomedical imaging data and evaluate the effect on the
walls both of experimental and simulated flows by using a realistic mathematical descrip-
tion for the blood and for the biological wall tissue, possibly including fluid-structure in-
teractions. It will be important also to correlate the local changes of Gaussian curvature,
due to the irregularities in realistic vessels, with the WSSG and generalizing the findings
previously discussed.

In consequence of our results it is clear that the past considerations on the WSSG in
the Literature, specifically on hemodynamical risk, should be reevaluated both experi-
mentally and numerically. Additionally, stress and stress gradients have relevance also
in the manufacturing processes adopted for micro and nano electrical devices [4,29] and
in the analysis of inhomogeneities, dislocations and crack propagation in material sci-
ences [2,8,12,18,24,28], consequently the tools here introduced have a direct extension
on these fields.

In conclusion, our study has evidenced the importance of exporting specific tools of
Differential Geometry to other disciplines, in a fruitful collaboration perspective.
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Appendix

In order to define a triadic local frame in the bulged axial symmetric geometry adopted
for the numerical study, one needs to compute the unit normal #’ and two tangent or-
thogonal vectors ' and @' starting from a generic wall’s equation F(r,z) = const. The
normal to this surface 71’ is given by [30]:

gil F’ ]

=S (A1)
SFiF;
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where F is a generical analytical function, whereas g” is the inverse of the metric tensor
gij = diag(1,72,1) for the cylindrical coordinates (r,¢,z). The tangent vector ' can be
computed by means of the orthonormality conditions:

7/ gij =0, (A.2)
i =1"tg;=1. (A.3)
It is necessary now to assign an arbitrary value to one of the components of /. Specif-

ically, since ' is a unit vector lying on the r—z plane, we conveniently choose ¥ = 0.
Finally, the vector @' must form a right-handed system with 7' and * i.e.,

o' ==——nltk, (A.4)

where €'/* is the Levi-Civita symbol [3,21], whereas g is the determinant of the metric
tensor g;;. Using the wall’s equation (3.12), the associated local frame results in:

: . [ Z%fiex . AZAR
Al=eqy=| ———,0,—— A.
n e(l) ( B /0/ B ’ ( 5)
: : AZAR  Z2fiex
th=e, /= 22,0, L2 A.
T 6(2) ( B /0/ B ’ ( 6)
: 1
vi=en=(0,-,0), A7
W' =e) < . > (A7)
where -
A=e 7 e, B:\/(Z4flex+(AR)2A222), AR =R yiax — Riyy- (A.8)

Insertion of the above relations into Eq. (2.12) leads to the non vanishing Ricci rotation
coefficients set:

Azz (AR)Z (22 - Z?lez)

TH@O =T ()= B3 g (A.9)
AZ%, AR(z2-Z7%,)
— . flex flez
TH@@ =T (0)(0) = B3 g (A.10)
= _Ze All
THE)E) =T (@) (@)=~ g, (A.11)
AzAR
Y(2)3)(3) =V (1) (w)(w) = B’ (A.12)

together with the remaining ones obtained by using the aforementioned antisymmetry
property of the first two indices. Once these quantities are given, computation of the
intrinsic and the directional derivative of any tensor is a matter of algebra only. Specifi-
cally in our case, as discussed in Section 2, one needs to compute —S 1)) (x), —S(z)(n),(w)-
—S(w)(n),(w) A =S () (n),(r) Only. The same components must be selected for the intrinsic
derivative case and the Pythagorean norm must be finally evaluated.
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