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Abstract

Natural disasters may have considerable impact on society as well as on the (re-)insurance
industry. Max-stable processes are ideally suited for the modelling of the spatial extent of
such extreme events, but it is often assumed that there is no temporal dependence. Only
a few papers have introduced spatiotemporal max-stable models, extending the Smith,
Schlather and Brown—Resnick spatial processes. These models suffer from two major
drawbacks: time plays a similar role to space and the temporal dynamics are not explicit.
In order to overcome these defects, we introduce spatiotemporal max-stable models where
we partly decouple the influence of time and space in their spectral representations.
We introduce both continuous- and discrete-time versions. We then consider particular
Markovian cases with a max-autoregressive representation and discuss their properties.
Finally, we briefly propose an inference methodology which is tested through a simulation
study.
Keywords: Extreme value theory; spatiotemporal max-stable process; spectral separabil-
ity; temporal dependence
2010 Mathematics Subject Classification: Primary 60G70

Secondary 60G60; 62M30

1. Introduction

In the context of climate change, some extreme events tend to be more and more frequent;
see, e.g. Swiss Re (2014). Meteorological and more generally environmental disasters have a
considerable impact on society as well as on the (re-)insurance industry. Hence, the statistical
modelling of extremes constitutes a crucial challenge. Extreme value theory (EVT) provides
powerful statistical tools for this purpose.

EVT can basically be divided into three different streams closely linked to each other:
the univariate case, the multivariate case, and the theory of max-stable processes. For an
introduction to the univariate theory, see, e.g. Coles (2001) and for a detailed description, see,
e.g. Embrechts er al. (1997) or Beirlant et al. (2004). In the multivariate case, we refer the
reader to Resnick (1987), Beirlant et al. (2004), and de Haan and Ferreira (2006). Max-stable
processes constitute an extension of EVT to the level of stochastic processes (see de Haan
(1984), and de Haan and Pickands (1986)) and are very well suited for the modelling of spatial
extremes. Indeed, it can be shown that the distribution of the random field of the suitably
normalized temporal maxima of independent and identically distributed (i.i.d.) random fields
at each point of the space is necessarily max-stable when the number of temporal observations
tends to co. For a detailed overview of max-stable processes, we refer the reader to de Haan
and Ferreira (2006).

In the literature on max-stable processes, measurements are often assumed to be indepen-
dent in time and, thus, only the spatial structure is studied (see, e.g. Padoan et al. (2010)).
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Nevertheless, the temporal dimension should be taken into account in a proper way. To the best
of our knowledge, only a few papers address this issue. The majority of the spatiotemporal
models introduced is based on Schlather’s spectral representation (see Penrose (1992) and
Schlather (2002)), which has given rise to the well-known Schlather (Schlather (2002)) and
Brown—Resnick (Kabluchko et al. (2009)) processes. This representation tells us that if (U;);>1
generates a Poisson point process on (0, co) with intensity u=2du and ((Y;( y)) yeRd)l>1 are
i.i.d. nonnegative stationary stochastic processes such that E[Y;(y)] = 1 foreach y € R4, then
the process (\/2 i=1{UiYi(y)}) ycRa 1s stationary simple max-stable, where simple means that the
margins are standard Fréchet. Here ‘\/’ denotes the max-operator. In Davis e al. (2013a), Huser
and Davison (2014), and Buhl and Kliippelberg (2015), the idea underlying the construction
of the spatiotemporal model is to divide the dimension d into dimension d — 1 for the spatial
component and dimension 1 for time. Davis et al. (2013a) introduced the Brown—Resnick
model in space and time by taking a log-normal process for Y;, while Buhl and Kliippelberg
(2015) introduced an extension of this model to the anisotropic setting. Huser and Davison
(2014) considered an extension of the Schlather model by using a truncated Gaussian process
for the Y; and a random set that allows the process to be mixing in space as well as to exhibit a
spatial propagation. Advantages of these models lie in the facts that the Schlather and Brown—
Resnick models have been widely studied and that the large literature about spatiotemporal
correlation functions for Gaussian processes can be used, allowing for a considerable diversity
of spatiotemporal behaviour. Davis et al. (2013a) also introduced the spatiotemporal version
of the Smith model (Smith (1990)) that is based on de Haan’s spectral representation (see
de Haan (1984)). If (U;, C;);>1 are the points of a Poisson point process on (0, 00) x R4
with intensity u =2 du x de, and if the g y are measurable nonnegative functions satisfying
fRd gy(c)dc =1foreach y € R?, then the process (\/?il{U,-gy (Cl')})yeRd is a simple max-
stable process. However, they do not allow any interaction between the spatial components
and the temporal component in the underlying covariance matrix. The previous spatiotemporal
max-stable models suffer from some defects. First, they are all continuous-time processes,
whereas measurements in environmental science are often time discrete. Second, time has no
specific role but is equivalent to an additional spatial dimension. Especially, the spatial and
temporal distributions belong to a similar class of models. This constitutes a serious drawback
since such a similarity is not supported by any physical argument. Third, the temporal dynamics
are not explicit and are hence difficult to identify and interpret. Finally, these models have in
general no causal representation.

In this paper, we propose a class of models where we partly decouple the influence of time
and space, but such that time influences space through a bijective operator on space. We present
both continuous- and discrete-time versions. A first advantage of this class of models lies in their
flexibility since they allow the distributions in time (when the location is fixed) to belong to a
class different from the distributions in space (when time is fixed), and, hence, can be chosen with
regard to their function in the application. Because of the spatial operator mentioned above, our
models are able to account for physical processes such as propagations/contagions/diffusions.
Furthermore, the estimation procedure can be simplified since the purely spatial parameters
can be estimated independently of the purely temporal parameters.

We study some particular subclasses of our general class of models, where the function related
to time in the spectral representation is the exponential density (in the continuous-time case)
or takes as values the probabilities of a geometric random variable (in the discrete-time case).
In this context, our models become Markovian and have a max-autoregressive representation.
This makes the dynamics of these models explicit and easy to interpret physically.
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The remainder of the paper is organized as follows. In Section 2 we present our class of
spectrally separable space—time max-stable models. In Section 3 we respectively focus on the
particular Markovian cases where the space is R? and the unit sphere in R3. In Section 4 we
briefly present an estimation procedure as well as an application of the latter on simulated data.
Some concluding remarks are given in Section 5. Throughout the paper, the elements belonging
to R? for some d > 2 are denoted using bold symbols, whereas those in more general spaces
will be denoted using normal font.

2. A new class of space—time max-stable models
2.1. The models

The time index ¢ and space index x will respectively belong to the sets £ and X;. The models
we introduce will be either continuous-time (4 = R) or discrete-time ({ = Z). In the following,
we denote by & the Lebesgue measure on R when { = R and the counting measure ) _.7 9z}
when { = 7Z, where 9 stands for the Dirac measure.

For the definition of the discrete-time models below, let (Ng)icz be i.i.d. Poisson(1) and
define, for A C Z, N(A) = )_;c4 Nk, a Poisson random measure on Z with intensity 1, i.e.
N (A) is Poisson distributed with parameter #(A) and, for any / > 1 and Ay, ..., A; disjoint
sets in Z, the N(A;), i =1, ..., 1, are independent random variables.

Space—time simple max-stable processes on { x X allow for a spectral representation of the
form (see, e.g. de Haan (1984))

o
X(t,x) = \/tUiVery (WD)}, (%) €l x X, (1)

i=1
where (U;, W;);>1 are the points of a Poisson point process on (0, co) x E with intensity
u=2du x p(dw) for some Polish measure space (E, &, ), and the functions V(; x): E —
(0, 00) are measurable such that fE Vi.xy(w)u(dw) = 1 for each (¢, x) € 4 x X. A class of
space—time max-stable models avoiding the abovementioned shortcomings is introduced below.

Definition 1. (Space—time max-stable models with spectral separability.) The class of space—
time max-stable models with spectral separability is defined by inserting the following spectral
decomposition in (1):
Vixy(Wi) = Vi(Bi) VR, p,)x (Ci).
Here
e (Ui, B;, C;)i>1 are the points of a Poisson point process on (0, o0) x E1 x E» with
intensity =% du x p1(db) x pz(dc) for some Polish measure spaces (Ey, €1, i1) and
(E2, &2, n2);
o the operators R(;,p) are bijective from X to X for each (¢,b) € 4 x Ey;

e the functions V;: E; — (0, co) are measurable such that f E Vi(b)p1(db) = 1 for each
t € 4, and the functions V, : E; — (0, co) are measurable such that f E Vi(o)pua(de)=1
for each x € X.

We emphasize that the models belonging to this class are max-stable in space and time, since

/ Vie.o () (duw) = / Vi(b) Vi, (€)1 (@) pa (de)
E EixEy

- / Vi) / Vi (@ a(de)p; (db)
Eq E,
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_ / Vi (b (db)
E;
=1,

but of course also in space and in time only. A spectral decomposition in space, for example,
is easily derived since, for a fixed ¢, (U;V;(B;), C;);>1 defines a Poisson point process on
(0, 00) x E> with intensity u=2du x u2(de), and sz VR(t.b)x(c)/ch(dc) = 1foreachx € X
and b € E;.

The crucial point in the previous definition lies in the fact that we have decoupled the spectral
functions with respect to time and the spectral functions with respect to space given time. This
allows one to deal with the temporal and spatial aspects separately. Moreover, the latter depend
on time through a bijective transformation which typically may account for an underlying
physical process.

The spectral function with respect to space basically drives the shape of the main spatial
patterns, whereas the bijective transformation describes how these spatial patterns move in
space. Thus, the transformation contributes to the temporal dynamics of the process. Finally,
the spectral function with respect to time also contributes to the temporal dynamics of the
process. This interpretation will become clearer with the illustrations given in Section 3.1 (see

Figure 1).

The finite-dimensional distributions of X defined above are given, for M € N\{0}, 7, ...,

tyed, xy,...,xy €X,and z1,...,2m > O,by

—logP(X(t1,x1) < z1s--. X(tnr, Xm) < 2m)
M
Vin BYVR (. yxm (€)

= / V { p— }m(db)uz(dc’). @)

E1xEy m=1 Zm

We now provide some examples of subclasses of the general class of space—time max-stable
processes given in Definition 1.

2.1.1. Models of type 1: de Haan’s representation with X, = R*>. We take E; = { with u; =8
and £ = X = R? with W2 = Ay, where A, is the Lebesgue measure on R2. Let gbea
probability density function (4 = R case) or a discrete probability distribution ({ = Z case),
and let f be a probability density function on R?. We then assume that

Vi(b) =g(t —b) and Vi(c)= f(x —c),

and that the operators R(; p) are translations: forallt,b € Jandx € RZ, Repx =x—(@—-b)T,
where T € R

The class of moving-maxima max-stable processes with general spectral representation (1)
assumes the existence of a probability density function 4 on { x R2 such that Vie,x)(w) = h(t—b,
x — ¢). The density function % can always be decomposed as h(t, x) = g(¢t)h1(x | t), where
hy(x | 1) is the conditional probability density function on R? given r. For models of type 1, we
have implicitly assumed that this density function satisfies the equality 21 (x | ) = f(x —tT).

Note that the translation operator allows one to model physical processes such as propagation
and diffusion.

2.1.2. Models of type 2: de Haan’s representation with X; the unit sphere in R3. We denote
by S? = {x € R3: ||x|| = 1} the unit sphere in R3. We choose E| = { with u; = §, and
Ey = X = S? with uy = Ag2, where Ago is Lebesgue measure on S?. Let g be a probability
density function ({ = R case) or a discrete probability distribution ({ = Z case), and let f be the
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von Mises—Fisher probability density function (see, e.g. Mardia and Jupp (1999, Section 9.3.2))
on S? with parameters . € S and « > 0:

exp(ku'x), x eS?,
K

K
f(x»ﬂ,K)—m

where a prime denotes transposition. The parameters u and « are called the mean direction and
concentration parameter, respectively. The greater the value of «, the higher the concentration
of the distribution around the mean direction x. The distribution is uniform on the sphere for
k = 0 and unimodal for ¥ > 0. We assume that

Vi(b) =g(t —b) and Vi(c) = f(x;¢c, k),

and that, for u = (uy, uy, u;) € s2, R,y = Ro(1—b),u, Where Ry , is the rotation matrix of
angle 6 around an axis in the direction of u. We have

Rg.y = cos6 I3 +sinf [u]x + (1 — cosOun’,

where I3 is the identity matrix of R3 and [u] the cross-product matrix of u, defined by

0 —U; Uy
[u]x = Uz 0 —Uyx
—Uy Uy 0

To the best of our knowledge, the resulting models are the first max-stable models on a
sphere. Such models can of course be relevant in practice due to the natural spherical shape of
planets and stars.

2.1.3. Models of type 3: Schiather’s representation with X, = R>. For d € N\{0}, let C; =
C(R?, R4 \{0}) be the space of continuous functions from R? to R4 \{0}. For this subclass of
models, (E1, &1, u1) and (E2, &, u2) are probability spaces with E; = C; and E; = C3, and
w1 and o are probability measures on Eq and E», respectively. The function V; (respectively
V) is defined as the natural projection from C; (respectively Cz) to Ry such that

V,(b) =b(t) and Vi(c) = c(x).

Moreover, we assume that E[b(7)] = 1 for all 1 € { and E[c(x)] = 1 for all x € R2. Note
that, for notational consistency, we use small letters for the stochastic processes b and c¢. The
spectral process c is assumed to be either stationary, in which case R ;¥ = x — tt, where
T € R2, or isotropic, in which case R(; »x = A’x, where A is an orthogonal matrix (Ry,p)
corresponds to a rotation).

2.1.4. Models of type 4: mixed representation with X, = R%. We choose E1 = {, 1 = 6,
X = R?, and E; = C,. Let g be a probability density function ({ = R case) or a discrete
probability distribution ({ = Z case), and let ;7 be a probability measure on C,. We take

Vi(b) =gt —b) and Vy(c) = c(x).

Moreover, we assume that E[c(x)] = 1 for all x € R?. As in the previous case, Vy is the
natural projection from G, to R.. Once again, note that we use a small letter for the stochastic
process ¢. The spectral process c is assumed to be stationary and R ,»x =x — (t — b7,
where T € R?.
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2.2. Spectral separability and marginal distributions

We are interested in conditions such that the marginal distributions of the Definition 1 process
are characterized by spectral representations involving only one spectral function (in time or in
space).

We first consider the case of afixed t € {. We define the process (X;(x))yex = (X (7, X))xex-
For two processes, ‘=" denotes equality in distribution for any finite-dimensional vectors of the
two processes.

Theorem 1. Assume that, foreachb € E1, M € N\{0}, x,...,xy € X,andzy, ...,z > 0,
VR pyxim (€) L (©)
/ v { e }Mz(dc) / { : }m(dc). 3
£z m=1 B m=1
Then

X0 = \{UiVe (€D}, x € X,
i=1

where (U;, C;)i>1 are the points of a Poisson point process on (0, 00) x Ey with intensity
u=2du x ua(dc). Moreover, assumption (3) is satisfied for models of types 1, 2, 3, and 4.

Proof. For M € N\{0},lett € Z, x1,...,xpy € X, and 71, ..., zy > 0. We deduce by (2)
and (3) that

—logP(X(t,x1) <z1,..., X, xm) < zm)

M (V.(b)Vr, . x
-/ \/{—t( e '"(C)}m(db)m(dc)
E\xE;

Zm

V. Xm
= / Vi (b) \/{ fe ()}uz(dC)m(db)

Ezml
/I;Zml

Vv,
/E \/{ "’(C)} 2(de).

2 m=1

Vv,
{ () }Mz(dC) / Vi (b (db)

We now show that assumption (3) is satisfied for models of types 1, 2, 3, and 4. For models
of type 1, we have E; = R?,

VRinyxm (€©) = f(R@epyXm —€) = [ (X — (¢ + (¢ — D)T)) = Vy, (¢ + (1 — b)7),

and wy = Aj. Since A3 is invariant under translation, it follows by a change of variable that

/ \/{VR(,;,)xm()} J(de) / \/{me(c—i—(t b)r)} (o)
E E

2 m=1 2 m=1 Zm
Vi
f\/{ ’"(c)} 2(do).
E2 =1
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For models of type 2, we have E, = S? and

VR 1yxm (€) = [ (Rot—b),uXm; €, k) = exp(k (R-6(1—b).u€)'X) =V, (R_g(t—b).u€).

47 sinh k
and it follows, since w, = Ag2 is invariant under rotation, that

M M
[V e e - [ \/{—V"’”(R_f("”)‘”c)}uz(dc)
Ey m=1 m Ey, m
/E \/{me(c)} 2(de).

2 m=1

For models of type 3, we have Vy(c) = c(x). Thus, if Ry px = x — tT, we have
VR pyxm (€) = c(xp — 17T), and, by stationarity, it follows that

/E \/ { VR(’ by ) }uz(dc) / \/ { Vo (©) }Mz(dc)

2 m=1 2ml

If Ry p)x = A'x, we have VR pyxm (€) = c(A’'x,,), and, by isotropy, obtain

/ \/{VR(’b)xm(C)}Mz(dC) / { Vi (€ )}Mz(dc).
E E

2 m=1
Formodels of type 4, Vy (¢) = c(x). Thus,if R p)x = x — (1 — b)T, wehave Vg, , +, (c) =
c(x;, — (t — b)T). Hence, by stationarity, it follows that

/ \/ { VR(, b)Xm (C) } z(dc) / \/ { me( ) }I[,Lz(dc) O
E

2 m=1 2ml

2 m=1

Note that the distribution of X;(x) does not depend on ¢. Thus, the process ((X;(x))xex)rey
is stationary in time, and the distribution in space can be referred to as the stationary spatial
distribution.

We also see that the spectral separability and the use of specific operators R make the
spectral function V, (with its associated point process (C;);>1) the function which appears in the
spatial spectral representation. The stationary spatial distribution depends only on the spatial
parameters of the model. This property is interesting from a statistical point of view since any
estimation procedure can be simplified by considering as a first step the spatial parameters only,
without taking into account the temporal parameters (see Section 4). Note that the idea of using
atransformation of space in (3) can also be found in Strokorb et al. (2015), in a different context.

We now consider the case of a fixed site x € X. As previously, we define the process

(Xx()rer = (X (2, X))rey-

Theorem 2. Assume that there exist two operators S and G from X to X such that
Ri.p)Six = Gpx, (t,b) € 4 x Ej. (4)

Then

(@]
Xsox ) Z\/UVi(BD)), 1€,
i=1
where (U;, B;)i>1 are the points of a Poisson point process on (0, 00) x E1 with intensity
u=2du x w1 (db). Assumption (4) is satisfied for models of types 1 and 4 with Snx =x +1t,
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for models of type 2 with Sx = R_g; uX, and for models of type 3 with Sx = x +1t7 or
Swyx = A7'x, where T € R? and A is an orthogonal matrix.

Proof. For M € N\{0}, t,...,tqy € Z,x € X,and z1, ...,z > 0,

— 10gP(X(t1, S(tl)x) <2zi,..., X(tpy, S(,M)x) <zm)

M
_ / \ { CLAZCELEL) }m (db)pa (de)
E1><E2m 1

Zm

_ / \M/{—V””(b)VG‘b)X(C)}m(db)m(dc)
E1><E2m 1

Zm

M
V: (b
Z/ \/{ it )}/ VG pyx () pa(de) a1 (db)
=1 E>

Zim

b
f \/ { Vin' )}m(db)
E

U m=1

Moreover, it is easy to show that assumption (4) is satisfied for models of types 1, 2, 3, and 4
with the given S, operators. g

Contrary to Theorem 1, it is not possible to say that the marginal distributions when x is
fixed are those given by the temporal spectral representation with the spectral function V; and
its associated point process (B;);>1. In order to obtain such a representation, it is necessary to
apply a time transformation S on x. As a consequence, it is difficult to estimate the temporal
parameters separately since this transformation is not necessarily known in practice. The
transformation indeed depends on the type of model and the parameters we want to estimate.
Note that if R; , does not depend on ¢ (for instance, under translation with T = 0), i.e. if space
and time are fully separated in the spectral representation, then S is equal to the identity.

3. Markovian cases

In this section, if { = R, g is the density of a standard exponential random variable, whereas
if { = Z, g corresponds to the probability weights of a geometric random variable:

ve V1 if £ =R,
g(t) = = (5)
(1 =9)p'Iii>0 if 4 =7Z.

Here v > 0 and ¢ € (0, 1). We first consider models of type 1 and type 4, and then models
of type 2. The choice of the function g in (5) makes these spatiotemporal max-stable models
time-Markovian.

3.1. Markovian models of type 1 and type 4

Recall that we assume the transformations Ry ) to be translations: R p)(x)=x — (t — b)7,
where 7 € R2. In this context, we obtain

\(Uive ™ B g Ve -y (C)} i =R,

X(t,x) =1 . . 6
* \ Ui (1 = ) 5Ly 20) Ve —)e (C)} if 4 =7 ©)

i>1
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Note that, for £ = R, the function g has been introduced in Dombry and Eyi-Minko (2014,
Section 4) in the form g(t) = — log(a)atﬂ{,zo} for a € (0, 1), in order to build the continuous-
time version of the real-valued max-autoregressive process. Let us denote by a the constant
e~V if £ = R and the constant ¢ if 4 = Z.

Theorem 3. (i) Forallt,s € 4 such that s > 0,
X, x)=max(@ Xt —s,x —s1), (1 —a*)Z(t, x)), (7)

where the process (Z(t, X)) cR2 is independent of (X (t — s, X)), cr2 and

Z(t,x) = \/{UiVe(C)},  (1,x) € L x R?, (8)

i=1

with (U;, C;)i>1 the points of a Poisson point process on (0, 00) x E, of intensity u=2du x
ua(dc). Therefore, the process (6) is time-Markovian.

(i) Let 4 = Z and ((Z(t, X)) cr2)iecq be a family of i.i.d. max-stable processes with spectral
representation (8). Then

Xt.x) 2 \[{ta/A—a)Z(t — j.x — jT)}.  (t.x) €4 xR 9)
j=0

Proof. (i) Consider the { = R case (the 4 = Z case is similar). We have

o
X(t,x) = \/{Uve Py _p20) Ve - (Ci))
i=1

o
= \/{Uive ST B0y ooy Ve (i —s— By (Ci))
i=1

o0
= max (e_w \/{UiVe_v(t_s_Bi)]I{t—s—B[EO} Ve—st—@—s—Bp7(Ci)},
i=1
o0
\/{Uivev(lBi)]I{tzB,->t—s}Vx—(t—B,-)r(Ci)}>
i=1
=max(e "Xt —s,x —s51), 1 —e7Y)Z(1, x)),

where |
2t %) = T \VWive™ Pz por g Veoipe (€O}
i>1
Since the sets {r > B > t — s} and {t — s > B} are disjoint, the Poisson point processes
{(Ui, Bi, C;j),i:t = Bi >t —s}and {(U;, B;, Cj),i: t —s > B;} are independent, and it
follows that (X (t — s, x)),cgr2 and (Z(¢, x)),.cg2 are also independent.

We now show that Z(¢, x) é\/?il{UiVx(Ci)} for all x € R?, where Ui, Ciix=1
are the points of a Poisson point process on (0, 0c0) x E; of intensity u~2du x pus(dc).
Let (Ui, Bi, Ci)i>1 be the points of a Poisson point process on (0,00) x R x Ej with
intensity # =% du x db x py(dc). For M € N\{0}, let x1,...,xy € R?and z,...,zy > O.
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We consider the set

=1, by uve™ O sy Ve by (€) > Zm
for atleastonem =1, ..., M}.

,,,,,

Denoting by ‘/\’ the min-operator, the Poisson measure of B;, . .,, is

S ———
,,,,, = 2
Bar. oz E ve VDo Vi, —(1—b)z (€)

/ / { —vi= b)H{t2b>t—s}mef(tfb)‘[(c) } db ,le(dC)
Ey

Zm
View— T
/]I{t>b>t s}e \/{ m—(t—b) (C)} 2(dc) db.
Ezm 1
Since
Vy, T Ve
f \/{ —(1— b)()} J(de) = \/{ m()} J(do).
Ezm 1 Ezm 1
we deduce that
Vy ;
A(Bz,...zy) = Ve \/{ '"(C)} 2(d0)/ Lii=p1—sje*’ db
Ezm 1 R
e { Vy,, (€ )}ug(dc).
E2m 1 <m

It follows that

—logP(Z(t,x1) < z1,..., Z(t, xm) < zm) = A(B(1—c—vs)z,.... (1—c—"5)zps)

Va
/E \/{ € )}Mz(dC)

2 m=1
(ii) It is easily shown that the right-hand side of (9) is a solution of (7). Moreover, as in
Davis and Resnick (1989), this solution is unique, yielding (9). O

Given Theorem 3, it is natural to consider the spatiotemporal max-stable process satisfying
the stochastic recurrence equation

X, x) =max(aX( —1,x —1),(1 —a)Z(t, x)), (t,x)e g x R?, (10)

where § = ZorN,a € (0,1), 7 € R? are both fixed, and ((Z(z, X))xeR2)ieg 1s a sequence
of i.i.d. spatial max-stable processes with spectral representation (8). In the § = Z case, the
process X defined by X (¢, x) = \/?"Zo{aj(l —a)Z(t — j,x — jT)}for (1, x) € 4 xR? clearly
satisfies (10) and is stationary in time. In the § = N case, we must initialize the recurrence
with a process (X (x)), cr2 having the spatial distribution given by (8). This makes the process
defined by (10) stationary in time.

Remark. A real-valued process (R(?));cz follows the max-autoregressive moving-average
process of orders p and ¢ (MARMA(p, ¢)), introduced in Davis and Resnick (1989), if it
satisfies the recursion

R(@) =max(¢p1 Rt —1),...,90pR(t — p),S(), 018t —1),...,0,5( —q)), t eZ,
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where ¢;,0; > Ofori =1,...,pand j = 1,..., ¢, and the max-stable random variables
S(t) fort € Z are i.i.d. It is a time series model which is max-stable in time. However, the
spatial aspect is absent. From (10), it can be seen that our model X extends the real-valued
MARMA(1, 0) process to the spatial setting.

The parameter a measures the influence of the past, whereas the parameter T represents
some kind of specific direction of propagation (contagion) in space. The value at location x
and time ¢ is either related to the value at location x — T at time ¢ — 1 or to the value of another
process (the innovation), Z, that characterizes a new event happening at location x. If a and
the value at location x — t are large, it is likely that there will be a propagation from location
x — 7 to location x, i.e. contagion of the extremes, with an attenuation effect. Contrary to the
existing spatiotemporal max-stable models, the dynamics are described by an equation that can
be physically interpreted.

Moreover, the combination of Theorems 1 and 3 shows that the stationary spatial distribution
of the Markov process/chain ((X (¢, x)),cr2)reg is the same as that of Z.

The space—time exponent measure of the process (10) is given in the next proposition.

Proposition 1. For M e N\{0},#; < --- <ty € Z, x1,...,xy € R, and z1, ...,z > 0,
we have
—logP(X(t1,x1) <z1,..., Xy, Xum) < 2m)
22 M
= V(1)1 exy—(ty—t)7 | 215 ab—1’ """ gtu—t
e z z
tin—tm—1 m-+1 M
+ Z (1 —am " )vxm,merl_(thrl_tm)T ,,,,, Xy —(y—tm)T (Zm, alm+1—tm LI alM—tm
m=2
1 — gM—M-1
+ (11)
M

where 'V is the exponent function characterizing the spatial distribution, defined by

M (Ve ()
vxl,xz ..... xM(Zl,ZZ,n-,ZM):/IR2 \/{me—}MZ(dc)~
m=1

-

Proof. For the sake of notational simplicity, we give the proof only for the M = 3 case; this
proof can be easily extended. Using the independence of the replications (Z(¢, x)), g2, and
changes of indices, we obtain

J

P(\/{aj(l —a)Z(ti — j,x; — jT)} <z fori = 1,2, 3)
j=0
J
= P(\/{a}(l —a)Z(t — j,x1 — jO} < 21,

j=0

J+t1—1
\V @A -0z - jx—(+n -t} <2,

Jj=t—n

J+t—13
\/ @A -zt - joxs -+ —n)T) < 13)

Jj=t—13
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J+H—18
= P( \ @d—a)z —j.xi—jo)) <z
j=0
J+t—13
\/ @A =)z - joxa— (j+ 0 —)T) < 2,
j=0
J+t—13
\/ @A —a)Zt — j.xs— (j+ 13— 1)} < Z3>
j=0

-1
X ]P’< \/ @t (1 —a)Zt — jox2— (j+ 0 — 1))} < 22,
j=ti—n

-1
\ (& A —a) 2t — jox3 = (j+ 16— 1))} < z3>

j=t—t
t—tr—1
xP(\/ (@A —a)Z(t — j.x3— (j+ 16— 1))} < Z3>
Jj=ti—13
J
x P( \/ @ =-a)z@ - jx - j0) < m)
J+t—t+1

J+t—1
x P( \/ @ d-a)Z - jxi—jo) <2,
j=J+t—13+1
J+ti—1

\/ @ — a2 - joxa— (b )T) = zz>. (12)
j=J+t—t3+1

Using the independence of the replications (Z(t, x)),cr2, the stationarity of the processes
(Z(t, x)),cr> and the homogeneity of order —1 of 'V, we obtain

J+t—18
IP’( \/ -zt —jxi —jo) <z,
j=0
J+H—13
\ (a0 —a) 2t — jxa— G+ -0} < 2,
=0

J+t—13

\/ {aj+’37'1(1 —a)Z(t— j,x3—(J+1t3—1)1)} < Z3>
j=0
J+t—13 z
= H P(Zt — j,x1 — jT) < —— b,
i a’(1—a)
' . 22
Zt —j,x2—(j+n—n)71) < aith (I —a)
. . 73
Z(t = j,x3 = (J+6—1)T = a0 (1 — a))
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J+H—18 21 2

— 1_[ eXp(_vxl—j‘t,xz—(tz—tl)T—j‘t,X3—(t3—t1)‘t—j‘t (af(l — a) s ajatz—fl (1 _ a) 5

j=0
23
alah—n(l - a)))
J+t—13
= exp<_vx1,x2(t2t|)r,x3(t3t1)r <Zl, atj_itl’ alfi” ) x (1 —a) Z aj>
j=0

22 23 J+t—t3+1
= exp<_vx1,x2(tzt|)r,x3(t3t1)r <Zl, prasny —> x (1 —a’th=6thy ),

a3~

The other terms in (12) are calculated similarly. Finally, since limj_, o a’ =0,

P(X(t1,x1) < z1, X(t2, x2) < 22, X(13, x3) < 23)

J
= lim P(\/{af'(l —a)Z(t; — j,xi — jT)} <z fori = 1,2, 3)
J—00 =0

22 23
=exp| — Vx;x—(-mr.xs—i-me | 21 PrETRpr—

&) 23 _ 1 — g
X exp(—’\?xz’n_(g_tz)r <at2__tl’ at3__fl> X (l — afz fl)) CXP<_T . O

By using the approach developed in Bienveniie and Robert (2014), the right-hand term of
(11) can be easily computed provided that the distribution of (Vy,, (¢))m=1,...m With ¢ ~ p2 is
absolutely continuous with respect to Lebesgue measure. This is the case for example for the
spatial Schlather and Brown—Resnick processes.

It is easily shown that models of types 1 and 4 are stationary in time (see Theorem 1) and
space (for type-4 models, the process c is stationary). In order to measure the spatiotemporal
dependence, we propose extensions to the spatiotemporal setting of quantities that have been
introduced in the spatial context. The first is the spatiotemporal extremal coefficient function,
stemming from the spatial version in Schlather and Tawn (2003), which is defined for all
t1,tp € Zand x1, x € Rz by

O(try —t1,x2 — X

P(X (11, %1) < u, X (12, %2) < 1) = eXp(— b 1)), >0
u

The second is the spatiotemporal ®{-madogram, coming from the spatial version introduced
in Cooley et al. (2006), where @ is the standard Fréchet probability distribution function. It

is defined by
Vo, (f2 — t1, X2 — x1) = 3E[|®1(X (12, %2)) — 1 (X (11, x1))]].

Proposition 2. In the case of (10), for | € 7 and h € R?, the spatiotemporal extremal
coefficient is given by

0, h) =Von-1z(1,a™) +1-d (13)
and the spatiotemporal ®1-madogram of X by
160(,h)—1 1 1
vp,(Lh) = - ——— = = (14)

200 +1 2 Vope(lah)+2—dl’
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Proof. Applying (11) with M = 2 and setting z; = z2 = u for u > 0, we obtain

u 1—d
P(X(Os 0)) =u, X(l’ h) = l/t) = exp<_v0,hl‘[ (M, J)) exp(— u )

< 'vo,h_h(l,a—l>+1—al)
:exp — 9
u

yielding (13) by definition of the spatiotemporal extremal coefficient.

In the same way as in the purely spatial case (see, e.g. Cooley et al. (2006, p. 379)), it is easy
to show the following link between the spatiotemporal ®|-madogram and the spatiotemporal
extremal coefficient:

10(,h)—1 1 1

vl = S Tl 2 il (15)

Inserting (13) into (15) gives (14). O

Similarly, it would also be possible to extend the A-madogram, introduced in Naveau et al.
(2009), to the spatiotemporal setting.

Proposition 2 shows that we do not fully separate space and time in the extremal dependence
measure given by the extremal coefficient, even if T = 0. On the other hand, in the latter case,
space and time are entirely separated in the spectral representation: V; depends only on time
and Vg px = Vr depends only on space.

Furthermore, we have lim;_, o, 6 (I, k) = 2, showing asymptotic time independence. More-
over, from Theorem 3.1 of Kabluchko and Schlather (2010), we deduce that, for a fixed x, the
process (X (t));ey is strongly mixing in time. Finally, limz— 00 8(0, k) = 2 if and only if X
is strongly mixing in space.

Before showing some simulations, let us define the spatial Smith and Schlather models. Let
(Ui, C})i=1 be the points of a Poisson point process on (0, 00) x R? with intensity u2du x
M2(de), and let by, denote the bivariate Gaussian density with mean 0 and covariance matrix X.
Then the spatial Smith model (Smith (1990)) is defined as Z(x) = \/?il{U,-hz(x — C;)} for
x € R%. Let (U;)i>1 be the points of a Poisson point process on (0, co) with intensity u2du,
and let Y1, Y», ... be independent replications of the stochastic process Y (x) = V2 e(x) for
x € R?, where ¢ is a stationary standard Gaussian process with correlation function p(-).
Then the spatial Schlather process (Schlather (2002)) is defined as Z(x) = \/i’i1 {U;Y;(x)} for
x € R%.

The left-hand panel of Figure 1 shows the evolution of process (10) when ((Z (¢, X)) cr2)seN
is a sequence of i.i.d. spatial Smith processes with covariance matrix

10
(o 1)

a =0.7,and T = (—1, —1)’ (translation to the bottom left). In the right-hand panel of Figure 1
we show the evolution of process (10) when ((Z (¢, x)),cgr2):eN 1s a sequence of i.i.d. spatial
Schlather processes with correlation function of type ‘powered exponential’, defined, for all
h > 0, by p(h) =exp[—(h/c1)?] for c; > 0and 0 < ¢ < 2, where ¢ and ¢, are the
range and the smoothing parameters, respectively. We take ¢; = 3, ¢ = 1 and, as previously,
a =0.7and T = (—1, —1)’. The simulations have been carried out using the function rmaxstab
of the R package SpatialExtremes (see Ribatet (2015)). The interpretations drawn below are
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FIGURE 1: Simulation of process (10) when ((Z(f, x)),cr2):eN is a sequence of i.i.d. spatial Smith

processes (left) and spatial Schlather processes (right). We depict the logarithm of the value of the process

in space. In both cases, the evolution over four periods is represented (fop left: t = 1; top right: t = 2;
bottom left: t = 3; bottom right: t = 4).

independent of the values of parameters that are chosen. Note that the processes represented
correspond to models of types 1 and 4, respectively. They are respectively spatial Smith and
Schlather processes which evolve dynamically in time.

In both cases, we observe a translation of the main spatial structures (the ‘storms’ in the case
of the spatial Smith model) to the bottom left, hence highlighting the usefulness of models like
(10) for phenomena that propagate in space.

3.2. Markovian models of type 2

As in the previous section, we deduce that models of type 2 satisfy the stochastic recurrence
equation

X(t,x) =max(aX(t — 1, Rg uyx), (1 —a)Z(t, x)), (t,x) e g x Sz,

where ((Z(, X))yes2)ieg is a sequence of i.i.d. spatial max-stable processes with spectral

representation
o

z.x) Z\/Wif (e pi0)),  (1x) € g xS,
i=1
with (U;, ;)i>1 the points of a Poisson point process on (0, 00) x S? with intensity u2du x
dAg2.

4. Estimation on simulated data

In this section, we briefly discuss statistical inference for process (10). Although far from
being exhaustive, this study illustrates the fact that this model can be used at an operational
level. Of course, the compatibility of this model with real observations still has to be shown.
We denote by @ the vector gathering the parameters to be estimated. One possible method
of estimation consists in using the pairwise likelihood (see, e.g. Davis et al. (2013b)), which
requires knowledge of the bivariate density function for each #1, #, € R and x1, x5 € R2. The
latter is given in the following proposition.
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Proposition 3. Fort;,t, € R, x1,x; € R2 andzy, 7o > 0, the bivariate density of the process
(10) is given by

22 1—gh™n
Jar w21, 22,0) = eXP<—'Vx1,xz—<tz—t1>r<Zl’ an—n) T T o )
0 22
X |:_8_Z1'Vx1‘xz(lzt1)t (Zl, a’2_’1>
><< ARV )<11 -2 )+1_at2tl>
. Yxi,x2—(h—t)T ) _ 2
022 az=h 5

Jd 9 22
- aa—zz'vx.,xz—(tz—t.)r (Zl, atz_t1>:| (16)

Proof. We have

a 0 22 1 — gl
f(t],xl),(tz,xz)(zlv 22, 0) - a__exp _vxl,xz—(tz—tl)r 21, ai— -

21 022 = 22

P 22 I —a2™
23_Z1 exp| —Vxi x— (-1t Zl’atz—fl B 22
P 22 1—aR™
X _3_12 x1,X2—(—11)T Zl’atzfll T z%
o 1— atz—ll
=exp| — Vi, .x2— (-7 | 215 a1 B
9 22
X —8—Z1 x1,x0—(n—t)T | X1, — -~ a2~
a P ] _ af2 1
><< 92 Vxl x2—(th— ll)T<Zl’ th— tl) )
tz 1
+exp(—'Vxl,xz—(lz—ll)f(“’ n— tl) )
Jd 0 v
X\ "oz, 95, Tt Zl’atz —1

yielding the result. ]

We now consider the case of the spatial Smith model. Its covariance matrix is

o o
3 = 11 12 ,
012 022

and @ is now given by (o1, 012, 022, a, T’)’. The bivariate density function is given below.

hq 1 22
v —Ew—lg(m)

hi =+ (X2 — (ta —11)T —x1)S~1(x2 — (2 — 11)T — X1).

Corollary 1. We set

and vy = h1 — wq, where
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Lett;,tp € R, x1,x» € R%, and 71,2y > 0. The bivariate density function of process (10)
when ((Z(t, X)) cRr2)reN IS a sequence of i.i.d. spatial Smith processes is given by

Q(wy) a2 "P(v) 1-—a?h
Jitrx0),(2,x0) (21, 22, 0) = exp| — - -
71 22 22

y [(‘D(wl) n p(w1) atz_”¢(v1)>
2 hz} h1z122
a? o)  a? M) pwy) 1 —a?™h
X ( 2 + m h + 2
3 125 12122 z5
v (wy) a"—”wmﬁ(vl)]

hiz3z, hiziz3

where ® and ¢ are respectively the probability distribution function and probability density
Sfunction of a standard Gaussian random variable.

h 1 22
=~ 4+ —log 22
w 2+h 0g<z1)

andv =h — w, where h = \/(xz —x1)’ 2~ 1(x — x1). From Padoan et al. (2010, p. 275), we
know that

Proof. Set

9 Qw)  Pp(w) @)
V() = 2P

871 w1 (21, 22) 22 hz?  hziz

0 Sw) o) o(w)
V() = — 4 22

by e 2 3 hz huzn

and

9* R (CORN" (O

S — Z ’Z = .

9719z, D2 hzizy  h2z123

Hence, we obtain

8 (Z 2 > _ S ) @ ge)
921 x1,X2—(—11)T 1’at2—f1 Z% h]Z% hiz122 ,
d 22
- 8_Z2'Vx|,x27(t27t|)r (Zl, alz_—tl)
1 (@2 ew) | @ 2T¢w) @ (wr)
- a2~ ZZ + h 2 - h
2 IZ2 12122
_ @y | a"Tgw)  w) (18)
B 23 hiz3 hiziza’
2 122
and
3? v 2 1 [(a" v (wy) +a2(’2—’1>w1¢(v1)
- o 21, —
921922 x1,x2—(t—t)T | <1 alz—h al2—1 h%z%m h%ZlZ%
vig(wy)  a? Mwip(vy)
=—53 + 7> . (19)
hlzlzZ hIZIZZ
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Finally,
22 Q(wy) a1 (vy)
Vrix—(n-n)e (Zh atz—fl) = 0 + “ . (20)
Inserting (17), (18), (19), and (20) into (16) yields the result. O
Assume that we observe the process at M locations x1,...,xy and N dates 7, ..., ty.

Then the spatiotemporal pairwise log-likelihood is defined by (see, e.g. Davis et al. (2013b,
Section 3.1))

M
Lo =y 3 > 0 jor 108 fu ).y @ik 2502 0).

where the w; ; and wy; are temporal and spatial weights, respectively, and z, ,, denotes the
observation of the process at date n and site m. Then the maximum pairwise likelihood estimator
is given by @ = argmax LIS)T ).

We consider two different estimation schemes.

Scheme 1. As previously explained, because of Theorem 1, it is possible to separate the
estimation of #; = (o071, 012, 022) and 8, = (a, T’)’. As a first step, the estimation
of @ is carried out by maximizing the spatial pairwise log-likelihood (see Padoan et al.
(2010, Section 3.2)). Once #; is known, it is held fixed and we estimate 6, by maximizing
L1§T (6>) with respect to 6.

Scheme 2. We optimize LST(O) with respect to #, meaning that we estimate all parameters in
a single step.

As an illustration of the above, we simulate the process considered 100 times, with parameter
0 =(,0,1,0.7, =1, —1), at M sites and N dates. We compute statistical summaries from the
100 estimates obtained. In both schemes, we optimize L]SDT with w; ; = 1 and wg; = 1 for all
i=1,....N—-1,j=i+1,...,N,k=1,.... M —1l,andl =k+1,..., M. Tables I and
2 display the results for different values of M and N, in the cases of Scheme 1 and Scheme 2,
respectively.

For both schemes, the estimation is more accurate (the mean bias and the standard deviation
decrease) as M and N increase. Moreover, we observe that the estimation of the spatiotemporal
parameters a and 7 is satisfactory, and clearly more accurate than that of the purely spatial

TABLE 1: Performance of the estimation in the case of Scheme 1. The mean estimate, the mean bias, and
the standard deviation are displayed.

Pairwise likelihood (M = N = 20) Pairwise likelihood (M = N = 30)

True Mean Mean Standard Mean Mean Standard

estimate bias deviation estimate bias deviation
o1 =1 1.139 0.139 0.421 1.105 0.105 0.232
opp=0 0.040 0.040 0.286 —0.024 —0.024 0.162
on =1 1.185 0.185 0.325 1.066 0.066 0.254
a=0.7 0.707 0.007 0.059 0.701 0.001 0.026
71=—-1 —-0.990 0.010 0.123 —0.999 0.001 0.032
»n=-1 -0.990 0.010 0.101 —0.998 0.002 0.043
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TABLE 2: Performance of the estimation in the case of Scheme 2. The mean estimate, the mean bias, and
the standard deviation are displayed.

Pairwise likelihood (M = N = 20)  Pairwise likelihood (M = N = 30)

True Mean Mean Standard Mean Mean Standard

estimate bias deviation estimate bias deviation
o1 =1 1.288 0.288 0.678 1.239 0.239 0.483
opp=0 0.043 0.043 0.621 0.057 0.057 0.314
o =1 1.453 0.453 1.159 1.264 0.264 0.574
a=0.7 0.706 0.006 0.050 0.700 0.000 0.016
71=-1 —-0.998 0.002 0.115 —1.002 —0.002 0.034
n=-1 -0.982 0.018 0.111 —1.003 —0.003 0.035

parameters o1, 012, and 027 (the mean bias and the standard deviation are lower). Finally,
the estimation of the purely spatial parameters is more accurate when using Scheme 1 (the
mean bias and the standard deviation are lower). This probably stems from the fact that in
Scheme 2 the number of pairs used is higher than in Scheme 1, introducing more variability.
Indeed, contrary to what is assumed in the pairwise log-likelihood, the pairs considered are not
independent. This dependence generates instability. For a discussion about the impact of the
choice of pairs on estimation efficiency, see Padoan et al. (2010, pp. 266, 268) and Davis et
al. (2013b, p. 816). This finding shows that, from a statistical point of view, spatiotemporal
max-stable models that allow a separate estimation of the purely statistical parameters can be
preferable; needless to say that a more extensive analysis would be needed at this point.

5. Concluding remarks

In summary, in order to overcome the defects of the spatiotemporal max-stable models
introduced in the literature, we proposed a class of models where we partly decouple the
influence of time and space in the spectral representations. Time has an influence on space
through a bijective operator in space. Then, we proposed several subclasses of models where
our operator is either a translation or a rotation. An advantage of the class of models we
propose lies in the fact that it allows the roles of time and space to be distinct. Especially, the
distribution in space (when time is fixed) can differ from the distributions in time (when the
location is fixed). Moreover, the space operator allows us to account for physical processes.
Our models have both a continuous-time and a discrete-time version.

Then we considered a special case of some of our models where the function related to
time in the spectral representation is the exponential density (continuous-time case) or takes as
values the probabilities of a geometric random variable (discrete-time case). In this context, the
corresponding models become Markovian and have a useful max-autoregressive representation.
They appear as an extension to a spatial setting of the real-valued MARMA(1, 0) process
introduced in Davis and Resnick (1989). The main advantage of these models lies in the fact
that the temporal dynamics are explicit and easy to interpret. Finally, we briefly described an
inference method and showed that it works well on simulated data, especially in the case of
the parameters related to time. A detailed study of possible estimation methodologies for our
class of models will be considered in a subsequent paper. In particular, we are able to show,
using Hairer (2010, Theorem 3.6), that, for instance, the models of type 2 in Section 3.2 are
geometrically ergodic.
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Finally, note that it could be interesting to consider the following generalization of model
(10):
X(t,x) =max(W(X(t — 1,)(x), Z(t,x)),  (t,x) € Z x R

Here ((Z(t, x))cr2):cz 1s a sequence of i.i.d. spatial max-stable processes and W is an operator
from the space of continuous functions on R2 to itself such that, if (Xt — 1, x)) rcR2 1S max-
stable in space, then (W (X (¢t — 1, -))(x)),cRr2 is also max-stable in space. Such an operator
could for instance be a ‘moving-maxima’ operator

VX —-1L@ = \/{K60)X(t—1,5), xeR’

seR?

where K is a kernel (see Meinguet (2012) for a similar idea).
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