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Abstract

Let {u,}, be a nondegenerate linear recurrence sequence of integers with Binet’s formula given by
U, = 20, Pi(n)a?. Assume max; |a;| > 1. In 1977, Loxton and Van der Poorten conjectured that for any
€ > 0, there is an effectively computable constant C(¢) such that if |u,| < (max;{|a;|})"~®, then n < C(e).
Using results of Schmidt and Evertse, a complete noneffective (qualitative) proof of this conjecture was
given by Fuchs and Heintze [‘On the growth of linear recurrences in function fields’, Bull. Aust. Math.
Soc. 104(1) (2021), 11-20] and, independently, by Karimov et al. [‘The power of positivity’, Proc. LICS
23 (2023), 1-11]. In this paper, we give an effective upper bound for the number of solutions of the
inequality |u,| < (max;{|a;|})"!~9, thus extending several earlier results by Schmidt, Schlickewei and Van
der Poorten.

2020 Mathematics subject classification: primary 11B37; secondary 11J25, 11HO06, 11D61.
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1. Introduction

A sequence of integer numbers {u,} is a linear recurrence sequence of order [ if it is
defined by the recurrence relation

Upi] = Qilbpei—1 + QolUpyi2 + -+ aity, (0 € N), 1-1)

where the coefficients ay,...,a; are complex numbers and [ is minimal. It is well
known that we can write

m
= Y Pimal,
i=1

where «; are the roots of the characteristic polynomial P of {«,} and the coefficients
of polynomials P; belong to K := Q(«;,...,a,) and d is the degree of the number
field K over Q. One says that such a sequence is nondegenerate if none of the ratios
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108 A. Noubissie 2]

«;/a; (i # j) is a root of unity. Let @; be a dominant root of P. We denote by s the
cardinality of the set containing all the prime ideals above «; and all the Archimedean
places over K. Here, we are interested in the study of the exponential Diophantine
equation u, = 0. Since any linear recurrence sequence can be decomposed as the
interleaving of nondegenerate sequences, we study the previous equation only for
the nondegenerate sequences. This problem was first studied by Skolem, Mahler and
Lech, who used p-adic analysis to prove that this equation has finitely many solutions.
Their proof is ineffective in the sense that it does not allow one to bound the number of
solutions. Van der Poorten and Schlickewei [12] gave an upper bound for the number
of solutions depending only on d, / and s. This result was extended by Schlickewei and
Schmidt [11, Theorem 2.1], who provided an upper bound depending only on d and /,
and by Schmidt [14], who provided an upper bound depending only on /.

We now turn to a more general question concerning the rate of growth of the
recurrence. It is not difficult to see there is an effectively computable constant C such
that, for all n > 1, |u,| < Cna,|", where ; is a dominant root of the characteristic
polynomial of the sequence {u,} with a, the maximum multiplicity of the roots ;.
In 1977, Loxton and Van der Poorten [8] conjectured that any nondegenerate LRS
(linear recurrence sequence) has, essentially, a maximal possible growth rate, that
is, for any € > 0, there is an effectively computable constant C(e€) such that if
lu,| < (max;{|a;]})"'~©, then n < C(e). Using results of Schmidt [14] and Evertse
[4], a complete noneffective (qualitative) proof of this conjecture was given by Fuchs
and Heintze [6] and, independently, by Karimov et al. [7].

This question about the rate of growth of LRS is connected to the Positivity and
Ultimate Positivity Problems (in theoretical computer science). In fact, Ouaknine and
Worrell [10] have proven that for a simple linear recurrence sequence, the Ultimate
Positivity Problem is decidable for all orders. Their algorithm arises from model
theory and the qualitative version of the Loxton—Van der Poorten conjecture above.
The noneffectiveness of this result makes that algorithm nonconstructive in the sense
that, for a given linear recurrence sequence {u,}, the procedure does not produce a
threshold N such that u, > O for all » > N. This is why the positivity problem for
simple linear recurrence sequences is still open.

In this article, we make progress in that direction by giving an explicit upper bound
for the number of solutions.

Let {u,} be the nondegenerate linear recurrence sequence of integers of order / > 1
defined by the Recurrence Relation (1-1) with Binet’s formula given by

m
= Y Pimal,
i=1

where «; are the roots of the characteristic polynomial P of {u,} with multiplicity at
most a; the coefficients a;; of the polynomials P; belong to K := Q(ay, ..., a,) and d
is the degree of the number field K over Q. Assume «; is a dominant root of P and
|| > 1. We denote by S the set containing all the prime ideals above «;, and all the
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Archimedean places over K and by s its cardinality. Let n; be the smallest positive
integer such that n;a; € Og and we denote by p := Iem(n;;). Put

A’ := min{l, |o(pay)l, o(ay) # 0}, A := max{L, |o(pay)l}, 1-2)
a,l,] Ol

where the minimum and the maximum are taken respectively over all elements of
Gal(K/Q) and coefficients of pP;. Let Ax be the discriminant of K. For x € R*, we
define the functions g(x) = 23* - 211/5?]'2x5 and
20a'A! —log(A’) 11mA + e8% log(l! )log(ZdIAKl)}

A’ elog(lay])’ xlog|ay| ’

T(x) = max{

Notice that p = 1 is equivalent to all the coefficients of the polynomials P; being
algebraic integers. Hence, our main result can be stated as the following theorem.

THEOREM 1.1. For each 0 < € < 1/12, the number of solutions of the inequality
lia] < e[ (1-3)
does not exceed:

o T(e/2d) + 2 - s2(dP 240 e )5t exp((714)8") if p = 1; and
e (2e'logp/loglay|) + 1(e/4d) + 2 - s2(d* 24+ e 2)s+ exp((714)3") if p # 1.

The following result owing to Schmidt [14] plays a crucial role in the proof of
Theorem 1.1.

LEMMA 1.2. Suppose that {u,},cz is a nondegenerate linear recurrence sequence of
complex numbers, whose characteristic polynomial has k distinct roots of multiplicity
at most a. Then, the number of solutions n € Z of the equation u,, = 0 can be bounded
above by

c(k, a) = exp((Tk“)%").

REMARK 1.3. An effective upper bound for the number of solutions of Inequality
(1-3) can be obtained by ‘carefully’ combining a variant of the main theorem in [5]
and Lemma 1.2. However, our Theorem 1.1 provides a better upper bound.

If the characteristic polynomial of {u,}, has just one root, that is, m = 1, then
Inequality (1-3) becomes

IP\(m)] < (joi )79,

which implies |Pi(n)a€| < 1. If n > (2(aA + 1)/A’), where A and A’ are defined
in (1-2), then one gets |P;(n)| > A’. So A’|a‘| < 1. Hence, we conclude that any
nonnegative integer solution n of the inequality (1-3) satisfies the relation
2(aA+1) —log(A") )

A eloglai)/

n <max(
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In the remainder of the article, we assume m > 1. Let Mk be the collection of places
over K. For v € Mg, x € K, we define |x|, as follows:

o x|, = [o(x)|"/? if v corresponds to the embedding o : K — R;

o x|, = [o(®)[*? if v corresponds to the embedding o : K — C;

o x|, = (Ng/g(P) ™ W/d if v corresponds to the prime ideal P of O and ordp(x)
to the exponent of # in the decomposition of the ideal generated by x.

With this norm, we have the product formula

]_[ I, =1 forxeK.

veMg

For X = (x1,...,x,) € K™, X # 0 and |X|, = max(|xy},, ..., |[xul,), we define the height
of X as

H(X) = ]_[ IX1,.

veMg

Note that H(X) depends only on X and not on the choice of the number field K (see
[1, Lemma 1.5.2]). Let K be the splitting field of the characteristic polynomial of {u,}
and S be the set containing all the prime ideals above «; and all the Archimedean
places over K, and s be its cardinality. The ring of S-integers and its set of units are
respectively defined as

Os={xeK:|x|,<1forallv ¢S}
and
Os={xeK:|xl,=1forallv ¢S}

We denote by id the embedding over K corresponding to the identity and for v € Mk,
we define the quantity s(v) by

—

y if v is real infinite,
_)2
s(v) = v if v is complex infinite,
0

if v is finite,

where d is the degree of K over Q. By the definition of s(v), we get

s =1 (1-4)
veMy
Forv € S\ {id}, we define m linear forms [y,, ..., [,,, with m variables x := (x1, ..., X,)
over K as I;,(x) = x;. For v = id, we define [,,(x) = x; +--- + x,, and [;,(x) = x; for

i=2,...,m.
Notice that to prove Theorem 1.1, it suffices to show only the first part (that is, the
case p = 1, meaning all the coefficients of the polynomials P; are algebraic integers)
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since the second part follows easily from the first one. Indeed, assume p # 1 and fix
€ > 0. It is clear that all the solutions of Inequality (1-3) are solutions of the inequality

p
|y "€/

n(l1-€/2)

lou,| < |av1 ]

If p > |a;|"/?, then we obtain
2¢ 'logp
logla;|

Otherwise, one obtains |pu,| < (Ja;|)"1~¢/?. Since the coefficients of the polynomials
pP; in Binet’s formula for the nondegenerate sequence v, := pu, are all algebraic
integers, the desired result follows by applying the first case of Theorem 1.1 with €/2
instead of €.

Thus, in the rest of the paper, we assume p = 1, meaning that all the coefficients of
the polynomials P; are algebraic integers. Put

N ={(Pi(n)a},...,Py(n)a,,),n € N}

and X, = (P1(m)af, ..., Py(n)ay,). Our main result is a consequence of the following
theorem.

THEOREM 1.4. For each 0 < € < 1/12, the set of X, € N with n > 1(€) that are
solutions of the inequality

m
[ 1] Tl <laii™ (1-5)
veS =1
is contained in at most

2 . SZ(m724m+l7€72)ms+m

proper subspaces in K™.

2. Deduction of Theorem 1.1 from Theorem 1.4

Fix € > 0. Let n be a solution of the inequality (1-3) with n > 7(e/2d) and X, € N.
Forv e S,

IPi(n)ly < ((d; + DY VA < (any VA, 2-1)

where a is the maximum multiplicity of the roots of the characteristic polynomial of
{u,}; d; the degree of P; and A is defined in (1-2). By using the relation (2-1), (1-4),
the product formula and the fact that a; € O,

[ ﬁ IPi(n)all, < (anA)". (2-2)

vesS i=1
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Hence,

[ ﬁ Xl = 75 l(” ”)lldn| T]1 ﬂ IPi(m)er)

veS i=1 veS i=1
a AN
(an“A) oy [P (1=0
B |P1(n)6¥"|id
< I’l |C¥ | ne/d

< Ial |—n6/2d’

where for the first inequality, we use Relation (2-2), the fact that n is a solution of
Inequality (1-3) and m < [, and for the last one, [9, Lemma 2.4] and the fact that
n > 1(e/2d). So X, is a solution of Inequality (1-5) (replacing € by €/2d). Applying
Theorem 1.4 and the fact that X,, € N, we deduce that there are at most

2 SZ(d21724l+]96*2)lS+1

exponential Diophantine equations of the shape

Z ciPi(n)a} =0 (2-3)
icl
with ¢; non-zero elements of K and I C {1,2,...,m} such that for all solutions X,

of Inequality (1-5), n is a solution of at least one of them. From Lemma 2, each
Diophantine equation given by the relation (2-3) has at most exp((7/4)¥") solutions
with n € Z. Hence, we conclude that the cardinality of the set of solutions n of the
inequality (1-3) with n > 7(e/2d) does not exceed

2 . SZ(d21724l+ 196—2)1S+[ exp((7la)81“ )’

which gives us the desired result.

3. Preliminaries

Before starting the proof of Theorem 1.4, we need some notation and facts about
exterior algebra, inequalities related to heights, and results from the geometry of
numbers over number fields.

Let V be a vector space over the splitting field K of the characteristic polynomial
P of {u,} of dimension m (number of distinct roots of P), with canonical basis
e; (i=1,...,m). For 1 < p <m, we equip the exterior power A’V with the standard
basis

ey, Nep N---Nej, Withi1<i2<"'<ip.
Put N = (']')') Let oy, ...,on be the subsets of {1,...,m} given by

or={L....,pl,ox={L,...,p—-1Lp+1},...,
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and
on-1=fm—-—pm—-p+2,....n}, oy={m-p+1,...,m}

ordered lexicographically. For the vectors x; = (x;,...,Xm) € K", 1 <t <m, we

define
Xiip X ot X,
X2,y X2ttt X2,
Aa',»:Ai(xls-‘-yxp): . . . .
Xpii Xpin T Xpi,

where o = {iy,...,i,} and also
XIAX AN ANXp = (AO-I,AU-Z,...,AU-N).

Note that x; Axp A---Ax, =0 if and only if {x,x5,...,x,} is linearly depen-
dent (see, for example, [13, Lemma 6B, Ch. IV]). For x = (x,x,...,x,), we
define x* = (X, —Xp_1,...,(=1)""'x;) and extend the standard scalar product
x-y =21, xiyi, where x,y € K™, to APV, using the Laplace identity,

1 Ax2 Ao Axp) - 1 AY2 A Ayp) = det(x; - )ij=1,...p 3-1
and the Laplace extension
X1 Axz A Axy)" =det(xg,...,x,) withxy,...,x, €K™ (3-2)

A similar notation is used with regards to linear forms. If I(X) =a-X = 3| a;X;,
where a = (ay, ..., a,), we put I*(X) = a* - X. Further, for linear forms [,(X) = a"” - X,
with 1 < ¢ < p, in m variables, we define the linear forms in N variables by

(AL A ALYX) = AL A AL)-x.

Let {ay,...,a,} and {by,...,b,} be two bases of K”. Then {A,,...,Ay} and
{B1,...,By} with A; =a; ANaj, A--- ANa;,_ , and B; = b; Abjy A--- Ab;,_, are two
bases of K.

The following lemma, established in [3, Lemma 3.3.1, Ch. IV], is used at several
places in this paper.

LEMMA 3.1. Let ke {1,...,m}. If {ay,...,a,} and {b, ..., b,} are two bases of K™,
then {ay,...,ax} and {by,...,b;} generate the same vector space if and only if

{A,...,Ay_1} and {By, ..., By_1} generate the same vector space with N = 'Z .

This lemma implies the existence of an injective map f; from the collection of
k-dimensional subspaces of K™ to the collection of (N — 1)-dimensional subspaces
of KV such that if V has basis {a,...,a;} and ai,1,...,a, are any vectors such that
{ai,...,a,} is a basis of K™, then {A|,...,Ay_1} is a basis of fi(V).

LEMMA 3.2. Let v € Mg. The following inequalities hold:

byl < m* N, -yl forx,y € K (3-3)
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and
i Axp A Axgly S RVl ady forxn,..ox €K™ k<m.  (3-4)
If xi1,...,x, are linearly independent vectors in K", then also
det(xr, ., xm)ly < (Yl ly - ol (3-5)
and
Hy Axp A= Axg) <kU-H(xp) - H(xp) - - - H(xg). (3-6)

PROOF. Let x,y be two elements of K. By the above definition of the scalar product
on the vector space K™, we infer that

m

Z XiYi

i=1

< m ™, - Iy,
v

|x'y|v =

where for the inequality, we use the fact that | - [/**” is the usual absolute value when v

is an infinite place over K and the strong triangle inequality property of | - |,, whereas
v is a finite place over K. Therefore, the relation (3-3) holds. By the above definition of
the exterior power over the vector space K",

xl /\xz/\.”/\xk :(Atfl,AU'z»-"’AU'N),

with N = () and

XLy XL, 0 Xl

x2,i| x2,i2 T xz,ik
Ay, = Ai(x1, .o x0) = | . . s

xk,il xk,iz T xkaik

where o = {i} < --- < i;}. From the Leibniz formula for the determinant A, it follows
that

1Ay < (KDl - by
forallie{l,...,N}. So
bep A A Agly < D Pl Tl
If xy, ..., x, are linearly independent vectors in K™, then
[det(xy, ..., xp)ly = X1 AX2 A-e s A Xy

and so the relation (3-5) follows immediately from (3-4). By taking the product over
all the places of Mg on the relation (3-4) and using the definition of the height function
H(-), we obtain the relation (3-6). O
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LEMMA 3.3. Let v € Mg, H be positive real numbers and xy, . . ., x, linearly indepen-
dent vectors in K™, with H(x;) < H fori=1,..., p. Then,

-p .
I-]_ < X1 Axp A /\xplv < (p! )s(v)‘ G7)
p' |xl|v"'|xp|v
In particular, if p = m, then
H~ < [det(xy, ..., xm)ly < (m! )S(V)' (3-8)
m! |x1|v"'|xm|v

PROOF. We prove this result by using the same argument as in the proof of
[5, Lemma 2]. Since xi,...,x, are linearly independent vectors, it follows from
[13, Lemma 6B, Ch. IV] thatx; Axy A - -+ Axp, # 0; therefore, H(xy Axo A -+ Axp) > 1.
Hence,

xi Axa A Axply B (HweMK\{V} [xi Axp A - /\)cplv)’1 “Hxi Axp A+ ANXp)

|x1|v"'|~xp|v - |x1|v"'|xp|v
> [ o= [ ]Gl b
weMg\{v} weMy
> (p!) ' HOe) ™ - Hxy) ™!
HP
>

where, for the first inequality, we use Relation (3-4) of Lemma 3.2, the second
inequality follows from the fact that
Z s(w) =1,

weMg

whereas the last inequality holds because H(x;) < H for i =1,..., p. So we proved
the first inequality of Relation (3-7). The second inequality follows immediately from
Relation (3-4). Therefore, the proof of the relation (3-7) is complete. By the definition
above of the exterior power of the vector space K",

[det(xq, ..., Xl = X1 Axa A=+ A Xy

Hence, the relation (3-8) follows from the relation (3-7), which completes the proof of
our lemma. O

We now define rank(xy, . .., x,), the maximum number of vectors in M = {x,...,x,}
that are linearly independent over K. We need the following lemma, which is a slight
modification of [5, Lemma 3].

LEMMA 3.4. Let H be a positive real number, ay,...,a, € @m with H(a;) < H for
i=1,...,rand x € K™ be nonzero such that

a;i-x=0 fori={l,...,r}
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Suppose that rank(ay, . ..,a,) < m — 1. Then, there exists y € K™ that only depends on
a; such thaty # 0,a;-y=0fori=1,...,rand Hy) < (m — 1)! H" 1.

Here, we provide the result of Bombieri and Vaaler about a generalisation of
Minkowski’s result on geometry of numbers to an Adele ring of a number field (see
[1, Appendix C] for more details). Throughout this section, K is the splitting field
of the characteristic polynomial of {u,}, and S the set of places consisting of all
Archimedean places and prime ideals above aj,...,a@,. Let O, be a local ring
xeK,:|xl, <1}. A set C, of K" (with respect to the v-adic topology) is called a
symmetric convex body in K" if it satisfies the following conditions:

e (is an interior point of C, and C, compact;

e ifxeC,anda €Kk, |a|, =1,thenax e C,;

o ifvjcoandx,ye C,,thendx+ (1 —-A)ye C,foralldeR,0< A< 1;otherwise if
x,y € C,,thenx+yeC,.

The ring of K-Adele Vi is the set of infinite tuples (x,,v € M) with x, € K,, and
|xyl, <1 for all but finitely many v, endowed with component-wise addition and
multiplication. The set Vi’ may be identified with a set of infinite tuples of vectors (x,)
with x, € K" for all v € Mk and x, € O for all but finitely many v. By the diagonal
embedding, we mean the map

Y K" = Vi 1 x e (x,),
with x, = x for v € Mg. A convex body in V! is a Cartesian product
C=[]c =) eV xec, foralve M),
veMy

where for every v € Mk, C, is a symmetric convex body in Vk and C, = O} for all but
finitely many v € M. For A € R, we define

AC := H/ICV X ]_[cv.

v]oo v{oo
The i th successive minima A; := 4;(C) is defined by
A; := min{A € Rog : ¥~ (1C) contains i linearly independent points}.

This minimum exists (see [1, Appendix C]). We recall that we use the volume with
respect to the following measure. If v { oo, then K|, is a commutative locally compact
set so that the Haar measure exists and it is unique up to a constant. Further, we
consider the measure 3, on K, defined by £,(Q) = |AKV|11/ 2;1V(Q), with u, defined in
[1, Example C.1.3] and Q a u,-measurable set of K,,. If v | co and is real, then K, = R
and we take S, to be the usual Lebesgue measure on R. If v is complex infinite, then
K, = C and we take 3, to be two times Lebesgue measure on the complex plane. The
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corresponding product measure on K" is denoted 3. If p is a linear transformation of
K" into itself, then

B"(pD) = |det(p)|"B"(D)

for any f)'-measurable set D of K" (see [5, page 239]). Now, let 8 =[], 5, be the
product measure on Vi and 8" the n-fold product measure on V.

Bombieri and Vaaler [2, Theorems 3 and 6] proved the following generalisation of
Minkowski’s theorem (see also [5, Lemma 6]).

LEMMA 3.5. Let Ak be the discriminant of K and r, the number of complex infinite
places of K. Further, let C be a symmetric convex body in V¢ and Ay, ..., A, its
successive minima. Then,

My rz/dzm
(7T 2n'l ) _‘lAKl—m/Zd < ﬂl - /lm ‘ﬁm(c)l/d < 2m.
m:.

By a tuple (N, y, £, Q) we mean a collection satisfying:

e O>LN22y=(ywveS,i=1,....N)
° L_ is a system of linear forms L={l,:veS,i=1,...,N}in N variables such that
{l1y,...,In} is linearly independent for each v € S.

We define the set

(N, 7, £,0) :={y € Of : [, < Q" forveS,i=1,...,N}
and

V(N,y, L, Q) := the K-vector space generated by II(N, 7y, L, Q).

Notice that the map f; is defined previously. We deduce our Theorem 1.4 from the two
following results.

THEOREM 3.6. Let0 < € < 1/12, and X,, € N withn > 1(€) be a solution of Inequality
(1-5) such that 1;,(X,) # 0 forve S,i=1,...,m. There are a proper linear subspace
W of K™ and a tuple (N,7y, L, Q) with N = ('}:), where k = dimgW, such that the three
conditions below are satisfied:

XpeW, fiW)=VNN,y,L,0), dimg(VIN,y,L,0)=N-1; (3-9)

N
V= Qv eSii=1...N) withyy <s0)and Y Yy < —9—63; (3-10)
m
veS i=1

0 > (i)™, (3-11)

and such that (N,y, L) € C, where C is a fixed set independent of X,, of cardinality at
most C' = (64em42m6—1)ms+m‘

The next result gives us an effective upper bound for the number of vector spaces
V(N,y, L, Q) when Q is large enough.

https://doi.org/10.1017/51446788725101171 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788725101171

118 A. Noubissie [12]

THEOREM 3.7. Fix a tuple (N,%, L) as in Theorem 3.6. Then there exists a collection
of (N — 1)-dimensional linear subspaces of KN of cardinality at most

O = plim+34 2 —4, 12
such that for every Q with

dimg(V(N,7, L,0) =N —1; Q> Om! )™, (3-12)
the vector spaces V(N,7y, L, Q) belong to this collection.

By combining Lemma 3.1 and Theorems 3.6 and 3.7, we easily deduce
Theorem 1.4. Indeed, we notice that Lemma 3.1 implies the map f; from the
collection of k-dimensional subspaces of K™ to the collection of (N — 1)-dimensional
subspaces of KV such that, for any k-dimensional subspace V of basis {ay,...,a;}
and any vectors dj.i,...,a, such that {aj,...,a,} is a basis of K™, then f;(V) is the
subspace generated by {Ay,...,Ay_1}, with N = (m"_lk withA; =a;, ANa, N+~ Na;,,
is injective. Let 0 < € < 1/12 and X,, € N with n > 7(€) solutions of Inequality (1-5)
such that [;,(X,,) # Oforv e S,i = 1,...,m. Since n > 7(¢), we deduce

2c" . -
|a1|3mn Z (9m' )e W]th CN - 2“m+34S2€ 4m12'

It follows from Theorem 3.6 that a proper subspace W of K and a tuple (N,y, L)
independent of n such that

X, eW, fk(W) = V(N, 7, L, Q), dlm[((V(N, 7, L, Q)) =N-1, Q > (9my )eZC”

exist. The cardinality of the collection of such tuples (V,7y, L) does not exceed
C’ = (64em*2me~1y™*™  For each tuple (N,¥,.L), we deduce from Theorem 3.7
that the collection of vector spaces V(N,%, L, Q) satisfying the properties

S
2C

dimg(V(N,y, L,0)=N-1 Q=>0m!)

does not exceed C”. Since f; is injective, we obtain the set of proper subspaces W of
K™ for which X,, € W does not exceed

C/C// — (64em42m6—1)ms+m . 211m+34s26—4m12 < s2(m724m+176—2)ms+m.

By adding the collection of ms proper subspaces associated to the collection
{l,,veS,i=1,...,m}, we conclude that the set of X,, € N with n > 7(¢) solutions of
Inequality (1-5) is contained in at most

ms + S2(m724m+176—2)ms+m <2. s2(m724m+176—2)ms+m

proper subspaces in K.
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4. Proof of Theorem 3.6

We prove this result using the same machinery as in the proof of [5, Theorem B],
with the difference that the norm of vectors in K™ that we are working with is not the
Euclidean norm that Evertse considered in his paper. Let 0 < e < 1/12 and X,, e N
with n > 7(e) solutions of Inequality (1-5) such that /;,(X;,) # Oforve S,i=1,...,m.
Fixing v € S, we define O, = {x € K, : |x|, < 1} and the v-adic approximation domain
I1,(n) of X, to be the paralellepiped in K] given by

Hv(”) = {y € K‘r}n : |liv(y)|v < |liv(Xn)|v fori=1,... ,mj}.

This is a compact convex body of K}". The approximate domain is defined in Vi’ by

M) = [ [ x [ Jor

vesS V¢S
= {yv € V;? : |liv(yv)|v < |liv(Xn)|v forv € § and |yv|v <lforv ¢ S}

We denote by A;(n), ..., A,,(n) the successive minima of I1(n);

Rv(m:(]ﬁ[uw(xn)n)_1 and  R(m) = | | R0,
i=1

veS

LEMMA 4.1. Let v € Mk and Dk, be the discriminant over K,. When v is a finite place
over K, we denote by p the rational prime above v.

(1) Ifv ¢S, then B(n) := Br(I1,(n) = BU(OM) = D, I,

(2) Ifv €S is not Archimedean, then B7(n) = D, [7'* - R,(n)™.
(3) IfK, =R, then B"(n) = 2" - Ry(n) ™.

(4) IfK, =C, then B"(n) = 27)" - R,(n)™.

(5) We also have

i,R(n) < Ai(n) -+ Au(n) < AP R(n).
m!

PROOF. It is easy to see that, forv € §,

llv(Xn) lZv(Xn) : {0, _1} e lmv(Xn) : {0, _1}
0 lZv(Xn) e 0
IT,(n) = pO]  withp = . . . . )

where [;,(X,) - {0, -1} = —I;,(X,,) if v =1id and O otherwise. Hence, the first four
statements follow from the definition of 5, and the fact that

Bl (n) = Br(pO™) = |det(p)|*Br(O™).
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From [1, B.1.20 and B.1.21, page 606]),
Akl = [ ] 1Ak,
vip
Together with the product formula,

Ak =TT [1Akp- @-1)

P p

By the definition of 8",

g =2 [ [ Tiaely- (] Rv<n>)_d

P vip vesS
= 2" 2" A - R,

where, for the last equality, we use Relation (4-1) and ry, r, correspond respectively to
the numbers of real and complex places. Together with Lemma 3.5,

(1) -+ Ap(n) < 278" (n)™"4
< om  o=mr /d(zn_)—mrz/d|AK|m/2d . R(l’l)

2 mry/d
< (;) A" - R(n)

< |Ax["* - R(n),

and
aMm!\2/d M 4 4
M)+ Ay = (5 ) =2y i R
n:
m! rz/d(zm)rg/d
= (7) m! R@)
_ R
- m!
Hence, the proof is completed. o

We also need the following lemma.
LEMMA 4.2. Let A > 0. For each y € y~'(AIl(n)):

o [yl < m2(m — DR 2pW for v e S:
o A(n)>m2(m—1)!"" R(n)~11/10¢,

PROOF. Let y € ¢~ !(All(n)). Fix v € § and set A, = det(ly,, ..., Ly,). Clearly, A, = 1.
Let a; be the vector (I1, A -+ A L1y A1y A -+ Aly,,)*. The fact that {ay, ..., a,} is a
basis of K implies

y= Z A;lljv(y)aj = Z ljv(y)aj. (4‘2)
= =1
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Using the fact n > 7(€), one gets |X,|, < (jar1)!"™/10 Namely, if v is a finite place

over K, then |X,|, < 1, as all the coordinates P;(n)a of X, are algebraic integers, so we

are done. Otherwise, by using the fact that | - |l/ ™) is the usual absolute value,

IXuly = |(Pi(m)af, ..., Pu(n)ay,)l,
< max |(Pi(n)a}],
1

< ((a + DAn“

e Hs()/10
a1 ["/10 ) (o )
1

S (lal |)]lnS(V)/10’

where, for the second inequality, we use the triangle inequality for the absolute value
and the definition of A in (1-2), while for the last inequality, we use the fact that
n > 7(e). Therefore,

Ol < A1)l
< (Am(jan )"/ 0y
< (Am(R(n))"/109y ™. (4-3)
By Relation (3-4),
lajly = 1Ty A ALty ALty A Ayly < (m = DI,
Together with (4-2) and (4-3),
vy < m*® m]fclx{lljv(y)ajlv}
< (Am*(m — 1)! (R(n))!1/ 109y,
Hence, the proof of the first statement is completed. Let y € ¢~!'(1;(m)I1(n)) with y # 0.
Then, [y|, < 1 for v ¢ S and since H(y) > 1, it follows that

1< H(y) < l_[ |y|v < mz(m _ l)y /ll(n)(R(n))“/(lO‘),

vesS

which implies the second statement of the lemma. ]
The following lemma is a particular case of one due to Evertse [5, Lemma 15].
LEMMA 4.3. Let by,...,b,, be linearly independent vectors in K™. For each infinite
place v on K, let uy,, . . . , iy be real numbers with
0 <ppy <oy €0+ <

Suppose |l;,(b)|, < u;, for 1 <i,j<m,v|oco. Then there are permutations k, o
pp j Hj J 4
{1,...,m} for each infinite place v on K and vectors
i-1
vi=b;, v;= €jvj + b; with €jj € Ok
1
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such that
|lk, i V(V')|v < (2d|A((|1/2)s(v)(i P min{uiv,,u'v} or 1 < l,] <m,v | (SoN
HORNS] J

Choose linearly independent vectors gi,...,g, with g; € z,//‘l(/ljl'[(n)) for any
j=1,...,m By Lemma 4.2, we have g; € Ok and

(gl < BN (Xl for v eo,
|liv(gj)|v < |liv(Xn)|v forv € Sv )( 0.,

By applying Lemma 4.3 with the vectors g1, . .., g, and the linear forms LX) ',
(v]oo,i=1,...,m),and the real numbers y;, = /l]s.(")(v | 0,j = 1,...,m), we infer that
there are vectors vy, ..., v, with

i-1
vi=g1, Vi= Zeijvj +g with g € Og
=

and permutations k, of {1, ..., m} for v | co such that
k0 Dl < (RAIAKN) ™ Aingi ) iy Xly for 1 < dyj < m,v | co.
Fix v € S, v { co. Since ¢; € Ok and g; € OF,
V; € Ozv |liv(vj)|v < | (Xly-
Hence, we have proven the following lemma.

LEMMA 4.4. There are linearly independent vectors v, ..., v, € OF and permutations
k, of {1,...,m} for v | oo all depending of X, with the following properties:

e forj=1,...,m, the vectors vi,...,v; belong in the K-vector space generated by
Y (A mI(n);

e we also have

iy D1 < (QRAAKIY ™ Amingi s 1)) PNl iy Xl for v | oo
|liv(vj)|v < |liv(Xn)|v for ves,v 'f 00,

In the next lemma, we make a first step towards the proof of Theorem 1.4.
LEMMA 4.5. There is a set I of cardinality
IT] < (m!) ™ (64em*2m eyt
consisting of the tuples of real numbers
(c;d)y=(ciy:veS,i=1,....m;d; :i=1,...,m)
with:

o ¢, <(12s(v)/10€) forve S,i=1,...,m;
o d,<0,-12/10e <dy £---<dy,
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such that for every solution X, of Inequality (1-5), with n > t(€) and 1;,(X,,) # 0 for
veS,i=1,...,m, thereis a tuple (c;d) € I with

Ry < (Xl < R(n)™
and
R < Ai(n) < R/
forveS,i=1,...,mwithc(m) = Am32m,

PROOF. Put 1, = (X,)b(R() /99" for veS.i=1....m. Since [X,, <
(Jar 1 [)1sO/10 it follows that

ttiy < Xuly(mR(n)~ 210 < (mRy™ 10 < 1,

where for the second inequality, we use the fact that X, is a solution of Inequality (1-5)
and for the last inequality, n > 7(€). However,

1] ] - (I [ Xl ROy 127/10%

veS i=1 veS i=1

> (R(n))™>"/e,

By applying [5, Lemma 9] with 6 = 0.5ec(m)~!, there is a set I'; of nonnegative reals
B =By, veS,i=1,...,m)of cardinality

ITy| < (2e + 2ec(m)e )™
such that for some 8 € I'y,
R(u) 1) < 1, (X))l < R(n),
with
Ciy = IITZES(V) - z?mﬁiv forveS,i=1,...,m.

Therefore, c¢;, < (12/10€)s(v). Finally, ¢ = (¢j,v € S,i =1,...,m) depends only on
v € I';; hence, for ¢, we have at most |I'j| possibilities.

We define the numbers v;(n) := R(n)"'?/1%;(n)™! for veS,i=1,...,m. By
Lemma 4.2, we have A;(n) > m~2(m — 1)!~! R(n)~!1/1%_ Together with n > 7(e),

12vi(n) = vy(n) = - = v,u(n).
Then, it follows from Lemma 4.1 that

R —12m/10e
V1) V() = % > R(ny 2l
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By applying [5, Lemma 9] with 6 = 0.5ec(m)~!, there is a set I'; of m-tuples of
nonnegative reals § = (6;,i = 1,...,m) independent of X,, of cardinality
ITa| < 2e + 2ec(m)e )"
such that for some ¢ € I'5,
R(n)~ 2 €@r+e/2metm) vin) < R(n)~2"ile, (4-4)

and the relation (4-4) remains valid after replacing 6y, ..., by

61 =min{6y,...,d,}, 6, =min{ds,...,0u},...,5,, = On.
Putting

12 2md; )
dj:ﬁ-" . forj=1,...,m,

finally,
R(m)® < Ai(n) < R(n)dr+t1/emi,

therefore, d = (dy,...,d,) depends only on I';. From the definition d;, we have the
desired inequality. Since X, € ' (Il(n)), it follows by definition of first successive
minima, we have 1,(n) < 1; therefore, d; < 0. For such a tuple d, we have at most |I';]|
possibilities. It follows that the number of possibilities for (c; d) is at most

IC1IT2] < (e + 2ec(m)e™" Y™+
< (16€2m3 2m6—1)ms+m
< (m' )_S(64€m42m€_1)ms+m,
where we use Stirling’s approximation to get the last inequality. ]

Let X,, be a solution of Inequality (1-5) with n > 7(€) and (c; d) the corresponding
tuple from Lemma 4.5. For any finite place v € S, choose k, to be an identity map from
{1,...,m}to{1,...,m}. We define

LX) = o, (X) forveS,i=1,....m
and the numbers
ey =Crpy forvesS,i=1,...,m.
We have constructed a tuple
T=0U,:veS,i=1....mey,:veSi=1....md:i=1,....,m).
By Lemma 4.5,
R < |1 (Xl < R()*™ (4-5)
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and
R < Ai(n) < Ry 11! (4-6)
forveS,i=1,...,m.
LEMMA 4.6. T belongs to a set independent of X,, of cardinality at most
C’ = (64em*2m ey,
and we also have:

o ¢, <(12s(v)/10¢€) forve S,i=1,...,m;
Dives 2y €iv < =1+ (4m?2m~1;
o 1-@m?2m) ' <y di <1+ @m*2m)h

PROOF. For infinite places v € S, the linear forms /[ are uniquely determined by the
permutation of {1,...,m} from Lemma 4.3. Therefore, 7 is uniquely determined by
k,(v | 00) and (c; d). It follows that for 7, we have at most

(m‘ )r1+r2 (m' )7S(64em42m671 )ms+m S Cl

possibilities. The second point follows from the definition of 7. Namely, from
Lemma 4.5,

forveS,i=1,...,m.

Moreover,

m
Ry = [ [, = RonEvenmmietms

i=1

for v € S. Hence,

Ry = l_le(n)‘1 > R(n)Zin e=mlctm),

ves

which gives us the desired result. By (4-6) and Lemma 4.1,
Ry+dn < 2y(n) -+~ Au(n) < APR(n) < R(n)'*17372",
where for the last inequality, we use the fact n > 7(€). Moreover,
R+ 2 2y(n) - Ap(R()™ 472" > Ry =12,

where for the last inequality, we also use that n > 7(e). Combining the two relations
above completes the proof of the lemma. ]
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Now, we consider the vectors vy, ..., v,, from Lemma 4.5. We recall that I} = I, i),
for infinite places v and [, = I;, if v is a finite place in S. Lemma 4.3, (4-5) and (4-6)
thus yield that

(0l < (QdIAg|'2)27) Ry o L em), 47

Let ¢ be the largest integer such that 4, < 1 and V, the K-vector space generated by
Y~ (A,I1(n)). We have X,, € V since A, > 1 and, moreover, {v, ..., v,} is a basis of V.
We also have R(n)% < A, < 1, which implies d, < 0. Hence, it follows that X,, lies in the
K-vector space generated by vy, ..., v,, where r is the largest integer such that d, < 0.

Next, we construct a tuple (N,7%, L) depending only on 7. Since the number of
possibilities for 7~ is at most C’, it follows that the number of such tuples is at most

(64em42m E_l )ms+m'

Let (I,; ei; d;) € T . There is an integer k with
1
1<k<m-1, diy1 >0, diy—dp> —- (4-8)
m
Namely, let r be the largest integer such that d, < 0. By taking k as the smallest index
of the set {d,,d,1,...,d,} such that d;.; — d; is maximal, we obtain the relation (4-8)
as follows. By Lemma 4.5, it is immediate that
1 1
dy > — — ——. 4-9
" m 3m32m (4-9)
Therefore,

1 I /1 1 1
d, —di 2 dm - dr > (_ - ) > —,
= r( ) m—r\m 3m’2m) " m?

m

where for the second inequality, we use (4-9). Put N = ( k). As before, letoy,...,on be
the sequence of subsets of {1,...,m} of cardinality m — k, ordered lexicographically.
We define the set of linear forms £ ={/;, : ve S,i=1,...,N} with

liy := apl. AL forveS,i=1,...,N

uv Lp—kV
such that |I;,], = 1. We also define

E,’v =€,'1V+"'+el'm7”, d[Zd,'I +---+d;

Im—k

and the tuple y = (y;,,ve S,i=1,...,N) with

1
iy = 3‘;{0(”1) +e,v+s(v)( %)} forv|ooi=1,... N—1
and
Yoy = 3;{c(m)s+eNv+s(v)(dN 1+%)} for v | oo
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and

1
mzi@m@——+@}mwmmzpr
3m c(m)s

where c(m) = 4m32™.
LEMMA 4.7. We have y;,, < s(v) forve S,i=1,...,N and

Z Z%v - 9m3

veS i=1

PROOF. For any finite place v € S, we have y;, < 0 < s(v). Let v be an infinite place
over K. By Lemma 4.6, it follows that

ey =eiy+te < (m—k) ]21‘:)(:) < 12;’2)56(‘/)
and
di=dj+---+d;,  <d +--- dm—kd1<1+3 22m+112T’Z.
By inserting these relations in the expression of y;,,,
2+m 24m
Y S 3_m{ cm) T 10e T am 22,n}S( )

S%Be+2$ﬂw

< s(v),

where we use the fact that € < 1/12. We know thatdy — dy_; = di+1 — dg, SO we obtain

> Zyw < 3m{z Z (C(m) # 2+ s0(d + 5] - Ay - o)

veS i=1
N
< %{%+Z 2 Eiv‘*'zg‘ ﬁ (di+1 _dk)}

veS i=1 i=
< € {(m+1)2’” 7. 2m-1 1 }
T 3m\ 4m32m 12m32m  m?
€
o3’

where, for the third inequality, we have applied Lemma 4.6 and the equality

Zzew_( m-1 )Zzew and Zd—( _k_l)Zd

veS i=1 veS i=1

Hence, the proof is complete. o
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Put O = (R(n)!/€)>". We have proved (N,7y, £, Q) satisfies the relations (3-10) and
(3-11) of Theorem 3.6. Hence, we complete the proof of that result by showing there
is a vector space W for which (3-9) holds.

LEMMA 4.8. Let vy,...,vy be linearly independent vectors from Lemma 4.4 and W
the K-vector space generated by {v1,...,v}. Then,

dimgW =4k, X,eW, f(W)=VN,y L 0.

PROOF. Itis clear that dimg W = k. We have proved previously that X, € V, where V is
the vector space generated by {v;, v», ..., v,} with r the largest integer such that d, < 0.
By the construction of the integer k above, it is immediate that £ > r, which implies
X, € W. We now define the vector

Vi =V, =Viy A= AV, where o ={i, ..., in}

By definition, f;(W) has basis {vi, ..., Vy_1}. Furthermore, f;(W) is the K- vector space
generated by IT := II(N, y, £, Q). Namely, we first show thatVy,...,vy_; € IT and that
any vector vy € IT is linearly dependent on vy, ..., Vy_;. This gives us what we want.
Take v € Sand i,j € {1,..., N}. Suppose o, 0; given as above. By the Laplace rule,

Iliv({;j)|v = |aiv|V|det(l;)v(vq))p€(T,',q€(Tj Iv-

From the deﬁnition of I;, and Lemma 3.3 (apply with H = 1), Relation (3-7), we have
laiy], = |l’ “A l’ W ! <'m! and by taking the maximum over all permutations k
of o}, one gets from (4 7) and Leibniz’s formula for the determinant that

m—k
Iziv@)|v < m!(m! )S(V) max n(zd A}(/Z)%H(V) R(n)eirV+S(V)(dmin(ir./<(jr))+I/C(m)).
K
=1

This expression thus yields that
|Ziv(’v‘\j)|v S m| (m' (ZdA;(/z)zm(m_k))S(V)R(I’I)Ei"+S(V)(d0+m/c(m))

where
m—k
dy = max )" dmingi agp) < min{d;, dj).
Rt
Using the fact that n > 7(e),
(m!2 (2dA}(/2)2m(m—1)) < |C¥1 |n5/sc(m) < R(n)l/sc(m).

Hence,

|ziv@)|v < R(n)[1/C(m)5+5iv+S(V)(3min(w')+rn/6(frl))l (4-10)
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forv e S;(,j) € {1,...,N} x {1,...,N — 1}. Together with the fact that Q = (R(n)'/€)*"
and the definition of 7y;, we deduce that for infinite place v and i=1,...,N;
j=1,...,N—1, one gets

L)l < Q™.

We know that vi,...,v, € O¢ and so V; € O%. For every finite place v and
j=1,...,N —1, one deduces from Lemma 3.2, Relation (3-3) that

L@l < Wl < 1.
Together with (4-10),
|ziv(\;j)|v S R(n)min{o,l/C(m)X+EN‘,-} S th-'

Therefore, Vi, ..., Vy-1 € II. Take vy € II. We show that Vg is linearly dependent of
Vi,...,Vy_1. Fix v € S. Then,

det(o, . .., Vn-1) = det(lyy, .. ., Iy,) " det(ls, (7)), - (4-11)
Put f, = det(ziv('\/}))iJ. By the relations (3-4), (3-6) and (3-8),

det(Z1y, ..., D)y < N1 Gm = DY (m — 1IN0 (4-12)
Since vy, ..., vy-1 € II, it follows that

ol < (N1 max 1 O0) - I Pev—1)ly
< (N1 gt (4-13)
By combining (4-11), (4-12) and (4-13),
|det(o, . .., V=1l < N1 (m — DIVEHOD (N0 gyt

By taking the product over v € § and using Lemma 3.5,

[ [1detGo, ... Fy-0l < V1 GO @Ry

vesS
< ((2111)' (m| ))2’")(s+1) . Q—E/9m3
<1,

where for the last inequality, we use the relation (3-11) and the fact that n > 7(¢). Since
V€ Og’ forj=0,...,N -1, det(vo,...,vy-1) is an S-integer. By the product formula,
we deduce that

det(vo, ..., vy-1) =0,

and hence the proof is completed. ]
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5. Proof of Theorem 3.7
Let I, N be the integers > 2. For h = 1,...,[ denote by x; the block of N variables

(xp1,...,xpv) and @[xl »- -, X, the ring of polynomials in the [N variables xii, ..., xy
with coefficients from Q. We use i to denote a tuple of nonnegative integers
ini:h=1,...,j=1,...,N. For such a tuple i, we define the partial derivative of

F e Qlxy,...,x] by

Letd := (d,,...,d;) be a tuple of positive integers and for a tuple i as above, put

Assume F # 0. Then, the index of F at x with respect to d, denoted by Ind, 4(F) is
defined as the largest number o such that Fi(x) = O for all i with (i/d) < o. It is well
known (see for example, [13, Lemma 4A, Ch. VI]) that

Ind, 4(FG) = Ind, 4(F) + Ind,4(G) for F,G € Q[X,, ..., X]].

We say that F is homogeneous of degree d, in x;, for h=1,...,1 if F is a linear
combination of monomials

I N 1
I—H_IX;Z WithzihjZdh,hzl,...,l.
h=1 j=1 j=1

Let I'(d) be the set of homogeneous polynomials of degree dj, in x;, for h = 1,..., ] with
coefficients in Z whose gcd is 1. We define the height H(F) := H(ar), where ap is the
vector of coefficients of F. Let L be a number field, va place on Land F € L[x, ..., x].
Put |F|, = |ar|, and

H(F) = ]—[ |Fl,.

veMy
From the inequality (Z) < 2% with a > b integers, it is easy to see that
|Fil, < 2SRy, (5-1)
By taking the product over all places,
H(Fy) < 2W++dp(F),
The height of an (N — 1)-dimensional linear subspace of LV defined by
V={xel :ax;+ - +ayxy =0},

with a = (ay, ..., ay) € LN \ {0}, is given by H(V) = H(a).
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We need the next lemma, which is a generalisation of Roth’s lemma owing to
Evertse [5, Lemma 24] and based on Schmidt’s result [13, Theorem 10B, Ch. VI].

LEMMA 5.1. Letd = (dy, . ..,d;) be a tuple of positive integers and 0 < 0 < 1. Suppose
that
d 217
"> withh=1,...,1-1.
dh+1 0
Further, let F be a nonzero polynomial in I'(d) and V,...,V; be (N — 1)-dimensional
linear subspaces of LN with

H(Vy) > [+ +dg(F)yN-DCEIO" oinp =1, L

Then, there is x, €Vy, for h=1,...,1 such that for x = (x1,...,x;), we have
Ind, 4(F) < 16.

Let V be a (N — 1)-dimensional linear subspace of LV. A grid of size A in V is a set
I'={gixi + -+ gn1xn-13% € Zs x| < A},

where {g1,...,gn-1}1s a basis of V.
The following lemma is proven in [5] (see Lemma 26) using Schmidt’s argument in
the proof of [13, Lemmas 8A and 8B, Ch. VI].

LEMMA 5.2. Let d = (dy,...,d),F,Vy,...,V,,0 be defined as in Lemma 5.1 and
satisfy the condition of Lemma 5.1. For h=1,...,1, let T, be any grid in V) of
size N/0. Then, there are x| € I'y,...,x; € I'; such that for x = (xi,...,x;), we have
Ind, 4(F) < 216.

In what follows, we fix (N, y, £) as defined in the proof of Theorem 3.6 meaning that
N = (’f) with some integer ¢ and m is the number of distinct roots of the characteristic
polynomial P of {u,}. Here, K is the splitting field of P and S is the set containing all the
prime ideals above «;, and all the Archimedean places over K and s is its cardinality,
Y=y :veS;i=1,...N)withy; < s(v), by setting § = €/9m°,

D yvw<-6 and L={ly:veSi=1,..N

with |[;,|, = 1. We keep fixed TI(Q), V(Q) for II(N, ¥, £, 0), V(N, ¥, £, Q), respectively.
We assume that Q satisfies Relation (3-12). The next auxiliary result gives the relation
between Q and the height H(V(Q)) of V(Q).

LEMMA 5.3. There is an (N — 1)-dimensional linear subspace of KN with the follow-
ing property. For every Q, with (3-12),

V)=V or HV(Q) = Q"

where V is a fixed (N — 1)-dimensional linear subspace of K" .
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PROOF. Fix Q as in the relation (3-12). The first expression in Relation (3-12)
implies there are linearly independent vectors gi,...,gny-1 € [1(Q). Now put
g =(g1 N~ Agn-1)", where x* is defined previously. It is clear from (3-2) that

V(Q)={xeK:g"-x=0}.
Define the linear forms
L= A Ay Algsry Ao Aly)*
and put
Dy, =1,(g") forveS;i=1,...N.
By Laplace Identity (3-1),
Dy, = det(li(g))izk,))

and using the fact that gi,...,gy-1 € II(Q), one deduces |/;(gj)l, < Q" for v €,
i=1,...,N;j=1,...,N — 1. Therefore, it follows from the Leibniz formula for the
determinant that

IDioly < (N = DI grovt=smves,

Suppose, for the moment, there is a tuple (i,, v € S) with i, € {1,..., N} such that

Dj, #0 (5-2)
and
0
Z Vi 2 =5 (5-3)
Then,
[ [1Disl <V = D107, (5-4)

vesS

Fix v € S and k := i,. The product formula applied to Dy, and the relation (3-3) give

1= [] 1Dk

weMg

< IDub{ [ [Vl e 1)
W#V
|Dkv|v (
<kl (T pysooye |W|g*|w)
NI 1lg™ Wl;lk '
IDkvlv

< g HUHE).
NI g,
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This implies
Dily = NI g L H ()™ (g™
Together with Lemma 3.3 (Relation (3-7) with H = m!),

1-N
il = % and H(l;) < (N - 1! (m! WL

Hence,

[ 1k = Nonty =YD Hv)™ - | Jig'l-

vesS veS

By combining this with (5-4),
HV(Q) 2 Nam!) VD121 02 > 0,

where, for the last inequality, we use the fact that N = (r:’) < 2" and

070 < (9m!) "1 < N(m!) > N-D()1!

with C” defined as in Theorem 3.7. Now, assume there is no tuple (i,,v € §) with
iy € {1,..., N} satisfying (5-2) and (5-3). We show there is a fixed (N — 1)-dimensional
linear subspace V of KV, independent of Q such that V(Q) = V. Fix v € S. Put

I,={ie{l,...,N}:D; # 0}
We have
L, (g)=0 forveS kefl,...,N}\IL.
Ifl, ={1,...,N}foreachv € S, take h = (1,0, ...,0) and we define
Vi={xeKk":x-h=0}L
Otherwise, by the relation (3-6) and the definition of Ziv in the proof of Theorem 3.6,
H(;) <(N-D!m)"™' forveS,i=1,...,N.

Since the rank of the set of such [} is less than N — 1 (by the definition of g*), it follows
from Lemma 3.4 (with H = (N — 1)! (m!)¥~!) that there exists a nonzero vector h € KV

such that
L,(hy=0 forveS,ie{l,...,N}\I, (5-5)
with
H(h) < (N = D)V (m!)yN-D*,
Therefore,

Vi={xeKk":x-h=0).
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We now want to show that V(Q) = V. Since V(Q) is the vector space generated by
I1(Q), and V(Q) and V have dimension N — 1, it suffices to show that I1(Q) C V.
Let x € [1(Q), we prove that x -/ = 0. Put A, = det(ly,, ..., Ly,). Using the fact that
{Liys - .., Ly} is a basis of KV,

N
xoh= A k().
i=1

In view of the relation (5-5),

xoh= A7 @),

iel,
From Lemma 3.4 (the relation (3-8) with H = m!),
AT < NN forv e S.
Further, by applying the relations (3-3) and (3-4),
Wl < [l Ao Aty Aigry A= Nl - il < N DYl (5-6)

If there exists v € S such that [, = 0 then, using the above equality and (5-5), one
deduces x - - - h = 0; therefore, the desired result follows. Otherwise, for v € S, choose
Jv €1, such that y;, , = max;e;, ;. Since x € I1(Q), it follows that

Ly (l, < Q¥ forveS,iel,.

Combining this inequality with (5-5) and (5-6),

el = 1A T @), ()
iel, v
< N!m)N - N (N1 ()N O p), QY. (5-7)

Further, j, € I, for v € §, the tuple (j,, v € S) satisfies (5-2), so by assumption, it does
not satisfy (5-3). Together with (5-7) and the product formula, if |x - 4], # O, then

lzl_[lx-hlv-nlx-hlv

vesS vesS
< MmN - NEN - (N m!)YN D02 H(h)
< (m! )NS+(N—1)2+(N—1) - (N! )N+s+1Q—6/2

which contradicts the fact that Q > (9m! )eZCN by using the fact that N < 2. |

We need the following gap principle.
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LEMMA 5.4. Let a,b be reals with b > a > (9m! )eZCH. There is a collection of
(N — 1)-dimensional linear subspaces of KV of cardinality at most

logb)

C(a,b) =1+ 46 "log (log
a

such that for every Q satisfying (3-12) and a < Q < b, the vector space V(Q) belongs
to this collection.
PROOF. The proof is similar to [5, Lemma 28] so it is left to the reader. O
Let us consider F € I'(d). For each v € S,
Uniy = ln(xp) h=1,....Li=1,...,N

and
Fi= Y CAjUL, - U,
J

where the sum is taken over tuples j with

N N
Zjhk =d —Zihk forh=1,...1
k=1 k=1

LEMMA 5.5. Let 6 be real with 6<1/N. Assume [>4621og(2Ns) and
d=(d,...,d) for any I-tuple of positive integers. Then, there is a polynomial
F € I'(d) with the following properties:

o H(F) < (8Vm!)ydi++d,
o foralltuplesv € S and alli,j with (i/d) < 216,

C@i,j,v) #0 implies m]flx T

.

I
Z””‘ - —’ < 3ING:;
= dn N

e forall tuplesi,

[ [maxICG.j vl < 2+ 16V mt N1t ydves,
J

ves

PROOF. By definition of Ziv, its coefficients are rational numbers. Let ¢ be the maximal
number of pairwise nonproportional linear forms among [, (v € Si=1,...,N).
Then, ¢+ < Ns and we have [>462log(2f). This is precisely the condition of
[13, Theorem 6A, Ch. VI]. Then, there exists a polynomial F' € I'(d) whose coefficients
have gcd 1. For v € § infinite, we have L]y < m!. Together with [13, Theorem 6A,
Ch. VIJ, the first point of our lemma is proven and by the polynomial theorem

https://doi.org/10.1017/51446788725101171 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788725101171

136 A. Noubissie [30]

[13, Theorem 7A, Ch. VI], we have our second point. Fix v € S. Since the coefficients
of F have gcd 1, it follows that

|F|, = HF)™™ < (8Vm! y0di++d)
Together with (5-1),

|Fily < (2 - 8V m) yitordp, (5-8)
Fix v € S and consider the matrix A, = (I, . . ., Ly). By Cramer’s rule,
N
xh,-=ZJ7,-kUhkv forh=1,....Li=1,...,N, (5-9)
k=1

where 1, = iAikA;l, with Ay the determinant of the matrix obtained by removing the
i th row and k th column of A, and A, = det(A,). Using the Leibniz formula for the
determinant and the fact that |1,,], = 1, we obtain |Al, < (N — 1)!*™ fori,j = 1,...,N.

Together with (3-8) and the fact that the coordinates of I, are Oor 1,
mly < (N = DIV N
Write
Fixi,. o) = Y P - xin,
J

where x; = (x;1, ..., X;y). By inserting (5-9),

LN N Jnk
F()Cl,.. xn) - ZP(I .])l_[ H(ZUijh/v) .
h=1 k=1 j=1
Put
|Fil, = mjax |P(i’j)|v
We finally obtain

Mmmm:Zawwm;Um

l/s(v)

where, for v infinite places over K, | - is the usual absolute value and so

1/s(v)

[ 113

=1 k=
< Z |F|1/Y(V) ﬁ
< Z |Fi|§/“v)
j h

ICG, p, I, <

I
—_

N

Jnk
(S

1 j=1

1/s(v)

:lz

=1 v

~
>~
I

— 1=

(N NSOy,
=1

>~
l

1
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Together with (5-8),
ICd,p,v), <(2- 16V m! )S(V)(d1+~-~+d,)(N!5(v) (N! ))d1+---+d1

for any v € S. By taking the product over v € §, finally,

1_[ max |C(i, p,v)|, < (2- 167 ! Y+ 1s+1 ydittd
P

ves
< (2 . 16Nm!N!S+1 )d1+~~+d1. O

Now, we present the last step of the proof of Theorem 3.7. Let (N,7v, L) be as
constructed in the proof of Theorem 3.6 meaning that N = (":) with some integer
t and m is the number of distinct roots of the characteristic polynomial of {u,} and
Y= (yy:veS;i=1,...N)withy; < s(v). By setting 6 = €/9m?>,

Zy,-vs—é and L={l,:veS;i=1,...N}

with |I,], = 1. Put 8 = 6/(30N?) and we recall that C”" = 21m+34g2c=4;12 T et [ be
the smallest integer such that [ > 4072 log(2Ns). So I < 5672 log(2Ns). We assume that
the number of subspaces V(Q) satisfying (3-12) has cardinality > C”" and derive a
contradiction from that. By denoting | -] as the floor function, this number of subspaces
is more than

24 (- 1) witht=2+[46"log@lP6™")]

since, using the fact that N < 2" and I < 5672 log(2Ns), we get 2 + (I — 1)t < C”. By
Lemma 5.3, there are real 0, ..., Q] -y satisfying the relation (3-12) and

01 < Q)<< Q1

such that the spaces V(Q)),...,V(Q] +(l—1)t) are all distinct and different from V;
therefore,
HV(Q)) = 0 fori=1,...,1+1(l-1). (5-10)
We set
01=01, =01, --0=00
and

Vh=V(Qh) for h = 1,...,1.

There are ¢ different spaces V(Q) with O, < Q < Qy+1. By applying Lemma 5.4 with
a= Qp1 and b = O,

One1 =2 Q" forh=1,....1-1.
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We define

1
d =1+{ 0g 0 J
log O,

Let us define dj, as an integer satisfying the relation
d; IOng < thOth < (1 +0)d, IOng forh=2,...,L
Furthermore, we may take

di 1
d, = _ﬁ 1 log O)

log Oy

In what follows, we denote by F' the polynomial obtained from Lemma 5.5. In view of
the definition of dj,,

J forh=2.... 1.

dy _ _dylogQn  logQun 2P
dp1 dpi1ogQOper logQp 6

From (5-10),
H(V(Qu) > @0l 5 ghols
However, d + --- + d; < Id, and by Lemma 5.5,
(e H(E) VORI < (oM (8Vmy i) N0/
< (e8Vm) ylhi(N=DGF/0)
< (9m) )bV G0

d16/3s
< ghol)

where for the last inequality, we use the fact that [ < 562 log(2Ns) and Q; > (9m! )ecﬁ .
Therefore,

H(Vh)dh > {ed‘ +...+d,H(F)}(N,1)(312/9)1

and so IN,6,d,,...,d;,F,Vy,...,V, satisfy the conditions of Lemma 5.1. For
h=1,...,1 choose a linearly independent set of vectors

{gn1>-- -, gnv-1}
from I1(Q;) and let I';, be the grid of size N6~!, given by
Ty = {gnit + -+ + gv—1Un-1, Ui € Z; |uj) < NO™'}.

By Lemma 5.2, there are x; € I'1,...,x; € I'; such that for x = (xy,...,x;), we have
Ind, 4(F) < 216 and so

fi=Fixy,...,x) #0
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for some i = (iy,...,in) with (i/d) = Ind, 4(F). Since g € I1(Q;), it follows that
X, € OISV for h = 1, ..., N. Further, the fact that F; has coefficients in Z, combined with
the product formula yields [],.¢1fly > 1. Now, we show that [, |fl, < 1. Fix v € S.
Put up;, = Ly(xp) forh = 1,..., ;i = 1,...,N. Since x;, € [, is of size N6",

upinly < N2OTYQ forh=1,...,Li=1,...,N. (5-11)

From Lemma 5.5, we may write
F=0 Gl uln, (5-12)
J
with

max < 3IN6 for C(i,j,v) # 0. (5-13)

.
hZ_:dL_N

The number of possibilities of j is at most (2V)“*++4) and we know that
d]+"'+dlﬁld].ThUS,

[l < @YY max [CG g v - b
Z V. 2 'V' g
< (2NN2 l)s(v)(d1+ +dp) mJaX |C(] J, V)l\ & Yk Ilk . : k Yk ]lk,
where for the last inequality, we use (5-11). However,

Yy d, dilog Oy

= l Je  dplog Oy
< ;[mv —5(v)) + s(v)] hZ‘ AT

Z Juk  dplog Op

hk

<(1+ 9)&: lykv(jlv - 3N9) + SBIN20 = 1) + syl + 31N20))

<1+ 9)(6N29s(v) + (— _ 3N9)Z ykv)

k=1
From the equality

Zk YViudik _ Q(log On/log Q) Xy Yidik
together with (5-12) and (5-13), it follows that

2 Id, (1+6)(6N*6+(1/N-3NO)Y, , i)
[ [y <@ w2eh @] [ maxica.j v, - )" L

veS veS

2 2 _
S (25N+1N20_]m! (N' )S+l)ld1 . }.251(11((6 /]ON )+((5/5N) (6/N))
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SN+1a72 -1 1\ld —31d,6/5N
< (TINTOT mI (N YT QT
S (25N+1N29_1m! (N' )S+1 . Q1—35/5N)ld1
<1,

where for the last inequality, we use the fact that N <2™ and Q; > (9m!)"26”,
0 =6/30N* and 3, , i < —0, with § = €/9m* and C” = 2"'"+¥s2e*m'2. Hence, the
proof of Theorem 3.7 is complete.
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