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SUMMARY

In this paper, we present a novel structure of a snake-like
robot. This structure enables passive locomotion in snake-
like robots. Dynamic equations are obtained for motion in
a horizontal plane, using Gibbs–Appell method. Kinematic
model of the robot include numerous nonholonomic
constraints, which can be omitted at the beginning by
choosing proper coordinates to describe the model in Gibbs–
Appell framework. In such a case, dynamic equations will be
significantly simplified, resulting in considerable reduction
of simulation time. Simulation results show that, by proper
selection of initial conditions, joint angles operate in a limit
cycle and robot can locomote steadily on a passive trajectory.
It can be seen that the passive trajectory is approximately a
Serpenoid curve.

KEYWORDS: Snake-like robot; Passive motion; Dynamic
modeling; Gibbs–Appell method; Serpenoid curve.

Nomenclature

Li ith link
2L Length of each link
Gi Center of gravity of ith link
m Mass of each link
I Moment of inertia of each link about its center of

gravity
θi Orientation of the ith link
φi Relative angle between ith and (i + 1)th links
Pi The joint between the Li and Li+1

K Stiffness of torsional spring
ui Relative angle between (i + 1)th link and Ai link
η̇i Linear velocity of the center of each link
θ̇i Rotational velocity of the center of each link
q̇i Velocity vector of ith link
VPi

|êxi+1
Velocity of joint Pi along x-axis of coordinate

attached to (i + 1)th link
i+1
i A Constraint matrix between ith and (i + 1)th links
A Constraint matrix
VGi

Linear velocity of the center of mass
ω

i
Angular velocity of each link

aGi
Linear acceleration of the center of mass

* Corresponding author. E-mail: vossough@sharif.edu

αi Angular acceleration of each link
HGi

Angular momentum of each link about its center
of gravity

S Gibbs–Appell function or energy of acceleration
δW Total work
δWc. Conservative work
δWn.c. Nonconservative work
U Vector of relative angles between each link and

the link Ai

μ1 Viscous coefficients of friction at the wheels
μ2 Viscous coefficients of friction at the rotary joints

between individual links
Mi Mass matrix of each link
M Total mass matrix of robot
λ Lagrange Multiplier vector
C Natural orthogonal compliment matrix
ξ Amplitude of oscillation in

serpenoid curve
ζ Phase difference between successive links in

serpenoid curve
γ Radius of the circular path in serpenoid curve
ω Speed that the serpenoid curve propagates

along the body of robot

1. Introduction

Snakes perform many kinds of movement and can
immediately adapt to a new environment by changing
the locomotion mechanism and body shape. Unique and
interesting gait of snakes enables them to crawl, climb a
hill and climb a tree by winding and move on very slippery
floors.1 Because of these features of snakes, it seems useful to
make a snake-like robot that can imitate the special functions
of snakes.

Snake robots can be used in exploration, in narrow
winding environments like pipelines or irregular terrains
like ruins and rubbles of collapsed buildings, hazardous
environments such as nuclear power plants, inspection and
medical interventions. They can also be used for inspection
applications in industries.

Hirose2,3 has long investigated snake robots. He modeled
the snake by a wheeled link mechanism with no side slip. As
the control inputs, he used sinusoidal functions and tuned the
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268 Snake-like robots

amplitude, frequency, and phase differences to drive the robot
to a certain direction. He also described the trace of a snake
as what he called a ‘Serpenoid curve’ which guarantees that
the distribution of strain in the muscles become a smooth
function. Takanashi et al. have developed a 3-dimensional
snake robot for the purpose of search and rescue for survivors
in collapsed buildings4 and Worst and Linnemann5 have
developed another 3-dimensional snake robot using tendon-
driven mechanism. Mori and Hirose6 have also built a 3-
dimensional robot equipping with larger passive wheels.
Prautsch and Mita7 have derived the equation of motion
of a 2-dimensional snake robot with passive wheels using
Lagrange method while Ute and Ono8 have implemented
Newton’s method for derivation of equation of motion of
a 2-dimensional snake robot. Chirikjian9 has developed a
new method to obtain dynamics of snake-like robot using
approximation of a continuum hyper redundant manipulator.
Jones and Walker10 have introduced a new method for
synthesizing kinematic relationships for a general class of
snake-like robots.

One of the main drawbacks of snake-like robots is
their low speed and poor power efficiency for surface
locomotion.11 Therefore, it is important to increase the speed
and the efficiency of snakelike locomotion. Many animals are
superbly designed to exploit passive dynamics and manage
to reduce the metabolic cost of running considerably by
utilizing the elastic properties of their muscles tendons and
bones.12

Since in Serpenoid gait, curvature changes sinusoidally
over its lengths, it seems to be possible to save energy
in springs to attain a sinusoidal behavior and as a result
passive motion. Using passive motion reduces the power
consumption sometimes up to 90%13 and thus increasing the
efficiency.

The concept of passive dynamic running has been followed
in the area of robotics, where hopping machines harness the
compliant elements in their knee joint for efficient running.
The idea of using the passive motion of a mass-spring system
was first proposed by Seifert.14 In 1990, McGeer15 developed
a mechanism which included a pair of legs, hinged at the hip,
which was able to walk downhill only under the influence
of gravity (Fig. 1(a),(b)). Raibert and Thompson16 suggested
the addition of a torsional spring to the hip of a one-legged
robot, which provides the leg with a passive swing motion
(Fig.1(c)).

Fig. 1. (a) McGeer’s bipedal stable passive dynamic walking
machine, (b) McGeer’s model for bipedal stable passive dynamic
running, and (c) Thompson and Raibert’s model for unstable one
legged passive dynamic running.

In these robots, a specific initial condition can be found,
in which the robot can continue its motion without any
active actuator. Actuators are used to recoup the dissipated
energy. Finding such initial conditions is sometimes very
sophisticated.

For controlling the snake-like robot, we need to derive
the dynamic equations of motion. Snake-like robots have
a complex dynamics, and due to existence of large
number of masses and constraints among them (especially
nonholonomic constraints), derivation of dynamic equations
becomes difficult.

During the last decades, many researchers have tried to
find new algorithms, new numerical integration techniques
and better implementation methods in order to speed up the
dynamic simulation of complex multibody systems. Among
them, the most significant ones who were able to find
efficient order n methods to derive the equations of motion
were Featherstone,17 Ginsberg,18 Kane and Levinson,19

Rosenthal,20 Vukobratovi’c,21 Jerkovsky,22 Baraff,23 and
Anderson et al.24

Desoyer and Lugner,25 were the first to solve the
inverse dynamic of manipulators by proposing a recursive
development of (n2) order. He used the Jacobian matrix of
the manipulator in order to avoid the explicit development of
partial derivatives. Later, a recursive algorithm of O(n) was
presented by Rudas and Toth,26 to solve a similar problem,
based on the minimization of the Gibbs function using of
Lagrange’s multipliers. Recently, Mata et al.27 using the
advantages of Gibbs–Appell equations in computing the
generalized forces on robotic manipulators, have introduced
an efficient O(n) recursive algorithm for the inverse dynamics
of robotic manipulators.

In previous researches for deriving snake’s equations
of motion, using Lagrange’s and Kane’s method, the
computational efficiency of O(n3) and O(n2) were
obtained.7,28

In some methods such as Newton’s and Lagrange’s,
equations of motion appear as n second order differential
equations. In some other methods such as Hamilton, Kane
and Gibbs–Appell, equations are derived as 2n first order
differential equations. In the case that system constraints
are written separately, using Lagrange’s multipliers, a
Differential Algebraic Equation (DAE) set can be derived.
DAEs are characterized by a differential index.29 The
formulations, which are based on acceleration, have an index
of 3, where as the Hamiltonian, Kane and Gibbs–Appell
formulations have an index 2.30 As shown by Brenan et al.31

index 2 DAE’s have a better behavior during numerical
integration. Due to using Gibbs–Appell method, the derived
equations have an index of 2, which leads to decreasing the
simulation error.

In this paper, we introduce a new planar structure for
snake-like robots in order to obtain passive motion. Because
of the sinusoidal change of relative angles between each
two links in a Serpenoid curve, adding a torsional spring
in the joints can induce passive serpenoid oscillations. We
briefly explain kinematic model of the proposed snake-like
robot and derive the kinematic equations and constraints.
This robot has many nonholonomic constraints. Due to the
advantages of Gibbs–Appell method in generating efficient
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dynamic models for nonholonomic systems, we use this
method to derive dynamic equations in horizontal plane.
Finally, simulation results will be presented.

2. Model Description

In this paper, we use an n-link serial kinematic chain as a
model of snake-like robot (Fig. 2).7 Similar to Prautsch and
Mita,7 all links are assumed to be structurally identical. We
further assume that, the robot moves in a horizontal plane.
Locomotion of snake-like robots on slopes is studied by Ma
and Tadokoro32 The ith link denoted by Li is assumed to
have a length 2L and its center of gravity Gi placed at the
middle. m and I represent mass and moment of inertia of each
link about its center of gravity. Each link has a passive wheel
in the middle, which is assumed to have no sideslip. Most
snake-like robot’s models ignore sideslip at the wheels.7,11,28

S. Ma33 has considered sideslip by modeling the coulomb
friction between floor and the wheels. So, the velocity of
each link is in the direction of that link. (exi, eyi) denote the
coordinates attached to the ith link, θi is orientation of the ith
link and φi is relative angle between ith and (i + 1)th links:

φi = θi+1 − θi i = 1, . . . , n − 1 (1)

φ0 and φn and their derivations are defined as:

φ0 = 0, φ̇0 = 0, φn = 0, φ̇0 = 0 (2)

These definitions will help us to simplify the final
equations. As it can be seen in Fig. 3, we let η̇i to represent
the velocity of the center of each link in that link’s direction.
Note that using wheels in the middle of each link, adds a
nonholonomic constraint to the system resulting in a zero
lateral velocity of the link.

The joint between the Li and Li+1 is denoted by Pi . A
motor and a torsional spring are located in each joint (Fig. 4).

Fig. 2. Kinematic chain of the snake-like robot.

Fig. 3. Linear and angular velocities of Li .

Fig. 4. Joint structure.

Note that the spring, whose stiffness is K , is located between
links Ai and the ith link. The motor controls the relative
angle ui between (i + 1)th link and Ai link. So the angular
displacement of the spring is (φi − ui) By controlling this
angle we are able to control the torque between two adjacent
links. In addition, this spring helps to attain passive motion
of the robot. Friction in gearbox helps us fix the output shaft
without consuming energy. This is very important as this
friction let the robot to continue its passive motion without
power consumption. If we use an ideal motor without any
friction, power consumption will be equal to other structures
which do not use torsional springs.

3. Kinematics of Robot

The main difference between Lagrange and Gibbs–Appell
methods is in definition of coordinates. Lagrange’s method
is based on generalized coordinates and we are not allowed
to use quasi-coordinates, however, in Gibbs–Appell method
we may use quasi-coordinates. This type of coordinate
selection will often be helpful in systems in which, we have
nonholonomic constraints such as the snake-like robot as
defined in the last section.

Our system has n links. As each two consecutive links are
connected by a revolute joint Pi , there will be n− 1 revolute
joints. Including the associated n nonholonomic constraints,
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Fig. 5. Kinematic model of snake-like robot.

the system’s degree of freedom can be calculated as below:

DOF = 3n − 2(n − 1) − n = 2 (3)

In this 2-DOF system, two independent general speeds are
sufficient to define the speed of the system (Fig. 5). We select
these two general speeds as

q̇1 =
(

η̇1

θ̇1

)
(4)

The other velocities can be defined with respect to these
two speeds. We should note that η̇i , is a quasi-coordinate
whose integral is not a generalized coordinate. By using
η̇i , θ̇i , all nonholonomic constraints are satisfied, since using
these generalized velocities imply that the lateral speeds are
zero.

η̇i+1 and θ̇i+1 can be obtained as a function of η̇i and θ̇i .
To obtain this relationship we can express velocity of the
ith joint Pi with respect to each of the ith and (i + 1)th
coordinates. These two velocities must be equal. So, we have

VPi
|êxi+1

= η̇i+1 = η̇icφi − Lθ̇isφi

(5)
VPi

|êyi+1
= Lθ̇i+1 = −η̇isφi − Lθ̇icφi

Equation (5) can be represented as:

q̇i+1 = i+1
i Aq̇i (i = 1, . . . , n − 1) (6)

where

q̇i =
(

η̇i

θ̇i

)
, i+1

i A =
(

cφi −Lsφi

−1
L

sφi −cφi

)
(7)

Equation (6) is a recursive equation, so, q̇i can be written
as a function of q̇1 as

q̇i = i
i−1Aq̇i−1 = i

i−1A
i−1
i−2Aq̇i−2 = . . .

= (
i
i−1A

i−1
i−2A . . . 2

1A
)
q̇1 = i

1Aq̇1 (8)

In Equation (8), i
1A can be simplified as:

i
1A =

(
cψi −Lsψi

(−1)i−1

L
sψi (−1)i−1cψi

)
(9)

where

ψi =
i−1∑
k=0

(−1)k+1φki = 1, 2, . . . , n (10)

Equation (8), contains all kinematic velocity constraints of
the robot. All constraints can be gathered in a unique equation
as below:

Aq̇ = 0 (11)

where, q̇ is the vector of generalized velocities and can be
written as

q̇ = (
q̇T

1 q̇T
2 . . .q̇T

n

)T
(12)

and A is the constrained matrix which is defined as

A =

⎛
⎜⎜⎝

−2
1A|
... |

−n
1A|

I(2n−2)×(2n−2)

⎞
⎟⎟⎠

(2n−2)×2n

(13)

According to Eqs. (8) and (9), linear velocity of the center
of mass and angular velocity of each link, as a function of
generalized speeds, can be represented as⎧⎨

⎩
VGi

= η̇i êxi
= (η̇1cψi − Lθ̇1sψi)êxi

ω
i
= θ̇i êk =

(
(−1)i−1

L
η̇1sψi + (−1)i−1θ̇1cψi

)
êk

(14)

By differentiating Eq. (14), linear and angular accelera-
tions could be obtained as⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

aGi
= [η̈1cψi − Lθ̈1sψi − ψ̇i(η̇1sψi + Lθ̇1cψi)]êxi

+ θ̇i(η̇1cψi − Lθ̇1sψi)êyi

αi =
[

(−1)i−1

L
η̈1sψi + (−1)i−1θ̈1cψi

+ (−1)i ψ̇i

(
u2sψi − u1cψi

L

)]
êk

(15)

4. Dynamic Modeling

In Gibbs–Appell method18 we should obtain the acceleration
energy of each link. Acceleration energy for each part is
defined as

Si = 1

2
m aGi

· aGi
+ 1

2
αi · δHGi

δt
+ αi · (ωi × HGi

) (16)
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where, HGi
is the angular momentum of each link about its

center of gravity.
Now, we can rewrite Eq. (15) to obtain linear and angular

accelerations for each link as follows:{
aGi

= η̈i êxi
+ η̇i θ̇i êyi

αi = θ̈i êk

(17)

Angular momentum of each link can be represented as

HGi
= I θ̇i êk

δHGi

δt
= I θ̈i êk (18)

By substituting Eqs. (14), (15), (17), and (18) into Eq. (16),
we have

Si = 1

2
mη̈2

i + 1

2
I · θ̈2

i + irrelevant terms (19)

and S can be obtained as

S =
n∑

i=1

Si = 1

2
m

n∑
i=1

η̈2
i + 1

2
I

n∑
i=1

θ̈2
i + irrelevant terms

(20)

Irrelevant terms, are the terms, which are independent of
acceleration. Since, our derivation is based on taking
derivatives of S with respect to acceleration, terms
independent of acceleration can be omitted.

Total work done by each link is the sum of conservative
and nonconservative works:

δW = δWc. + δWn.c. (21)

It is known that

δWc. = −
(

∂V

∂q

)T

· δq (22)

where V is the Potential energy and is defined as:

V = 1

2
k

n−1∑
i=1

(φi − ui)
2 (23)

and

δq =

⎛
⎜⎝

δq1
·
··
·
δqn

⎞
⎟⎠ ; δqi =

(
δηi

δθi

)
(24)

By substituting Eqs. (23) and (24) into Eq. (22) and taking
note of Eq. (1), we have:

δWc. = [k(φ1 − u1)]δθ1 + [k((φ2 − φ1) + (u1 − u2))]δθ2

+ · · · + [k((φn−1 − φn−2) + (un−2 − un−1))]δθn−1

+ [k(−φn−1 + un−1)]δθn (25)

Now, Eq. (25) can be written in the form of

δWc. = (k� + BU)Tδq (26)

where

� =

⎛
⎜⎜⎝

�1

...

�n

⎞
⎟⎟⎠ ; �i =

(
0

φi − φi−1

)
i = 1, . . . , n (27)

U =

⎛
⎜⎜⎜⎜⎝

u1

u2

...

un−1

⎞
⎟⎟⎟⎟⎠ (28)

B = k

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0 0
−1 0 0 · · · 0 0
0 0 0 · · · 0 0
1 −1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 −1
0 0 0 · · · 0 0
0 0 0 · · · 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

2n×(n−1)

(29)

U is the vector of relative angles between each link and
the link Ai as mentioned in (Fig. 4).

δWn.c.can be written as

δWn.c. =
n∑

i=1

[−μ1θ̇i − μ2(φ̇i−1 − φ̇i)]δθi (30)

where, μ1 and μ2 represent the viscous coefficients of friction
at the wheels and rotary joints between individual links.

So, Eq. (30) can be represented as

δWn.c. = (−μ1�̇ + μ2�̇)δq (31)

where,

�̇ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
0

θ̇1

)
...(
0

θ̇n

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(32)

By substituting Eqs. (26) and (31) into Eq. (21) δW is
obtained as

δW = �T δq (33)

where,

� = −μ1�̇ + μ2�̇ + K� + BU (34)
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In Gibbs–Appell method, we have

∂S

∂q̈
= � + ATλ (35)

where λ is the Lagrange Multiplier vector. From Eq. 20, one
can conclude as

∂S

∂q̈
= Mq̈ (36)

where,

M =

⎛
⎜⎜⎝

M1 . . . 0
...

. . .
...

0 · · · Mn

⎞
⎟⎟⎠ (37)

Mi =
(

m 0

0 I

)
(i = 1, . . . , n) (38)

Hence, using Eqs. (34), (35), and (36) dynamic equation
of the whole robot can be written as

Mq̈ + N = BU + AT λ (39)

where,

N = −K� + μ1�̇ − μ2�̇ (40)

5. Reduced Dynamic Equations

We have a 2-DOF planar system. So, 2 differential equations
suffice to represents the dynamic model of the system. We
can obtain all the generalized velocities in terms of q̇1. In
the Eq. (39), we have 4n − 2 variables (2n − 2, λs and 2n,
acceleration variables) and 4n − 2 equations (2n, differential
equations and 2n − 2 constraint equations). These differen-
tial equations and algebraic equations build up a Differential
Algebraic Equation (DAE). However, the λs will be omitted
and all of the acceleration variables will be rewritten as a
function of q̇1, using the following method.

We can divide q into two parts as

q̇ =
[

q̇1

q̇r

]
(41)

where,

q̇r = (q̇2, . . . , q̇n)T (42)

We can rew Eq. (11) as

⎛
⎜⎜⎝

q̇2

...

q̇n

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

2
1A

...
n
1A

⎞
⎟⎟⎠ q̇1 (43)

Eq. (43) can be represented as

q̇ = Cq̇1 (44)

where,

C =

⎛
⎜⎜⎜⎜⎝

I2×2

2
1A

...
n
1A

⎞
⎟⎟⎟⎟⎠ (45)

Now, we can use Eq. (44) to obtain q̈ as a function of q̈1

and q̇1

q̈ = Ċq̇1 + Cq̈1 (46)

where,

Ċ =

⎛
⎜⎜⎜⎝

02×2
2
1Ȧ
...

n
1Ȧ

⎞
⎟⎟⎟⎠ , k

1Ȧ = ψ̇k

( −sψk −Lcψk

(−1)k−1

L
cψk (−1)ksψk

)
(47)

We have

AC =

⎛
⎜⎜⎝

−2
1A|
... |

−n
1A|

I(2n−2)×(2n−2)

⎞
⎟⎟⎠

(2n−2)×2n

×

⎛
⎜⎜⎜⎜⎝

I2×2

2
1A

...
n
1A

⎞
⎟⎟⎟⎟⎠

2n×2

(48)

AC =

⎛
⎜⎜⎜⎜⎜⎝

−2
1A × I2×2 + I2×2 × 2

1A

−3
1A × I2×2 + I2×2 × 3

1A

...

−n
1A × I2×2 + I2×2 × n

1A

⎞
⎟⎟⎟⎟⎟⎠

(2n−2)×2

(49)

So, it is easily proved that

AC = 0 (50)

Now, by multiplying Eq. (39) by CT and substituting from
Eqs. (46) and (50), λ will be eliminated and we can write the
resulting equation as

M̃q̈1 + Ñ = B̃U (51)

where,

M̃ = CT MC

Ñ = CT (MĊq̇1 + N) = (CT MĊ)q̇1 + CT N (52)

B̃ = CT B
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Fig. 6. Simulation algorithm.

By substituting Eqs. (45) and (37) into Eq. (52), we have

M̃ =
n∑

i=1

i
1A

T Mi
i
1A (53)

Ñ =
n∑

i=1

(
i
1A

T Mi
i
1Ȧ

)
q̇1 + CTN (54)

Finally, by substituting Eq. (9) into Eqs. (53) and (54), M̃

and Ñ can be obtained as

M̃ =
(

mα + I
L2 (n − α)

(
I
L

− mL
)
β(

I
L

− mL
)
β Iα + mL2(n − α)

)
(55)

Ñ =
[

n∑
k=1

ψ̇k

((
I
L2 − m

)
sψkcψk − (

mLc2ψk + I
L
s2ψk

)
mLs2ψk + I

L
c2ψk −(I − mL2)sψkcψk

)]

× q̇1 + CT N (56)

where α and β are defined as follows:

α =
n∑

k=1

c2ψk

β =
n∑

k=1

sψkcψk

(57)

As it can be seen, the mass matrix can be simplified to a 2 × 2
matrix as above.

6. Serpenoid Curve

Assuming that snakes develop an efficient way of creeping,
Hirose3 by looking back to the nature have proposed the
Serpenoid curves as a gait for snake-like robot’s locomotion.

In order to generalize the continuous Serpenoid curve, for
a snake-like robot, this curve should be divided into n parts.
By assuming n links for the robot, the relative angle between
two adjacent links, φi(t), can be obtained as

φi(t) = ξ Sin(ω t + (i − 1)ζ ) + γi (i = 1, . . . , n − 1)
(58)

in which, ξ is the amplitude of oscillation, ζ is the phase
difference, γ determines the radius of the circular path and
ω is the speed that the Serpenoid curve propagates along the
body. ω and γ , respectively, specify the velocity and direction
of the snake’s motion. If γ = 0, then robots path will be a

straight line. Otherwise, robot turns right or left through its
movement.

It can be shown that the Serpenoid curve, best resembles
snake’s motion, among the curves which are defined for this
purpose.3 In this efficient gait, as it can be seen in Eq. (58),
angles between two links vary sinusoidally. Therefore, it
seems that passive motion generated by using torsional
springs between each two consecutive links could result in a
serpenoid gait.

7. Simulation Study

Simulation algorithm block diagram is shown in Fig. 6. As
it can be seen, q̈1 can be obtained from reduced dynamics
equations (Eqs. (51)–(57)). By integrating this value, q̇1 will
be obtained. Then, by using constraint equations all velocities
(q̇) can be computed. By integrating q̇, robot position is
specified and robot configuration is obtained in each step.
Matlab’s Simulink toolbox is used for simulation.

U can be defined as a PD control law as below:

U = kp(φid − φi) + kv(φ̇id − φ̇i) (59)

where, kp and kv are constants and φid and φ̇id are desired
angle and angular velocities of joints, which are obtained
from Serpenoid curve as

φid = ξ sin(ωt + iβ) + γi (60)

φ̇id = ξω cos(ωt + iβ) (61)

During a passive motion and without a controller, kp and
kv vanish. Robot parameters in the simulation are listed in
Table I. As it can be seen from Eq. (58) as the controller
gains vanish, the motor’s output shafts are fixed and robot’s
motion becomes passive.

First, we assume a four link snake-like robot with the
initial conditions in Table II. Initial conditions for joint

Table I. Robot parameters.

m (kg) I (Kg·m2) L (m) μ1 μ2 K (m/rad) kp kv

1.15 0. 003614 0.185 0 0 0.0955 0 0

Table II. Initial conditions for a four link snake-like robot.

θ1 x(0) y(0) φi η̇1(m/s) θ̇1(rad/s)

0 0 0 π
12 sin(i π

12 ) (i = 1, 2, 3) .4 1.5
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Fig. 7. Head path in x − y plane for a 4-link robot.
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Fig. 8. φi for passive motion of a 4-link robot.
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Fig. 9. Comparison between a Serpenoid curve and φ1 of passive
motion for 4-link robot (dashed curve is Serpenoid curve).

angles are calculated, using Serpenoid curve. Linear and
angular velocities are chosen to result in a Serpenoid passive
motion. Here, we use random search method to find these
initial conditions, but in the future works we shall present an
analytical method to find these initial conditions.

Figures 7 and 8 show head path in the x-y plane and the
joint angles, respectively. As it can be seen, joint angles
operate in sustained oscillation. In other words, robot remains
in a limit cycle and continue this motion, indefinitely.

Now, we may ask whether this oscillating motion follows
a Serpenoid curve. In Fig. 9, we compare φ1, which is
obtained from the passive motion with a sinusoidal wave,
indicating a near sinusoidal curve. Since, joint angles in
passive motion follow sinusoidal behavior with appropriate
phase shift, one may conclude that passive motion of the robot
(with appropriate initial conditions) is a Serpenoid gait.

Next, simulation is repeated for a 12-Link snake-like robot
with the initial conditions in Table III. Figures 10 and 11 show

Table III. Initial conditions for a 12-link snake-like robot.

θ1 x(0) y(0) φi η̇1(m/s) θ̇1 (rad/s)

0 0 0 π
12 sin(i π

12 )(i = 1, 2, . . . , 11) 0.42 0.5
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Fig. 10. Head path in x − y plane for a 12-link robot.
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Fig. 11. φ1, φ5, φ9, and φ11 of passive motion for a 12-link robot.
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Fig. 12. Comparison between a Serpenoid curve and φ1 of passive
motion for 12-link robot (dashed curve is serpenoid curve).

the head path in x − y plane and joint angles, respectively.
Figure 12 compares a sinusoidal wave withφ1, the first joint
angle. Figure 13 shows error between θ of an ideal serpenoid
gait and θ1 of a 12-link robot. Serpenoid gait is a periodic
motion in which joint angles are vary sinusoidally. From
Fig. 12 and 13, we may conclude that the joint angles, in
snake-like robot, are varying periodically, and converges to
a stable periodic orbit.

It is interesting to note that if, for example, the same initial
joint angles are used for a 12-link robot, where

η̇1 = 1m/s, θ̇1 = 0.8 rad/s (62)

It can be seen that the head path does not follow a
Serpenoid curve (Fig. 14).

8. The Comparative Discussions

1. Number of Operations
In Table IV the total number of mathematical operations
required in each step for an n-link robot using Gibbs–
Appell, Kane and Lagrange methods25 are compared.

The exact values for the number of operations in a 4,
12, and 100 link robot can be seen in Table V.

2. Simulation Time
Another important issue is comparing simulation time in
Lagrange and Gibbs–Appell methods. In Table VI, the
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Fig. 13. Difference (error) between a serpenoid curve and φ1 of passive motion for 12-link robot.
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Fig. 14. Head path for a random initial condition.

Table IV. Comparison of total number of mathematical operations
for an n-link Snake-Like robot.

Appell
Method Gibbs– Kane25 Lagrange25

+/− 30n + 3 15/2n2+97/2n−21 3/2n3+11n2+31/2n−2
×/÷ 49n+28 3n2+24n − 27 3n3+31/2n2+39/2n−11

sin/cos 11n − 9 - - - - - -* - - - - - -*

∗Number of these operations is not mentioned.25

required time for a 4, 12, and 100 link robot in a 200 second
simulation, is compared for Gibbs–Appell and Lagrange
method.28 Table VI shows that Gibbs–Appell method is
by far a more efficient algorithm for simulating snake-like
robots.

Table VI. Required time for 200 s Simulation on a 2.4GHz
Pentium IV.

No. of links Method 4 12 100
Gibbs–Appell 10 s 59 s 4150 s
Lagrange 6 min 15 min *

∗Because simulation of a 100-link robot using Lagrange method
is extremely time-consuming, we neglect to measure the required
time.

9. Conclusion

We have introduced a new structure for snake-like robots.
Using spring in series with angular displacement actuator,
passive motion can be obtained. As it can be seen in the
“Simulation Study,” initial conditions can be found, from
which if the robot is released, it will have a steady motion
without any actuation. In such a case, joint angles remain in a
limit cycle and approximately vary sinusoidally, resulting in a
Serpenoid motion. If the robot deviates from passive motion
trajectory due to friction or external disturbance, actuators
can return it to the passive trajectory. Locomotion of the
robot on the passive trajectories reduces power consumption
especially during high speed maneuvers.

In this paper, we have used Gibbs–Appell method to
derive the dynamic equations, for an n-link snake-like robot.
By simplifying the equations, the order of computations
for simulation is reduced to O(n), which is outstanding
when compared to other works which are at best of O(n2).
Using these equations, it will be possible to simulate
snake-like robots with large number of links, with minimal
computational effort. In the assumed model of the robot,
there are numerous nonholonomic constraints. Methods such
as Gibbs–Appell and Kane which are based on generalized
velocities or generalized speeds deal with systems with
nonholonomic constraints much more efficiently. In these
methods, we may use quasi-coordinates. By using quasi-
coordinates, nonholonomic constraints may be omitted at the

Table V. Exact values of the number of operations for a four, twelve and hundred-link robot.

Method Gibbs–Appell Kane25 Lagrange25

Operator +/− ×/÷ sin/cos +/− ×/÷ sin/cos +/− ×/÷ sin/cos
n = 4 123 219 35 293 117 – 332 507 –
n = 12 363 611 255 1641 693 – 4360 7639 –
n = 100 3003 4923 1091 79829 32373 – 1611548 3156939 –
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beginning and therefore, dynamic equations’ complexity and
simulation time is significantly reduced. It is obvious that one
may obtain the same dynamic equations using other methods.
However, we should emphasize different modeling methods
and also selection of generalized or quasi coordinates directly
affect the simplicity of equations.

Some of the issues that required further investigations are:

1. Validation of the simulation results on the real robot.
2. Designing an optimal controller to generate and follow

passive trajectories at different speeds and paths.
3. Finding initial conditions for achieving passive

trajectories’ and controlling the robot to follow these traje-
ctories under more realistic and un-ideal environmental
conditions.
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