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ABSTRACT

This paper presents an analytical-numerical methodology for the
geometrically nonlinear analysis of laminated composite plates under
dynamic loading. The methodology employs Galerkin technique, in
which suitable polynomials are chosen as trial functions. In the
solution process, Newmark’s scheme for time integration, and
modified Newton-Raphson method for the solution of resulting
nonlinear equations are used. In the formulation, first order shear
deformation theory based on Mindlin’s hypothesis and von Karman
type geometric nonlinearity are considered. The results are compared
to that of finite strips, and Chebyshev series published elsewhere. The
method is found to determine closely both the displacements and the
stresses. A finite element analysis has also been carried out for the
validation of the results. The present method can be efficiently and
easily applied for the nonlinear transient analysis of laminated
composite plates with various boundary conditions.

1.0 INTRODUCTION

The transient response of laminated composite plates to dynamic
loading is a topic of considerable engineering importance. High
performance of such laminates in constructions can only be achieved
by a proper design based on effective and accurate dynamic analysis.

Various numerical techniques have been utilised to investigate the
geometrically nonlinear (in the von Karman sense) dynamic
response of plates. A mixed element formulation for finite element
method (FEM) was utilised for large deflection dynamic response of

isotropic plates by Akay"”. Reddy investigated forced motions of

laminated composite plates using a finite element that accounts for
shear deformation, rotary inertia and geometric nonlinearity®. Ali
and Al-Noury® solved the nonlinear transient response of rectan-
gular plates using an implicit finite difference method. Carrera and
Krause investigated nonlinear dynamic analysis of laminates
concerning interlaminar continuity effects with the help of FEM®“.
Chen et al. developed a semi-analytical finite strip method (FSM)®
and Nath and Shukla® used Chebyshev series (CS) technique for the
nonlinear transient analysis of laminates. Chebyshev-collocation
method with Newmark scheme is applied to the von Karman plate
theory by Kirby and Yosibash”. A comprehensive list of papers
published in the area is given in references™”.

The Galerkin method (GM) is a powerful numerical solution
technique to differential equations. This method involves the direct
use of differential equations. Trial functions do not need to satisfy all
the boundary conditions, and this gives flexibility to the method,
which can be applied to a broad class of problems. The large
amplitude dynamic response of rectangular plates under transient
loads using Galerkin technique with a multi-mode approach was
analyzed by Quaisi’”. Making use of the GM, the dynamic analysis
of quadrilateral plates having intermediate line and point supports is
accomplished by Saadatpour et a/'". Shi et al performed small
amplitude free vibration analysis of laminated plates by using GM"?.
Tanridver and Senocak used the Galerkin technique to study static
and dynamic large deflection responses of laminated composite
plates™*'¥. To the best knowledge of the authors, a few published
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research works consider this technique to solve the nonlinear
transient response of plates.

In the present paper, geometrically nonlinear transient analysis of
moderately thick laminated composite plates is presented using the
GM. In the formulation, first order shear deformation theory (FSDT)
based on Mindlin’s hypothesis with von Kérman nonlinearity is
utilised taking into account rotary and in-plane inertia effects.

Polynomials satisfying essential boundary conditions are chosen
(as trial functions) to approximate the plate displacemen  ts. The
trial functions do not have to satisfy natural boundary conditions
since they are handled in the formulation of the GM. A detailed
explanation on how to choose proper polynomials depending on
boundary conditions is given in Section solution procedure. The
analysis is performed by using Newmark’s scheme for time
integration, and modified Newton-Raphson method for the solution
of resulting nonlinear equations. In the solution process, computa-
tions have been carried out analytically wherever it is possible and
analytical-numerical type approach has been made for all cases. The
stresses and displacements are computed and the results are
compared to that of finite strips, Chebyshev series and commercial
FEM code ABAQUS"Y. The transient responses of rectangular
orthotropic, cross-ply and angle-ply laminates are presented.
Displacements and stresses at the centre of the laminates are
provided for all problems.

2.0 GOVERNING EQUATIONS

Consider a rectangular laminated plate with dimensions a, b and
uniform thickness 4. The origin of the coordinate system is chosen to
coincide with the centre of the midplane of the undeformed plate
(see Fig. 1). The plate is assumed to be subjected uniform transverse
pressure g,, and it is constructed of finite homogenous orthotropic
layers perfectly bonded together.

Under the assumptions of first order shear deformation theory
based on Mindlin’s hypothesis; let u, v, w denote the displacements
at an arbitrary point of the plate in the x, y, z directions and u°(x,),
V(x,), w(x,y) are the displacements at a corresponding point of the
midplane of the plate in the x, y and z directions respectively. Then
the displacement field of the first order theory is of the form"®:

Ux,p,z,t) - u’(x,3,1) + d.(x,0,0)z, (1)
v(x,y,z,t) =V(xy.zt) + ¢,(x00)z
w(x,,z,t) — w(x,),1)

where ¢, and ¢, are the rotations of a transverse normal about the y
and x axes respectively. The corresponding total strains could be
expressed as follows:

— o0 — o0 — 0 — 0 — 0
&= €v+ Kz &=+t KZ Vo= Vot KoZ Y™ Yo Y=Y

2
) A
(al2,b/2)
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b 9, —>

(0.0) x step load

y —
time
a 9,
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Figure 1. Plate geometry and loading.
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Considering von Karman type geometric nonlinearity!”, the strain
displacement relations can be written as;

si=ul +1/2ws, E_.'F-' =vi+1/2 Wy, }"_E = ‘leE + vl o, Wy

'}’Acz =W+ ‘;b_r J]’EJ =Wy + ¢' 1

where differentiations are denoted by comma. Midplane curvatures
and twist of the plate are the following;

K=0,0,K,=0,, K, =0, 0, )

For a plate with an arbitrary number of layers, the constitutive
relations are

Ay, A E £ B B Ko
12 Aig 11 Biz Byg) (M
Ana 5:5] (EC) + |Bya Bas Bag |4 ¥y ]J NG
Aze Aes l}fj Big B Bged s
1 1]
( M, 1 By By By ( & \II Dy Dyp D) (%
My = |Bjy Baz Bag|q &8 ¢+ |Diz Daa Dag|{ %y 1, (5)
1=1'1'.a-;.-j Bis Baz Bee l]f j Dig Dyg Degl\Huy
Q--} [.*1 ;-‘.;:H}’E;]
Tr= KO ... (6
{Q_.- Ass Assl|y2) ©)

where N,, N, and N,, are the resultant in-plane, O, and Q, are trans-
verse forces and M,, M, and M, are moments conjugate to in-plane
strains (€], €), €,) transverse shear strains (y,.,y.) and curvatures
(k,%,K,) respectively. The parameter K introduced in the above
equation is shear correction factor'® that is taken as 5/6 in the
present work. 4, Bj; and D, are symmetric matrices defined as
follows:

i

(4,,8,.D,)= [ 11,2290, dz, (D)

where Q; is the corresponding reduced stiffness coefficients.
Five governing equations of motion for the plate can be written as
follows in the general form®:

Hy=Npo + i‘V‘A':.'._'.' =1 I:-Hf::-:-f g, r=10,

Ro= Nyt Ny — Igle — Lbyee =10, ®
R3=Q..+0Q,+ I:n'_l. N+ w, :‘\:-".‘-'J.x
Hw Ny + W Ny +qp— Igw. = 0,
Ro=Myp+ My, —Qp — D@y e —hul, =10,
Rz = Mype + Myy — Qp — lhbye — vl =0,
where [, 1, and /, are mass moments of inertia defined as
Upy 1) = [0 p(L 2z dz = 5, [T p(1,2,27) dz, ... (9

g

being the material density of the ith layer. The equations of motion®
in terms of displacements is obtained by making use of consti-
tutive™®, strain-displacement and curvature-displacement® relations.
The normalised equations are given in Appendix A.

For the Galerkin approach, the normalised displacements of the
plate are approximated in the form shown below:
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Figure 2. Dimensionless centre deflection (w = w/h)
for the orthotropic plate in time (millisec).

N
n=0 mn

= Zr\n[:() ({)Umn (*T-, y) = 27 a; Ui,

0= Y0 onco b (1) Vo (@, 7) = 32, bV,
W= S0 S ()W (2,9) = 2, ¢ W, 0
e = Zm [)Zn 0 @oan (1) Sman(2.7) = 32, diSs, o
9= Ym0 Lonzo €mn(1)Ton(¥.9) = 20, 0T,
(i.e., a1 = apo(t), a0 = api (1), ...),
where a,,, b,,, Cow 4, and e,,, are unknown functions of time, U,,,, V..,

W, Sun and T, are the trial functions, and M and N are the number of
terms in x and y directions respectively. Herein, polynomials are used
as trial functions, which are chosen to satisfy the geometric boundary
conditions, where as natural boundary conditions are not satisfied. In
this case, simultaneous approximation is made to the solutions of
differential equations and to the boundary conditions.

Substituting Equation (10) into nonlinear plate equilibrium
equations and the boundary terms yields the residuals in the domain
of the plate and at the boundaries of the plate. Forcing these
residuals to be orthogonal to each member of a set of trial functions
yields the following (nondimensionalised) Galerkin equations.

1
U Pz ooy = [ U Ny aade =0,
7\

1
[, [ vt [
-1
+1 1 +1 _
/ / Vo R / Vi Ny lysrd? — [ Vi N2, s = 0.
-1 -1

1 ptl -
Winn Radzdy = )
/,. i ’ (11
1 B " B
/ / SmnLydzdy — / SunMylz—1d = 0,
1 -1
+1 B T
/ / T s ‘]”/7/ Ton My =0T = 0,
Table 1
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Figure 3. Dimensionless centre stress in the x direction
(o,. =525 s, /E,) for the orthotropic plate in time (millisec).

where Ei (i=1, ...5) in the domain, N N,, N, M M., and M, at the
boundaries are given in Appendices A and B.

3.0 SOLUTION PROCEDURE

In the application of the Galerkin method the geometrical boundary
conditions are satisfied by choosing appropriate trial functions. The
trial functions are weighted polynomials given as follows:

Umn - q>1 Tm n"
‘/mn - q)ZTm n"
mimn
”mn - (DST Y, (12)

Smn = (I)4 i'mﬂ”-,

_ FIM N
Tm,n, - (I)S‘U Y,

where @, (i = 1, ...5) denote the weight functions. Various types of
boundary conditions can be implemented by choosing proper weight
functions. In this work, three different boundary conditions are
considered and presented in Table 1.

For the orthotropic and cross-ply laminates in the present paper,
under SS-1 and SS-2 type boundary conditions, trial functions can be
constructed taking into account the symmetry of the problem in such
a manner that,

m=odd m= even
n= even = odd
An angle-ply laminate under CS-1 type boundary condition is also

taken as an example here, and for this case both even and odd
powers of polynomial terms in the trial function representation must

m = even

u,.S = even

mm P mp 1

anv Tmnr Wmn . (13)

Boundary conditions and corresponding weight functions

S58-1

55-2

Cs-1
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Figure 4. Dimensionless centre deflections (w) of the
orthotropic plate for different load values in time (f).
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Figure 6. Dimensionless centre deflection (w) of the
orthotropic plate in time (t) for different time steps.
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Figure 5. Dimensionless centre stresses (G, = 525 6, /E,) of the

center stress

orthotropic plate for different load values in time (t).
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Figure 7. Dimensionless centre stress (c,, = 525 c . /E)) of the

orthotropic plate in time for different time steps (t).
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Figure 8. Dimensionless centre deflection (w) of the cross-ply
(0°/90°/0°/90°) laminate in time (7). At — 0-1.

be taken into account.
Galerkin equations (11) can be written in brief form as:

FO— M" — M09 = 0
F(2) _ M(n)ﬁ _ M(ZS)é =0
FO-M®¢=0
FY —_M“®g — M(44);i =0
FO— M®b - M™% = 0

or, .
F-MU=0

...(19)

... (15)
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Figure 9. Dimensionless centre stress (c,.&/E,) of the cross-ply
(0°/90°/0°/90°) laminate in time (t). sx: GM results. sxa: ABAQUS results.

where F is the force vector, M is the mass matrix and U is the gener-
alised displacement vector. Note that, the number of unknown
coefficients in Equation (15) is 5(M + 1)/2) (N + 1)/2) for the
orthotropic plates and the cross-ply laminate, 5(M + 1) (N + 1) for
the angle-ply laminate. The detailed expressions for this equation
can be found in Appendix C.

3.1 Time integration

To integrate Equation (15), Newmark’s direct integration scheme"” is
employed. In the Newmark scheme the first time derivative of the
displacement field U and the solution U are approximated at (n + 1)
time step (i.e., at time ¢ = ¢, , = (n + 1)Af) by the following expressions:
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Un,+l = Un + At[(l - A/)Ijn + A//Und»]}a (16)
U'n+1 =U,+ UnAt + ATIZ[(l - 23)Un + 2A3I.-.]r1,+l]1 o

where y and  parameters are chosen as '2 and % respectively in all
of the present analyses.

Initial displacement and velocity fields are taken as zero in the
analyses. Initial acceleration is obtained by substituting initial
displacement field into Equations (11) and solving the yielding linear
equation system. In each time step, equations of motion (8) is utilised
with Newmark’s scheme by substituting acceleration at z, + 1 from
Equations (8) into the second equation of Newmark scheme. GM is
applied to the resulting nonlinear differential equations in terms of
displacements at ¢, + 1. The method gives nonlinear equations in terms
of unknown coefficients a;, b,, ¢, d; and e;. These equations are solved
by employing the modified Newton-Raphson methodology. Note that
the evaluations of integrals and derivatives are symbolically computed
by using a commercial computer math code Mathematica™®”,

4.0 NUMERICAL EXAMPLES

Geometrically nonlinear transient analyses of composite laminates
subjected to step loading are studied. Orthotropic, cross-ply and
angle-ply type laminates, whose solutions are available in the liter-
ature, are considered to check the results. Comparisons of the results
with other numerical techniques such as Chebyshev series and finite
strip method are presented. A commercial FEM code ABAQUS is
also used to check the results. In the ABAQUS analyses 10 x 10
mesh with S4 type general shell elements is used.

A convergence study of the proposed solution technique is carried
out, and it has been determined that taking M and N in Equation (10)
as five is appropriate for the analyses®". Hence, for all the GM appli-
cations given here, M and N are taken as five and computations are
performed on a dual processor SUN Blade 2,500 workstation with
8Gb random access memory.

4.1 Nonlinear transient analyses of orthotropic plates

The orthotropic plates under uniform step loading are considered. The
material data for the plates are taken from Ref (5) and given below.

E, = 525,000N/mm?, E, = 21,000N/mm?
G, = G,; = Gy = 104,500N/mm’
v, = 0-25, p = 800kg/mm’, ¢ = b = 250mm

For the validation of the present technique an orthotropic plate under
SS-2 type boundary condition is considered and the results are compared
to that of FSM® and ABAQUS. Here the plate is relatively thin, whereas
a/h — 50 and under a lateral load of ¢, = 1 N/mm’. In the analyses the
time step At is taken as 10psec which is the same value chosen in Ref 5.
Comparisons are given for the centre deflection and centre stress at the
surface of the plate and can be seen in Figs 2 and 3.

An orthotropic plate of moderate thickness where a/h — 10 under
SS-1 type boundary condition is also analysed. In Fig. 4 and 5,
centre deflections and stresses versus time for different load values
such as Q1 = 10N/mm? Q2 = 50N/mm? Q3 = 100N/mm’ are
presented. Here, time step is taken as A = 0-05 (see Equation (17)
for normalisation in time).

Effect of the time step size to the accuracy of the solutions is
conducted and shown in Figs 6 and 7 for the same plate under SS-1
type boundary condition and load of 100N/mm’. Here, three
different time steps Az = 0-05 (DT1), Az = 0-1 (DT2) and Az = 0-01
(DT3) are considered. It is found to be adequate to take the time step
as At = 0-05 for this plate.

https://doi.org/10.1017/S0001924000003912 Published online by Cambridge University Press

175
— Sy

150 nee SYA

125

100

75

50

center stress

25

time

Figure 10. Dimensionless centre stress of the cross-ply (0°/90°/0°/90°)
laminate in time (7). sy: GM results. sya: ABAQUS results.
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Figure 11. Dimensionless centre deflection (v_v) of the angle-ply

(15°/-15°/15°/-15°) laminate in time (7).
At — 0-1 CS results are taken from Ref (6).
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Figure 12: Dimensionless center stress in the x (5,.£%E,) and
y (G},(,QZ/EZ) directions of the angle-ply (15°/~15°/15°/-15°) laminate in
time (7). sx and sy: GM results. sxa and sya: ABAQUS results.

4.2 Nonlinear transient analysis of an unsymmetric
cross-ply and an angle-ply laminate

For the analyses of unsymmetric laminates the following material
properties, geometric data and related normalised variables are used
which are taken from Ref. 6.
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Ei/Ey =25, Giy = Gz = Ey/2, Gaz = Es /5,

vy =0.25 a=0b,§=a/h=10, (16)
q’=1‘i,';—‘,';,7'=t Ij:—fgh AT =0.1.

Nonlinear transient analysis of an unsymmetric cross-ply
(0°/90°/0°/90°) laminate under SS-1 type boundary condition and a
lateral load of ¢” = 125 is performed. Centre deflection versus time
plot of the laminate is shown in Fig. 8 as a comparison of the results
from the present technique, CS technique® and the commercial FEM
program ABAQUS. Centre stress values of the cross-ply laminate in
the x and y directions are given in Figs 9 and 10, respectively.

In Fig. 11, centre deflection of an angle-ply laminate
(15°/-15°/15°/-15°) under CS-1 type boundary condition and a
lateral load of ¢ = 125 is presented. Centre stresses of the angle-ply
laminate are shown in Fig. 12.

5.0 CONCLUSIONS

An analytical-numerical method is presented to study the nonlinear
transient behavior of moderately thick composite plates. Different
boundary conditions are considered and the details on how to choose
the trial functions are provided. The use of polynomials as trial
functions is found to be effective and easy to implement. The results
are compared to that of known other approximating methods (finite
strips, Chebyshev series and finite elements). A good agreement is
seen. It is observed that Galerkin method performs well for the
nonlinear transient solution of composite plates. The displacements
and stresses can be obtained accurately with a few number of terms.
The present solution methodology may be used to solve nonlinear
transient response of the moderately thick laminates in an easy and
effective way with the help of a symbolic math package.
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A. Equilibrium Equations
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C. Definitions
Definitions are introduced for the Equation (14).
F = [F(l) F2 gG F@ F(5)]T
U=[a b ¢ d €' +(29)
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