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Abstract. In this paper, a primal-dual interior point method is proposed for gen-
eral constrained optimization, which incorporated a penalty function and a kind of
new identification technique of the active set. At each iteration, the proposed algo-
rithm only needs to solve two or three reduced systems of linear equations with the
same coefficient matrix. The size of systems of linear equations can be decreased
due to the introduction of the working set, which is an estimate of the active set.
The penalty parameter is automatically updated and the uniformly positive defi-
niteness condition on the Hessian approximation of the Lagrangian is relaxed. The
proposed algorithm possesses global and superlinear convergence under some mild
conditions. Finally, some preliminary numerical results are reported.

AMS subject classifications: 65K05, 90C30, 90C31

Key words: general constrained optimization, primal-dual, active set, global convergence, su-
perlinear convergence.

1. Introduction
Consider the following general constrained optimization problem
min  fo(z)
(P) st filx) <0, iel={12,...,m},
filx)=0, ie L={m+1,m+2,...,m+1},
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where functions fo, f; (i € U L) : R" — R are all continuously differentiable.

It is well known that sequential quadratic programming (SQP) methods is one of
efficient methods for constrained optimization. The interested readers are referred to
Boggs et al. [1] and Gill et al. [5] for more information on SQP methods. However,
SQP methods have to solve QP subproblems at each iteration, which is computationally
expensive. Panier et al. in [10] presented a feasible QP-free algorithm (Algorithm PTH
for short) for (P) only with inequality constraints. At each iteration, only three systems
of linear equations (SLEs) need to be solved. Specifically, for the current iterative point
z*, the master search direction d* is generated by solving two SLEs in (d, \) with the

following form
Hy Ay d\ _ ( =Vfo(z¥)
(ZkAE Gk)(/\>_( n ’ b

where Hj, is an approximation of the Hessian of the Lagrangian associated with (P),
the vector 7 is chosen in different ways, A, = (Vf;(z¥),i € I), G} = diag(fi(a*),i €
I), Zy = diag(2F,i € I) and 2¥ (i € I) the current estimate of the KKT multipliers.
In order to avoid the Maratos effect, the search direction is modified by solving a least
squares subproblem, which is equivalent to an SLE. The global convergence of Algo-
rithm PTH requires a strong assumption, i.e., the number of stationary points is finite.

Algorithm PTH was later improved by Gao et al. in [6]. An extra SLE is solved
and the algorithm globally converges to a KKT point under some conditions includ-
ing a strong assumption that the multiplier sequence is bounded, which is impossible
if the iteration matrix is ill-conditioned. Afterwards, based on the Fischer-Burmeister
function and the KKT nonsmooth equation system, Qi and Qi in [12] also improved
Algorithm PTH and proposed a new feasible QP-free algorithm. At each iteration, three
SLEs, which differ from those in [10], are required to solve. It is shown that the co-
efficient matrix of the SLE is uniformly nonsingular and the multiplier approximation
sequence is bounded, even if the strict complementarity is not satisfied. Without assum-
ing the isolatedness of the stationary points, the global convergence is proved under
some suitable conditions.

As we know, primal-dual interior point methods are also one of efficient solution
methods for problem (P) (see, e.g., [2,11,13,15]). Especially, Bakhtiari and Tits in [2]
proceeded along the lines of Algorithm PTH and proposed a simply feasible primal-dual
interior-point method (Algorithm BT for short). For completeness, we first give a short
introduction about feasible primal-dual interior point (PDIP) methods.

The KKT system of problem (P) only with inequality constraints is given as follows

{ ViL(x,\) =0,

where the Lagrangian function is given by L(x, A\) = f,(z)+>_,c; Ai fi(x). The key point
of PDIP iteration is a perturbed variant of (1.2) in (x, \) as follows

{ VoL(z,\) =0,

Nifi(x) = pi, 1€ 1. (1.3)
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The vector ;1 € R™ is the “barrier parameter” vector with component p; < 0, i € I.
The main idea is then to attempt to solve (1.3) by means of Newton or quasi-Newton
iterations, while driving u to zero and enforcing primal and dual (strict) feasible at
each iteration. Specifically, the following SLE in (Axz, A)) is considered at pair (z*, \*)

Hp Az + 3V fi(@¥) AN + V fo(z¥) + 30 V fi(a®) A} =0,
i€l el
MV Fi(aM)V T Az + fi(a®) AN + Mo fi(2F) = g, i € 1

The system above can be equivalently rewritten as

H, Ap Az B —Vfo(ack) (1.4)
diag(\") AT Gy, AXN+N )T w ’ '

which is the same as (1.1) except that each component of x is negative.

Now let us go back to [2]. The master search direction of Algorithm BT is yielded by
solving only two SLEs similar to (1.4), and a higher correction direction is obtained by
solving a least squares subproblem to avoid the Maratos effect. The barrier parameter
vector p is carefully constructed to guarantee that Algorithm BT possesses some good
properties as follows: (1) the objective function value decreases at each iteration; (2)
the positive definite restriction on the Hessian estimate is relaxed; (3) the initial point
may lie on the boundary of the feasible set, not necessary in the strict interior of the
feasible set; (4) Algorithm BT possesses global convergence under milder conditions.

The algorithms mentioned above share some common features: all the inequality
constraints and their gradients are involved in the associated SLEs. Consequently, the
size of the SLEs may be very large. Furthermore, the coefficient matrix of the third
SLE differs from that of the first two SLEs, which leads to increasing computation cost.
Algorithm PTH and Algorithm BT are only two-step superlinear convergent.

Tits et al. in [13] extended Algorithm PTH to solve problem (P) with equality and
inequality constraints by incorporating a modified Mayne-Polak scheme (see [9]). In
their algorithm (Algorithm TWBUL for short), the positive definiteness assumption on
the Hessian estimate is relaxed and all the convergence results obtained in [10] still
hold. Moreover, they developed a simpler penalty parameter update rule. Similar to
Algorithm PTH and Algorithm BT, Algorithm TWBUL also has the features described
above.

Recently, based on the idea of PDIP and a new identification technique of the active
set, Jian et al. in [8] proposed a feasible QP-free algorithm for problem (P) only with
inequality constraints. The size of SLEs solved at each iteration is smaller than that of
(1.1) and (1.4) due to the use of the working set, which is an estimate of the active
set. Moreover, the three SLEs solved at each iteration have the same coefficient matrix.
The algorithm possesses global and superlinear convergence under suitable conditions,
including the uniformly positive definiteness of the Hessian estimate and the strict
complementarity.

In this paper, motivated from the idea of [8], we propose a new primal-dual method
for problem (P) with equality and inequality constraints, which incorporates a penalty
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function and a new identification technique of the active set. The main properties of
the proposed algorithm are as follows:

e the penalty function is a semi-penalty function, i.e., only equality constraints are
penalized and the penalty parameter is automatically updated at each iteration;

e the size of SLEs is smaller than that of (1.1) and (1.4) due to the introduction
of the working set; and the coefficient matrices of the three SLEs solved at each
iteration are the same. As a consequence, the computation cost is decreased;

e the uniformly positive definiteness assumption on the Hessian estimate is weak-
ened, which is used in most of existing algorithms, such as [8,10,12] ;

e the algorithm possesses global convergence and one-step superlinear conver-
gence under some mild conditions.

The remainder of the paper is organized as follows. The new algorithm is described
in detail and its feasibility is discussed in Section 2. The global and superlinear con-
vergence are analyzed in Section 3 and Section 4, respectively. Numerical experiments
and results are stated in Section 5 and Finally, some concluding remarks are given in
Section 6.

2. The algorithm

In this section, we will present our algorithm and then discuss its important prop-
erties. For the sake of simplicity, we use the following natations throughout the paper:

X={zeR": fi(x)<0,iel; fi(x)=0,i€ L},

X={zeR": filx)<0,icl}, X,={r € R": fi(z) <0,i€ I},
I(z)={iel: fi(x) =0}, f,(z)=(filx),ieJCITUL),

gi(x) = Vfiw), i € {0}UTUL, A,(x) = (gi(a), i€ J C ).

Before proceeding, we state a basic assumption throughout the paper.

(A1) Gradient vectors {g;(z), i € L} are linearly independent for each = € X,,.

Remark 2.1. From our algorithm given in the sequel, all iteration points satisfy strict
inequality constraints, so the assumption (Al) is weaker than the standard LICQ.

In order to estimate the active constraints, we define a vector-valued function by
the way in [14]:
VaL(z,A(x),v(x))
O(z, A\(x),y(z)) = | min{—f,(z),\(x)} |,
()

where L(x, A, ) is the Lagrange function of problem (P), i.e.,

L(z, A7) = fo () + > Nifile) + > yifi(x).

el €L
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Further, we define an optimal identification function for problem (P) as ¢ : R" ™+ —
R:
Pz, M), y(@) = 1@z, A@@), 7 ()], 2.1)

where ¢ € (0,1), || - || denotes the Euclidean norm. It is clear that (z*, \*,~*) is a KKT
pair of problem (P) if and only if p(z*, A\*,7*) = 0. Moreover, we know from [14] that
the index set {i € I : f;(z*) + @(aF, A\(2*),v(2*)) > 0} is an exact identification set
for the active set I(z*) if the pair (z*, \(z¥), v (2¥)) is sufficiently close to a KKT pair
(x*,\*,~*), and the Mangasarian-Fromovitz constraint qualification (MFCQ) and the
second order sufficient conditions are satisfied at a KKT pair (z*, A*, ).

In this paper, in order to reduce computation cost, inspired from the idea of [14],
for the current iteration point z¥ € X,, the multiplier vectors \(z*) and ~(z*) are
chosen as follows:

Na%) =2 (") =1
MzF)y = ML (@) =581 k> 1,

where 2° > 0, and \*~!, 5%~! are computed in the (k — 1)-th iteration (see Algorithm
2.1 below). So we define the working set I}, by

Io={iel: fi(z®) +o® MaF), y(2F) > 0L 2.2)

With the help of I, only two or three reduced SLEs with the same coefficient matrix are
solved at each iteration in our algorithm, and the inactive constraints at a KKT point z*
will be neglected after finite number of iterations. In view of the equality constraints,
the coefficient matrices of the SLEs in our algorithm are constructed with the form
Hy, Ay By
]\4'(,7;1'97 sz, Hy) = ( ZkA;cr G 0 ) ,
BF 0 0

2.3)

where H}, is an approximation of the Hessian of the Lagrangian L(x, A(z),~y(z)), and

A=A, (a%) = (g:i(a"), i € It), By = (9:(a"),i € L), 2 € R,

T

Z), = diag(sz), Gr = G, (") = diag(f, («")),

where || means the cardinality of I;. The search directions of our algorithm are
generated by solving two or three SLEs of the form

- d —Y (xk)
M(II,' Y zlk’ Hk) )\Ik = :U‘k
v o*

with different vectors * and ¢*.
In this paper, the merit function for arc search is a semi-penalty function defined by

W(a,r) = folw) +r ) | fila) |, 2.4)
=
where r > 0 is a penalty parameter.
Now, the proposed algorithm is described in detail.

https://doi.org/10.4208/nmtma.2015.m1338 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1338

318 J.L. Li, J. Lv and J.B. Jian

Algorithm 2.1. (Primal-dual Interior Point Method)

Parameters: « € (0, ), o, 8,0, € (0,1), 7€ (23), r0>0,v>2 p >0, po >
0, M >0, p>0and Zmax > Zmin > 0.

Data: 2" € R™ with z? € (Zmin, Zmax)s J € I, Hy € R™ "™ is a symmetric and positive
definite matrix; a starting point z° satisfies 2° € Xo, or 2° € X such that vectors
{gi(2"), i € I(2") U L} are linearly independent. Set k = 0.

Step 1. Generate the working set I;, and matrix Hy. Compute o(z*, A(2*), v(z*)) by
(2.1), then generate the working set I, by (2.2). For k > 1, compute a symmetric matrix
Hy, such that it is an approximation of the Lagrange Hessian of the problem (P) such

that matrix
d f
- Y )
i€l v

is positive definite.
Step 2. Compute the search directions. Denote M, = M (z*, sz, Hy).
(i) Compute (d", X’fk ,4%) by solving the first SLE in (d, \,¥):

d —go(z¥)
M| A, | = 0 . (2.5)
Y _fL(xk)
Set \F = ()\’j 0, Ifd* = 0and X’jk > 0, then z* is a KKT point of (P), stop.
(ii) Compute (d*, )\’}k,'yk) by solving the second SLE in (d, \,~):
d —go(z¥)
M| A, | = “Ifk , (2.6a)
Y _fL(xk)
where
i = (1= Br)df + Bi( —HCZkHV [Wkl)2, i€ I (2.6b)
R RED I B DI GO RNV ) F XS
i€l €L
¢ = min {0, — (max{-Xf,01)? = Mfi(z")}, i€ Iy (2.6)
B = mm{ (1= 9 W’“' 1}, if by > 0; (2.6e)
N 7 ko ik
=3 ((Hdku” o )et + 6t ). 260
i€y, {
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Step 3. Update the penalty parameter. Denote 7, = m%x{l + [29F — |, |7¥|}, and
1€
set

= T if r—1 > Mk + py; 2.7)
k max{ry_1,Mm,} + p,, otherwise. '

Step 4. Trial of unit step-length. If

\Il(ack + d*, rE) < \Il(:ck, TK) + af(xk,dk,rk), (2.82)
filz® +d¥) <0, Viel, (2.8b)

then set the step size ¢, = 1 and the higher correction direction d* = 0, enter Step
7. Here, the function I'(z*, d*, ;) is defined by

D(z*, d*, ry) = g, () Td¥ —ry, Z | fi(z®) . 2.9

€L

Step 5. Generate correction direction. Compute (d”, X’jk ,¥) by solving the third SLE
in (d, \,7):

d 0
~k

Mg Ay | = ;ng , (2.10a)
gl S

where

kg ok o gky _ (BD)? vk ‘ .
ﬁf:{ 0= 2 Sl dF) = G Bl N AOE Dy 0

=0y, — 2} fi(a® + d"), if \j = 0,4 € Iy;
F=—||d¥" - fi(a® + dY), ieL; (2.10c)
k
&, = max { @7, [[d*)> max {1 - L7}t (2.10d)
i€k, \E#£0 A}

If ||d¥|| > ||d¥||, set d* = 0.
Step 6. Perform arc search. Let t;, be the first number ¢ of the sequence {1, 3, 5?,...}
satisfying the following inequalities:
\Il(xk +td* + tZCAlk, rE) < \I/(:ck,rk) + atF(mk,dk,rk), (2.11a)
filz® +td* + 2d¥) <0, iel (2.11b)

Step 7. Update. Set z*+! = 2F + t;d% + tigk, 2P = min{max{||d¥|> +
Zmin, A¥}, Zmax }, 1 € I. Set k := k + 1, go back to Step 1.
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Remark 2.2. (1) ¢, given in Step 2(ii) plays an important role in verifying that Algo-
rithm 2.1 is well defined. We can prove that z* is a KKT point when v;, = 0 (see Lemma
2.2 below). (2) ,u’}k defined in Step 2(ii) is used to generate a suitable search direction
d*, which can keep not only z* staying in X, but also ¥(z, ) decreasing.

Remark 2.3. The updating rule of z* in Step 7 plays a key role in ensuring that the
coefficient matrix M, is uniformly nonsingular. With this aim, z* can be updated in
different ways, such as 25! = min{max{zmin, \*}, Zmax }, i € I.

i
Remark 2.4. Since d” is the solution to the SLE (2.5), I'(z*, d*, ;) defined in (2.9) is
identical to the directional derivative of W(-,r.) at 2* along the direction d*.

In what follows, we discuss some features and feasibility of Algorithm 2.1. It is not
difficult to show that the following conclusion holds true.

Lemma 2.1. Suppose that the assumption (Al) holds and W, is positive definite. Then
the coefficient matrix M, is nonsingular and the SLEs (2.5), (2.6a) and (2.10a) have a
unique solution, respectively.

The following results play a crucial role in analyzing the feasibility of Algorithm
2.1.

Lemma 2.2. Suppose that the stated assumptions in Lemma 2.1 hold. Then
@) g,(z")Td" -~ Zﬁffi(wk) = —(d*)TWi(d");
(i) go(«*)"d" <O + S H22F = AFDIfi(a®)], 0 € (0,1);
(iii) ¢p <O0. IfYp =0, tzifeLn 2¥ is a KKT point of the problem (P).

Proof. (i) It follows from the SLE (2.5) that

Hyd" + Z A gi(ah) + Z’%kgz’(xk) = —go(="), (2.12a)
1€y, i€l

2K TdE + Nefi(a®) =0, i e Iy, (2.12b)

gi(@MTd* = —fi(2¥), ie L. (2.120)

Further, it follows from the above equalities that

k

SRR IO RS DE Y]

2T = (T H,.JF
go(2")Td" = —(d*)" Hyd *Zm 2

i€l

which together with the definition of W}, gives
go(x*)Td* =" Af fi(a®) = —(d*) "W (d*).
i€L

That is, the result (i) holds.
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(ii)) One has from the SLE (2.6a)

Hyd® + > Mgi(a®) + ) Al gi(a®) = —golah), (2.13)
i€l i€l

zfgi(xk)Tdk + )\ffz(xk) = ,uf, 1€ Iy; gi(xk)Tdk = —fi(xk), 1€ L. (2.14)
Thus it follows from (2.13) and (2.12a) that
Y9 (:Ck)Tdk — Y (xk)TJk

= 3 M@ d" = 32 Mgi(a®)d" + 30 vfgi(=")Td* — 3 3fgi(a*)d"
i€l i€l ieL ieL

Further, combining with (2.12b) and (2.14), it follows that

go(xk)Tdk
_ 2 _

= @) = 375 (= ol + Al = ol )at) + 0F = b))
i€}, i€l

S CARGEDY m’wﬁkZ (<||dk||”+|wk| 2+ o) + D08 =) i)
1€l ZEIk €L

< P+ Brbk + D _( 1+|2f7£“—%|)|fz-<:c’f)|- (2.15)
€L

On the other hand, it follows from the conclusion (i) and Step 7 that

9o (@®) Tk — 32 AF fi(ah) = —(d")TWid® — 3 fi(2%)? < —(d*)TWidt <0,
ieL i€L

and it follows from the definition (2.6d) of ¢¥ that — > ’;\—}I:gbf < (. Therefore, from the

el
definition (2.6¢) of v;,, we can conclude that

v < 0. (2.16)

Noting that §; = 1 for by < 0 and 6 € (0, 1), it follows from (2.15) that

9o (@) Td* < 0P+ (1 + 1275 = ¥EDIfi(a)),

i€l

Noting that 3, = mm{(1 Gk‘w” 1} for by, > 0, it follows that Sibr < (0 — 1)1, which
together with (2.15) gives

90 (z")Td* < 0y + > (1 + (297 — A7 DIfi(a")].

€L

Hence, the result (ii) holds true.

https://doi.org/10.4208/nmtma.2015.m1338 Published online by Cambridge University Press


https://doi.org/10.4208/nmtma.2015.m1338

322 J.L. Li, J. Lv and J.B. Jian

(iii) The conclusion v, < 0 is true from (2.16). If ¢, = 0, then it implies from
(2.16) and (2.6c¢) that

(d)TWed* =0, > k¢k =0, Y |fi= . (2.17)

Zelk 1€l

So we obtain that d* = 0 from the positive definiteness of W} and that fi(z¥)=0(@ €
L). Further, together with (2.12b) and d* = 0, we have A} f;(z*) = 0, i € I;.. In view of
the second equality of (2.17) and \f¢¥ > 0,4 € I}, we obtain

Mgk =0, i e 1. (2.18)

We can show that}\i-g > 0 for any i € I;. In fact, by contradiction, if there exists some
19 € I such that )\k < 0, then f;,(z¥) = 0. Therefore, from (2.6d), we have gbk < 0.
It implies that \¥ qbk > 0. It is a contradiction to (2.18). Hence, from d* = 0, )\k >0

and the SLE (2.5), we can conclude that z* is a KKT point of (P). O

Based on the above discussion, we now verify the feasibility of Algorithm 2.1.
Lemma 2.3. Suppose that the assumption (A1) holds. Then

@) If 2" is not a KKT point of (P), then T'(z*,d* ) < 0;
(ii) Algorithm 2.1 is well defined.

Proof. (i) From the definition (2.9) of I'(z*, d*, ;) and Lemma 2.2(ii), we have

D(a*, d¥ k) < 00k + Y (141237 = AFDIfi@®) = D | fulw)

i€l i€L

<Oy — 3 — 1— 275 — ADIfR)],

il
which together with (2.7) and Lemma 2.2(iii) gives
D(zF, d* rp) < 0y < 0. (2.19)

(i) In order to verify the result (ii), it is sufficient to show that the inequalities (2.11a)
and (2.11b) hold for ¢ > 0 sufficiently small.
Let’s first consider the inequality (2.11a). From the definition (2.4) of ¥, we have

U2k + td* + 2d%, ry) — U(2¥ )
= tg,(z")Td" +o(t) + 1 (| fila®) +tgi(a®)Td* + o([[td" + #2d"|)) | - | fu(z") ).
ieL
From the SLE (2.6a), we have g;(2*)Td* = —f;(z*), Vi € L. Substituting this formula
into the above inequality, we obtain
U2k + tdF + £2d%, ry,) — O (2F, 1)

= tgy(2")"d" + 1y, EZ)L(I (L= ) fi@®) | = | fil@®) ) + o(||td* + 2d*])).
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Note that 1 — ¢ > 0 for ¢ sufficiently small. It follows from the above inequality that
U(z* + td* + 2d¥ rp) — W (2® )
= 1g, (") d* —tr Y | fila®) | +o(||td* + 2d¥]))
€L

= AT (", d r1.) + o(|[td" + t2d"|)

< ol (z*, d* ry,) + o(|[td" + t2d¥|), (2.20)
the last inequality is duo to (2.19) and « € (0, %). Therefore, there exists a ¢, > 0 such
that (2.11a) holds for all ¢ € (0, ;).

Next consider the inequality (2.11b). Since fi(z*) < 0 for i € I, the inequality

(2.11b) follows for ¢ sufficiently small due to the continuity of f;.

By summarizing the above discussion, there exists a 1, > 0 such that (2.11a) and
(2.11b) hold for all ¢ € (0, t;). Consequently, Algorithm 2.1 is well defined. O

3. Global convergence

In this section, we will show that Algorithm 2.1 is globally convergent, i.e., any
accumulation point of the generated sequence {z*} is a KKT point for (P). For this
goal, we need the following assumptions.

(A2) (i) The sequence {z*} generated by Algorithm 2.1 is bounded.
(i) For each accumulation point z* of {z*}, vectors {g;(z*), i € I(x*) U L} are
linearly independent.
(iii) There exist two positive constants a and b such that

|Hill <b, d*Wyid > al|d||?, Vde R™, Y k. (3.1)

In what follows, we first present several Lemmas which are used in the proof of
global convergence.

Lemma 3.1. Suppose that the assumptions (A1) and (A2) hold. Then

(i) there exists a ¢ > 0 such that || M, || < ¢
(i) the sequences {(d*, \*, %)}, {(d*, \¥,~*)} and {(d*, \*,5%)} are all bounded.

The proof is similar to that of Lemma 3.1 in [8] and omitted here.

The following lemma can be shown from the updating formula (2.7).
Lemma 3.2. Suppose that the assumptions (Al) and (A2) hold. Then there exists a
positive integer ko such that ry, = ry, def r for all k > ky.

Based on Lemma 3.2, in the rest of this paper we suppose, without loss of generality,
that r, = r.

By Lemma 3.1, (A2)(iii) and Lemma 2.2(iii), we can show that the following con-
clusion is true, which facilitates the proof of global convergence.
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Lemma 3.3. Suppose that the assumptions (A1) and (A2) hold. Let x=* be an accumula-
tion point of the sequence {x"} generated by Algorithm 2.1 and suppose that subsequence
{xFY e — 2% If {Yp} ¢ — 0, then x* is a KKT point of (P) and {(\*,5%)}x converges to
the unique multiplier vector (\*,~*) corresponding to x*.

At the end of this section, based on the above results, we present a conclusion of
global convergence of Algorithm 2.1.

Theorem 3.1. Suppose that the assumptions (Al) and (A2) hold and z* is an accumu-
lation point of the sequence {x"*} generated by Algorithm 2.1. Then x* is a KKT point of
(P), i.e., Algorithm 2.1 is globally convergent.

Proof. Let sequence {z*}; converge to z*. Without loss of generality, we suppose
that {¢; }x — ¥*. It is clear from Lemma 2.2(iii) that ¢)* < 0. We suppose, by contra-
diction, that z* is not a KKT point of (P). Then, by Lemma 3.3, one obtains ¢* < 0. The
remnant of the proof is divided into two steps as follows.

Step A. We show the inequalities (2.11a) and (2.11b) hold for k € K sufficiently
large and ¢ > 0 sufficiently small. N

We first prove the inequality (2.11b), i.e., fi(z* + td* 4 t2d*) < 0,i € I.

(i) For i € I\ I(x*), ie., fi(z*) < 0. The inequality (2.11b) follows from the
continuity of f; and the boundedness of {(d*,d")} .

(ii) For ¢ € I(z*). In view of Lemma 3.1(ii), without loss of generality, we can
suppose that \*=! — \*, ¥~ — 5* k € K. Thus, (z*,\*,5*) is not a KKT pair
of problem (P), further, we have o(x*, \*,5*) > 0. Since I(z*) C I}, from the Taylor
expansion, (2.6a), (2.6b), Lemma 3.1(ii) and (2.6e), one gets for ¢ sufficiently small

Nk (K
fi(a® + td" + 2d¥) = f;(a) + +fz<x)+o(t)
k _ _
= (= 2R + G B + ) + o). (32)

i

The boundedness of {\F} and {zF} implies 1 — t © > 0. It is clear that

(1—tAf>fz< k) <o, ﬁ%’%o (3.3)

7 Z

which shows the following inequality:
fila® + td" 4+ £2d") < —Brt(|d" || + |vnl") + o(t). (3.4)

In view of (2.6¢), (2.6f) and ¥* < 0, there exists a scalar 3 > 0 such that 5, > 3 >
0. From Lemma 3.1 and Lemma 3.3, there exists a subsequence K’ C K and a scalar
w > 0 such that

£ (||d*||” > 0.
ka, (™))" + [wl”) > @ >
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So, it follows, for k sufficiently large and ¢ > 0 sufficiently small, that
1
fila® +tdP + 2dF) < — 5Bt + o(t) < 0. (3.5)

Hence, the inequality (2.11b) holds true.

Next, we consider the inequality (2.11a). From (2.20) and the boundedness of
{d* d*}, we have

(z® + td* + tQEzk, r)— \Il(xk, r) — atf(mk, d* . r)
= {T(z*, d*,r) — atT(2*, d*,r) + o(||td* + 2d¥|)
< (1= a)thyy + o(t) < (1 — a)tbay™ + o(t), (3.6)

where o € (0,1). The above inequality implies that the inequality (2.11a) holds for
k € K’ sufficiently large and ¢ > 0 sufficiently small.

By summarizing the above discussion, there exists a constant £ > 0 such that the
step size t,, >t for all k € K'.

Step B. Bring a contradiction based on ¢, >t > 0 (k € K'). Noting that

lim (2", r) = U(z*
Jim ¥(z",r) = ¥(z",7)

and the monotonic property of {¥(z*, r)}, one obtains
lim W(z* r) = U(z*, r).
k—o0

In view of Step 6 in Algorithm 2.1 and (2.19), it follows for k € K’ sufficiently large
that

\Ij(karla'r) - \I’(xkar) < Ogtk]:‘(xk, dkaT) < aeﬂ)k{ (37)

Passing to the limit & K % in the inequality above, one gets afvy*t > 0, which is a
contradiction. Hence, x* is a KKT point of (P). The whole proof is completed. O

4. Strong and superlinear convergence
In this section, we first analyze the strong convergence of Algorithm 2.1 and then
analyze the acceptance of a full step of one for all % sufficiently large. Finally, we

establish the superlinear convergence under some mild assumptions.
In the analysis of this section, the following assumptions are necessary.

e (A3) Functions fy, f; (¢ € I U L) are all twice continuously differentiable.
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e (A4) The sequence {x;} generated by Algorithm 2.1 possesses an accumula-
tion point x*, at which the second order sufficient conditions and the strict com-
plementarity hold, i.e., the Lagrange multiplier vector \* € E™ at x* satisfies
A > 0 (Vi € I(z*)) and the Hessian matrix V2, L(z*, \*,v*) is positive definite
on the subspace {y € R" |y # 0, g;(z*)Yy =0, Vi € I(x*) U L}.

Lemma 4.1. Suppose that the stated assumptions (Al)-(A4) hold. For any subset K of
{1,2,---} such that lilr(nx’“ = x*, then
(i) lim(d", A*,7%) = (0,A",7");

(i) Tim(d", A, 7¥) = (0,X°,7°).

Proof. (i) Since {(d*,\*,4*)} and {Z}} are bounded, in view of (A4) and I;, C I and
the finiteness of I, without loss of generality, suppose that there exists an index set [
such that I, = I, V k € K, and there exists an infinite subset K/ C K such that

Hy — Ho, (N0 = (0N, (5,9 = (3,99,

7] Tk * def . *

&"—d, 7, -7 G, —G = dag(f,(z"), kekK'
If (z*,\*,7*) is a KKT pair of (P), then A* = X*, 5* = 7*, and it follows from Theorem
2.3 and Theorem 3.7 in [4] that I}, = I(z*). If (z*, \*,7*) is not a KKT pair of (P),

then (2, A*,5*) > 0. This implies that I(z*) C I, k € K’. Taking the limit as
k — oo, k € K'in (2.5), we deduce that (d*, A7, ) solves the following SLE in (u,v,, v,)

H, A (z*) B, (z") u —go(z*)
ZFA(z)T G (a¥) 0 v, | = 0 : (4.1)
BL(x*)T 0 0 Uy —fo(z7)

~i

~i

Further, similar to the proof of Lemma 3.1 in [8], we can show that the coefficient
matrix of (4.1) is nonsingular. So the solution of (4.1) is unique. On the other hand,
noting that (*, A*, ") is a KKT pair of (P) from Theorem 3.4, we know that (0, A*, ")
is a solution of (4.1), too. So we conclude that (d*,A;,7) = (0,\*,7*) due to the
uniqueness. Hence, limg (d*, \F,5%) = (0, \*, v*).

(ii) For any subset K such that 2*— 2* as k — oo, k € K, in view of u’fk—> 0(k € K),
similar to the proof of the conclusion (i), we can get lim (d* NP AF) = (0,\*,v%). O

Next we present the strong convergence of Algorithm 2.1 and some associated con-
clusions.

Theorem 4.1. Suppose that the stated assumptions (A1)-(A4) hold. Then the following
conclusions hold true:

e (i) the entire sequence {x*} yielded by Algorithm 2.1 converges to z*, i.e., Algorithm
2.1 is strongly convergent;
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o (i) (d* Nk, 5%) — (0, \*,7*) as k — oc;
o i) ¢F =0, uf = Bu(—[d*|" — |Unl*)=k and I = I(a) for k sufficiently large;

(V) (d¥, NF, %) = (0,A*,~%) as k — oo;

) 2F — min{max{znin@, \*}, Zmaxw@w} as k — oo, where w = (1,1,--- ,1)T €
R™.

The proof is similar to that of Theorem 4.1 in [8] and omitted here.

We now present some features of the solution of the SLE (2.10a), which will be
used in the analysis of a full step of one in the sequel.

Lemma 4.2 Suppose that the stated assumptions (A1)-(A4) hold. If po < min{\},i €
I(z*)} and zmax > max{\’,i € I(x*)}, then the solution of the SLE (2.10a) satisfies the
following relations:

k
11 = 0 e 135 = 11- 101 117} ) = ol (42
170 = 0 s 135~ 1111 2 ) 43
1 ) = o6, IR ] = ofow). 44
Proof. 1t follows from the SLEs (2.5) and (2.6a) that
2Kgi(aMTdE = =N fi2h), ien, (4.5a)
gi(a®)TdF = ~f;(a"), i€ L. (4.5b)

So it is clear that | f;(z*) |= O(||d*|), i € I1; | fi(z*) |= O(||d*|), i € L. In view of
¢r, = 0 for k sufficient large, it follows from (2.6¢) that

U = gy (@) Td" =D AFfi(ah) =D 1), (4.6)
il il
From Lemma 2.2(i) and (Al), we obtain

go(a™)Td" =Y 4f fi(a®) = O(ld"|1”),  (p € [1,2)),

=
so (4.6) is equivalently rewritten as
by, = O(max{||d*||, ||d*[|*}). (4.7)
Again, from the SLEs (2.6a) and (2.5), one obtains

dF — d 0
My | A=A, | = u’;k . (4.8)
Y= 0
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Together with pf = B.(—||d*|" — \wkl”)sz, (4.7) and Lemma 3.1, the above equality
implies that there exists a positive constant ¢ such that
I — ) < (I + ) _
= c|[d"||” + O(max{||d"||", ||d||*"}). (4.9)
Hence, one obtains ||d*| ~ |d*||.

In view of the strict complementarity, i.e., A} > 0,7 € I(z*) = I}, it follows from
(2.10b) for any i € I(z*), that

(2F)

2
~ ZZ 14
it = = 2 [5G0 + 9@ ] - S Al + O ). 410)

Again, it follows from the SLE (2.6a) that
2P gi(a®)Td" + fi(aF)A]
= i = Br(=Id*||" = [wl")2f = O(d*|1*) — Belwwl” =,
or equivalently,

zzk 1 »
fila®) = =g " — S Bl 2 + O(ld"|?).

Substituting this equality into (4.10), we obtain

~k k sz ENT gk sz v_k (Zf)z v k2
A == 0k = 2 (1= 3p)gi(@") " + S Buluel” 2 — 7= Bl + O([1d"|")

k
Z-
— = b= 21 - )@ + O(d*|?)

)

zF , .
=~ 6 0 a2 — 1[4 I € 170 ) + O ),

which together with (2.10d) shows that

I | = o<max{|g — 1 [ldF ] 12 € I >}) = oflla*]).

On the other hand, it follows from (2.10c) and the Taylor expansion that for any i € L
== |ld*||” = fi(z") = gi(a®)Td" + O(||d"|1?)
= — [[d*|I” + O(||d*|1*) = O([|d"|1*).
The second equality and the third equality are due to (4.5a) and 7 € (2, 3), respectively.

Thus, together with Lemma 3.1(i), the relations (4.2) and (4.3) are immediate. Further,
the relation (4.4) follows from (2.10b) and (2.10d). The proof is completed. O
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To ensure the step size ¢, = 1 for k sufficiently large, the following assumption on
the Hessian approximation H), is necessary.

(A5) Assume ||P,(V2, L(x%, \¥ %) — Hy)d"|| = o(||d¥||), where
P.=FE—(A,,B)[(A,,B)"(A,B)] *(A,,B)". (4.11)
In what follows, we present an important result, i.e., a full step of one is accepted.
Theorem 4.2. Suppose that the stated assumptions (A1)-(A5) hold and
Zmin < min{\,i € [(x")}, zZmax > max{\,i € I(z")}.
Then, the arc search of Algorithm 2.1 eventually accepts a full step of one, i.e., t;, = 1 for
k sufficiently large.

Proof. In view of the inequalities (2.11a) and (2.11b), it is sufficient to verify the
following inequalities hold true.

U2+ dF +dF,r) < OF,r) + ol (@, dF, r); (4.12)

fila® +d*+d") <0, iel. (4.13)

(1) We first prove the inequality (4.13) holds. For i € IN\I(z*), ie., fi(z*) <0

using the continuity of f; and (z*,d*,d*) — (2*,0,0) as k — oo, the inequality (4.13)
is immediate for k sufficiently large.

Fori € I(z*),i.e., fi(z*) = 0. We know from the strict complementarity that A} > 0.
It follows from the SLE (2.10a) and (2.10b) that

22
(R B 4 Nfile®) =~ i+ - Bl
which combining with \¥ > 0, 8, > 0 and zF > 0 gives
P 5
filz® + d¥) + g; (") TdF < —z—’“ - Sl kY = Z—Z + o(6r).

K3 Z 3

Therefore, by the Taylor expansion and the inequality above, one has

fila® + d* + d") = fi(ak + d") + gi(«®)Td" + O(||d¥||||d" )
1)
< -k - +0(0k),
Z

2

which together with zf > Zmin > 0 shows that the inequality (4.13) holds true .
(2) In what follows, we analyze the inequality (4.12). By the Taylor expansion and
Lemma 4.2, we obtain

wy, = U(z* +d" +d"r) = (b, r) - al(@F, d", r)
1
= g, (") (@ + &) + 5<dk>Tvixfo O 1Y | fil@h) + 0. T (@ + 3
i€l

(d’f)Tv2 2V | =Y | fila) | —al (¥, dF ) + o(|dFP). (4.14)
€L
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From (2.6a), (2.10a) and (2.10c), one has

gi(e")Td* = —fi(a*),  gi(@")Td" = —|ldM| - fia® + ), i€ L,
further, by the Taylor expansion, one obtains

gia®)Td" = —|d*||” — fi(a*) — gi(a®)"d*
5@V S + o), i€ I

equivalently,

Fila) + g T (@ @)+ S (@) S E = o), i€ L (415)
On the other hand, it follows from (2.6a) and Theorem 4.1(iii) that

go(z") + Hyd" + D Mai(@®) + > 4Fgi(a®) =0,
el (z*) i€l

which together with Lemma 4.2 gives

9o (") Td = —(d*) Hpd* — > Ngi(@®)Td" = yfgi(a*)Td", (4.16a)
iel(x*) i€l
g9,z (@ +d") = — D Negi(ah) (" + d¥)
i€l(z*)
=3 " g (@) (dF + dF) — ()T Hyd® + of||d¥||?). (4.16b)
i€L

Again, from the SLE (2.10a) and (2.10b), it follows that for i € I(x*) and A\¥ # 0

g ()T + N fi(ak) = 0 — 2F fi(a® + dF) — \E

Bre| .

By Lemma 4.2, the above equality can be rewritten as
ko gk E\T 3k Xf kO 2 v k)2
filae™ +d%) +gi(2%) d” = =~ fi(@") = ¢ = S Belvel” = o([ld7]%),
which together with the Taylor expansion of f;(z* 4 d*) shows that
gi(z*)"(d" + d)
1
= —fi(a*) = S(d") V2, fi(a")d" + o(||d"||*), i€ I(z"). (4.17)

Again, from the SLE (2.10a) and (2.10c), we easily obtain

Gi@R) (@ 1 ) = —fi(ah) — 5@V Fi@Nd o)D), i€ L (418)
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Thus, in view of (2.9), (4.15) and (4.17) ~ (4.19), the equality (4.14) is rewritten as
1
we = ; )A?fi(w’“) + ;vffi<x’“> + 5 (@) (VL™ A" 7F) — Hy)d"
el (x* )

5 ()T " — ag, ()T (@) + (o= e S 1) + ol ).
€L

It follows from the definition (4.11) of the projection matrix P that
d" = Ppd" + df,

where d§ = (Ay, By)[(Ax, Bx)T (Ag, By)] " (Ag, By)Td*. Furthermore, it follows from
the SLE (2.6a) and Theorem 4.1(iii) that

z k- z.'G )\k
(Ay, By)"d" = bt g
_fL( )

Based on the above relations, it follows from (A5) and (4.16a) that

) di = O(Ilf,, (")) + o(lld"[1?).

k
Wk—(a——)(dk)TW d* + (Oé—— > T ))(dk)TQz‘(wk)gi(%k)Tdk
icI(z*) "
+ Z )\kl—a—fl +Z’yzl—afl( F)
el (x*) i€L
(@ =D Ifia™) + ol f,, ) + ol "),

€L

further, it follows from A2(iii) and the SLE (2.6a) that

Wk < <O‘ - %>G\|dk\|2 - <a — %) | 3 ()\f)2fii;k)

i€l (z*)
I SR (EYESITESED SIS
i€l (x*) icl
(o= Dr Y @)+ o(lL £, D) + o(1d¥ ). (4.19)
€L

Noting that o € (0,1) and r > 5, > |¥|, we obtain

Y A —a)fi(@®) + (= 1)r ) [fi(=")] <0,

€L €L

which together with (4.19) shows

ws (a3l 30 (1= 520 AR ol I+ o). (420

el(z*)
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It follows from Theorem 4.1(v) that

lim AF (1 LA Ly >0, Vie I(z*) (4.21)
mm A; -] =z 7 x .
k—oo sz 2 ’ ’

and noting that f;(z) < 0,Vi € I(z*), so it follows from (4.20), (4.21) and « € (0, 3)
that for £ sufficient large

1
wi < (o = 5)afd|[* + o(||d"[|*) <0

which means that the inequality (4.12) holds for £ sufficient large. The proof is fin-
ished. -

Based on Theorem 4.2, similar to Theorem 5.2 in [16], we can obtain the conclusion
of the superlinear convergence of Algorithm 2.1.

Theorem 4.3 Suppose that the stated assumptions (A1)-(A5) hold. Then

k k
lz*+ = 2" = o([la" — 2*),

i.e., Algorithm 2.1 is superlinearly convergent.

5. Numerical experiments

In this section, we test Algorithm 2.1 on some problems which are chosen from [7].
Algorithm 2.1 was coded by MATLAB and ran on a computer with Windows 7 and 2.20
GHz CPU. The details about the implementation are described as follows.

(a) The Hessian estimate Hy, is updated as follows:

Hy, = hiE, + VixL(xk, )\k’,yk)’

where
0, if wmm > 1075;
hi, = Fpnin 1075, if |k, | <107 5,
2 | @k |, otherwise,

and " is the smallest eigenvalue of the matrix
U, V2 L(ak, Nk, Z )gs ().
i€l fz
It can be shown that the matrix W}, defined by Step 7 satisfies the assumption (A2) (iii)

(b) The parameters in Algorithm 2.1 are chosen as follows:
a=045 0=001, B=05, 0 =099, £ =05, 7=25, V=3, 2max = 105,
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Table 1: The numerical results.

Algorithm 2.1 Algorithm in [17]
Itr Nf Ng; Aset Time final Itr Nf Ng
Svanberg-10 10 (30,0) 15 47 489 6 0.21 1.5731517e+01 36 227 258
Svanberg-30 30 (90,0) 26 98 2736 20 0.71 4.9142526e+01 101 777 864
Svanberg-50 50 (150,0) 36 141 4976 43 1.38 8.2581912e+01 108 881 968
Svanberg-80 80 (240,0) 48 239 12847 64 4.19 1.32749819e+02190 1666 1835
Svanberg-100 100 (300,0) 57 291 16948 73 6.43 1.66197171e+02178 1628 1782
Svanberg-500 500 (1500, 0) 207 1603 474084 398 584.43 8.35186918e+02 402 4020 4407

Problem n  (m,l)

g0=10"°, M =1,p=1, pp =0.1, po = 0.035.

(c) Termination criteria. Algorithm 2.1 stops if one of the following termination
criteria is satisfied:
@ (=" A"))]l <1075
(i) [|d*|| < 107 and max{—\F i€ I} < 107°.

In the numerical experiment we compared our algorithm, i.e., Algorithm 2.1, with
Algorithm in [17] and Algorithm in [13], respectively. We use the initial points given
in [7] if they are feasible. The numerical results are summarized in Table 1 and Table
2, in which the following notations are used:

n: the number of variables;

m: the number of inequality constraints;

l: the number of equality constraints;

Itr: the number of iterations;

Ny: the number of function evaluations for f;

Ny,: the number of function evaluations for g;;

Aset: the number of indices in the final working set;
fanal :  the objective function value at the final iteration.

We can know from tables 1 and 2 that the cardinality of the final working set “Aset”is
generally smaller than the number of constraints, which implies that subproblems of
Algorithm 2.1 are generally smaller than that of the full dimensional methods. Our
working set is very useful. Table 1 shows that the numbers of “Itr” and “Nf” in Algo-
rithm 2.1 are much smaller than those in [17]. The numbers of “Ng;” in Algorithm 2.1
are larger than those of “Ng” in [17] because we compute the number of g; which is
needed during the iterative procedure.

Remark 5.1. The numerical results of Algorithm TWBUL are obtained directly from
[13].

The number of iterations for Algorithm 2.1 is less than that of Algorithm in [13] for
half of the test problems. Especially, for problem HS66 and problem HS111, the num-
bers of iterations of Algorithm TWBUL exceed 1000, whereas the numbers of iterations
of Algorithm 2.1 are only 10 and 298, respectively.
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Table 2: The numerical results.

Algorithm 2.1 Algorithm in [13]
Problem . (m. ) —p—x—x "1 Jonal Tir Tnal
HS2 2 (1,00 17 19 42 1 4.8321e+00 - === = =
HS3 2 (1,00 13 12 30 1 1.2702e—005 4 8.5023e—09
HS4 2 (1,1 5 5 14 1 2.6667e+00 4 2.6667e+00
HS8 2 (0,2 4 3 11 0 —1.0000e+00 14 —1.0000e+00
HS12 2 (1,0 6 6 18 1 —3.0000e+01 5 —3.0000e+01
HS24 2 (5,00 11 13 101 2 —1.0000e+00 14 —1.0000e+00
HS29 3 (1,00 12 13 33 1 —2.2627e+01 8 —2.2627e+01
HS33 3 (6,00 22 22 288 3 —4.5858e+00 29 —4.5867e+00
HS34 3 (8,00 23 25 339 4 —8.3403e—01 30 —8.3403e—01
HS35 3 (4,0 11 16 60 1 1.1111e—-01 8 1.1111e—-01
HS36 3 (7,00 10 42 140 3 —3.3000e+03 10 —3.3000e+03
HS37 3 1,7 6 24 98 1 —3.4560e+03 7 —3.3860e+03
HS38 4 (8,0) 17 89 198 0 4.0056e—14 37 3.1564e—24
HS43 4 (3,00 13 14 84 2 —4.4000e+01 9 —4.4000e+01
HS48 5 (0,2) 8 9 19 0 5.2645e—016 6 0.0000e+00
HS49 5 (0,2) 20 21 43 0 3.1927e—010 69 3.1836e—010
HS50 5 (0,3) 7 5 5 0 4.8891e—020 11 4.0725e—017
HS66 3 (8,0 10 10 139 3 5.1816e—01 1000+ 5.1816e—01
HS93 6 (8,0 19 21 427 7 1.3508e+02 12 1.3508e+02
HS100 7 (4,00 15 13 113 2 6.8063e+02 9 6.8063e+02
HS111 10 (20,3) 298 301 5943 0 -4.77202e+01 1000+ -4.7720e+01
HS113 10 (8,0) 18 16 249 4 2.4306e+01 10 2.4306e+01
HS117 15 (20,0) 22 27 653 20 3.2349e+01 25 3.23487e+01

6. Concluding remarks

With the help of a penalty function and a new identification technique of active con-
straints, we proposed a new primal-dual interior point method for general constrained
optimization. Because of the introduction of working set, the size of SLEs is smaller
than that of SLEs in some existing algorithms. At each iteration, the master search
direction and higher-correction direction are generated by only solving two or three
reduced SLEs with the same coefficient matrix and the penalty parameter is automati-
cally updated. The uniformly positive definiteness assumption on the Hessian estimate
is weaken, which is used in most of existing algorithms. The global and superlinear
convergence are shown under some mild conditions. The preliminary numerical re-
sults indicates the feasibility and efficiency of the proposed algorithm for small and
medium size test problems.
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