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CON(tppg < itr)
JONATHAN CANCINO-MANRIQUEZ

Abstract. 'We prove the consistency of the inequality v,y < itr, which in turn implies the consistency
of thwa < iand teare < ive. This answers one question from [1] and one question from [2]. We also prove
the consistency of the inequality vg < ug.

§1. Introduction. All topological spaces are assumed to be regular and with no
isolated points. Recall that a topological space (X, t) is resolvable if it has a dense
co-dense subset; otherwise, the space (X, 7) is said to be irresolvable. The rationals
are the typical example of a resolvable space, as it is easy to construct a dense
co-dense subset of Q. However, the construction of a countable irresolvable space
needs some strength of the Axiom of Choice: in [6], it has been proved that in the
Solovay model there is no countable irresolvable space. The argument goes roughly
as follows: the existence of a countable irresolvable space implies the existence of
a countable irresolvable space such that any open subset is irresolvable with the
subspace topology (such spaces are called strongly irresolvable). On the one hand,
the ideal of nowhere dense subsets of a countable strongly irresolvable space is
saturated, and therefore, it does not have the Baire property. On the other hand, in
the Solovay model every subset of the reals has the Baire property.

The irresolvability number was introduced by M. Scheepers in [9], and it is
defined as

itt = min{nw((w, 7)) : (w, ) is an irresolvable T3 topological space},

where nw denotes the z-weight of the space. Itis well known that t < itt < i(see[9]).
Recall that given a Boolean algebra B, a reaping family on B is a family R C B\ {0}
such that for any b € B \ {0}. there is r € R such that either, » < b or r < b, and
the reaping number of B, denoted by t(B). is the minimal cardinality of a reaping
family on B. Under this terminology. let us define tscattered = t(P(Q)/scattered),
where scattered is the ideal of scattered subsets of Q. In [2] it has been proved
that 0 < tscattered < itt follows from ZFC. Also, the parametrized diamond principle
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2 JONATHAN CANCINO-MANRIQUEZ

& (tscattered) implies the existence of a countable irresolvable space of weight w;.
Among other questions asked in the article, we find the following.

QuesTION 1 (Question (3) from [2]). Is there a model where tscattered < itt?

Interestingly, there is a parallelism with results from [1]. Let us denote by
Dense(Q) the family of all dense subsets of Q. A rational dense reaping family is a
family R C Dense(Q) such that for any dense 4 C Q, thereis B € R such that either
B\ A is not dense or 4 N B is not dense. Define vy as the minimal cardinality of a
rational dense reaping family. In [1], the authors proved that cof (M) < rg < i, and
O (vg) implies i = wy. It was also proved that tg = tpwd. Where tha = t(P(Q)/nwd).
The following question was left open.

QUuEsTION 2 (Question 3.11(5) from [1]). Is it relatively consistent with ZFC that
o < i?

In this article we give answer to both questions. The main theorem of this article
is the following.

THEOREM 1. [t is relatively consistent with ZFC that tscattered = tg = 0] < 03 =
it =1=2%.

Closely related to this theorem we find the cardinal invariant ug. A maximal
filter 7 C Dense(Q) is a maximal filter relative to the set inclusion relation. It is not
difficult to see that the maximality of a filter F C Dense(Q) is equivalent to the filter
F being a rational dense reaping family. A base for a filter 7 C Dense(Q) is a family
B C F such that any element of 7 has a subset in 3, and the cardinal invariant 1 is
defined as the minimal cardinality of a base for a maximal filter on Dense(Q). The
previous result can be easily adapted to prove that tg < ug is consistent.

THEOREM 2. The inequality vq < ugq is relatively consistent with ZFC.

The strategy in proving Theorem 1 is a mixture of the consistency proofs of the
inequalities ¢t < u and i < u. The forcing we use is that of [10] used to prove the
consistency of i < u. We perform a countable support iteration of length w,, and
in each step of the iteration, we destroy a countable irresolvable space by adding a
dense co-dense subset of w. Then we take care that any countable irresolvable space
that appears along the iteration is destroyed at some step of the iteration. Since
once a dense co-dense subset of w has been added to a topological space it cannot
be taken away, when we destroy the irresolvability of a topological space it cannot
be restored as an irresolvable space unless we modify the base of the topology. In
this way, if we destroy the irresolvability of a topological space, it will remain as a
resolvable space after the full iteration, making sure that all countable topological
spaces of small z-weight are resolvable. On the other hand, we make sure that at any
step of the iteration we destroy a small quantity of maximal filters on Dense(Q), thus
preserving the dense subsets of the ground model as a rational dense reaping family
after the iteration. Then we show how to modify the argument to prove Theorem 2.
The article ends with a section discussing the existence of rational p-filters and
rational g-filters.

§2. Filters of dense subsets of the rationals. Recall that a filter 7 on w is a g-filter
if for any partition {f, : n € @} into finite sets there is a set X € F which is a
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partial selector, that is, |1, N X| < 1 for all n € w. The filter F is a p-filter if given
family {4, : n € w} C F, there is a set B € F which is a pseudointersection of
{4, : n € w}, that is, for any n € w, there is k, € ® such that B \ k, C 4,,.

DErFINITION 1. Let (Dense(Q). C*) denote the partial order of dense subsets of
the rationals with the order given by set inclusion modulo finite sets (C*). We define
the following:

(1) A maximal filter F C Dense(Q) will be called a rational filter.

(2) A rational filter which is a g-filter will be called a rational g-filter.

(3) A rational filter which is a p-filter will be called a rational p-filter.

(4) A selective filter is a filter which is a p-filter and a g-filter at the same time.

(5) A selective rational filter is a rational filter which is selective.

Usually we will identify Q with w having a topology homeomorphic to the usual
topology on Q. In what follows, and for the rest of the article, we denote by B
a countable base for such topology, which will remain fixed. We also convey that
whenever (I, : n € w) is a partition of w into intervals, the enumeration is such that
max(Z,) < min(Z,,;) foralln € w.

We begin recalling the following well-known facts.

LemMa 1. Let F be a rational filter. Then:

(1) F is non-meager.

(2) If F is a p-filter, then for any decreasing (B, : n € w) C F, thereis X € F such
that for infinitely many n € @, X \ n C B,,.

(3) If F is a g-filter, then for any interval partition T = (I, : n € w) of w such that
foralln € w,max(I,) < min(I,, 1), andforanyl € w, there is a partial selector
X € Fof T such that foranyn,m € {k € w : X N I} # 0}, [n —m| > 1.

PrOOF.

(1) We prove that F is the intersection of @ many ultrafilters. Indeed, for any
B € B. letUp be an ultrafilter on Q extending 7 U {B}. Then F = [z Up:
itis clear that F C () 5.z Up. Pick X € (. zUp. Thenforall B € B. X N B
is not empty, so X is a dense subset of Q. If X ¢ F, then there are 4 € F
and B € B such that X N BN A = (. This implies that X ¢ Up, which is a
contradiction. Since the intersection of less than continuum many ultrafilters
is a non-meager filter, then F is non-meager.

(2) Recall that by the Talagrand-Jalaili-Naini theorem, a filter is non-meager if
and only if for any interval partition (J; : k € w) of w, there is X € F which
has empty intersection with infinitely many intervals 7. Fix a C-decreasing
(By:n € w) C Fandlet X € F be a pseudointersection of such sequence.
Define an increasing sequence of natural numbers (n; : k € w) as ny = 0,
and for all k € w, X \ nj;1 C B,,. Let Y € F such that ¥ N [ng, ngyp) is
empty for infinitely many k € w. Define Z = X N Y. Let k € w be such that
Y N [ng.nmeqr) =0. Then Z \ ny = Z \ nyy C By,

(3) Let (I : k € w) be an interval partition of w and / € w a positive natural
number. For k € w, define J;, = U{I/ k< j<lk+1}, Jl? = Jox UJaka1,
and J,j = Jor+1 U Jokq2. By hypothesis, we can find Xy, X; € F such that
for all k € w. [JPNXol.|J} NXi| < 1. Let ¥ = XoNX;. Then Y is as
required. B
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The following construction was first presented in [7] in the context of the cardinal
invariants v and u. Here we need the analogous version for Dense(Q).

LEMMA 2 (GCH). Thereis afamily F of selective rational filters such that |F | = w,
and for any forcing extension W 2 V with the same cardinals, if W = D € [F]?1, then,
in W, there are D' € [D]”! and an AD family {Ay : U € D'} such that Ay € U for
anyU € D',

PrOOF. By recursion construct a family {4, : 7 € o'} such that:

(1) 4 = Q.

(2) Foralla € w1, {4y : f € o} C Dense(Q) is an almost disjoint family.

(3) For any interval partition of w, (I, : n € w), there is @ € w, such that for all

[ € of. Ay is a partial selector of (1, : n € w).
(4) For all X € Dense(Q). there is a € w; such that for all f/ € w®, either
Ay C* X or Ay NX ¢ Dense(Q).

(5) Forf<a, f € a)f and g € ¢ such that /' C g, we have 4, C* 4.

For f € w}"!, define U, to be the filter generated by the family {4/, : @ € w1},
and then F = {U; : f € w;'}. It is easy to see that U, is a selective rational filter
forall f € o).

Now assume W is a forcing extension of V' having the same cardinals. Let
{fata€ew} Cw NV be a set of cardinality w,. For & € | . define
(h) = {g € o : h C g}. There are two cases:

Case 1. There is 1 € w{”" such that for all & € wy. (h [ a)N{fp: p € wi} has
cardinality w;. Then by recursion construct L € [w;]*! and two strictly increasing
sequences {fy. 7o € w1 : @ € L} such that f5, | 7o =h | yo and [, (7o) # h(pa).
Now for « € L define 4, = As, ) The families A = {4, : & € L}and {UUy,
a € L} are as required.

Case 2. For all h € o} there is o € w; such that (4 [ @) N{fs:f € w} is at
most countable. Note that in this case, given & € wi‘", we can find o € w; such
that (h [ a) N {fp : f € w1} has cardinality at most 1. Thus, for each f € w;. we
can find oy € w; such that (f4 [ ag) N {f, : » € w1} has exactly one element. Let
Aﬁ:A/waﬁ.Then{fﬁ:ﬂewl}and{Aﬁ:,BEwl}work. =

acw]

§3. Preserving selective rational filters. In this section we study the forcing we are
using and develop its main properties. This forcing was introduced in [10], and was
extensively developed in [8] for the ultrafilter version. A close relative of this forcing
was worked on [3]. Here we work with saturated ideals. Theorem 3 can be proved
using the same argument of Shelah from [10]. However, we present a different proof
in the framework of games and strategies, which allows for a simpler construction
in such proof. This requires to prove Proposition 3 and Corollary 1. Although this
is an additional technical work, we believe the resulting proof of Theorem 3 is easier
to visualize with these techniques. The proof of the Sacks property is the same from
[10], which we include for completeness.

Given an ideal 4 on w, 4* = {w \ X : X € 4} denotes the dual filter of {4, while
4T =P(w) \ I denotes the family of L-positive sets.

DerNITION 2. Let { be an ideal on w. An {-partition is a family ECJ of
non-empty subsets such that:
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() @\UE € 4.

(2) Every two elements from E are disjoint.

Given an J-partition E= (Ey :n € ), we assume that it is enumerated in
the canonical way, that is, min(E ) <min(E,) for all n€w. Forneo. let
af = min(E,). and let A(E) = {af :n € a)} we call A(E) the set of canonical
representatives of E. Let us also define dom(E) = Upew En- Forevery i € dom(E E).
we denote by i/E the element E, of E such that i € E,.

Given an J-partition £ and n € w, let E xn be the J- -partition defined as Exn=
{Ek : k > n}, with its natural order.

DErFINITION 3. Given EO,E" 1 I-partitions, we define El < Eo if and only if the
following holds:
(1) dom(El) C dom(Eo)
(2) Ey | dom(E 1)1 is a finer partition than E 1, that is, elements of E | are unions
of elements of Eo

DerFiNITION 4. Let J be an ideal on w. Define the forcing Q(4) as the set of all
ordered pairs p = (H,, E ») such that:

i) E » is an J-partition. We denote by (E} : n € w) the natural enumeration of
E,. The increasing enumeration of 4(E ») will be denoted by (a; : n € w).
ii) H, is a sequence of functions H,(n) : 24(Ep)N01+1) 2,
iii) For any n € A(E »). H(n)=e, where e, is the evaluation in the
n"-coordinate: e, (x) = x(n).
iv) If n = min(i/E,). then H,(i) = e, or H,(i) = 1 —e,.
The order is defined as ¢ < p if and only if:
(1) E, <E,.
(2) For all i € dom(E,), if n = min(i/E,) and H,(i) =
Hy(n):if H,(i) = 1 H,(n). then H,(i) = 1- H,(n).
(3) Foralln € w \ dom(E p).ifx € 24E)N0D  define

Xng—p = X U ((], Hq(])(x I (] + 1))) 1J € (A(Ep) N ( )) \A(E )>
Then:

H,(n), then H,(i) =

Hq (’Z)(X) = Hp(”)(xn,q—)p)'

DEFINITION 5. Let { be an ideal on w and G C Q(4) a generic filter over V.
Define a Q(4)-name X, for a subset of w as follows:

neE Xen < (Ap € G)(H,(n)=1).
Here H,(n) = i means H,(n) is the constant function with value i.
Recall that an ideal 4 on w is saturated if the quotient P(w)/4 is c.c.c.

DEFINITION 6. Let J be a saturated ideal on . The game G (1) between Player I
and Player 11, play {-partitions, is defined as follows:

https://doi.org/10.1017/js1.2026.10196 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10196

6 JONATHAN CANCINO-MANRIQUEZ

Player I ‘ E"é ‘ ‘ [ <
Player I1 ‘ ‘ E} < E ‘ ‘ EIZ §Ell ‘ ‘

dom(EN\ dom(E?) € 1*.

LemMA 3. Let d be a saturated ideal. Then Player I has no winning strategy in the
game §(1).

Player II wins if and only if |

new

ProoF. Assume otherwise X is a winning strategy for Player I. We will produce
an uncountable family of f-positive sets, each two of which are incompatible in
P(w)/d. Let (s, : n € w) be the enumeration of 2<® defined by the ordering s C ¢ if
and only if, either |s| < |¢] or |s| = |¢] and s <.x . Where <,y is the lexicographical
order ( has order type @). We construct a sequence (p; : s € 2<¢) such that:

(1) py = (2(0)) = (Ep).

(2) Fors € 2<”\ {0}, ps = (F; Fo Ey).
(3) Fs, = Eyand E,, = X(Ey. Fy,)).
(4) Forn > 1:

(a) If E’Sn is defined, then define F‘n O E’Sn.
(b) Now, let
P(sus1) = (Eg. Fo, 11 Egyy 11 oo By 11 Byt By 1oy 110 Foner)-

Then make Es,,ﬂ =32(P(sps1)).
Now, for f € 2%, define br(f) as

br(f) = (EQ) ﬁf“’ Ef“, vee s ﬁf”, Ef[], ---)lew.
By the construction, br( ) is a run of the game _9(1) on which Player I followed the
strategy Z. so we have that D(f) = J,~, dom(F,) \ dom(Es,) € 4". However,

for different f, g € 2” we have that D( f YN D(g) € 4:firstnote that the construction
of the family {ps: 5 € 2<»} implies that for all n € w, the relations dom(F, ) C

Sntl
dom( ) C dom( ) hold, and thlslast property implies that for any pair of distinct
functions f.ge2”

(dom(Fy 1) \dOM(E"frk)) N (dom(Fgyy) \ dom(Eq;)) =0,
which in turn implies that D(f) N D(g) C Ui<irrg| dom(Ffm) \dom(li'fr,,), and

this last union of sets is in the ideal {. Therefore, we have that {D(f) : f € 2*} is
an uncountable antichain in 41, which is a contradiction. o

Notation. Given a condition p € Q(4), and s € 2", define p* as follows:
(1) dom( ) E * |s|

( ) dem( ps)
(3) Fork<|s| Hys(ap) = s(k).
(4) If j € a"/E for some 7 < |s|. we have that:

I
(a) IfH,(j) = H(l)thenH (7)) = s(i).
(b)Ipr(j):lf p(al). then Hys(j) = 1—s(i).
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(5) For j € dom(E ,s) and x € 2AE)NGHD pote that
Xipsmp = ((al.s(i)) 1i<n)Ux

and define
Hp‘*' (])(x) = Hp(]')(xj.ps—>p)~

(6) If jgédom(Ep), then for all x € 24E»)NU+D e have Hys(j)(x) =
Hp(j)(xvi.p’—)p)-

DEerINITION 7. Let £ be anideal on w, p.q € Q(4) and n € w. We define ¢ <, p
if and only if the following happens:

(1) ¢ < p.
(2) Foralli <n.al =a.
(3) Foralli <n.a’/E, =al/E,.

The following fact is easy to prove.
LEMMA 4. Let 4 be a saturated ideal. Then: Q(4) I+ Xgen. @ \ Xgen € 4.

LEMMA 5. Let J be an ideal, p € Q(4) a condition, x a Q(4)-name for an element
inV.andn € w. Then there is q <, 1 p such that for all s € 2", q° decides the value
of Xx. Moreover, the set of conditions {q* : s € 2"} is a maximal antichain below q.

Proor. Let {s; : i < 2"} be an enumeration of all the sequences s : n — 2. Define
a decreasing sequence of conditions (g; : i € {— 1} U2") such that:

(1) g1 =p.

(2) qiv1 <u1 qi-

(3) ¢;" decides the value of x.

The construction is done as follows:

1

(1) Assume ¢; has been defined. Find r; ;| < q,iY" *1 which decides the value of x.

Then define ¢;. as:

(a) domgi) = Uy, a? /By U dom(E,,).

(b) Ey,, = {af JE, .]<n}UE,,,.+1.

(c) Ifm € a; /Eq ., for some j < n.then H,, (j) = H,(j).
(

d) For all m € dom(E V+1) and x € 2A(E‘1i+1)m(m+l),

Hy,, (m)(x) = H,,, (m)(x | A(E,,)).
(e) Form ¢ dom(E,,) and x € 2A4(Eq; )N(m+1)
Ht],‘+1 (m)(x) = H(],‘ (m)(xm,q,-ﬂﬁq[)'

It follows directly from the definitions that ¢;.1 <,_1 ¢;.

Finally, note that by construction, for all i < 2" we have g5, | < ¢" =r;. and r;

decides the value of x. so ¢,;, , decides the value of x. -

DerFINITION 8. Let p € Q(4) be a condition, 7 € . and F an J-partition such
that F < E «nand dom(F) = dom(E ,» * n). Define the condition p * F as follows:
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(1) E"p*F ={E/: z<n}UF Note that dom( i) =dom(E E).
(2) Ifa € A( p) \ A( p*E), define HP*E( a) = HP*E(mm(a/Ep*ﬁ)).
(3) Fori € dom(ljfp*ﬁ):
(a) IfH,(i) = H (min(i/E“ )). then Hp*F( i) —Hp*F(mm(z/E ).
(b) IfH,(i)=1- (mm(z/E )). then H pli)=1- HP*F(mm(z/E ).
(4) Fori ¢ dom(E »)and x € 24 (p+F)N(i+1) deﬁne

H () = Hy(i)(x,, )
Note that p x F <p1p.
PRrOPOSITION 1. If i is an saturated ideal, then Q(4) has the Sacks property.

PROOE. Let f bea Q(4)-name for a real and p € Q(4) a condition. We construct
a decreasing sequence (g, : n € ), and on the side give a strategy to Player I in
the game §(4). Since this is not a winning strategy, there is a run of the game in
which Player II wins. The existence of such a run of the game will give us the desired
condition.

The construction of the sequence is done as follows:

(1) Start by choosing ¢o < p which decides f (0); then Player 1 plays the
d-partition E, * 1

(2) Suppose g, is constructed such that for each s € 2", ¢3 decides f (n), and
Player I has played E = Eq (n+1). Then Player II has answered with
E2. Define G, = {dom( D\ dom(Ez)} U E2. Clearly G, is an I-partition.
Then find g, <, gn * G and such that for all s : n +1 — 2, g, decides
the value of /' (n + 1). Then Player I plays E = =E, x(n+2).

qn+l

Since this i ls not a winning strategy for Player I, there is a run of the game in which
U,eo, dom(E)) \ dom(E2) € 4*. Suppose (g, : n € w) is the sequence constructed
along such run of the game. Let F, = dom(E!) \ dom(E?) and define F = (F, :
n € w). Clearly, F is an {- -partition. Note that for any n € w. F, = E;/"*', and
actually, for any k£ > n + 1 we have that F, = E Jk+1 . Also note that for any n € @
and x € 24N+ the sequence (H,, (n)(x) : k € w) iseventually constant (it may
be not defined on an initial segment, but at some point it gets well defined, and even
eventually constant).

Define a condition ¢, as follows:

(1) E,, =F.
(I) Foralln € w and x € 24Fa)00D " pr (n)(x) = limgeq, Hy, (1)(x).

We need to prove that ¢,, is a condition in Q(4) and a lower bound of the sequence
(¢n : n € w). This clearly is sufficient to finish the proof.

Clauses i) and ii) from Definition 4 are immediate (clause ii) holds because the
limit of clause (IT) above is well defined). For clauseiii). pick ¢/ € A(E,,). note that

al” = az"“. Moreover, for all / > k + 1, and any j < k + la‘/?w/E% = a‘}‘”/Eq,.
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This in turn implies that for / >k + 1. dom(H,(a]”)) = dom(H,, , (a]”)) =
2A4(Eqo )@ +1) Erom this it follows that for / > k + 1.

Hy af) () = €01 (x) = x(aft ).

By definition (II) of H,, (a/). we have H,,, (a”) = x(a”) = €4 (x). Itis also easy
to see that this implies that clause iv) from Definition 4 is also satisfied.

Fix a condition g,, we want to prove that ¢, < ¢,. Note that E,, < E,, follows the
definition of E,, . To check clause (2) from Definition 4, pick / € dom(E,,,) and note
that for big enough k > max(n + 1.7+ 1), A(E,, )N (I +1)=A(E,)N(+1).
which implies that for big enough k > max(n + 1,7/ + 1),

Hy, (1) (x) = Hy, (1)(x).

It is not hard to see that this implies that the complete requirement of clause (2)
holds. To check that clause (3) from Definition 4 holds, pick / ¢ dom(E,,). and
note in addition that for big enough k > max(n + 1,/ + 1), it holds that

qu(l)(x) = qu(l)(x> = an(l)(xlﬂk—”{n)’

where the last inequality follows from ¢; < ¢,,. Therefore,

Hy, (l)(x) =H, (l)(xl,(]w_"]n)

SINCE X1 4, g, = Xig,—q, fOT big enough k € w.

Finally. note that for each s € 2", ¢5, < ¢}, decides a value for f(n). 50 ¢, bounds
the possible values of f (n) to a set of size at most 2”. -

PRrOPOSITION 2. If { is a saturated ideal on w, then Q(4) is proper.

Proor. The argument completely follows similar lines to the proof of Propo-
sition 1, with small modifications. Let M < H(0) be a countable elementary
submodel such that Q(4) € M, and pick a condition p € MNQ(L). Let (a, :
n € w) be an enumeration of all the Q(4)-names in M for ordinals. Then apply the
construction of Lemma 1, with the modification that instead of guessing f(n) at
step n, we decide the possible values of the name ¢, plus the fact that all the steps of
the recursion can be done inside M., that is, the {-partitions played by both players
are in M; the same proof of Lemma 3 shows that in this variation of the game §(4)
Player I has no winning strategy (the only modification is that now the strategy o
shoots {-partitions living in M), so we can get the condition ¢, of Proposition 1.
Then the condition ¢,, is an (M, Q(4))-generic condition. 4

DerFINITION 9. Let F and G be filters on . We say that 7 and G are nearly coherent
if there is a finite to one function f : w — w such that f(F) U f(G) generates a
filter.

Note that if we have that F and G are not nearly coherent, then both filters are
non-meager.

DEFINITION 10. Let F and G be filters on w. The game ¢(F, G) between Player
I and Player II is defined as follows: a complete round of the game consist of four
movements, defined as: at round number 7, both players follow the next pattern:
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(1) After Player II has answered with a natural number k,_; (if # = 0, we make
k_1 =-1), Player I plays a natural number m) > m? ,.

(2) Then Player II answers with a natural number m) > m).

(3) Then Player I answers with a set 4,, € G.

(4) Finally, Player II answers with a natural number k, € A4,,.

Player II wins if and only if
U[m,?,m,i) € Fand {k,:n e w} €.

new

We need the following lemma from [4].

Lemma 6 (Eisworth, see [4]). Let F,G be filters which are not nearly coherent.
Let T ={I,: n € } be an interval partition of w. Then there is an interval partition
J ={J,: n € w} such that each J,, is a union of elements of T, and

U Jar € F and U Jagi2 € g.

kew kew

PROPOSITION 3. Let F and G be two filters which are not nearly coherent. Further,
assume that G is a selective filter. Then Player I has no winning strategy in the game

$(F.G).

ProoF. Let X be a strategy for Player I, we need to produce a run of the game in
which Player I follows X but Player II wins. We think of Z as the family sequences
of possible and allowed moves of both players, so we identify £ with a tree with the
following properties: for s € X and i < |s]| :

(1) It has a root node (m8>, which is the starting move of Player I.

(2) If i = 4N for some N, then s(i) € w is the movement of Player 1 determined
by . The successors of s | (i + 1) are the set of all the possibilities that Player
11 is allowed to play, which is the set of all natural numbers bigger than s (7).

(3) If i =4N + 2 for some N, then s(i) € G is the movement of Player I
determined by 2. The successors of s | (i + 1) are the set of all the possibilities
that Player II is allowed to play, which is the set of all natural numbers which
are elements of s (7).

Forn € w.defineX" = {s € £: |s| =n+ 1}.Forj € 4. let=U! =  J, _ =%/ Also,

if s € X is a state of the game in which last movement was given by Player II, Z(s)

denotes the answer of Player I to the last movement of Player II in s, according to X.
For n € w, define the following sets:

En={s e (Vi< |s|)(ifdi +1 < |s| = s(4i +1) <n)}.

Each one of these sets is finite. Now, since X is a countable set, we have that the
family of sets 4 € G which appear in some s € X is countable, so we can find 4, € G
which is a pseudointersection of all of them. We construct two sequences of natural
numbers (/, : n € ) and («a, : n > 2) as follows:

(1) Iy =2(0) = m) and Iy > Iy is such that 4, N [lp.]) # 0.
(2) For each j € (lp. 5], {ly.j) is an allowed state of the game in which last
movement was given by Player IL. so Z({/. j)) = 4; is well defined. Choose
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ay > I, such that for each j € (Ip./1]. 4; Nay # 0. Now pick , > a» such
that for each j € (lp./i]andi € A; N, X(ly. j. A;.i) < b.
(3) If I, > I, has been defined, define /,,; > @, > [, such that the following
holds:
(a) ayi1 > 1, is such that for each s € &, and i < |s| such that 4i +2 < |s],
thereis j € s(4i +2) N[oy, py1).
(b) We require /,1 > a1 to satisfy that for each s € &, and i < |s| such
that4i +2 < |s|.and j € s(4i +2) N1, Z(s | (4i +3)7)) < Lyy1.
(c) Define H, 41 = {s(4i +2):s €&, Ndi+2<|s|}. Then, for all 4 €
Hn+1: Aw \anrl c A.
(d) Ay N [lm ln+1) 7& 0.
Then we get an interval partition (I, = [/,,l,11) : n € ) and by Lemma 6, we

can find an interval partition 7 such that each element of .7 is union of intervals 7,,,
and,

U Ju € F and U Jagi2 € g.

kew kew

Let B € G be a selector for J and define B, = BN A, N Uy¢,, Jar+2 and let {b,, :
n € w} beits increasing enumeration. Note that since we assume Ay, N [/, ly1) # 0
foralln € w, we can assume that B, N Jy, 42 # @ foralln € w. Letalso (i : k € w)
be the increasing sequence such that J; = [, 7x41), and (g : k € w) be such that
i = Iy, . Now we defined the following run of the game:

(1) Player I starts by playing m) =/, and let Player II play mj =n = I,.
Note that [mg.mg) = Jo. Define Ag =2(m).m}). so Ao € H, 1 (since

m) m) Ay € &, ). which implies that A, \ /;,+1 C Ay. Note that by >
mln(Jz) =1, > lr1+1ﬂ so Player II can play by. This finishes the first round of
the game.

(2) Assume we have constructed a partial run of the game s such that |s| = 4n
for some positive n € w. Then the last movement was given by Player II and
corresponds to Player Il playing b, | € Jy(, 1)42. Thenwehaveb, | € [/;.1;41)
for some j+ 1 < &4, 1)3. which implies that b, | </;;1 < a2, which
means that (s) = m{ < [;4, < Loy 1yis = legy = Man < Mans1. and Player II
can play m) = r]4n+1 Define 4, = X(s~mY" m]), and note that 4,, € H,

(since s~ m) m TA, € 5184 ), which implies that 4, \ /,

4n+1+1

i1+l C A,. Since

b, € Jap4r N B, and mm(J4,,+2) = Man+2 = lyyy 5 > sy, +1. We have that
b, € A,, so Player II can play b, € 4,. This finishes the definition of the
current round, which resultsin s ~m® m!™ A4,7b,. Note that Jy, C [m0, m)).
Note that after this run of the game, ., Jax € Uje,[m). m;) and the second set
constructed by Player II is exactly B,,. Thus, Player II wins. -

DEerFINITION 11, Let F and G be two filters on w. Let E be an F* -partition. Define
the game §;(F.G) as the game §(F, G). with the exception that Player I wins if
and only if

U U E; e Fand{k;:jcw}eg.

"W jelmy.my)
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COROLLARY 1. Assume F and G filters. Further, assume G is a selective filter, and
let E be an F*-partition. Define a function h : dom(E ) — w as h(k) = n if and only
ifk € E,. Assume h(F) and G are not nearly coherent. Then Player I has no winning
strategy in the game § 5 (F.G).

Proor. If ¥ is a winning strategy for Player I in the game §z(F.G). then X is
a winning strategy in the game ¢(h(F),G). However, #(F) and G are not nearly
coherent. 4

DEerINITION 12. Let £ be an ideal on w. We say that a function f : @ — w is
d-to-one if and only if for any n € w, f[{n}] € 4.

Theorem 3 below is the main theorem of this section.

THEOREM 3. Let 4 be a saturated ideal on w and let F be a selective rational filter
such that for no d-to-one function f, F U f(4*) generates a filter. Then Q(4) forces
that F generates a selective rational filter in the generic extension.

PROOF. Let X be a name for a dense subset of the rational numbers and p € Q(4)
a condition. We have to find a condition ¢ < p such that either, there is Z € F such
thatg IF ZN X ¢ Dense(Q), org I+ Z C X. By Proposition | we can assume that
foralln € w and s € 2", p* decides the truth value of n € X.

Foreach s € 2<® let Xy betheset Xy, ={ncw:3g <p*qlkne X}. If there
is s € 2<? such that X; ¢ F, then there is Z € F such that X; N Z ¢ Dense(Q).
Since p* forces X to be a subset of X;, then X N Z is forced by p* to be a not dense
subset of the rational numbers, so we are done with this case and we can assume
that X; € F forall s € 2<%. B

Define a function f : dom(E,) — w as f(k) =n if and only if k € E,. Then
F U f(4*) does not generate a filter. Moreover, our assumptions on £* and F imply
that F and f(4*) are not nearly coherent, so Player I has no winning strategy in
the game §z (4%, F). We define a strategy for Player I in the game 9%, (£*, F), in
which Player I constructs along the game a decreasing sequence of conditions. This
is done as follows:

(1) Player I starts by playing m0 =0. Deﬁne q1=p.

(2) After Player IT answers with m} > m]. define 49 = — X;. and let Player
I play the set 4y. Then Player II answers with ko € A4y. This finishes the first
round of the game.

(3) Assume round number » has finished and Player 11 has played k,, € 4,,. Then,
for each s € 2’"'1 pick ry E 2<® extending s and such that p's I+ k, € 4,,. Let

> max{|r5 |:s € 2’”n} and let Player I play m{ . Then Player Il answers

Let Player I play theset 4,1 =) 1 1 X;. Then Player
se2 nt

IT answers with k.| € 4,,,, and the round is finished.

n+l

withm},  >md .

.. ) 0
Now we define condition ¢,,. For s € 2y , pick os € 2"n+1 such thatr, C os.
Define g, as follows:

( ) dom( ) Ul<n U m? ml1 E‘in 'u LJj>m0 E;?n—l.

n+1

(b) E Eqn] I dom( qn) :Ep I dom( qn)-
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qn

n-1
AlEgy)0(aj" "+ oy sy=xla’ g and

(c) For je[m).m),) and x €2
define H,,(a; 41)(x) = os.(j). This implicitly defines H, w( ) for
J € Uicpmtm 0. VE -1 (which should satisfy clause (2) from Definition 4).

(d) For j € dom( ). define H,,(j) in the natural way to satisfy clauses
ii)-iv) and (2) from Definition 4.

(e) For j ¢ dom(E any)- Hg,(j) is defined accordingly to clause (3) from
Definition 4.

Note that for each s € 2’”5, g, <p*<p, so gk, e X. Thus.

qulFky € X.

This is not a winning strategy for Player I, so there is a run of the game in which Player
IT wins, so. for such run. we have ([, ¢., U ;e mi) E €d*and {k,:n € w} e F.

Let (mY. m!. k,.q, : n € w) be the sequences constructed along such run of the
game. Define a condition ¢, as follows:

(1) dom(E,,) = Uneo Usemgmy) Ej € 47
(2) E _E I dom( qw)
(3) For any j € w and x € 24Ea)NU+D let Hy, (j) = lim, o, Hg, (j)(x).

Checking that ¢,, is a condition and a lower bound of {g,, : n € w} is quite similar to
the case of Proposition 1, so we omit the details. Finally, note that since g, I+ k, € X
and ¢, < g, for all n € w, we also have that g, I- {k, : n € v} C X. -

§4. Killing irresolvable spaces. Before proving the main theorem of the article,
we need to state a few lemmas, for which we include the proofs for self-
contained purposes. Recall from the Introduction that a topological space is strongly
irresolvable if any open subset is irresolvable with the subspace topology.

THEOREM 4. It is relatively consistent with ZFC that @1 = tscattered = tawd < itt =
i= ).

LemMma 7. Let (w, ) be anirresolvable space. Then thereis anopen X C w such that
(X.t | X) is strongly irresolvable, that is, every t | X-open subset of X is irresolvable.

PrOOF. Let R be the collection of all open subsets of « which are resolvable. Note
that if U € R and V' C U is open, then V' € R. Let A C R be a maximal subset
of disjoint open sets. Note that W = | J A is resolvable, and w \ W has non-empty
interior (otherwise (w,t) would be resolvable). Define X = int,(w \ W). Clearly
(X,7 | X) is strongly irresolvable: otherwise, there would be an open set U C X
which is resolvable, and since X is open in 7, U is open in 7, so we get U € R, which
implies X N W # (), which is a contradiction. -

COROLLARY 2.
itt = min{nw((w, 7)) : (w, 1) is a strongly irresolvable T topological space}.

Proor. Clearly the inequality < is true. The other inequality follows from the
previous lemma and the fact that the z-weight of (X, 7 | X) is at most the 7-weight
of (w, 7). 4
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DErFINITION 13. Let (. ) be a topological space. The ideal of t-nowhere dense
subsets is denoted by nwd(z).

LemMA 8. Let (w, ©) be a strongly irresolvable space. Then nwd(7) is saturated.

Proor. First note that for any 4 € nwd(z)*, 4 has non-empty interior: assume
otherwise and pick some 4 € nwd(z)™ with empty interior, and let U € 7 be such
that U C 4. Note that U \ 4 and U N A4 are both dense in U, which means that U
is resolvable, which is a contradiction. Now, let A C P(w)/nwd(7) be a maximal
antichain. Then {int(A4) : A € A} is also an antichain, and moreover, for any two
A, B € A, int(A) Nnint(B) = (), which implies that {int(4) : A € A} is countable
(since w is countable), which in turn implies that 4 is countable. =

LEMMA 9. Let (w, t) be a strongly irresolvable space. Then Q(nwd(z)) forces that
Xgen and @ \ Xgen are dense in the topology generated by 7.

Proor. Let p = (H,.E,) € Q(nwd(z)) be a condition. Note that for each
n € dom(E,), we can find extensions ¢o.¢; < p such that for each i € 2, H,,(n)
has value constant i, and min(dom(q;)) > n. Thus, if V' € 7 is a basic open set, we
can pick distinct ng.n; € ¥ Ndom(E,) and find a condition ¢ < p such that for
each i € 2, H,(n;) has constant value i, and min(dom(E,)) > max{no,n;}. This
means that g IF 1o & Xeen N V.01 € Xgen N V. =

RemMARK. Note that in the generic extension by Q(nwd(7)), if 7 is the topology
generated by 7, then the n-weight of (w. 7) is the same as the n-weight of (w. 1) in
the ground model.

We need the following preservation theorem from [10].

THEOREM 5. Let F be a filter and D a family of subsets of w, and let P = (P, Qﬁ :
f < a) a countable support iteration of proper w®-bounding forcings. Assume the
following holds:

(1) F is a selective filter.
(2) Forany X C w such that X ¢ F, there is D € D such that X C D.
(3) Forall p < a.. Py forces the statement:

(%) (VX Cw)(X ¢ (F)= (3D € D)(X C" D)).
Then P forces (x) as well.

Note that if F is a selective rational filter, then clauses (1) and (2) of the previous
theorem are satisfied withD = {w \ (BN X) : B € BA X € F}. Thus, the previous
theorem implies that if we have a countable support iteration of proper forcings such
that all its initial segments preserve a selective rational filter F in the sense of (x)
above, then the full iteration also preserves F as a selective rational filter in the sense
of (). Note that this implies that JF is preserved as a maximal selective filter. This
will be used in the next proof.

Proof of Theorem 4. Let V be amodel of ZFC + GCH, and let F = {U, : @ € vy}
be the family of filters given by Lemma 2. The forcing is a countable support iteration
via a bookkeeping of forcings of the form Q(nwd(t)). where (w. t) is a strongly
irresolvable space, taking care that at each successor step of the iteration we destroy
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the next strongly irresolvable space available in the bookkeeping. The property of
the family ¥ makes sure that at any o € w;. in V[G,], for any saturated ideal {,
there are at most countably many filters I/ € F such that f*(4*) UU generates a
filter, where /" is an { to one function. This implies that at any step of the iteration
we have destroyed the maximality of at most ) selective rational filters in the family
F, and we preserve the maximality of the other w, remaining selective rational
filters in the family . By Theorem 5, we have that any rational filter &/ € F which
is not destroyed at successor steps of the iteration, is not destroyed at limit steps as
well. This in turn implies that the family | # remains as a rational dense reaping
family in all stages of the iteration. Since every dense subset of QQ appears in an
intermediate extension, every dense subset of Q is Dense(Q)-reaped by some set
in | JF, so tywa = ®; holds in the generic extension. Note that we actually have
ta = ;. On the other hand, we have that Lemma 9 and the bookkeeping make sure
that we destroy the irresolvability of any strongly irresolvable space that appears in
the intermediate extension, so itt > @ is true in the generic extension.

§5. tg and ug. Let F C Dense(Q) be a rational filter. A base for F is a family
Y C F such that any element in F contains one element from V. The cardinal
invariant ug is defined as the minimal cardinality of base of a rational filter:

ug = min{|V| : (3F C Dense(Q)(F is a rational filter A V is a base for F)}.

Clearly g < ug follows from ZFC. The results from the previous sections can be
easily modified to prove the consistency of tg < ug.

For the next definition, let us say that topology 7 on w is Q-compatible if there is
7/ C 7 such that (w, ') is homeomorphic to the rational numbers with their usual
topology.

DEeFINITION 14. The cardinal invariant ivr; is defined as the minimal possible 7-
weight of a 7> countable irresolvable space whose topology is Q-compatible, that is,

itr; = min{zw((w, 7)) : (w.7) is a T, irresolvable space and 7 is Q-compatible}.

It is clear that Lemmas 7-9 apply to 75 irresolvable spaces, so we can destroy
irresolvable 7> spaces in the same fashion as we did for regular irresolvable spaces.
These remarks are motivated by the following proposition and the corollary below.

PROPOSITION 4. itr; < min{ug, itt}.

PrOOF. Let B be our fixed base for Q. Let & C Dense(Q) be a rational filter.
Define a base for a topology as By = {BNA: B € BA A €U} and let 7(U) be the
topology generated by B;,. Then, (Q, t(if)) is a T5 irresolvable space: let X C Q be
an arbitrary 7(U)-dense set, which in particular implies that X € Dense(Q). and
the definition of B;, implies that the intersection of X with any element of U/ is a
dense set in QQ, so the maximality of &/ implies that X € U/ holds; this clearly implies
that the intersection of any two dense sets is not empty. The space (Q,z(Uf)) is T
because the base B separates points. It is also clear that the z-weight of (Q, 7(i)) is
at most y(U). Thus, itry < ug follows.

To prove the inequality itr, < ive, since any 73 irresolvable space is 75, it suffices to
prove that any T3 irresolvable topology on w is Q-compatible. To prove this, let M <
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H (0) be countable such that (w, 7) € M and consider the topology generated by the
family r N M. Since M models that (w, 7) is a T3 space, the topology =’ generated
by t N M is T3: for any n € @ and any basic set U € 1 N M such that n € U, by
elementarity, thereis V' € 7 N M such thatn € v C U: moreover, by elementarity

we also have V' =7 for any set V € 1t N M. Clearly (w,1’) has no isolated
points. Therefore, by Sierpinski’s theorem, we have that (w, t’) is homeomorphic to
the rational numbers with their usual topology. o

Note that in the previous proposition we cannot argue that the topological space

(Q.(U)) is a T3 space, since for any clopen subset B of the rationals and any 4 € U

we have that B N Ar(u) = B.

COROLLARY 3. [t is relatively consistent with ZFC that w; = vg < ug = w,.

§6. On the existence of rational p- and ¢-filters. Let us recall that given f. g € w®,
the relation f <* g holds if there are only finitely many natural numbers k € w such
thatg(k) < f (k). Afamily D C w® is <*-dominating family if forany /* € w® there
is g € D such that f <* g and the dominating number, denoted by 0, is defined as
the minimal cardinality of a dominating family.

THEOREM 6. 0 = ¢ implies the generic existence of rational p-filters.

Proor. The argument is essentially the same as for the generic existence of
p-points. For a given filter 7 C Dense(Q) and X € Dense(Q), let us say that X
is (F, nwd)-positive if for all 4 € F, AN X € Dense(Q). Let F C Dense(Q) be a
ﬁlEer of character less than ¢ and let # C F a base for F of minimal cardinality, fix
{Dq : @ € ¢} an enumeration of all C-decreasing sequences of dense subsets of the
rationals. Construct a C-increasing sequence of families {F, : « € ¢} such that:

(1) Fo=H. R

(2) Foreach a € . if each set in the sequence D, is (F,. nwd)-positive, then there

is X, € Fuy1 which is almost contained in each term of the sequence D,,.

(3) Foralla € ¢, |Fy| < c.

Assume F, has been constructed and each term of D, = (D% : n € w)is (F,. nwd)-
positive (in other case define F, | = F,). Let (B, : n € w) be an enumeration of a
base for the rationals. For each X € F,, define the function

ex(n)=min{k e w: (Vi <n)(DFNB;,NXNk+#0)}.

The family {¢y : X € F,} hascardinality less than 9, so there is a function f, which
is not <*-dominated by each one of the functions px. Let Z, =, ¢, Dy N f (n).
It is easy to see that Z,, is a pseudointersection of D, and (Fu. nwd)-positive, so we
can define F, | = Fo U {Z,}. At limit steps just take the union of all the previously
constructed families. Now let G be the filter generated by | J,.. Fo. Clause (2)
makes sure G is a p-filter. To see that G is maximal, pick D € Dense(Q), and let o
be such that D, is the constant sequence with values equal to D, then either, D is
not (F,. nwd)-positive, or Z, C* D. .

For the next theorem we introduce the following strengthening of a rational dense
reaping family.
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DEerFINITION 15. A family R C Dense(Q) is Dense(Q)"-reaping if for any
X € Dense(Q), thereis Y € R such that either:

(1) YC* X, or

(2) X NY ¢ Dense(Q).
We say that a set YDense(Q)"-reaps a set X if (1) or (2) above holds. The cardinal
invariant ta is defined as the minimal cardinality of a Dense(Q)"-reaping family.

Obviously, tg < té holds. Note that there exist Dense(Q)*-reaping families which
are not trivial: let ¥ C Dense(Q) be a maximal filter, that is, for a dense set X C Q,
X ¢ Fifandonlyifforall Y € F, X N Y € Dense(Q). Clearly, any such filter is a
Dense(Q) " -reaping family (or any base for such a filter). Note that it follows from
the proof of Theorem 4 that the inequality t& = ) < cisconsistent. We don’t know
if tg =t holds.

Let us recall that a function f : 2<®“1 — X, where X is a Polish space, is Borel, if
for all a € wy, the restriction f | 2% is a Borel function. The use of parametrized
diamond principles has shown to be useful when establishing the existence of some
specific mathematical objects, such as p-points, Souslin trees, independent families,
ideal independent families, etc. In [1], it was proved that {>(rg) implies the existence
of a maximal independent family. Here we prove that the diamond principle <>(t6)
implies the existence of selective rational filters. Let us briefly recall the diamond
principle $(tg):

O (vgh): For any Borel function F : 2<®1 — Dense(Q), there is a function g :
w1 — Dense(Q) such that for any f € 2“1, the set

{a € w; : g(a) Dense(Q)"-reaps F(f | )}
is stationary.
THEOREM 7. {(v()) implies the existence of a selective rational filter w;-generated.
ProoOF. It is not hard to see that the functions described below can be chosen
to be Borel, so we omit the details of this. First let us recall that if <>(t6) holds,
then t5 = w, and since ? < té holds, we get 0 = w; as well. Let {ia o€ w}

be a dominating family of interval partitions, that is, for any interval partition J.
there is o € w; such that any I € 7, contains one element from 7. For each limit
ordinal o € w, fix a bijection ¢, : @ — a. Now, by a suitable coding, we can assume
that the domain of the function F is dom(F) = | [w]? x ([w]®)®. Given

a sequence X = (Xp : B € ). let us say that X is Q-centered if the intersection of
finitely many terms of the sequence is a dense set. Given a Q-centered sequence
X =(Xg: p<a)letp,((Xp:f<a))betheset {k,:n € w} defined by

a€lim(w))

k, = min ﬂ Xea(j) N B,
Jj<n
Note that the set {k,:n € w} is a dense set and a pseudointersection of
{Xp : p < a}. Now define the function F as follows:
a) If (C. (Xp : p < a)) is such that (X : f < a) is not a Q-centered sequence, let
F(C.(Xp:f<a)) =o.
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b) If (Xj : f < a) is a Q-centered sequence, but C N, ((Xp : f < a)) is not a
dense set, define F(C. (X5 : f < ) = w.

¢) In the remaining case, let Yoa((Xgpea)) - @ = va((Xp : p < a)) be a homeo-
morphism between w and ¢, ((Xp : f < c)). which is constructed in a recursive
way. Then define F(C, (X5 : f < a)) = w ' [C N (X5 : f < a))].

Let now g be a guessing function for F. Define an increasing sequence of families

{Fo : a € lim(w;)} as follows:
(1) Start with 7, = {w \ k : k € w}.
(2) Suppose Fo = {Dy : f < a} has been defined. Let D, C W¢a<(Dﬁ:ﬂea>)[g(a)]

be such that it is a dense set and a partial selector of fa, and put Fpy =

Fo U{Dy}.
It is clear from the construction that F, is a family of dense sets generating a filter.
Also note that H = {D,, : @ € w;} is a C*-decreasing sequence of dense subsets,
so it is enough to prove that the filter generated by H is maximal and a g-filter.
Let X € Dense(Q) be arbitrary and consider (X, (D, : @ € w;)). By the guessing
property of g, there is o € w; such that g(a)Dense(Q)-reaps F(X. (D : f < a)).
that is, g(a)Dense(Q)T-reaps the set W;L(<Dﬁ:ﬁ<a>)[X Nea((Dg: f < a))]. so we

have that, either D, C* X or D, N X isnotdense. This shows that the filter generated
by H maximal. Since it is generated by a C*-decreasing sequence, it is also a p-filter.
To see that this filter is a g-filter, note that by clause (2) above, D,, is a partial selector
of Z,,; this clearly implies that the filter generated by # has partial selector for all
interval partitions. -

Now we are aiming to prove that consistently there is no rational p-filter. It may
be expected that the proof should be quite similar to the one for p-points. However,
after trying to adapt the proof one finds some difficulties which arise from the fact
that we don’t have the property “x € F or w \ x € F.” Typically, if F is a non-
meager p-filter and P is a partial order, forcing that F can not be extended to a
p-point, the partial order P adds a sequence (x,, : n € w) of F-positive sets, and any
ultrafilter extending F in the forcing extension, chooses between x, and w \ x,,, for
each n € w, and any pseudointersection of such selection is an element of the ideal
JF*. In the present context we can have actually that if G is a rational filter extending
F.then {x,,w \ X, : n € w} NG = 0, that is, neither x, and w \ X, are in G, for all
n € w. Indeed, assume {B, : n € w} is a maximal antichain of basic open sets, and
let us take, for example, the set

X =|Jxnx), NNt NB,

new

where %0 = w \ X,. and x, are the generic sets added by any of the typical forcings
used to destroy non-meager p-filters. If G is a filter extending 7 U { X'}, then G is one
of the stated filters. After thinking a little bit more, one finds that infinite sequences
of sets similar to X above can make things more complicated. Thus, this path,
although not completely proved to be unprofitable, seems hard to take over.

The answer to the problem comes from a theorem proved in [5]: it is consistent
that there is no saturated p-filter. Recall from Proposition 4 that from a rational
filter F we constructed an irresolvable space (. t(F)). Now, Lemma 7 implies that
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there is a (F)-open set V such that (V,7(F) | V) is strongly irresolvable. We claim
that 7 | V ={X NV : X € F}isasaturated p-filter.

ProposITION 5. If F is a rational p-filter, then there is a basic open set B € B and
some X € F such that F | (X N B) is a saturated p-filter.

ProoF. We have seen in the paragraph preceding this proposition the existence of
a t(F)-open set V such that F | V is strongly irresolvable. A base for the topology
7(F) was defined as Br = {BNX : Be€BAX € F}, so we can find B € B and
X € F such that X N B C V. It is clear that F | (X N B) is a p-filter. To prove
that it is also a saturated filter, by Lemma 8, it is enough to prove that nwd(z(F)) |
(X N B)* C F | (X N B).Note that a base for the topology 7(F) | (X N B) is given
by B = {W € Br : W C X N B}. For simplicity. let us write 7 instead of 7(F) |
(X N B). Note that since X N B is t(F)-open, we have that N C X N B is T-nowhere
dense if and only if it is 7 (F)-nowhere dense, so nwd(7) = nwd(z(F)) | (X N B).

Pick N € nwd(7), we want to show that (X N B)\ N € F | (X N B). Since N is
nowhere dense, any open set W € t(F) | (X N V) can be shrunk to a basic open
set having empty intersection with N. Thus, we can find a maximal antichain of
basic open sets {B, N X, : n € w} C B, each one of whose elements has empty
intersection with N. Note that by the definition of the basis B and B}, we should
have B, N B,, = () whenever n # m. Note also that Unew B, is an open dense subset
of B (in the usual topology of the rationals). Since F is a p-filter, there is X,
which is almost contained in each one of the sets X,,. Then F,, = X, N B, \ X, N B,
is a finite subset of B,: this implies that | J,, F, is a discrete set in (J,c,, Bx.
so Z = Xy, \ U, eo, Fn € F. Then we have that Z N B, is a basic open set and is
contained in X, N B,, so it has empty intersection with N. On the other hand,
W = U,co Z N By is an open 7-dense set, and it is an element of the filter F |
(X N B): note that U = (w \ B) U Unew Bn is an open dense set of Q. so we have
U € F,whichimplies Z N U € F, and itis easy to see that BN Z N U = W. Thus,
we conclude that W € F | (X N B), which in turn implies  \ N € F | (X N B)
(because W and N are disjoint). We have proved that nwd(?)* C F | (X N B). -

COROLLARY 4. The existence of a rational p-filter implies the existence of a
saturated p-filter.

COROLLARY 5. [t is relatively consistent that there are no rational p-filters.

ProOF. In the model constructed in [5] there are no saturated p-filters, so the
previous corollary implies that in such model there is no rational p-filter as well.

Finally, note that since in the Laver model there is no g-point, there are also
neither rational g-filters: if it were the case that there is a rational g-filter, just extend
it to an ultrafilter on @Q, which results in a g-point.

THEOREM 8. In the Laver model there are no rational q-filters.

Acknowledgments. The author is thankful to Osvaldo Guzman for listening earlier
versions of these results, as well as to the referee for the careful reading and
suggestions helping to improve the reading of the article.

https://doi.org/10.1017/js1.2026.10196 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2026.10196

20 JONATHAN CANCINO-MANRIQUEZ

Funding. The author thanks support from the Universidad Nacional Auténoma
de México Postdoctoral Program (POSDOC) and UNAM-PAPIIT IN118425 grant.
This research was completed during a postdoctoral stay of the author at the
Department of Mathematics of the Faculty of Sciences, UNAM.

REFERENCES

[1] B. BALCAR, F. HERNANDEZ, and M. HRUSAK, Combinatorics of dense subsets of the rationals.
Fundamenta Mathematicae, vol. 183 (2004), no. 1, pp. 59-80.

[2] J. CANCINO-MANRIQUEZ, M. HRUSAK, and D. MEZA-ALCANTARA, Countable irresolvable spaces
and cardinal invariants. Topology Proceedings. vol. 44 (2014). pp. 189-196.

[3] D. CHODOUNSKY. V. FISCHER, and J. GREBIK, Free sequences in P(w)/fin. Archive for Mathematical
Logic, vol. 58 (2019), nos. 7-8. pp. 1035-1051.

[4] T. EissworTH, Near coherence and filter games. Archive for Mathematical Logic, vol. 40 (2001), no.
3, pp. 235-242.

[5] R. FRANKIEWICZ, S. SHELAH, and P. ZBIERSKI, On closed P-sets with ccc in the space w*. Journal
of Symbolic Logic, vol. 58 (1993). no. 4, pp. 1171-1176.

[6] S. GARCIA-FERREIRA and M. HRUSAK, On resolvability and extraresolvability. Topology Proceed-
ings. vol. 39 (2012), pp. 235-250.

[7] M. GoLDSTERN and S. SHELAH, Ramsey ultrafilters and the reaping number —con (v < u). Annals of
Pure and Applied Logic. vol. 49 (1990), no. 2, pp. 121-142.

[8] O. GuzMAN, The ultrafilter number and hm. Canadian Journal of Mathematics. vol. 75 (2023), no.
2, pp. 494-530.

[9] M. ScHEEPERS, Chapter 8—Topological games and Ramsey theory, Open Problems in Topology 11
(E. Pearl, editor), Elsevier, Amsterdam, 2007, pp. 61-89.

[10] S. SHELAH, CON (u > i). Archive for Mathematical Logic, vol. 31 (1992), no. 6, pp. 433-443.

DEPARTAMENTO DE MATEMATICAS
FACULTAD DE CIENCIAS
UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
CIRCUITO EXTERIOR S/N
CIUDAD UNIVERSITARIA. CDMX, 04510, MEXICO

E-mail:mhacajoh@gmail.com

https://doi.org/10.1017/js1.2026.10196 Published online by Cambridge University Press


mailto:mhacajoh@gmail.com
https://doi.org/10.1017/jsl.2026.10196

	1 Introduction
	2 Filters of dense subsets of the rationals
	3 Preserving selective rational filters
	4 Killing irresolvable spaces
	5 rQ and uQ
	6 On the existence of rational p- and q-filters

