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ABSTRACT

This paper investigates risk aggregation and capital allocation problems for
an insurance portfolio consisting of several lines of business. The class of
multivariate INAR(1) processes is proposed to model different sources of
dependence between the number of claims of the portfolio. The total capital
required for the whole portfolio is evaluated under the TVaR risk measure,
and the contribution of each line of business is derived under the TVaR-based
allocation rule. We provide the risk aggregation and capital allocation formu-
las in the general case of continuous and strictly positive claim sizes and then in
the case of mixed Erlang claim sizes. The impact of both time dependence and
cross-dependence on the behavior of risk aggregation and capital allocation is
numerically illustrated.
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1. INTRODUCTION

The importance of managerial decisions related to risk aggregation and capital
allocation has received considerable attention in actuarial science. It generally
comprises two central elements: choosing risk measures to evaluate the aggre-
gate capital needed for the safety of an insurance portfolio and allocating the
part of this capital to each line of business in order to cover unexpected large
losses. There is a variety of risk measure-based approaches to allocate the total
capital of a portfolio to its different lines of business for meeting financial obli-
gations. Artzner et al. (1999) propose an axiomatic definition of a coherent
risk measure that can be used as capital requirements to regulate the risk of a
portfolio as well as to allocate each line of business. Cummins (2000) provides
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an overview of common capital allocation methods suitable for insurers and
points out the importance of solvency risk in the insurance industry. Myers
and Read (2001) show how option-pricing methods can be used to allocate the
required capital among different lines of business. For more capital allocation
methods, one may refer to Dhaene et al. (2003, 2012), Tsanakas (2009), and
Cai et al. (2017) and the references therein.

The tail risk measures, such as the value at risk (VaR) and the tail value
at risk (TVaR), have been widely used as criteria for the purpose of apprais-
ing capital requirements. Artzner et al. (1999) suggest the TVaR, also called
Expected Shortfall (ES), as a coherent alternative to the non-coherent risk
measure VaR. The TVaR can identically be defined as the conditional tail
expectation (CTE) in the case of continuous random variables. But when the
marginal distributions are discrete, these two risk measures are not the same
(see, e.g., Acerbi and Tasche, 2002).

Note that continuous situations are extensively discussed in contrast with
discrete cases in the literature on capital allocation. Therefore, some of the ref-
erences speak in terms of CTE instead of TVaR. For example, Panjer (2002)
investigates the CTE-based allocation principle for the multivariate normal
case. Dhaene et al. (2008) extend the multivariate normal risks to the ellip-
tically distributed risks by using the CTE-based allocation rule. See, also,
Cai and Li (2010) for multivariate phase-type distributed risks; Furman and
Landsman (2010) for multivariate Tweedie distributed risks; Vernic (2006,
2011) for multivariate skew-normal and Pareto distributed risks; and Zhou
et al. (2018) for multivariate generalized Gamma distributed risks. A common
feature of these works is that the dependence structure between the different
risks is constructed by a multivariate distribution.

The TVaR-based allocation principle has also generated tremendous inter-
ests when risk factors of an insurance portfolio are assumed by special
dependence structures. Bargés ef al. (2009) and Cossette et al. (2013) evalu-
ate the TVaR-based allocations for the risks with the dependence structures
described by the Farlie-Gumbel-Morgenstern (FGM) copula. Cossette et al.
(2015) derive closed-form expressions for the contributions of each risk under
the TVaR-based allocation rule for two families of bivariate distributions
with exponential marginals. Ratovomirija et al. (2017) use the rule based on
the TVaR to determine the amount of capital allocated for mixed Erlang
risks joined by Sarmanov’s multivariate distribution. See, also, Cossette et al.
(2012), Ratovomirija (2016), and Vernic (2017) and the references therein.

Our primary purpose in this paper is to investigate risk aggregation and
capital allocation problems based on the rule of TVaR for an insurance
portfolio of multi-lines of business by introducing time dependence and cross-
dependence together. More precisely, we consider the portfolio of d (d > 2)
lines of business with multivariate compound distributions. The aggregate
claim amount for the whole portfolio over the first n periods is defined by the
random variable (r.v.) S,,, where

Sn=S1,n+"'+Sd,n- (1~1)
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In (1.1), Siy (i=1,...,d) is the aggregate claim amount for the i-th line of
business over the first n periods, which is denoted by

Si,n = I/Vi,l +-- 4+ Wi,na (1~2)

where W, = ZJNZ’{‘ Xirj» k=1,...,n, is the aggregate claim amount for the
i-th line of business in period & with the sequence of r.v.s {N;x}]_, being the
number of claims and the sequence of independent and identically distributed
(i.i.d.) r.v.s {Xi,k,/‘},?; (Xix,j~ X;) being the individual claim sizes for the i-th
line of business in period k. For different lines of business, the continuous
and strictly positive r.v.s X1,..., Xz are independent between themselves and
independent of {Ny x};_;s - -» {Nax}y—,- The sequence N = {N1, ..., N x}ken
is assumed to follow a multivariate integer-valued time series. This assump-
tion allows for time and cross-dependence between the number of claims for
different lines of business from period to period. Consequently, from (1.2),
S; follows a sum of dependent compound r.v.s and (S, ..., Sqg,) are also
dependent.

Recent developments in actuarial literature have shown that integer-valued
time series can serve as an effective tool in risk modeling, exhibiting differ-
ent types of dependence when applied to the number of claims. Among them,
Gourieroux and Jasiak (2004) reveal that the integer-valued autoregressive
process of order 1 (INAR(1)) can be an acceptable alternative for modeling
time dependence between the number of claims. Cossette et al. (2010, 2011)
extend the classical discrete-time risk model by introducing a dependence rela-
tionship in time between the number of claims. They use the Poisson INAR(1)
process and the Poisson integer-valued moving average (INMA) process. See,
also, Zhang et al. (2015) and Cossette et al. (2020) for further details on uni-
variate integer-valued time series with applications in actuarial science. At
the same time, an insurance portfolio may contain several lines of business.
Bermudez et al. (2018) adopt bivariate INAR(1) (BINAR(1)) regression mod-
els to price an automobile insurance contract with two types of coverage,
taking into account both cross-dependence between the number of claims from
different coverage types and time dependence between the number of claims of
the same policyholder from period to period.

In this paper, we study risk aggregation and capital allocation problems
within the framework of multivariate INAR(1) (MINAR(1)) processes. The
motivation for such processes arises from their potential for modeling dif-
ferent sources of dependence, including the following: first, time dependence
between the number of claims for the same line of business from period to
period; second, cross-dependence between the number of claims for different
lines of business; and third, a source of dependence that combines these first
two sources, defined as cross-time dependence.

The empirical illustration in Bermudez et al. (2018) indicates that both time
and cross-dependence should be considered in order to improve the fitting
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and prediction of the ratemaking model. Inspired of this, it is natural to ask
whether the incorporated dependence has impact on the quantities of interest
related to risk aggregation and capital allocation, and how the insurer can allo-
cate total capital to each line of business appropriately in this situation. To this
extent, we consider two cases of MINAR(1) processes with specific dependence
structures for { NV , ..., N i }ken in this paper. For each case, the expression for
the joint Laplace-Stieltjes transform (LST) of (S}, ..., Sg) is provided. We
then obtain the general formula for the cumulative distribution function (c.d.f.)
of S,;. Along the lines of some recent studies (Barges et al., 2009 and Cossette
et al., 2012), we use a top-down approach to derive the general expressions
for the TVaR of S, and the contribution of S;, with the TVaR-based allo-
cation rule. These work are performed under the assumption of continuous
and strictly positive claim sizes. Thanks to the desirable properties of the class
of mixed Erlang distributions, we develop the closed-form formulas for these
quantities with mixed Erlang claim sizes and examine the effect of different
sources of dependence on the TVaR of S, and the contribution of S;, using
the TVaR-based allocation rule with numerical examples.

The remainder of this paper is structured as follows. In Section 2, we
present some preliminaries on the TVaR and TVaR capital allocation, on
the MINAR(1) processes, and on the class of mixed Erlang distributions. In
Section 3, the quantities of interest in regard to risk aggregation and capital
allocation are studied for a basic MINAR(1) process. Section 4 contains the
main results on risk aggregation and capital allocation for a full BINAR(1)
process. The final Section 5 concludes the paper.

2. PRELIMINARIES

Throughout this paper, let Ny, N, Z, and R denote the sets of non-negative inte-
gers, positive integers, integers, and real numbers, respectively. For the sake
of convenience, here and henceforth, let S_; , = Zleq 121 Stns Zj":a x; =0 and

]].Jzu x; =1, for any a > b and x; > 0. For an m-dimensional vector d, let d
denote the k-th (k € Ng) convolution of d with itself, where *° = (1,0, ...,0) €
R™. For an m-dimensional random vector (X1, ..., Xj;), the LST of (X1, ..., Xi»)
is defined as

—z1X] —zm X,
/JXI,...,X,,,(Zl,---,Zm)=E[€ AL emom ’”]

2.1. TVaR and TVaR-based capital allocation

Let us recall the definition of the aggregate claim amount S,, given by (1.1). The
VaR atlevel k,0 <« < 1, of S, is defined by VaR(S,) = inf{x € R, Fs, (x) > «},
where Fg, denotes the c.d.f. of S,. The TVaR at level x, 0 <« <1, of S, is
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defined by

1 1
K

_ E [Sn X ]l{S,,>VaR,((Sn)}] + VaRK(Sn)(FSn(VaRK(Sn)) — k)

1—«

(2.1

where 1 4 is the indicator function such that 1 4(x)=1if x € 4, and 1 4(x) =0,
ifx¢A.

Note that the r.v. S;, given by (1.2) is continuous under the assumption of
continuous and strictly positive claim sizes, implying that the r.v. S, is also
continuous. Then, Fg, (VaR,(S;)) —« =0 and (2.1) becomes

E|S, x1 .
TVaRK(Sn)Z [ " 1{S_">’(VdRK(Sn)}] .

It is well known that the VaR is not a coherent risk measure. In this paper,
we consider to determine the amount of capital for the whole portfolio with the
TVaR-based rule. For 0 <« < 1, the allocated capital to each risk S;, under
the TVaR-based allocation rule is given by

 TVaR(Sin; Sn)
T TVaR.(S,)

where K is a given total risk capital and

E|Sinx1
TVaR,(Sin; Su) = [Si 1{fnZVaRK(SH)}]‘

It implies that the capital required for the entire portfolio is equal to the sum
of the allocated capital of each risk within the portfolio, thatis, ) 7 | K; =K.
See for example McNeil et al. (2015) for details on the risk measures VaR and
TVaR, and the TVaR-based allocation rule.

This paper considers the particular case that K = TVaR,(S,), which coin-
cides with the TVaR-based allocation rule suggested by Barges et al. (2009),
Cossette et al. (2012, 2013, 2015), and Ratovomirija et al. (2017).

2.2. MINAR(1) processes

Let Ny =(Nik, ..., Nax) and ex = (e1 k, ..., €4 k) be non-negative integer-valued
random vectors. Ny is independent of the i.i.d. sequence {ex}rcz. Let A be a
d x d matrix with independent elements {oz,j}fl =1 The multivariate INAR(1)

process {Ni}rez based on the binomial thinning operation is defined by

Nir=AoNj;_|+e; (2.2)

https://doi.org/10.1017/asb.2022.8 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.8

674 X.HU AND L. ZHANG

with its i-th element given by

d
Nig=Y ajoNji+ey i=1,...d (2.3)
j=1

In (2.2), the binomial thinning operators «;jo are mutually independent, for
i,j=1,...,d. Each operator is defined by ajj o N = ng’:l 8, where {5;{}2\’:1 is a
sequence of i.i.d. Bernoulli r.v.s such that E[6;] = «;; and «;; € [0, 1).

The process {Ng}xez satisfying (2.2) is stationary if the largest eigenvalue
of the matrix A is less than 1 and E |ex|| < oo (Pedeli and Karlis, 2013b). The
process {e;}rez entered in (2.2) is known as the innovations.

The MINAR(1) process introduced above is particularly convenient for
modeling dependence structures between multivariate risks. As an example,
N; may be interpreted as the number of claims in period k for an insurance
portfolio with d lines of business. As every INAR-type process, Ny is com-
posed of two different parts. The first consists of proportions of the number of
claims from the previous period k — 1, denoted by N;_1. The time dependence
between the number of claims of a fixed line of business over time arises from
this part. The second part consists of the innovations that are assumed to be
dependent. The cross-dependence between the number of claims from differ-
ent lines of business derives from the covariance structure assumed for e;. For
further applications, we refer the readers to Pedeli and Karlis (2013a, 2013b)
and Darolles et al. (2019).

In the literature, there are two kinds of MINAR(1) processes, depending on
the form of the matrix A entered in (2.2).

Definition 2.1. If A in (2.2) takes the form of a d x d diagonal matrix, then the
process {Ny}rez satisfying (2.2) is called as the basic MINAR(1) process. In
particular, the basic BINAR(1) process is generated with a diagonal matrix A

ford=2.

In Definition 2.1, from (2.3) each series separately follows a univari-
ate INAR(1) process, thus allowing for time dependence. The assumption
of diagonality implies that the correlation between innovations is the only
source of cross-dependence between the series {Ny, Ny}, for i,j=1,...d
and i#j. Therefore, two sources of dependence are arising in the basic
MINAR(1) process. Detailed properties and methods of estimation about the
basic MINAR(1) process have been discussed extensively in Pedeli and Karlis
(2013a).

Definition 2.2. If A in (2.2) takes the form of a d x d non-diagonal matrix, then
the process {Ny}kez satisfying (2.2) is called as the full MINAR(1) process. In
particular, the full BINAR(1) process is generated with a non-diagonal matrix
A ford=2.

Compared with Definition 2.1, an extra source of dependence is incorpo-
rated into the process by relaxing the diagonality assumption of the matrix A in
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Definition 2.2. More specifically, the value of each series in period k is directly
not only to its own observations but also to the observations of the others
series at the preceding point in period k — 1, see (2.3). This forms the third
source of dependence and is referred to cross-time dependence as in Bermudez
et al. (2018). Some distributional properties and methods of estimation for the
full MINAR(1) process can be found in Pedeli and Karlis (2013b).

In this paper, the sequence of innovations {e;}rcz (ex ~ €) in (2.2) is assumed
to jointly follow a multivariate Poisson distribution, which is defined by the
linear equation

e’ =(ey,....eq)" =BE. (2.4)

In 2.4), B=(I;,B*) is a d x @ matrix where I; is the identify matrix

of dimension d and B* = (512, ..., b1.d, 623, -+es b2.ds s ba—1.4) is a d x 41

matrix with b;; being a column vector of dimension &, whose i-th and
j-th elements are one and the rest are zero, for i,j=1,...,d and i<}j.
§=(§1,--.,Sd,€1,2,.--,Sl,d,§2,3,--,$2,d,---,Sd—l,d)T is a sequence of indepen-
dent r.v.s, where & and &;; are Poisson distributed with mean A; and A;j,
respectively, that is, & ~ Poi(};) and &; ; ~ Poi(A;), fori,j=1,...,d and i <}.

Remark 2.1.

(1) The multivariate Poisson distribution introduced above is appealing in that
it allows for a full covariance structure among the variables. For exam-
ple, consider the case of the trivariate Poisson distribution with two-way
covariance structure. The innovations e = (ey, ea, e3) take the form

e1=§&1+&2+813,
ex=6€+812+863,
e3=8+813+823.

Then, each e; follows marginally a Poisson distribution with parameter
A+ Zj<i Aii + Zj>l~ Aij, for i,j=1,2,3. The variance-covariance matrix

is given by
Al T AR T A3 A2 Al3
Al2 A2+ A2+ A3 A23
A3 A23 A3 T A13 + A3

(2) If&ij~ Poi(ho), foralli,j=1,...,d and i < j, then (2.4) is reduced to the
multivariate Poisson distribution defined with a common shock, in which
all the pairs of variables have the same covariance L, see, for example,
Johson et al. (1997) and Lindskog and McNeil (2003 ).
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According to (2.4), it implies that the joint probability generating function
(p.gf.)ofe=(ey,...,eq) is

i=1
Then, the stationary marginal distribution of {Nj}rcz can be determined by
the equation

PN(Z) = pAoN(Z)pe(2). (2.5)

2.3. Mixed Erlang distributions

The mixed Erlang distribution has many attractive properties when modeling
the individual claim sizes of an insurance portfolio (see, e.g., Lee and Lin, 2010
and Willmot and Lin, 2011). We begin this subsection with the definition of
the mixed Erlang distribution and continue with some properties about it.

Let the probability density function (p.d.f.) and c.d.f. of an Erlang distribu-
tion of order k be

hix: k _ lBk k—1 _—pBx 0
(x7 ’ﬁ)_(k—l)'x e b x> b

and

k—1 i
H(x;k,B)=1 —e‘ﬂxzw, x>0,
= I
where 8 > 0 and k € N.

Let X be a mixed Erlang r.v. with scale parameter 8. The p.d.f. and c.d.f. of
X are respectively given by

Sx(x)=>" qih(x:j, B).

Jj=1

and

Fx(x)=)_ qiH(x: ], B),

j=1
where ¢ = {qj};’o1 is a vector of non-negative mixing probabilities such that

Z;Qil gi=1. )
‘Based on the analytical form of Fy(x), the expression for TVaR,(X) is
given by

1 o P
TVaR(X) = 1= D a5 H(VaR(X)5 +1,), (2.6)
J=1
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where H(VaR,(X);/, B)=1— H(VaR(X);/, ) and VaR,(X) can be com-
puted numerically from the equation Fy(VaR, (X)) —« =0. Here and hence-
forth, we use the notation X ~ MixErl(g, 8) with ¢ = {qj}OO for convenience.

The rest of this subsection provides some dlstrlbutlonal properties of the
mixed Erlang distribution, which will be convenient for us to identify that
many other r.v.s can be expressed in the form of an Erlang mixture in the
sequel.

Lemma 2.1. Let X be a r.v. with X ~MixErl(q, B1) and q_{qj 21 Then,

it follows that for any positive constant B such “that B1 <8, the p.df of X
can be expressed as the p.d.f. of a mixed Erlang distribution with parameters

(Q(ga IBIa .B) = {wj(qa :319 .B)}j.il’ ﬂ)! Where

j—k
a)j(CIa,Bl,,B)—ZqC k)(’f;) (1—%) =l

Proof. See Lemma 2.4 in Cossette et al. (2013). O

Assume that X; ~ Mlerl(q Bi) with q,= {qu} | for ie N. By Lemma 2.1,

each X; can be transformed 1nt0 a new mlxed Erlang distribution with a com-
mon scale parameter. Without loss of generality, it will be assumed that 8; =8
in the sequel.

Lemma 2.2. Let X| and X> be two independent r.v.s with X;~ MixErl(gi,,B)
and q,= {qij};il’ for i=1,2. Then, the r.v. Zy = X1 + X, has a mixed Erlang
distribution with parameters (g(g1 , gz) = {oj(gl, gz)}j’il , B), where

j—1

Qiq2j—ks J>1,
(4,5 4,) = /; !

0, j=1.
Proof. See Lemma 2.2 in Cossette et al. (2013). O

2.4. Compound distributions with mixed Erlang claim sizes

Another and quite useful expression can be given to the class of mixed Erlang
distributions. To do so, we first make a notation for compound distributions.
Let a r.v S have a compound distribution with

N
> Xi, N>0,
k=1

0, N=0,

S=
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where N is a discrete r.v. with p.m.f. Pr (N =j) = p; for j € Ng and X = {X;:}?2,
is a sequence of i.i.d. r.v.s (X; ~ X) and independent of N. To simplify the
presentation, we denote the compound r.v. S as S: = N v X in what follows.
A mixed Erlang distribution X can be interpreted as a compound distri-
bution such that X follows X =J v E, where J is a discrete r.v. with p.m.f.
Pr(J/=0)=0 and Pr(J =j)=g¢;, for j >0, and E = {E;}}Z, is a sequence of
i.i.d. r.v.s, following an exponential distribution with parameter g, that is,
Ex ~ Exp(B). This interpretation of the mixed Erlang distribution enables us
to derive the expression for the TVaR of some compound distributions with
mixed Erlang claim sizes, which will be examined in the following lemmas.

Lemma 2.3. Let the r.v N have a Bernoulli distribution with mean o, that is,
N ~ Bern(a). Suppose that X ={X;}32, is a sequence of i.id. r.v.s with Xy ~
MixErl(g, B) and g = {qj}]?’il. Then the c.d.f. of the compound r.v. Y =NV X
follows '

o0
Fy(x)=po+ Y piH(x:j. B), 2.7)
j=1
where po =1 — « and p; = aqj, for j > 1.
Proof. Tt simply follows from the c¢.d.f.s of N and X. O

Itis clear from (2.7) that Fy(x) combines a mixed Erlang distribution on the
positive real line and a point mass at zero. In what follows, we use the notation
Y ~ MixErl(p, B) with p = {pj}fio to represent a mixed Erlang r.v. by allowing
a point mass pg at zero.

Lemma 2.4. Let Y| and Y, be two independent r.v.s with Y; = N; v X, where
Ni~Bern(a;) and X;={Xjx}}2, is a sequence of iid. rv.s. with Xjj~
MixErl(c_Il,, B) and q,= {ql;j}fip for i=1,2. Then, the rv. Zy=Y|+ Yo~

MixErl(a(p,,p,), B). where a(p . p,) = {q,-(gl,]_az)}]?'io with

J
0j(p,»P,) = Y PLAP2j k> (2.8)
k=0

wherelzi = {PiJ}fio with pio=1—a; and p;j = a;q;;, forj>1andi=1,2.
Proof. The proof follows immediately from Lemmas 2.2 and 2.3. O

Remark 2.2. From (2.8), it follows that oo(gl,g_)z) =prop20=(1—a1)(l —a2)

and o1(p.p,) =prop21 +prip20 =1 —apaagry + (1 —a)aigry. If ar=1
or oy =1, then the r.v. Z) given by Lemma 2.4 has exactly a mixed Erlang dis-
tribution defined on the positive real line. In particular, if a;y = ay =1, then the
result of Lemma 2.4 is reduced to that of Lemma 2.2.

Lemma 2.5. Let the r.v. Y =NV X, where N ~ Poi(A) and X ={X;}72, is a
sequence of i.i.d. r.v.s with Xj ~ MixErl(g, B) and q= {qj}]?il. Then the c.d.f. of
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the compound r.v. Y is given by

[o¢]
Fy(x)=/y(0)+ Y _ fyy(OH(x; k, B),
k=1
where f,/ represents the probability mass function (p.m.f.) of a non-negative
integer-valued r.v. N', which is determined by the following recursive formula:

fulk+1)= k%l(qlfmk) + 2k = )4+ (k4 Dgestfy(0),

Jor k € No and f,,(0) = et

Proof. This result is a special case of Proposition 3 in Cossette
etal. (2012). O

3. MULTIVARIATE DISTRIBUTION WITH A BASIC MINAR(1) PROCESS

In this section, the number of claims {Nj x, ..., Ny x}ken are supposed to follow
a basic MINAR(1) process according to Definition 2.1. A general expres-
sion for the joint LST of (S1,, ..., S4,) by allowing the distribution of the
innovations unconstrained is first provided.

Assuming that the innovations {e;}ren have a multivariate Poisson distri-
bution given by (2.4), from (2.5), the joint p.g.f. of (N1, ..., Nax), for ke N,

follows
d ,
i(zi— i~i Mij(zizi—1
PNij,..., Nd.k(Zla v Zd) = l_[ il l)ezj bz )7 (3.1)
i=1
Aij Nt Db+ s b
where 1 = ——~— and A} = d d — Mi— Ajj.
YT — iy l I — aj ZJ<" 7 Zf>i /

Explicit expressions for the TVaR of S, and the contribution of S;, under
the TVaR-based allocation rule are derived. Closed-form expressions are also
obtained with mixed Erlang claim sizes.

3.1. Joint LST of (S 1» +.es San)

Proposition 3.1. Assuming that the number of claims {N1 k, ..., N k}ken follow a
basic MINAR(1) process, the joint LST of (S1,, ..., Sa,n) is given by

LS yroSun(Z1s o5 2d) = PNy 1, Ng (GL(Lx,(21))5 s Gan(Lx,(2a)))

n
X Hpel.k,...,ed,k(Gl,n—k—H(£X1 (21))s -es Gan—k+1(Lx,(24))),
k=2
(3.2)
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where

(€iiGim—1(z)) + 1 —ai) zi, m>1,
Gim(zi) = (3.3)
zi, m=1,

fori=1,...,dandm=1,...,n
Proof. See Appendix. O

Remark 3.1. From (3.3), Gim(Lx,(z;)) just corresponds to the LST of a r.v.
associated with X;, for i=1,...,d and m=1, ...,n. Without loss of generality,
suppose that {X';;,} _, is a sequence of independent r.v.s such that the LST of
X'im follows

Ly, (@)= Gin(Lx(2)). (3.4)

By letting zy =---=zy=z in (3.2), the form of Ls, . ..s,,(2, ..., z) indicates

that the r.v. S, = Zf-lzl Sin can be viewed as a sum of n independent compound
F.V.8.

Under the assumption of multivariate Poisson innovations, combining with
(3.1), it follows that S, has a compound Poisson distribution, which can be
expressed as

Sp=M,v D", (3.5)
where M, ~ Poi(rg,) with
d
)\‘Snzz )\‘1+2)"lj +(}’l— I)Z }"I+Z)\«U (36)
i=1 J>i J>i

and D" = {D(")} is a sequence of i.i.d. r.v.s (D(n) ~ D™) with common c.d.f.

d /
Al D i M
Fpm(x)=Y (AS v, (0 + %FX;H,,”;,,, (x)

i=1 \""n

Z( Z Xin- k+l( X)+ ]>l UZ Xipe k+1+X’n—k+l(X))'

n k_
(3.7)

Proposition 3.2. Assuming that the number of claims {N| k, ..., Ng i }ken follow a
basic MINAR(1) process with multivariate Poisson innovations given by (2.4),
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the expression for TVaR,(S,) is

: : f n(k)E Zk__ D( ) X D Va]RK Sn
P M ‘] J Z]k_] j( )> ( )
I \ aILK(’SH)

b

1 —«
where f)r, represents the p.m.f. of M.
Proof. The result can be identified from (3.5), (3.6) and (3.7). O
3.2. TVaR-based capital allocation
Bylettingz;=zandzj=---=z,_| =z;41 =--- =z =01in (3.2), it follows that
the r.v. S;, can be expressed as
Sin=Min~v D, (3.8)

where M, ~ Poi(As;,) with

)\.Siqn=)\.l/'+z)xj/'l’+z)\z/j+(n_l) Ki+z)»ji+z)»ij

Jj<i J>i Jj<i J>i

and D) = {D](.i’") }]?’il is a sequence of i.i.d. r.v.s (Dj(-i’n) ~ DUM) with common
c.d.f. '

)‘l/ + Zj<i )L]/‘l. + Zj>i )“l/]

Fpin(x) = is Fyr (x)
At DM Y M
P D Fy (. (3.9)
b k=2
By letting z1 =---=z;_1 =zjy1 =---=zg =z and z; =0 in (3.2), it follows

that ther.v. S_;, = Zfl=1, 14 S1,» has a compound Poisson distribution, which
can be further expressed as a sum of two independent items, that is,

S_in=J_inv D 4 D\ c=im), (3.10)

where J_; , ~Poi(A,_,,) and J,gi) ~ Poi(A ) with

d d d d
M= Y M+ Y Y MHa=D DYt D Yy

I=1,Ii I=1,1i j>1 j#i I=1,Ii I=1,1i j>1 j#i

and

KJ5f>=ZKfi+ZAi1,+(n—1) (ZMMLZM),

I<i I>i I<i I>i
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D) = {Dj(._'.’")}]?'i1 and C(-41 = {Cj(—i,n)}]?'il are two independent sequences

of i.i.d. r.v.s (Dj(.fi’")'wD(*"’”), Cj(*i’")fv C=im), independent of D®" with
common c.d.f.s

Fyn@=Y 2 0 Y Hr

1#£i ’i’" I#£i j>1j#i ’i’"

n

Al
Z Z X/n k+1

I#£i R =)

+Z Z Z Xln l\+1+X]n k+l( ) (311)

I#£i ]>1J7él =)

and
Fein(x)= (x) + Z ;n(x)
l<z n I>i n |
D i R B DL
() Xln k+1 0] X/n k+ : :
I<i Jn k=2 I>i J

We define the pair of r.v.s (M;,, M_i,n), whose components are given
by Mi,n=J,-,n+J,§l) and M_i,n_J_,n—l—Jnl , where J_;,, J9 and Jin are

independent with J; , ~ Poi(hg,, — J(l)) The joint p.m.f. of (M;,, M_; ;) is
min(k;,k_;)
Iy, (Kis ki) = Z Jrin\ki = K5, (k—i = K)f o (K, (3.13)
k=0

for kj,k_;eNg and i=1, ..., d, where fy, ., f7_,, ande(,-) represent the p.m.f.s

of Jin, J_in and J,Si), respectively.
Then, we have all the elements to derive the explicit expression for
TVaR(Sin; Sn).

Proposition 3.3. Assuming that the number of claims {Ny k, ..., Ng i }ken follow a
basic MINAR(1) process with multivariate Poisson innovations given by (2.4),
the expression for TVaR(Sin; Sy) is

oo min(kik—

>y oy fJ,n(k 11 i = 1 30 () A e
TVaR,(Si: Sp) = =

B

1—«

https://doi.org/10.1017/asb.2022.8 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.8

MULTIVARIATE DISTRIBUTIONS WITH TIME AND CROSS-DEPENDENCE 683

where, fori=1, ...,d,

Aps . i=E D" | x1
kike—i.k Z Zk iy itk p(= ’”’+Z]3 1c< DS TVaR . (Sy)

17 jo=1 "7
111 =171 2 2

Proof. The desired result follows by using (3.8), (3.10) and (3.13). O

3.3. Mixed Erlang claim sizes

Assume that X;~ MixErl(gi, B) with q,= {ql-,]-}fil, for i=1,...,d. From
Lemmas 2.3 and 2.4, the form of EX?,,, given by (3.4) just corresponds to
the LST of a mixed Erlang r.v., that is; Xim~ MixErl(g(i’m), B) with E(i’m) =
{pj(.i’m) }J?’i |» Where

j—1
(ovjj; ;m=1) 1
Pj(l m) kX:(:)pk qdij—k, m=>1, (3.14)
gij, m=1,
(G m) (CTHA m) (i,m) : L
with  pg =1—a; and P =aiip; for jeN, i=1,...,.d and
=1,.

Then, frorn Lemma 2.2, the independent sum X7, + X}, has a mixed
Erlang distribution, that is, X/,',m+)(j,m~MixErl(g(£(i’m), g(i>’”)), B) with
o (pm), pUm) = {ay(pm), pim)}e | where

Zp(zm) (]m) /> 1’

a(pm, pimy = (3.15)

form=1,..,n,i,j=1,...,d and i #].

Therefore, we can identify that the r.v. D® with c.d.f. given by (3.7) has a
mixed Erlang distribution, that is, D® ~ MixErl(d", 8) with d® = {d\"}>°,
where, from (3.14) and (3.15),

d /
Moy | i w G
dgn) — Z (tpgl,n) + ;TS’ GS(E(I,n),E(/,n))

i=1

d
+Z Aj Xn: (bn—kt1) Z/>1AU Z (p(ln ket ), (/n kD))
py Ps s

i=1 \"Sn = =
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According to Lemma 2.5 and Proposition 3.5, it follows that

ZfM (k)ﬁH(VaR «(Sn)ik+ 1, B)

TVaR,(S,) = 1
— K

b

where f} s represents the p.m.f. of a non-negative integer-valued r.v. Mj, which
n
is determined by the recursive formula

" )“ n n n
Sy e+ 1) = kjnl (Ad"fyr (R)+2d5" (k= D)4 -+ (ke + D) 0)),

for k € No with £, /(0) = e~*sn and the parameter Ag, is given by (3.6).

Also, we get that the r.v.s DG, Dim: and €4 with c.d.f.s given by
(3.9), (3.11), and (3.12) have a mixed Erlang distribution, for i=1,...,d,
that is, DU ~ MixErl(d®", g), DM ~ MixErl(d™>", B), and CC#0 ~
MixErl(¢—+, ) with d®" = {d(”')}Oo , gl(f"’"):{ds(_l’")}?il and ) =

A7y where from (3.14) and (3.15),
i _ M4 Mt D M i) )xi+2j<[)~ji+2j>[)‘ijzn (in—k+1)
A )\,S )\,S S b
in in k=2
_ Al
d5( 1,n)=Z ! (ln)+Z Z (p(ln) (/n))
1#£i ',_i*” I#£i j>lJ7$l J=in
+Z Al Xn: (Ln—k+1) +Z Z A Zn: ( (Ln—ke+1) (j,n—k+l))
1#£i J-in 2o 1#£i ]>l,/7él J-in 2o
and
Iy i 'y R
S - S S
o )\J(i) i )»J(i)
Mi (Ln—k+1) Ail (Ln—k+1)
LD D DD D Z
I<i Jﬁ,l) k=2 I>i (l)
According to Proposition 3.6, it follows that
oo min (kjk_;)
Z kZ Z Jriaki = K (ki = K)f o (RS20 k. e
ki=1k_j=0 k=0 n
TVaR (Sln: Sp) = s
1 —«
where, fori=1, ..., d,
o ol . . /
Uk ke = 3 )" Moy o d T, I (VAR (5,054 1, )
j=1 I=1
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TABLE 1.

VALUES OF VAR, (S5), TVAR(S5), AND TVAR,(S;5;S5) (i=1,2,3) WITH a = (0.25,0.2,0.15)
AND A =(0.2,0.4,0.3).

K VaR,(S5) TVaR,(Ss) TVaR.(S15:S5) TVaR.(S25;85) TVaR,(S35;S5)

0.95 93.238 102.631 39.194 28.138 35.299

0.96 95.539 104.700 39.873 28.794 36.033

0.97 98.403 107.296 40.715 29.624 36.957

0.98 102.270 110.834 41.847 30.768 38.219

0.99 108.505 116.602 43.652 32.664 40.286
TABLE 2.

VALUES OF VAR (S5), TVAR(S5), AND TVAR,(S;5; S5) (i=1,2,3) WITH = (0.5,0.4,0.3) AND
2=1(0.2,04,0.3).

K VaR,(S5)  TVaR.(S5) TVaRe(S15:85) TVaRe(S25:85) TVaRe(S35; S5)

0.95 125.189 137.457 58.763 36.931 41.764
0.96 128.196 140.160 59.784 37.773 42.603
0.97 131.939 143.551 61.051 38.839 43.660
0.98 136.991 148.169 62.754 40.308 45.107
0.99 145.132 155.695 65.469 42.743 47.483
with
j—1
(—in)k(k_i—k) (—in)sk .
gi(d =) =iy > Gos s J>1

s=1

0, j=1

3.4. Numerical illustration

In this subsection, we consider an insurance portfolio consisting of three lines
of business with n =5 periods. We provide two examples to numerically illus-
trate the impact of time and cross-dependence on the closed-form expressions
for VaR,(Ss), TVaR(Ss), and TVaR,(S;s; S5), fori=1, 2, 3.

The individual claim sizes are assumed to follow a mixed Erlang distribu-
tion, where XiNMixErl(gi, B) with q,= {ql'j}fip for i=1,2,3. We set q,=
(0.2,0.3,0.5), ¢,=1(0.3,0.4,0.3), ¢, =(0.5,0.1,0.4), and g = 1. The number of
claims {Nyk, ..., Nax}ken are assumed to follow a basic MINAR(1) process
with multivariate Poisson innovations given by (2.4).

Example 3.4. Let the parameters (Ag, A2, A3)=(1,0.8,1.2). Tables 1-3
display the values of VaR,(Ss5), TVaR,(Ss), and TVaR,(S;s;Ss), for
k =0.95,0.96,0.97,0.98,0.99 and i=1,2,3, with different time depen-
dence parameters o = (ojj,a22,@33) and cross-dependence parameters
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TABLE 3.

VALUES OF VAR (S5), TVAR(S5), AND TVAR,(S;5; S5) (i=1,2,3) WITH o = (0.5,0.4,0.3) AND
2=1(0.4,0.8,0.6).

K VaR,(S5) TVaR,(Ss) TVaR,(S15:S5) TVaR.(S25;85) TVaR,(S35;S5)

0.95 165.202 179.692 67.622 52.857 59.213
0.96 168.768 182.883 68.160 54.167 60.556
0.97 173.798 186.881 68.782 55.857 62.241
0.98 179.169 192.317 69.561 58.197 64.560
0.99 188.766 201.160 70.662 62.101 68.396

A =(M12, A13, A23). For the purpose of comparison, we set o = (0.25, 0.2, 0.15)
and A=1(0.2,0.4,0.3) in Table 1, @ =(0.5,0.4,0.3) and A =1(0.2,0.4,0.3) in
Table 2, and o« =(0.5,0.4,0.3) and A = (0.4, 0.8, 0.6) in Table 3.

From Tables 1-2, we can observe that the values of VaR,(S5), TVaR,(S5s),
and TVaR,(S;s5;S5) (i=1,2,3) increase with the time dependence level.
Similarly, these values increase when the cross-dependence level increases with
a comparison between Tables 2 and 3.

Example 3.5. Let the parameters (A1, A2, A3) =(1,0.8,1.2). In Figure 1, the
cross-dependence parameters A = (A12, A13, A23) are fixed to be (0.2,0.4,0.3).
We calculate the contribution TVaRg 99(S; 5; S5) for the i-th line of business
(i=1,2,3) and the total of them with different time dependence parameters
o = (a11, 22, ®33). We consider the following seven cases: o = (0.75, 0.5, 0.25)
for case 1, o =(0.75,0.25,0.5) for case 2, « =(0.5,0.75,0.25) for case 3, o =
(0.5,0.5,0.5) for case 4, « = (0.5, 0.25, 0.75) for case 5, « = (0.25,0.75, 0.5) for
case 6, and o = (0.25, 0.5, 0.75) for case 7.

Similarly, the time dependence parameters o = (a1, a2, @33) are fixed to
be (0.5, 0.4,0.3) in Figure 2. The values of TVaR 99(S;5;S5) (i=1,2,3) and
the total of them are presented with different cross-dependence parameters A =
(XA12, 13, A23). We also consider seven cases with A = (0.75, 0.5, 0.25) for case 1,
2 =1(0.75,0.25,0.5) for case 2, A = (0.5, 0.75, 0.25) for case 3, A =(0.5,0.5,0.5)
for case 4, L =(0.5,0.25,0.75) for case 5, A =(0.25,0.75, 0.5) for case 6, and
2 =1(0.25,0.5,0.75) for case 7.

In Figure 1, although the mean of the time dependence parameters is
equal to 0.5 for each case, the allocation for i-th line of business (i=1, 2, 3),
and the total of them show a different behavior. This reveals that both the
parameters (a1, @2, «®33) have effect on the contribution of a certain line
of business. For example, letting o] =0.75 in the first two cases, the val-
ues of TVaR 99(S1 5; S5) are equal to 136.933 with (a22, 33) = (0.5, 0.25) and
to 134.329 with (a3, @33) =(0.25, 0.5), respectively. A similar pattern can be
observed from Figure 2.

https://doi.org/10.1017/asb.2022.8 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.8

MULTIVARIATE DISTRIBUTIONS WITH TIME AND CROSS-DEPENDENCE 687

300

250

200

150

100

50

case 1 case 2 case 3 case 4 case 5 case 6 case 7
M first line M second line M third line M total

FIGURE 1. Values of TVaR.99(S; 55 Ss5) (i=1,2,3) and TVaR 99(S5) with different o = (o1, 22, @33).
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FIGURE 2. Values of TVaR99(S;5;S5) (i=1,2,3) and TVaR 99(S5) with different 1 = (A12, 213, A23).
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4. BIVARIATE DISTRIBUTION WITH A FULL BINAR(1) PROCESS

In this section, a full BINAR(1) process according to Definition 2.2 is proposed
to describe the dependence structure of the number of claims for different lines
of business by relaxing the assumption of diagonality of the matrix A. We first
present a general expression for the joint LST of (S7 ,, S2,,) in Proposition 4.1
without any distributional assumption on the innovations.

Furthermore, the innovations {e} x, €2 x}ken are assumed to follow a bivari-
ate Poisson distribution according to (2.4), whose joint p.g.f. is

DPereri (21, 22) = exp (Ai(z1 — D)+ Aa(z2 — 1) + Aa(z122 — 1)), 4.1)
Theoretically, the stationary distribution of {Njx, N2 x}ken can be deter-
mined by (2.5) with (4.1). Pedeli and Karlis (2013b) state that {N} x, N2k }ken 18
an infinite sum of bivariate Hermite vectors. However, a convenient expression
for the joint distribution of {Ny x, N2k }ken is not easy to derive since there are
some mathematical difficulties when dealing with this kind of infinite sum. In
Lemma 4.1, we provide a method to approximate the stationary distribution

of {N1k, N2 }ken-
Lemma 4.1. If {N1x, N2 i}ken follow a full BINAR(1) process according to
Definition 2.2, in which the innovations {ej}ren have a bivariate Poisson dis-
tribution given by (4.1). Then, the joint distribution of {N] , N2 i}ken can be
approximated as a bivariate Hermite distribution with joint p.g.f-
le,/c,Nz,k(Zl’ 22) =eXp (a)l(Zl - 1) + a)z(Zz - 1) + a)3(z% — 1)
+oa(z3 — 1)+ ws(z122 — 1)),

where the parameters w = (w1, ..., ws) are determined by the following linear

equations
w1 + 2w3 + ws = pi,
w2 + 204 + w5 = U2,
w1 +4w3 + ws = 012,
@) + 4wy + 05 =03,
ws =012,
with
w1 =E[Nigl= (I —a22)(h1 + A12) + o12(A2 + A12)
(I —an)(l — o) — apaa
jo = E[Naox] = (1 — a2 +A12) + @21 (A + A12)

(1 =) —a) —apas;

012 = Var(Ny x)

B a},07 + 211012012 + a1 (1 —ar)ur +aia(l — oo + (A1 + A12)

2 2
1—011]
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022 = Var(Na )

B a3 0t + 21000012 + a2l — axm)us + oo (1 — aan)pr + (ko + A12)

2
1—0{22

and

2 2
1102107 + 1200205 + A2
012 =Cov(Nyk, Nojy) = I ! - -
— o102 — 0]202]
Proof. Note that the expressions for w1, w2, 012, 022, and o017 have been given
by Pedeli and Karlis (2013b). The proof then follows by matching the first two
moments of (N}, Na k). 0

Remark 4.1. Numerical illustrations gathered in Online Appendix suggest that
the method proposed by Lemma 4.1 works well. It admits that the marginals of
the full BINAR(1) process follow a univariate Hermite distribution. This leads
to the BINAR(1) process allowing overdispersion, which coincides with the full
BINAR(1) processes considered in Pedeli and Karlis (2013b) and Bermudez
etal (2018).

Within this framework, we provide explicit expressions for the TVaR of S,
and the contribution of S;, under the TVaR-based allocation rule. Closed-
form expressions are also derived with mixed Erlang claim sizes.

For reasons of simplicity, this section only focuses on the bivariate case. The
derivation for the multivariate case with d > 2 is not straightforward since the
complexity of the process increases sharply.

4.1. Joint LST of (S1,4, S2,1)

Proposition 4.1. Assuming that the number of claims {N i, No i }ren follow a
Jull BINAR(1) process, the joint LST of (S1., S2,,) is given by

Ls),.5,(21,22) =Py 1Ny (GLaLx, (21), Lx3(22)), Gan(Lx, (21), Lx,(22)))

< [ [ Persers(Gra—ks1(Lx, (z1). L (22),
k=2

X Gy 1Ly, (21), Lx,(22))), (4.2)
where

2
1_[ (it Gim—1(z1,22) + 1 —ajt) z1, m>1,

Gl,ﬂl(zla )= i1

z1, m=1,
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and

2
1_[ (2Gim-1(z1,22) + 1 —ap) z2, m>1,

Gom(z1,22) =

2, m=1,
form=1,..,n
Proof. See Appendix. O

Remark 4.2. By lettingz1 =z =zin (4.2), Giu(Lx,(2), Lx,(2)) from (4.3 ) and
(4.4) just corresponds to the LST of a r.v. associated with X1 and Xy, fori=1,2
andm=1, ...,n. Without loss of generality, suppose that {X"; ,,}\, _, is a sequence
ofindependent r.v.s such that the LST of X'j , is

Ly (0= Giml(Lx, (), Lx,(2)). (4.5)

This shows that Ls, , s, ,(z, z) corresponds to the LST of a sum of n independent
compound r.v.s.

Under the assumption of bivariate Poisson innovations, from Lemma 4.1,
it follows that the r.v. S, is compound Poisson distributed, which can be
expressed as

Sp=M, v D", (4.6)
where M, ~ Poi(As,) with

5
s, =Y o+ =100+ Ay + A1) 4.7)
k=1

and D" = {D( )} is a sequence of i.i.d. r.v.s (D(n) ~ D™) with common c.d.f.

FD<n>(x>——F L+ Ey +x1n<X>+— Z PR )
n k_
w4
+ _FXZH(X)_I_ X2n+X2n(X)+ _nkX: in k+1 )
o 48
+E X/l,n+X2n(x)+ n; X k1 + X0 k+1(x)’ (4.8)

and X’{-,m being the independent copy of X', fori=1,2andm=1,...,n

Proposition 4.2. Assuming that the number of claims {N1 j, N2 x}ken follow a
full BINAR(1) process with bivariate Poisson innovations, the expression for
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TVaR,(S),) is given by

x k (n)
ng,,(k)E[Zj:I D;™ x ]lzjf.;] D}")>VaRK(Sn)]

TVaR,(S,) = ,
1 —«
where f)r, represents the p.m.f. of M.
Proof. Combining with (4.6) (4.7) and (4.8), the proof follows. O

4.2. TVaR-based capital allocation

We now turn our focus to the expressions for the c.d.f.s of S;, and S_;,, for
i=1,2. Combining with (4.3) and (4.4), suppose that {X( )} _;and {X(z)}
form two sequences of independent r.v.s such that

'CX;}Z (2) = Gjm(Lx,(2), 1) 4.9)

m=1

and
L 0(2)=Gjm(1, Lx,(2)), (4.10)

jam
forj=1,2andm=1,...,n

By letting (z1,z2)=(z,0) or (z1,z2)=(0,z) in (4.2), it implies that
Ls,,.5,,(2,0) or Ls,,s,,(0,z) corresponds to the LST of a finite sum of
independent compound Poisson r.v.s, that is,

Sin=Min v D", (4.11)
where M, ~ Poi(is,,) with is,, = is, given by (4.7) and DO = {D{""}2° s
a sequence of i.i.d. r.v.s (Dj(.i’") ~ DM with common c.d.f.

In)(x)_F X (X)+ . = F X0 4 %0 (36)7L Z 0

in 1.n ,n = l,n k+1

@2
to o )+ L F X0+ 20 () + = Z 0

ASin Sin '”k 2 Xon- k+1
w5 A2 "

+ —F hy(X)+—)> F i i X), 4.12
o RO D P O @12

l n k 2
and lem being the independent copy of X] e for i=1,2, j=1,2 and
m=1,..,n
Similarly, it follows that S_; , has a compound Poisson distribution. As pro-

ceed in Section 3.2, S_; , can be expressed as a sum of two independent items,
that is,

S_in=J_inVv DT 4 g, v B, (4.13)
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In (4.13), J,~Poi(A;) and J_;, ~ POi()»in‘n) with Ay, =ws+ (m— DA
and Ay, =Y jo; o+ (= D1 +22), DT = {Dj(lil,n)}]?il and CCM =
{C](-_l’")}]?’il are two independent sequences of i.i.d. r.v.s (Dj(._l’”) ~ D),
C/(-_i’") ~ C=tm) independent of D", with common c.d.f.s

n
w1 Al
F—i,nx: 7X+ Fz yx)+ F_i X
D09 =3 = Fyon (00 57 Fyon o000+ 57 ;;2 ¥ @
+_F H{X + —F i Hx)+ i
o X6 >( ) Y X6 )+X§n)( ) ,nkX; <2n)k+l
(4.14)
and
Feoin="2F (x)—l——z (x) (4.15)
cein )\. X( I)J’_Xé nl) i nl) k+1 +X§ nl) k+1 ' '

Vlk

In (4.14) and (4.15), for j=1,2 and k=1, ..., n, X( i) X<2) ifi=1, X, D_
Xj(}{) ifi=2,and 5(;;1) is the independent copy of Xj(n D,

We then define the pair of r.v.s (M;,, M_;,), whose components are given
byM;,=Jin+Jpand M_y, =J_;, + J,, where J,,, J_; , and J; , are indepen-

dent and J;, ~ Poi( Y{_; wg + (n — 1)(A1 + 42)), i=1, 2. The joint p.m.f. of
(Min, M_;,) is given by

min (k1,k2)

stk k)= Y i,k = K)o, (ka = k), (k) (4.16)
k=0

for k1, k» e Ng and i = 1, 2, where fJ,, /7, and f;_,, represent the p.m.f.s of Jj,,
Jin, and J_; ,, respectively.

In summary, we have all the elements to find the expression for
TVaR(Sin; Sn)-

Proposition 4.3. Assuming that the number of claims {N1 j, N2 x}ken follow a

full BINAR(1) process with bivariate Poisson innovations, the expression for
TVaR,(S;,; Sy) is given by

o0 min (k,‘,k,l') ) i )

> Yo Jraki = k), (ki — K5, (k) A ke i
= k=0

1k_;=0

TVaR (S S) = —
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where, fori=1,2,

Ak k=E Z D(l Ol % 1 k_j—k (=i -
Kik—ink Pt Z]kl 1 Dj(l1 ")+Zj2:1 D](»2 "”)+Z]]f3:1 CJ('3 i S TVaR,(Sp)
1=

Proof. Using (4.11), (4.13) and (4.16), the desired result follows. O

4.3. Mixed Erlang claim sizes

Assume that X; ~ MixErl(gi, B) with q,= {qi J}f.ila for i=1,2. According to
Lemmas 2.3 and 2.4, the form of £ Xl given by (4.5) implies that the r.v. X7,
has a mixed Erlang distribution, thai is, X'im~ MixErl(g(i’”’), B) with E(i’m) =
{pj(.i’m) }J?’i |» where

Jj—1
) (aji; Lm=1) (ap;2m=1)y 1
pj(l,m) — kgo O-k(g 5 E )ql,/—ka m>1, (4 1 7)

qu, m=1.
In @.17),  pleartm = {p(a,/ Lm)y oo 12 and g (plem ), plen:2m)y —
{Uj([_ﬂ(“”; Lm)_ B(“Q; Z,m))}];oio where

L, .
(g Lm) _ Olilp_;- " izl

/ 1 — o, ] = 03
i1 252, _ (aj1:1,m) (@j2;2,m) I _
and G(p(o‘1 ) p("‘2 My = Z 2 Pj—12< , for i,/=1,2, and m=
1,...,n ~
From Lemma 2.4, the r.v.s X, + X', and X7, + X%, in (4.8) have a
mixed Erlang distribution, that is, X', + X' im ™~ MlerlL(p(’ ) p(l m), B)
and X+ X5, ~ Mlerl(cf(p(1 ) p(2 M), B),  where (p(’ ) p(’ M)y =
j j 1 2 1 2
{O‘j([_J(l’m),E(l’m))}j and a(p( ) p( ’”))—{o (p( 1) p( M))}OO with

(Lm) (im)
) . 1
O,j(g(z,m)’g(l,m))= Zp Pig» J=> 1L (4.18)
0, j=1,
and
(1,m)_(2,m) .
1
oi(p. pm) = | £ ZP Pj—ic > J =0 (4.19)
0, j=1,

fori=1,2andm=1,...,n

https://doi.org/10.1017/asb.2022.8 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2022.8

694 X.HU AND L. ZHANG

Based on the above analysis, we have that the r.v. D® with c.d.f. given by
(4.8) has a mixed Erlang distribution, that is,

D" ~ MixErl(d™, B) (4.20)

with ¢ = {d"}2°,. where, from (4.17), (4.18) and (4.19),

n
1 1n—k+1
d](n) p]( 1) (p(l ) (1 n))+ p]( n—k+1)
AS, )»S
" "= 2
S” S”k 2
+ —(7 (p(l 1) (2 n)) + Z _(p(l,nfk+1),p(2,n7k+l))_ 4.21)
Sn S,, =2 - -

According to Lemma 2.5 and Proposition 4.2, from (4.20) and (4.21), the
expression for TVaR,(S;) follows

ZfM (k)ﬂH(VaR «(Sn)ik + 1, B)
TVaR(S,) = *=!

, (4.22)
11—«

where f, s represents the p.m.f. of a non-negative integer-valued r.v. M 1, which
is determined by the recursive formula

Sy Ge+1) = d(")fM (k) + Zd(")fM (k= 1)+ -+ (k+Dd, Sy (0).

k + 1 rel
for k € No with £} /(0) = e~*sn and the parameter Ag, is given by (4.7).

Applying the same methodology, we can get that the r.v. X ,il)m in (4.12) has
a mixed Erlang distribution with a (possible) point mass at zero, for i,k =1,2
and m=1, ..., n, that is, X,E’Zn ~ MixErl(ptm_ g).

Fori=1, plilm = {pj(l;l,m)}];oil and p(:2m) = {pj(.l;zm)}j?’io where

-1
(o115 1; 1,m=1) (a12; 1;2,m—1) )
P = l;)"k(li ! P )q1j-ks m> 1, (4.23)
qij, m=1,
and
(n(e2r; Llm=1) (a2; 1;2,m—1)
. o , , m>1,
pll2m — il ld ) (4.24)

1{]‘:0}, m=1.
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For i =2, p%1m = {Pj(z;l’m)}f'io and p2m) = {pj@ﬂ”")}]?i | Where

@:1m) Uj(p(all;Z; 1=m—1)’p(0612;2; 2,m—1))’ m>1,
@t T p (4.25)
' L=y, m=1,
and
-1
(021;2; Lm=1) (@22;2;2,m—1) .
22, or(p D )2 j—ks m>1,
P = I; = = o/ (4.26)
q2j, m=1.

In (4.23)~(4.26), plis K = (ple l;k’m)};go, where
Lk .
(aik; I; k,m) _ aikpj(' ’ ,m), J= 1,
! 1 — Uik, ,] = 09

and g(g(om;l; l,m)’g(aﬂ; I3 Z,m)) = {gj(g(an;l; l,m)’g(aﬂ; I3 Z’m))};ioa where

J
gj(e(an; [ l,m)’ E(a,-z; [ 2,m)) — Z pgvail;lé 1,m) pj(oifi;l; Z,m)’
s=0
fori,k,/=1,2andm=1,...,n. . .
Accord.ing to (4.9) and (4.10), we have that the r.v.s X, ,E’L +X 1831 and
x® 4+ x¢

2 for k=1,2 and m=1, ..., n, follow a mixed Erlang distribution

on the positive real line and a (possible) point mass at zero. Let X ,E’L + X ,E’L ~
MixErl(a (p), pkm) gy and X1 + X0 ~ MixErl(a (pt!m), pti2m, g).

Fori=1, g(12(1;111)’[_)(1;1,”)) = {UJ(E(I;I’"))»B(l;l’n))}f'; with

-1
(1;1,n) _(1;1,n) .
: : P D s J>1,
Oj(g(l,l,n)’g(l,l,n)): /; k j—k

0, j=1,
and Q(E(I;Z,n))’g(l;ln)) — {Gj(e(l;z,n)’e(l;Z,n))}jgiO with

J
. . 1;2, 1;2,
1) =S
k=0

Fori=2, Q(E(Z;M)’ E(Z;l,n)) = {gj(E(Z;Ln)), B(Z;l,n))}j@io with

7
. . 2:1, 2:1,
o; (B(Z’M)’ B(z, Ly — Z pl(( n)p](_k n)’
k=0
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and Q(EQ; 2,n))’£(2; 2,n)) — {(7,]'([_7(2; 2,n)’l_7(2;2,n))}jgil with

i—1
\ p(Z;Z,n)p(Z;Z,n)
o (13(2’2’"), 2(2’2’n))= — k ik

, j>1,

0, j=1.
Fori=1,2and m=1, ..., n, g(g(i;l””),g(i?z””)) = {crj(g(i;l’m),g(i?z””))}]?’il with

J
j; j; 1 2
k= 1

Based on the above analysis, from (4.12), (4.14), and (4.15), we have that,
for i=1,2, D" ~ MixErl(d"", B), D'~ ~ MixErl(d="", ), and CC-+) ~
MixErl(e! =, ) with d ={d]")2), d = (d7 )2, and (0=
(e,

Forj_> 0, we have

n
d(’ n _ (i1,n) + @3 — 0 3! n) (l 1,n) + 2 (5:1,n—k+1)
J )\S, p )»S (p ) )LS ij
N nn in k 2
+ w2 p(12n)+ w4 (p(12n) (12n))+ (i2.n—k+1)
As., 7 As; AS J
h L in k 2
n
4 (p(z 1 n) (z 2, n)) + 0_.(p(i;1,nfk+l),p(i;2,n7k+1))’
)»S,n Ks,-,,,/;z 7= -
a)1 .
d( zn)( )= 5 i;1,n) 493 - .1(12( 1,1,n),]2( lln)) + Z (=isLn—k+1)
J—i,n J—i,n —zn fe=2
. . Ao 2 i
n p( i:2,1) n G](p( 1,2,n), p( l,2,n)) + (=:2,n—k+1)
)\J_ J )\.J_- S= — AT J
Ln nn k:2
and
( l”l) (— zln) ( i;2,n) A2 (—i;1,n— k) ( i;:2,n—k+1)
G —~oi(p )+ Z (P ! ),
n 11 k 2

where, for k=1,2 and m=1,...,n, the superscript (—i; k,m) of Q(_i;k”’)

denotes (1; k, m) for i =2 and (2; k, m) for i = 1, respectively.
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Forj=0,
p(lzn)Jr w4 (p(l2n) (12n))+ Zp(lZn k+1) i=1,
(' )”Sl,n )‘Sl‘n ln o=
dl’n): 2
0 w3
p(21n)+ o(p(Zln) (21n))+ Z (2;1,n— k+1) =2,
)\’5217 S2,n 2;1 fe=2
and
w w3
o1 (21n)+ Go(p(Zln) (21n))+ Zp(Zln k+1) i=1,
) )wJ_,,, A _in Toin
d(()_l~n)= k 2
(12.n) | @4 (1:2.), (12n) %) 127kt ;o
)\.J_ —D +)~J_,,,G o(p )+A Z i=2.

J=in k=2
Finally, according to Proposition 4.3, it follows that

oo min (kik—;)

Z > Z SrinCki = K (k=i — k)7, )2 ks e
TVaR (Sip; Sp) = Do o=t *=0

1 —«
where, fori=1, 2,
oo j—1
Qk . k_zzd(l ")*k d( zn)*(k_,—k) ( tn)*k)ﬁH(VaR (S0:j+1,B)
Jj=1I=1

i1
with Uj(c_j(—i,n)*(kff—k)’g(—i,n)*k) :]Z dg—is")*(k—'—k) J( ;n)*k'
s=0

4.4. Numerical illustration

In this subsection, we consider an insurance portfolio consisting of two lines
of business with n =5 periods. We provide two examples to numerically illus-
trate the impact of cross-time dependence on the closed-form expressions for
VaRK(S5), TVaRK(S5), TVaRK(S1,5; Ss) and TVaRK(SQ’s; S5).

The individual claim sizes are assumed to follow a mixed Erlang dis-
tribution, where X;~ Mlerl(q B) with q,= {q,J}/ > for i=1,2. We set
q, =(0.2,0.3,0.5), _(0 3, 04 0.3) and ﬁ_l The number of claims

{N1.4> N2i}ken are assumed to follow a full BINAR(1) process with bivariate
Poisson innovations.

Example 4.4. Let the parameters (A1, A2, A12) =(1.2,0.8,0.2) and (a11, @2n) =
(0.5,0.4). Tables 4-6 contain the values of VaR,(Ss5), TVaR(Ss),
TVaR,(S15;S5), and TVaR,(S2.5; S5), for k =0.95,0.96,0.97, 0.98, 0.99, with
different cross-time dependence parameters (12, @21). For the purpose of
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TABLE 4.

VALUES OF VAR, (S5), TVAR,(Ss), TVAR, (S 5; S5), AND TVAR,(S2,5; S5) WITH
(or12, 21) =(0.2,0.1).

K VaR,(Ss5) TVaR,(Ss) TVaR,(S15; S5) TVaR,(S25; S5)

0.95 109.801 123.511 77.476 46.035

0.96 113.129 126.536 79.840 46.696

0.97 117.286 130.341 82.552 47.789

0.98 122.925 135.544 85.457 50.087

0.99 132.072 144.067 90.153 53.914
TABLE 5.

VALUES OF VAR (S5), TVAR,(S5), TVAR (S} 5; S5), AND TVAR(S25; S5) WITH
(a12,021)=1(0.3,0.2).

K VaR,(S5) TVaR,(Ss) TVaR(S1,5; S5) TVaR,(S2,5; S5)

0.95 145.047 163.100 98.147 64.953

0.96 149.428 167.079 100.762 66.317

0.97 154.901 172.089 103.771 68.318

0.98 162.324 178.939 107.900 71.039

0.99 174.363 190.162 114.020 76.142
TABLE 6.

VALUES OF VAR, (Ss), TVAR,(Ss), TVAR, (S 5; S5), AND TVAR,(S2,5; S5) WITH
(@12, 221) = (0.4,0.3).

K VaR,(Ss5) TVaR,(Ss) TVaR,(S15; S5) TVaR,(Sy5; S5)
0.95 214.447 239.890 137.358 102.529
0.96 220.764 245.483 140.537 104.946
0.97 228.646 252.465 144.240 108.225
0.98 239.320 261.866 150.061 111.805
0.99 256.595 276.673 158.152 118.521

comparison, we set (o2, «21) =(0.2,0.1) in Table 4, (x12, ®21) =(0.3,0.2) in
Table 5, and (a1, «21) = (0.4, 0.3) in Table 6.

From Tables 4-6, we can observe that the values of VaR,(S5), TVaR,(Ss),
TVaR,(S15;S5), and TVaR,(S25; S5) significantly increase with the cross-
time dependence level.

Example 4.5. In Table 7, we compare the values of VaR,(Ss), TVaR,(S5s),
TVaR,(S1,5;S5), and TVaR(S,5; S5) using a basic BINAR(1) process and a
full BINAR(1) process for x =0.95, 0.96, 0.97, 0.98, 0.99, respectively. For the
basic BINAR(1) process, we set the parameters (a1, a22) = (0.0349, 0.0627)
and (A1, A2, A12) = (0.0601, 0.0768, 0.0138). For the full BINAR(1) process, we
set the parameters
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TABLE 7.

COMPARISON OF VAR, (S5), TVAR(S5), TVAR,(S1,5; S5), AND TVAR, (5> 5; S5) WITH
DIFFERENT BINAR(1) PROCESSES.

Model K VaR,(S5) TVaR,(Ss) TVaR.(S15;S5) TVaR,(S25;Ss5)

Basic BINAR(1) 0.95 7.456 9.977 4914 5.063
0.96 8.041 10.541 5.195 5.346
0.97 8.785 11.259 5.552 5.707
0.98 9.818 12.258 6.049 6.209
0.99 11.544 13.935 6.882 7.053

Full BINAR(1) 0.95 8.150 10.678 5.257 5.421
0.96 8.773 11.282 5.558 5.724
0.97 9.562 12.046 5.936 6.110
0.98 10.634 13.087 6.456 6.631
0.99 12.406 14.811 7.294 7.487

Ao (o o) _ 0.033 0.058

“\ay axp ) \0.075 0.063
and (A1, A2, A12) =(0.0583,0.0756, 0.0137). Note that all of these parameters
are estimated from an identical automobile insurance database, which con-

tains information for 14,386 policyholders with two lines of business. Please
see Table 3 of Bermudez et al. (2018) for more details.

Table 7 shows that the values of VaR,(S5), TVaR,(S5), TVaR,(S15; S5),
and TVaR,(S2.5; S5) using the basic BINAR(1) process are less than the cor-
responding ones using the full BINAR(1) process. This reminds us to be aware
of additional capital needed for the portfolio if a more complicated structure,
allowing for cross-time dependence, is drew into the model.

5. CONCLUSIONS

In this paper, we have utilized the class of MINAR(1) processes to model
dependence structures between the number of claims of an insurance port-
folio. Following Bermudez et al. (2018), we have focused our attention on
three sources of dependence: cross-dependence, time dependence, and cross-
time dependence. By developing the joint LST of the aggregate claim amount
for different lines of business, we have derived the closed-form expressions
for the TVaR of the aggregate claim amount and the contribution of each
line of business under the TVaR-based allocation rule. The findings of this
work reveal that different dependence structures incorporated into the models
give significantly different risk aggregation and capital allocation patterns. An
interesting avenue for future research is to study how this class of processes
can be used to analyze the predictive distribution of aggregate claims for an
insurance portfolio.

The present work only considers the multivariate Poisson distributions as
the innovation of the MINAR(1) processes. The assumption of multivariate
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Poisson innovation might be extended with other innovations. It should be
noted that Propositions 3.1 and 4.1 are still valid with any other innova-
tions. However, such extension needs more thought for deriving the risk
aggregation and capital allocation formulas since the stationary distribution
of the MINAR(1) process is not easy to obtain, even in the bivariate case.
Another extension of this work might introduce a higher order MINAR pro-
cess to construct a more general dependence structure, while the mathematical
representation of the produced model may be quite complicated.
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APPENIDX A. PROOFS

Proof of Proposition 3.1. From (1.2), we can rewrite S;, (i=1, ..., d) as

Mi,n
Sin=Wii+- -+ Win=>_ X,
j=1
where M;,=N;1+---+ N,, and {X’,-J-}/?’il form a sequence of i.i.d. r.v.s

distributed as X;, fori=1, ..., d.
The joint LST of (S1, ..., Sz.,) can be expressed as

LS p....S0(Z15 ~.-,Zar)=13[/$1\(1(21)Nl‘l e Ly (2N
X L)1 Ly ()

=E[Lx,G)M7 - Ly ()Mo ]

=DMy My (Lx,(21)s - Lx,(2a))- (Al)
In order to find £S1,n ,,,,, San(Z15 -, 24), we need to derive the expression
for PMy,..... Md’"(zl, ..., Z4), that is, the joint p.g.f. of (M, ..., My,). We first

consider the cases for n =1, 2 and then for the general case n > 2.
Forn=1,

Ny Na1
le’] ..... Md’l(Zla'-de):E[Z] '..Zd(

=PNi1oaNg1 (215 0 Zd)
=PNy1. Ny (G11(21)s s Ga1(20)). (A2)
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Forn=2
Ni,1+N12 Ni1+Na2
pM]yz,.‘.,Md,z(Zla ey Zd):E[Zl t 'Zd :|
—E N1 _arioNy1+er Najy _adgaoNa1+ed
=E|z, "z ez, Mz
1 1 d d
—E ZN1,1+01110N|,| B .ZNd,I‘i‘OlddONd,l E[-2 ... a2
1 d 1 d
(A3)
Note that
Ni1+ N N1+ N, N N,
E[Zl LifereNyy de,l L d,l] _ E[Zl M agpzy + 1 —Olll)Nl’l .. .de‘l
Ny,
X (@gdazd + 1 — aga)™* ]
=PN11..Ng (G12(21), s Gap(2))  (A4)
and

B[22 | = peysnneas(GLIG, s Gt (a)): (AS)
From (A4) and (A5), (A3) becomes

le’z,...,Md,2(21 5 eeey Zd) =PN1,1,...,N,1,1 (Gl,z(zl), cees
Gd,Z(Zd))PeLz,...,edl(Gl,l(Zl): caes Gd,l(zd))- (A6)

Forn> 2,

Ni1+Ni2++Nip Na1+Nag2++Nay
pM]yn,...,Md,n(Zla--->Zd)=E|:Z] t 'Zd

Nij+apjoNy+-+af TNy
= E[Zl -

ZNd,l +aggoNg 1 ++aly ' oNg | ]
d

e a+arioel o+ +al 2oer 5
X o

X E[z

eapraggoe r++at 2o
z
d

X oo

% E[Zi’l,n—l‘f‘alloel,n—l B .ZZd,n—l‘f‘addOC’d,n—l]

x E[zf‘” . -zf;[‘"]. (A7)
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Note that
E[ZN1,1+01110N1,1+---+a’1’1’10N1,1 B .ZNd,1+add°Nd,1+"'+aZ;lONd,l]

1 d

- E[Zjl\ﬁlJr".JraIHZONll(Omzl +1 —ml)al{f%N” X o
zilv"ﬁmwz‘fON'“ (Ctgaza + 1 — agg)®ad 2°N‘“]

_ E[Zfl\’11+~~+“?1—3oN11(Gl’z(zl))a’fl‘zoN“ ...
ZCI,%*"'*“Z; YoNan (Gap(za))ia et ]

- E[ZJIVHJF."M’]TSONH(OmlG1,2(21) + 1 —ag) oM

Ngi+-+a"7 3N, n-3
2" W gy Gaa(za) + 1 — tgq)ad ON‘“]-

Recursively, the above expression follows
E[#" (Grami )™M - 2 (G ()N |
= E[Zjlv“(an Gruo1(z) + 1 — a1 - 2 (@ag Gt (za) + 1 — Oédd)N‘“]
=E[GLa(z)™" -+ Ganlz)™ |
= PN 1N (GLn(21)s ooy Gan(Za)). (A8)
Similarly, for any k=0, 1, ...,n — 2, we have
E[Z(lzl,,,,k+-~+a’fl el ‘sz,n,k+~~+a§doedﬁ,k]
=Derpiromtdni(OLE+1(21)s s Gajet1(2a))- (A9)

From (AS8) and (A9), (A7) becomes

PMy e My (215 s Zd) = PNy Ny (GLn(21)s o5 Gan(Za))

n
X l_[pel,k,‘..,ed,k(Gl,n—k—H(Zl)a ooy Gd,n—k-i—l(zd))- (AlO)
k=2

From (A1), the desired result follows by substituting Ly, (z1),. . .,Lx,(zq) for
Z1,. . . Zg 10 (A2), (A6) and (A10).
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This completes the proof.

Proof of Proposition 4.1. As proceed in the proof of Proposition 3.1, we can
rewrite S;, (i=1,2) as

Mi,n
Sin=Wir+---+ Wi,nZZXi,/,
j=1
where M;,=N;1+---+ N;, and {j/i,/'};il form a sequence of i.i.d. r.v.s

distributed as X;, fori=1, 2.
The joint LST of (S1,4, S2.4) 18

Ls,,.5,(21,22) = E[»CXI ()M Ly ()M Loy, (22) V2 ~--£X2(22)N2'”]

= E| L (z) "Ly (227 |

=PM, .My, (Lx,(21), Lx,(22))- (All)
Forn=1,

Ni1 _Naj
PMy M, (21, 22) = E[Zl Z5

=PN11.N2 (215 22)

= PN 1N, (G1,1(215 22), G2,1(21, 22). (A12)
Forn=2,
Ni1+Ni2 _N2i+N2p
PMi2.M;, (215 22) = E[Zl Z) ]
—E Ni1_arioNy1+appoNy 1+er1 _Naog_oo1oNp 140Ny 1+er
=E|z, "z Zy " Z
1 1 2 2
_ NijtarioNy 1 _aaioNy 1 _a120N2 1 _Noi+axoNy el _e,
=E|z z z z E|lz, >z, |.
1 2 1 2 1 2
(A13)
Note that
E NijtarioNy 1 _anioNy 1 _a120N2 1 _Noi+axoNy
z z z z
1 2 1 2
Ny N N
=E[Zl (a11z1 + 1 —a11) M Ma21z2 + 1 — )™
Na N N,
X zy o2z + 1T —ap2) 2 (az2 + 1 — ap) ™!
= PNy, (G12(21, 22), G22(21, 22)). (A14)
and
e1p e
B[22 | =perena(Ga1), Goa(2). (AL5)
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From (A14) and (A15), (A13) becomes

leﬂz,quz(Zla ZZ) :pNL],Nz,] (GI,Z(ZI: 22)3 G2,2(Zla ZZ))pelvz,ezyz

(G1.1(z21, 22), G21(21, 22)). (Al6)
Forn > 2,
DM, .M, (21, 22) (A17)
_ ml Nt N 1+ Ny Nojg++No o1+ N2y
=E|z Z,
_ wl Nt N —1taioN -1 taoNy p—1ter
=E|z
ZNZ,I+“'+N2,n71+a21ONl,n71+a22°N2,nfl+62,n]
2
[ Ni1++Nig_1+aiioNy -1 azjoNy,—
—E|z] 11 Ln—1ta11oN] 12221 Ln—1

120N -1 _Noji+++Nop—1+a20Ny ;|
Z] )

€ln_€2n
><E[z1 Z, ]

N vk Nq N Ny
=E|:Zl L1t+N, 2(G1’2(21’ZZ))Nl,n—1222,1+ +Nop 2(G2’2(Zl,22))N2’"71i|

X Pey ern(G1,1(21, 22), G2,1(21, 22))

Nig++Npp— ,
— E[Zl L1 Ln Z(GI,Z(ZI, 22))01110N1,n—2+a12°N2,n—2+61,n—1

Noji++Nyjy2 210N p—2+0220N2 _24€2 5
7 (Gr2(z1, 22)) 210N p—2+0a20N2 4 2+€2 -1

X Pey er(G1,1(215 22), G2,1(21, 22))

Ni 14N
=E[21 L 2(G12(z1, 22))1°N1=2(Gy 5 (21, 2)) 21 N 12

Npj++Ny 2 No, Ny,
2 Gz, 22) N (Goaler, )N

X Peyyrern1(G12(21, 22), G2.2(21, 22))
X Pey ern(G1,1(215 22), G2,1(21, 22)) (A17)
Recursively, (A17) becomes

PMy .My, (215 22) = PNy N, (GLa(215 22), Gon(21, 22))

n
X l_[pel,k,ez,k(Gl,n—kH(Zh 22), Gon—k+1(21,22)).  (ALR)
k=2

From (All), the proof follows by substituting Ly,(z1) and Ly,(z2) for z;
and z» in (A12), (A16) and (A18).
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