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We establish a generalization of the Expander Mixing Lemma for arbitrary (finite) simplicial
complexes. The original lemma states that concentration of the Laplace spectrum of a
graph implies combinatorial expansion (which is also referred to as mixing, or pseudo-
randomness). Recently, an analogue of this lemma was proved for simplicial complexes of
arbitrary dimension, provided that the skeleton of the complex is complete. More precisely,
it was shown that a concentrated spectrum of the simplicial Hodge Laplacian implies a
similar type of pseudo-randomness as in graphs. In this paper we remove the assumption
of a complete skeleton, showing that simultaneous concentration of the Laplace spectra in
all dimensions implies pseudo-randomness in any complex. We discuss various applications
and present some open questions.
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1. Introduction

The spectral gap of a finite graph G = (V,E) is the smallest non-trivial eigenvalue of
its Laplace operator. The so-called discrete Cheeger inequalities [2, 4, 10, 41] relate the
spectral gap to expansion in the graph: if the spectral gap is large, then for any partition
V = A U B there is a large number of edges connecting a vertex in 4 with a vertex in B.
Nevertheless, a large spectral gap does not suffice to control the number of edges between
any two sets of vertices. For example, there exist ‘bipartite expanders’ (see e.g. [29, 31]):
regular graphs with a large spectral gap, which are bipartite, so that they contain A,B = V
of size |V|/4 with no edges between them. The Expander Mixing Lemma remedies this
inconvenience, using not only the spectral gap but also the maximal eigenvalue of the
Laplacian.

Theorem 1.1 (Expander Mixing Lemma [3, 5, 16]). Let G = (V,E) be a graph on n
vertices. If the non-trivial spectrum of the Laplacian is contained within [k(1 —¢),k(1 + ¢€)],
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then for any two sets of vertices A, B one has

k
|E(4, B)l — -~ |4]1B|| < ekv/14][B],

where E(A, B) are the edges with one endpoint in A and the other in B.

If k is the average degree of a vertex in G, then (k/n)|A||B] is about the expected size of
|E(A, B)| (the exact value is (k/(n — 1))|A4||B|). Thus, the lemma states that a concentrated
spectrum indicates pseudo-random behaviour. In light of the Expander Mixing Lemma,
we call a graph whose non-trivial Laplace spectrum is contained in [k(1 —¢),k(1 +¢)] a
(k, &)-expander.t

In [37] a generalization of the Expander Mixing Lemma is established for finite
simplicial complexes of arbitrary dimension, assuming that they have a complete skeleton,
namely, that every possible cell of dimension smaller than the maximal one is in the
complex. The Laplace operator studied in [37] and in the current paper originates
in Eckmann’s work [12]. It is a natural analogue of the Hodge Laplace operator in
Riemannian geometry, and it has been studied in several prominent works [1, 9, 11, 14,
17, 25, 26, 43], sometimes under the name combinatorial Laplacian. For a complex of
dimension d, Eckmann defines d Laplace operators (see Section 2), with the jth one acting
on the cells of dimension j. We say that X is a (j, k, &)-expander if the non-trivial spectrum
of the jth Laplacian is contained within [k(1 — &), k(1 + ¢)] (see Section 2.1 for the precise
definition).

Theorem 1.2 ([37]). Let X be a d-dimensional complex on n vertices with a complete
skeleton, which is a (d — 1,k, ¢)-expander. For any pairwise disjoint Ay,...,Aqg SV,

k
IF(Ao,-. Ad)l = —JAo] .- [ Aal| < ek(lAol - - [Aa) D,
where F(Ay,...,Ay) is the set of d-cells with one vertex in each A;.

In this paper we prove a mixing lemma for arbitrary (finite) complexes. Our main result
is the following theorem.

Theorem 1.3. If a d-dimensional complex X is a (j,k;, ¢j)-expander for 0 < j < d—1, and
Ao, ..., Aq are pairwise disjoint sets of vertices in X, then

ko - -ky_
[F(Ap,., Aa)| = = Aol - |Aal| < eakoKama(eo + -+ eam1) max |4,
where c; depends only on d.

In order to understand F(A,,...,Ay) in the case of general complexes, we study a more
general counting problem.

T In [42] this is referred to as a ‘two-sided (k, ¢)-expander’, as the spectrum is bounded on both sides.
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Figure 1. A 0O-gallery, a 1-gallery and a 2-gallery in Ay,...,A43.

Definition. Given Ay,...,A, S V and j < /, a j-gallery in Ay, ..., A, is a sequence of j-cells
00,...,0/—j € X’ such that oiisin F(A,,...,Aiy;j), and ¢; and ;4 intersect in a (j — 1)-cell
(which must lie in F(Aiq,...,A4i+;)). We denote the set of j-galleries in Ao,...,4, by
Fi(Ao,...,As).

At the heart of our analysis is the next lemma, which estimates the size of F/*1(4,,...,4,)
in terms of that of F/(Ay,...,Ay). Since F(Ao, ..., A;)is F/(Ao,...,A;) and F%(Ay, ..., A;) =
Ap X -+ x Ay, repeatedly applying the lemma allows us to estimate |F(Ay, ..., A4)| in terms
of |F%(Ao,...,Aq)| = |Ao| ... |A4l.

Lemma 1.4 (Descent Lemma). Let Ay,..., A, be sets of vertices in X, such that each j + 1
tuple A;, Aiy1, ..., Airjy1 consists of pairwise disjoint sets. If X is an (i, ki, ¢;)-expander for
i=j—1,i=], then

. ki \'7 .
|W“MWHA0—(kQ)WMWnAn
i

<6 = K e+ e IF (Ao AP F(Argo. . A

Building upon this we obtain a more general pseudo-randomness result for galleries, of
which Theorem 1.3 is a special case.

Proposition 1.5. For any j </, there exists cj, such that if X is an (i,k;, &;)-expander for
0<i<jand Ay,...,A; are pairwise disjoint sets of vertices in X, then

. kok Ko
|FJ+1(A0’M’A/)| _ %

< ¢jrkoky - kjiki (a0 + - —i—sj)max | 4]

The proofs of the Descent Lemma and its corollaries appear in Section 3, after giving
the required definitions in Section 2. In Section 4 we discuss applications of the mixing
lemma for geometric expansion (in the sense of [13, 20]), chromatic bounds, isoperimetric
constants and crossing numbers. We also present the idea of ideal expanders in this
section, and list some open problems in Section 5.
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2. Simplicial Hodge theory

We describe here briefly the notions we shall need from simplicial Hodge theory. For a
more detailed summary we refer the reader to [37, §2].

Let X be a d-dimensional simplicial complex, with vertex set V' of size n. For —1 < j < d
we denote by X/ the set of j-cells in X (cells of size j+ 1), and by X{r the set of oriented
j-cells, that is, ordered cells up to an even permutation. A j-form on X is an antisymmetric
function on oriented j-cells,

Q' =Q/(X)={f : X >R | f{(3) = —f(0) Yo € X/},

where ¢ is ¢ endowed with the opposite orientation. In dimensions 0 and —1 there is
only one orientation, and so Q° =R" and Q' = R?} = R. The jth boundary operator
d; : Q¥ — Y~ is defined by

> fwo).

vUoeX/

_ o 01 . . .
The sequence Q™' «— Q" «— --- is a chain complex, that is,

B = 1m6]+1 < ker 0; d—efZ],
and H/ = Z;/B; is the jth (real, reduced) homology group of X. We endow each Q/ with
the inner product (f,g) = >, .y f(o)g(co), which gives rise to a dual coboundary operator
6 =205 : Q171 — QJ. The real cohomology of X is H/ = ZJ/B/, where

B ¥ims; < kersjy € 7/,
and by the fundamental theorem of linear algebra one has Bj- = Z/ and Z;- = B/.

The upper, lower and full Laplacians in dimension j are A;’ = 0j+10j1+1, A; = 9;0; and
Aj = A+ + A7, respectively. All of the Laplacians are self-adjoint and decompose with
respect to the orthogonal decompositions Q/ = B/ ® Z; = B; @ Z/, and the following
properties are simple exercises (unlike their Riemannian counterparts):

A kerA;r, B; = imA}L, Z; =kerA;, B/ = imA7,
Z'NZ;=(B;®B/)- =kerA; = H; =~ H/ (discrete Hodge theorem).

The dimension of ker A; is the jth (reduced) Betti number of X, denoted by f;.
The combinatorial meaning of the Laplacians is better understood via the following
adjacency relations on oriented cells.

(1) For two oriented j-cells o,0’, we denote o M ¢’ if ¢ and ¢ intersect in a common
(j — 1)-cell and induce the same orientation on it; for edges this means that they
have a common origin or a common endpoint, and for vertices v th v holds whenever
v#E V.

(2) We denote 6 ~ ¢’ if ¢ th ¢/, and in addition the (j + 1)-cell ¢ U ¢’ is in X. For vertices
this is the standard relation of neighbours in a graph.
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Using these relations, the Laplacians can be expressed as follows (here the degree of a
j-cell is the number of (j + 1)-cells which contain it):

MMMF®W'M—Z¢J

(A} @)(o) = ®+Zw
o'tho
(Ajp)(o) = (dego + j+ Do) + Y _ ().
d'the

We also define adjacency operators on Q/ which correspond to the ~ and rh relations:

(AT e)o) =D old), (AT)o) = o(d)

a'~a a'tho

so that Ay =(+1)-1+ AT and Af =D;— A7, where D; is the degree operator
(Djf)(o) = deg(o)f (o). Let us remark that these operators can be used to define stochastic
processes on j-cells whose properties relate to the homology of the complex: see [34, 36].

2.1. Spectrum

The spectra we are primarily interested in are those of A;r, for 0 < j < d— 1. Since (¥, 5))
is a co-chain complex, B/ = im 0; must be contained in the kernel of A; = 041041, and
the zero eigenvalues which correspond to forms in B’/ are considered to be the trivial
spectrum of AT. As (B/)* = Z;, we call SpecAT|z; the non-trivial spectrum of AT. Note
that zero is a non-trivial eigenvalue of AJ* precisely when Z; N Z/ # 0, that is, ; # 0. For
example, the constant functions on V' form the trivial eigenfunctions of Aj. The non-trivial
spectrum of AJ* corresponds to Zy, which are the functions whose sum on all vertices
vanish, and zero is a non-trivial eigenvalue of A{ if and only if the complex is disconnected.

Definition. The complex X is a (j,k, ¢)-expander if ¢ < 1 and Spec A+|Z k(1 —¢g),k(1 +
¢)]. Given k = (ko,...,kq_1) and & = (eq,...,&4_1), we say that X is a (k,&)-expander if it is
a (j,kj,ej)-expander for all j.

The restriction ¢; < 1 in the definition ensures that X has trivial jth homology, that
is, B; = 0. While some of our results hold for general ¢ (e.g. Lemma 1.4), or for any
global bound on it (e.g. Theorem 1.3), we shall need the stronger assumption for later
applications.

We remark that it is sometimes convenient to consider the Laplacian Af] as well.
This operator acts on Q™! = R as multiplication by n = |V|, so that every complex is
automatically a (—1, n,0)-expander.

3. The main theorems

In this section we assume that X is a d-complex on n vertices, and prove the Descent
Lemma (Lemma 1.4) and the mixing lemmas it implies.
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Proof of the Descent Lemma. To any sets of vertices Ao,...,A;, we associate the
characteristic j-form 1 4,..4; € Q/, which takes +1 on j-cells in F(A,,...,A i) (according to
their orientation), and vanishes elsewhere:

sgn(n) 3n € Symy..;, with ; € Ay for 0 < i < j,

0 otherwise.

Restriction of j-forms to F(Ay,...,A;) gives an orthogonal projection operator in €/,
which we denote by Py,...4;:

o(c) o € F(Ao,...,Aj),

) (3.1)
0 otherwise.

(Pag-a,0)(0) = @(0) " [(Lay--4,)(0)| = {

We start our analysis by observing that for pairwise disjoint sets Ao, ..., 441 the form

(=) Pyt AT Ly og

J+1
vanishes outside F(Ao,...,A4;), and assigns to each j-cell therein its number of ~-

neighbours in F(Ay,...,Aj+1). As these neighbours are in correspondence with (j + 1)-cells
in F(Ao,...,Aj+1), we obtain

F(Aoy oy A )| = Lty s Pty A5 Ly (3.2)

Next, let ¢ be a j-form which is supported on F(A4y,..., A1), and which assigns to each
j-cell ¢ the number of (j+ 1)-galleries in A4,...,4, whose first cell contains ¢. By the
same considerations as above, (—l)flPAO..AjA; ¢ assigns to every j-cell T in F(Ay,...,A;)
the number of (j + 1)-galleries in Ay, ..., A, whose first (j + 1) cell contains 7. Therefore,

(L gty Paga, A7 @) = |F7 (Ao, Af),

and we conclude by induction that

/—j—1

FIt (Ao, Ay)| = ‘<1AUMAA,‘, ( 11 ]PA,_MAX.H.A;> ]1A/jAA.A/>‘. (3.3)
i=0

Since A;,..., Aiyjy1 are pairwise disjoint, 1 4,..4,,; and 14,4, ,,, are supported on different
cells, hence by (3.1) we have Py...q,, TPy, -4,,;,, = O for any diagonal operator T. Thus,
all the A7 in (3.3) can be replaced by A + T, and taking T' = k;I — D; we obtain

(—j—1

|[FT (A, ..., A))| = ‘<1A0..‘Aj, < I Bavos, (ki — A7)>1A,_j.‘.A/>’. (3.4)
i=0
Our next step is to approximate this quantity using the lower jth Laplacian. Denoting
k:
— k] — AT — L AT
E =kjl —A; kjflAj’

the orthogonal decomposition (¥ = Z; @ B/ gives
ki  _ k; _
E =k;j(Pz, + Ppj) — A;’ — kj—i]Aj =k;jPz, — A;’ + kj—il(kj,l]P’Bf — A7)
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We first observe that [|k;Pz, — A+H kje; follows from Spec A*\Z < [kj(1 —¢)),k;(1 +¢j)]
and Aﬂ pi = 0. For the lower Lapla01an we have
SpecA; g = Spec A} |ZL = SpecA; \IO} SpecA+ {0} = SpecAJ iz
= Spec Al ||p;, = SpecAl Iz, , € [kji(1 —&j1).kji(1+¢-1)],  (3.5)
where (*) follows from the fact that A} = 0;0; and Ajt1 = 0;0;. As A} vanishes on Z;,
we have in total ||k;_Pp; — Aj_H < kj_1gj1, so that

k;
IE| < llkjPz; — A+\I+ — Hk, 1Pp = Aj | < kjlej1 +¢)). (3.6)

For brevity let us denote P; =Py, _4,,,. Using

k;

+
kil = AT = -

JA-|-E
1

and allowing ourselves to translate A; by diagonal (in fact, scalar) operators, we find that
r—j—

j—1 /—j—1 k: (—j (—j—1
Pi(k;l —AT) = ( / A7 +E> (’) . PAT
I = 1+ oh) I e

i=0 i=0 kj1

(—j—m L—j—m—1 (—j1 N
+ Z< ) < H PiAj) ]P)(_j_mE ( H Pi (k J A + E>)
=0

== j—m+1 -1
(—j (—j—1
k; J
= J . H P, AT
ki j
J i=0

/—j k: (—j—m /—j—m—1 /—j—1
+> <k’) < I P - kj_ll)) P,_j_,nE< [T Bk - Aj)),
m=1 N1 i=0 i=(—j—m+1
and plugging this into (3.4) gives
- k: /—j /—j—1
ot = () (T 20t
- i=0

{—j—m—1
( H ]P)Ai“'AH-j(A; - kj—11)> PA/ﬁffm'“A/me'

/=] (—j—m
k.i i=0
3 () <1 + >\.
"= < I Paoa, kil —A )> La, -,

i=/—j—m+1

Let us call the term on the first line the main term, and the one on the second line the error
term. Note that the form (—1)J‘IP’AO..,AI.A;h]lAlMA].+1 assigns to every j-cell in F(Ao,...,A4;)
the number of j-cells in F(A1,...,4+1) with which it intersects, so that by definition

https://doi.org/10.1017/50963548317000116 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000116

Mixing in High-Dimensional Expanders 753

(compare this with (3.2)). By the same arguments as for A~, one sees that

r—j—1

|Fi(Ay,...,As)| = ’<1A0A..AJ, ( 11 pA,.,AwAT) 1AH..AK> :

i=0

so that the main term is precisely

N
(k’) \Fi(Ag,..., A/,
kit

our estimate for [F/*!(Ay,...,4/)|. Turning to the error term, since Spec A < [0,k;(1 +
¢j)] we have |[k;l —AT| <kj, and similarly from (3.5) we obtain A} —k;iI| <kj
Together with (3.6) this implies that the error term is bounded by

/= (—j—m
kj (—j— _
S () M e+ o

i

m=1

= (£ — DK e + e IF (o ADIF (Ao A,

which concludes the proof.
We remark that a slightly better bound is possible here: one can replace kI — A;r in

the error term by (k;(1 +¢;)/2)I — AT, which is bounded by k;(1 + ¢;)/2, and likewise for
A7 and k;j_;. For example, puttmg g = max(g i—1,¢;) this gives the bound
()]

Sk e e I (Ao ADIF (A A7)

which might be useful when ¢ is small and / > j. U]

Using the Descent Lemma repeatedly gives Proposition 1.5, which for j=d—1,/=4d
implies Theorem 1.3, as follows.

Proof of Proposition 1.5. We denote m = max |A4;| and assume by induction that the
proposition holds for j — 1 (and any j < /), that is,

K-
|Fj(A(),...,A/)\—L < ¢ 1rko - kj_zkj-:ljﬂ(so-l-"'+8j_1)m.
(3.7)
For j = 0 this indeed holds, in the sense that
K,
‘FO(AO,...,A/)I -—= ]l (3.8)
=

(recall that every complex is a (—1,n,0)-expander). Let £ denote the discrepancy

koky - - , 1kf—l ‘

’|Ff“<Ao,...,Af)|
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Combining the Descent Lemma with (3.7) (or (3.8), for j = 0) multiplied by (k;/k;_1)
gives

E < (( = DK ey + &0y IF (Ao ADIIF(A/j... A))
+ Cj_17/k()k1 e 'kj_1k;7j(8() + -+ 8]'_1)171.
To bound |F(Ay,...,A4;)| we use (3.7) with / = j, which gives

‘ ko kiq -
[F/ (Ao, Al < = T 1A+ jijho - Kjma(eo + -+ gm)m
=0
S [ +cjmjleo+ - +ej-1)lkokjm
< (L +Jjejrj)ko - kjmim

(we have used ¢ < 1, but any global bound for ¢ would do). The same holds for
|F(A/—j,...,As)|, hence

E < (0= k(e + 1)1+ jej1 ko kj-ym
+ cjrrkoky - kjoik T (g0 + -+ gjm)m
= koki - kj_ik[ejoroleo + -+ gjmn) + (0 — D+ jejor)ef + gj-1)]m
< lejore + (0 = DA+ jejr ) koky -+ kjiki (@0 + - + ep)m.

Cjt

as desired. ]

4. Applications

4.1. Geometric overlap
The following notion of geometric expansion for graphs and complexes originates in
Gromov’s work [20] (see also [13, 33]).

Definition. Let X be a d-dimensional simplicial complex. The geometric overlap of X is

overlap X = min may 117 € X x € convig) |v € o}
(,D:VH]RJ xeR4 |Xd‘ .

In words, X has overlap > ¢ if, for every affine map of X into RY (a mapping induced
linearly by the images of the vertices), some point in R? is covered by at least an e-fraction
of the d-cells of X.

A theorem of Pach [35] relates pseudo-randomness and geometric overlap, and allows
us to show the following proposition.

Proposition 4.1. If X is a d-dimensional (k,z)-expander with & = ey + -+ +¢e4_1 < 1, then

d
overlap X > P,d!(1 — g)(<d7-)i—dl> — cdﬁ),

where Py is Pach’s constant [35], and ¢ is the constant in Theorem 1.3.
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Thus, a family of d-complexes with & + - - - + ¢4—; small enough is a family of geometric
expanders. For the proof we shall need the following lemma, which relates the Laplace
spectrum to cell density.

Lemma 4.2. Let X be a d-complex with f; = 0 for 0 < j < d—1, and let .; be the average
non-trivial eigenvalue of A;’,for —1 < j<d—1 (in particular A_y = n). Then, for 0 < m <
d the number of m-cells is

X7 = Zot 1:[2 by =;“m*1(”_1)~’ﬁ I (4.1)
m+1 ; j+2 m+1 j+2 ’ ’

=1

and the average degree of an m-cell is

|
avg{dego | o € X"} = i,,,(l - ";’Ll ) (4.2)

Proof. Since the trivial spectrum of A;r consists of zeros,

Am—1 ..
trAT ="l dimZ,,_,.

1 1
X”’=7§ deco = trD. . —
X" B g |

m+1

cexm-1

Thus, (4.1) is equivalent to the assertion that

m—2 2
i = S _1).
dimZ,,_; H <j+2 )

j=1

This is true for m =0, and by induction, together with the triviality of the (m — 2)th
homology we find that

dimZ,_; =dim Q"' —dimB,,_» = | X" | — dim Z,,_»

_’lm2’ﬁ< A _1>_mH3< 4 _1>—m1‘[2( Aj _1>
om j+2 j+2 _j=—1 j+2

j=—1 j=—1

as desired. Formula (4.2) follows from (4.1), as

(m + 2)‘Xm+1 |

avg{dego | 0 € X"} = X

We return to the proof of the proposition.

Proof of Proposition 4.1. Let ¢ be a simplicial map X — R¢, and divide V = X°
arbitrarily into parts Py,..., P;y of size n/(d + 1). Pach’s theorem [35] then states that
there exist Q; < P; of size |Q;| = Py|Pi| and a point x € R*"!, such that x € conv{e(v) |
v e} for all ¢ € F(Qo,...,Q4). Denoting K =ko-... ks—y and €& =&+ +&4-1, We
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have by Theorem 1.3

K Pdn d+l ch€5 Pdn /den Pd d
> — — = JE1,
F(Qo...-. Qa)l nd <d+ 1) d+1 d+1|\d+1 c€

and by the lemma above

d—2 d—1 N d—1

Ad—1 A Aj ki(1+¢;) nkC
Xd — . ] _1 g J g J J g .
X =7 jl__[1<j+2 > jl__[1j+2 ”jHO it2 SWdrnii—¢

This means x is covered by the @-images of at least a Pyd!(1 — E)(Py/(d + 1))? — c4&)-
fraction of the d-cells, and as this is true for all ¢ the proposition follows. L]

4.2. Crossing numbers

This is another invariant, of somewhat similar flavour to the overlap constant. The m-
dimensional crossing number of a d-complex X is the minimal ¢ such that for any affine
map X — R™ there are at least ¢ pairs of disjoint d-cells in X whose images in R™ intersect.
In [23, §8.1] Gundert and Wagner use the mixing lemma from [37] to give a lower bound
for the 2d-dimensional crossing number of a d-complex with a complete skeleton, and
their arguments hold for the general case using Theorem 1.3 and Lemma 4.2.

4.3. Chromatic numbers

A d-complex X is weakly c-colourable if there is a colouring of its vertices by ¢ colours
so that no d-cell is monochromatic. The weak chromatic number of X, denoted y(X), is
the smallest ¢ for which X is c-colourable. We will use the mixing property to show that
spectral expansion implies a chromatic bound, as is done for graphs in [29]. These results
are weaker than Hoffman’s chromatic bound for graphs [24], as they require a two-sided
spectral bound, and the chromatic bound obtained is not optimal. A chromatic bound
for complexes which generalizes Hoffman’s result was recently obtained in [18].

Proposition 4.3. If X is a d-dimensional (k,%)-expander, then

1
(d+ 1) Yealeo + - +ea—1)

1(X) =

where ¢, is the constant from Theorem 1.3.

Proof. Colouring X by y = y(X) colours, there is necessarily a monochromatic set of
vertices of size at least n/y. Take n/y of these vertices and partition them arbitrarily
into d 4+ 1 sets Ay, ..., Ay of equal size. By assumption we have F(Ay,...,A4) = &, so that
Theorem 1.3 reads

d
ko kg
=P TT 1A < cako - kam(eo + -+ + eamr) max |4,
n i=0

and since |4;| = n/(yx - (d + 1)), the conclusion follows. ]
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4.4. Isoperimetric bounds
The Cheeger inequalities for graphs relate min Spec A [z, to the Cheeger constant, which
is the minimum of |E(A4, B)|/(]A||B|) over all partitions of the vertices into (non-empty)
sets A and B. In [37] one side of these inequalities is generalized to complexes with a
complete skeleton. Namely, for any partition Ay,..., A, of the vertices in a d-complex, the
quantity

|F(Ap,...,Aq)|

|Aol ... - [Adl

is bounded from below in terms of min Spec Aj_1| Z.- In [19] we generalize this result to
complexes with non-complete skeleton, obtaining the following result.

Theorem 4.4 ([19]). Let X be a d-complex on n vertices, which is a (j, k;, ¢;)-expander for
0<j<d—2, and let

)vd_l = min Spec Aj{—l |Z(,,1-

Then, for any partition Ay,..., Ay of the vertices of X,

|F(Ay,...,Aq)|n
[Ao| - ... [A4]

where Cy depends only on d.

it
Zko-.. koo Aa <1 —eg2—Cyleo+ -+ SdZ)M>,

The proof relies on both Theorem 1.3 and Proposition 1.5 of the present paper, which
serve to replace the assumption of a complete (d — 1)-skeleton with a pseudo-random one.

4.5. Ramanujan complexes

Ramanujan graphs, constructed in [29, 31, 32], are spectrally optimal expanders. Ramanu-
jan complexes, a natural high-dimensional counterpart, were defined and studied in
[7, 27, 30, 39], but not as yet from the point of view of the Hodge Laplacian. It is natural
to suspect that they are high-dimensional expanders in the sense of the current paper,
but it turns out that the picture is more complicated. For the two-dimensional case, the
non-trivial one-dimensional spectrum is concentrated in two narrow strips.

Theorem 4.5 ([19]). Let X be a two-dimensional Ramanujan complex with n vertices, con-

stant vertex degree ko = 2(q> + q + 1) and constant edge degree ky = q + 1 (q is any prime
power). If X is not three-colourable, then

SpecAd |z, < [ko(l - 2>,k0(1 + 2)}
SpecAflz, < [kl (1 - jﬁ),h(l + j(?)} U [yq (1 - 3),2k1(1 + :)} U {3k},

and if X is three-colourable then AJ has in addition the eigenvalue 3k/2.

The Af-eigenform corresponding to the eigenvalue 3k is a disorientation (see [19, 25,
36]), a two-dimensional analogue of graph bipartition. It is well understood, and would
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not prevent us from conducting an analysis like the one carried out in this paper. What
prevents such an analysis is the strip around 2k, which requires different arguments. In
[19] we circumvent this problem by observing a quadratic polynomial in A}, and conclude
pseudo-random behaviour for 2-galleries of length four, namely F?(4, B, C, D).

4.6. Ideal expanders
This is not quite an application, but rather a useful intuition. Let us say that X is an ideal
k-expander if it is a (j, k;,0)-expander for 0 < j < d — 1. In this case, the Descent Lemma
tells us that
. k: \" .
FItY(Ag,...,As) = (’) |F/(Ag, ..., As),
kj,1
and the number of j-galleries between pairwise disjoint sets of vertices is completely
determined by their sizes:

. koky -+ kej ok {
[Fi(Ao,...,A)| = = [! |Ail; (43)
in particular,
k e k n
(F(Ao...... A = = Aol -+ | Ad].

For

an example of an ideal k-expander is given by K™, the mth skeleton of the complete
complex on n vertices. For this complex (4.3) holds trivially, and perhaps disappointingly,
these are the only examples of ideal expanders: if X is an ideal k-expander on n vertices,

and XU = K (which holds for j = 0), one has ko = --- = k;_; = n, and also k; < n by
[37, Proposition 3.2(2)]. For any vertices vo, ..., 041,

L = IF({w) o fpa )] € 0.1)

then forces either k; = n, which implies that XUt) = K+ as well, or k; =0, which
means that X has no (j + 1)-cells at all.

While ideal k-expanders do not actually exist, save for the trivial examples k =
(n,...,n,0,...), they provide a conceptual way to think of expanders in general: (k,z)-
expanders spectrally approximate the ideal k-expander, and the mixing lemma asserts that
they approximate it combinatorially as well. This point of view seems close in spirit to
that of spectral sparsification [40], which has proved to be fruitful in both graphs and
complexity theory.

5. Questions

Several natural questions arise from this study.
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e In [22] it is shown that random complexes in the Linial-Meshulam model [28] have
spectral concentration for appropriate parameters (see also [37, §4.5]). These are
complexes with a complete skeleton, which are high-dimensional analogues of Erdds—
Rényi graphs. Is there a similar model for general complexes, for which the skeletons
are not complete (preferably, where the expected degrees of cells are only logarithmic
in the number of vertices), with concentrated spectrum?

e A well-known source of excellent expanders is random regular graphs (see e.g. [15, 38]).
Can one construct a model for random regular complexes, and are these complexes
high-dimensional expanders? This is interesting even for a weak notion of regularity,
such as having a bounded fluctuation of degrees, or having all links of vertices
isomorphic.

e Bilu and Linial [6] have established a converse to the Expander Mixing Lemma, which
shows that pseudo-randomness and two-sided spectral concentration are (almost)
equivalent. For complexes with a complete skeleton, a converse to the mixing lemma
from [37] was recently established in [8]. Do these converse theorems admit a
generalization to the general case?

e Another generalization of the high-dimensional Cheeger inequality for complexes
without a complex skeleton appears in [21]. Rather than comparing |F(Ao,...,A)|
with |Ag| - ... |Ayl, it is compared with the number of (d — 1)-spheres with one vertex
at each A4; (which for a complete skeleton is |4y| - ... |A4|), and the smallest non-trivial
eigenvalue of A7, is used to relate them. Can one prove a mixing lemma along this
line of thought, using Spec A, alone?
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