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Abstract. Given some integer m > 3, we find the first explicit collection of countably many
intervals in (1, 2) such that for any g in one of these intervals, the set of points with exactly
m base g expansions is non-empty and, moreover, has positive Hausdorff dimension.
Our method relies on an application of a theorem proved by Falconer and Yavicoli
[Intersections of thick compact sets in R?. Math. Z. 301(3) (2022), 2291-2315, Theorem 6],
which guarantees that the intersection of a family of compact subsets of R¢ has positive
Hausdorff dimension under certain conditions.
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1. Introduction
Letg € (1,2) and let I, = [0, 1/(q — 1)]. We say that a sequence (ej)?ozl € {0, 1}N is a
base g expansion of x € I if
o0
x = Z ejq_j.
j=1

It is a straightforward exercise to show that x has a base ¢ expansion if and only if x € 1.
In order to put our work in context, we observe where the research in base g expansions
started, how it developed, and what current open questions are receiving attention. Initially,
base g expansions were studied via the dynamical system 7' (x) = gx(mod 1) on [0, 1].
Each point x € [0, 1] has a unique orbit in this system which corresponds to what is
known as the greedy expansion of x. In an early paper by Rényi [16] it is shown that there
exists a T-invariant probability measure, equivalent to Lebesgue, which is also ergodic.
Following this, Parry [15] gave sufficient conditions on a sequence (e j);‘;l in order for it
to appear as a greedy base g expansion. We note that these results were actually proved
in the more general setting where g is some real number greater than 1, where instead
of {0, 1} the sequences (ej)‘;ozl are elements of {0, 1, ..., LqJ}N when ¢ ¢ N, and are

elements of {0, 1, ..., ¢ — 1}N when ¢ € N. In the early 1990s, more attention was given
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to the broader system in which all possible base g expansions of x € I, are considered.
This is the system in which we are interested in this paper.
We define the set of base ¢ expansions of x € I, by

o
Ty (x) = {(e;)i‘;] efo, )V :x= Ze;q—f},
j=1
and the projection map 7, : {0, N - I, by

oo
T ((€))52) =) ejq ™.

j=l1
The foundational results in base g expansions demonstrate that they behave very
differently than the well-understood integer base expansions. Recall the familiar example
of binary expansions, where every point x € [0, 1] has a unique expansion apart from
a countable set of points which have exactly two expansions, by virtue of the fact that
2(10%°) = 72(01°°). The same is true for all integer base expansions. By comparison,
Sidorov proved that for every ¢ € (1,2), Lebesgue almost every x € I, will have
uncountably many base g expansions [18]. Moreover, given any m € N U {Rg}, we can
choose g € (1, 2) and x € I, such that x has exactly m base g expansions [2, 4, 19]. Define

Uy =1{x el |12, =1},
and for m > 2,
UM = {x €I, : |Z4(x)| = m).
In this paper, our results concern the sets 3,,, where
B ={q e (1,2): U™ #0}.

For all k > 2, we define the k-Bonacci number gj to be the unique number in (1, 2) which
satisfies

a—a " = —q—1=0.
For k = 2, we denote g» = (1 + +/5)/2, the golden ratio, by G. This family of numbers
will play an important role in our results and in the discussion below.

Particular attention was given to the number of expansions of x = 1 for different values
of ¢. In particular, it was shown by Erdds ef al. [8, Theorem 1] that the set of ¢ for which 1
has a unique base g expansion has uncountably many elements, while Daréczy and Kétai
[7, Theorem 3] showed that it has zero Lebesgue measure, and Hausdorff dimension 1.
Moreover, in [9] Erdés and Jo6 showed that there are uncountably many bases g for
which 1 € L[? %, Komornik and Loreti [14] found an algebraic construction for the value
gxL ~ 1.787 23, now known as the Komornik—Loreti constant, which is the smallest base
for which 1 has a unique expansion. Later, it was found that ggr, plays an important role in
our understanding of ¢/, [12].

Generalizing the investigation of the number of expansions of x =1 for different
bases g, we can ask for which values of ¢ there exists at least one x € I, that has a
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unique expansion in base g. It was shown by Erdds er al. [10] that if g € (1, G) then
all x € (0, 1/(¢g — 1)) have uncountably many base g expansions. (It is obvious that the
endpoints of I, 0 = 7,(0°) and 1/(g — 1) = m,(1°°), have unique expansions.) Sidorov
and Vershik [20] showed that if ¢ = G then all x € (0, /(g — 1)) have uncountably
many expansions unless x = nG(mod 1) for some n € Z, in which case x € L[go. In [12]
Glendinning and Sidorov proved the following dichotomy. If ¢ € (G, gkr) then U, is
countably infinite and every unique expansion is eventually periodic, but if g € (gxL, 2)
then U, contains a Cantor set with positive Hausdorff dimension. For ¢ = gkr, it is shown
that U, is uncountably infinite and has zero Hausdorff dimension. We will see in more
detail later (Lemma 2.1) that if ¢ € (G, 2) then dimyg(l4,) 1 as g /' 2 [12]. Another
avenue of research concerns the function ¢ +— dimy({f,;) which is shown by Komornik
et al. in [13] to be continuous, have bounded variation, and resemble the Cantor function.
Further work was carried out on the properties of this function by the Barrera ef al. in [6].
Together these results provide us with a reasonably complete understanding of 4, for all
q € (1,2).

Following on from the study of 4, it is natural to ask, given m € N, for which bases g is
the set Z/I;m) non-empty and what is its Hausdorff dimension? In [19] Sidorov shows that
the smallest element of 13 is go & 1.710 64, which is the root in (1, 2) of

=22+ x+ 1.
The next smallest element of 3; is ¢ f ~ 1.754 88, which is the root in (1, 2) of
=2t —x+ 1,

and it is shown by Baker and Sidorov in [4] that g 7 is also the smallest element of 3,, for
all m € Nx3. Sidorov [19] proved the following key results concerning 3,, and it is these
results which we build on directly in this paper. After proving

geEBy = 1ecl, —U,, ey

it is a straightforward application of Newhouse’s theorem [17] (see §2.1) to prove that
[¢3, 2) C By, where g3 &~ 1.839 29. Sidorov generalizes this theorem, claiming that there
exists some y;, > 0 such that [2 — y,,, 2) C B, for all m > 3. Unfortunately, the authors
believe this proof contains a mistake which cannot be fixed. If this is true, and this result
is invalid, then the question of whether the Lebesgue measure of B, is positive is still
open for m > 3. The main theorem of this paper (Theorem A) is a stronger version of
Sidorov’s general result in the sense that we are able to find the first explicit intervals
contained in B, for m > 3. More recently it was proved by Baker and Zou [5] that for
Lebesgue almost every g € (gkL, M + 1] we have dimy U,;m) < max{0, 2 dimyg U, — 1}
for all m € {2, 3, .. .}. This result improves upon the bound of dimy Z/{(y") < dimy U, for
all m € {2, 3, ...} which can be seen by a simple branching argument (see [19] or [2]).
The equivalence (1) illustrates how information about ¢4, can be used to study ;. More
generally, we will see in §2.2 that we can guarantee that g € I3,, if a certain intersection
of affine images of the set I/, is non-empty. Moreover, via an application of a theorem of
Falconer and Yavicoli [11, Theorem 6], we are able to bound the Hausdorff dimension of
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TABLE 1. For small m, this table shows the leftmost interval contained in 3,42 and the lower bound on
dimH(Z/{;Z:D), provided by Theorem A. We emphasize that these are the leftmost intervals guaranteed to exist
by Theorem Aj; there may be other intervals in B, contained to the left of these.

m K, qk,, (approx.) Interval in g-space contained in 5,2 dimy (Z/{(;Z’IZ))

1 31 1.999 999 999 534 342 [g3; — 1.262 18 x 1072%, g3; + 1.262 18 x 1072%] > 0.999 967 173 . ...
2 32 1999999999 767 168  [g32 — 3.673 42 x 10740, ¢35 + 3.673 42 x 107%°] > 0.999 983 586 . . .
332 1999999999 767 168  [g32 — 8.552 85 x 1079, 435 4+ 8.552 85 x 1077 > 0.999 979 240 . . .
4 32 1.999999999 767 168  [g32 — 1.991 36 x 1072, ¢35 + 1.991 36 x 1071 > 0.999 974 848 . . .
5 33 1.999999 999 883 594 [g33 —3.62227 x 107", g33 +3.62227 x 10~7'] > 0.999 985 209 . ..

TABLE 2. Neighbourhoods of ¢ contained in B3 for small values of &, provided by Theorem B.

k qr (approx.) Interval in g-space contained in /53

9 1.998 029 470 262 29 [g9. go + 6.103 16 x 1078]

10 1.999 018 632 710 10 [q10 — 1.509 25 x 107%, g19 + 1.509 25 x 107%]
1 1.999 510 401 978 29 [gn —3.750 92 x 107, g11 +3.750 92 x 1077]
12 1.999 755 500 937 32 [q12 — 9.347 45 x 10710, g15 4+ 9.347 45 x 10719]
13 1.999 877 832 711 55 [q13 — 233286 x 1071, g3 +2.332 86 x 10~1]

the corresponding Z/{,gm) set from below. The version of this theorem that we use appears as
Theorem F&Y in §2.1.

Our most general result is Theorem A, which locates an explicit collection of countably
many intervals in B, for all m > 3. More precisely, for any m > 3, Theorem A tells us
that there is a neighbourhood of gy contained in 3,, whenever & is sufficiently large. In the
case of B3 we are able to obtain a stronger result which is the content of Theorem B.

THEOREM A. Letm € N and let k > K,,, where
K = 39 (log) g99(m + 2) + 24) + 41.

If 1g — il < g "7 then q € By and dimp@)" ) > 1 — 1024(m +2)20/19
4—k
q > 0.

THEOREM B.
@ Fork=10,iflg — qil < g; > then g € Bs.
(®) If0<q—qy <q5 " theng € Bs.

Together Theorems A and B provide the first explicit intervals contained in 5, for
m > 3. Since K| = 31, Theorem B proves the existence of intervals in 33 where Theorem
A does not apply, namely, when m = 1 and 9 < k < K. The reason for this discrepancy
in the values of k where the theorems apply is due to the number of sets in the intersection
which we require to be non-empty. To be precise, the argument for the proof of Theorem
B boils down to proving that the intersection of two compact subsets of R is non-empty;
this allows us to apply Theorem N [17]. However, to prove Theorem A for some m € N,
we require a collection of (m 4 2) sets to be non-empty, hence we cannot directly apply
Theorem N [17].

In §2 we outline the main theorems and propositions used for Theorems A and B, whose
proofs are contained in §§3 and 4, respectively.
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2. Preliminaries

In this section we introduce the results required for the proofs of Theorems A and B. We
draw special attention to Theorem F&Y—a special case of a theorem of Falconer and
Yavicoli [11, Theorem 6]—on which Theorem A relies.

2.1. Thickness and interleaving. Let |X| and conv(X) denote the diameter and convex
hull respectively of a set X C R. Given some compact set C C R, Newhouse [17] defines
its thickness t(C) via its gaps and bridges. A gap G of C is a connected component of
R\ C (including both the unbounded components to the left and right of conv(C)), and
since C is compact, all such gaps are open intervals. Any compact set C C R admits a
stepwise construction removing gaps in order of decreasing diameter. Specifically, we start
by removing the unbounded gaps from R to leave conv(C). From here we remove from
conv(C) the next largest gap G (if there is a tie, take any). This leaves two closed intervals,
called bridges, BlL and B]R with the gap G in between. We continue in this way, removing
the next largest gap from the remaining union of bridges. In general, at step n, gap G,
with |G,—1| > |G,| = |G,+1], is removed from a closed interval, leaving bridges BnL and
BR either side of G,,. We define the thickness of C by

BL| |BR
r(C):inf{min(| ”|,| ”|>}
n |Gul |Gy

Note that the initial step removing the unbounded gaps of C is not involved in the thickness
calculation. Moreover, it can be checked that the thickness is independent of the choice of
gap when two or more gaps have the same diameter [11]. If B is a bridge of C then all gaps
contained within B have diameter no larger than the gaps on either side of B. Note also that
any bridge B of C has the property that all gaps of C are either contained in B or contained
in the complement of B.

We will be interested in the thickness of certain compact subsets of U, for ¢ € (1, 2).
To study these effectively we will need to define some notation. Let {0, 1}* be the set of all
finite words in {0, 1} and let |§| denote the length of a finite word § € {0, 1}*. A sequence
(6j)?°=1 € {0, 1}V is said to avoid a word (finite or infinite) ((Sj);f’zl € {0, 1}™ if there is no

index i € N such that (e;) =1 = (§;)_,. For any k € N, define the set S; C {0, 1} by
J7j=i J7j=1

St ={(€)72; € {0, 1} : (€))7, avoids (01°) and (10%)}.
The following key lemma is a consequence of the work in [12, Lemma 4].

LEMMA 2.1. Letk > 2.

(@ Ifq € (qk,2) then wy(Sx) C Uy.
(b)  Ifq € (qk,2) then m,(Sk) is a Cantor set and, moreover, every gap of 7wy (Sy) is an
open interval of the form

(774 (801~ 1%) 77, (8 (105~ 1™y,
where § € {0, 1}* avoids (01%) and (10F).
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It is also shown in [12] that dimp(y(Sk)) — 1 as ¢ — 2, but more important for
us is the following result which is a consequence of the estimates in the proof of [19,
Theorem 4.4].

LEMMA 2.2. We have t(my(Sk)) > qk_3 whenever k > 4 and q > q.

We define interleaving along with a stronger version we call e-strong interleaving. Two
compact sets C1, Co C R are interleaved if neither set is contained in a gap of the other.
The Hausdorff metric, defined on compact subsets of R, is given by

du(X, Y) = max [ sup d(x,Y), sup d(y, X)},

xeX yeY
where d is the normal Euclidean distance on R. Let € > 0 and let A and B be compact
subsets of R. We say that the sets A and B are e-strongly interleaved if the sets A’ and
B’ are interleaved whenever A’ and B’ are compact subsets of R with the property that
du(A, A") < € and dy(B, B’) < €. Observe that if A and B are e-strongly interleaved for
some € > 0 then A and B are €’-strongly interleaved for every 0 < €’ < €. It is clear that
for any € > 0, if A and B are e-strongly interleaved then they are interleaved. The following
lemma allows us to declare that two compact sets in R are e-strongly interleaved if they
contain points which are sufficiently well separated. This will be useful for the proof of
Theorem B.

LEMMA 2.3. Suppose A and B are compact subsets of R and there exist a1, a; € A and
b1, by € B with the property that
a) < by <ap < by
then A and B are interleaved. Moreover, if
min{(b; — ay), (a2 — b1), (b2 — az)} > 2e,

for some € > 0 then A and B are €-strongly interleaved.
Proof. Let A and B be compact subsets of R with aj, a; € A and by, by € B satisfying
a; < by < ay < by. By definition, A and B are interleaved if neither is contained in a gap
of the other. Since a; € A we can partition the gaps of A into those that lie to the left of
a and those that lie to the right of a>. B cannot be contained in a gap to the left of a,
because by € B and by > a;. Similarly, B cannot be contained in a gap to the right of a»
because b; € B and by < ap. A cannot be contained in a gap of B by a similar argument
partitioning the gaps of B into those to the left and right of b;.

Suppose € > 0 and min{(b; — ay), (ay — b1), (b — az)} > 2¢. Let A’ and B’ be com-

pact subsets of R satisfying di(A, A”), du(B, B') < €. Therefore, there exist a}, a) € A’
and b/, b}, € B’ satisfying

la\ —ail, lay — azl, |by — by, |by — by| < €.
Hence,

by —ay = (by —a1) — by — b1l —lay —a1| =2 —€ —€ =0,
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ay — by = (ay —by) —|ay —ax| — |b] —b| =2 —€ —e =0,
by —ay > (by —ap) — |by — ba| — |a) —az] > 26 —e —e = 0.

So aj < b} < a) < b, and we conclude that A" and B’ are interleaved by the first part of
the lemma. O

Newhouse [17] proved that information on the thickness and interleaving of two
compact sets in R can be sufficient to imply a non-empty intersection of the sets. This
is the content of Theorem N and will be used to prove Theorem B.

THEOREM N. Let C| and Cy be interleaved compact subsets of R with thicknesses t1 and
Ty, respectively. If 1ty > 1 then C1 N Cy # @.

In our proof of Theorem A, we apply Theorem F&Y, which is a special case of a more
general theorem proved by Falconer and Yavicoli [11, Theorem 6].

m+2

THEOREM F&Y. For any m € N, let (Cj)j:l

has thickness at least t. Assume that

be compact subsets of R where each C;

i) B= ﬂj conv(C}) is non-empty
and
(i1)  there exists ¢ € (0, 1) such that

(m+2)T7 < G5Bl — B, )

where f = min{}, | B|/max; |C;|}.
Then dimp((); Cj) = 1 = 1024(m +2)/¢z~! > 0.

2.2. A sufficient condition for q € B,,. We define the maps fjy and f] by
1
fO: I:O, —} — 1 s fO(x)ZQX,
qq-1]

1 1
f1: [—, —i| — 14, Jfilx) =¢gx — 1,

and set £, = { fo, f1} (Figure 1). For any map h, we denote its inverse by h~! and the
i-fold composition 1 o - - - o h by h'.
———

i times

Note that fp and f1 depend on ¢ implicitly, but in all cases the value of g will be clear
from the context, so we suppress this in the notation. The following lemma is a routine
check from the definitions of the maps fy, f1 and m,, and builds the picture of how the
maps of E, ‘generate’ the base ¢ expansions.

LEMMA 2.4. Forany q € (1, 2), (8./);”:1 e {0, 1}* (e./)?il € {0, 1N we have
f5 b oo £ Mg (€))521)) = mg ((8))7—1 (€)72)).

The map m, also applies to the extended alphabet {—1,0, 1}N. Define I ; =
[—1/(g—1,1/(g — D). If (61')?11 € {—1,0, 1}V then nq((ej)?i]) € I;‘. Moreover, if
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fo i fo f

7 ) -1
(a) (b)

FIGURE 1. (a) The maps generating base g expansions. (b) The special case of the greedy expansion given
by f(x) = gx (mod 1) on [0, 1].

we define the set of maps E;‘I‘ by {ffl, f(;‘, fl*}, where

LY L B ) = 1
f_li—q_lwi(CI—l)}_)q’ fIx) =gx +1,
*.- -1 1 . .
fo: _q(q_l)’CI(Q—l)j| — Iq, fo(x) =gx,
*._ﬂ 1 . e
4 ._Q(Q—l)’q—1:|_)lq’ )y =gx—1,

then Lemma 2.4 has the following natural generalization. However, we will not need this
result until §4.2.

LEMMA 2.5. Foranyq € (1, 2), (6]');'.1:1 e {—1,0, 1}*, (ej)?il e {—1,0, 1} we have

fih oo i g ((6))52))) = g (87— (€))52))-

For any k € Nx3, g € (1, 2), define g4 1 = fl_(k_l) o fo_l, where the functions f; are
implicitly dependent on ¢. For brevity, whenever m > 0, we define

m
NP @) = () 8hx Uy + 1) N gt Uy).
i=0

Proposition 2.6 shows that to prove ¢ € B2 it is sufficient to prove that N;"(q) is
non-empty.

PROPOSITION 2.6. Let k > 2, q € (G,2) and m > 0. If x is such that fo(x) € N/"(q),
then x € Z/lq(,m+2) N Jy, and hence q € By 42.
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To prove this proposition we will need the following definitions and lemmas. Let
q € (1,2), x € I; and recall that X, (x) is the set of base g expansions of x. We define
the orbit space of x by

Q) = {(fe)% € o )V fo 00 fo (@) € I, forall k € N},

The following lemma was proved by the first author in [1, Lemma 2.4].

LEMMA 2.7. For any x € 1, X4(x) is in bijection with Q4(x) via the map (ej)?i] —

(féj)?il-

This bijection allows one to see clearly how some x € I, may have multiple base
q expansions. The region J, =[1/q,1/q(q — 1)], known as the switch region, has
the property that x € J, if and only if fy(x), fi(x) € I;. Clearly, such an x satisfies
[€24(x)| > 2 and hence | X, (x)| > 2. Letx € I, \ Jg, y € 1;. We say that x maps uniquely
to y if there is a finite sequence of maps ( fe_/.)’;’: 1 € {fo, f1}* such that

Jenor-ofq(x) =y

and

Je o0 fe(x) €I\ Jg, 3)

forall 1 <k < m — 1. Note that we allow y € J,.

LEMMA 2.8. Let q € (1,2) and suppose x € 1, \ J; maps uniquely to y € 1,. Then
12g ()] = [Xq (DI

Proof. Assuming the hypotheses of the lemma, we have fe, o ---o fe (x) € I; \ J; for
all <k<m-—1,andx € I; \ J;, where (fej);'?:l exists by the assumption that x maps
uniquely to y. Forany z € I, \ J,, we can see by inspection of the domains of fy and f7 that
there is a unique element € € {0, 1} such that f.(z) € I,. Applying this to x € I, \ J,; and
t0 fe, 0+ -0 fe,(x) forevery 1 < k < m — 1, we see that the sequence (fej);f;] is unique
among those sequences which satisfy (3) forall 1 < k < m — 1. Hence, ( fg_].)OO € Q4(x)

j=1
if and only if (fg_/.)j:1 is of the form (fej);'.’zl(fgj ?im+l’ where (ﬁgj)?‘;m+1 € Qy(fe, 0
-0 fe, (x)).Since fe, 0 -0 fe,(x) =y, we know (f(gj)j?ozm_H € Q4(y). Therefore, the
elements of €2,(x) are generated by taking the elements of €2,(y) and adding a unique

prefix of (fe; ’f:].Hence, 124 (x)| =124 (y)|,and by Lemma 2.7, | 2, (x)| = |Z4(y)]. O

The first part of the following lemma is precisely stating the heuristic thatif ¢ € (G, 2),
then any orbit of a point under E, cannot remain in J,; for more than one ‘step’. The second
part is a result touched upon in the introduction and is a consequence of Sidorov’s work in
[19, Lemma 2.2], but for completion we prove it here anyway.

LEMMA 2.9. Let q € (G, 2).

(@) Ifx € J, then for all | € N, the points fofl(x), ffl (x) map uniquely to x via the
sequences of maps given by (fo)lj=1 and (fl)ljzl,

(b) Ifx € 1, is such that fo(x) € Uy +1) NU; then x € Z/{(f,z) N J, and hence q € B;.

respectively.
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Proof. (a) Notice that fofl(x) = x/q is linear and strictly increasing for all x € I,
whenever ¢ € (1,2). If g € (G,2) then ¢g> —g — 1> 0,50 ¢~2/(qg — 1) < g™, which
is equivalent to fo_l (1/q(g — 1)) < 1/q. This means that the image of the right endpoint
of J,; under fo_l is less than the left endpoint of J,;. Hence, fo_l(Jq) N J, = . Extend-
ing this we can see that f;'(1/q(¢ — 1)) =1/(g""'(g — 1)) < 1/q for all i > 1 and
hence fofi(Jq) N J,; = 0. Therefore, if | € N and x € J, is arbitrary, then fé ) fofl (x) €
fé;l(Jq), hence fé o fo’l(x) €l \ Jyforalli =0,...,[— 1. The case for fj is similar.

(b) Notice that for any x € J,;, we have that fo(x) — fi(x) = 1,0 fo(x) — 1= f1(x).
Therefore, if fop(x) € Uy + 1) then f1(x) € Uy, and since both fo(x), fi1(x) € I, we
know that x € J,. If we also know that fo(x) € U, then x € Z/lq(z) by Lemma 2.7, and
hence the claim. O

Equipped with Lemmas 2.7, 2.8 and 2.9, we are now able to prove Proposition 2.6.

Proof of Proposition 2.6. Fix any g € (G, 2), k > 2, and proceed by induction on m. For
the base case, let m = 0 and suppose that NY(q) = U, + 1) NU, # . Letx € I, be such
that fo(x) € N2(g). Then by Lemma 2.9(b), x € US> N J, and g € By.

For the inductive step, notice that N,i"“(q) = U, + 1) N gg k(N (g)). Assume the

conclusion holds for m, namely that if fo(x) € N}"(q) thenx € Uq(m+2) N J,. Suppose that
x € I, is such that fy(x) € N,:"“(q). Then f1(x) € U, because fo(x) € (U, + 1). Since
fo(x) € g4k (N;'(q)), we know that fj o lk’l o fo(x) € N;'(q). Therefore, by assump-
tion, fF'o fo(x) e U N J,. Since i~ o fo(x) € J,, Lemma 2.9(a) implies that
fo(x) maps uniquely to flk_l o fo(x) and hence, by Lemma 2.8, fo(x) € Z/{q(m+2). We
can conclude by Lemma 2.7 that x € Z/{;mH) and since fo(x), fi(x) € I;, we know
x € Jg. O

Since g > qx—1 implies that 7, (Sx—1) C U, by Lemma 2.1(a), we have the following
lemma as an immediate corollary to Proposition 2.6.

LEMMA 2.10. Ifk > 2, m > 1, g > qx—1 and the intersection

() 8 (g (Sk—1) + 1) N g2 (7 (Se—1)) )
i=0

is non-empty, then q € By, 4.

We will see that it will be useful to consider subsets of the sets in (4) rather than the sets
in N} (¢) because of our existing knowledge of the structure of the sets 7, (Sx—1).

3. Proof of Theorem A
Section 3.1 serves to introduce our approach to proving Theorem A.

3.1. Proof outline. By Proposition 2.6, for all m € N, if N"(g) # @ then g € B, 1.

Moreover, if fo(x) € N ,:" (g) then x € I/{C(,mﬂ) N Jy. So a lower bound on the Hausdorff
dimension of N}"(g) provides us with a lower bound on the Hausdorff dimension of
Z/lq(m+2). We seek to modify the sets in N;"(g) in order to apply Theorem F&Y. More
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precisely, fori =0, . . ., m, we seek subsets P;(g) C g;’k(uq + 1)and Q,,(q) C g{’{'fk(lxlq)
such that Theorem F&Y can be applied to the collection of compact subsets of R given by
{Po(q), ..., Pn(q), Om(q)}. For any given finite collection of sets A; C R, with arbitrary
subsets B; C A,, it is obvious that if (); B; # ¥ then (1); A; # @. Hence, if

m
M (@) =) Pi(g) N Qm(q)
i=0
is non-empty, then N;"(q) # ¥ and g € By, 12. Similarly, if fo(x) € M}"(q) then x €
u(gm+2) N Jg, so dimg(M;}" (q)) < dimH(L{(;mﬂ)). For k sufficiently large, and ¢ > qx—1,
each of the sets Py(q), . .., Pn(q), Omn(g) is shown to have thickness at least qk_4. Let
B(q) = ﬂ;"zo conv(P;(g)) Nconv(Q,,(q)) (see Figure 2), which we show is non-empty,

and let
. {1 |B(q)| }
By = min { —, )
4" max{|Po(q)], . .., [Pu(@], |Qm(q)I}

B4 corresponds to B in Theorem F&Y except that we have dependency on g here because
the sets to which we are applying Theorem F&Y depend on g. To conclude Theorem A
from Theorem F&Y it remains to find some ¢ € (0, 1) such that

(m +2)(q" ™™ < By (L= By~ )

holds for all m € N, k > K, and |q — qi| < qk_(m+2)k_3. Note that ¢ could depend on ¢

because the sets to which we are applying Theorem F&Y depend on g. However, since we
eventually show that a constant value of ¢ satisfies (5) under the required conditions, the
standalone c notation reflects the independence on g. By requiring |g — gx| < g (m+2)k=3
we achieve a uniform lower bound on 8; when k > K,,. This bound on g, allows us to
choose ¢ € (0, 1) to satisfy (5) as described above. From here, Theorem F&Y tells us,
under our assumptions m € N, k > K,, and |g — qi| < q,:(m+2)k_3, that dimH(Z/{émH)) >
dimg (M} (g)) > 1 — 1024(m +2)1/¢g*=* > 0. Moreover, an immediate implication of
this is that Mémﬂ) is non-empty, so g € B,,4+2. The majority of the work of the proof
is in showing that the sets Py(q), . . ., Pn(q), Om(q) satisfy the hypotheses of Theorem
F&Y. We will see that it is simpler to consider P;(g) as a subset of g;,k (7y (Sk—1) + 1) for

alli =0,...,m,and Q,,(q) as a subset of g;"’k(nq(Sk_l)). This is justified by Lemma

2.10. In the following section we construct the subsets P;(q) of g,i (74 (Sk—1) + 1) for all
0 <i <m,and Qn(q) of g (y(Sk-1)).

3.2. Construction of Pi(q) and Qn,(q). Fixm € N, k > 3 and g > gx—1. Recall from
§2.1 that any compact subset of R admits a construction as a complement of at most
countably many gaps. Let G(g) be the gap of 7, (Sx—1) given by the open interval

G(q) = (7, (0F73(01572)%), 7, (053 (10F72)>)).

(Recall that we know this is a gap of 7, (Sx—1) by Lemma 2.1(b).) Similarly, let H(g) be
the gap of 7, (Sk—1) given by the open interval

H(q) = (m, (1F730152)%), 7, (1573 (10F72)%)).
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9ok (Ma(Sr-1))

g$k<7"q<skfl> +1)
9% (mg(Se-1) + 1)
g2 (mg(Sk—1) + 1)

(mg(Sk—1) + 1)
(a)

G (T (Shm1)) wreveemeesenis ————— Qnl(q)
O T —— 9 (mg(Sk1) +1)
Pr-1(q) — ----- (g (Sk—1) + 1)
Pp-2(q) — ---------------------------------------- 90 2 (mg(Sk—1) + 1)
Po(q) (mq(Sk-1) +1)
Bl
(b)
FIGURE 2. The process of taking subsets of affine images of ,(Sx—1) in order to bound B,. For |g — gx| <
q,:2k76, the relative structure of the sets in all cases where ¢ < gk, ¢ = qx and g > gy is shown in Figure 3.
(a) The relative structure of the convex hulls of the sets in (4) in the case when |q — gk| < q; 2k=6 and q < qk.
(b) For ¢ as in (a), the figure shows the process of taking subsets given by { Py(q), . . . , P (q), Om(q)}, and their
overlap given by B(q). For clarity, only the convex hulls of the Py(q), . . ., P (q), Om(q) sets are shown.

Let 0 <i < m and define P;(q) to be the subset of g;,k(nq (Sx—1) + 1) to the left of the
gap G;(q) where

Gi(q) =gy (g " G+ 1),
that is,
X ) i i —(m—i)k k—3 k—2+00
Pi(q) = g, 1 (g (Si—) + D N [gh (1. g (1 +¢ g (0F3(10F72H)%))].

Similarly, define Q,,(q) to be the subset of g;’fk (74 (Sk—1)) to the right of the gap H,,(q)

where
Hy(q) = g4 (H(q)),
that is,
O (q) = g (g (Sk—1)) N [gh (g (1F3(10572)%)), g2 (4 (199))].
Since

(nq (O(M—i)kok—3(01k—2)00)’ nq(o(m—i)kok—?a(lok—Z)OO))
is also a gap of 7, (Sx—1) for all 0 <i < m by Lemma 2.1(b), and we can write the gap
Gi(q) as
gf]’k(”q (O(mfi)kokf?’(()lkfz)oo) + 1’ , (O(mfi)k0k73(10k72)oo) + 1),
we know that G;(g) is a gap of g;’k(nq(Sk,l) + 1). Similarly, H,(q) is a gap of
g(’;fk(nq(Sk_l)). By Lemma 2.2, we know that 7 (;(S;—1)) > qk_4. To apply Theorem
F&Y we need to make sure the process of taking the subsets Py(q), . . ., Pu(q), Om(q)

described above preserves this lower bound on the thickness. This is the content of Lemma
3.2. To prove this, we will need the following definition and a lemma which is another
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/00

consequence of [12, Lemma 4]. We say that (e j)j?"zl is lexicographically less than (e et

ife; < € wherei =min{j :¢; # e}}. In this case we write (Gj)?o:1 < (6})?11.

LEMMA 3.1. Let k > 2, q € (qx, 2), and let 81, 6 € {0, 1}* be finite sequences which
avoid (01%) and (10%). For i € {1, 2}, let G;(q) be the gap of 7y (Sk) given by the open
interval

(774 (8; (01F=1)%), 7, (8; (10K~ 1)),

(@ If181] < |82| then |G| > |G2l.
() If161] = 62| and §1 < &> then the right endpoint of G is less than the left endpoint
of Ga.

LEMMA 3.2. Fork >3 and any 0 <i <m, t(Pi(q)) > t(wy(Sk—1)) and 1(Qm(q)) >
T(7y (Sk—1))-

Proof. Letk > 3,q > gi—1, and let P*(g) be the subset of 7, (S;_1) to the left of the gap
given by G(g). That is,

P*(q) = 1y (Sk—1) N[0, 77, (0K 3 (01572)%)].

We require k > 3 in order for the gap G(gq) to be well defined, and we require ¢ > gx—1
to guarantee that 7, (S;—1) is a Cantor set by Lemma 2.1(b). Thickness is invariant under
affine maps, and for each 0 <i < m, P;(q) is the image under an affine map of P*(g).
Hence, to prove the first part it is sufficient to show that T(P*(q)) > t(74(Sk—1)). The
result for (Q,,(g)) can be proved in a similar way, and the lemma follows.

Using Lemma 3.1, since 0¥~3 is the lexicographically smallest sequence of length
k — 3, we know that all gaps of 7, (Sx—1) contained in the interval [0, 7, (0F=3(01F—2)>)]
must be smaller than G(g). Hence, conv(P*(q)) is a bridge of 7, (Sk_1) so all bounded
gaps of 7, (Sk—1) are either contained in conv(P*(g)) or contained in the complement
of conv(P*(q)). When we evaluate the thickness of P*(q), we can observe that the
set of bounded gaps over which the infimum is taken is a subset of the set of bounded gaps
of 77, (Sx—1). Moreover, for any gap G’ contained in conv(P*(g)), the left and right bridges
of G’ will be the same regardless of whether we consider G’ to be a gap of P*(q) or a gap of
74 (Sk—1). Let G be the set of bounded gaps of 7, (Sx—1) and let Gp« be the set of bounded
gaps of P*(g). With the above observation in mind, and the fact that Gp+ C G, we see that

|Gl Gl

. .| ILal |Rn|} }
> inf { min , :Gpeg
{ {|Gn| |Gl "

= (74 (Sk—1))-
We will only need to apply Lemma 3.2 in the case k > 5 because this is where the bound
T(y (Sk—1)) = qk_4 provided by Lemma 2.2 applies.

e { .{|Ln| |Rn|}, }
T(P"(g)) = inf { min 1 G, € Gpx

O

3.3. The relative structure of the sets Pi(q) and Q,(q). Recall that our plan is
to apply Theorem F&Y to the collection {Py(gq),..., Pn(q), Om(q)} where B(q)
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is the intersection of their convex hulls. In order for the convex hulls of the sets
Po(q), ..., Pu(q), Om(q) to overlap in a sufficiently large interval, that is, for |B(g)|
to be sufficiently large, we need to impose stronger conditions on g. This is done in the
following lemmas. Note that the projection of any sequence—besides 0°°—decreases as ¢
increases. This is the content of the following lemma.

LEMMA 3.3. For any sequence (8]-)?0 1 €10, 1IN {0%°}, and any q, ¢’ € (1, 2),

g <q' = 1)) < 1y ((6)%)).
Given some g € (1, 2), k > 2, define ¢; € R by
1 =7, (1*710)®) + ¢,. (6)

We introduce €, as a means to bound | B(¢)| and hence also 8, from below. Recall from
§3.1 that a lower bound on B, allows us to prove that (5) holds for some ¢ € (0, 1) and
ultimately to apply Theorem F&Y to prove Theorem A. We will always be dealing with g
in a small neighbourhood of g for some fixed k, so the implicit dependence of €; on k is
suppressed in the notation. Since 1 = 7y, ((1¥=10)>), Lemma 3.3 tells us that € < 0if
q < qk,€q =0if g = q¢,and ¢, > 01if ¢ > gi. The purpose of the following two lemmas
is to find an upper bound on |€, |, given an upper bound on |g — gi|.

—(m+1)k-3

LEMMA 3.4. Let m € N, k > 4. If |qg — qi| < g, then there is some sequence
()52 € {0, WY such that 1 = 4 ((¢))32)) and (¢;)52; = (17100 (¢)52 p -

Proof. Let m € N, k > 4. Let g_ € (1,2) be such that 1 = 7, ((1¥~10)"0°) and let
g+ € (1,2) be such that 1 = 7, ((1¥710)"1°°). By Lemma 3.3, ¢ € (¢—, ¢+) is equiv-
alent to

7, (1F10)"0%°) < m, ((1%710)™0%°) = 1 = 7, (1*710)"1%°) < 7, ((1*710)" 1), (7)
This means that
1€ (g ((15710)"0%), 74 (1¥710)" 1%%)),

that is, there must exist some sequence (¢ j)‘;oz 1 €10, 1}N such that 1 = 7, ((c j);?i 1) where

(c j)j?il = (1"_10)’" (c j)?ikm i1 Therefore, to prove the lemma, it suffices to show that if

— k-3
lg — gkl < q, D3 then g € (g, q4).

If ¢ = gx then we know that 1 = 7, ((1¥-10)*°), which immediately gives (c D=
(1¥=10)°° and also gx € (¢_, q+). Assume thatm € N,k > 4 and |q — qx| < q,:(m+1)k_3.
Since 1 = nqk((lk’IO)"O), expression (7) becomes

g (1F710)"0%°) < 714, (1F710)™) < 7, ((15710)" 1), (®)

and so this is also equivalent to g € (9—,q+). If g <gix then, by exchanging
nq((lk_IO)’”loo) for the smaller expression nq((lk_IO)oo), the second inequality of
(8) is implied by

g (1F10)%) < 7, (1F710)),
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which is itself a direct consequence of Lemma 3.3. If ¢ > g then the first inequality of
(8) holds by similar reasoning. Therefore, it suffices to show
(1) ifg < gx then 7, (1¥710)"0%) < 7, (1¥710)>),
and
(2) ifg > gk then 7y, (1¥710)®) < 7, ((15=10)™ 1°°).

Case 1. Let g < g. Using the fact that 77, (1¥710)"0%°) = (1 — g% 7, ((1*710)),
the inequality 7, ((1¥710)"0°°) < 7, ((1¥710)>) becomes

g, ((1F710)™) > 7, (15100 — 7, (1F710)™),
(1 1 1 1
_(q—l_qk—1>_(qk—1_q,’§—l)
) ) o
g—1 q—1 =1 gf-1)

We show that this inequality is a consequence of our assumption that |g — gi| <
q, (m+DE=3 The second term in parentheses in (9) is positive and the first term in paren-
theses equals (gx — ¢)/((g — )(gx — 1)). Using Lemma 3.3 again, 7,((1¥710)>) >
74, (15710)>) = 1, s0 (9) is implied by

—km - qk — 4
(g —Digr—1)
With k& > 4, we know that g > 15/8 (since g4 =~ 1.9276 (by direct computation), the

smallest possible value of g is g4 —q, 1 so this is a very loose lower bound), so
(g — D(gx — 1) > 49/64 > ¢~', and hence (10) is implied by

q (10)

ak—q <q """,

which is definitely true if g — g < g, (m+DE=3 Thig completes the first case.
Case 2. Let g > gr. We have the following chain of equivalences from the inequality
we set out to prove:

g (1F10)%) < 7, (1F710)™ 1)
= nqk ((]k—lo)OO) _ n,q((]k—l())OO) < q—kmn,q((ok—l 1)00)

" ( i | ) ( | i ) e | )
e el e < .
-1 q-1 -1 ¢ —1)"7 g

The first equivalence makes use of the equalities

nq((lkflo)mlo()) — nq((lkflo)OO) + ﬂq(okm(0k71 1)00)
= 74 (1F710)%) + ¢~ "y (071 1)),

while the second is simply rewriting the m, expressions using the standard formulas
for geometric series, and rearranging them. As in the previous case, the second term in
parentheses on the left-hand side of (11) is positive, which means this inequality is implied
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by

—km

q — qk q
< X N
(g —D@—-1) g~—1

which we rearrange to

_im @k —D(g —1)
q—qr<q k'”k—-
g —1

Again, we aim to show this is a consequence of our assumptions on g. Using k > 4, it can
be checked that g %" > qk_k"’_1 and ((gx — (g — 1D))/(¢F = 1) > qk_k_z, so the above
inequality is implied by

g —qr < qf(m+l)kf3,

which is obviously a restriction of |g — x| < ¢~ *TP%=3 to the case ¢ > gx. Therefore,
the proof of the second case is complete. Hence, we have proved the conclusion in both
cases and the lemma holds. O

Recall the definition of €, from (6) above.

LEMMA 3.5. Let m € N, k > 4 and |q — qx| < qk*(mﬂ)k%. Then —q,:(mﬂ)k“ <€ <

—(m+2)k+1
qy o .

Proof. Assuming the hypotheses of the lemma, let (¢ j);?ozl € {0, 13N be of the form
(10" (e )5 ks 1y41 Where 774 ((¢)72)) = 1, which we know exists by Lemma 3.4,
Then,

7, (1F10y"H10%°) < 7, (1F710)%°) + ¢, < m, (IF7L0)"F11%°). (12)

If ¢ = gy then ¢, = 0 so we consider the remaining two cases separately.
Case 1: q < qi.If g < gy then €; < 0 and the first part of (12) is equivalent to

e = (1= g~ Ny (1F10)%) — 7y (F10)%) = —¢ "D (1 — ¢,

)
C e q—k(m+1)
1= ] gkm+D"
, . KA DAT e
From here, using k > 4, it can be checked that ¢, > —q; . This is intuitive given

the factor 1/(1 — ¢ ~*™) is very close to 1 and ¢ is very close to g.
Case 2: q > qi.1f g > gy then ¢; > 0 and the second part of (12) is equivalent to

7 (1F10)) + ¢, < 7, (157 10)"T11°0),

which is equivalent to
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It can be checked that this implies that

—(m+2)k+1
€5 < q, .

’:(m+1)k+1 *(m+2)k+1. O

Combining the two cases, we see that —g <€ <q

For g € (1,2) and k > 2, the map g, = ff(kfl) o f()i] has a natural symbolic

interpretation. Let (8 j)?ozl € {0, 1} be a base ¢ expansion for some point y € I,. Then an

application of Lemma 2.4 is that
8ak (g ((8)721)) = 7 (1¥710)(8,)52)). (13)

That is, the point g, x (y) has a base g expansion given by (1%-10) (Sj)‘j?"zl where ((Sj)‘j?o:1 is
a base g expansion of y. In other words, g, x prefixes any base g expansion of y by (1%=10).
By inspection g, is an affine transformation whose linear part is a contraction by q*
and whose translation is a shift of 7, (1k=10°°). Tt is straightforward to check that the fixed
point of g, x is nq((lk’IO)"O). For any k > 2 and any x such that nq((lk’IO)"O) +xelg,

84k (g (1F710)%) +2) = 7, (1F10)) + ¢ *x. (14)

We will also use the fact that, since g, is an affine transformation,

8ak () — ggx(2) =g F(x —2) (15)

whenever x, z € 1.

The following lemmas allow us to determine the interval B(g) as g varies relative
to gx. The argument provides useful bounds for the diameters of the P;(g) and Q,,(q) sets
which are needed in order to bound 8, below in §3.4. We denote by L(X) and R(X) the
left and right endpoints of a compact subset X C R. Figure 3 provides a useful reference
for Lemma 3.7.

LEMMA 3.6. Foranym € N, k >3 and g > qix—1,
|Po@)] = -+ = Pu(@)] = 1Qm(@)| = g~ "+ 2m, (1F720)%).
Proof. Recall that for k > 3, g > gx—1,
Gi(9) = gy (g~ " " G@) + D),
where
G(g) = (g (072 (0172)%), 7y (0F3 (107%™,
and that P;(g) is the subset of g;’k(nq(Sk,l) + 1) to the left of G;(g). So P;(q) has the
same left endpoint as g;’k(nq (Sk—1) + 1), namely g’q’k (mg(0®) + 1) = g;’k(l). Observe
that, using (15), forany 0 <i < m,
|Pi(g)] = L(Gi(q)) — L(Pi(q))
= g} (rg O ROE3 14 2)®) 1) — gf (1)
= g~ (g (0F 3 (01F%)%))

— q_(m+l)k+27[q ((1](—20)00)’
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FIGURE 3. The relative structure of the convex hulls of the sets Py(q), ... Pn(q), Om(g) and B(gq) when

lg —qx| < q,:('"+2)k_3, as is proved in Lemma 3.7. (a) ¢ < gk. (b) ¢ = gx. (¢) ¢ > qk-

which we note is independent of i. Recall also that
Hy(q) = g4 (H(q)),
where
H(q) = (g (17015 72)%), 7, (1573 (10472)%)),

and that Q,,(g) is the subset of ng(”q (Sk—1)) to the right of the gap H,,(q). Using (15)
again, we see that
[Om(g)| = R(Qm(q)) — R(Hu(q))
= g (g (1)) — gty (g (173 (10572)™))
= g~ (g (073 (01%7%)%))

= |Pi(q)l,
forall0 <i <m. O
By Lemma 3.6, we know that |Py(q)| = - - = |Pu(q)| = |Om(q)|. We denote this
value by D,,.
Recall that L(X) and R(X) denote the left and right endpoints respectively of a compact
set X C R.

LEMMA 3.7. Letm € N, k > 4, and let |q — qi| < qk_(m+2)k_3.
(@ Ifq < qi then
L(Om(q)) < L(Po(q)) <--- < L(Pu(q))
< R(Om(q)) < R(Po(q)) < -+ < R(Pu(q)).
(d) Ifq = qi then
L(Om(q)) < L(Py(q)) =+ = L(Pu(q))
< R(Om(q)) < R(Po(q)) = -+ = R(Pu(q)).
(©) Ifq > qi then
L(Om(q)) < L(Pu(q)) <--- < L(Py(q))
< R(Om(q)) < R(Pn(q)) <--- < R(Po(g)).
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Proof. The proof of this lemma is calculation heavy so we take a moment to separate the
proof into the stages the argument takes. Each step of the argument handles a different part
of the long inequality to be proven, but will handle all three of the cases ¢ < gk, ¢ = gk
and g > gy together. Suppose m € N, k > 4, |g — qi| < q,:(m+2)k_3. The inequalities we

aim to prove in the cases g < g, ¢ = qx and g > gy are respectively

L(Qw(q)) @L(Po(q)) <. < L(Pyn(q)

A B
< R(Q;n(Q)) < R(Py(q)) < D < R(Pn(q)),

L(Om(q)) < L(Po(q) =---=L(Pu(g)
~—— ——

A B
< R(QZ(Q)) < R(Py(q)) = D = R(Pn(q)),

L(Om(@) < L(Pu(g)) < - <L(Po(q))

A B
< R(Q:(t])) < R(Pu(q)) < D < R(Py(q))-

We start by proving all relations (B) by finding a general expression for L(P;(q)).
Lemma 3.6 tells us that | P; (g)| takes the common value D, for all i and so the relations (D)
are implied by the relations (B). It also tells us that | Q,,(q)| shares this common value, so
the relations (A) follow from the relations (C). Therefore, it suffices to prove the relations
(B) and (C).

Relations (B). As in the proof of Lemma 3.6, L(P;(q)) is the left endpoint of
gf]’k (74 (Sk—1) + 1). Since 0 € 7, (Sk—1) is the smallest element of this set, we see, using
(14), that

L(P(9)) = g, (1) = g, (g (IFT'0)®) + ) = m, (1F'0)®) + g Mg, (16)
By (16) we have the following implications. If ¢ < ¢ then ¢, < 0 and

L(Py(q)) < -+ < L(Pn(q)).

If ¢ = gx then ¢, = 0 and

L(Po(q)) = - - = L(Pu(q)).

If ¢ > gy thene; > 0 and

L(Ppn(q)) <--- < L(Py(q)).

Relations (C). Given |q — qi| < q; (m+2k=3 we show that

(1) ifg < gi then L(Pyu(q)) < R(Qm(q)) < R(Po(q)),
and

(2) ifg > gy then L(Py(q)) < R(Qm(q)) < R(Pu(q)).
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R(Q(q)) is the right endpoint of the set g;'fk(nq (Sk—1)), so

R(Qn(@)) = g (14 (1%)
= g (g (1F710)%) + 7, (041 1))
= 1, (1F710)%) 4 g~ "7, (0K 1))
—km

q
gt —1

To find values for R(P;(q)) for 0 < i < m, we use R(P;(q)) = L(P;(q)) + Dy. By (16)
and Lemma 3.6 this gives

= 77, ((1"710)>) + ) a7)

_ ki _ 1 1
In the first case, when g < g, and ¢, < 0, by (16) and (17),
g k Dk
R(Qn(@) = L(Pu(@) = Sy —q7"eg = g~ "V > 0. (19)

The second inequality is only valid when g < gi, but we only use this bound under this
premise. Also, by (17) and (18),

—m ! ! (]
R(Py(@)) = R(Qm(q)) = (eq+q ( *”"*2( qk1—1>> —q" (qk_1>

g—1
1 1 1
—km [ —k+2
=€ — — .
(- ) - )
Since ¢, > —qk_("H_l)k's_1 whenever |¢ — gx| < qk_(m+2)k_3, according to Lemma 3.5, by
factoring out ¢ ~¥, the above expression is positive if
1 1 1
—k+2 —k+1
— — — 0. 20
(q (q—l qk‘1—1> 61"—1) - @

This inequality is made clear by interpreting the terms as projections of sequences in base
g. In this way, the left-hand side of (20) is equal to

ﬂq(0k72(1k720)oo) _ ﬂq((okil 1)00) _ nq (0](721000)
= 7y (0°115730(1%720)) — 7, (0 ' 1)),
Thus, to verify (20) it suffices to show that
7, (0115 30(15720)) — 7, (0" '1H)™) > 0,
or equivalently
7, (1F730(15720)) — 7, (1057 H>) > 0. 1)

When k = 4, inequality (21) is a consequence of the inequality

o
g ' +q P +q >+ ) g7
=5
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—(m+2)4-3

which holds whenever ¢ > ¢g> and in particular when |g — 4| < g, . When
k > 5, inequality (21) is a consequence of the inequality
o
g +q =g+ > g7
=6
(m+2)k—3

which holds whenever ¢ > ¢ and in particular when |g — gx| < g,
In the second case, when g > gy and €; > 0, using Lemma 3.5 again, we know ¢, <
g " and by (16) and (17) we have

1
R(Qum(@)) — L(Po(q)) = 7y (1F10)™) + g7 —
q

— 1) — (g (1F10)%) + €)

—km

q

-1

>4q

—(n+Dk _ —(m+2)k+1
di

- qk—(m-‘rl)k—l

> 0. (22)

The lower bound of g, MDA fom step (22) follows from a routine calculation. Also,

by (18) and (17),

—km —m 1 1 —km 1
R(Pn(q)) — R(Qm(q)) = (q ey +q7¢ +])k+2<ﬁ_qk7_1>> —q7* <qk—17_1)

1 1 1
—km —km —k+2
> g *me, + - - ,
1 ¢« (q (‘]_1 ‘1k71_1> qk_l)

and it follows from our analysis of (20) that this is positive. This completes the proof. [

3.4. Bounding B, below. Recall that

B(g) =[] conv(P;(g)) N conv(Qum(q))

and

P {1 1B(@)| }
d 4" max{[Po@l. - - [Pa (@l 10n(@)]} |

LEMMA 3.8. Ifm € N, k > 2 and |q — qi| < qf "2, then B, > 1/8.
Proof. Let me N, k>2 and |qg — qx| < q,:(m+2)k_3. Using Lemma 3.7, we know
that if g < gk, then B(g) is given by the interval [L(P,;(q)), R(Qn(g))], and
if ¢ > qx, then B(g) is given by the interval [L(Py(g)), R(QOn(g))]. By Lemma
3.6, max{|Po(q)|, ..., |Pn(@l, 1Om(q)l} = Dy (their common value), so fB,; =
min{}, | B(q)|/Dy}.

Ifg < g theng™ > g; " and [B(q)| = R(Qm(q)) — L(Pu(q)). Recall that | Pi(q)| =

D, foralli =0,...,m,and it can be checked using Lemma 3.6 that D, < q,:(mﬂ)kH.
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It follows from (19) and the fact that g =" +Dk > ="K that R(0,,(¢)) — L(Pu(q)) >

q,:(mH)k and hence B, > g, > > %

If ¢ > gy then g~! < qk_l and |B(q)| = R(Qn(q)) — L(Po(q)). We know from (22)

that R(Qn(g)) — L(Po(q)) > g """~ Using Lemma 3.3, we have 7, (1¥20)) <

77 (157200 < 1, so Lemma 3.6 implies that D, < g; "% s0 g, > ¢ > L.

Hence, if |¢g — gx| < q,:(m+2)k_3 then B, > % O

3.5. Proof of Theorem A. The above results allow us to prove Theorem A.

Proof of Theorem A. Let m € N, k > K,;, and |q — gx| < qk_(m+2)k_3. As discussed in

§3.1, to prove Theorem A it suffices to show that the collection of compact subsets of R
given by {Po(q), . . . Pn(q), Om(q)} satisfy the assumptions of Theorem F&Y. We know
that B(g) = ﬂ;"zl conv(P;(g)) N Om(q) is non-empty by Lemma 3.7, and we know that

each of Py(q), . .., Pn(q), Om(q) has thickness at least qk_4 by Lemmas 2.2 and 3.2. By
Lemma 3.8 it remains to show that there exists some ¢ € (0, 1) such that the following
inequality holds:

(m+2(q" 7 < g8 (1 =8, (23)

Given any ¢ € (0, 1), since limk%oo(qk_“)_"’ = 0, and since the right-hand side of (23) is
independent of k, we know there is some value of k for which (23) holds. Hence, we can
arbitrarily fix ¢ = % and find the smallest value of k in terms of m for which (23) holds.
(Some numerical testing showed that ¢ = % is a reasonable choice, and the authors do
not believe that we can strengthen Theorem A by choosing a different value of ¢.) Notice
that K, is non-decreasing with m and K| = (%(logl.ggg (3) + 24) + 471 = 31. Therefore,
K, = 31 for all m € N and because g31 > g1 > 1.999 (by direct computation), if
k > K,,, then (23) is implied by

( ) @—nL 1 _ L
m+2)(1.999) 40 < Lo @ m)(1 - 87 m). (24)

The right-hand side of (24) is bounded below by 7.3389 x 1078, Using log; ¢99(7.3389 x
10-%) > —24, a sufficient condition on k to satisfy (24) is

k= %_8(10%1.999(7" +2) +24) +4,

which is obviously true when k > K,,,. This completes the proof. O

4. Proof of Theorem B
We first outline the proof of Theorem B.

4.1. Proof outline. Using Proposition 2.6, we know that for any ¢ € (G, 2), if

Uy + 1) Nggr(Uy + 1) N Uy)) # 9,

then g € Bs. Let k > 9. If |g — gx| < qk_2k_6 then it can be checked that ¢ > gx—1 and
hence 7,(Sx—1) C U; by Lemma 2.1(a). For each g such that |g — gx| < qk_zk_(’, we

construct a family of sets A, C {0, 1} such that 7, (A,) C U, + 1) NU, whenever
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q > q9. This means that if

(774 (Sk—1) + 1) N gqi (114 (Ag)) # 0, (25)

then g € Bs. Hence, to prove Theorem B it suffices to prove that (25) holds when either
(@ k=10andlg —qil < g *°
or

® 0<g—go=<gy™

Since (25) concerns an intersection of only two sets, we can employ Theorem N to
conclude their intersection is non-empty. To do this, we require the sets in question to be
interleaved and for the product of their thicknesses to be at least 1. By Lemma 2.2 we know
that 7 (74 (Sk—1)) > g*=* when k > 4 and ¢ > gx_1, and it has been shown in previous
work by the authors [3, Proposition 3.13] that the set A; we will construct satisfies

T(7y(Ay) > ¢, (26)

when g > g9. Recall by the definition of g, x = f]_(k Dy f(;1 that g, « is an affine map
and hence preserves thickness, so

5

Tty (Si—1) + 1) X T(ggx (7 (A) > ¢* 4 x g7 > 1,

whenever k > 9, g > g9. Therefore, the thickness condition of Theorem N is satisfied for
both cases (a) and (b) of Theorem B, and it only remains to prove that the sets in (25) are
interleaved for g in the required range. We do this using the notion of e-strong interleaving,
introduced in §2.1.

Letk =9, |qg — qrl < q;2k76. We show the following assertions.
(1)  The sets (g, (Sk—1) + 1) and gg, « (774, (Ag,)) are qk_2k_4-str0ngly interleaved.
(@ Both din((rg, (Si—1) + 1), (1 (Se—1) + 1)) and di(gg, k (g (Ag): 8.k (7 (A9))

are less than g, k=4

By the definition of e-strong interleaving, these results tell us that (74 (Sg—1) + 1)
and g, x(wy(Ay)) are interleaved. To prove the first item, we will find four points in
(7w (Sk—1) + 1) N gy, k (774, (Ag,)) that are sufficiently far apart and then apply Lemma
2.3. Since the thickness condition (26) only holds when g > g9, the complete argument
only applies in the smaller domain where either (a) or (b) is true. Hence, Theorem N
applies to (25) when either (a) or (b) is true and the proof is complete.

4.2. Construction of Ay. In this subsection we construct the set A; which will have

the important property that for ¢ > g9, 74(Ay) C Uy N Uy + 1) and (7, (Ay)) > q‘s.

Define the set
W, = {(=10), (0 —1), (00), (01), (10)},

and write W2N for the set of infinite concatenations of elements of W>. For any k € N and
((Sj)’;.:l € {—1, 0, 1}, define the notation

G)5— 1 Wy =1{(e)52; € {=1,0, 1V : (ep)_; = (8,)_; and (€/)5%y, € Wy'}.
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LEMMA 4.1. If k> 9 and |qg — qi| < q;2k76 then there exists a sequence (cj);?';l €
O W) such that 1 = 704((c))52))-

In words, this lemma is claiming the existence of an expansion of 1 in base ¢ which
agrees with the expansion of 1 in base gx, given by 1¥0°°, for the first 2k + 4 digits, and,
moreover, this expansion has a tail in W2N . We will see that this lemma is required to show
that the sets 7, (Ay) and 7y, (Ag,) remain sufficiently close in the Hausdorff metric when
lg —qrl < q; k=6 The intuition here is that since the sets A4 will be shown to depend
upon a given fixed expansion of 1 in base g, we require the expansions of 1 themselves to
be nearby in the sense that they agree on a large initial segment.

Proof. Forall g € (1,2), define H, to be the interval [, ((—10)*), 7, ((10)>°)]. We want

to show thatif k > 9 and |g — g«| < q,:zk*6 then 1 satisfies

o fR1) € Hy. (27)

It was shown in [3, Lemma 3.8] that if x € H, then x admits a base g expansion in Wé\l.
Therefore, if (27) holds, there is a sequence (e j);?ozl € W2N such that é‘+4 o flk(l) =
nq((ej);?‘;l). By Lemma 2.5, this tells us that 1 = nq(1k0k+4(ej)j?°:l). Hence, we know
there is a sequence (cj)?‘;l e 1kok+4 W?I with 1 = nq((c.,-)?ozl), and so the lemma holds.
Setting (cj);'ozl € {0, 1}N tobe any sequence with 1 = nq((cj)j?ozl), we can observe, using
Lemma 2.5 again, that (27) is equivalent to

74 (/)32 € [y (104 (=10)), 7, (1F0FT4(10)%)],
that is,
g (104 (=10)™) < 7, ((cj)52)) < g (1°044(10)),
and we have the equivalent inequalities
7 (0P FH(=10)%) < 71, ((¢))52)) — 74 (1°0%) < 7, (0PH(10)),
|74, (150%°) — 7, (1K0°) | < 7, (0 F4(10)%), (28)

where we have replaced m, ((c j)?"zl) with 7, ( 1¥0°°) in the last step since both are equal
to 1. It can be checked that (28) is equivalent to

_k —k
1 1 q ok
’( _ )_( k 4 >‘§q2k42q ' (29)
ag—1 qg-—1 g —1 q—1 qg-—1

Both terms in parentheses always have the same sign and the latter has smaller magnitude,
so we can ignore it and deduce that inequality (29) is implied by

lg — gl ka4
(g —Digr—1 g?—1

Since (c12/q2 —1) > 1forall g € (1, 2), expression (27) is true if

g — gkl < ¢ * @ —Dig - 1).
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Using |q — qi| < g *°, this is implied by

N
1 < gk <;) (gr —D(g — 1), (30)

and this is what we aim to prove.

Let k > 9 and |g — gi| < qk_Zk_6. If gx > g then (qx/q) > 1, so (30) is a result of
qr > 19 and (gx — 1)(g¢ — 1) > 0.9 (which can be easily checked). If g; < ¢, set § =
q — qr > 0 and observe that

8/q <8 < q . (31)

Since k > 9 we know that gx > 1.998 (by direct computation). Bernoulli’s inequality tells
us thatif 2k +5 > 1 and 0 < §/g < 1 (which are true under our assumptions) then

2k+5
(Q_") =(1—8/)*F > (1 — 2k +5q; %% > 0.999 99,
q

where the first inequality makes use of (31) and the final inequality follows from a direct
computation estimating (2k + 5)(1.99)_2"_6 > 1.55x 107% at k = 9, and the fact that
(2k +5)q; k=6 jg decreasing as k increases. Because g; > 1.998 we also know that

(qc = (g = 1) > (550)° > 0.996,
so the right-hand side of (30) is bounded below by 1.998 x 0.999 99 x 0.996 > 1.
Therefore, (30) holds when k > 9 and |g — qx| < g} k=6 \which completes the proof. [

Letk > 9,and let|g — gkl < q; k=6 We associate to q a so-called fixed expansion of 1,
given by (¢;)52, € 1¥0k+4 w1 and satisfying 7, ((c /)32 = 1, which we know exists by
Lemma 4.1. There may be several possible choices for the sequence (c.,-)?i]; in this case
we just pick one arbitrarily. As in [3], we let J be the set of zeros of the sequence (c;)%2

j=r
J={jeN:c; =0},
which we enumerate as follows: J = {jo, ji, ...} where jo < j1 < - - - . Define

Jaixed,1 = {jn € J : n = 4m + 1 for some m € N},

Jiixed0 = {jn € J : n = 4m + 3 for some m € N}
and
Jtree = {jn € J : nis even}.

If j € Jgee then we call j a free zero of (cj)‘]?il. If j € Jixed,1 U Jfixedp orifc; € {—1,1}
then j is called a fixed index. Cleatly, if j is not a fixed index then it must be a free zero.
Let 1K0k+4(c D5%0k4s € 1¥0k*+4 W2 be the fixed expansion of 1 associated to g. The set
A4 consists of the sequences (a j)?o= 1 €10, 1} which satisfy the following properties:
() aj=1lifc; =1

(2) aj=Oifcj=—l;
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() aj=1ifj € Joixed 15

4) a; =0if j € Jfixed0-

Notice that there are no restrictions on the value of a; if j € Jgee. Notice also that A,
depends on (c ]) -, and recall that this sequence was itself an arbitrary choice. The
following lemma is an immediate consequence of [3].

LEMMA 4.2. Ifq € (g9, 2) then my(Ay) C Uy N Uy + 1).

Heuristically, this lemma is proved by showing that the strings (01%) and (10°) are
forbidden in elements of A,, so A; C Sg. Then, if g € (g9, 2), we know that 7, (S9) C
Uy and hence 74 (Aq) C Uy. For any (a)72) € Ag, let (b))32, = (aj —¢j)52,; then
e ((bj )]=1) = nq((a.,)]zl) — 1. With this, the containment of 7,(Ay) in Uy +1) is a
result of (b j)?‘;l also being contained in So.

As mentioned in the outline in §4.1, the authors previously proved the following lemma
[3, Proposition 3.13].

LEMMA 4.3. If g > q9 then t(n4(Ay)) > q7>.

4.3. Hausdorff distances and interleaving. Using Lemmas 4.2, and 2.1(a), the following
lemma is an immediate corollary to Proposition 2.6.

LEMMA 4.4. Ifk > 10, g > qr—1 and the intersection

(71 (Sk—1) + 1) N gg i (14 (Ag))

is non-empty then q € Bs.

We prove the following result on e-strong interleaving with the intention of applying
Lemma 2.3.

LEMMA 4.5. If k > 9 then the sets (7q,(Sg—1) + 1) and gg, k(4. (Ay,)) are qk_zk 4
strongly interleaved.

Proof. Letk > 9. By the definition of gk, | = 7,, (1¥0°°) and we label (ck N = = 1k0,
By the definition of A, when associated with the fixed expansion of 1 given by (ck, ;)32 =1
we know that for any m € N>¢, the indices k 4+ (2m + 1) are free Os, the indices k +
(4m + 2) are fixed 1s, and the indices k + (4m + 4) are fixed Os. Using this, we construct
four points in 74, (A4, ), with the intention of applying Lemma 2.3.

Consider the points a®) = nq((a ) 2 ) wherei € {1, 2, 3,4} and a® <a® <a® <

a™ are given by

aV = 7, (1¥(0100)®) = ¢, * q;:l_ . @)-
a® =7, (15(0110)®) = q;"qg (g + 4D,
a® = 7, (1F(1100)%) = ¢ pran 1 @ +ad),
a® = 7, (15(1110)®) = ¢+ qél_ il at + ).
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We check that gg, x(a') € (4, (Sk—1) + 1) N gg k(g (Ag,)) for all i €{1,2,3,4}.
Since a'¥) € 7y, (Ag,) by construction, it is obvious that g4, « (aVy e 8auk (g (Ag,)) for
all i € {1, 2, 3, 4}. For the other containment, we show that g, « (@ —1e€ g (Sk—1)-
Recall that 1 = nqk(lkO‘X’), and since ¢ = gx, we can replace 01 with 10X at any point
in the expansion. (This is a consequence of the definition of g, which is equivalent to
qk_l = qk_2 +--+ qk_(kH).) Recall also that (13) tells us that g, acts to prefix base g
expansions by (1¥=10). This allows us to write
qu,k(a(i)) — 1 — nqk(lk_l()lk(a;l));.ozk_;rl) _ ﬂqk(lkooo)
= 74, (1505 (@)32, 1) — 74, (10%)
= 74, (0% (@)524 1),

For all i € {1, 2, 3, 4}, the tail (a;.i))?":kJrl avoids 0* and 14 because they are sequences
in A,. This allows us to declare that 0%k (a;.i))?‘;k 41 18 contained in Sk—;. Therefore,
qu,k(a(i)) C (g (Sk—1) + 1) for all i € {1,2,3,4}. The four points qu,k(a(i)) where
i €{l,2,3, 4} are given by

gk (@) = 7, (157101%(0100)>),

gak(@?) = 7, (1571015 (0110)%),

gqk(@®) = 7, (1571015 (1100)>),

8ark(@®) = 7, (1571014 (1110)),
and we seek the minimum distance between them. Since a¥ < a®@ < a® < a® and

8q.k 1s increasing, we need only consider the distances (gq,k(a(H‘l)) — gq,k(a("))) for
i €{2,3,4}. Observe that since q,? — gk = qk(q,% — 1) > gy, the smallest of

@? —aV) =g ——ai,
dr — 1
1
@ —a®) = gt —— (g} — a0
dr — 1
@ —a®) = q" —a
g — 1

is given by (¢;“™)/(g} —1). The smallest over i € {1,2,3,4} of g x(a®*D)—
gak(@?) = ¢ * (@D —a®) is then given by g, (g, ™) /(q} — 1). Therefore, by
Lemma 2.3, (mg (Sx—1)+1) and gg k(g (Ag)) are e-strongly interleaved where
2e = (¢; /(g — D). So

—2k+1
_ 4 * _ —2k-3 1
€= —FT——=¢q —
2(qk -1 2(1 — dx )
Since g > g9 > 1.998 > 2(1 —27%) = 1.875 > 2(1 — ¢; *), we know that

1/ —q;™) > (1/qp),
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SO € > qk*2k74. Hence, we have shown that (g, (Sx—1) + 1) and gg x (7, (Ag,)) are

q; 2k‘“-strongly interleaved. O

We use the following lemma as a tool in the proofs of Lemmas 4.7 and 4.8.
LEMMA 4.6. Let q1,q> € (1,2) and (6]) 2 €{-10, 1}N Then

)| < lg1 — q2|
Y@= D=1

Proof. By the definition of the projection maps,

|7Tq1((€]) 1) nqz((éj)oo

17, ((€)52)) — g, ()32 ))] = Ze,(ql =4y
j=1
:‘ 1 ‘: |91 — g2l
g—1 q—1 (g1 — D@ -1’ O

The following two lemmas provide us with upper bounds on the Hausdorff distances
between the sets in question when ¢ is in the required range.

—2k—6 k—4

LEMMA 4.7. Ifk > 9 and |q — qr| < q, then dy (7wy (Sk—1), g, (Sk—-1)) < qk_2

Proof. Let k>9, |g—qil <q;*°

gy ((sj);?ozl) € 1y, (Sk—1) is arbitrary. Then by Lemma 4. 6

, and let (s]) °, € Sk—1 be arbitrary so

) < lg — gl
=1 _(q (g —1)

—Iq—thI

|7qu((s]) 1) T[q((sj)

5 —2%k—6
<
4%

—2k—4
< qy

Since g9 ~ 1.998 the factor of 5/4 appears as an easy lower bound for 1/((gx — 1)(g — 1)).
So we have found a point 7tq((s])OO 1) € my(Sk—1) such that |nqk((sj) °) - nq((sj);?‘;l)|
< quk 4. This argument also proves the converse, that is, for an arbitrary point
nq((s])J 1) € my(Sk—1) the point nqk((s]) 2 1) € 7y (Sk—1) satisfies |nqk((sj)] D~

e ((s)) j=1)| < qy —2k—=4_Therefore, the desired upper bound on the Hausdorff distance

holds. O
LE12\/I[(MA;A 4.8. Ifk > 9 and |q — gl < q; 7 then du(gy (774 (Ag)), 8auk (g (Ag))) <
U

Proof. Letk > 9, |qg —qr|l < q; 2k=6 and let (c J')?il be the fixed expansion of 1 associ-
ated to g. Recall that A is defined with respect to (c;)72 . Using Lemma 4.1 and the fact
that (¢ ])°° | and 10 agree on the first 2k + 4 indices, we know that the free and fixed
indices on this initial segment coincide. Therefore, for every (a ]) 2| € Ay, we can find
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2k+4 = (a )2k+4 and vice versa. We show that these

some (a})oo1 € A4 such that (a]) e

sequences satisfy the property that

|8auk (T (@)52))) = 8qu (g (@) 32 )] < g 4 (32)

Notice that (a;)%2 =1 € Ay, was arbitrary, so gg, x (774, ((a J) 1)) is an arbitrary element of
8aik (g, (Agy)). Therefore, it suffices to prove that (32) holds since the converse direction,
where we first choose an arbitrary point in A, proceeds in exactly the same way.

Let (aj) 2| € Ay, be arbitrary and pick (a )°° | € Ay such that (a])2k+4 (a j)2k+4.
Then g, k(ﬂqk((a]) ° 1)) is given by nqk(lk 1O(a])C>O 1) and g4, k(nq((a )oo 1)) is given
by 7y (1% 1O(a ) ~ ). Observe that by the triangle inequality,

k—1 k—1 00 k—1 k—1 00
|77, (15770(a;) 52 ) — g (1°770(a) 32| < g, (15770(a)72Z) — 710, (15770(a}) 52|
+ g (171052 ) — 7, (1571 0@@)) 32 ). (33)
Since (a])oo1 and (a )Oo

(lk_IO(a] 1) and (lk 1O(a )Oo 1) agree on their first 3k + 4 entries. Therefore, we can
bound the ﬁlrst term as follows

| agree on their first 2k + 4 entries, we know the sequences

I (15710(a))521) = 714, (171052 )1 < g5 g (@) Tk 4 5) — T (@) 723145

1
“3k—4
= <ka - 1)’

where the 1/(gx — 1) term appears as an upper bound for the difference between the
images of any two sequences under 7y, , that is, the diameter of /,,. By Lemma 4.6, the
second term satisfies

lg — gkl

k—1 _ k—1 —_—
g (0@ 20) = mg (0@l < o5 e -

Since both 1/(qx — 1) and (q_k+2 + 1/(g — 1)) are easily bounded above by g, we can
see that the left-hand side of (32) can be bounded as follows:
—2k—6

%0 . ! q
|8k (0tq ((@))721) — 8qa(rg (@DTZD < g 4<qk_1)+ (q_f)(qk_l)

1 1
—2k—6 —k+2
=% (C]k—1><qk Jr61—1)

< q—2k —4

So we have proved that (32) holds, which proves the lemma. O

4.4. Proof of Theorem B.

Proof of Theorem B. Let k > 9 and |q — qx| < qk_2k_6. By Lemma 4.4, it suffices to
prove that (25) holds in cases (a) and (b). Using the definition of e-strong interleaving
alongside Lemmas 4.5, 4.7 and 4.8, we know that (74 (Sx—1) + 1) and g, x (74 (Ay)) are
interleaved. If we make the further restriction that 0 < ¢ — g9 < gqg 24 when k = 9, then by
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Lemmas 2.2 and 4.3 we know that 7 (774 (Sk—1) + 1) X T(ggx(m4(Ag))) > ¢°> x ¢ = 1.
Hence, we can apply Theorem N to (25) in both cases (a) and (b) and the proof is
complete. O
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