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Abstract We prove that a relevant part of the Lyapunov spectrum and the corresponding
Oseledets spaces of a quasi-compact linear cocycle are stable under a certain type of
random perturbation. The basic approach is a graph-transform argument. The result
applies to the spectrum of (not necessarily i.i.d.) randomly perturbed expanding maps
and yields generalizations of results recently obtained by Baladi, Kondah and S&jmitt [
with different methods.

0. Introduction

Consider an expanding mapy : M — M (k > 1) on a compact connected smooth
Riemannian manifold/ and ac* functiong : M — R. The thermodynamic formalism of
Ruelle [15] yields, amongst others, the existence of a unique equilibrium gtatee.

is the uniquep-invariant probability measure for which the supremum in the variational
principle

TTp(g) = Sup{hu(fp) +/gdu Tl <p-invariant}

is attained. Herer,(g) denotes the pressurepfat g andha, (¢) denotes the K-S entropy.
Moreover, u, is exponentially mixing: foiC* functions f1 and f» the rate of decay of

correlation
Joross-sin=([ o) (] )

can be bounded from above by a negative number which is independaraiad f>. This,
by the way, holds for ldider observables, too.

The fundamental tool to prove all this is Ruelle’s transfer operétor ckM,C) —
Ck(M, C), which is defined by

LeH) =Y e f(y).
yep~x}
t Correspondence addressulMstr. 15, D-70469 Stuttgart, Germany.

©(f1, f2) :=lim supE log

n—oo N
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Corresponding notions and results for the generalized situation wheisreplaced by

the successive application of randomly chosen expanding maps can be drawn from the
thermodynamic formalism for random dynamical systems (cf. Khanin and Klit&rivho

more generally deal with expanding in average random maps, and the references therein).
One can use this setting to model small random perturbations of an expanding map (cf.

Bogenschtz [8]).

The present paper is motivated by the question of whether the rate of decay of
correlation is stable under such perturbations. The door to an answer of this question
has been opened by the ground breaking work of Baladi and YaogingThey proved
stability of the rate of decay of correlation of the SRB measure under small i.i.d. random
perturbations by considering the spectra of ‘averaged’ random (i.e. deterministic) transfer
operators. In the present paper, we suggest a different approach using some terminology of
multiplicative ergodic theory: we consider the linear cocycle induced by random transfer
operators and study its Lyapunov exponents and Oseledets spaces.

Our main result is formulated in an abstract setting (81). Roughly speaking, it says that
the ‘good’ part of the Lyapunov spectrum and the corresponding invariant subspaces of a
quasi-compact linear cocycle are stable under a specific type of perturbation (taylor-made
to be satisfied by transfer operators of randomly perturbed expanding maps). There are
few stability results in this framework, the most important being due to Ledrappier and
Young [17] (see also Ochslf] for a recent attack), and none in infinite dimensions. The
present work might be viewed as the first step in this direction.

The proof of the main result (§2) basically uses a ‘graph-transform’ argument. That
something like this should work came into the author's mind when seeing an alternative
proof of [6, Lemma 3] due to Young20]. Further sources of inspiration have been
Schaumbffel [16] and Thieullen 18].

At the end of the paper we apply our result to randomly perturbed expanding maps
(83). The type of stochastic stability we obtain generalizes recent results of Baidb]

(where the SRB measure is studied). Baldyihlas also related results for general weights,
but using a different (integrated) notion of perturbed correlation.

1. An abstract perturbation result
1.1. Set-up. LetB(X, X) denote the space of bounded linear operators on a separable
(real or complex) Banach spack, || - ||). Further, let(2, F, P, #) be a dynamical system
in the sense of ergodic theory, i.€2, F, P) is a probability space an@l is a measure-
preserving transformation ¢t. We assumé to be ergodic and invertible.

AmapT : Q — B(X,X) is said to bestrongly measurabléf « — T (w)x is
(F, B(X))-measurable for each € X, whereB(X) denotes the Borefalgebra onX.
This is equivalent to being measurable with respect to the strong operator topology on
B(X, X). Any such map induces a linear cocycle Xrovero via

T, :=TWO" tw)o - oT(w).

In the application we have in mind will be a suitably weighted random transfer operator
associated to an expanding random dynamical system.
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Let V(X) denote the set of closed subspaceXofA mapE : @ — V(X) is called a
measurable subspacd X, if w — inf{||lx — y|| : y € E(w), ||y|| = 1} is measurable for
eachx € X.

Definition 1.2.Measurable subspacés, ..., E,, F of X (p > 1) are said to form a
semi-strictly invariant splittingor 7T if P-a.s. we have:

(1) dimE,’(a))Ed,'<OOf0ri=1,...,p;

(2) X=E1(@0)® D E,(0) ® F(w);

() T(w)F(w) C F(Bw)andT (w)E;(w) = E;(Qw) fori =1, ..., p.

Given a semi-strictly invariant splitting faf define its strictly invariant compone#t
by E(w) := E1(0) ® - -- ® Ep(w). ThenTg(w) := T(w)|E(w) is a linear isomorphism
betweenE (w) andE (fw) (since dimE(w) = d1 + --- +d, < 00). It thus makes sense
to defineTg(—n, w) : E(w) — E(0"w) as the inverse df g (n, 06 "w). (In other words,
we are considerin@g as an invertible linear bundle random dynamical system with fiber
mappings'g () : E(w) - E(Qw).)

Definition 1.3.We say thatT" admits a spectral theoryf there exist af-invariant set
Qo € F with P(Q0) = 1, real numberg; > --- > A, > k > —oo, and a semi-strictly
invariant splittingE+, . . ., E,, F of X such that for allky € Q20 we have:
(1) limys s00 210G (| TE (n, w)x]| = 4i ¢ x € Ei(w) \ {O};
(2) limsup,_ . n t10g||T(n, w)x|| <« for x € F(w).
In this case we say thdiy, ..., E,, F is aquasi-Oseledets splittinghe numbers.; >

- > ), areLyapunov exponentandk is asplit index

Note that the limit forn — —oo in statement (1) of this definition is well-defined
because dink (w) < oo.

Note also that if” admits a spectral theory with Lyapunov exponents- - - - > A, and
splitindexx then it also admits a spectral theory with Lyapunov exponents - - - > A;
and splitindex; +X;+1)/2for1 <i < p. Itwill be useful in the following to not require
that the split index is optimal.

Example 1.4If we take (22, F,P) to be the trivial probability space consisting of one
point andd is the identity transformation, then our set-up reduces to looking at the iterates
of a single bounded linear operatbr The essential spectral radipss{7T) of T is the
smallest numbep > 0 such that the spectrum(7") of T outside the disc of radius
consists of a finite or countable set of isolated eigenvalues of finite multiplicity. Asgume
is quasi-compact, i.epesdT) is strictly less than the spectral radipg (7)) of T. Fix

p > 0 with p=(T) > p > pesdT) and lety; > --- > y, denote the absolute
values of the eigenvalues outside the disk of ragius(These are only finitely many
because any limit point af(7") has absolute valug pesdT).) PUtE; = @M:yi E(y),
where E(y) denotes the generalized eigenspace for the eigenyaluénally, let F be
the invariant subspace belonging to the rest of the spectrum. Mitk log|y;| and

k = suploglz| : z € Z(T), |z| < p}, then all objects of Definition 1.3 are identified.

Example 1.5If X is finite dimensional we are looking at random matrices. Plt) =
{x € X : limsup,_ ., n"tlog||T(n, w)x|| = —oo} and E(w) = F(w)*. The classical
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multiplicative ergodic theorerof Oseledets]4] says that ifw — log" |7 (w)| andew
log* || 7= (w) 1| are integrable thefi always admits a spectral theory (cf. Waltet§]j.

As pointed out to the author by H. Crauel, however, in infinite dimensions the
existence of a measurable splittifw) & F(w) = X with dmME(w) = d < oo,
T(wE(w) = E(Bw), andT(w)F(w) C F(fw) does not automatically imply that
T admits a spectral theory: further conditions have to be imposed, e.g. the existence
of a Lyapunov cohomology betweefi(w) andR? (cf. Arnold [2, Ch. 3.7]), which is
the case, in particular, iX is a Hilbert space. For multiplicative ergodic theorems in
infinite dimensions see also Schawffél [17] and the references therein. The index
of compactness occurring there can be considered as the analogue Dy in
Example 1.4 in the sense that it is an optimal split index.

1.6. The perturbation model. In the following, we assume that a givdh admits a
spectral theory and refer to it as the unperturbed cocycle. TRu) = e 1T (w).

ThenT also admits a spectral theory with the same quasi-Oseledets spaces and Lyapunov
exponents > Ap — A1 > --- > A, — A1. We may thus assumig = O without loss of
generality.

Definition 1.7. A family {T. : Q@ — B(X, X) : ¢ > 0} of strongly measurable random
linear operators o is said to be amsymptotically small random perturbatiai 7 for
the split indexc if it satisfies the following.

(1) (Strong convergence) For eacte X andn € N we have

Iim || Tc(n, w)x — T (n, w)x|| =0, uniformlyin w.
e—0

(2) (Asymptotic norm convergence) There existsaith k < A < A, and anNg € N
such that for alk > Ny there ise (n) independent of with

I17: (n, w) — T(n, w)|| <™, forall0<e <e(n) andallw € .

Note that if{7¢} is an asymptotically small random perturbatiorfofor the split index
Kk then it is an asymptotically small random perturbatiori’dbr any split index> «.

Remark 1.8.Conditions of this type have been introduced by Baladi and Youshg [
who discovered its use to obtain abstract perturbation results and its validity for transfer
operators coming from small perturbations of expanding maps in a finitely differentiable
setting.

1.9. The main result. For any measurable splittinB(w) ® F(w) = X we letIlg)r (o)
denote the projection with kernél(w) and rangeE(w). Note thatw +— Igr(w) is
strongly measurable.

THEOREM1.10. AssumeT admits a spectral theory with quasi-Oseledets splitting

Ei, ..., E,, F, Lyapunov exponent = A1 > --- > A,, and split indexx. Further,

assume:

(A1) the mappingsys — [T1g, w; (w)| are uniformly bounded im for all 1 < i < p,
whereW; (@) == @/_; ;; Ex(@) & F (o),
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(A2) the convergences in Definition 1.3 are unifornuin

If {7} is an asymptotically small random perturbation Bffor « with log™ || 7. (-)| €

L1(P), then the following holds.

(1) There exist (for sufficiently smad) quasi-Oseledets splittings{, . .., E;, Fe< for
T, withdim Ef = dim E; and such that

|im0Ef(a)) = E;(w), |im0F6 (w) = F(w),

where convergence takes place in the topology on th&' €} of closed subspaces
of X induced by the Hausdorff distance and is unifornwin

(2) If, for each e, A{ is one of the (at most; different possible) values of
lim,,— 100 n 110G || Te (n, w)x | for x € Ef(w) \ {0}, then

lim )»f = A

e—0
Remark 1.110ne may hope that (A1) can be weakened into some integrability condition
and (A2) can be dropped. Since we have one specific application in mind, Whisre

deterministic and hence (A1) and (A2) are trivially satisfied, we content ourselves with the
present version and indicate where these assumptions enter the proof.

2. Proof of the main result

2.1. Construction ofE€. Let G;(X) denote the space @tdimensional split subspaces
of X, i.e. for E € G4(X) there isF € V(X) with E & F = X. Given any splitting
E®F =XwithE € Gy(X),putUp :={Es € G4(X) : Es® F = X}. EachEg € Uf is
represented by a family : E — F of linear maps via

Es=graphS ={x + Sx : x € E}

(cf. Abrahamet al.[1, Example 3.1.8 G, p. 145f]).

Consider the measurable subspatdefined byE (0) := E1(0) & --- @& E,(w) and
putd := Z,P:ldi = dimE(w). Fors > 0, defineL(§) to be the set of all measurable
subspace&’s : 2 — G;(X) satisfying

Es(w) € Urw) and [|S(w)| <.
ForEs € L(8),n € N, ande > 0, define the measurable subspagén) by
ES(n,w) :=Tc(n, 0 "w)Es(0 " w).

The following two lemmas are an adaption of Young’s graph-transform argu2@rittie
phrase refers to the definition &< (n, ) as the ‘transformed graph’ of the linear map
SO "w)).

LEMMA 2.2. Fix0 < § < 1. ThereisN € Nandé > 0 such that for all0 < ¢ < € we
have

E§(n) € L(5), foralln> N.

Proof. Fix A’ with A < A/ < Ap. We chooseV > Nog such that for > N we have:
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@ NT@, w)x| = e"f/IIXII forx € E(w) \ {0};
(i) T, w)x|| < e"||x| forx € F(w);
(i) e"* P > 8|MEyr(@)l;

kY 7 1
iv) A o = )
™) 16| ppe@)| - Mg r (@)
Here we used both (A1) and (A2). Further, put

C2(e) = sup ITe(n, 0" w)x — T (n, 9’"w)XI|.

xeE(w) llx |l

By condition (1) of Definition 1.7 and sincé& (w) is finite dimensional, we have
lime_0Cy(¢) = 0 uniformly in » for eachn € N.

For afixed: > N, we will find ané(n) > 0 independent of s such thatE§(n) € L(5)
forall0 < € < €(n). Fromthis, the claim follows immediately with= miny <, <on € ().
(Indeed, for arbitraryy > N writen = p,N + g, with p, € NgoandN < g, < 2N, and
just observe thaf, (n, 0" w) = Te(gn, 0" w) 0 T«(N, 0 P"Nw)o--- o Te(N,0 Nw).)

So now letr > N andEg € L(5) be arbitrary, but fixed. First, we have to check that
E§(n, w) € G4(X), i.e. we need to show that the linear map

P(n,w) : E@ "w) - E(w)
x> Hgr(@) o Te(n, 0" w)(x + SO " w)x)
is one-to-one.
We have forx € E(07"w)
| @€ (n, w)x||
= [[Hgjr(@) o Te(n, 0" w)(x) + Hg|r(w) o Te(n, 6" w) (SO " w)x)||
= [[Mgyr(w) o T(n, 0 "w)(x) + Mg r(w) o (Te(n, 0" w) — T(n, 6" w))(x)
+ Mg r(w) o Te(n, 67" 0) (SO " w)x) ||
> T(n, 67" w)(x)|| — Mgy r ()|l
N Tem, 07"w) = T(n, 07" w))(x) + Te(n, 6" w) (SO " w)x)|[].
By item (i) of the choice ofV and sincer € E(0"w) we have|T (n, 0 " w)x|| > e || x|
Fore < e(n), wheree(n) is from condition (2) of Definition 1.7, the term in brackets can
be estimated by
L. 1=<Cr@EIxI+ 1T (1, 07" w) (SO " w)x)|l +€"XIIS(97"0))X|I
<C @lxI+ 2enillS(éﬂ'w)XII

by item (ii) of the choice ofV and sinceS(0 "w)x € F(6"w). Using||SO@"w)| <6 <
1 we conclude fox € E(60"w)

1€ (n, w)x]| = €™ ||| = [T gr @)l - [(C2(€) + 2™ ) [|x]]].

By item (iii) of the choice ofV, and since lirp_.g C(¢) = 0, this yields|®€ (n, w)x| > 0
for sufficiently smalk, henced€ (n, w) is one-to-one.
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More specifically, we can choogén) such that
|0€ (n, w)|| > 2", foralle < &(n). ()

We will use this to check thalll§(n, )| < §/2, wherell§(n, w) denotes the restriction
of r|g(w) to ES(n, ). From this, one easily concludes that the linear ri&, ) :
E(w) — F(w) representingZ§(n, o) satisfieg|S¢(n, w)| < 4.

First, note that

I

sup IT1F)E(w)x]|
xeES(n,w) flx |l
—  sup Mg E(@) o Te(n, ™" w)(x + SO w)x) ||

xeE@0 ") [ Te(n, 07" w)(x + SO w)x)| '

ITI5(n, )|

Now, by (x) we have forx € E(0™"w)
1 Te(n, 0" @)(x + SO " w)x)[| > L L x|
n, w)(x w)X)|| = ———=¢ X|.
‘ Ty ()] 2

On the other hand, one obtains as abovefer E (0 " w)

ITp e (@) 0 Te(n, 0" w)(x + SO " w)x)||
= [IMpje(@) o T(n, 0" ®)(x) + Mpje(@) o (Te(n, 0 "w) — T(n, 0" 0))(x)
+ TFje(@) o Te(n, 0" w)(SO " w)x)|

< M pe@)]l - [(C2() + 2¢"8) x 1.

Putting things together, thus, we have

A

ITIS(n, w)|| < (”HEHF(CU)||2€7M/)(||HF\|E(CU)||(CZ)(G) + 2€"X5))
L™ C2(e) + 2)

IA

by item (iv) of the choice ofV. Hence|Il§(n, w)|| < §/2 for € small enough, which
completes the proof. m|

Observe that.(§) is a closed subset of the Banach space of all measurable subspaces
E satisfyingEs(w) & F(w) = X and

IEs| := / S(@)| dP(w) < oo.
LEMMA 2.3. Fix0 < 8 < 1. There ise(8) > 0 such that for all0 < € < €(8) the limit
nleoo E§(n) =: E€

exists and is independent B € L(§).
Moreover,E€ € L(§) andT¢(w)E€(w) = E€(Ow).

Proof. Fix A’ with & < 1’ < A, and choos@ as in the proof of Lemma 2.2. We will show
thatthe mag@™? : L(8) — L(§) defined by

(T'?Es)(w) == E§(n, w)
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is a contraction for fixedk > N ande < €(n), whereé(n) is from (x) of the proof of
Lemma 2.2. From this, the claim follows immediately witt§) = miny<,<on €(n) by
the Banach contraction principle.

Let Es,, Es, € L(8) be given. The proof of Lemma 2.2 yields that the linear maps
Sf(n, ) : E(w) — F(w) representingfgl_ (n, w) are given by

SE(n, w)x = Mpje(@) o Te(n, " w)(P (n, w) ~1x + 8; (0" w) (P (n, w)"Lx)).
We have to estimate
sup 1(S{(n, w) — S5(n, ) ()|
xeE(w) [l 1|
(S5 (n, @) — 85(n, ))(P](n, w)x)||

xeE(6"w) | @ (1, w)x ||

151 (1, ) — S5(n, ®)|| =

We have forx € E(07"w)
[1(S1(n, @) — S5(n, ) (P (n, w)x)||
< 181 (n, @) (P (n, w)x) — S5(n, w)(P5(n, w)x)||
+ 1185 (7, @) (D5(n, w)x) — S5(n, w)(PY(n, w)x)||
< M pe@) 1 Te(n, 6" @) ((S1(0"w) — S2(6 " w))x) ||
+ 115 (2, @) [ (D5 (1, @) — @Y (1, w))x||
< (I pye@)l + 81T g F (@) DI Te(n, 0" @) ((S1(0" @) — S2(0 " w))x) ||
since ®5(n, w) — O (n, w) = MEg|r(w) o Te(n,0"w) o (S1(0"w) — S2(6"w)) and
[1S5(n, w)|| < & by lemma 2.2.
Using condition (2) of Definition 1.7 as before, this givesfot E (6 "w)
(81 (1, @) — S5(n, ) (P (n, w)x)||
< (Mrpye(@) + 5||HEHF(CU)||)26’"X||(Sl(9_nw) — 82007 w))x|.
Plugging this and«) into (xx) yields
155 (. @) = S5(1. )| < (M gy @) | +8IT gy (@) DA S1(0 " w) — S2(6 ") .

Using theP-invariance of), we thus obtain
/ 1S5 (n, w) — S5(n, w)|| dP(w) < an/ |S1(w) — S2(w) || dP(w),

with o, := (ITTFpe@)] + T gpF(@)])4e"*=*). Addinga, < 1foralln > N to the
initial requirements for the choice @¥, we have indeed thdt! is a contraction, which
completes the proof. |

COROLLARY 2.4. Fix 0 < 8§ < 1 and lete(8) and E€ be from Lemma 2.3. Then, for
0 < € < €(8), we have:

) A=9IHgr@)l < Mger@)ll < A+ &I g r (@)

(i) Nppe@) =8I g r (@)l < T e (@)l < T EE(@)] + S| TTE)F (@)
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In particular, thus,
lim E€(w) = E(w), uniformly inw.
e—0

Proof. Let S¢(w) : E(w) — F(w) be the linear map representi®y (w). Write x € X as
x =xg +xf With xg € E(w) andxr € F(w). We have

X =g+ Se(@)xg) + (xF — Se(w)xE).

Hence
Mgejp(w) = Hgjr (@) + Se(w) o Mg r(w)
and
F)ge (w) = pje(@) — Se(w) o I gjr(w).
With this, and||S: (w)|| < §, the claim is immediate. O

2.5. Construction of the invariant complement.

LEMMA 2.6. With the notations of the preceding subsection, we have that for sufficiently
smalle > 0 there exist measurable subspadés: Q@ — G4(X), whereG4(X) denotes

the space of split subspacesXfwvith codimensior, such that:

(i) E(w) @ F(0) =X,

(i) Te(w)F¢(w) C FE(Ow).

Moreover,

Iim0 F¢(w) = F(w), uniformlyinw.
€e—
Proof. We defineP¢(n, w) : X — E€(w) by
Pé(n, ®) = Te(n, w) "L o Mgeyr(0" o) o Te(n, ).

Here and in the followind. (n, »)~! denotes the inverse @t (n, w) restricted toE€ ().
We will show for eachw separately that the limit

nli_)moo P¢(n, w) =: P¢(w) (1)

exists as a bounded operator (defining a projectiafita)).

As the pointwise limit of strongly measuraldg X, X)-valued random variable®° is
itself strongly measurable. Hend& (w) := Ker P¢(w) defines a measurable subspace
which obviously satisfies (i). Property (ii) follows from the observation thatw) o
P¢(w) = P(fw) o T.(w). The convergence claim finally follows from lim g P€(w) =
g F(w).

To prove (1) we will show that

1
limsup=log||P¢(n + 1, w) — P¢(n, w)| < O. (2)
n

n—o00
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Note thatP€ (n, )| E€ (w) is the identity map, so that
P (n, w) = MEge|r(w) + P (n, w) o I | ge (w). (3)
Further, we have

P€(n+1, w) o lF|ge(w)
=T.(n+1,0) LoMgr@w) o Te(n + 1, ®) o Mg (@)
=Tc(n+1,0) " o Mpep(O" ) o To(0"®) o MEep (0" w) o Te(n, ) o M|z ()
+T.(n+ 1, 0) o Mgy r (0" ) o T.(0"w)
o lp|ge(0"w) o Te(n, w) o Mg e (w).
Observe that the first summand above eqwél§:, w) o I g g< (w), SO that, in view of (3),
this yields
Pé(n+1,0) — PS(n,w) = Te(n + 1, 0) "L o Tgeyr (0" 1w) o T (0"w) o T e (0" w)
oTe(n, w) o Il p|ge (w).
Note that:
° limsup,_, o n~tlog || ge 1F(@"w)|| = 0 by Corollary 2.4(i) and assumption (A1)
(here log [|TTgr ()|l € L(P) would suffice);

e lim,oontlog|T.(0"w)|| = 0sincelod || T.(-)| € L1(P).
If we put

. 1 )
A1 :=limsup-log||Tc(n, w)™ |

n—oo N

and

. 1
Az = limsup—log Mgy ge (0" w) o Te (1, ) o Mpyee (@)

n—0o0
we thus have
. 1
limsup—
n

n—oo

log[|P¢(n + 1, ) — P (n, w)|| < A1+ Az (4)

Estimation ofA;. Let S¢(w) : E(w) — F(w) be the linear map representifg (w). Note
thatl‘IF|‘E(a))|AE€(w)~= Sf (w) o g F ().
Fix A" andA with A < A < A" < 1,. ChooseV > Ng such that forn > N we have:
B NT, o)x]| = ef’”llxll forx € E(w)\ {0}
(ii) e — gnh > o,
Fixn > N. Fore < €(n) we have forx € E(w)
ITe(n, )x|| = | T (n, w)x|| — "™ |x]|
> |IT (n, ) gr@)x| — (1T (0, ) ppe(@)x ]| + ™ x|
> e"”lll'lEnF(w)xll = (IT (n, )y (@)x]| + "||x])

> ™ lx| — (€ + 1T (0, @) DT F £ (@)x]| + € ||x]).
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For the last line we simply usgd1g|r (w)x|| = [lx]| — [TIFje(w)x|. Now forx € E€(w)
we have||lTr e(@)x]| < IS (@) ITgir(@)|lllx]l. Since lim_q[|S€(w)|]l = 0 we can
choose& (n) < e(n) such that for alk < €(n) the above reads

ITe(n. w)x|| = (™ — &™) |lx|| = " x|, forx e E€(w),
which finally yields
1Te(n, )Y < e

For arbitraryn > N write n = p,N + g, with p, € NpandN < ¢, < 2N. With
Te(n, ®) = Te(qn, 0PN w) o T.(py N, @) we have, fole < miny<,on €(n),

pllil N ~
1Te(r, @) M < 1 Te(paN, @) 1 Te(gn, 67N ) 7H| < ( I1 e—“)e—w.
i=0

Hence, log| 7. (n, ®) Y| < —paNA — guh = —nh, i.e. A1 < —A.

Estimation ofA. By Corollary 2.4(ii) we find a constarit such that|I1g g (w)|| < K
for all € Q. Here, we made quite an essential use of assumption (Al). Ciddes&Vg
such that forn > N we have:
() I (n,w)x]| < e™|x|| forx € F(w),
(i) "M > 2K,
wheres is the same as in the estimation/f.

Fixn > N. Fore < e(n) we obtain straightforwardly

I Te(n, )T p e (w) || < 2K e

For arbitraryn > N write n = p,N + ¢, as above and use thg-invariance ofE€ to
obtain

N pjge(0"w) o Te(n, ®) o Mpjpe (w)
= [ p|ge (0" w) 0 Te(gn, 07" 0) o T ppe (0PN )
o Te(N, 0P DN ) 0 Ty e (0P DNw) 0+ 0 TL(N, @) o Ty e ().
Fore < miny<,<2n €(n), thus,
[T FEe (0" w) o Te(n, w) o M p| e (w)||
< I pyEe (0" D) N Te (gn, 07" ) 0 Ty e 0PN w)|

Pn—1
< [T 17N, 0™V w) o Ty (0N )|
i=0

Hence
1 - o
Ao < N(Iog 2K + N)\) < A.

SinceA1 < —4 and in view of (4) we obtain (2), which completes the proof. O
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2.7. Construction of the quasi-Oseledets splittingzor 1 < k < p, consider the
measurable subspacés and F; defined by Vi(w) = Ei(w) ® --- & Ex(w) and
Fi(@) = E41(@) ® - @ Ep(0) ® F(o). Putdy = Y¥_ di = dimVi(w). For
the sake of notational consistency, pit := E, F, := F, andd, := d. The preceding
constructions can be carried out withand F replaced by, and Fy, respectively. So we
have the following provisional result.

PrROPOSITION2.8. Assume > 0to be sufficiently small. Foreaéhe Nwithl <k < p
there exist measurable subspadés: Q@ — G4, (X) and Fy : Q@ — G4 (X) such that:
1) Vi@ & Ff () = X;

(2) Tc(w)Fi(w) C F{(Ow) andT. (o) Vi (0) = Vi (Qw).

Moreover,

lim V(o) = Vi(w), lim Fi(w) = Fr(w), uniformly ine.
e—0 e—0

2.9. Proof of part (1) of Theorem 1.1.PutEf := Vy. For 1< k < p, we construci;
inductively as follows.
Define a measurable subspate: @ — Gy, (X) by

Ef (0) == V{_1(®) @ Ex(w).

Obviously,E,ﬁ (w) is complementary td (w) and represented by the linear mﬁﬂw) =
Si_q(@)oTly, |k (@), whereS;_; (o) : Vi-1(w) — Fr-1(w) represent¥’s_, (w). Hence
||§,f (@)l < 8lITy,_y 1 (@), SO by (A1) we may start the limit procedure (cf. Lemma 2.3)
to constructV; with E}.

By Lemma 2.2 and sincE;_, is T.-invariant, we have

Ef(n,w) :=Tc(n, 0 "w)Ef (0 "w) = V§_1(0) ® Te(n,0 ") Ex (0" w)

for sufficiently largen.
But lim,,_ E; (n, w) = V(o) for sufficiently smalle by Lemma 2.3, so the limit

lim Te(n, 0" w)Ex(0"w) =: E;(w)
n—o0

exists and satisfies the statements of Theorem 1.10(1). |

2.10. Proof of part (2) of Theorem 1.1.Let S (w) : Ex(w) — Wi (w) be the linear map
representing; (w), where, to recallWy (o) := @f;l, itk Ei(w) ® F(w).
Forx e Ej (w) we have:

x =gy w, (@x + SZ(a)) o g, w, (w)x.

Fix § > 0. ChoosaV > Ng such that forn > N we have:
(i) N7, w)x|| < " *F3 x| for x € Ex(w) \ {0},
(i) e + " MO Mg, 1w, ()] < "¢ +0/2),
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where again we have used (Al).
Forn > N choose& (n) < e(n) such that
" HFOID) LT (n, )11 SF (@) T g w (@) ]| < e"4F,

This is possible since lim. o || S; ()]l = 0 uniformly in w. (Recall thatNo, X, ande(n)
are from condition (2) of Definition 1.7.)
With this, we have for fixed > N ande < é(n)

ITe(n, w)x|| < ™ x|l + IIT (n, w)x]|
< ™ x|l + 1T (n, w) o Mg w, (@)x]| + IT (1, ®) o S§ (@) o T g, w, (@)x]
< "™ 4 "I (@) + 1T (1, @) 1SE (@) 1T g w, (@)

"M for x € Ef (w) with [|x|| = 1

IA

by the choices just made.
Proceeding as in the estimation$ in the proof of Lemma 2.6, we obtain that for all
€ < €(8) := miny<p<2n €(n) We have

1
lim —log||Tc(n, w)x|| <Ak +6, forx € E;(w) \ {0}.
n—oon

With the notation of Theorem 1.10(2), hence

limsupi; < ;.
e—0
To prove limint .o A{ > A; we can use exactly the same argument as in the estimation of
Ay in the proof of Lemma 2.6. (Just repla§®w) : E(w) — F(w) by S} (w) : Ex(w) —
Wi(w) andx, by A, and puth = A, — 8 and’ = A — §/2.) This yields

1
lim =log||T.(n,0"w) ‘x| < —(k —8), forx € Ef(w) \ {0},
n—-oon
hence
1
lim —log||Te(n, w)x|| = Ak — 8, forx € Ej(w) \ {0},
n——oon

completing the proof of Theorem 1.10. |

3. Application to the spectrum of randomly perturbed expanding maps
3.1. Random transfer operators.Let End'(M) denote the space of all* endo-
morphisms on a compadtdimensional smooth Riemannian manifalfl (k > 2). We
endow End(M) with the measurable structure coming from the usifatopology. As
before, let(2, F, P, #) be an ergodic and invertible dynamical system.

We refer to each measurable map 2 — End(M) as arandom dynamical system
(abbreviated RDS henceforth), while we actually have in mind the dynamics produced by

o, w) = (p(z?”*la)) o--rop(w), forn>0, and ¢0,w)=id.

We say that an RD$® is expandingf there is a real number > 1 and a Riemannian
metric|| - || on M such that for any € M andv € T, M we have||(Do(w)) ()| = yIv].
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We putX, = C"(M, C), the Banach space of complék functions endowed with the
C" norm]|| - ||. Herer is of the formr = (m, a) with m € Ngpand 0< « < 1, i.e. themth
derivative of f € X, is a-Holder.

For any measurable: @ — CK(M,R) andr = (m, o) with m + o < k we define the
random transfer operatof = £, : @ — B(X,, X,) by

L@fHiy= Y eSO f(y).
yep()~x)
It can be seen that is strongly measurable. (Transfer operators depend even continuously
on the dynamics and the weight function with respect to the strong operator topology.) The
following is a reformulation of a result by Kifedfl]. It says thatC admits a spectral theory
forr = (0, ).

LEMMA 3.2. Assumev — log™ ||£(w)]lo is integrable. Then, there is @&invariant set
Qo € F of full P-measure on which the following holds.
(1) There exist a uniqué : 2 — CO9 (M, R*) with w > |logh(w)|lo integrable and
a random positive scalax with logx € L1(P) such that
L(w)h(w) = Mw)h(Ow).
Further, there is a unique invariant splitting
X0.0) = W(w) & Ch(w),
thatis, L(w)W(w) C W(Ow).
(2) We have

f ¢ Ww) = lim }Iog L, w)fllo= /IogAdIP =:A
n—-oon
f € W(w) =Ilim sup%

n—o00

log[[L(n, ) fllo = K < A

for some uniform constark.

Proof. h andA can be taken directly from Kiferlfl, Proposition 2.5], which in addition
yields uniquely determined random probability measurgssatisfying £*(w)vg, =

Alw)v, and
1
lim sup— log L(n,w)f — h(e”a))/fde < constant< 0
n—oo N An(w) 0
forall f € X0,
Herex, (w) := A(0" 1w) - - - o).
With
W(w) := {f € X0 : /fde = 0},
then the lemma is immediate. O

The objects above have the following dynamical meanikgs the relative pressure of
@ atg, andh(w) is thev,-density of a random measuyug, (i.e.du, = h(w) dvy), whichis
the disintegration of the unique equilibrium statef g (cf. Kifer [11] or Bogenschiz [7]
for an explanation of these notions). We are now going to take a closer look at the mixing
properties of this invariant measyue
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3.3. Decay of random correlation. For f1, f» € CK(M, C), n € N, andw € Qg define
therandom correlation functiomo be

Cy(f1, f2) = ‘/(flow(n,w)) - f2diy —/flduenw/fzduw

and consider,, (f1, f2) = limsup,_, n—llong;’(fl, f2). We are interested in the
numberz,, := suft,(f1, f2) : f1, f2 € C*(M, C)} which we will call therate of decay
of random correlation

COROLLARY 3.4. u is exponentially mixing by which we mean that, is bounded from
above by a negative constant independeras.of

Proof. We haveL(n, w)h(w) = i, (w)h(0"w) andL*(n, w)vgn, = Ap(w)vy,. Using this
and the fact thaf (n, w)((f1 0 ¢(n, w)) - f2) = L(n, ®)(f2) - f1 we obtain

1
An (@)

/ (fLog(n, @) - fadiy = / i L0t @) (f2 - h(@)) dvgre.

Now a standard calculation yields

o 1
Cr(f1, f2) < @)

Il f1llo

Lt ) (f2 - h(@) — h@) / fa h(@)dve)

.
Note thatfs - h(w) — h(w) [ f2 - h(w) dv, € W(w) SO Lemma 3.2 yields

. 1
Tw(f1, f2) = limsup=1logC;'(f1, f2) < K — A < 0. |
n—oo N
Remark 3.5Assume there exists a second Lyapunov exponent, i.e. there are invariant
subspace$»(w) C W(w) and a numben, < A such that

.1
f € W(@)\Va) = lim_ ~log|[L(n,)fllo = Az

f € Vo(w) = lim supE log||L(n, w) fllo < Aa2.
n—oo N
Then we can conclude from the above that the rate of decay of random correlatiaa of
bounded from above by, — A. The question whether or under which conditions we have
equality here (as is the case in the deterministic situation) is not quite clear in general.
Assume dimV2(w) = 1 and perform a measurable selection to obtain a measurable
hy : Q — X, with hz(w) € Vo(w) and|hz2(w)]lo = 1. Then the equatiof(w)hz(w) =
M (w)h2(0w) yields aC-valued random variablé,. We may callhy a ‘generalized
eigenfunction’ to the ‘generalized eigenvalue. Note thatA; = E(log|iz|). Recall
thath(w) > 0. With f> := ho/h we can calculate

COUfr f) = |—— | - NP ()] / f1-ha(0"w) dvgn|
" An(w) "
wherekf,z)(w) = 220" 1w) - -+ - X2(w). Hence we end up with the task of findirfg

such that limsup., . n~—tlog| [ f1-h2(0"w) dvgny,| = 0 in order to obtairt, = A2 — A.
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In fact, we may sometimes verify this condition in the small random perturbation case, as
we shall see below.

If dim V2(w) > 1 we have the additional problem that the above construction of a
generalized eigenvalue fails. Note, however, that ditmw) = 1 may be considered as
some kind of ‘generic’ situation (cf. Arnold and Congj ffor a precise statement in the
finite-dimensional framework).

3.6. Stochastic stability results.Fix an expanding mapo € End‘(M) and a function
g0 € CX(M,R). The associated transfer operafpradmits a spectral theory in the spirit
of Example 1.4 (cf. Ruellely]). This is our unperturbed situation.

Now consider familieggpe : Q — Be(¢o)} and{gc : @ — B<(go)}, whereB. (¢o) and
Bc(go) denote the-balls aroundpy andgg in the Ck metric on End(M) andC*(M, R),
respectively. To these objects, we can, for small enaughO, associate random transfer
operatorse, which we let act ory.

Obviously, L. (w) does not converge t6g in norm. (Transfer operators do not depend
continuously on the dynamics with respect to the norm topology—except for analytic
situations.) However{L.} forms an asymptotically small random perturbation for any
splitindexx with e®0 > k > (1/y%)e”0 in the sense of Definition 1.7 (cf. Balaeli al. [5,
Lemma A.1]). Herey is the expansion constant @f and Ag is the pressure ofp with
respect tapo.

A recent result of Campbell and Latushki®] pives an exact formula for the essential
spectral radiupesd Lo) of Lo. It seems possible to use this, combined with some extension
of the stability results of Baladi and Youn@]{to obtain thaf L.} forms an asymptotically
small random perturbation dfp for any split index greater thaksd Lo).

We apply Theorem 1.10 to obtain the following.

THEOREM3.7. Let A, denote the relative pressure and the equilibrium state og,
with respect tap., and letAg and g be the corresponding objects gf and gg.
(1) (Bogenschtz [8, Theorem 3.6])
(a) ”me—)O Ae = Ag
(b) limesope =P o,
where convergence takes place in the narrow topology on random measures.
(2) Let h be from Lemma 3.2 applied 6. and lethg be the normalized positive
eigenfunction ofZo to the eigenvalue.; = e“°. Then, for small enough > O,
he takes values i€* (M, RT), and

Iimohe(a)) = ho, uniformly inw,
€—

where convergence takes place in tHetopology.

(3) If Lo possesses a ‘second eigenvalue’ with modualus> (1/y%)e?o, then £,
possesses a second Lyapunov exponent (providesufficiently small).
In particular, thus,

lim supz;, < logo,

e—0
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wheret;, denotes the rate of decay of random correlation for the systenmu.),
andtp = A2/A1 is the corresponding object for the systépg, o).

Remark 3.8It seems reasonable to conjecture the much more satisfactory statement
lime-ot, = logre. For that purpose, at least at the moment, we need to ensure
that the second Lyapunov exponetf of L. has multiplicity one. We can do this

by assuming thatp, cx )., |5, E(¥) has dimension one. Then, in fact, we have
lime—o(A5 — A) = logto, and the equalityr;, = A5 — A follows from the fact that
lime_o & (w) = h uniformly in w, whereh denotes the eigenfunction 6§ for the second
eigenvalue and. is constructed ak; in Remark 3.5.

Remark 3.9.To fully exploit Theorem 1.10 to the present situation, one may assume that
Lo possesses further isolated eigenvalues with absolute vefdes 11 > A > - >

Ap > (1/y¥)elo, and writeE; := @D, cxcoyiy =1, E(v) andd; := dim E;. Then one has
that(. admits a spectral theory with quasi-Oseledets splitihg =: ET, E3, ..., EY,, F€
satisfying dimE = d; (providede is small enough). Further,

Iim0 Ef () = Ei(w), Iim0 F¢(w) = F(w),

and if 17 is one of the (at most; different possible) Lyapunov exponents realizedzfn
then

eliino)”f =logA;.
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