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Abstract

We analyse ruin probabilities for an insurance risk process with a more generalised dependence structure
compared to the one introduced in Constantinescu et al. (2016). In this paper, we assume that a random
threshold window is generated every time after a claim occurs. By comparing the previous inter-claim
time with the threshold window, the distributions of the current threshold window and the inter-arrival
time are determined. Furthermore, the statuses for the previous and current inter-arrival times give rise to
the current claim size distribution as well. Like Constantinescu et al. (2016), we first identify the
embedded Markov additive process where all the randomness takes a general form. Inspired by the
Erlangisation technique, the key message of this paper is to analyse such risk process using a Markov
fluid flow model where the underlying random variables follow phase-type distributions. This would
further allow us to approximate the fixed observation windows by Erlang random variables. Then ruin
probabilities under the process with Erlang(n) observation windows are proved to be Erlangian
approximations for those related to the process with fixed threshold windows at the limit. An exact form
of the limit can be obtained whose application will be illustrated further by a numerical example.
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1. Introduction

Classical risk models are typically built up based on independence assumptions. However, these
assumptions may not always be appropriate in reality. There are various kinds of dependence
structure proposed in literature. A common one is the level-dependent risk process which has a
concrete explanation in Asmussen & Albrecher (2010). This could be used to model dividend
payment whose amount relies on the risk reserve levels of an insurance company. Another popular
dependence structure is often established between inter-claim times and successive inter-claim times
or claim sizes (e.g. Albrecher & Boxma, 2004; Constantinescu et al., 2016). These were normally
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Figure 1. A sample path of the risk surplus process.

studied within a Sparre Andersen model. For instance, Albrecher & Teugels (2006) modelled
the dependence based on a copula approach, whereas Boudreault et al. (2006) considered a
specific mixture of the two random variables and Cheung et al. (2010) incorporated a more general
joint distribution. When the joint distribution is described using a bivariate phase-type, Badescu et al.
(2009) employed the fluid flow methodology to obtain an exact solution for the Gerber-Shiu
function (Gerber & Shiu, 1998) when the penalty function depends on the deficit at ruin only.
More complicated dependence structure was studied under fluid flow models with applications to
risk models (Badescu et al., 2005; Ahn et al., 2007). On the other hand, dependence between the
claim arrival process and the premium rate has been studied by Dubey (1977), Li et al. (2015).
In this paper, we would like to generalise and combine the mentioned dependence and extend to a
broader dependence framework. Apart from the dependence between inter-arrival times
and consecutive inter-arrival times or claim jumps, we also allow premium rates to alter
according to the status of the previous and the current inter-claim times. We will analyse the model
under two equivalent processes, the Markov additive process (MAP) as well as the Markov
fluid flows (MFFs).

In fact, a specific dependence structure between successive inter-claim times has been constructed in
Constantinescu et al. (2016) in order to reflect the Bonus—Malus feature at a collective risk
level. In that paper, the distribution of the current inter-claim time depends on whether the previous
inter-claim time exceeds a fixed threshold which we refer here as the threshold window.
We further extend that model and incorporate a more interesting dependence framework. We
assume now the threshold window can be random as well and is also dependent on the status
of the previous inter-arrival time. In addition, by observing both the previous and current inter-claim
times and their corresponding thresholds, we let the distribution of the current claim size also
follow a similar dependence rule. Furthermore, we also let premium rate vary according
to the last and current inter-claim times. Figure 1 presents a visual illustration of the
described framework followed by a detailed description of the model in terms of mathematical
languages.

Let Y, be the size of the kth claim, T) the kth inter-arrival time and &, the random threshold for
k € N (where N represents the set of non-negative integers). Additionally, define T}, := Zle T; for

k € N* as the kth claim arrival time (with N* the set of positive integers with the definition Ty :=0).
The distributions of the inter-arrival time and the claim size are assumed to be continuous, and they
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depend on the relationship between lengths of the inter-arrival times and thresholds. Let k € N* and
we always assume that Ty < &y. The underlying dependence structure is constructed as follows:

1. The distributions of the kth inter-arrival time and the kth threshold are dependent on the
relationship between the (k - 1)th inter-arrival time and the (k - 1)th threshold, i.e.:

a. if Tp_1 <&, _1, then Ty and &, are distributed as A; and D1, respectively,
b. otherwise, T}, and &, are distributed as A, and D,, respectively.

2. The kth claim size Yy, is dependent on four environments:

a. if Ty_1 <& _q and Ty <&, then Y, is distributed as By,
b. if Tp_1 <& _1 and Ty > &, then Y, is distributed as Bya,
c. if Tp_1>é&._1 and T, <&, then Y, is distributed as B,,
d. if Tp_1>¢&._1 and T, > &, then Y, is distributed as B»,.

Remark 1.1. Here Ay, Ay, Dy, D, and Byy, Byz, B2; and B,, are several given independent positive
random variables. The subscript “1” represents the case T, _1 <&, _1 and “2” represents Ty _1> &g _1.

Using the dependent sequences of {T}pens {Yrtren and {&}pen, We can construct a stochastic
process. Let {Ug;> 0 be the risk surplus process at time ¢ given by

t N;
Ut:=u+J csds—ZYk (1)
0 k=1

where u > 0 is the initial capital, i.e. Up=u, N, a counting process constructed by {Tp},cn+> {€s)s>0 1S
an adapted process which takes four possible positive real numbers:
1.if Tpo1<&r_1, co=c1q for s € [Tp_1, Tp_1+& ATy) and cs=cq5 for s € [Tp_q +& A Ty, T,

2. if Tp_1>&k_1, cs=caq for s € [Tp_y, Tp_1+E ATy) and c;=cy for s € [Tp_y + & A Ty, Th).
Now define a stopping time 7y of the stochastic process {U;};» o by
ty:=inf{t>0: U, <0}

The ruin probability is then defined by
w(u):=P(ry <oo| Uy =u) (2)

Remark 1.2. Note that this process is regenerative at the point marked with a star in Figure 1. We
would like to study the increment X of the surplus process from time 0 until the first regenerative
epoch. Denote by Z® the kth independent variable with the same distribution as Z. Then, we
separate the analysis into three cases as follows:

1. On the set (A; < D;), one has
X1=c1141 - B11.

2. On the set (A1 >D1)N (Ag1> < D(Zl)), one has

X1 =c11Dy+cia(Ay — Dy) — By +en A — BYY
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3. On the set (A1 >Dq)N(N7_] (A; ) Zng))) N (Ag” <D;")) where #=2,3, ..., one has

n—1
Xi=cuDy+cn(Ar—Di) =B+ > {enDy +en(al - DY) — BY b+ 1Ay — BYY

The second and third cases can indeed be combined by forcing the third case to be true for n=1 as
well because by convention an empty intersection is defined to be the universal set. Note also that the
probabilities of all the above sets sum to one. Hence, we can write the moment-generating function
of X; as

00 n—1
X X1 X
Ele™]=E[e™ 1(a, <y + ’;E{es 11(A12D1){]I[11(Agk)>D<zk))}1(A;")<D(;)):| (3)

To evaluate the above expectation, consider the special case of constant thresholds with D; =4, and
D, =a,. Then, by independence we find that

[E[ESX1 1(A1 <a1)] = [E[ES(CHA] 73”)1(14‘1 <al)] = [EI:ESC”AI; A] <tl1} [E[eﬂB”} (4)

and for n € N7,
n—1
X
Ele ]I(Alzal){ H 1(A§k)z A(“ <ay)
k=1

=[E[es{c1la|+clz(A1*al)*Blz}l( >ar) (" glenar+en(A AY —ay) - 22}1 AW >:|)[E|:es(62|A§”)*Bgi))1
1 >a

(A(Z") < az):|

es(c“ —c2 al[E[esclel A >61] [E[eﬁBl;_ { H s(ca1 — e az[E[esczzA k) A(zk) Zaz}[E[eﬁngz)D}

x E[e42”; A < ayE[e 5]
= gSlen —cn)a IE[eSCnAl : Ay >a)Efe %312](85(621 —cn)a [E[eStizzAz.7 A > a)Ele %Bzz})”* 1
X [E[eSCZ]AZ; A2 < dz][E[e %BZ‘] (5)

Substitution of (4) and (5) into (3) yields

eslen —ca)ar |E[65612A1; Aq Zal][E[e *5312][[5[35621142; A < ﬂz][E[e 4321}

X171 — Aq. B
E[e*™'] = E[e* ™5 Ay <aq]E[e ™ "]+ 1 —eslen —)aElesndz; Ay > a;]E[e<B2]

sX1]1 =1 coincides with the

From the above expression, it will become obvious that the equation E[e
Lundberg’s equation (67) when Ay, A,, Bi1, B12, By and B;; all conform to phase-type distribu-
tions. Notice here, however, the above identity only applies to the case with fixed thresholds.
In section 2.2, we shall begin with phase-type distributed thresholds, and these will be replaced
specifically by Erlang thresholds in section 3 from which Erlangisation is employed to obtain fixed
thresholds at an appropriate limit.

In spite of the theoretical significance of such a dependence structure, it also makes sense in practice
particularly when the modelling of systematic risks (e.g. catastrophic events) is concerned. For
instance, the occurrence of a heavy snow would probably be reflected by one claim being followed by
intensive claim arrivals. Let us mention two more specific examples here where the model could be
applied.
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Example 1.1. (Dividend payment) A company may decide to pay dividends to its shareholders only
if it has a relatively safe environment. It may decide to increase the continuous dividend rate after a
fixed time from the most recent claim. This fixed time is the threshold window in our model and can
be 1 calendar year, for example. Specifically, we may set Dy =D, =1 and ¢y > ¢12, 21> ¢22.

Example 1.2. (Reinsurance) Another example is its application in reinsurance modelling. Consider
the proportional reinsurance where the retention level is 7. An insurance company may be
compensated if the last inter-claim time is longer than 1 year. The compensation can be reflected by
the change in retention levels. More specifically, let Y be the current claim size. If the inter-arrival
time from the last claim is less than 1 year, the retention rate is 7; and we just set B;; =B, as 71 Y;
otherwise, the retention rate is 7, <7 and we set Bj; =B, as r,Y.

Note that both the examples are special cases of our model and the threshold windows are normally
fixed in practice. However, we would like to work with a more general framework described by
Figure 1 in this paper. Although one might argue that the assumption of a random observation
window seems unrealistic, we will use an Erlang random variable to approximate this fixed
window. This so-called Erlangisation technique has in fact frequently appeared in literature. In risk
theory context, Asmussen et al. (2002) pioneered the approach with the purpose of approximating
finite-time ruin probabilities for a classical risk model with phase-type claim sizes, and
Stanford et al. (2005a) employed this method in the Sparre Andersen and stationary renewal risk
model cases. This approach also received popularity in the studies of fluid models (e.g. Stanford
et al., 2005b). It is claimed by Ramaswami et al. (2008) that the use of this technique has increased
the efficiency to compute time-dependent probabilities in models of fire spread and containment.
Recently, Erlangisation has also been commonly used in risk models with periodic dividend
decisions to mimic deterministic checking of surplus processes (see e.g. Albrecher et al., 2011; Avanzi
et al., 2013).

However, the ruin probability y(x) defined by (2) is difficult to analyse directly. We need to first
transform the process {U;};» o defined by (1) to a MAP or a fluid flow process. We should mention
that fluid flow processes can be only applied under the particular case where inter-arrival times,
claims and thresholds follow phase-type distributions.

The structure of the paper is presented as follows. Section 2 explains how the underlying model
could be transformed to a MAP as well as a fluid flow process. Section 3 returns to a more practical
scenario and considers fixed threshold windows. Employing the Erlangian approximation approach,
exact ruin probabilities could be obtained via proper comparison between the two related models
introduced in section 2. These are then followed by a numerical example. All proofs for section 3 are
collected in Appendix B.

2. Related models

2.1. MAP

The first idea is to reconstruct our problem by a MAP {JMAF §MAPY _ with two states. It is
defined by

1. {JMAP}, .\ is a Markov chain with two states {1,2}. For k € N, JMAP = 1 means that the underlying

inter-arrival time T} is less than the last threshold &. Similarly, JMA” =2 means that the last
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inter-arrival time T} is larger than or equal to the last threshold ;. Then, its transition matrix can

be defined by
|:P11 P12
P:=
P21 P22
P(Te<&e|Tr-1<&-1) P(Te2&el|Te-1<&-1)
P(Te <&l Tr-128k—1) P(Te2&|Th-128-1)
P(A1<D1) P(A1ZD1)

(6)
P(Az < Dz) P(Az ZDz) :|
2. The surplus process {SY4},  governed by {JM4F},  is defined as
k
SYAP = 3 Y{?A’Af‘ i
i=1

where Y;l " for i € N* and jy, j» € {1,2} have independent and identical distribution as

vty enTi=YilTi o1 <& 1, Ti<g cngi+ren(Ti—=§&) = Yi|Ti 1 <& 1, Ti2 ¢
vy |

1 1

enTi=Yi|Tic12§ 1, Ti<g cnéi+en(Ti—§&) = Yi|Ti-128 4, T 2¢

4 [ 1141 —Bu |A1<D1 c11D1+¢c12(A1 —D1) —Bia|A1 2Dy

(7)

1A —By1|A2 <Dy 31Dy +c22(Ay —Dy) —Bi2| Ay 2Dy

Remark 2.1. The positive security loading condition that ensures the surplus process drifts to
positive infinity in the long run is given by (see e.g. Asmussen, 2008, chapter XI, Corollary 2.9(a))

2 2
SO mipsE[YH] >0,
i=1j=1

where 1 = po1/(P12 + P21), and 7 = p1o/(p12 + p21) are the stationary distribution of P and Y* are the
generic jump distributions for i, j=1, 2. If| e.g., the thresholds are assumed to be constant such that
D{=a; and D, =a,, then one easily finds that

piE[Y"] = E(cﬂt — E[Bir])fa, (t)dt

pizE[Yi’z] = Jw{ciz(l — a,—) +cia; — [E[Biz]}fA[(t)dt

a;
for i=1, 2, where fy,() is the density of A;.
Define the stopping time 74 of the stochastic process { JYAP SMAFY, \ by
MAP = inf{n e N* . SMAP <0}
The corresponding ruin probability is defined by
y M (i) = P (M <00 (6T, S5 = (i) (8)

for i=1, 2 and u>0. Then, we could show an equivalence in ruin probabilities between MAP and
the underlying process.

274

https://doi.org/10.1017/51748499517000215 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499517000215

Dependent Sparre Andersen model with threshold window

Lemma 2.1. The ruin probability in (2) for the surplus process {U},s ¢ is related to that in (8) for
MAP_GMAP b
{]k »Ok }keN Yy

() =y (1),

Sketch of Proof: Note that ruin of {U,};»¢ can only occur at T, := > 7 _; Ty for n € N*. Define
{U,}uen by U, := Uz . Then, it is sufficient to prove that the vector [Uj, Us, ... , Uy] given Up=u
and the vector [SMAP SMAP " SMAP] oiven (JMAP SMAF) = (1,u) have the same distribution for all
M e N*. Without loss of generality, we only need to show one example as follows. For any real
numbers u, vy,

P(U; —u<y|Uy=u,Ty<&)
=P(cnTi = Y1 <y|To<&o, T <&)P(Th <& [ To < &)

+P(cia(T1 — &) +cnnéy — Yi<y|To <&y, T1 2 &)P(T1 > & | Ty < &)
=PV <y)PUY =157 = 1)+ P(Y]2 <y) P =2| 7 = 1)

= P(SIT — i<y | JIAT = 1, SYAP = 1)

2.2. MFF

Alternatively, we could describe the underlying process using a fluid flow model when the ran-
domness conforms to phase-type distributions. The benefit of the MFF model lies in the fact that it
has been extensively studied and results have been well established. It also allows for the use of the
Erlangisation technique as can be seen in section 3.

In general, a phase-type random variable A ~ PH(a, H, b) consists of a row vector a representing the
initial distribution of states, a rate matrix H (for the transient states of an underlying continuous time
Markov chain), and a column vector h= - H1 (where 1 is a column vector of ones of appropriate
dimension). Now let us define the state space of all phase-type random variables below:

1. Dy d PH(y,,01,601) and D, d PH(y,,0,,6,) are of dimensions np, and np,, respectively,

and the corresponding state spaces are EPi:= {1<,2< ... (np,)<,C<} and
EP2:={12.22 ... (np,)*,C=}, where C* and CZ are absorbing states.

2. A, & PH(a1,Hy,b1) is of dimension 74, and has the state space EAt:= {15,25, ... | (n4,)}
while A,=PH(a,, H,, bh;) is of dimension n,, and has the state space
EA = {1222, ... (na,)%}.

d d d

3. Bi = PH(f11, G11,811), Biy = PH(f12, G12,812)s By = PH(fy1, Go1,821) and
B> = PH(B,,,G22,822) are of dimensions np,, np,, np, and np,,, and have the state
spaces EBn= (1< 2<< . [(mp,)5"}, EBie.= {152 22 (np,)S%},
EBa= {12225 . (np,)> <}, EP2:= {122 222 (np,)>Z}, respectively.

Note that absorbing states are only included in the state spaces EP' and EP? but not the others. The
reason is that when a random threshold Dy or D, is “realised” (i.e. the Markov chain underlying D,
or D, enters the absorbing state C* or CZ) before the corresponding inter-arrival time A; or A, ends,
the surplus process is still going upward and the information about such states needs to be stored in
the matrices. On the other hand, if A; or A, terminates before Dy or D,, the surplus immediately
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moves into a downward phase and therefore the absorbing states of A; or A, are not needed in the
upcoming rate matrices. A similar reasoning could be applied to B;; for i, j=1, 2: once the “claim”
phase ends, the surplus process immediately switches to an upward phase and the absorbing states
pertaining to Bj; will not be needed.

The process {Uy};»0 defined by (1) can be embedded to an MFF model {]NFF,R?”FF}QO which is
defined as follows. {JM}, | has a transition matrix A with the state space E=E*UE~, where

(i) E* is the union of the sets EP' x EAt and EP2 x E2, i.e., it contains all the state points E'*/+ for
i=1,2, ... ,np,,Cand j=1,2, ... ,na, and E77* fori=1,2, ... ,np,,Candj=1,2, ... ,na,.

(ii) E™ is the union of sets containing the state points EB11, EBi2| EB21t and EB2,

Then, the transition matrix A of {JM},_ ; is given by

Ar A,
A=
A, A
where
0 04
0 0 & In,\l +InD1+1 ® Hl 0
Ay yi= 9)
0, 6
0 0 0 & InAz +Inl)z-#l ® HZ
Bi1 @ lu, @ 0 0
0 P12 ® by
A, = (10)
0 ﬁZl ® 1"02 ® hz 0
0 P ® by
g ® [r,0] ® 0
0 R 77,0] @ a
A L= 812 [r2,0] 2 (11)
821 @ [7170] @ o 0
0 82 ® [12,0] ® m

G O 0 0
0 Gpp O 0

A__ = , (12)
0 0 Gy O

0 0 0 Gn

with I,,, the identity matrix of dimension 72 and 1,,, a column vector of ones of dimension . It is
understood that 0 in (9)—(12) is a zero matrix of appropriate dimension (and similarly sometimes we
shall simply use I to represent an identity matrix when the dimension is clear from the context).
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Finally, an MFF process {RMF}, . can be constructed as

t
R?AFF = u+JOC(]£V[FF)ds

where

1. c(m)=c14 for m=E"J% fori=1,2, ... ,np, and j=1,2, ... ,na,;
2. c(m)=cys for m=E"J% fori=Candj=1,2, ... ,na,;

3. c(m)=cay for m=EJ% fori=1,2, ... ,np, and j=1,2, ... ,na,;
4. c(m)=cy for m=E" 7% fori=Cand j=1,2, ... ,na,;

S5.¢cm)= - 1 formeE".

Define the stopping time and the corresponding ruin probability as
M= inf{t>0: RMT <0}

MFF

MFF( )= ZMEE =j

y P (MFF

<00, (]MFF RMFF)

(i,u))
for ie E* and j€ E". Then, we can write this as the 7, X7 _ matrix

W(u):= {WMFF( )}(i.j)eE+><E*

with n, := (np, + 1)na, + (np, + 1)na, and n_ := np,, +np,, +np, +ns,,.

(13)

(14)

According to Asmussen (19935, theorem 3.2), we can solve the characteristic equation to obtain W(u)

whose 7jth element is defined by (13). Note that ¥(0) represents the probability of this process down-
crossing level 0 for the first time when it initially starts from O in an upward phase. Similar to the
well-known Riccati equation shown in the MFF literature, we could also state the following lemma.

Lemma 2.2.
AL _’C+A++,C\P0+T0A_ _ +\POA_+lP0 =07

where
- N 0
—@1 91 o inp
|:c11 ci ® I,,Al + 11 1 2 Hl 0
0 0 0 i
Ayyoi= |
1 1 1
0 |:a 2 aaz 2 InAZ + 1
0 0
[ (B © 1y, ® b1) 0
0
0 = (12 @ hn)
Ay — =
L (fyy @ 1oy, @ b2)
0
0

In addition, the matrix ruin probability (14) can be represented as
W(u) =Poe™

foru > 0, where I:=A__+A_,¥,.
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0 1
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Interested readers are referred to, e.g. Ahn & Ramaswami (2005) and Bean ez al. (2005) and for
efficient algorithms to compute ¥y. The ruin probabilities for our model can now be readily con-
nected to those for the MFF model by comparing the two processes.

Corollary 2.1. The ruin probability in (2) for the surplus process {Uy};> o is given by
w(u) =l ® ar,0]¥(u)l,

for u >0, where 0 here is a zero row vector of dimension 74, + (np, + 1)n4,.

3. Fixed threshold windows

In this section, we explicitly derive he ruin probability w(u) defined by (2) when the
thresholds D and D, are both fixed. Let a; and a, be two positive real numbers. In the sequel, we
suppose that

1. the inter-arrival time distribution A; & PH(a;, H;, b;),
2. the claim size distribution Bj; 4 PH(B;;, Gjj, &),
3. D,‘zﬂ,'.

for 7, j € {1,2}. Note that only the third distributional assumption is different from section 2.2. Then,
we denote the underlying process by {U? *}, 0 as a special case of (1). Similarly, the corresponding
MAP can be written as { ] (MAP fix) S,(QMAP'ﬁ x)}keN. It was demonstrated in Lemma 2.1 that the ruin

probabilities for {U/* “}s0 and { ] (MAP fix) SiMAp‘ﬁ )} 4en are equivalent.

We shall be using the Erlangisation technique to approximate those fixed thresholds, and the exact
results can be obtained by taking appropriate limits. In particular, we replace the fixed thresholds Dy
and D, by independent and identically distributed sequences of thresholds as

Dg") 4 Erlang (n,%) and D(Z") 4 Erlang (n,%) (16)

Analogously, the resulting surplus process is {U }I>0 with corresponding  MAP
given by { ] (MAP.m) ,S;{MAP" }een- Furthermore, the assumption that D! and D"’ conform to Erlang
distributions allows us to also describe the process using a fluid flow model (say
{]ﬁMFF’"),R(MFFn }+s0)- It has been proved by Lemma 2.1 and Corollary 2.1 that the ruin prob-
abilities of these three models are closely connected with each other. Let us introduce some other

notations which will be used later.

1. y/™(u) and w,(u) correspond to the ruin probabilities of { Uf “}soand { U,(m }+s 0» respectively, with
the deﬁmtlon given by (2).

2. yMAPAR G ) and g u) are the ruin probabilities of {]
{ ] (MAP#) g MAP” }kGN, respectively, defined via (8).

MAP( (MAP fix) S (MAP fix
Pk

)}keN and

First, we show that the ruin probabilities under the fixed thresholds scenario could be approximated
using a sequence of those derived by Erlang distributed threshold windows.
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Lemma 3.1. The ruin probability under fixed threshold windows can be obtained as the limit of the
Erlangisation approximation such that

lim () = /™ (u)

n—00

for u>0.
Proof. See Appendix B.1.

Recalling the equivalence between y/™ () and y™AP*)(1 ) from Lemma 2.1, it is now sufficient to
analyse the latter ruin probability. Furthermore, in order to approximate using MFF process,
we could construct a matrix consisting of the ruin probability for { ],(QMAP’ﬁ %) SiMAP"ﬁ x)} ren as follows.

Define
v k)

r= P((fMAPF) < 00) 1 (ey (¢MAPA)) = k) | (AP SMAPTY 2 (i 11)) (1 (e1(0) = f)

where i=1, 2; j € E%; ke E~ and e(0) and ey(:MAD)
the first inter-arrival time T; and the state (in the fluid equivalent) when down-crossing zero by the

(MAPfix) Then, we shall rewrite it in the matrix form as

MAP fix .
1,7, k) gyt e (17)

, respectively, represent the initial state of

claim causing ruin at the ruin time 7

MAP fix
M ) = (]

for i=1, 2. Combining the result demonstrated in Corollary 2.1, we are now ready to present the
main theorem for ruin probability computation.

Theorem 3.1. Let

[1]
1l

(18)

Then, the ruin probability under fixed threshold windows is given by
y™ () = et =, (19)
for u > 0, where 5:= al‘P(lMAP’ﬁx)(O) and A__ is given by (12).

Proof. See Appendix B.2.

It is instructive to note that the solution y/™(x) in (19) depends on ‘I‘(lMAP’ﬁ %) (0) and ‘I‘(zMAP’f ) (0) via E.

The following lemma gives a further relationship between E and ‘P(lMAP’ﬁ %) (0) as well as ‘I‘gMAP’ﬁ %) (0).

Lemma 3.2. The components of ‘P(lMAP"ﬁ x)(O) and ‘P;MAP’ﬁ x)(O) can be represented in the

vectorisation form
(MAP fix) _ 1 1
vec(¥) (0)) = — (I —exp(a1c11Q11))Qq; vec(Ci1) — exp(aic11Q11) Oy, vec(Cia2) (20)

vec(‘P(ZMAP’ﬂx)(O)) =—(I- exp(azchm))Qz’llvec(Cn) — exp(agchn)Qz’zlvec(sz) (21)
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where vec(X) denotes a column vector consisting of columns of matrix X, and the matrices C;; and
Qjj for i, j=1, 2 are defined by

Ci:= [ﬁll ® h O"A1 XMByy O”Azanﬂ ” >“”Bzz] /611 (22)
Cpp:= [0”/\1”’311 P @ by O”Azx”Bu ”/\zx"Bzz] /612 (23)
Coy = [OV’M X 7By 0"A1 X 7By, ﬁ21 ® 172 OnAZXnBZZ] /621 (24)
Cyp = [0”/\1 XMByy 0”/\1 X 7By, 0”/‘2X"321 ‘Bzz ® hz] /622 (25)
H;
Qi/':= (Aji7 +ET) (&3] 7 (26)
if

and 0, xm, is a zero matrix of dimension 7 X m1,.
Proof. See Appendix B.3.

Lemma 3.2 indicates that we could derive W{***/*)(0) and WM**/*)(0) from Z as Q; for i, j=1, 2

depend on =. Therefore, we shall propose an algorithm to compute E. Recall that H; is the
infinitesimal generator of the phase-type distributed A, for i=1, 2. In what follows, it is assumed that
each H; can be decomposed via diagonalisation by

H; = ViKiV;l (27)

where K; is a diagonal matrix. We first prove the following theorem.

Theorem 3.2. Suppose that s satisfies Re(s) <0 and s is not an eigenvalue of G;; for any i, j=1, 2.

Assume that the matrix A__ + E (or AT _ +87) is diagonalisable. Then s is the eigenvalue of the
matrix A__ + E if and only if

(P11(s)+Z11(5)) (P22 (s) + Z22(5)) Z12(5) Z21(s) = Z11(s) P12(s) P21 (s) Z22(s) (28)
where, for i, j=1, 2

-1
Pi(s):= a;V; (I —exp (a,-c,—l (sl+ ?) )) <sl+ ?) Vflh,- (29)
il il
P,»z(s) = aiViexp (d,‘C,’l (SI+ ?)) (SI+ ?) Vl-ilhi (30)
il 2

Cij

Z," S)i= —————————
/) Bi(sI - Gy) gy

Furthermore, the corresponding (right) eigenvector of A__+ E is
(sI=Gn)~'gnals)
(sT-G2) " 'gn
(s = Ga1) ™~ 'gaals)
(sT—Gn) 'gn
where a(s): =~ (P12(s)Z11(s)/((P11(s) + Z11(s) Z12(s)).
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Proof. See Appendix B.4.

Remark 3.1. Indeed, equation (28) coincides with equation (67) which is the Lundberg’s equation
for the present model. See Corollary C.2.

Using the roots obtained in the above theorem, we are able to compute E as follows:

Corollary 3.1. Assume that there exists 7 _ distinct roots of (28) with negative real part. These roots
are denoted by k1,2, ... ,k,_, and are assumed not to coincide with the eigenvalues of G; for any 7,
j=1, 2. Their corresponding (right) eigenvectors are v,v3, ... ,v, defined via (32) as v;: =v(x;) for
i=1,2,...,n_. Then, E can be calculated as

K1

K2

[U17U27 71}1’1,] X [U],UZ, 71/”7]7 —A__.

Kn

Proof. See Appendix B.4.

4. Numerical example

Here we present one numerical example showing how explicit solution of y/**(x) can be calculated
using the methodology developed.

Example 4.1 . Let the premium rates be c¢j1=ci3=c21=c22=1. The inter-arrival times are
A1~Exp(0.05) and A,~Exp(1) while the claim distributions are B;;~Exp(5), B1,~Exp(4), B»1~Exp(2)
and B,,~Exp(1). The threshold windows are assumed to be fixed at D; =0.5 and D, = 1. Then, there
exists four negative real roots

[k1 x2 k3 k4]=[—4.9541 —-4.0014 —1.9887 —0.9210].
Figure 2 visually shows these four distinct roots as the result of solving (28).

Subsequently, using (32), we write down the matrix of the (right) eigenvectors and then, since the
four roots are distinct, by Corollary 3.1, we have

0.0460 0.0083 0.0276 0.0155
0.0004 0.0009 1.3474 0.3076
0.0184 0.0033 0.0110 0.0062
0.0001 0.0002 0.3369 0.0769

[1]

Using Lemma 3.2, we can calculate

gMAPIN) () =[0.0326  0.0029 0.0200 0.0138]
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Finding zeros - Exp
1.2 T T T T T

fval

Figure 2. Finding zeros.

Finally, based on Theorem 3.1, the ruin probability is
W™ (u) = oy WM (0) exp (A + B)u)1,,_

=0.0323 ¢ #5144 0.0153 #0014 1 0.0199 ¢ 19887% 4 0.0119 ¢ 09210

5. Conclusion

In this paper, we have established a generalised dependence framework within a Sparre Andersen
model. The dependence structure relies ultimately on a comparison between the recent two con-
secutive inter-claim times and their corresponding threshold windows. Both inter-arrival times and
threshold windows are random variables and their distributions are determined by the current status.
The current status can be described by a continuous time Markov process with only two states whose
transition is reflected by the above mentioned dependence framework. Furthermore, we connect such
dependence with the claim size distributions and the premium rates as well. Recall Figure 1 for a
sample path of the process.

Then this process can be identified by two embedded models, namely the MAP and the MFF. It can
be proved that the ruin probabilities for these proxy models are the same as those under concern.
The use of the MFF model could even allow us to compute in an exact form the ruin probabilities
when the threshold windows are fixed, thanks to the Erlangian approximation technique. This
method first approximates fixed observation windows by Erlang(n) random variables. Then the
equivalence of ruin probabilities at the limit and those for a process with fixed threshold window can
be verified. In addition, we also explain an algorithm to calculate initial values and the exponent
terms. This was illustrated also in a numerical example.

Possible future research could be consideration of a more complex dependence structure. Instead of

observing whether inter-claim time is larger or smaller than their corresponding thresholds, it would
be interesting to look at which interval it belongs to when the threshold windows are divided into
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several layers. Alternatively, a multi-period dependence could be introduced. That is to say, we could
add dependence further ahead by taking into account of a few previous inter-claim times. Of course
these extensions would complicate the model dramatically, yet solutions are expected to be
obtainable via a similar approach.
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Appendix

A Kronecker product and sum

This section demonstrates preliminary knowledge about the Kronecker product and sum. The
Kronecker product ® is defined by

AunB ApB - AyB
A ® B:=
AnlB AnlB e Ant

where A and B are two matrices and A has a dimension m X7 with ijth element A;. On the other
hand, for square matrices A and B of dimensions 7,4 and np, respectively, @ denotes a Kronecker
sum whose definition is given by

A®B=A®Il,+I, ®B

where I, is the identity matrix with dimension 7. The following lemma states some well-known
properties of the Kronecker product and sum which will be used throughout the paper.

Lemma A.1. When the dimensions of the involved matrices make sense, the following properties
hold true:

1. exp(A) ® exp(B) =exp(ADB).

2. (AQ C)B® D)=(AB)® (CD).

3.(A®B)'=A"'®@B L

4. If AX +XB+C=0, then (BT@®A)vec(X) + vec(C) =0, where vec(X) is the vectorisation of X.
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5. If A and B has a diagonalised form A = VADAVA*1 and B=VgDgpV; ! where D4 and Dg are
diagonal matrices, then

A& B=(Vy ® Vg)(Da @ D) (Vi @ Vi)

can also be represented in a diagonalised form.
B. Proofs of section 3
B.1. Proof of Lemma 3.1

First, in order to conduct the proof we need the following lemma which is available from Jagerman
(1982, equation (2)) and Jagerman (1978, theorem 1).

Lemma B.1. (Jagerman inversion formula) Let

fult) = Jw—(n(f)l) e Py If(y)dy

Then, lim,,_~f»(2) = f(¢) uniformly in every finite closed interval throughout which f{#) is continuous.

Letne N*; u>0;i=1, 2. According to Lemma 2.1, it suffices to show that

lim y/nMAP(i, u) = yMAPS) (47 (33)

Define the finite-time ruin probabilities y™AP#)(; u, M) and wMAP(i,u, M) for the MAPs

{]MAPﬁx MAPﬁx d{]MAPn7 (MAP,n)

}keN }keN , respectively, as

1x) ( ix MAP fix MAP fix .
y AP (G, M) = P(eMAP) < M (AP, SEUAPE) = (i, 1))
WiWAP(Z u M) _ H:D( MAP <M‘ (] (MAPn) SE)MAP,n)) - (l, M))

where 7MAP*) and tMAP are the corresponding ruin times. Note that the (infinite-time) ruin prob-
abilities can be obtained from the finite-time counterparts at the limit as

Nljlm wMAP (G, M) = wMAP (i )

lim W (MAP fix) (17 M,M) =y (MAP, ﬁx)(l u)

M—oo
Then, assuming that

lim lim ™A (i u, M) = lim lim yMA (i u, M)

n—00 M—oo M—o00 n—o0
it is sufficient to show that

lim A% (i, u, M) =y MAPS) (3 M) for all M € N*

n—oo

in order to prove (33). We shall proceed in three steps as follows.
(MAP )

Step 1. Let {pwy}zxz and {pf*}, , be the transition probablhty matrices for {] been and
{ ] (MAP fix) }eeny defined by (6), respectively, under D;=4; and D, = Erlang(n nlay). Then
o _ AN Gz
piy = IP(Al <Er1ang(n7a1)) _Jo P(A1<y) 1)1 e wy" " ldy
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Hence, Lemma B.1 implies ljm,Hoop(ﬁ) =P(A; <ay) =p'. Similarly, p(l’;), p%) and p(zq) converge to pl%, pi

and p’;i’lc, respectively. Further define two random vectors ]Efgu)")M] = [] (MAP.) ,]2 ). ,]AQAAP" ] and

MAP, MAP, (MAP, (MAP,
JOAPSD | (OUAP) AP | MAP )

2, M= Since {pEZJ}M converges to {p/* }, , asn — oo, one has

that J [(fﬂf P") | converges to ] (MAP ﬁx 3\4 in distribution as 7 — oo given the initial state ](()MAP ) =](()MAP )

Step 2. Set JMA") = éMAP’ﬁx =1. There are 2M possible paths of ][MAP ” d][MAP ) Denote all
the possible paths by path(1), path(2),..., path(2M), where path(-) is an M- dlmensmnal vector
containing state 1 or 2. Let Y,”"" and Y™ for w, v=1, 2 be the increment in each step of the
processes {JMAP"), S(MAPn }keN and {J! MAP, ﬁx)’SiMAP fix)

process {S (MAP.) }keN Condltlonal on path(l) by

S/(QMAP,n,path(l)) = (S/(QMAP,n) UEMAPn M _path ) 4oy Z Ypath _y.path(l) (34)

}EN, respectively. Define the surplus

for k=0,1,2,..., Mand I=1, 2, ..., 2™. Define additionally

WP iy, M path(D) = 1 = RSP0 5 0 for all k=1,2, .., M| (™™, S = (i)

As a result
yMAP (i, M) = ZWMAP i, u, M, path(1))P (157", = path (1))

Via Step 1, we have proved that the path converges in distribution as 7z — co. Now we only need to
prove the convergence of the ruin probability conditional on each path, i.e.

lim y™MAL (i u, M, path(l)) = y™APH) (i . M, path(l)) (36)
for all I=1, 2,..., 2M. Here, W(MAP’ﬁx (i,u, M, path(l)) is defined in the same manner as

MAP

wMAP (i u M path(l)) for the similarly defined process {S (MAP fix.path(1)), M

k=1*

Step 3. Let k=1, 2,..., M. To prove (36), we will show that Y;"*" converges to YZ"”‘ﬂx in dis-
tribution for all w,v € {1,2}. Without loss of generality, we only show the case when w=v=1. By (7),
we have for any real number x

P(Y,:’l’" <x)= P(anl — By <x|Ay <Erlang(n,£>)

P (c11A1 — By <x,A; <Erlang (mﬁ))
P (Al <Erlang (n, i))

_ o P(c11A1 — By <x, A1<y)( ),e ar Yy 1dy

p11
P(c11A1 —Bi1 <x,A1<aq)
as 7 — 00
P(Al <El1)
= P(Y,:’l’ﬁx <x)
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where the second last line follows from Lemma B.1. This means Y;"1’" 4 Yi’l’ﬁx asn — oo. Let/=1,
2,..., 2M, Since YParhi_vpathDen for all k=1, 2,..., M are mutually independent, we have
{yratb(h), l‘l’“tm)k‘”}iw:l i{Y”‘”W)k lvp“t“l)k’ﬁx}zd:l. Thus, based upon (34) together with the con-
tinuous mapping theorem, we have

{ SiMAP,n,path(l)) | (](()MAP.n,path(l)) S(MAP,nﬁpath(l))) e u)}z/l_l

’20

d ; . )
4 {S](QMAP,ﬁx,Path(l)) | U(()MAP,ﬁx,Path(l))7S(()MAP,ﬁx,Path(l))) - (1,14)}2/1:1 as 1 — 00

Finally, use of (35) for the above two processes (particularly when i=1) leads to (36).
B.2. Proof of Theorem 3.1

Let ¥ be the matrix ¥ in Lemma 2.2 containing ruin probabilities for the MFF model in section 2.2

(now denoted as {J\MF"), REMFF’")}QO), where D, for i=1, 2 are now Erlang distributed as in (16)

(which belong to the class of phase-type distributions). Then we decompose ¥ into different parts
as, fori=1,2,...,n+1

"Wy, 41
”‘Pg’) =
Y,
"W 1)ma, + (- Vmay 41
”‘P(zi) =
"W i), ving,
where "W, is the jth row of "¥. We have the following lemma:

Lemma B.2 The ruin probability matrices defined in (17) under fixed threshold windows can be
obtained as the limit of the Erlangisation approximation such that

lim ") = pMAP) )

n—00

fori=1, 2.

Proof. This proof is similar to Lemma 3.1.

a)"¥
Define the matrix (g11) (11)
nay)"¥
E,= AL "W= (B1202)"¥3 (37)
(g21a)" ¥
(gra)" ¥y

It is clear that E,, only depends on # via "‘I‘(ll) and "‘I’<21). Furthermore, a direct consequence of
Lemma B.2 is that

lim 5, =& (38)
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where Z is defined in (18). Since y,(#) = a1, 0]"Wel*- - *Z)* by Corollary 2.1 and Lemma 2.2
(where 0 here is a zero row vector of dimension n1,), we know that

v () =y el T B,
Therefore, it is immediate that

lim v, (1) = <lim ”‘I’gl))e(/\”Jr pm Sy

n—oo

= ay WA ()t -+

n_

Due to the fact that lim,, .., (#) = w/™ (1) according to Lemma 3.1, the proof is completed.
B.3. Proof of Lemma 3.2

Since Dy and D, follow Erlang distributions, with the help of (37) we can easily turn (15) into the set
of equations comprising

H n n
0= UA 48+ Cn (39)
12

H . ; . ]
0= (71 - LI)”T§’>+"~P§>(A,,+E,,)+ <c11+ L"\PQ’*”) fori=1,2, ... ,n (40)

c11 aici aici
H n n
0:5@5*”#\1@*”(A__+5,,)+c22 (41)
2

no,

H . .
0= (—2 - LI)"\P(Z’)+”\P(2’)(A,,+E,,)+ <C21 +

Lpg"*”) fori=1,2, ... ,n (42)
€21 aca

a1

where Cj; for i, j=1, 2 are given by (22)-(25). Consequently, we can rewrite (39)-(42) by vector-
isation such that

0= Q(Qvec("‘l’(lnﬂ)) +vec(Cyz2) (43)

0= Qgﬁ)vec("‘l’({)) +vec(Cyq)+ (Vec(”‘i’i””) - Vec("‘I’(li))) fori=1,2, ... ,n (44)
aici

0= Qg;)vec("‘l’(znﬂ)) +vec(Cy) (45)

0= Q(zq)vec("‘l’g)) +vec(Cyy) + p Z (Vec("‘PgH)) - Vec("‘I’(zi))) fori=1,2, ... ,n (46)
2021

where vec(X) denotes a column vector formed by the columns of the matrix X, and le-") fori,j=1,2

are defined by

o= (AT_+gl) @ (47)

ij - n

Since (43) and (44) concerning ”‘Pgi) are structurally identical to (45) and (46) for ”‘P(zi), we only focus
on (43) and (44) to prove the expression (20) for Vec(‘I’gMAP’ﬁx>(O)). Further defining

egi) = Vec("‘{‘gi)) - Vec("‘PY”)) (48)
fori=1, 2,..., n, then (44) indicates that

(m) (i) _ n ((i)_ (i+1)>
Q116 —ﬂ1611 €1 —€
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fori=1, 2,...,n-1. Suppose that n is large enough such that I — %Qﬁ) is invertible. The above
equation yields . ac1y —(n=i) ,
55) = ( Qn ) 55 )

for i=1, 2,..., n. Therefore, we arrive at

vec("P{) = vec("w" V) + Z el

i=1
n (n—1i)
=Vec("‘1’(1n+1))+ ( < aicn Qll) >€gn)
i=1
n—1 i
ae(n arcit ~m)\ '\ ()
=vec("P" V) + ( I- O )el
3 (- 5re)
. n !
=Vec(n‘l’§"+l))+(l— (I— 41211 Q(1n1)> )(I ( aicit Q ) ) g(ln)
ey (41 a1l ~(n " !
= vec( ‘1’(1+))+<I_( g1) )(I alcn( ) >
mg(n+1 ! 7 alcll )~ !
= vec( \Pg ! ))+ (I aicii (Q“) )6g L( ) ( aicii (le)) )e§ )

1 n -1 aici - n -1
e ) - 2 (0) ea">—(z— o) (-2 (o) e

In the third last equality, it is implicitly assumed that the matrix Qg'? is invertible. Note also that (44)
at i=n means

aic
e =

L (Ol vec("{") +vee(Cn)) (49)

and we could thus rewrite the above equation as

-1
vec("P") = vee ("W ) el — Q) (Qf vee("¥) +vec(Cn))
aic aic 1 " e
- (1-"of) (1“1—(911) )(ngvec( ") +vec(Cn))

- (Q(ﬁ))ilvec(cll) ( acu Qll) (alC“I* (Qll) 1>

x (Qg'i)vec(”‘l‘(ln)) +vec(Cny ))

where the definition (48) at i=# has been used. With the definitions (26) and (47) along with the
limiting result (38) and Lemma B.2, taking 7 — co on both sides gives rise to

w0 < - (tm 07) e~ i (1 22 0) o (20 (01) )}
x { lgrolo <Q(1nl) vec ("‘I’(ln))+vec (Cn)>}

n

= — 05! vec (Cr1) —exp (alcngn)(—Qﬁl)(gnmovec ("w§">)+vec(cn)> (50)
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) are all probabilities

To analyse the limit lim,,ﬂoovec("‘l’gn)), we first note that the elements of ”‘I‘(ln
(that are finite) and therefore from (49) one has limnaooes’i) =0,, which is a zero column vector of

dimension 7,4,. Consequently, it stems from (48) at i=# together with (43) that

lim vec("‘{‘(ln)) = lim VCC(”‘PS;H—I)) = — Qplvec(Cra)

n—oQ n—oo

thanks to lim,HDOQ(fQ = Q1. Finally, substitution into (50) leads to (20). The expression (21) for

ec(‘I’(ZMAP’ﬁ %) (0)) can be proved in the same manner.

B.4. Proof of Theorem 3.2

(1) We first need to show that if s is the eigenvalue of A__ +E (or equivalently AT _ +E7), then (28)
is satisfied. As AT _ +E7 is assumed to be diagonalisable, we have AT _+ET = VKV !, where K is
the diagonal matrix consisting of the eigenvalues of A__+E. Denote these eigenvalues by
K1,K2, ... ,k, . Together with (27), we apply Lemma A.1 to see that Q, defined in (26) can be
represented as

Qi=(Ve V,~)<K ® &>(V‘1 ® V)

Cij
for i, j=1, 2. Additionally, Lemma 3.2 leads to

-1
vec(PMAP (0)) = —(V ® V1)<Ifexp<a1cn <K ® ﬁ%)))(v* @ ViV e v1><1< ® %) (V=1 @ Vi Yvec(Ci)

-1
—(V® Vl)exp<a1611<K @ f—j))(v* © Vi)WV e vl><1< @ %) (V=1 @ Vi Yvee(Cra)

=—(Ve® V1)<Ifexp<a1c11 (K @ %))) (K 3 %) 71(V" ® Vi Yvec(Cry)

(Ve Vl)exp<a1611 (K ® ﬁ)) (K @ ﬁ) 71(V’] ® Vi Yvec(Cra)

‘11 12

=—(Ve® V1)<I—exp(alcu (K ® i—t))) <K P Z%) 71(V’] ® Vi (b1 @ by)

K Ki\ !
-(Ve V1)exp(tl1611 (K T —1)) (K ® —1) (V1@ Vil @ )
11 12

=—(Ve V1)<I—6Xp(a1q1(1< ® ﬁ))) (K @ ﬁ) 71((V b11) @ (Vi 'hy))

c11 11
Ky Ky ! -1 -1
—(V ® Vl)exp<alcu (K D 7)) (K (&) 7) ((V b]z) ® (V] hl)),
€11 €12
where 0
T "By
4 T
bll = i and blz = ﬂ#
c12
M- —1Byy
0”321 7By
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are column vectors of dimension 7 _ . Subsequently, pre-multiplying V' ® a; on the both sides yields

(V1 ® ap)vec(¥""(0))

= (I, ® (alvl))(uexp(alcu(K ® &))) (K @ Kl)l((v_]bll)@)(vl_]bl»

11 11

c11 12

K K\ !
(.. ® (alVl))exp<a1c11 (K @ —1)) (K @ —]) ((V’lblz) ® (V{lhl))
Let e; be a row vector (with dimension 7 _) whose ith entry is 1 and the rest are 0. Then, one has

ix K Ki\ !
6’;(V71 ® al)VeC(lP(lMAP’f )(O)) =—a1 V1 (I— exp (41611 (KiI+ —1>)) (KiI+ C_l) V171h1 (eivilbll)
11

11
1
—aq Viexp <a1c11 (K,’IJr &>) (K,’I+ &> V171/71 (6,’V71b12)
11 12
= —Py1(x:)(e;V'b11) — Pra(xi)(e;V'b12) (51)

where P11(-) and Pq,(-) are defined in (29) and (30), respectively. Furthermore, due to the fact that

(= AT ) by = {(K"I_G“]ﬁ{l/c“]
On_ — oy,
which implies
(VKV- ' AT oI = AT ) oy =BT (kI — AT )" tbyy

= (gna ¥ (0)T (I = GT,) BT,/ en
= (WM™ (0) gl (s = GT) BT, / e

according to (18), we obtain

(V! ® ar)vec(#" " (0)) = V=1 (o W7 (0))T

V-UVRV - = AT (L, —AT )" 'by
gl (I - GT) 7'l / enn

In addition, since K is a diagonal matrix, multiplying e; on both sides of the above equation results in
eV (VL )V = AT (L, —AT )" 'byy

B gl (il = Gf})~ lﬁlTl /1t

eV kil — AT kil —AT )by

- gl (ki = GY)) 715{1 / e

(V™ @ an)vee(#" " (0))

= ‘i — eiV71b11
Pkl —Gi1) ™ g
=Z11(x;)(e;V ™ "b11) (52)
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where Z () is defined by (31). For later use, we define the 7 _-dimensional column vectors

0"311 1By

On —np
- 22
b = /}l d b =
21 CZ: and 022 o
0

23
"By;

Similar to (52), we can also obtain
21
ot (ki — Ga1) ™ g

As for vec(‘PéMAP’ﬂx)(O)), analogous to (51)—(53), we arrive at

(V ® al)VeC(\P(MAP ﬁx)(O)) = e,‘V71b21 =7Zs (K,‘) (6,‘V71b21) (53)

a(V' @ an)vec(WSM™ ™ (0)) = — Pay (k) (e;V ™ 'b21) — Poa (i) (e;V ™ o) (54)
e(V' @ a)vec(WMP™(0)) = Zya () (eV ~ Th1a) (55)
e(V' @ an)vec(WS™ ™ (0)) = Zoa (i) (eV ~ 'aa) (56)

Combining (51)—(56), we have

Pii(ki))+Z11(xi)  Pra(xi) 0 0 eV lbyy 0
Z11(ki) 0 —Z1(xi) 0 e;V-1byy ~ 0 (57)

0 0 Pyi(ki)  Pau(xi)+Zan(ki) | | eV~ 1by 0

0 —Z12(x) 0 Z:(x;) e,V 1by, 0

Thus, the determinant of the coefficient matrix above must equal zero, i.e. (28) holds when s =x;.

(2) Now let us prove that if s is a root of (28) with negative real part and it is not an eigenvalue of G;;
for i, j=1, 2, then s is also an eigenvalue of the matrix A__ +E. Suppose that there exists two real
numbers z; and z, such that

(sT—Gn) ™ 'gna (sT=Gu) ™"z
S —Giy) Loz sI—Gn) gz
apwrn ) | (170120 823 | guann )| (20 en ) g
(sI=Ga) ™ "gauz1 (sI—Ga1) gz
(sI - Gn) 'gnw (sI=Gn) " gnw
Let
(sI - Gu1) gz
(sI— G12)71g1222 (59)
v.=
(sI —Ga1) 'gnz
(s - Gn) 'gnn

According to (18), we have (sI-A__) ' Ev=v, i.e. (A__ +E )v=sv. It means that s is the eigenvalue
of A__+2 (or AT _ +ET). Thus, it is sufficient to prove there exists z; and z, satisfying (58), which
can be easily seen from Corollary C.2.
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(3) The above part has shown that the (right) eigenvector of A__ +E is of the form (59). Note that
e;V™! is the left eigenvector of AT _ +ET corresponding to the eigenvalue «;. Since AT _ +87

e;V™! also equals the transpose of the (right) eigenvector of A__+& that corresponds to the
eigenvalue k;, which is v in (59) with s =«;. We can use (51) and (54) (or the first equality in (57)) to
find the relationship between z; and z, as follows. First, we have

is real,

(P11(K‘1')+Z11(K‘1'))eivilbl1 +P12(K,-)e,-V’1b12 =0

Using (the transpose of) (39) to substitute ¢;V~" along with the definition (31) yields

Piy(x;) Pia(x;)
“ (211 (ki) 1) T Z (k)

Finally, normalising z, by 1 completes the proof.
C. Wiener-Hopf decomposition

In fact, part (2) in the proof of Theorem 3.2 as shown in Appendix B.4 could be supplemented
through another approach. In this Appendix, we shall present Corollary C.2 from the Wiener—-Hopf
decomposition perspective, which indicates the existence of z; and z, that satisfy (58). Using this
method could also ensure that no hidden solutions were ignored when deducing the Lundberg-type
equation via the limiting arguments in the Erlangian approximation. The equivalence of equations
(28) and (67) verifies the underlying statement.

We first define a time-reversed version {JMAP* SMAP<}, _ of the MAP {JMAF SMAPY,  described in
section 2.1 (see e.g. Asmussen, 2008, chapter XI, section 2e). The Markov chain {JMAP*}, _ has
transition matrix P*=A_ 'PTA,, and the generic jump distributions Y in {SM47},_ are replaced
by YY" :=¥" in {sMAP=y, _ for i, j=1, 2. Here m:=[m,m2] is the stationary distribution with the
property zl,=1 and zP=r (SO that /21 =p21/(p12+p21) and ﬁ2=p12/(p12+p21)), and A, is a
diagonal matrix of containing the elements of z. Then, define the (strict) ascending ladder epoch
7, = inf{n € N* : SM4P 5 0} and the (weak) descending ladder epoch 7_ := inf{n € N* : SMAP <0}
as well as the corresponding probability measures

L (A) = PP =] SUA7 € A| (3047, SY47) = (3, 0))

Li (A) =P =), 574 € A| (5", 85" = (1,0))
for i, j=1, 2. Furthermore, L, and L_ denote the matrices with jjth elements L; and L;,
respectively, and we define L%, and L*_ for the time-reversed version {JMAP* SMAP+}, _in a similar
way. Define also the matrix F whose jjth element is the (defective) cumulative distribution function of
SYAP restricted on {J}14F =}, namely F;(x) := P(JMAP =, SMAP <x | (JMAP SMAP) = (i, 0)) for 4, j=1,
2, so that

Fx) P(c11A1 —B11 <x,A1<Dy) P(c11Di+c¢12(A1 —D1) =B <x,A1 2Dy) (60)
xX) =
P(c21Ay — By <x,Ay < D) P(ca1Di+¢22(Ay —Dy) — By <x,A; 2 D))
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As a result, the corresponding matrix Laplace transform is denoted by F with ijth element

j;i]( ) _ [E[ 7sSMAP MAP |U AP’SSAAP) =(i, 0)]

for i, j=1, 2. The following result follows directly from, e.g., Asmussen (2008, theorem 2.12 in
chapter XI).

Theorem C.1. (Wiener—Hopf decomposition) The Wiener—Hopf decomposition in the MAP model in
section 2.1 is given by

A&()*F:(A&)*L—)*(Atso*LE‘) (61)

where LH:= A~ 1L*+TA,,, 8o is the probability measure concentrated on 0, As;, a two-dimensional
diagonal matrix with all diagonal elements being 8y, and A*B denotes a matrix with ijth element
S Aj*By;, where * represents the convolution operator.

Corollary C.1. Suppose that Re(s)> 0. Then det(I, — F(s)) =0 implies det(I, — L _ (s)) = 0, where
L _ is the matrix Laplace transform of L-.

Proof. Taking the Laplace transform on the both sides of (61), we can get
L—Fs)=(L—L_(s))(I—A; (L (s))"A,), where L* is the matrix Laplace transform of L*
(which must be finite for non-negative argument as L* concentrates on (0,00)). Therefore, we
have that

det(I, — F(s)) = det(I, — L _ (s)) det(I, = A (L, (s))" Ag) (62)

By noting that, as Re(s) > 0, the absolute value of the summation of each row of ﬁj (s) is strictly less
than 1 and the same is also true of A1 (L* (s))" A, (Peterson & Olinick, 1982, Lemma 2.4) gives rise
to det(I, — A '(L* (s))"A;) #0. Then, the proof is complete in view of (62).

Now, consider the special case of {JMAF SMAP}, _ with fixed threshold windows when both mter—
arrival times and claim sizes are phase-type dlstrlbuted (which is represented as { ] (MAPn) S(MAP " een

in section 3). Then, omitting the straightforward details, the Laplace transform of (60) is given by

F(s)= [%I“(S)(:;M(_ * I?IZ(S)(:;H(_S)} (63)
H21 (S) G21 (7 S) sz(S)Gzz(f S)
where
Gi/’(s) = ﬂi;‘(SI— Gi/) 71g,‘,' (64)
for i, j=1, 2 is the Laplace transform of the claim size B;;, and
H,'1 (S) =aq; (I — exp( —a;Ci1 <SI — ?) )) (SC,‘ll — Hl') B 1/0,' (65)
il
N H; ~1
Hi(s) := ajexp ( —a;cit (SI - C—)) (scnl —H;)™ ' h; (66)
i

for i=1, 2 depend on the parameters of the inter-arrival time A;.

Corollary C.2. Suppose that Re(s) <0 and s is not an eigenvalue of G;; for any 4, j=1, 2. If
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(1= Hi1(=9)G11(s))(1 — Hoao(—5)Gaa(s)) = Hiz( = 5)Gra(s)Ha1 (= 5)Gau (s) (67)

holds true (which is equivalent to (28)), then

G “en G2 “1ren
1—&11 sl — 1—&22 sl —
Gay &1 G2 g2
G “ren Gt “1ren
= 512 sl — 521 sl — (68)
G2 g2 Gy 21
where
az = oW 0) WA (0)) (69)

for i,k=1,2, and ‘Pf‘?ZAP’ﬁx)(O) is an 74, x ng, matrix that contains all the columns of lI’l(»]w"w’ﬁx)(O)

defined by (17) within the state space EB# for i, j, k=1, 2.

Proof. Consider Re(s) <0. First, it is obvious that (67) is equivalent to det(I, — F(—s)) =0 due to
(63). (We exclude the case where s is an eigenvalue of G;; for some i, j=1, 2 since it will make Gj(s)
blow up according to (64).) Corollary C.1 is applicable by replacing s by -s, i.e. if (67) holds true,
then det(I, — L _ (—s)) =0 where

hoi (—s= T=Lj(=s)  Lp(=s9) 70)

Ly(=s)  1-Lyp(—s)

with L,ﬂi,- being the Laplace transform of L _ ;. Recall that, given that the surplus process starts at
level zero, the matrix L _ contains the probability measures corresponding to the surplus level at a
descending ladder epoch, where such surplus level is simply the negative of the deficit at ruin. (By
convention, the deficit represents the absolute value of the shortfall and is therefore non-negative.)
Consequently, L (—s) is the matrix Laplace transform of the deficit with Laplace transform
argument s. Since the claim amounts follow phase-type distributions, the deficit must be phase-type
with the same generator as well (see e.g. Badescu et al., 2005, corollary 4.5), and one only needs to
keep track of the state at which the surplus process downcrosses zero as far as the initial probability
vector of the deficit is concerned. Consolidating these observations, it is not difficult to see that

Gk }) - {gw]
G 82k

fori, k=1, 2, where a;, is defined in (69). Therefore, setting the determinant of (70) to be zero results
in (68).

Ly (=s)=ay (sl -

Finally, we remark that the equivalence of (68) and (28) follows from the fact that
Pji(s)= - c,-,-I:I,--( —s) and Z;(s) =c¢;; / Gji(s) for i, j=1, 2, which can be shown in a straightforward
manner by comparing (29)—(31) with (64)—(66).

295

https://doi.org/10.1017/51748499517000215 Published online by Cambridge University Press


https://doi.org/10.1017/S1748499517000215

	Ruin probabilities in a Sparre Andersen model with dependency structure based on a threshold�window
	1Introduction
	Figure 1A sample path of the risk surplus process.
	2Related models
	2.1MAP
	2.2MFF

	3Fixed threshold windows
	4Numerical example
	5Conclusion
	Figure 2Finding�zeros.
	ACKNOWLEDGEMENTS
	References
	Appendix


