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Abstract. We prove that a relevant part of the Lyapunov spectrum and the corresponding
Oseledets spaces of a quasi-compact linear cocycle are stable under a certain type of
random perturbation. The basic approach is a graph-transform argument. The result
applies to the spectrum of (not necessarily i.i.d.) randomly perturbed expanding maps
and yields generalizations of results recently obtained by Baladi, Kondah and Schmitt [5]
with different methods.

0. Introduction
Consider an expandingCk mapϕ : M → M (k > 1) on a compact connected smooth
Riemannian manifoldM and aCk functiong : M → R. The thermodynamic formalism of
Ruelle [15] yields, amongst others, the existence of a unique equilibrium stateµg , i.e.µg

is the uniqueϕ-invariant probability measure for which the supremum in the variational
principle

πϕ(g) = sup

{
hµ(ϕ) +

∫
g dµ : µ ϕ-invariant

}

is attained. Hereπϕ(g) denotes the pressure ofϕ atg andhµ(ϕ) denotes the K-S entropy.
Moreover,µg is exponentially mixing: forCk functionsf1 andf2 the rate of decay of
correlation

τ (f1, f2) := lim sup
n→∞

1

n
log

∣∣∣∣
∫

(f1 ◦ ϕn) · f2 dµg −
(∫

f1 dµg

) (∫
f2 dµg

)∣∣∣∣
can be bounded from above by a negative number which is independent off1 andf2. This,
by the way, holds for H¨older observables, too.

The fundamental tool to prove all this is Ruelle’s transfer operatorLg : Ck(M, C) →
Ck(M, C), which is defined by

(Lgf )(x) =
∑

y∈ϕ−1{x}
eg(y)f (y).
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Corresponding notions and results for the generalized situation whereϕn is replaced by
the successive application of randomly chosen expanding maps can be drawn from the
thermodynamic formalism for random dynamical systems (cf. Khanin and Kifer [10], who
more generally deal with expanding in average random maps, and the references therein).
One can use this setting to model small random perturbations of an expanding map (cf.
Bogensch¨utz [8]).

The present paper is motivated by the question of whether the rate of decay of
correlation is stable under such perturbations. The door to an answer of this question
has been opened by the ground breaking work of Baladi and Young [6]. They proved
stability of the rate of decay of correlation of the SRB measure under small i.i.d. random
perturbations by considering the spectra of ‘averaged’ random (i.e. deterministic) transfer
operators. In the present paper, we suggest a different approach using some terminology of
multiplicative ergodic theory: we consider the linear cocycle induced by random transfer
operators and study its Lyapunov exponents and Oseledets spaces.

Our main result is formulated in an abstract setting (§1). Roughly speaking, it says that
the ‘good’ part of the Lyapunov spectrum and the corresponding invariant subspaces of a
quasi-compact linear cocycle are stable under a specific type of perturbation (taylor-made
to be satisfied by transfer operators of randomly perturbed expanding maps). There are
few stability results in this framework, the most important being due to Ledrappier and
Young [12] (see also Ochs [13] for a recent attack), and none in infinite dimensions. The
present work might be viewed as the first step in this direction.

The proof of the main result (§2) basically uses a ‘graph-transform’ argument. That
something like this should work came into the author’s mind when seeing an alternative
proof of [6, Lemma 3] due to Young [20]. Further sources of inspiration have been
Schauml¨offel [16] and Thieullen [18].

At the end of the paper we apply our result to randomly perturbed expanding maps
(§3). The type of stochastic stability we obtain generalizes recent results of Baladiet al. [5]
(where the SRB measure is studied). Baladi [4] has also related results for general weights,
but using a different (integrated) notion of perturbed correlation.

1. An abstract perturbation result
1.1. Set-up. Let B(X,X) denote the space of bounded linear operators on a separable
(real or complex) Banach space(X, ‖ · ‖). Further, let(�,F, P, θ) be a dynamical system
in the sense of ergodic theory, i.e.(�,F, P) is a probability space andθ is a measure-
preserving transformation of�. We assumeθ to be ergodic and invertible.

A map T : � → B(X,X) is said to bestrongly measurableif ω 7→ T (ω)x is
(F,B(X))-measurable for eachx ∈ X, whereB(X) denotes the Borel-σ -algebra onX.
This is equivalent to being measurable with respect to the strong operator topology on
B(X,X). Any such map induces a linear cocycle onX overθ via

T (n, ω) := T (ϑn−1ω) ◦ · · · ◦ T (ω).

In the application we have in mindT will be a suitably weighted random transfer operator
associated to an expanding random dynamical system.
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Let V(X) denote the set of closed subspaces ofX. A mapE : � → V(X) is called a
measurable subspaceof X, if ω 7→ inf{‖x − y‖ : y ∈ E(ω), ‖y‖ = 1} is measurable for
eachx ∈ X.

Definition 1.2.Measurable subspacesE1, . . . , Ep, F of X (p ≥ 1) are said to form a
semi-strictly invariant splittingfor T if P-a.s. we have:
(1) dimEi(ω) ≡ di < ∞ for i = 1, . . . , p;
(2) X = E1(ω) ⊕ · · · ⊕ Ep(ω) ⊕ F(ω);
(3) T (ω)F (ω) ⊂ F(θω) andT (ω)Ei(ω) = Ei(θω) for i = 1, . . . , p.

Given a semi-strictly invariant splitting forT define its strictly invariant componentE

by E(ω) := E1(ω) ⊕ · · · ⊕ Ep(ω). ThenTE(ω) := T (ω)|E(ω) is a linear isomorphism
betweenE(ω) andE(θω) (since dimE(ω) = d1 + · · · + dp < ∞). It thus makes sense
to defineTE(−n,ω) : E(ω) → E(θ−nω) as the inverse ofTE(n, θ−nω). (In other words,
we are consideringTE as an invertible linear bundle random dynamical system with fiber
mappingsTE(ω) : E(ω) → E(θω).)

Definition 1.3.We say thatT admits a spectral theoryif there exist aθ -invariant set
�0 ∈ F with P(�0) = 1, real numbersλ1 > · · · > λp > κ ≥ −∞, and a semi-strictly
invariant splittingE1, . . . , Ep, F of X such that for allω ∈ �0 we have:
(1) limn→±∞ n−1 log‖TE(n, ω)x‖ = λi ⇔ x ∈ Ei(ω) \ {0};
(2) lim supn→∞ n−1 log‖T (n, ω)x‖ ≤ κ for x ∈ F(ω).
In this case we say thatE1, . . . , Ep, F is a quasi-Oseledets splitting, the numbersλ1 >

· · · > λp areLyapunov exponents, andκ is asplit index.

Note that the limit forn → −∞ in statement (1) of this definition is well-defined
because dimE(ω) < ∞.

Note also that ifT admits a spectral theory with Lyapunov exponentsλ1 > · · · > λp and
split indexκ then it also admits a spectral theory with Lyapunov exponentsλ1 > · · · > λi

and split index(λi +λi+1)/2 for 1 ≤ i ≤ p. It will be useful in the following to not require
that the split index is optimal.

Example 1.4.If we take (�,F, P) to be the trivial probability space consisting of one
point andθ is the identity transformation, then our set-up reduces to looking at the iterates
of a single bounded linear operatorT . The essential spectral radiusρess(T ) of T is the
smallest numberρ > 0 such that the spectrum6(T ) of T outside the disc of radiusρ
consists of a finite or countable set of isolated eigenvalues of finite multiplicity. AssumeT

is quasi-compact, i.e.ρess(T ) is strictly less than the spectral radiusρ6(T ) of T . Fix
ρ > 0 with ρ6(T ) > ρ > ρess(T ) and let γ1 > · · · > γp denote the absolute
values of the eigenvalues outside the disk of radiusρ. (These are only finitely many
because any limit point of6(T ) has absolute value≤ ρess(T ).) PutEi = ⊕

|γ |=γi
E(γ ),

whereE(γ ) denotes the generalized eigenspace for the eigenvalueγ . Finally, let F be
the invariant subspace belonging to the rest of the spectrum. Withλi = log |γi| and
κ = sup{log |z| : z ∈ 6(T ), |z| ≤ ρ}, then all objects of Definition 1.3 are identified.

Example 1.5.If X is finite dimensional we are looking at random matrices. PutF(ω) =
{x ∈ X : lim supn→∞ n−1 log‖T (n, ω)x‖ = −∞} andE(ω) = F(ω)⊥. The classical
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multiplicative ergodic theoremof Oseledets [14] says that ifω 7→ log+ ‖T (ω)‖ andω 7→
log+ ‖TE(ω)−1‖ are integrable thenT always admits a spectral theory (cf. Walters [19]).

As pointed out to the author by H. Crauel, however, in infinite dimensions the
existence of a measurable splittingE(ω) ⊕ F(ω) = X with dimE(ω) ≡ d < ∞,
T (ω)E(ω) = E(θω), and T (ω)F (ω) ⊂ F(θω) does not automatically imply that
T admits a spectral theory: further conditions have to be imposed, e.g. the existence
of a Lyapunov cohomology betweenE(ω) and R

d (cf. Arnold [2, Ch. 3.7]), which is
the case, in particular, ifX is a Hilbert space. For multiplicative ergodic theorems in
infinite dimensions see also Schauml¨offel [17] and the references therein. The index
of compactness occurring there can be considered as the analogue of logρess(T ) in
Example 1.4 in the sense that it is an optimal split index.

1.6. The perturbation model. In the following, we assume that a givenT admits a
spectral theory and refer to it as the unperturbed cocycle. PutT̃ (ω) := e−λ1T (ω).
ThenT̃ also admits a spectral theory with the same quasi-Oseledets spaces and Lyapunov
exponents 0> λ2 − λ1 > · · · > λp − λ1. We may thus assumeλ1 = 0 without loss of
generality.

Definition 1.7.A family {Tε : � → B(X,X) : ε > 0} of strongly measurable random
linear operators onX is said to be anasymptotically small random perturbationof T for
the split indexκ if it satisfies the following.
(1) (Strong convergence) For eachx ∈ X andn ∈ N we have

lim
ε→0

‖Tε(n, ω)x − T (n, ω)x‖ = 0, uniformly in ω.

(2) (Asymptotic norm convergence) There exists aλ̃ with κ < λ̃ < λp and anN0 ∈ N

such that for alln ≥ N0 there isε(n) independent ofω with

‖Tε(n, ω) − T (n, ω)‖ < enλ̃, for all 0 < ε < ε(n) and allω ∈ �.

Note that if{Tε} is an asymptotically small random perturbation ofT for the split index
κ then it is an asymptotically small random perturbation ofT for any split index≥ κ .

Remark 1.8.Conditions of this type have been introduced by Baladi and Young [6],
who discovered its use to obtain abstract perturbation results and its validity for transfer
operators coming from small perturbations of expanding maps in a finitely differentiable
setting.

1.9. The main result. For any measurable splittingE(ω) ⊕ F(ω) = X we let5E‖F (ω)

denote the projection with kernelF(ω) and rangeE(ω). Note thatω 7→ 5E‖F (ω) is
strongly measurable.

THEOREM 1.10. AssumeT admits a spectral theory with quasi-Oseledets splitting
E1, . . . , Ep, F , Lyapunov exponents0 = λ1 > · · · > λp, and split indexκ . Further,
assume:
(A1) the mappingsω 7→ ‖5Ei‖Wi (ω)‖ are uniformly bounded inω for all 1 ≤ i ≤ p,

whereWi(ω) := ⊕p

i=1, k 6=i Ek(ω) ⊕ F(ω),
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(A2) the convergences in Definition 1.3 are uniform inω.
If {Tε} is an asymptotically small random perturbation ofT for κ with log+ ‖Tε(·)‖ ∈
L1(P), then the following holds.
(1) There exist (for sufficiently smallε) quasi-Oseledets splittingsEε

1, . . . , Eε
p, F ε for

Tε with dimEε
i = dimEi and such that

lim
ε→0

Eε
i (ω) = Ei(ω), lim

ε→0
Fε(ω) = F(ω),

where convergence takes place in the topology on the setV(X) of closed subspaces
of X induced by the Hausdorff distance and is uniform inω.

(2) If, for each ε, λε
i is one of the (at mostdi different possible) values of

limn→±∞ n−1 log‖Tε(n, ω)x‖ for x ∈ Eε
i (ω) \ {0}, then

lim
ε→0

λε
i = λi.

Remark 1.11.One may hope that (A1) can be weakened into some integrability condition
and (A2) can be dropped. Since we have one specific application in mind, whereT is
deterministic and hence (A1) and (A2) are trivially satisfied, we content ourselves with the
present version and indicate where these assumptions enter the proof.

2. Proof of the main result
2.1. Construction ofEε . Let Gd (X) denote the space ofd-dimensional split subspaces
of X, i.e. for E ∈ Gd(X) there isF ∈ V(X) with E ⊕ F = X. Given any splitting
E ⊕ F = X with E ∈ Gd (X), putUF := {ES ∈ Gd (X) : ES ⊕ F = X}. EachES ∈ UF is
represented by a familyS : E → F of linear maps via

ES = graphS = {x + Sx : x ∈ E}
(cf. Abrahamet al. [1, Example 3.1.8 G, p. 145 f]).

Consider the measurable subspaceE defined byE(ω) := E1(ω) ⊕ · · · ⊕ Ep(ω) and
put d := ∑p

i=1 di = dimE(ω). For δ > 0, defineL(δ) to be the set of all measurable
subspacesES : � → Gd (X) satisfying

ES(ω) ∈ UF(ω) and ‖S(ω)‖ ≤ δ.

ForES ∈ L(δ), n ∈ N, andε > 0, define the measurable subspaceEε
S(n) by

Eε
S(n, ω) := Tε(n, θ−nω)ES(θ−nω).

The following two lemmas are an adaption of Young’s graph-transform argument [20] (the
phrase refers to the definition ofEε

S(n, ω) as the ‘transformed graph’ of the linear map
S(θ−nω)).

LEMMA 2.2. Fix 0 < δ < 1. There isN ∈ N and ε̃ > 0 such that for all0 < ε < ε̃ we
have

Eε
S(n) ∈ L(δ), for all n ≥ N .

Proof. Fix λ′ with λ̃ < λ′ < λp. We chooseN ≥ N0 such that forn ≥ N we have:
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(i) ‖T (n, ω)x‖ ≥ enλ′‖x‖ for x ∈ E(ω) \ {0};
(ii) ‖T (n, ω)x‖ ≤ enλ̃‖x‖ for x ∈ F(ω);
(iii) en(λ′−λ̃) > 8‖5E‖F (ω)‖;

(iv) en(λ̃−λ′) <
1

16

1

‖5F‖E(ω)‖ · ‖5E‖F (ω)‖ .

Here we used both (A1) and (A2). Further, put

Cω
n (ε) := sup

x∈E(ω)

‖Tε(n, θ−nω)x − T (n, θ−nω)x‖
‖x‖ .

By condition (1) of Definition 1.7 and sinceE(ω) is finite dimensional, we have
limε→0 Cω

n (ε) = 0 uniformly in ω for eachn ∈ N.
For a fixedn ≥ N , we will find anε̃(n) > 0 independent ofES such thatEε

S(n) ∈ L(δ)

for all 0 < ε < ε̃(n). From this, the claim follows immediately with̃ε = minN≤n<2N ε̃(n).
(Indeed, for arbitraryn ≥ N write n = pnN + qn with pn ∈ N0 andN ≤ qn < 2N , and
just observe thatTε(n, θ−nω) = Tε(qn, θ

−nω) ◦ Tε(N, θ−pnNω) ◦ · · · ◦ Tε(N, θ−Nω).)
So now letn ≥ N andES ∈ L(δ) be arbitrary, but fixed. First, we have to check that

Eε
S(n, ω) ∈ Gd (X), i.e. we need to show that the linear map

8ε(n, ω) : E(θ−nω) → E(ω)

x 7→ 5E‖F (ω) ◦ Tε(n, θ−nω)(x + S(θ−nω)x)

is one-to-one.
We have forx ∈ E(θ−nω)

‖8ε(n, ω)x‖
= ‖5E‖F (ω) ◦ Tε(n, θ−nω)(x) + 5E‖F (ω) ◦ Tε(n, θ−nω)(S(θ−nω)x)‖
= ‖5E‖F (ω) ◦ T (n, θ−nω)(x) + 5E‖F (ω) ◦ (Tε(n, θ−nω) − T (n, θ−nω))(x)

+ 5E‖F (ω) ◦ Tε(n, θ−nω)(S(θ−nω)x)‖
≥ ‖T (n, θ−nω)(x)‖ − ‖5E‖F (ω)‖

· [‖(Tε(n, θ−nω) − T (n, θ−nω))(x) + Tε(n, θ−nω)(S(θ−nω)x)‖].
By item (i) of the choice ofN and sincex ∈ E(θ−nω) we have‖T (n, θ−nω)x‖ ≥ enλ′ ‖x‖.
For ε < ε(n), whereε(n) is from condition (2) of Definition 1.7, the term in brackets can
be estimated by

[. . . ] ≤ Cω
n (ε)‖x‖ + ‖T (n, θ−nω)(S(θ−nω)x)‖ + enλ̃‖S(θ−nω)x‖

≤ Cω
n (ε)‖x‖ + 2enλ̃‖S(θ−nω)x‖

by item (ii) of the choice ofN and sinceS(θ−nω)x ∈ F(θ−nω). Using‖S(θ−nω)‖ ≤ δ <

1 we conclude forx ∈ E(θ−nω)

‖8ε(n, ω)x‖ ≥ enλ′‖x‖ − ‖5E‖F (ω)‖ · [(Cω
n (ε) + 2enλ̃)‖x‖].

By item (iii) of the choice ofN , and since limε→0 Cω
n (ε) = 0, this yields‖8ε(n, ω)x‖ > 0

for sufficiently smallε, hence8ε(n, ω) is one-to-one.
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More specifically, we can chooseε̃(n) such that

‖8ε(n, ω)‖ ≥ 1
2enλ′

, for all ε < ε̃(n). (∗)

We will use this to check that‖5ε
S(n, ω)‖ ≤ δ/2, where5ε

S(n, ω) denotes the restriction
of 5F‖E(ω) to Eε

S(n, ω). From this, one easily concludes that the linear mapSε(n, ω) :
E(ω) → F(ω) representingEε

S(n, ω) satisfies‖Sε(n, ω)‖ ≤ δ.
First, note that

‖5ε
S(n, ω)‖ = sup

x∈Eε
S(n,ω)

‖5F‖E(ω)x‖
‖x‖

= sup
x∈E(θ−nω)

‖5F‖E(ω) ◦ Tε(n, θ−nω)(x + S(θ−nω)x)‖
‖Tε(n, θ−nω)(x + S(θ−nω)x)‖ .

Now, by (∗) we have forx ∈ E(θ−nω)

‖Tε(n, θ−nω)(x + S(θ−nω)x)‖ ≥ 1

‖5E‖F (ω)‖
1

2
enλ′‖x‖.

On the other hand, one obtains as above forx ∈ E(θ−nω)

‖5F‖E(ω) ◦ Tε(n, θ−nω)(x + S(θ−nω)x)‖
= ‖5F‖E(ω) ◦ T (n, θ−nω)(x) + 5F‖E(ω) ◦ (Tε(n, θ−nω) − T (n, θ−nω))(x)

+ 5F‖E(ω) ◦ Tε(n, θ−nω)(S(θ−nω)x)‖
≤ ‖5F‖E(ω)‖ · [(Cω

n (ε) + 2enλ̃δ)‖x‖].
Putting things together, thus, we have

‖5ε
S(n, ω)‖ ≤ (‖5E‖F (ω)‖2e−nλ′

)(‖5F‖E(ω)‖(Cω
n (ε) + 2enλ̃δ))

≤ 1
8(e−nλ̃Cω

n (ε) + 2δ)

by item (iv) of the choice ofN . Hence‖5ε
S(n, ω)‖ ≤ δ/2 for ε small enough, which

completes the proof. 2

Observe thatL(δ) is a closed subset of the Banach space of all measurable subspaces
ES satisfyingES(ω) ⊕ F(ω) = X and

‖ES‖ :=
∫

‖S(ω)‖ dP(ω) < ∞.

LEMMA 2.3. Fix 0 < δ < 1. There isε(δ) > 0 such that for all0 < ε < ε(δ) the limit

lim
n→∞ Eε

S(n) =: Eε

exists and is independent ofES ∈ L(δ).
Moreover,Eε ∈ L(δ) andTε(ω)Eε(ω) = Eε(θω).

Proof. Fix λ′ with λ̃ < λ′ < λp and chooseN as in the proof of Lemma 2.2. We will show
that the map0n

ε : L(δ) → L(δ) defined by

(0n
ε ES)(ω) := Eε

S(n, ω)
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is a contraction for fixedn ≥ N andε < ε̃(n), whereε̃(n) is from (∗) of the proof of
Lemma 2.2. From this, the claim follows immediately withε(δ) = minN≤n<2N ε̃(n) by
the Banach contraction principle.

Let ES1, ES2 ∈ L(δ) be given. The proof of Lemma 2.2 yields that the linear maps
Sε

i (n, ω) : E(ω) → F(ω) representingEε
Si

(n, ω) are given by

Sε
i (n, ω)x = 5F‖E(ω) ◦ Tε(n, θ−nω)(8ε

i (n, ω)−1x + Si(θ
−nω)(8ε

i (n, ω)−1x)).

We have to estimate

‖Sε
1(n, ω) − Sε

2(n, ω)‖ = sup
x∈E(ω)

‖(Sε
1(n, ω) − Sε

2(n, ω))(x)‖
‖x‖

= sup
x∈E(θ−nω)

‖(Sε
1(n, ω) − Sε

2(n, ω))(8ε
1(n, ω)x)‖

‖8ε
1(n, ω)x‖ . (∗∗)

We have forx ∈ E(θ−nω)

‖(Sε
1(n, ω) − Sε

2(n, ω))(8ε
1(n, ω)x)‖

≤ ‖Sε
1(n, ω)(8ε

1(n, ω)x) − Sε
2(n, ω)(8ε

2(n, ω)x)‖
+ ‖Sε

2(n, ω)(8ε
2(n, ω)x) − Sε

2(n, ω)(8ε
1(n, ω)x)‖

≤ ‖5F‖E(ω)‖‖Tε(n, θ−nω)((S1(θ
−nω) − S2(θ

−nω))x)‖
+ ‖Sε

2(n, ω)‖‖(8ε
2(n, ω) − 8ε

1(n, ω))x‖
≤ (‖5F‖E(ω)‖ + δ‖5E‖F (ω)‖)‖Tε(n, θ−nω)((S1(θ

−nω) − S2(θ
−nω))x)‖

since8ε
2(n, ω) − 8ε

1(n, ω) = 5E‖F (ω) ◦ Tε(n, θ−nω) ◦ (S1(θ
−nω) − S2(θ

−nω)) and
‖Sε

2(n, ω)‖ ≤ δ by lemma 2.2.
Using condition (2) of Definition 1.7 as before, this gives forx ∈ E(θ−nω)

‖(Sε
1(n, ω) − Sε

2(n, ω))(8ε
1(n, ω)x)‖

≤ (‖5F‖E(ω)‖ + δ‖5E‖F (ω)‖)2enλ̃‖(S1(θ
−nω) − S2(θ

−nω))x‖.
Plugging this and (∗) into (∗∗) yields

‖Sε
1(n, ω)−Sε

2(n, ω)‖ ≤ (‖5F‖E(ω)‖+δ‖5E‖F (ω)‖)4en(λ̃−λ′)‖S1(θ
−nω)−S2(θ

−nω)‖.
Using theP-invariance ofθ , we thus obtain∫

‖Sε
1(n, ω) − Sε

2(n, ω)‖ dP(ω) ≤ αn

∫
‖S1(ω) − S2(ω)‖ dP(ω),

with αn := (‖5F‖E(ω)‖ + ‖5E‖F (ω)‖)4en(λ̃−λ′). Addingαn < 1 for all n ≥ N to the
initial requirements for the choice ofN , we have indeed that0n

ε is a contraction, which
completes the proof. 2

COROLLARY 2.4. Fix 0 < δ < 1 and letε(δ) and Eε be from Lemma 2.3. Then, for
0 < ε < ε(δ), we have:
(i) (1 − δ)‖5E‖F (ω)‖ ≤ ‖5Eε‖F (ω)‖ ≤ (1 + δ)‖5E‖F (ω)‖;
(ii) ‖5F‖E(ω)‖ − δ‖5E‖F (ω)‖ ≤ ‖5F‖Eε (ω)‖ ≤ ‖5F‖E(ω)‖ + δ‖5E‖F (ω)‖.
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In particular, thus,

lim
ε→0

Eε(ω) = E(ω), uniformly inω.

Proof. Let Sε(ω) : E(ω) → F(ω) be the linear map representingEε(ω). Write x ∈ X as
x = xE + xF with xE ∈ E(ω) andxF ∈ F(ω). We have

x = (xE + Sε(ω)xE) + (xF − Sε(ω)xE).

Hence

5Eε‖F (ω) = 5E‖F (ω) + Sε(ω) ◦ 5E‖F (ω)

and

5F‖Eε (ω) = 5F‖E(ω) − Sε(ω) ◦ 5E‖F (ω).

With this, and‖Sε(ω)‖ ≤ δ, the claim is immediate. 2

2.5. Construction of the invariant complement.

LEMMA 2.6. With the notations of the preceding subsection, we have that for sufficiently
small ε > 0 there exist measurable subspacesFε : � → Gd(X), whereGd (X) denotes
the space of split subspaces ofX with codimensiond, such that:
(i) Eε(ω) ⊕ Fε(ω) = X;
(ii) Tε(ω)F ε(ω) ⊂ Fε(θω).
Moreover,

lim
ε→0

Fε(ω) = F(ω), uniformly inω.

Proof. We definePε(n, ω) : X → Eε(ω) by

Pε(n, ω) := Tε(n, ω)−1 ◦ 5Eε‖F (θnω) ◦ Tε(n, ω).

Here and in the followingTε(n, ω)−1 denotes the inverse ofTε(n, ω) restricted toEε(ω).
We will show for eachω separately that the limit

lim
n→∞ Pε(n, ω) =: Pε(ω) (1)

exists as a bounded operator (defining a projection toEε(ω)).
As the pointwise limit of strongly measurableB(X,X)-valued random variables,Pε is

itself strongly measurable. HenceFε(ω) := KerPε(ω) defines a measurable subspace
which obviously satisfies (i). Property (ii) follows from the observation thatTε(ω) ◦
Pε(ω) = Pε(θω) ◦ Tε(ω). The convergence claim finally follows from limε→0 Pε(ω) =
5E‖F (ω).

To prove (1) we will show that

lim sup
n→∞

1

n
log‖Pε(n + 1, ω) − Pε(n, ω)‖ < 0. (2)
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Note thatPε(n, ω)|Eε(ω) is the identity map, so that

Pε(n, ω) = 5Eε‖F (ω) + Pε(n, ω) ◦ 5F‖Eε (ω). (3)

Further, we have

Pε(n + 1, ω) ◦ 5F‖Eε (ω)

= Tε(n + 1, ω)−1 ◦ 5Eε‖F (θn+1ω) ◦ Tε(n + 1, ω) ◦ 5F‖Eε (ω)

= Tε(n + 1, ω)−1 ◦ 5Eε‖F (θn+1ω) ◦ Tε(θ
nω) ◦ 5Eε‖F (θnω) ◦ Tε(n, ω) ◦ 5F‖Eε (ω)

+ Tε(n + 1, ω)−1 ◦ 5Eε‖F (θn+1ω) ◦ Tε(θ
nω)

◦ 5F‖Eε (θnω) ◦ Tε(n, ω) ◦ 5F‖Eε (ω).

Observe that the first summand above equalsPε(n, ω) ◦ 5F‖Eε (ω), so that, in view of (3),
this yields

Pε(n + 1, ω) − Pε(n, ω) = Tε(n + 1, ω)−1 ◦ 5Eε‖F (θn+1ω) ◦ Tε(θ
nω) ◦ 5F‖Eε (θnω)

◦ Tε(n, ω) ◦ 5F‖Eε (ω).

Note that:
• lim supn→∞ n−1 log‖5Eε‖F (θnω)‖ = 0 by Corollary 2.4(i) and assumption (A1)

(here log+ ‖5E‖F (·)‖ ∈ L1(P) would suffice);
• limn→∞ n−1 log‖Tε(θ

nω)‖ = 0 since log+ ‖Tε(·)‖ ∈ L1(P).
If we put

31 := lim sup
n→∞

1

n
log‖Tε(n, ω)−1‖

and

32 := lim sup
n→∞

1

n
log‖5F‖Eε (θnω) ◦ Tε(n, ω) ◦ 5F‖Eε (ω)‖,

we thus have

lim sup
n→∞

1

n
log‖Pε(n + 1, ω) − Pε(n, ω)‖ ≤ 31 + 32. (4)

Estimation of31. Let Sε(ω) : E(ω) → F(ω) be the linear map representingEε(ω). Note
that5F‖E(ω)|Eε(ω) = Sε(ω) ◦ 5E‖F (ω).

Fix λ′ andλ̂ with λ̃ < λ̂ < λ′ < λp . ChooseN ≥ N0 such that forn ≥ N we have:
(i) ‖T (n, ω)x‖ ≥ enλ′‖x‖ for x ∈ E(ω) \ {0};
(ii) enλ′ − enλ̂ ≥ enλ̂.
Fix n ≥ N . Forε < ε(n) we have forx ∈ E(ω)

‖Tε(n, ω)x‖ ≥ ‖T (n, ω)x‖ − enλ̃‖x‖
≥ ‖T (n, ω)5E‖F (ω)x‖ − (‖T (n, ω)5F‖E(ω)x‖ + enλ̃‖x‖)
≥ enλ′‖5E‖F (ω)x‖ − (‖T (n, ω)5F‖E(ω)x‖ + enλ̃‖x‖)
≥ enλ′‖x‖ − ((enλ′ + ‖T (n, ω)‖)‖5F‖E(ω)x‖ + enλ̃‖x‖).
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For the last line we simply used‖5E‖F (ω)x‖ ≥ ‖x‖−‖5F‖E(ω)x‖. Now forx ∈ Eε(ω)

we have‖5F‖E(ω)x‖ ≤ ‖Sε(ω)‖‖5E‖F (ω)‖‖x‖. Since limε→0 ‖Sε(ω)‖ = 0 we can
choosẽε(n) ≤ ε(n) such that for allε ≤ ε̃(n) the above reads

‖Tε(n, ω)x‖ ≥ (enλ′ − enλ̂)‖x‖ ≥ enλ̂‖x‖, for x ∈ Eε(ω),

which finally yields

‖Tε(n, ω)−1‖ ≤ e−nλ̂.

For arbitraryn ≥ N write n = pnN + qn with pn ∈ N0 andN ≤ qn < 2N . With
Tε(n, ω) = Tε(qn, θ

pnNω) ◦ Tε(pnN,ω) we have, forε < minN≤n<2N ε(n),

‖Tε(n, ω)−1‖ ≤ ‖Tε(pnN,ω)−1‖‖Tε(qn, θ
pnNω)−1‖ ≤

( pn−1∏
i=0

e−Nλ̂

)
e−qnλ̂.

Hence, log‖Tε(n, ω)−1‖ ≤ −pnNλ̂ − qnλ̂ = −nλ̂, i.e.31 ≤ −λ̂.

Estimation of32. By Corollary 2.4(ii) we find a constantK such that‖5F‖Eε (ω)‖ ≤ K

for all ω ∈ �. Here, we made quite an essential use of assumption (A1). ChooseN ≥ N0

such that forn ≥ N we have:
(i) ‖T (n, ω)x‖ ≤ enλ̃‖x‖ for x ∈ F(ω),
(ii) en(λ̂−λ̃) > 2K,
whereλ̂ is the same as in the estimation of31.

Fix n ≥ N . Forε < ε(n) we obtain straightforwardly

‖Tε(n, ω)5F‖Eε (ω)‖ ≤ 2Kenλ̃.

For arbitraryn ≥ N write n = pnN + qn as above and use theTε-invariance ofEε to
obtain

5F‖Eε (θnω) ◦ Tε(n, ω) ◦ 5F‖Eε (ω)

= 5F‖Eε (θnω) ◦ Tε(qn, θ
pnNω) ◦ 5F‖Eε (θpnNω)

◦ Tε(N, θ(pn−1)Nω) ◦ 5F‖Eε (θ(pn−1)Nω) ◦ · · · ◦ Tε(N,ω) ◦ 5F‖Eε (ω).

For ε < minN≤n<2N ε(n), thus,

‖5F‖Eε (θnω) ◦ Tε(n, ω) ◦ 5F‖Eε (ω)‖
≤ ‖5F‖Eε (θnω)‖‖Tε(qn, θ

pnNω) ◦ 5F‖Eε (θpnNω)‖

×
pn−1∏
i=0

‖Tε(N, θ iNω) ◦ 5F‖Eε (θ iNω)‖

≤ 2K2eqnλ̃
pn−1∏
i=0

(2KeNλ̃).

Hence

32 ≤ 1

N
(log 2K + Nλ̃) < λ̂.

Since31 ≤ −λ̂ and in view of (4) we obtain (2), which completes the proof. 2
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2.7. Construction of the quasi-Oseledets splitting.For 1 ≤ k < p, consider the
measurable subspacesVk and Fk defined byVk(ω) := E1(ω) ⊕ · · · ⊕ Ek(ω) and
Fk(ω) := Ek+1(ω) ⊕ · · · ⊕ Ep(ω) ⊕ F(ω). Put dk := ∑k

i=1 di = dimVk(ω). For
the sake of notational consistency, putVp := E, Fp := F , anddp := d. The preceding
constructions can be carried out withE andF replaced byVk andFk, respectively. So we
have the following provisional result.

PROPOSITION2.8. Assumeε > 0 to be sufficiently small. For eachk ∈ N with 1 ≤ k ≤ p

there exist measurable subspacesV ε
k : � → Gdk (X) andFε

k : � → Gdk (X) such that:
(1) V ε

k (ω) ⊕ Fε
k (ω) = X;

(2) Tε(ω)F ε
k (ω) ⊂ Fε

k (θω) andTε(ω)V ε
k (ω) = V ε

k (θω).
Moreover,

lim
ε→0

V ε
k (ω) = Vk(ω), lim

ε→0
Fε

k (ω) = Fk(ω), uniformly inω.

2.9. Proof of part (1) of Theorem 1.1.PutEε
1 := V ε

1 . For 1< k ≤ p, we constructEε
k

inductively as follows.
Define a measurable subspaceẼε

k : � → Gdk (X) by

Ẽε
k (ω) := V ε

k−1(ω) ⊕ Ek(ω).

Obviously,Ẽε
k (ω) is complementary toFk(ω) and represented by the linear mapS̃ε

k (ω) :=
Sε

k−1(ω)◦5Vk−1‖Ek (ω), whereSε
k−1(ω) : Vk−1(ω) → Fk−1(ω) representsV ε

k−1(ω). Hence

‖S̃ε
k (ω)‖ ≤ δ‖5Vk−1‖Ek (ω)‖, so by (A1) we may start the limit procedure (cf. Lemma 2.3)

to constructV ε
k with Ẽε

k .
By Lemma 2.2 and sinceV ε

k−1 is Tε-invariant, we have

Ẽε
k (n, ω) := Tε(n, θ−nω)Ẽε

k (θ
−nω) = V ε

k−1(ω) ⊕ Tε(n, θ−nω)Ek(θ
−nω)

for sufficiently largen.
But limn→∞ Ẽε

k (n, ω) = V ε
k (ω) for sufficiently smallε by Lemma 2.3, so the limit

lim
n→∞ Tε(n, θ−nω)Ek(θ

−nω) =: Eε
k(ω)

exists and satisfies the statements of Theorem 1.10(1). 2

2.10. Proof of part (2) of Theorem 1.1.Let Sε
k (ω) : Ek(ω) → Wk(ω) be the linear map

representingEε
k(ω), where, to recall,Wk(ω) := ⊕p

i=1, i 6=k Ei(ω) ⊕ F(ω).
Forx ∈ Eε

k(ω) we have:

x = 5Ek‖Wk (ω)x + Sε
k (ω) ◦ 5Ek‖Wk (ω)x.

Fix δ > 0. ChooseN ≥ N0 such that forn ≥ N we have:
(i) ‖T (n, ω)x‖ ≤ en(λk+(δ/3))‖x‖ for x ∈ Ek(ω) \ {0},
(ii) enλ̃ + en(λk+(δ/3))‖5Ek‖Wk (ω)‖ ≤ en(λk+(δ/2),
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where again we have used (A1).
Forn ≥ N choosẽε(n) ≤ ε(n) such that

en(λk+(δ/2)) + ‖T (n, ω)‖‖Sε
k (ω)‖‖5Ek‖Wk (ω)‖ ≤ en(λk+δ).

This is possible since limε→0 ‖Sε
k (ω)‖ = 0 uniformly in ω. (Recall thatN0, λ̃, andε(n)

are from condition (2) of Definition 1.7.)
With this, we have for fixedn ≥ N andε ≤ ε̃(n)

‖Tε(n, ω)x‖ ≤ enλ̃‖x‖ + ‖T (n, ω)x‖
≤ enλ̃‖x‖ + ‖T (n, ω) ◦ 5Ek‖Wk (ω)x‖ + ‖T (n, ω) ◦ Sε

k (ω) ◦ 5Ek‖Wk (ω)x‖
≤ enλ̃ + en(λk+(δ3))‖5Ek‖Wk (ω)‖ + ‖T (n, ω)‖‖Sε

k (ω)‖‖5Ek‖Wk (ω)‖
≤ en(λk+δ), for x ∈ Eε

k(ω) with ‖x‖ = 1

by the choices just made.
Proceeding as in the estimation of32 in the proof of Lemma 2.6, we obtain that for all

ε ≤ ε(δ) := minN≤n<2N ε̃(n) we have

lim
n→∞

1

n
log‖Tε(n, ω)x‖ ≤ λk + δ, for x ∈ Eε

k(ω) \ {0}.
With the notation of Theorem 1.10(2), hence

lim sup
ε→0

λε
i ≤ λi .

To prove lim infε→0 λε
i ≥ λi we can use exactly the same argument as in the estimation of

31 in the proof of Lemma 2.6. (Just replaceSε(ω) : E(ω) → F(ω) by Sε
k (ω) : Ek(ω) →

Wk(ω) andλp by λk , and putλ̂ = λk − δ andλ′ = λk − δ/2.) This yields

lim
n→∞

1

n
log‖Tε(n, θ−nω)−1x‖ ≤ −(λk − δ), for x ∈ Eε

k(ω) \ {0},
hence

lim
n→−∞

1

n
log‖Tε(n, ω)x‖ ≥ λk − δ, for x ∈ Eε

k(ω) \ {0},
completing the proof of Theorem 1.10. 2

3. Application to the spectrum of randomly perturbed expanding maps
3.1. Random transfer operators.Let Endk(M) denote the space of allCk endo-
morphisms on a compactd-dimensional smooth Riemannian manifoldM (k ≥ 2). We
endow Endk(M) with the measurable structure coming from the usualCk topology. As
before, let(�,F, P, θ) be an ergodic and invertible dynamical system.

We refer to each measurable mapϕ : � → Endk(M) as arandom dynamical system
(abbreviated RDS henceforth), while we actually have in mind the dynamics produced by

ϕ(n, ω) := ϕ(ϑn−1ω) ◦ · · · ◦ ϕ(ω), for n > 0, and ϕ(0, ω) = id .

We say that an RDSϕ is expandingif there is a real numberγ > 1 and a Riemannian
metric‖ · ‖ onM such that for anyx ∈ M andv ∈ TxM we have‖(Dxϕ(ω))(v)‖ ≥ γ ‖v‖.
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We putXr = Cr (M, C), the Banach space of complexCr functions endowed with the
Cr norm‖ · ‖r . Herer is of the formr = (m, α) with m ∈ N0 and 0≤ α < 1, i.e. themth
derivative off ∈ Xr is α-Hölder.

For any measurableg : � → Ck(M, R) andr = (m, α) with m + α ≤ k we define the
random transfer operatorL = Lg : � → B(Xr,Xr) by

(L(ω)f )(x) =
∑

y∈ϕ(ω)−1{x}
eg(ω,y)f (y).

It can be seen thatL is strongly measurable. (Transfer operators depend even continuously
on the dynamics and the weight function with respect to the strong operator topology.) The
following is a reformulation of a result by Kifer [11]. It says thatL admits a spectral theory
for r = (0, α).

LEMMA 3.2. Assumeω 7→ log+ ‖L(ω)‖0 is integrable. Then, there is aθ -invariant set
�0 ∈ F of full P-measure on which the following holds.
(1) There exist a uniqueh : � → C(0,α)(M, R+) with ω 7→ ‖logh(ω)‖0 integrable and

a random positive scalarλ with logλ ∈ L1(P) such that

L(ω)h(ω) = λ(ω)h(θω).

Further, there is a unique invariant splitting

X(0,α) = W(ω) ⊕ Ch(ω),

that is,L(ω)W(ω) ⊂ W(θω).
(2) We have

f /∈ W(ω) ⇒ lim
n→∞

1

n
log‖L(n, ω)f ‖0 =

∫
logλ dP =: 3

f ∈ W(ω) ⇒ lim sup
n→∞

1

n
log‖L(n, ω)f ‖0 ≤ K < 3

for some uniform constantK.

Proof. h andλ can be taken directly from Kifer [11, Proposition 2.5], which in addition
yields uniquely determined random probability measuresνω satisfyingL∗(ω)νθω =
λ(ω)νω and

lim sup
n→∞

1

n
log

∥∥∥∥ 1

λn(ω)
L(n, ω)f − h(θnω)

∫
f dνω

∥∥∥∥
0

≤ constant< 0

for all f ∈ X(0,α).
Hereλn(ω) := λ(θn−1ω) · · · · · λ(ω).
With

W(ω) :=
{
f ∈ X(0,α) :

∫
f dνω = 0

}
,

then the lemma is immediate. 2

The objects above have the following dynamical meaning:3 is the relative pressure of
ϕ atg, andh(ω) is theνω-density of a random measureµω (i.e.dµω = h(ω) dνω), which is
the disintegration of the unique equilibrium stateµ of g (cf. Kifer [11] or Bogensch¨utz [7]
for an explanation of these notions). We are now going to take a closer look at the mixing
properties of this invariant measureµ.
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3.3. Decay of random correlation.Forf1, f2 ∈ Ck(M, C), n ∈ N, andω ∈ �0 define
therandom correlation functionto be

Cω
n (f1, f2) :=

∣∣∣∣
∫

(f1 ◦ ϕ(n, ω)) · f2 dµω −
∫

f1 dµθnω

∫
f2 dµω

∣∣∣∣
and considerτω(f1, f2) := lim supn→∞ n−1 logCω

n (f1, f2). We are interested in the
numberτω := sup{τω(f1, f2) : f1, f2 ∈ Ck(M, C)} which we will call therate of decay
of random correlation.

COROLLARY 3.4. µ is exponentially mixing, by which we mean thatτω is bounded from
above by a negative constant independent ofω.

Proof. We haveL(n, ω)h(ω) = λn(ω)h(θnω) andL∗(n, ω)νθnω = λn(ω)νω. Using this
and the fact thatL(n, ω)((f1 ◦ ϕ(n, ω)) · f2) = L(n, ω)(f2) · f1 we obtain∫

(f1 ◦ ϕ(n, ω)) · f2 dµω =
∫

1

λn(ω)
f1 · L(n, ω)(f2 · h(ω)) dνθnω.

Now a standard calculation yields

Cω
n (f1, f2) ≤ 1

λn(ω)
‖f1‖0

∥∥∥∥L(n, ω)(f2 · h(ω) − h(ω)

∫
f2 · h(ω) dνω)

∥∥∥∥
0
.

Note thatf2 · h(ω) − h(ω)
∫

f2 · h(ω) dνω ∈ W(ω) so Lemma 3.2 yields

τω(f1, f2) = lim sup
n→∞

1

n
logCω

n (f1, f2) ≤ K − 3 < 0. 2

Remark 3.5.Assume there exists a second Lyapunov exponent, i.e. there are invariant
subspacesV2(ω) ⊂ W(ω) and a number32 < 3 such that

f ∈ W(ω) \ V2(ω) ⇒ lim
n→∞

1

n
log‖L(n, ω)f ‖0 = 32

f ∈ V2(ω) ⇒ lim sup
n→∞

1

n
log‖L(n, ω)f ‖0 < 32.

Then we can conclude from the above that the rate of decay of random correlation ofµ is
bounded from above by32 −3. The question whether or under which conditions we have
equality here (as is the case in the deterministic situation) is not quite clear in general.

Assume dimV2(ω) = 1 and perform a measurable selection to obtain a measurable
h2 : � → Xr with h2(ω) ∈ V2(ω) and‖h2(ω)‖0 = 1. Then the equationL(ω)h2(ω) =
λ2(ω)h2(θω) yields a C-valued random variableλ2. We may callh2 a ‘generalized
eigenfunction’ to the ‘generalized eigenvalue’λ2. Note that32 = E(log |λ2|). Recall
thath(ω) > 0. With f2 := h2/h we can calculate

Cω
n (f1, f2) =

∣∣∣∣ 1

λn(ω)

∣∣∣∣ · |λ(2)
n (ω)| ·

∣∣∣∣
∫

f1 · h2(θ
nω) dνθnω

∣∣∣∣ ,
whereλ

(2)
n (ω) := λ2(θ

n−1ω) · · · · · λ2(ω). Hence we end up with the task of findingf1

such that lim supn→∞ n−1 log | ∫ f1 ·h2(θ
nω) dνθnω| = 0 in order to obtainτω = 32 −3.
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In fact, we may sometimes verify this condition in the small random perturbation case, as
we shall see below.

If dim V2(ω) > 1 we have the additional problem that the above construction of a
generalized eigenvalue fails. Note, however, that dimV2(ω) = 1 may be considered as
some kind of ‘generic’ situation (cf. Arnold and Cong [3] for a precise statement in the
finite-dimensional framework).

3.6. Stochastic stability results.Fix an expanding mapϕ0 ∈ Endk(M) and a function
g0 ∈ Ck(M, R). The associated transfer operatorL0 admits a spectral theory in the spirit
of Example 1.4 (cf. Ruelle [15]). This is our unperturbed situation.

Now consider families{ϕε : � → Bε(ϕ0)} and{gε : � → Bε(g0)}, whereBε(ϕ0) and
Bε(g0) denote theε-balls aroundϕ0 andg0 in theCk metric on Endk(M) andCk(M, R),
respectively. To these objects, we can, for small enoughε > 0, associate random transfer
operatorsLε , which we let act onXk.

Obviously,Lε(ω) does not converge toL0 in norm. (Transfer operators do not depend
continuously on the dynamics with respect to the norm topology—except for analytic
situations.) However,{Lε} forms an asymptotically small random perturbation for any
split indexκ with e30 > κ > (1/γ k)e30 in the sense of Definition 1.7 (cf. Baladiet al. [5,
Lemma A.1]). Hereγ is the expansion constant ofϕ0 and30 is the pressure ofg0 with
respect toϕ0.

A recent result of Campbell and Latushkin [9] gives an exact formula for the essential
spectral radiusρess(L0) of L0. It seems possible to use this, combined with some extension
of the stability results of Baladi and Young [6], to obtain that{Lε} forms an asymptotically
small random perturbation ofL0 for any split index greater thanρess(L0).

We apply Theorem 1.10 to obtain the following.

THEOREM 3.7. Let 3ε denote the relative pressure andµε the equilibrium state ofgε

with respect toϕε , and let30 andµ0 be the corresponding objects ofg0 andϕ0.
(1) (Bogenscḧutz [8, Theorem 3.6])

(a) limε→0 3ε = 30

(b) limε→0 µε = P ⊗ µ0,
where convergence takes place in the narrow topology on random measures.

(2) Let hε be from Lemma 3.2 applied toLε and let h0 be the normalized positive
eigenfunction ofL0 to the eigenvalueλ1 = e30. Then, for small enoughε > 0,
hε takes values inCk(M, R+), and

lim
ε→0

hε(ω) = h0, uniformly inω,

where convergence takes place in theCk topology.
(3) If L0 possesses a ‘second eigenvalue’ with modulusλ2 > (1/γ k)e30, thenLε

possesses a second Lyapunov exponent (providedε is sufficiently small).
In particular, thus,

lim sup
ε→0

τ ε
ω ≤ logτ0,
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whereτ ε
ω denotes the rate of decay of random correlation for the system(ϕε, µε),

andτ0 = λ2/λ1 is the corresponding object for the system(ϕ0, µ0).

Remark 3.8.It seems reasonable to conjecture the much more satisfactory statement
limε→0 τ ε

ω = logτ0. For that purpose, at least at the moment, we need to ensure
that the second Lyapunov exponent3ε

2 of Lε has multiplicity one. We can do this
by assuming that

⊕
γ∈6(L0):|γ |=λ2

E(γ ) has dimension one. Then, in fact, we have
limε→0(3

ε
2 − 3) = logτ0, and the equalityτ ε

ω = 3ε
2 − 3 follows from the fact that

limε→0 h̃ε(ω) = h̃ uniformly in ω, whereh̃ denotes the eigenfunction ofL0 for the second
eigenvalue and̃hε is constructed ash2 in Remark 3.5.

Remark 3.9.To fully exploit Theorem 1.10 to the present situation, one may assume that
L0 possesses further isolated eigenvalues with absolute valuese30 = λ1 > λ2 > · · · >

λp > (1/γ k)e30, and writeEi := ⊕
γ∈6(L0):|γ |=λi

E(γ ) anddi := dimEi . Then one has
thatLε admits a spectral theory with quasi-Oseledets splittingChε =: Eε

1, Eε
2, . . . , Eε

p, F ε

satisfying dimEε
i = di (providedε is small enough). Further,

lim
ε→0

Eε
i (ω) = Ei(ω), lim

ε→0
Fε(ω) = F(ω),

and if λε
i is one of the (at mostdi different possible) Lyapunov exponents realized inEε

i ,
then

lim
ε→0

λε
i = logλi .
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