
Annals of Actuarial Science, Vol. 12, part 2, pp. 269–295. © Institute and Faculty of Actuaries 2017
doi:10.1017/S1748499517000215
First published online 8 November 2017

Ruin probabilities in a Sparre Andersen model with
dependency structure based on a threshold window

Eric C. K. Cheung
School of Risk and Actuarial Studies, UNSW Business School, University of New South Wales, Sydney,
NSW 2052, Australia

Suhang Dai
Institute for Financial and Actuarial Mathematics, University of Liverpool, Liverpool L69 7ZL, UK

Weihong Ni*
Department of Statistics and Actuarial Science, The University of Hong Kong, Pokfulam Road, Hong Kong

Abstract
We analyse ruin probabilities for an insurance risk process with a more generalised dependence structure
compared to the one introduced in Constantinescu et al. (2016). In this paper, we assume that a random
threshold window is generated every time after a claim occurs. By comparing the previous inter-claim
time with the threshold window, the distributions of the current threshold window and the inter-arrival
time are determined. Furthermore, the statuses for the previous and current inter-arrival times give rise to
the current claim size distribution as well. Like Constantinescu et al. (2016), we first identify the
embedded Markov additive process where all the randomness takes a general form. Inspired by the
Erlangisation technique, the key message of this paper is to analyse such risk process using a Markov
fluid flow model where the underlying random variables follow phase-type distributions. This would
further allow us to approximate the fixed observation windows by Erlang random variables. Then ruin
probabilities under the process with Erlang(n) observation windows are proved to be Erlangian
approximations for those related to the process with fixed threshold windows at the limit. An exact form
of the limit can be obtained whose application will be illustrated further by a numerical example.
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1. Introduction

Classical risk models are typically built up based on independence assumptions. However, these
assumptions may not always be appropriate in reality. There are various kinds of dependence
structure proposed in literature. A common one is the level-dependent risk process which has a
concrete explanation in Asmussen & Albrecher (2010). This could be used to model dividend
payment whose amount relies on the risk reserve levels of an insurance company. Another popular
dependence structure is often established between inter-claim times and successive inter-claim times
or claim sizes (e.g. Albrecher & Boxma, 2004; Constantinescu et al., 2016). These were normally
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studied within a Sparre Andersen model. For instance, Albrecher & Teugels (2006) modelled
the dependence based on a copula approach, whereas Boudreault et al. (2006) considered a
specific mixture of the two random variables and Cheung et al. (2010) incorporated a more general
joint distribution. When the joint distribution is described using a bivariate phase-type, Badescu et al.
(2009) employed the fluid flow methodology to obtain an exact solution for the Gerber–Shiu
function (Gerber & Shiu, 1998) when the penalty function depends on the deficit at ruin only.
More complicated dependence structure was studied under fluid flow models with applications to
risk models (Badescu et al., 2005; Ahn et al., 2007). On the other hand, dependence between the
claim arrival process and the premium rate has been studied by Dubey (1977), Li et al. (2015).
In this paper, we would like to generalise and combine the mentioned dependence and extend to a
broader dependence framework. Apart from the dependence between inter-arrival times
and consecutive inter-arrival times or claim jumps, we also allow premium rates to alter
according to the status of the previous and the current inter-claim times. We will analyse the model
under two equivalent processes, the Markov additive process (MAP) as well as the Markov
fluid flows (MFFs).

In fact, a specific dependence structure between successive inter-claim times has been constructed in
Constantinescu et al. (2016) in order to reflect the Bonus–Malus feature at a collective risk
level. In that paper, the distribution of the current inter-claim time depends on whether the previous
inter-claim time exceeds a fixed threshold which we refer here as the threshold window.
We further extend that model and incorporate a more interesting dependence framework. We
assume now the threshold window can be random as well and is also dependent on the status
of the previous inter-arrival time. In addition, by observing both the previous and current inter-claim
times and their corresponding thresholds, we let the distribution of the current claim size also
follow a similar dependence rule. Furthermore, we also let premium rate vary according
to the last and current inter-claim times. Figure 1 presents a visual illustration of the
described framework followed by a detailed description of the model in terms of mathematical
languages.

Let Yk be the size of the kth claim, Tk the kth inter-arrival time and ξk the random threshold for
k 2 N (where N represents the set of non-negative integers). Additionally, define Tk :=

Pk
j=1 Tj for

k 2 N + as the kth claim arrival time (with N + the set of positive integers with the definition T0 := 0).
The distributions of the inter-arrival time and the claim size are assumed to be continuous, and they

T1~A1 T2~A2 T3<ξ3 T4<ξ4 t

Ut
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Figure 1. A sample path of the risk surplus process.
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depend on the relationship between lengths of the inter-arrival times and thresholds. Let k 2 N+ and
we always assume that T0< ξ0. The underlying dependence structure is constructed as follows:

1. The distributions of the kth inter-arrival time and the kth threshold are dependent on the
relationship between the (k −1)th inter-arrival time and the (k − 1)th threshold, i.e.:

a. if Tk −1< ξk −1, then Tk and ξk are distributed as A1 and D1, respectively,

b. otherwise, Tk and ξk are distributed as A2 and D2, respectively.

2. The kth claim size Yk is dependent on four environments:

a. if Tk −1< ξk −1 and Tk< ξk, then Yk is distributed as B11,

b. if Tk −1< ξk −1 and Tk≥ ξk, then Yk is distributed as B12,

c. if Tk −1≥ ξk −1 and Tk< ξk, then Yk is distributed as B21,

d. if Tk −1≥ ξk −1 and Tk≥ ξk, then Yk is distributed as B22.

Remark 1.1. Here A1, A2, D1, D2 and B11, B12, B21 and B22 are several given independent positive
random variables. The subscript “1” represents the case Tk−1< ξk−1 and “2” represents Tk−1≥ ξk−1.

Using the dependent sequences of fTkgk2N, fYkgk2N and fξkgk2N, we can construct a stochastic
process. Let {Ut}t≥ 0 be the risk surplus process at time t given by

Ut := u +
ðt
0
csds�

XNt

k=1

Yk (1)

where u≥0 is the initial capital, i.e. U0=u, Nt a counting process constructed by fTkgk2N + , {cs}s≥ 0 is
an adapted process which takes four possible positive real numbers:

1. if Tk −1< ξk −1, cs= c11 for s 2 ½Tk�1;Tk�1 + ξk ^ TkÞ and cs= c12 for s 2 ½Tk�1 + ξk ^ Tk;TkÞ,
2. if Tk −1≥ ξk −1, cs= c21 for s 2 ½Tk�1;Tk�1 + ξk ^ TkÞ and cs= c22 for s 2 ½Tk�1 + ξk ^ Tk;TkÞ.

Now define a stopping time τU of the stochastic process {Ut}t≥ 0 by

τU := infft >0 : Ut ≤0g

The ruin probability is then defined by

ψðuÞ :=PðτU <1jU0 = uÞ (2)

Remark 1.2. Note that this process is regenerative at the point marked with a star in Figure 1. We
would like to study the increment X1 of the surplus process from time 0 until the first regenerative
epoch. Denote by Z(k) the kth independent variable with the same distribution as Z. Then, we
separate the analysis into three cases as follows:

1. On the set (A1<D1), one has

X1 = c11A1 �B11:

2. On the set ðA1 ≥D1Þ \ ðAð1Þ
2 <Dð1Þ

2 Þ, one has

X1 = c11D1 + c12ðA1 �D1Þ�B12 + c21A
ð1Þ
2 �Bð1Þ

21
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3. On the set ðA1 ≥D1Þ \
�\ n� 1

k=1 ðAðkÞ
2 ≥DðkÞ

2 Þ�\ ðAðnÞ
2 <DðnÞ

2 Þ where n= 2,3,… , one has

X1 = c11D1 + c12ðA1 �D1Þ�B12 +
Xn�1

k= 1

c21D
ðkÞ
2 + c22ðAðkÞ

2 �DðkÞ
2 Þ�BðkÞ

22

n o
+ c21A

ðnÞ
2 �BðnÞ

21

The second and third cases can indeed be combined by forcing the third case to be true for n= 1 as
well because by convention an empty intersection is defined to be the universal set. Note also that the
probabilities of all the above sets sum to one. Hence, we can write the moment-generating function
of X1 as

E½esX1 �= E esX11ðA1 <D1Þ
� �

+
X1
n=1

E esX11ðA1 ≥D1Þ
Yn� 1

k=1

1ðAðkÞ
2 ≥DðkÞ

2 Þ

( )
1ðAðnÞ

2 <DðnÞ
2 Þ

" #
(3)

To evaluate the above expectation, consider the special case of constant thresholds with D1= a1 and
D2= a2. Then, by independence we find that

E½esX11ðA1 < a1Þ�=E esðc11A1 �B11Þ1ðA1 < a1Þ
h i

=E esc11A1 ; A1 < a1
� �

E e�sB11
� �

(4)

and for n 2 N + ,

E esX11ðA1 ≥ a1Þ

� Yn�1

k= 1

1ðAðkÞ
2 ≥ a2Þ

�
1ðAðnÞ

2 < a2Þ

" #

= E½esfc11a1 + c12ðA1 � a1Þ�B12g1ðA1 ≥ a1Þ�
� Yn�1

k= 1

E

	
esfc21a2 + c22ðA

ðkÞ
2 � a2Þ�BðkÞ

22 g1ðAðkÞ
2 ≥ a2Þ


�
E

	
esðc21A

ðnÞ
2 �BðnÞ

21 Þ1ðAðnÞ
2 < a2Þ




= esðc11 � c12Þa1E½esc12A1 ; A1 ≥ a1�E½e�sB12 �
� Yn�1

k= 1

�
esðc21 � c22Þa2E½esc22AðkÞ

2 ; AðkÞ
2 ≥ a2�E½e�sB

ðkÞ
22 ���

´ E½esc21AðnÞ
2 ; AðnÞ

2 < a2�E½e�sB
ðnÞ
21 �

= esðc11 � c12Þa1E½esc12A1 ; A1 ≥ a1�E½e�sB12 �ðesðc21 � c22Þa2E½esc22A2 ; A2 ≥ a2�E½e�sB22 �Þn�1

´ E½esc21A2 ; A2 < a2�E½e�sB21 � ð5Þ

Substitution of (4) and (5) into (3) yields

E½esX1 �= E½esc11A1 ; A1 < a1�E½e�sB11 � + esðc11 � c12Þa1E½esc12A1 ; A1 ≥ a1�E½e�sB12 �E½esc21A2 ; A2 < a2�E½e�sB21 �
1� esðc21 � c22Þa2E½esc22A2 ; A2 ≥ a2�E½e�sB22 �

From the above expression, it will become obvious that the equation E½esX1 �= 1 coincides with the
Lundberg’s equation (67) when A1, A2, B11, B12, B21 and B22 all conform to phase-type distribu-
tions. Notice here, however, the above identity only applies to the case with fixed thresholds.
In section 2.2, we shall begin with phase-type distributed thresholds, and these will be replaced
specifically by Erlang thresholds in section 3 from which Erlangisation is employed to obtain fixed
thresholds at an appropriate limit.

In spite of the theoretical significance of such a dependence structure, it also makes sense in practice
particularly when the modelling of systematic risks (e.g. catastrophic events) is concerned. For
instance, the occurrence of a heavy snow would probably be reflected by one claim being followed by
intensive claim arrivals. Let us mention two more specific examples here where the model could be
applied.
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Example 1.1. (Dividend payment) A company may decide to pay dividends to its shareholders only
if it has a relatively safe environment. It may decide to increase the continuous dividend rate after a
fixed time from the most recent claim. This fixed time is the threshold window in our model and can
be 1 calendar year, for example. Specifically, we may set D1=D2= 1 and c11> c12, c21> c22.

Example 1.2. (Reinsurance) Another example is its application in reinsurance modelling. Consider
the proportional reinsurance where the retention level is r. An insurance company may be
compensated if the last inter-claim time is longer than 1 year. The compensation can be reflected by
the change in retention levels. More specifically, let Y be the current claim size. If the inter-arrival
time from the last claim is less than 1 year, the retention rate is r1 and we just set B11=B21 as r1Y;
otherwise, the retention rate is r2< r1 and we set B12=B22 as r2Y.

Note that both the examples are special cases of our model and the threshold windows are normally
fixed in practice. However, we would like to work with a more general framework described by
Figure 1 in this paper. Although one might argue that the assumption of a random observation
window seems unrealistic, we will use an Erlang random variable to approximate this fixed
window. This so-called Erlangisation technique has in fact frequently appeared in literature. In risk
theory context, Asmussen et al. (2002) pioneered the approach with the purpose of approximating
finite-time ruin probabilities for a classical risk model with phase-type claim sizes, and
Stanford et al. (2005a) employed this method in the Sparre Andersen and stationary renewal risk
model cases. This approach also received popularity in the studies of fluid models (e.g. Stanford
et al., 2005b). It is claimed by Ramaswami et al. (2008) that the use of this technique has increased
the efficiency to compute time-dependent probabilities in models of fire spread and containment.
Recently, Erlangisation has also been commonly used in risk models with periodic dividend
decisions to mimic deterministic checking of surplus processes (see e.g. Albrecher et al., 2011; Avanzi
et al., 2013).

However, the ruin probability ψ(u) defined by (2) is difficult to analyse directly. We need to first
transform the process {Ut}t≥ 0 defined by (1) to a MAP or a fluid flow process. We should mention
that fluid flow processes can be only applied under the particular case where inter-arrival times,
claims and thresholds follow phase-type distributions.

The structure of the paper is presented as follows. Section 2 explains how the underlying model
could be transformed to a MAP as well as a fluid flow process. Section 3 returns to a more practical
scenario and considers fixed threshold windows. Employing the Erlangian approximation approach,
exact ruin probabilities could be obtained via proper comparison between the two related models
introduced in section 2. These are then followed by a numerical example. All proofs for section 3 are
collected in Appendix B.

2. Related models

2.1. MAP

The first idea is to reconstruct our problem by a MAP fJMAP
k ; SMAP

k gk2N with two states. It is
defined by

1. fJMAP
k gk2N is a Markov chain with two states {1,2}. For k 2 N, JMAP

k = 1 means that the underlying
inter-arrival time Tk is less than the last threshold ξk. Similarly, JMAP

k = 2 means that the last
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inter-arrival time Tk is larger than or equal to the last threshold ξk. Then, its transition matrix can
be defined by

P :=
p11 p12

p21 p22

" #

:=
PðTk < ξk jTk� 1 < ξk� 1Þ PðTk ≥ ξk jTk�1 < ξk� 1Þ
PðTk < ξk jTk� 1 ≥ ξk� 1Þ PðTk ≥ ξk jTk� 1 ≥ ξk�1Þ

" #

=
PðA1 <D1Þ PðA1 ≥D1Þ
PðA2 <D2Þ PðA2 ≥D2Þ

" #
ð6Þ

2. The surplus process fSMAP
k gk2N governed by fJMAP

k gk2N is defined as

SMAP
k = u +

Xk
i=1

Y
JMAP
i� 1 ;JMAP

i
i

where Yj1 ;j2
i for i 2 N + and j1, j2∈ {1,2} have independent and identical distribution as

Y1;1
i Y1;2

i

Y2;1
i Y2;2

i

24 35 :=
c11Ti �Yi jTi� 1 < ξi� 1;Ti < ξi c11ξi + c12ðTi � ξiÞ�Yi jTi�1 < ξi�1;Ti ≥ ξi

c21Ti �Yi jTi� 1 ≥ ξi�1;Ti < ξi c21ξi + c22ðTi � ξiÞ�Yi jTi�1 ≥ ξi� 1;Ti ≥ ξi

" #

=d
c11A1 �B11 jA1 <D1 c11D1 + c12ðA1 �D1Þ�B12 jA1 ≥D1

c21A2 �B21 jA2 <D2 c21D1 + c22ðA2 �D2Þ�B12 jA2 ≥D2

" #
ð7Þ

Remark 2.1. The positive security loading condition that ensures the surplus process drifts to
positive infinity in the long run is given by (see e.g. Asmussen, 2008, chapter XI, Corollary 2.9(a))X2

i= 1

X2
j=1

πipijE½Yi;j�> 0;

where π1=p21/(p12 +p21), and π2=p12/(p12 +p21) are the stationary distribution of P and Yi,j are the
generic jump distributions for i, j= 1, 2. If, e.g., the thresholds are assumed to be constant such that
D1= a1 and D2= a2, then one easily finds that

pi1E½Yi;1�=
ðai
0
ðci1t� E½Bi1�ÞfAiðtÞdt

pi2E½Yi;2�=
ð1
ai
fci2ðt� aiÞ + ci1ai � E½Bi2�gfAiðtÞdt

for i= 1, 2, where fAið�Þ is the density of Ai.

Define the stopping time τMAP of the stochastic process fJMAP
k ; SMAP

k gk2N by

τMAP := inffn 2 N + : SMAP
n ≤ 0g

The corresponding ruin probability is defined by

ψMAPði; uÞ := P τMAP <1jðJMAP
0 ; SMAP

0 Þ= ði; uÞ� �
(8)

for i=1, 2 and u≥ 0. Then, we could show an equivalence in ruin probabilities between MAP and
the underlying process.
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Lemma 2.1. The ruin probability in (2) for the surplus process {Ut}t≥ 0 is related to that in (8) for
fJMAP

k ; SMAP
k gk2N by

ψðuÞ=ψMAPð1; uÞ:
Sketch of Proof: Note that ruin of {Ut}t≥ 0 can only occur at Tn :=

Pn
k=1 Tk for n 2 N + . Define

fU�
ngn2N by U�

n := UTn
. Then, it is sufficient to prove that the vector ½U�

1;U
�
2; ¼ ;U�

M� given U0=u
and the vector ½SMAP

1 ; SMAP
2 ; ¼ ; SMAP

M � given ðJMAP
0 ; SMAP

0 Þ= ð1; uÞ have the same distribution for all
M 2 N + . Without loss of generality, we only need to show one example as follows. For any real
numbers u, y,

PðU�
1 � u< y jU0 = u;T0 < ξ0Þ

=Pðc11T1 �Y1 < y jT0 < ξ0;T1 < ξ1ÞPðT1 < ξ1 jT0 < ξ0Þ
+Pðc12ðT1 � ξ1Þ + c11ξ1 �Y1 < y jT0 < ξ0;T1 ≥ ξ1ÞPðT1 ≥ ξ1 jT0 < ξ0Þ

=PðY1;1
1 < yÞPðJMAP

1 =1 j JMAP
0 = 1Þ +PðY1;2

1 < yÞPðJMAP
1 =2 j JMAP

0 = 1Þ

=PðSMAP
1 � u< y jJMAP

0 = 1; SMAP
0 =uÞ

2.2. MFF

Alternatively, we could describe the underlying process using a fluid flow model when the ran-
domness conforms to phase-type distributions. The benefit of the MFF model lies in the fact that it
has been extensively studied and results have been well established. It also allows for the use of the
Erlangisation technique as can be seen in section 3.

In general, a phase-type random variable A ~PH(α, H, h) consists of a row vector α representing the
initial distribution of states, a rate matrixH (for the transient states of an underlying continuous time
Markov chain), and a column vector h= −H1 (where 1 is a column vector of ones of appropriate
dimension). Now let us define the state space of all phase-type random variables below:

1. D1 =
d
PHðγ1;Θ1; θ1Þ and D2 =

d
PHðγ2;Θ2; θ2Þ are of dimensions nD1 and nD2 , respectively,

and the corresponding state spaces are ED1 := f1< ; 2< ; ¼ ; ðnD1 Þ< ;C< g and
ED2 := f1≥ ; 2≥ ; ¼ ; ðnD2 Þ≥ ;C≥ g, where C< and C≥ are absorbing states.

2. A1 =
d
PHðα1;H1; h1Þ is of dimension nA1 and has the state space EA1 := f1<

+ ; 2
<
+ ; ¼ ; ðnA1Þ<+ g

while A2=
d
PH(α2, H2, h2) is of dimension nA2 and has the state space

EA2 := f1≥
+ ; 2

≥
+ ; ¼ ; ðnA2Þ≥+ g.

3. B11 =
d
PHðβ11;G11; g11Þ, B12 =

d
PHðβ12;G12; g12Þ, B21 =

d
PHðβ21;G21; g21Þ and

B22 =
d
PHðβ22;G22; g22Þ are of dimensions nB11 , nB12 , nB21 and nB22 , and have the state

spaces EB11 := f1< ;<
� ; 2< ;<

� ; ¼ ; ðnB11Þ< ;<
� g, EB12 := f1< ;≥

� ; 2< ;≥
� ; ¼ ; ðnB11Þ< ;≥

� g,
EB21 := f1≥ ;<

� ; 2≥ ;<
� ; ¼ ; ðnB21Þ≥ ;<

� g, EB22 := f1≥ ;≥
� ; 2≥ ;≥

� ; ¼ ; ðnB22Þ≥ ;≥
� g, respectively.

Note that absorbing states are only included in the state spaces ED1 and ED2 but not the others. The
reason is that when a random threshold D1 or D2 is “realised” (i.e. the Markov chain underlying D1

orD2 enters the absorbing state C
< or C≥ ) before the corresponding inter-arrival time A1 or A2 ends,

the surplus process is still going upward and the information about such states needs to be stored in
the matrices. On the other hand, if A1 or A2 terminates before D1 or D2, the surplus immediately
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moves into a downward phase and therefore the absorbing states of A1 or A2 are not needed in the
upcoming rate matrices. A similar reasoning could be applied to Bij for i, j=1, 2: once the “claim”

phase ends, the surplus process immediately switches to an upward phase and the absorbing states
pertaining to Bij will not be needed.

The process {Ut}t≥ 0 defined by (1) can be embedded to an MFF model fJMFF
t ;RMFF

t gt≥ 0 which is
defined as follows. fJMFF

t gt≥0 has a transition matrix Λ with the state space E=E+∪E− , where

(i) E+ is the union of the sets ED1 ´EA1 and ED2 ´EA2 , i.e., it contains all the state points Ei< ;j<+ for
i= 1; 2; ¼ ; nD1 ;C and j= 1; 2; ¼ ; nA1 and Ei≥ ;j≥+ for i= 1; 2; ¼ ; nD2 ;C and j= 1; 2; ¼ ; nA2 .

(ii) E− is the union of sets containing the state points EB11 , EB12 , EB21 and EB22 .

Then, the transition matrix Λ of fJMFF
t gt≥0 is given by

Λ :=
Λ+ + Λ + �

Λ� + Λ� �

" #

where

Λ + + :=

Θ1 θ1

0 0

" #
� InA1 + InD1 +1 � H1 0

0
Θ2 θ2

0 0

" #
� InA2 + InD2 +1 � H2

2666664

3777775 (9)

Λ + � :=

β11 � 1nD1
� h1 0

0 β12 � h1

" #
0

0
β21 � 1nD2

� h2 0

0 β22 � h2

" #
2666664

3777775 (10)

Λ� + :=

g11 � ½γ1; 0� � α1 0

0 g12 � ½γ2; 0� � α2

g21 � ½γ1; 0� � α1 0

0 g22 � ½γ2; 0� � α2

2666664

3777775 (11)

Λ� � :=

G11 0 0 0

0 G12 0 0

0 0 G21 0

0 0 0 G22

2666664

3777775; (12)

with Im the identity matrix of dimension m and 1m a column vector of ones of dimension m. It is
understood that 0 in (9)–(12) is a zero matrix of appropriate dimension (and similarly sometimes we
shall simply use I to represent an identity matrix when the dimension is clear from the context).
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Finally, an MFF process fRMFF
t gt≥0 can be constructed as

RMFF
t = u +

ðt
0
cðJMFF

s Þds

where
1. c(m)= c11 for m=Ei< ;j<+ for i=1; 2; ¼ ; nD1 and j= 1; 2; ¼ ; nA1 ;

2. c(m)= c12 for m=Ei< ;j<+ for i=C and j= 1; 2; ¼ ; nA1 ;

3. c(m)= c21 for m=Ei≥ ;j≥+ for i= 1; 2; ¼ ; nD2 and j=1; 2; ¼ ; nA2 ;

4. c(m)= c22 for m=Ei≥ ;j≥+ for i=C and j=1; 2; ¼ ; nA2 ;

5. c(m)= − 1 for m∈E−.

Define the stopping time and the corresponding ruin probability as

τMFF := infft >0 : RMFF
t ≤0g

ψMFF
i;j ðuÞ := PðτMFF <1; JMFF

τMFF = j j ðJMFF
0 ;RMFF

0 Þ= ði; uÞÞ ð13Þ
for i∈E+ and j∈E−. Then, we can write this as the n + × n − matrix

ΨðuÞ := fψMFF
i;j ðuÞgði;jÞ2E + ´E� (14)

with n + := ðnD1 + 1ÞnA1 + ðnD2 + 1ÞnA2 and n� := nB11 + nB12 + nB21 + nB22 .

According to Asmussen (1995, theorem 3.2), we can solve the characteristic equation to obtain Ψ(u)
whose ijth element is defined by (13). Note that Ψ(0) represents the probability of this process down-
crossing level 0 for the first time when it initially starts from 0 in an upward phase. Similar to the
well-known Riccati equation shown in the MFF literature, we could also state the following lemma.

Lemma 2.2. (Asmussen et al., 2002, theorem 2) Let Ψ0 :=Ψ(0). Ψ0 satisfies the Riccati equation

Λ + � ;c +Λ + + ;cΨ0 +Ψ0Λ� � +Ψ0Λ� +Ψ0 = 0; (15)

where

Λ + + ;c :=

1
c11

Θ1
1
c11

θ1

0 0

" #
� InA1 +

1
c11

InD1
0

0 1
c12

24 35 � H1 0

0
1
c21

Θ2
1
c21

θ2

0 0

" #
� InA2 +

1
c21

InD2
0

0 1
c22

24 35 � H2

2666666664

3777777775

Λ + � ;c :=

1
c11

ðβ11 � 1nD1
� h1Þ 0

0 1
c12

ðβ12 � h1Þ

24 35 0

0

1
c21

ðβ21 � 1nD2
� h2Þ 0

0 1
c22

ðβ22 � h2Þ

24 35

2666666664

3777777775
:

In addition, the matrix ruin probability (14) can be represented as

ΨðuÞ=Ψ0eΓu

for u ≥ 0, where Γ:=Λ −− +Λ −+Ψ0.
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Interested readers are referred to, e.g. Ahn & Ramaswami (2005) and Bean et al. (2005) and for
efficient algorithms to compute Ψ0. The ruin probabilities for our model can now be readily con-
nected to those for the MFF model by comparing the two processes.

Corollary 2.1. The ruin probability in (2) for the surplus process {Ut}t≥ 0 is given by

ψðuÞ= ½γ1 � α1; 0�ΨðuÞ1n�

for u≥0, where 0 here is a zero row vector of dimension nA1 + ðnD2 + 1ÞnA2 .

3. Fixed threshold windows

In this section, we explicitly derive he ruin probability ψ(u) defined by (2) when the
thresholds D1 and D2 are both fixed. Let a1 and a2 be two positive real numbers. In the sequel, we
suppose that

1. the inter-arrival time distribution Ai =
d
PHðαi;Hi; hiÞ;

2. the claim size distribution Bij =
d
PHðβij;Gij; gijÞ;

3. Di= ai.

for i, j∈ {1,2}. Note that only the third distributional assumption is different from section 2.2. Then,

we denote the underlying process by fUfix
t gt≥ 0 as a special case of (1). Similarly, the corresponding

MAP can be written as fJðMAP;fixÞ
k ; SðMAP;fixÞ

k gk2N. It was demonstrated in Lemma 2.1 that the ruin

probabilities for fUfix
t gt≥0 and fJðMAP;fixÞ

k ; SðMAP;fixÞ
k gk2N are equivalent.

We shall be using the Erlangisation technique to approximate those fixed thresholds, and the exact
results can be obtained by taking appropriate limits. In particular, we replace the fixed thresholds D1

and D2 by independent and identically distributed sequences of thresholds as

DðnÞ
1 =

d
Erlang n;

n
a1

� �
and DðnÞ

2 =
d
Erlang n;

n
a2

� �
(16)

Analogously, the resulting surplus process is fUðnÞ
t gt≥0 with corresponding MAP

given by fJðMAP;nÞ
k ; SðMAP;nÞ

k gk2N. Furthermore, the assumption that DðnÞ
1 and DðnÞ

2 conform to Erlang
distributions allows us to also describe the process using a fluid flow model (say
fJðMFF;nÞ

t ;RðMFF;nÞ
t gt≥0). It has been proved by Lemma 2.1 and Corollary 2.1 that the ruin prob-

abilities of these three models are closely connected with each other. Let us introduce some other
notations which will be used later.

1. ψfix(u) and ψn(u) correspond to the ruin probabilities of fUfix
t gt≥ 0 and fUðnÞ

t gt≥0, respectively, with
the definition given by (2).

2. ψ(MAP,fix)(i,u) and ψMAP
n ði; uÞ are the ruin probabilities of fJðMAP;fixÞ

k ; SðMAP;fixÞ
k gk2N and

fJðMAP;nÞ
k ; SðMAP;nÞ

k gk2N, respectively, defined via (8).

First, we show that the ruin probabilities under the fixed thresholds scenario could be approximated
using a sequence of those derived by Erlang distributed threshold windows.
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Lemma 3.1. The ruin probability under fixed threshold windows can be obtained as the limit of the
Erlangisation approximation such that

lim
n!1ψnðuÞ=ψ fixðuÞ

for u≥ 0.

Proof. See Appendix B.1.

Recalling the equivalence between ψfix(u) and ψ(MAP,fix)(1,u) from Lemma 2.1, it is now sufficient to
analyse the latter ruin probability. Furthermore, in order to approximate using MFF process,
we could construct a matrix consisting of the ruin probability for fJðMAP;fixÞ

k ; SðMAP;fixÞ
k gk2N as follows.

Define

ψ ðMAP;fixÞ
i ðu; j; kÞ

:= P
�ðτðMAP;fixÞ <1Þ\ ðeYðτðMAP;fixÞÞ= kÞ j ððJðMAP;fixÞ

0 ; SðMAP;fixÞ
0 Þ= ði; uÞÞ \ ðeTð0Þ= jÞ�

where i= 1, 2; j 2 EAi ; k∈E− and eT(0) and eY(τ
(MAP,fix)), respectively, represent the initial state of

the first inter-arrival time T1 and the state (in the fluid equivalent) when down-crossing zero by the
claim causing ruin at the ruin time τ(MAP,fix). Then, we shall rewrite it in the matrix form as

ΨðMAP;fixÞ
i ðuÞ= fψ ðMAP;fixÞ

i ðu; j; kÞgðj;kÞ2EAi ´E� (17)

for i=1, 2. Combining the result demonstrated in Corollary 2.1, we are now ready to present the
main theorem for ruin probability computation.

Theorem 3.1. Let

Ξ :=

ðg11α1ÞΨðMAP;fixÞ
1 ð0Þ

ðg12α2ÞΨðMAP;fixÞ
2 ð0Þ

ðg21α1ÞΨðMAP;fixÞ
1 ð0Þ

ðg22α2ÞΨðMAP;fixÞ
2 ð0Þ

266666664

377777775: (18)

Then, the ruin probability under fixed threshold windows is given by

ψ fixðuÞ= ηeðΛ� � +ΞÞu1n� (19)

for u ≥ 0, where η := α1Ψ
ðMAP;fixÞ
1 ð0Þ and Λ − − is given by (12).

Proof. See Appendix B.2.

It is instructive to note that the solution ψfix(u) in (19) depends on ΨðMAP;fixÞ
1 ð0Þ and ΨðMAP;fixÞ

2 ð0Þ via Ξ .
The following lemma gives a further relationship between Ξ and ΨðMAP;fixÞ

1 ð0Þ as well as ΨðMAP;fixÞ
2 ð0Þ.

Lemma 3.2. The components of ΨðMAP;fixÞ
1 ð0Þ and ΨðMAP;fixÞ

2 ð0Þ can be represented in the
vectorisation form

vecðΨðMAP;fixÞ
1 ð0ÞÞ= �ðI� expða1c11Q11ÞÞQ�1

11 vecðC11Þ� expða1c11Q11ÞQ�1
12 vecðC12Þ (20)

vecðΨðMAP;fixÞ
2 ð0ÞÞ= �ðI� expða2c22Q21ÞÞQ�1

21 vecðC21Þ� expða2c21Q21ÞQ�1
22 vecðC22Þ (21)
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where vec(X) denotes a column vector consisting of columns of matrix X, and the matrices Cij and
Qij for i, j=1, 2 are defined by

C11 := β11 � h1 0nA1 ´ nB12 0nA2 ´ nB21 0nA2 ´ nB22
� �

= c11 (22)

C12 := 0nA1 ´nB11
β12 � h1 0nA2 ´ nB21 0nA2 ´ nB22

� �
= c12 (23)

C21 := 0nA1 ´nB11
0nA1 ´nB12

β21 � h2 0nA2 ´ nB22
� �

= c21 (24)

C22 := 0nA1 ´nB11
0nA1 ´nB12

0nA2 ´nB21
β22 � h2

� �
= c22 (25)

Qij := ðΛT
�� +ΞTÞ � Hi

cij
(26)

and 0m1 ´m2 is a zero matrix of dimension m1×m2.

Proof. See Appendix B.3.

Lemma 3.2 indicates that we could derive ΨðMAP;fixÞ
1 ð0Þ and ΨðMAP;fixÞ

2 ð0Þ from Ξ as Qij for i, j=1, 2
depend on Ξ . Therefore, we shall propose an algorithm to compute Ξ . Recall that Hi is the
infinitesimal generator of the phase-type distributed Ai for i= 1, 2. In what follows, it is assumed that
each Hi can be decomposed via diagonalisation by

Hi =ViKiV �1
i (27)

where Ki is a diagonal matrix. We first prove the following theorem.

Theorem 3.2. Suppose that s satisfies Re(s)< 0 and s is not an eigenvalue of Gij for any i, j=1, 2.
Assume that the matrix Λ −− + Ξ (or ΛT

�� +ΞT) is diagonalisable. Then s is the eigenvalue of the
matrix Λ −− + Ξ if and only if

ðP11ðsÞ +Z11ðsÞÞðP22ðsÞ +Z22ðsÞÞZ12ðsÞZ21ðsÞ=Z11ðsÞP12ðsÞP21ðsÞZ22ðsÞ (28)

where, for i, j=1, 2

Pi1ðsÞ := αiVi I� exp aici1 sI +
Ki

ci1

� �� �� �
sI +

Ki

ci1

� ��1
V �1

i hi (29)

Pi2ðsÞ := αiViexp aici1 sI +
Ki

ci1

� �� �
sI +

Ki

ci2

� ��1
V �1

i hi (30)

ZijðsÞ := cij
βijðsI�GijÞ�1gij

(31)

Furthermore, the corresponding (right) eigenvector of Λ – –+ Ξ is

vðsÞ :=

ðsI�G11Þ� 1g11aðsÞ
ðsI�G12Þ� 1g12

ðsI�G21Þ� 1g21aðsÞ
ðsI�G22Þ� 1g22

26666664

37777775 (32)

where a(s) := − (P12(s)Z11(s))/((P11(s) +Z11(s))Z12(s)).
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Proof. See Appendix B.4.

Remark 3.1. Indeed, equation (28) coincides with equation (67) which is the Lundberg’s equation
for the present model. See Corollary C.2.

Using the roots obtained in the above theorem, we are able to compute Ξ as follows:

Corollary 3.1. Assume that there exists n − distinct roots of (28) with negative real part. These roots
are denoted by κ1; κ2; ¼ ; κn� , and are assumed not to coincide with the eigenvalues of Gij for any i,
j=1, 2. Their corresponding (right) eigenvectors are v1; v2; ¼ ; vn� defined via (32) as vi:= v(κi) for
i=1, 2,… ,n − . Then, Ξ can be calculated as

Ξ= v1; v2; ¼ ; vn�½ �

κ1

κ2

. .
.

κn�

26666664

37777775 v1; v2; ¼ ; vn�½ �� 1 �Λ� � :

Proof. See Appendix B.4.

4. Numerical example

Here we present one numerical example showing how explicit solution of ψfix(u) can be calculated
using the methodology developed.

Example 4.1 . Let the premium rates be c11= c12= c21= c22= 1. The inter-arrival times are
A1~Exp(0.05) and A2~Exp(1) while the claim distributions are B11~Exp(5), B12~Exp(4), B21~Exp(2)
and B22~Exp(1). The threshold windows are assumed to be fixed at D1=0.5 and D2= 1. Then, there
exists four negative real roots

κ1 κ2 κ3 κ4½ �= � 4:9541 � 4:0014 � 1:9887 � 0:9210½ �:

Figure 2 visually shows these four distinct roots as the result of solving (28).

Subsequently, using (32), we write down the matrix of the (right) eigenvectors and then, since the
four roots are distinct, by Corollary 3.1, we have

Ξ=

0:0460 0:0083 0:0276 0:0155

0:0004 0:0009 1:3474 0:3076

0:0184 0:0033 0:0110 0:0062

0:0001 0:0002 0:3369 0:0769

2666664

3777775
Using Lemma 3.2, we can calculate

ΨðMAP;fixÞ
1 ð0Þ= 0:0326 0:0029 0:0200 0:0138½ �
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Finally, based on Theorem 3.1, the ruin probability is

ψ fix ðuÞ= α1 Ψ
ðMAP;fixÞ
1 ð0Þ exp ððΛ �� + ΞÞuÞ1n�

=0:0323 e�4:9541u + 0:0153 e�4:0014u + 0:0199 e� 1:9887u + 0:0119 e�0:9210u

5. Conclusion

In this paper, we have established a generalised dependence framework within a Sparre Andersen
model. The dependence structure relies ultimately on a comparison between the recent two con-
secutive inter-claim times and their corresponding threshold windows. Both inter-arrival times and
threshold windows are random variables and their distributions are determined by the current status.
The current status can be described by a continuous time Markov process with only two states whose
transition is reflected by the above mentioned dependence framework. Furthermore, we connect such
dependence with the claim size distributions and the premium rates as well. Recall Figure 1 for a
sample path of the process.

Then this process can be identified by two embedded models, namely the MAP and the MFF. It can
be proved that the ruin probabilities for these proxy models are the same as those under concern.
The use of the MFF model could even allow us to compute in an exact form the ruin probabilities
when the threshold windows are fixed, thanks to the Erlangian approximation technique. This
method first approximates fixed observation windows by Erlang(n) random variables. Then the
equivalence of ruin probabilities at the limit and those for a process with fixed threshold window can
be verified. In addition, we also explain an algorithm to calculate initial values and the exponent
terms. This was illustrated also in a numerical example.

Possible future research could be consideration of a more complex dependence structure. Instead of
observing whether inter-claim time is larger or smaller than their corresponding thresholds, it would
be interesting to look at which interval it belongs to when the threshold windows are divided into
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Figure 2. Finding zeros.
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several layers. Alternatively, a multi-period dependence could be introduced. That is to say, we could
add dependence further ahead by taking into account of a few previous inter-claim times. Of course
these extensions would complicate the model dramatically, yet solutions are expected to be
obtainable via a similar approach.
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Appendix

A Kronecker product and sum

This section demonstrates preliminary knowledge about the Kronecker product and sum. The
Kronecker product ⊗ is defined by

A � B :=

A11B A12B � � � A1mB

A21B A22B A2mB

..

. . .
. ..

.

An1B An2B � � � AnmB

26666664

37777775
where A and B are two matrices and A has a dimension m× n with ijth element Aij. On the other
hand, for square matrices A and B of dimensions nA and nB, respectively, ⊕ denotes a Kronecker
sum whose definition is given by

A � B := A � InB + InA � B

where In is the identity matrix with dimension n. The following lemma states some well-known
properties of the Kronecker product and sum which will be used throughout the paper.

Lemma A.1. When the dimensions of the involved matrices make sense, the following properties
hold true:

1. exp(A)⊗ exp(B)= exp(A⊕B).

2. (A⊗C)(B⊗D)= (AB)⊗ (CD).

3. (A⊗B)−1=A−1⊗B−1.

4. If AX +XB +C=0, then (BT⊕A)vec(X) + vec(C)=0, where vec(X) is the vectorisation of X.
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5. If A and B has a diagonalised form A=VADAV � 1
A and B=VBDBV � 1

B where DA and DB are
diagonal matrices, then

A � B= ðVA � VBÞðDA � DBÞðV � 1
A � V � 1

B Þ
can also be represented in a diagonalised form.

B. Proofs of section 3

B.1. Proof of Lemma 3.1

First, in order to conduct the proof we need the following lemma which is available from Jagerman
(1982, equation (2)) and Jagerman (1978, theorem 1).

Lemma B.1. (Jagerman inversion formula) Let

fnðtÞ :=
ð1
0

ðntÞn
ðn� 1Þ ! e

� n
tyyn� 1f ðyÞdy:

Then, limn!1fnðtÞ= f ðtÞ uniformly in every finite closed interval throughout which f(t) is continuous.

Let n 2 N + ; u≥0; i= 1, 2. According to Lemma 2.1, it suffices to show that

lim
n!1ψMAP

n ði; uÞ=ψ ðMAP;fixÞði; uÞ (33)

Define the finite-time ruin probabilities ψ(MAP,fix)(i, u,M) and ψMAP
n ði; u;MÞ for the MAPs

fJðMAP;fixÞ
k ; SðMAP;fixÞ

k gk2N and fJðMAP;nÞ
k ; SðMAP;nÞ

k gk2N, respectively, as

ψ ðMAP;fixÞði; u;MÞ := PðτðMAP;fixÞ ≤M j ðJðMAP;fixÞ
0 ; SðMAP;fixÞ

0 Þ= ði; uÞÞ

ψMAP
n ði; u;MÞ := PðτMAP

n ≤M j ðJðMAP;nÞ
0 ; SðMAP;nÞ

0 Þ= ði; uÞÞ
where τ(MAP,fix) and τMAP

n are the corresponding ruin times. Note that the (infinite-time) ruin prob-
abilities can be obtained from the finite-time counterparts at the limit as

lim
M!1

ψMAP
n ði; u;MÞ=ψMAP

n ði; uÞ

lim
M!1

ψ ðMAP;fixÞði; u;MÞ=ψ ðMAP;fixÞði; uÞ

Then, assuming that

lim
n!1 lim

M!1
ψMAP
n ði; u;MÞ= lim

M!1
lim
n!1ψMAP

n ði; u;MÞ

it is sufficient to show that

lim
n!1ψMAP

n ði; u;MÞ=ψ ðMAP;fixÞði; u;MÞ for all M 2 N +

in order to prove (33). We shall proceed in three steps as follows.

Step 1. Let fpðnÞwvg2´ 2 and fpfixwvg2´ 2 be the transition probability matrices for fJðMAP;nÞ
k gk2N and

fJðMAP;fixÞ
k gk2N defined by (6), respectively, under Di= ai and Di=

d
Erlang(n,n/a1). Then

pðnÞ11 =P A1 <Erlang n;
n
a1

� �� �
=
ð1
0
PðA1 < yÞ ð na1Þ

n

ðn� 1Þ ! e
� n

a1
yyn� 1dy
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Hence, Lemma B.1 implies limn!1pðnÞ11 =PðA1 < a1Þ=pfix11. Similarly, pðnÞ12, p
ðnÞ
22 and pðnÞ21 converge to pfix12, p

fix
22

and pfix21, respectively. Further define two random vectors JðMAP;nÞ
½1;2; ¼ ;M� := ½JðMAP;nÞ

1 ; JðMAP;nÞ
2 ; ¼ ; JðMAP;nÞ

M � and
JðMAP;fixÞ
½1;2; ¼ ;M� := ½JðMAP;fixÞ

1 ; JðMAP;fixÞ
2 ; ¼ ; JðMAP;fixÞ

M �. Since fpðnÞwvg2´ 2 converges to fpfixwvg2 ´2 as n→ ∞, one has

that JðMAP;nÞ
½1;2; ¼ ;M� converges to JðMAP;fixÞ

½1;2; ¼ ;M� in distribution as n → ∞ given the initial state JðMAP;nÞ
0 = JðMAP;fixÞ

0 = i.

Step 2. Set JðMAP;nÞ
0 = JðMAP;fixÞ

0 = i. There are 2M possible paths of JðMAP;nÞ
½1;2; ¼ ;M� and JðMAP;fixÞ

½1;2; ¼ ;M�. Denote all
the possible paths by path(1), path(2),… , path(2M), where path(⋅) is an M-dimensional vector
containing state 1 or 2. Let Yw;v;n

k and Yw;v;fix
k for w, v= 1, 2 be the increment in each step of the

processes fJðMAP;nÞ
k ; SðMAP;nÞ

k gk2N and fJðMAP;fixÞ
k ; SðMAP;fixÞ

k gk2N, respectively. Define the surplus
process fSðMAP;nÞ

k gk2N conditional on path(l) by

SðMAP;n;pathðlÞÞ
k := SðMAP;nÞ

k jJðMAP;nÞ
½1;2; ¼ ;M� = pathðlÞ

� 

=
d
u +

Xk
m=1

YpathðlÞm� 1 ;pathðlÞm ;n
k (34)

for k=0, 1, 2,… , M and l=1, 2,… , 2M. Define additionally

ψMAP
n ði; u;M; pathðlÞÞ := 1�P SðMAP;n;pathðlÞÞ

k >0 for all k= 1; 2; ¼ ;M j ðJðMAP;nÞ
0 ; SðMAP;nÞ

0 Þ= ði; uÞ
� 


(35)

As a result

ψMAP
n ði; u;MÞ=

X2M
l=1

ψMAP
n ði; u;M; pathðlÞÞPðJðMAP;nÞ

½1;2; ¼ ;M� = pathðlÞÞ

Via Step 1, we have proved that the path converges in distribution as n→∞. Now we only need to
prove the convergence of the ruin probability conditional on each path, i.e.

lim
n!1ψMAP

n ði; u;M; pathðlÞÞ=ψ ðMAP;fixÞði; u;M; pathðlÞÞ (36)

for all l=1, 2,… , 2M. Here, ψ(MAP,fix)(i, u,M, path(l)) is defined in the same manner as
ψMAP
n ði; u;M; pathðlÞÞ for the similarly defined process fSðMAP;fix;pathðlÞÞ

k gMk=1.

Step 3. Let k=1, 2,… , M. To prove (36), we will show that Yw;v;n
k converges to Yw;v;fix

k in dis-
tribution for all w,v∈ {1,2}. Without loss of generality, we only show the case when w= v=1. By (7),
we have for any real number x

PðY1;1;n
k ≤xÞ=P c11A1 �B11 ≤x jA1 <Erlang n;

n
a1

� �� �

=
P c11A1 �B11 ≤ x;A1 <Erlang n; n

a1

� 
� 

P A1 <Erlang n; n

a1

� 
� 


=

Ð1
0 Pðc11A1 �B11 ≤ x;A1 < yÞ ð n

a1
Þn

ðn� 1Þ ! e
� n

a1
yyn� 1dy

pðnÞ11

! Pðc11A1 �B11 ≤x;A1 < a1Þ
PðA1 < a1Þ as n ! 1

=PðY1;1;fix
k ≤xÞ

Eric C. K. Cheung et al.

286

https://doi.org/10.1017/S1748499517000215 Published online by Cambridge University Press

https://doi.org/10.1017/S1748499517000215


where the second last line follows from Lemma B.1. This means Y1;1;n
k !d Y1;1;fix

k as n → ∞. Let l=1,
2,… , 2M. Since YpathðlÞk� 1;pathðlÞk;n for all k=1, 2,… , M are mutually independent, we have
fYpathðlÞk� 1;pathðlÞk ;ngMk=1 !

d fYpathðlÞk� 1;pathðlÞk ;fixgMk=1. Thus, based upon (34) together with the con-
tinuous mapping theorem, we have

fSðMAP;n;pathðlÞÞ
k j ðJðMAP;n;pathðlÞÞ

0 ; SðMAP;n;pathðlÞÞ
0 Þ= ð1; uÞgMk= 1

!d fSðMAP;fix;pathðlÞÞ
k j ðJðMAP;fix;pathðlÞÞ

0 ; SðMAP;fix;pathðlÞÞ
0 Þ= ð1; uÞgMk= 1 as n ! 1

Finally, use of (35) for the above two processes (particularly when i= 1) leads to (36).

B.2. Proof of Theorem 3.1

Let nΨ be the matrix Ψ0 in Lemma 2.2 containing ruin probabilities for the MFF model in section 2.2
(now denoted as fJðMFF;nÞ

t ;RðMFF;nÞ
t gt≥ 0), where Di for i= 1, 2 are now Erlang distributed as in (16)

(which belong to the class of phase-type distributions). Then we decompose nΨ into different parts
as, for i= 1, 2,… , n +1

nΨðiÞ
1 :=

nΨði� 1ÞnA1 +1;�

..

.

nΨinA1 ;�

26664
37775

nΨðiÞ
2 :=

nΨðn +1ÞnA1 + ði� 1ÞnA2 + 1;�

..

.

nΨðn+ 1ÞnA1 + inA2 ;�

26664
37775

where nΨj, is the jth row of nΨ. We have the following lemma:

Lemma B.2 The ruin probability matrices defined in (17) under fixed threshold windows can be
obtained as the limit of the Erlangisation approximation such that

lim
n!1

nΨð1Þ
i =ΨðMAP;fixÞ

i ð0Þ

for i=1, 2.

Proof. This proof is similar to Lemma 3.1.

Define the matrix

Ξn := Λ� +
nΨ=

ðg11α1ÞnΨð1Þ
1

ðg12α2ÞnΨð1Þ
2

ðg21α1ÞnΨð1Þ
1

ðg22α2ÞnΨð1Þ
2

26666664

37777775 (37)

It is clear that Ξ n only depends on n via nΨð1Þ
1 and nΨð1Þ

2 . Furthermore, a direct consequence of
Lemma B.2 is that

lim
n!1Ξn =Ξ (38)
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where Ξ is defined in (18). Since ψnðuÞ= ½α1; 0�nΨeðΛ� � +ΞnÞu by Corollary 2.1 and Lemma 2.2
(where 0 here is a zero row vector of dimension nnA), we know that

ψnðuÞ=α1
nΨð1Þ

1 eðΛ�� +ΞnÞu1n�

Therefore, it is immediate that

lim
n!1 ψnðuÞ= α1 lim

n!1
nΨð1Þ

1

� 

e
ðΛ�� + lim

n!1ΞnÞu1n�

=α1Ψ
ðMAP;fixÞ
1 ð0ÞeðΛ�� +ΞÞu1n�

Due to the fact that limn!1ψnðuÞ=ψ fixðuÞ according to Lemma 3.1, the proof is completed.

B.3. Proof of Lemma 3.2

Since D1 and D2 follow Erlang distributions, with the help of (37) we can easily turn (15) into the set
of equations comprising

0=
H1

c12
nΨðn +1Þ

1 + nΨðn+ 1Þ
1 ðΛ�� +ΞnÞ +C12 (39)

0=
H1

c11
� n

a1c11
I

� �
nΨðiÞ

1 + nΨðiÞ
1 ðΛ�� +ΞnÞ + C11 +

n
a1c11

nΨði + 1Þ
1

� �
for i= 1; 2; ¼ ; n (40)

0=
H2

c22
nΨðn +1Þ

2 + nΨðn+ 1Þ
2 ðΛ�� +ΞnÞ +C22 (41)

0=
H2

c21
� n

a2c21
I

� �
nΨðiÞ

2 + nΨðiÞ
2 ðΛ�� +ΞnÞ + C21 +

n
a2c21

nΨði + 1Þ
2

� �
for i= 1; 2; ¼ ; n (42)

where Cij for i, j= 1, 2 are given by (22)–(25). Consequently, we can rewrite (39)–(42) by vector-
isation such that

0=QðnÞ
12 vecðnΨðn +1Þ

1 Þ + vecðC12Þ (43)

0=QðnÞ
11 vecðnΨðiÞ

1 Þ + vecðC11Þ + n
a1c11

vecðnΨði +1Þ
1 Þ� vecðnΨðiÞ

1 Þ
� 


for i= 1; 2; ¼ ; n (44)

0=QðnÞ
22 vecðnΨðn +1Þ

2 Þ + vecðC22Þ (45)

0=QðnÞ
21 vecðnΨðiÞ

2 Þ + vecðC21Þ + n
a2c21

vecðnΨði +1Þ
2 Þ� vecðnΨðiÞ

2 Þ
� 


for i= 1; 2; ¼ ; n (46)

where vec(X) denotes a column vector formed by the columns of the matrix X, andQðnÞ
ij for i, j= 1, 2

are defined by

QðnÞ
ij := ðΛT

�� +ΞT
n Þ � Hi

cij
(47)

Since (43) and (44) concerning nΨðiÞ
1 are structurally identical to (45) and (46) for nΨðiÞ

2 , we only focus
on (43) and (44) to prove the expression (20) for vecðΨðMAP;fixÞ

1 ð0ÞÞ. Further defining
ϵðiÞ1 := vecðnΨðiÞ

1 Þ� vecðnΨði +1Þ
1 Þ (48)

for i= 1, 2,… , n, then (44) indicates that

QðnÞ
11 ϵ

ðiÞ
1 =

n
a1c11

ϵðiÞ1 � ϵði +1Þ1

� 
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for i=1, 2,… ,n− 1. Suppose that n is large enough such that I� a1c11
n QðnÞ

11 is invertible. The above
equation yields

ϵðiÞ1 = I� a1c11
n

QðnÞ
11

� 
�ðn� iÞ
ϵðnÞ1

for i=1, 2,… , n. Therefore, we arrive at

vecðnΨð1Þ
1 Þ= vecðnΨðn+ 1Þ

1 Þ +
Xn
i=1

ϵðiÞ1

= vecðnΨðn+ 1Þ
1 Þ +

Xn
i= 1

I� a1c11
n

QðnÞ
11

� 
�ðn� iÞ
 !

ϵðnÞ1

= vecðnΨðn+ 1Þ
1 Þ +

Xn� 1

i=0

I� a1c11
n

QðnÞ
11

� 
� i
 !

ϵðnÞ1

= vecðnΨðn+ 1Þ
1 Þ + I� I� a1c11

n
QðnÞ

11

� 
� n� 

I� I� a1c11

n
QðnÞ

11

� 
� 1
� ��1

ϵðnÞ1

= vecðnΨðn+ 1Þ
1 Þ + I� I� a1c11

n
QðnÞ

11

� 
� n� 

I� n

a1c11
QðnÞ

11

� 
� 1
� �

ϵðnÞ1

= vecðnΨðn+ 1Þ
1 Þ + I� n

a1c11
QðnÞ

11

� 
� 1
� �

ϵðnÞ1 � I� a1c11
n

QðnÞ
11

� 
�n
I� n

a1c11
QðnÞ

11

� 
� 1
� �

ϵðnÞ1

= vecðnΨðn+ 1Þ
1 Þ + ϵðnÞ1 � n

a1c11
QðnÞ

11

� 
� 1
ϵðnÞ1 � I� a1c11

n
QðnÞ

11

� 
�n
I� n

a1c11
QðnÞ

11

� 
� 1
� �

ϵðnÞ1

In the third last equality, it is implicitly assumed that the matrixQðnÞ
11 is invertible. Note also that (44)

at i=n means

ϵðnÞ1 =
a1c11
n

QðnÞ
11 vecðnΨðnÞ

1 Þ + vecðC11Þ
� 


(49)

and we could thus rewrite the above equation as

vecðnΨð1Þ
1 Þ= vecðnΨðn +1Þ

1 Þ + ϵðnÞ1 � QðnÞ
11

� 
�1
QðnÞ

11 vecðnΨðnÞ
1 Þ + vecðC11Þ

� 

� I� a1c11

n
QðnÞ

11

� 
�n a1c11
n

I� QðnÞ
11

� 
� 1
� �

QðnÞ
11 vecðnΨðnÞ

1 Þ + vecðC11Þ
� 


= � QðnÞ
11

� 
� 1
vecðC11Þ� I� a1c11

n
QðnÞ

11

� 
� n a1c11
n

I� QðnÞ
11

� 
� 1
� �

´ ðQðnÞ
11 vecðnΨðnÞ

1 Þ + vecðC11Þ



where the definition (48) at i=n has been used. With the definitions (26) and (47) along with the
limiting result (38) and Lemma B.2, taking n→∞ on both sides gives rise to

vec ðΨðMAP;fixÞ
1 ð0ÞÞ= � lim

n!1QðnÞ
11

� 
� 1
vec ðC11Þ�

�
lim
n!1 I� a1c11

n
QðnÞ

11

� 
� n
�

lim
n!1

a1c11
n

I� QðnÞ
11

� 
� 1
� �� �

´ lim
n!1 QðnÞ

11 vec ðnΨðnÞ
1 Þ + vec ðC11Þ

� 
n o
= �Q� 1

11 vec ðC11Þ� exp ða1c11Q11Þ �Q� 1
11

� �
Q11 lim

n!1 vec ðnΨðnÞ
1 Þ + vec ðC11Þ

� 

ð50Þ
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To analyse the limit limn!1vecðnΨðnÞ
1 Þ, we first note that the elements of nΨðnÞ

1 are all probabilities
(that are finite) and therefore from (49) one has limn!1ϵðnÞ1 =0nA1 which is a zero column vector of
dimension nA1 . Consequently, it stems from (48) at i=n together with (43) that

lim
n!1 vecðnΨðnÞ

1 Þ= lim
n!1 vecðnΨðn+ 1Þ

1 Þ= �Q� 1
12 vecðC12Þ

thanks to limn!1QðnÞ
12 =Q12. Finally, substitution into (50) leads to (20). The expression (21) for

vecðΨðMAP;fixÞ
2 ð0ÞÞ can be proved in the same manner.

B.4. Proof of Theorem 3.2

(1) We first need to show that if s is the eigenvalue of Λ − − +Ξ (or equivalently ΛT
� � +ΞT), then (28)

is satisfied. As ΛT
� � +ΞT is assumed to be diagonalisable, we have ΛT

�� +ΞT =VKV � 1, where K is
the diagonal matrix consisting of the eigenvalues of Λ −−+Ξ . Denote these eigenvalues by
κ1; κ2; ¼ ; κn� . Together with (27), we apply Lemma A.1 to see that Qij defined in (26) can be
represented as

Qij = ðV � ViÞ K � Ki

cij

� �
ðV � 1 � V � 1

i Þ

for i, j=1, 2. Additionally, Lemma 3.2 leads to

vecðΨðMAP;fixÞ
1 ð0ÞÞ= �ðV � V1Þ I� exp a1c11 K � K1

c11

� �� �� �
ðV � 1 � V � 1

1 ÞðV � V1Þ K � K1

c11

� �� 1

ðV � 1 � V � 1
1 ÞvecðC11Þ

� ðV � V1Þexp a1c11 K � K1

c11

� �� �
ðV � 1 � V � 1

1 ÞðV � V1Þ K � K1

c12

� �� 1

ðV � 1 � V � 1
1 ÞvecðC12Þ

= �ðV � V1Þ I� exp a1c11 K � K1

c11

� �� �� �
K � K1

c11

� �� 1

ðV � 1 � V � 1
1 ÞvecðC11Þ

� ðV � V1Þexp a1c11 K � K1

c11

� �� �
K � K1

c12

� �� 1

ðV � 1 � V � 1
1 ÞvecðC12Þ

= �ðV � V1Þ I� exp a1c11 K � K1

c11

� �� �� �
K � K1

c11

� �� 1

ðV � 1 � V � 1
1 Þðb11 � h1Þ

� ðV � V1Þexp a1c11 K � K1

c11

� �� �
K � K1

c12

� �� 1

ðV � 1 � V � 1
1 Þðb12 � h1Þ

= �ðV � V1Þ I� exp a1c11 K � K1

c11

� �� �� �
K � K1

c11

� �� 1

ðV �1b11Þ � ðV � 1
1 h1Þ

� �
�ðV � V1Þexp a1c11 K � K1

c11

� �� �
K � K1

c12

� �� 1

ðV �1b12Þ � ðV � 1
1 h1Þ

� �
;

where

b11 :=
βT11
c11

0n� � nB11

24 35 and b12 :=

0nB11
βT12
c12

0nB21 +nB22

26664
37775
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are column vectors of dimension n − . Subsequently, pre-multiplying V−1⊗ α1 on the both sides yields

ðV � 1 � α1ÞvecðΨðMAP;fixÞ
1 ð0ÞÞ

= � In� � ðα1V1Þð Þ I� exp a1c11 K � K1

c11

� �� �� �
K � K1

c11

� ��1
ðV �1b11Þ�ðV � 1

1 h1Þ
� �

� In� � ðα1V1Þð Þexp a1c11 K � K1

c11

� �� �
K � K1

c12

� ��1

ðV � 1b12Þ � ðV �1
1 h1Þ

� �
Let ei be a row vector (with dimension n − ) whose ith entry is 1 and the rest are 0. Then, one has

eiðV � 1 � α1ÞvecðΨðMAP;fixÞ
1 ð0ÞÞ=� α1V1 I� exp a1c11 κiI +

K1

c11

� �� �� �
κiI +

K1

c11

� �� 1

V � 1
1 h1 eiV � 1b11

� �
� α1V1exp a1c11 κiI +

K1

c11

� �� �
κiI +

K1

c12

� ��1

V � 1
1 h1 eiV �1b12

� �
¼ �P11ðκiÞðeiV�1b11Þ � P12ðκiÞðeiV�1b12Þ ð51Þ

where P11(⋅) and P12(⋅) are defined in (29) and (30), respectively. Furthermore, due to the fact that

ðκiI�ΛT
� � Þ� 1b11 =

ðκiI�GT
11Þ� 1βT11 = c11

0n� � nB11

" #

which implies

ðVKV � 1 �ΛT
� � ÞðκiI�ΛT

� � Þ� 1b11 =ΞTðκiI�ΛT
� � Þ� 1b11

= ðg11α1ΨðMAP;fixÞ
1 ð0ÞÞTðκiI�GT

11Þ� 1βT11 = c11

= ðα1ΨðMAP;fixÞ
1 ð0ÞÞTgT11ðκiI�GT

11Þ� 1βT11 = c11

according to (18), we obtain

ðV � 1 � α1ÞvecðΨðMAP;fixÞ
1 ð0ÞÞ=V � 1ðα1ΨðMAP;fixÞ

1 ð0ÞÞT

=
V �1ðVKV � 1 �ΛT

� � ÞðκiIn� �ΛT
� � Þ� 1b11

gT11ðκiI�GT
11Þ� 1βT11 = c11

In addition, since K is a diagonal matrix, multiplying ei on both sides of the above equation results in

eiðV � 1 � α1ÞvecðΨðMAP;fixÞ
1 ð0ÞÞ= eiV � 1ðVðκiIn� ÞV � 1 �ΛT

��ÞðκiIn� �ΛT
��Þ�1b11

gT11ðκiI�GT
11Þ� 1βT11 = c11

¼eiV �1ðκiIn� �ΛT
� � ÞðκiIn� �ΛT

��Þ� 1b11
gT11ðκiI�GT

11Þ� 1βT11 = c11

=
c11

β11ðκiI�G11Þ�1g11
eiV � 1b11

=Z11ðκiÞ eiV � 1b11
� � ð52Þ
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where Z11(⋅) is defined by (31). For later use, we define the n − -dimensional column vectors

b21 :=

0nB11 + nB12

βT21
c21

0nB22

26664
37775 and b22 :=

0n� �nB22

βT22
c22

24 35
Similar to (52), we can also obtain

eiðV �1 � α1ÞvecðΨðMAP;fixÞ
1 ð0ÞÞ= c21

β21ðκiI�G21Þ� 1g21
eiV � 1b21 =Z21ðκiÞ eiV � 1b21

� �
(53)

As for vecðΨðMAP;fixÞ
2 ð0ÞÞ, analogous to (51)–(53), we arrive at

eiðV � 1 � α2ÞvecðΨðMAP;fixÞ
2 ð0ÞÞ= �P21ðκiÞ eiV �1b21

� ��P22ðκiÞ eiV �1b22
� �

(54)

eiðV � 1 � α2ÞvecðΨðMAP;fixÞ
2 ð0ÞÞ=Z12ðκiÞ eiV � 1b12

� �
(55)

eiðV � 1 � α2ÞvecðΨðMAP;fixÞ
2 ð0ÞÞ=Z22ðκiÞ eiV � 1b22

� �
(56)

Combining (51)–(56), we have

P11ðκiÞ +Z11ðκiÞ P12ðκiÞ 0 0

Z11ðκiÞ 0 �Z21ðκiÞ 0

0 0 P21ðκiÞ P22ðκiÞ +Z22ðκiÞ
0 �Z12ðκiÞ 0 Z22ðκiÞ

2666664

3777775
eiV � 1b11

eiV � 1b12

eiV � 1b21

eiV � 1b22

2666664

3777775=

0

0

0

0

2666664

3777775 (57)

Thus, the determinant of the coefficient matrix above must equal zero, i.e. (28) holds when s= κi.

(2) Now let us prove that if s is a root of (28) with negative real part and it is not an eigenvalue of Gij

for i, j= 1, 2, then s is also an eigenvalue of the matrix Λ −− +Ξ . Suppose that there exists two real
numbers z1 and z2 such that

α1Ψ
ðMAP;fixÞ
1 ð0Þ

ðsI�G11Þ� 1g11z1

ðsI�G12Þ� 1g12z2

ðsI�G21Þ� 1g21z1

ðsI�G22Þ� 1g22z2

26666664

37777775= z1 and α2Ψ
ðMAP;fixÞ
2 ð0Þ

ðsI�G11Þ�1g11z1

ðsI�G12Þ�1g12z2

ðsI�G21Þ�1g21z1

ðsI�G22Þ�1g22z2

26666664

37777775= z2 (58)

Let

v :=

ðsI�G11Þ� 1g11z1

ðsI�G12Þ� 1g12z2

ðsI�G21Þ� 1g21z1

ðsI�G22Þ� 1g22z2

26666664

37777775 (59)

According to (18), we have (sI −Λ −− )
−1Ξ v= v, i.e. (Λ − − +Ξ )v= sv. It means that s is the eigenvalue

of Λ −− +Ξ (or ΛT
� � +ΞT). Thus, it is sufficient to prove there exists z1 and z2 satisfying (58), which

can be easily seen from Corollary C.2.
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(3) The above part has shown that the (right) eigenvector of Λ − − +Ξ is of the form (59). Note that
eiV

−1 is the left eigenvector of ΛT
� � +ΞT corresponding to the eigenvalue κi. Since ΛT

� � +ΞT is real,
eiV

−1 also equals the transpose of the (right) eigenvector of Λ − − +Ξ that corresponds to the
eigenvalue κi, which is v in (59) with s= κi. We can use (51) and (54) (or the first equality in (57)) to
find the relationship between z1 and z2 as follows. First, we have

ðP11ðκiÞ +Z11ðκiÞÞeiV � 1b11 +P12ðκiÞeiV � 1b12 = 0

Using (the transpose of) (59) to substitute eiV
−1 along with the definition (31) yields

z1
P11ðκiÞ
Z11ðκiÞ + 1
� �

+ z2
P12ðκiÞ
Z12ðκiÞ

Finally, normalising z2 by 1 completes the proof.

C. Wiener–Hopf decomposition

In fact, part (2) in the proof of Theorem 3.2 as shown in Appendix B.4 could be supplemented
through another approach. In this Appendix, we shall present Corollary C.2 from the Wiener–Hopf
decomposition perspective, which indicates the existence of z1 and z2 that satisfy (58). Using this
method could also ensure that no hidden solutions were ignored when deducing the Lundberg-type
equation via the limiting arguments in the Erlangian approximation. The equivalence of equations
(28) and (67) verifies the underlying statement.

We first define a time-reversed version fJMAP�
k ; SMAP�

k gk2N of the MAP fJMAP
k ; SMAP

k gk2N described in
section 2.1 (see e.g. Asmussen, 2008, chapter XI, section 2e). The Markov chain fJMAP�

k gk2N has
transition matrix P� =Δ� 1

π PTΔπ , and the generic jump distributions Yi,j in fSMAP
k gk2N are replaced

by Yi,j*:=Yj,i in fSMAP�
k gk2N for i, j= 1, 2. Here π:= [π1,π2] is the stationary distribution with the

property π12=1 and πP= π (so that π1=p21/(p12 + p21) and π2= p12/(p12 +p21)), and Δπ is a
diagonal matrix of containing the elements of π. Then, define the (strict) ascending ladder epoch
τ + := inffn 2 N + : SMAP

n >0g and the (weak) descending ladder epoch τ� := inffn 2 N + : SMAP
n ≤0g

as well as the corresponding probability measures

L +
ij ðAÞ=PðJMAP

τ +
= j; SMAP

τ +
2 A j ðJMAP

0 ; SMAP
0 Þ= ði; 0ÞÞ

L�
ij ðAÞ=PðJMAP

τ� = j; SMAP
τ� 2 A j ðJMAP

0 ; SMAP
0 Þ= ði; 0ÞÞ

for i, j= 1, 2. Furthermore, L + and L − denote the matrices with ijth elements L +
ij and L�

ij ,
respectively, and we define L�

+ and L�
� for the time-reversed version fJMAP�

k ; SMAP�
k gk2N in a similar

way. Define also the matrix F whose ijth element is the (defective) cumulative distribution function of
SMAP
1 restricted on fJMAP

1 = jg, namely FijðxÞ := PðJMAP
1 = j; SMAP

1 ≤ x j ðJMAP
0 ; SMAP

0 Þ= ði; 0ÞÞ for i, j=1,
2, so that

FðxÞ=
Pðc11A1 �B11 ≤x;A1 <D1Þ Pðc11D1 + c12ðA1 �D1Þ�B12 ≤x;A1 ≥D1Þ
Pðc21A2 �B21 ≤x;A2 <D2Þ Pðc21D1 + c22ðA2 �D2Þ�B22 ≤x;A2 ≥D2Þ

" #
(60)
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As a result, the corresponding matrix Laplace transform is denoted by F̂ with ijth element

F̂ijðsÞ := E½e� sSMAP
1 ; JMAP

1 = j j ðJMAP
0 ; SMAP

0 Þ= ði; 0Þ�
for i, j= 1, 2. The following result follows directly from, e.g., Asmussen (2008, theorem 2.12 in
chapter XI).

Theorem C.1. (Wiener–Hopf decomposition) The Wiener–Hopf decomposition in the MAP model in
section 2.1 is given by

Δδ0 � F= ðΔδ0 �L� Þ � ðΔδ0 �L□
+ Þ (61)

where L□
+ := Δ�1

π L�T
+ Δπ , δ0 is the probability measure concentrated on 0, Δδ0 a two-dimensional

diagonal matrix with all diagonal elements being δ0, and A*B denotes a matrix with ijth elementP2
k=1 Aik�Bkj, where * represents the convolution operator.

Corollary C.1. Suppose that Re(s)>0. Then detðI2 � F̂ðsÞÞ=0 implies detðI2 � L̂� ðsÞÞ= 0, where
L̂� is the matrix Laplace transform of L− .

Proof. Taking the Laplace transform on the both sides of (61), we can get
I2 � F̂ðsÞ= ðI2 � L̂� ðsÞÞðI2 �Δ� 1

π ðL̂�
+ ðsÞÞTΔπÞ, where L̂�

+ is the matrix Laplace transform of L�
+

(which must be finite for non-negative argument as L�
+ concentrates on (0,∞)). Therefore, we

have that

detðI2 � F̂ðsÞÞ= detðI2 � L̂� ðsÞÞ detðI2 �Δ� 1
π ðL̂�

+ ðsÞÞTΔπÞ (62)

By noting that, as Re(s)> 0, the absolute value of the summation of each row of L̂�
+ ðsÞ is strictly less

than 1 and the same is also true of Δ� 1
π ðL̂�

+ ðsÞÞTΔπ (Peterson & Olinick, 1982, Lemma 2.4) gives rise
to detðI2 �Δ� 1

π ðL̂�
+ ðsÞÞTΔπÞ≠ 0. Then, the proof is complete in view of (62).

Now, consider the special case of fJMAP
k ; SMAP

k gk2N with fixed threshold windows when both inter-
arrival times and claim sizes are phase-type distributed (which is represented as fJðMAP;nÞ

k ; SðMAP;nÞ
k gk2N

in section 3). Then, omitting the straightforward details, the Laplace transform of (60) is given by

F̂ðsÞ= Ĥ11ðsÞĜ11ð� sÞ Ĥ12ðsÞĜ12ð� sÞ
Ĥ21ðsÞĜ21ð� sÞ Ĥ22ðsÞĜ22ð� sÞ

" #
(63)

where

ĜijðsÞ := βijðsI�GijÞ� 1gij (64)

for i, j=1, 2 is the Laplace transform of the claim size Bij, and

Ĥi1ðsÞ := αi I� exp � aici1 sI� Hi

ci1

� �� �� �
sci1I�Hið Þ� 1hi (65)

Ĥi2ðsÞ := αiexp � aici1 sI� Hi

ci1

� �� �
sci2I�Hið Þ� 1hi (66)

for i= 1, 2 depend on the parameters of the inter-arrival time Ai.

Corollary C.2. Suppose that Re(s)<0 and s is not an eigenvalue of Gij for any i, j=1, 2. If
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ð1� Ĥ11ð� sÞĜ11ðsÞÞð1� Ĥ22ð� sÞĜ22ðsÞÞ= Ĥ12ð� sÞĜ12ðsÞĤ21ð� sÞĜ21ðsÞ (67)

holds true (which is equivalent to (28)), then

1� eα11 sI�
G11

G21

" # !�1 g11

g21

" #0@ 1A 1�eα22 sI�
G12

G22

" # !� 1 g12

g22

" #0@ 1A

= eα12 sI�
G12

G22

" # !� 1 g12

g22

" #0@ 1A eα21 sI�
G11

G21

" # !� 1 g11

g21

" #0@ 1A ð68Þ

where eαik := αi½ΨðMAP;fixÞ
i;1k ð0Þ ΨðMAP;fixÞ

i;2k ð0Þ� (69)

for i,k= 1,2, and ΨðMAP;fixÞ
i;jk ð0Þ is an nAi ´ nBjk matrix that contains all the columns of ΨðMAP;fixÞ

i ð0Þ
defined by (17) within the state space EBjk for i, j, k=1, 2.

Proof. Consider Re(s)<0. First, it is obvious that (67) is equivalent to detðI2 � F̂ð� sÞÞ= 0 due to
(63). (We exclude the case where s is an eigenvalue of Gij for some i, j= 1, 2 since it will make ĜijðsÞ
blow up according to (64).) Corollary C.1 is applicable by replacing s by −s, i.e. if (67) holds true,
then detðI2 � L̂� ð� sÞÞ= 0 where

I2 � L̂� ð� sÞ=
1� L̂�

11ð� sÞ L̂�
12ð� sÞ

L̂�
21ð� sÞ 1� L̂�

22ð� sÞ

" #
(70)

with L̂� ;ij being the Laplace transform of L − ,ij. Recall that, given that the surplus process starts at
level zero, the matrix L − contains the probability measures corresponding to the surplus level at a
descending ladder epoch, where such surplus level is simply the negative of the deficit at ruin. (By
convention, the deficit represents the absolute value of the shortfall and is therefore non-negative.)
Consequently, L̂� ð� sÞ is the matrix Laplace transform of the deficit with Laplace transform
argument s. Since the claim amounts follow phase-type distributions, the deficit must be phase-type
with the same generator as well (see e.g. Badescu et al., 2005, corollary 4.5), and one only needs to
keep track of the state at which the surplus process downcrosses zero as far as the initial probability
vector of the deficit is concerned. Consolidating these observations, it is not difficult to see that

L̂�
ik ð�sÞ=eαik sI�

G1k

G2k

" # !� 1 g1k

g2k

" #

for i, k= 1, 2, where eαik is defined in (69). Therefore, setting the determinant of (70) to be zero results
in (68).

Finally, we remark that the equivalence of (68) and (28) follows from the fact that
PijðsÞ= � cijĤijð� sÞ and ZijðsÞ= cij = ĜijðsÞ for i, j=1, 2, which can be shown in a straightforward
manner by comparing (29)–(31) with (64)–(66).
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