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A multi-symplectic formulation of ideal magnetohydrodynamics (MHD) is developed
based on the Clebsch variable variational principle in which the Lagrangian consists
of the kinetic minus the potential energy of the MHD fluid modified by constraints
using Lagrange multipliers that ensure mass conservation, entropy advection with the
flow, the Lin constraint, and Faraday’s equation (i.e. the magnetic flux is Lie dragged
with the flow). The analysis is also carried out using the magnetic vector potential A
where o = A-dx is Lie dragged with the flow, and B = V x A. The multi-symplectic
conservation laws give rise to the Eulerian momentum and energy conservation laws.
The symplecticity or structural conservation laws for the multi-symplectic system
corresponds to the conservation of phase space. It corresponds to taking derivatives
of the momentum and energy conservation laws and combining them to produce
n(n — 1)/2 extra conservation laws, where n is the number of independent variables.
Noether’s theorem for the multi-symplectic MHD system is derived, including the case
of non-Cartesian space coordinates, where the metric plays a role in the equations.

1. Introduction

Multi-symplectic equations for Hamiltonian systems with two or more independent
variables x* have been developed as a useful extension of Hamiltonian systems with
one evolution variable r. This development has connections with dual variational
formulations of travelling wave problems (e.g. Bridges 1992), and is useful in numerical
schemes for Hamiltonian systems. Bridges and co-workers (1997a, b) used the multi-
symplectic approach to study linear and nonlinear wave propagation, generalizations
of wave action, wave modulation theory, and wave stability problems. Reich (2000)
and Bridges and Reich (2006) develop multi-symplectic difference schemes. Multi-
symplectic Hamiltonian systems have been studied by Marsden and Shkoller (1999)
and Bridges et al. (2005). Webb et al. (2007) and Webb et al. (2008, 2014a)
discuss travelling waves in multi-fluid plasmas using a multi-symplectic formulation
analogous to Bridges’ (1992) paper on travelling water waves. Holm et al. (1998)
give an overview of Hamiltonian systems, semi-direct product Lie algebras, and
Euler—Poincaré equations. Newcomb (1962) obtained Lagrangian MHD variational
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principle by using the Lagrangian map, which circumvents the need to use explicit
Lagrangian constraints by using Lagrange multipliers.

Cotter et al. (2007) developed a multi-symplectic, Euler—Poincaré formulation of
fluid mechanics. They showed that multi-symplectic ideal fluid mechanic type systems
are related to the Clebsch variable formulations, in which the Lagrange multipliers
play the role of canonically conjugate momenta to the constrained variables (Zakharov
and Kuznetsov 1997; Morrison 1998). Thus, the Clebsch variable formulation involves
a momentum map. As a part of the paper, we give a brief introduction to multi-
symplectic systems (Secs. 3 and 4) based on the work of Hydon (2005) and Cotter
et al. (2007) (see also Brio et al. 2010). In multi-symplectic Hamiltonian systems, both
space and time variables can be thought of as evolution variables. In this paper, we
obtain multi-symplectic equations for ideal gas dynamics and magnetohydrodynamics
(MHD) based on the Clebsch variables formulation. The energy and momentum
conservation laws for gas dynamics and MHD are obtained from the multi-symplectic
formalism. We also discuss and give examples of the symplecticity or structural
conservation laws, which are obtained by combining derivatives of the energy and
momentum conservation laws. The symplecticity conservation laws thus impose higher
order derivative constraints on the energy and momentum conservation laws.

The present paper is related to recent works by Webb et al. (2014b, ¢, d) and Webb
and Mace (2014) on conservation laws, Hamiltonian and symmetry group approaches
to the MHD equations. In Webb et al. (2014b), advected invariants in ideal fluid
mechanics and MHD were obtained by using the Lie dragging techniques (see also Tur
and Yanovsky 1993). In particular, helicity conservation laws were discussed, i.e. fluid
helicity conservation in ideal fluids (e.g. Moffatt 1969), cross helicity, and magnetic
helicity in MHD (Woltjer 1958). Berger and Field (1984) investigated magnetic helicity
and relative magnetic helicity (see also Finn and Antonsen 1985, 1988). Berger (1990),
Ruzmaikin and Akhmetiev (1994), and Akhmetiev and Ruzmaikin (1995) investigated
higher order MHD knot invariants known as the Sato—Levine invariants, which can
be described using Seifert surfaces (e.g. used to describe the Whitehead link and
the Borromean rings). For special ideal MHD flows in which the magnetic helicity
density A-B vanishes, there is a higher order magnetic topological charge, namely the
Godbillon Vey invariant (e.g. Tur and Yanovsky 1993; Webb et al. 2014b, d), which
also describes the magnetic field topology (i.e. magnetic helicity is not the only quantity
describing magnetic topology). For the Godbillon Vey invariant, the gauge of the
magnetic vector potential A is chosen so that the 1-form o = A-dx is Lie dragged by
the background plasma flow. Webb et al. (2014b) derive MHD conservation laws using
Noether’s first and second theorems (see Hydon and Mansfield 2011 for an insightful
treatment of Noether’s second theorem). In the most general case, the fluid helicity
and cross helicity conservation laws are non-local as they involve Clebsch potentials,
which are non-local variables (e.g. Webb et al. 2014a, b). A brief synopsis of this work
is given by Webb et al. (2014c). Webb and Mace (2014) use Noether’s second theorem
and fluid relabelling symmetries to derive conservation laws in MHD using the
approach of Hydon and Mansfield (2011). They obtain a new potential vorticity-type
conservation law for MHD using a non-field-aligned fluid relabelling symmetry of the
equations.

The main aim of the present paper is to provide a multi-symplectic formulation of
MHD equations by using Clebsch variables.

In Sec. 2, the basic ideal MHD equations are given. In Sec. 2, we give a simple
example of the multi-symplectic form of the ideal gas dynamic equations in one
Cartesian space coordinate. We give a recipe for constructing the multi-symplectic
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form of the equations and describe the symplecticity or structural conservation law
for one-dimensional (1D) gas dynamics. By using Clebsch variables, one is in effect
increasing the number of dependent variables describing the system. To ensure that the
system of equations describes the original Eulerian fluid equations, extra constraints
or conservation laws (the symplecticity conservation laws) ensure that the original
system of equations is obtained. It turns out that the symplecticity conservation
equations can be expressed in terms of 2D Jacobians of dependent variables and
independent space and time variables. The basic theory behind this approach is
described in Sec. 4.

In Sec. 3, we give an introduction to Clebsch variables and momentum maps
following the analysis of Cotter et al. (2007). We introduce the Clebsch variable
description of MHD (e.g. Zakharov and Kuznetsov 1997; Morrison 1998; Holm and
Kupershmidt 1983a, b; Webb et al. 2014a, b). We give two different formulations of the
MHD variational principle. In the first formulation, Faraday’s law for the magnetic
field induction B is included as a constraint. The constraints of mass continuity,
entropy advection, and the Lin constraint are incorporated in the variational principle
by means of Lagrange multipliers. In the second variational formulation, the Faraday
equation constraint is replaced by the condition that the magnetic vector potential
I-form: o = A-dx is Lie dragged by the flow, where B = V x A (e.g. Gordin and
Petviashvili 1987; Tur and Yanovsky 1993; Padhye and Morrison 1996a,b; Webb
et al. 2014b). In the case V'B = 0, and B = V x A, the condition that the 1-form
o = A-dx is Lie dragged by the flow is equivalent to Faraday’s equation. We include
an extra uV-B term in Faraday’s equation for mathematical reasons. This allows
one to obtain a mapping between the multi-symplectic MHD equations using the
advected A formalism and the advected magnetic flux version of Faraday’s law (sce
Proposition (5.3) and (6.7)). It is also useful to include uV-B in numerical MHD in
order to minimize numerically generated V-B in numerical MHD codes by advecting
the numerically generated V-B #* 0 out of the computational domain (e.g. Powell
et al. 1999; Webb et al. 2010). By setting V-B = 0 after all calculations are done
gives rise to correct physical results, but allows one to retain a mathematically
more useful form of the equations. In general, Faraday’s equation is equivalent to
the condition that the magnetic field flux 2-form 8 = B-dS is Lie dragged with
the flow. If V'-B = 0, then 8 = da, where da is the exterior derivative of the
1-form a.

Section 4 presents an overview of multi-symplectic Hamiltonian systems based in
part on the work of Hydon (2005). We discuss the symplecticity conservation laws,
which are related to the conservation of phase space in multi-symplectic systems, in
which the generalized phase space volume element x* = (1 /2)K§-"ja’zi Adz’ is given
by the exterior derivative of a 1-form w®. This requirement implies d«® = ddw® = 0
(by the Poincaré Lemma), which implies the conservation of the phase space element
k% where z' are canonical variables. We also discuss Noether’s first theorem for
multi-symplectic systems. We describe the form of multi-symplectic systems for the
case of non-Cartesian spatial coordinates where the spatial metric plays a role in the
equations (see also Bridges et al. 2010).

Section 5 develops the multi-symplectic MHD evolution equations. The analysis
is similar to that of Cotter et al. (2007) where they develop the multi-symplectic
approach to Hamiltonian hydrodynamic-type systems.

Section 6 concludes with a summary and discussion.
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2. The model
The magnetohydrodynamic equations can be written in the form:

d

8—’; + V-(pu) =0, .1
d B? BB

—(pu)+ V- [puu + <p + > I- ] =0, (2.2)
ot 2u "w

as

— +uVS=0 2.3
o7 +uVS , (2.3)
oB

E—VX(UXB)‘{‘UV'B:O, (24)

where p, u, p, S, and B correspond to the gas density, fluid velocity, pressure, specific
entropy, and magnetic induction B respectively, and I is the unit 3 x 3 dyadic. The
gas pressure p = p(p, S) is a function of the density p and entropy S, and u is
the magnetic permeability. Equations (2.1) and (2.2) are the mass and momentum
conservation laws, (2.3) is the entropy advection equation, and (2.4) is Faraday’s
equation in the MHD limit.

In classical MHD, (2.1)—(2.4) are supplemented by Gauss’ law:

V-B=0, (2.5)

which implies the non-existence of magnetic monopoles.
It is useful to keep in mind the first law of thermodynamics:
1
TdS =dQ =dU + pdV, where V =—, (2.6)
0

where U is the internal energy per unit mass and V = 1/p is the specific volume.
Using the internal energy per unit volume ¢ = pU instead of U, (2.6) may be written

as:
1
TdS = —(de —hdp), where h= ety 2.7)
o o
is the enthalpy of the gas. Assuming ¢ = ¢(p, S), (2.7) gives the formulae:
pT =¢e5, h=¢, p=pe,—¢ (2.8)

relating the temperature T, enthalpy 4, and pressure p to the internal energy density
e(p, S). From (2.7) we obtain:

1 1
1dS =dh—_dp and —-Vp=TVS=Vh, (2.9)

which is useful in the further analysis of the momentum equation for the system.

2.1. Multi-symplectic example

Multi-symplectic systems are a generalization of Hamiltonian systems. Consider the
equations of 1D gas dynamics involving the variables z = (u, p, S, 8, ¢)”, where

u=2_L222 (2.10)

is the Clebsch representation for the fluid velocity u = u* directed along the
x-axis. The governing equations have the form (e.g. Zakharov and Kuznetsov 1997;
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Morrison 1998):
o+ (pu)y =0, S +uS, =0, (2.11)

1
G tude = 31t —h, B+ (Bu)e = —pT. 212)
where ¢(p, §) is the internal energy per unit volume of the gas. Here p, T, p, h, S
denote the density, temperature, pressure, enthalpy, and entropy of the gas respectively,

where h = ¢, pT = ¢5 and p = pe, —¢. The time evolution of a functional F of the
physical variables satisfies Hamilton’s equations:

th{F,H}z/dx SFOH OFOH | OFOH OFSHY (2.13)
5p 8¢ 8¢p op | 8S 8B 8B oS

where {F, H} is the canonical Poisson bracket and

H = /dx <;,0u2 +&(p, S)> (2.14)

is the Hamiltonian functional in which u is given by (2.10).
Equations (2.10)—(2.12) can be written in the multi-symplectic form:

3 9 M
K\— +K!'— |z=— 2.1
( T 8x> LT % 215)

M= —/ dx € = —/ dx prﬂ —e(p, S)) (2.16)

is the multi-symplectic Hamiltonian (note £ is the Lagrange density of the fluid). The
skew symmetric matrices K® and K! are given by:

where

000 0 0 0 08 0 —p
000 0 -1 0 00 0 —u

K=[o oo -1 of, kl=|-8 00 —u 0 |. (2.17)
001 0 0 0 0 u 0 O
010 0 0 p u 0 0 0

In (2.15) there are two skew symmetric matrices K and K!, which shows that both
space and time can be thought of as evolution variables. Bridges (1992, 1997a,b;
2006); Bridges and Reich (2006); and Bridges et al. (2010) have championed the use
of multi-symplectic methods for nonlinear wave problems, in both numerical methods
for solving nonlinear wave equations, wave action, and wave stability problems, and
Hamiltonian bifurcation theory (i.e wave stability theory depending on a bifurcation
parameter). Cotter et al. (2007) develop multi-symplectic approaches to incompressible
fluid dynamics and other systems.

Below we illustrate the recipe for obtaining the multi-symplectic form (2.15)—(2.17)
based on the results of Sec. 4.

The constrained Lagrangian associated with the Clebsch representation in the
present example has the form:

s

0z
axe’

1
L= Epuz —e(p, S)+ LS (2.18)
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where the term:

a7’ ap a as 0S

LY =¢|—+— — — 2.19

@ gxa ¢[3t+8x(pu)}+ﬂ<8t+u8x> (2.19)

contains the Lagrangian constraints associated with the mass continuity equation and
the entropy advection equation, and z = (u, p, S, B, ¢)7. In (2.19) we identify

Ly=¢, Ly=du, L,=¢p,
LS =8, LL=pu. (2.20)
The 1-forms:
o' =L%dz7" (¢=0,1) (2.21)
using (2.20) are given by:

o’ = ¢dp + BdS, ' = u(pdp + BdS) + ¢p du. (2.22)

The exterior derivatives of the 1-forms (2.22) are:

1
do’ =dp Ndp +dB NdS = EKgﬂdz‘* AdzP,

. (2.23)
do' = du N (BdS — pd¢) +u(de Ndp +dB NdS) = EK;ﬁdz“ AdzZP.

The multi-symplectic matrices Kgﬁ and Kéﬂ given in (2.17) can be determined from
(2.23).

The multi-symplectic formalism can be used to obtain conservation laws by
using the properties of the differential forms w® defining the system (see Sec. 4).
Conservation laws can also be obtained by using the multi-symplectic version of
Noether’s theorem. In Appendix A, we show how the multi-symplectic approach
gives rise to the energy and momentum conservation equations of 1D gas dynamics,

namely:
R d 1, —
Go =~ [2pu +8(p,5)} + o [/m (2u +h>] =0, (2.24)
d d
Gi=— {at (pu’) + I (p+ 0”2)] =0. (2.25)

The multi-symplectic approach also gives rise to the symplecticity or structural
conservation laws. For the case of 1D gas dynamics, there is only one structural
conservation law, namely:

oD oF
o n == 0, (2.26)
where
p_@.p) 9B (2.27)

At x) At x)’

(P, u) (e, p) a(u, S) (B, S)
=P oy P T ae
_ud.p)  dpp.u)  0up,S)

At x) a(t, x) at,x)’

(2.28)
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where 0(¢, ¥)/9(¢t, x) = ¢, — ¢, Y, is the Jacobian of ¢ and y with respect to ¢ and
x. The symplecticity conservation law (2.26) corresponds to the conservation law:

D.Go— D,G, =0, (2.29)

where D, = 9/9x, D, = 9/9t and Gy = 0 and G| = 0 are the energy and momentum
conservation equations (2.24) and (2.25) written in terms of the Clebsch potentials.
The main point here is that the multi-symplectic structure is determined by the
fundamental 1-forms w* (¢ = 0, 1) and the Hamiltonian functional M. The theory for
this is outlined in Secs. 3 and 4, and is used to determine the multi-symplectic structure
of the MHD equations in Sec. 5. We give the generalization of the symplecticity
conservation law in the general case for MHD and gas dynamics in Sec. 5.

3. Hamiltonian approach and Clebsch variables

In this section, we first give a synopsis of the Clebsch variational principle and
the inverse map, discussed in more detail in Cotter et al. (2007), who show how the
Clebsch-type variational principles give rise to the momentum map (Sec. 3.1).

In Sec. 3.2, we describe a constrained variational principle for MHD using Lagrange
multipliers to enforce the constraints of mass conservation; the entropy advection
equation; Faraday’s equation; and the so-called Lin constraint describing in part
the vorticity of the flow (i.e. Kelvin’s theorem). This leads to Hamilton’s canonical
equations in terms of Clebsch potentials (Zakharov and Kuznetsov 1997; Morrison
1998). Morrison and Greene (1980, 1982) and Morrison (1982) used the Clebsch
variable formulation of MHD to derive the non-canonical Poisson bracket for MHD
by transforming the variational derivatives with respect to the Clebsch variables to
their corresponding form in terms of the Eulerian physical variables. Taking the
variational derivative of the action with respect to the fluid velocity u, the Clebsch
variational principle gives a representation for the fluid velocity u in terms of the
Clebsch potentials.

In Sec. 3.3, we transform the canonical Poisson bracket obtained from the Clebsch
variable approach to a non-canonical Poisson bracket written in terms of Eulerian
physical variables (see e.g. Morrison and Greene 1980, 1982; Morrison 1982; Holm
and Kupershmidt 1983a,b). We obtain the non-canonical Poisson brackets for MHD
using the variables (M, B, p, o), where M = pu is the MHD momentum flux, o = pS,
and B is the magnetic induction. We also use the non-canonical variables (M, A, p, o),
where A is the magnetic vector potential in which the gauge is chosen so that the
I-form o« = A-dx is an invariant advected with the flow.

3.1. Clebsch variables and the momentum map

The Clebsch variational principle using the inverse map (i.e. Lagrangian map) involves
the variational principle §.«7 = 0, where

o = /Z[u] d’x dt +/ (I, +wVl) d’x dr. (3.1)
In (3.1) = is a Lagrange multiplier, ensuring that the Lagrange label 1 is advected
with the fluid. In the present section, we consider only the generic form of the Clebsch

variational principle. More specific versions of the variational principle for MHD are
discussed in later sections.
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The stationary point conditions for the variational functional (3.1) are:

Sof 8L
— =4V =0, (3.2)
éu su
8o
— =1, +uVl=0, (3.3)
¥, 4
8o om
In an ideal MHD
1 B?
= _ph*—¢e(p,S)— ~— and 3¢ = pu=m, (3.5)
2 2/,L() éu

where m is the fluid momentum density or mass flux (see Sec. 3.2 for more details).

3.1.1. Clebsch momentum map
The momentum map J : T*Q — g" from the cotangent bundle T7*Q of the

configuration manifold Q to the dual g* of the Lie algebra g of Lie group G
that acts on Q defines a momentum map by the formula:

J(vg) & = (v, §0(q)), (3.6)

where v, € T"Q and § € g. Here §, is the infinitesimal generator of the Lie algebra
element & action of & on Q and (v,, §,(q)) is the pairing of an element of 7" Q with
an element of T Q.

For the case (3.1)—(3.4), the elements of Q are the fluid labels 1 and the elements of
T"Q are the conjugate pairs (I, ) of labels 1 and their conjugate momenta x.

Proposition 3.1. The Clebsch relation (3.2) defines a right action Diff(§2) of
diffeomorphisms on the domain §2 on the back to labels map 1.

Proof. Equation (3.2) defines a map J, : T°Q — X*(£2) from the cotangent bundle
T"Q to the dual X*(£2) of vector fields on £2:

Y4
Jo: mdx=— ((Vl)T -n) ‘dx = —m-dl where m= 0 (3.7)

Thus, J, maps the conjugate pairs (1, =) to the space of 1-form densities m € X*(£2).
The map Jp may be associated with the smooth, invertible maps or diffeomorphisms
n of the back-to-labels maps 1 by composition of functions Diff(£2) : I'np =1loy. The
effect of the map on the infinitesimal generators X (l) is formally defined as:

d
Xa(l) == Z-(lom(s)o = Tlo X, (38)

where the differentiation with respect to s is about the identity transformation at
s = 0. Equation (3.8) in component form is:

. d , ol dnk dnf (3l 3 dn* 9

Xo) oy =—1[n(s)) oy = — g, = 21 Z) =2 2
20 ds ()10 ank ds ds \ onk ol ds ok
_difaxt 0 _dxt o

“ds 9k ax* ds dx+

= (Tlo X)' 9,:. (3.9)
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From (3.9), it follows by the chain rule for differentiation that:

dx"* 9 dl' 9 dn ]
X = = - = 3.10
ds oxt  ds al' ds 8;7 ( )

are equivalent forms for X.
The pairing between the map J, and the vector field X € X(£2) gives:

Jom), X) =—(n-dl, X) = —(mdl*, X/9,;) = —(ml'dx’, X79,;)
=—/nkliXS d’x = —/nk (Xslﬁ,) d’x
—/nkX (1Y) d&’x = —/zrk(TloX)k d’x

= [amiriex) dx = ~(x). Xa ) (3.11)

Thus,
Jolm),X)y=—(l,x), Xo (1), (3.12)
which is equivalent to the defining relation (3.6) (the sign in (3.6) can be negative in
the definition) for a momentum map. O

3.2. Clebsch variables and Hamilton’s equations
Consider the MHD action (modified by constraints):

J :/ d’x dtL, (3.13)
where

L= {;puz—e(p,S) 5 }+¢< +V-(pu)>

2o
+ﬁ( ~|—uVS> ((,;; +u-V;L)
9B
iy (m —Vx(uxB)+ u(V~B)) . (3.14)

The Lagrangian in curly brackets equals the kinetic minus the potential energy
(internal thermodynamic energy plus magnetic energy). The Lagrange multipliers ¢,
B, A, and I' ensure that the mass, entropy, Lin constraint, and Faraday equations are
satisfied. We do not enforce V-B = 0, since we are interested in the effect of V-B # 0
(which is useful for numerical MHD where V-B = 0). It is straightforward to impose
V-B # 0 if desired, and non-canonical Poisson brackets exist for this case as well (see
(3.30) in this paper, and Morrison and Greene 1982). Non-canonical Poisson brackets
exist for this case as well as for the case V-B = 0 (e.g. Morrison and Greene 1982;
Chandre et al. 2013).

Stationary point conditions for the action are §J = 0. §J/8u = 0 gives the Clebsch
representation for u:

A
=V¢—EVS——VM+UM, (3.15)
o o
where
I')xB ‘B
u, = VXTI xB VB (3.16)
o o
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is magnetic contribution to u. Setting §J /8¢, §J /88, 8J /84, 8J/8I' consecutively equal
to zero gives the mass, entropy advection, Lin constraint, and Faraday (magnetic flux
conservation) constraint equations:

p: + V-(pu) =0,

S, +uVS =0,

w +uVu =0,

B, — V x (u x B) + u(V-B) = 0. (3.17)

Setting §.J/8p, §J/8S, 8J /81, 8J /8B equal to zero gives evolution equations for the
Clebsch potentials ¢, 8, 4, and I' as:

— (‘Zf + u'Vd)) - %uz —h=0, (3.18)
?Tf +V-(Bu) + pT =0, (3.19)
o b vm =0, (3.20)
I ux (V x 1")+V(1‘-u)+E =0. (3.21)
dt o

Equation (3.18) is related to Bernoulli’s equation for potential flow. Term V(I'-u) in
(3.21) is associated with V-B = 0. Taking the curl of (3.21) gives:

I g uxiy=—Y2B  Ghere F=vxr. (3.22)
dt Ho

Equations (3.18)—(3.22) can be written in the form:

dp 1, d (B _
ar 3" dt(p>_ L

d . d [

E (;ud x) =0 or E <p> = 0,

d B-dx d -

sy = =25 T (Tds) =~y s, (3.23)

where d/dt = 9/9t + w'V is the Lagrangian time derivative following the flow, and
J =V xB/uy is the current. I'-dx is a 1-form and I'-dS is a 2-form and dS is an area
element.

Introduce the Hamiltonian functional:
BZ
20’
Substitute the Clebsch expansions (3.15) and (3.16) for u in (3.24). Evaluating the
variational derivatives of # gives Hamilton’s equations:

dp _SH  Bp  SH B _8AH  0p K

1
H = /Hd3x where H = E,ou2 +e(p, S)+ (3.24)

ar s ot op  ar B ar  8S°
u _ 8 0k _ A OB _S# L _ 5A (325)
ar 847 ot su’ 9t 8T at  SB’ ’

Here {p, ¢}, {S, B}, {u, A}, {B, I'} are canonically conjugate variables.
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The canonical Poisson bracket is:

(F,G} = /d3 <5F5G SF8G  6F 6G  OF 6G

50 8¢ op op | OB oI 6T OB
SF8G 8F8G 8F G 8F5G>

5S 88 8B 3S+@az 8. 81

(3.26)

In terms of the Poisson bracket (3.26), the time evolution of a functional F of canonical
or physical variables is given by F;, = {F, H}, where H is the Hamiltonian of the
system. The canonical Poisson bracket (3.26) satisfies the linearity, skew symmetry,
and Jacobi identity necessary for a Hamiltonian system (i.e. the Poisson bracket
defines a Lie algebra).

Remark. Cotter et al. (2007) derive the Clebsch variable equations analogous to
(3.15)—(3.22) by using an advected or Lie dragging formalism, in which the advected
quantity a satisfies the Lie dragging equation:

d
<8t + g“) a=0, (3.27)
where %, is the Lie derivative of a with respect to the vector field u. Examples of
Lie dragged quantities are «® = S (a scalar or O-form), w?> = B-dS is the Faraday
2-form, and w® = pd*x is the mass 3-form (see also Webb et al. 2014b for further
description of Lie dragged invariants in MHD). They also introduce fluid labels 14,
which are advected with the flow, are useful in specifying the initial state of the
fluid, and their canonically conjugate momenta w4 are the Lagrange multipliers for
1* in the variational principle. They show how the Clebsch variational equations,
the momentum map (Clebsch variational equation obtained by varying u) can be
combined to yield the Euler—Poincaré or Eulerian momentum equation for the system.

3.3. Non-canonical Poisson brackets

Morrison and Greene (1980, 1982) introduced non-canonical Poisson brackets for
MHD. Morrison and Greene (1980) gave the non-canonical Poisson bracket for
MHD for the case V-B = 0. Morrison and Greene (1982) gave the form of the Poisson
bracket for V-B # 0. A detailed discussion of the non-canonical Poisson bracket and
the Jacobi identity was given by Morrison (1982). Holm and Kupershmidt (1983a,b)
pointed out that their Poisson bracket had the form expected for a semi-direct product
Lie algebra, for which the Jacobi identity is automatically satisfied. Chandre et al.
(2013) used Dirac’s theory of constraints to derive properties of the Poisson bracket
for the case V-B = 0.
Introduce the new variables:

M=pu, o =pS, (3.28)
noting that
M = pu = pV¢p — BVS — ,Vu + B«(VI')" —B-VI — I'(V-B), (3.29)

and transforming the canonical Poisson bracket (3.26) from the old variables
(0,9, S, B,B, I') to the new variables (p, o, B, M) we obtain the Morrison and Greene
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(1982) non-canonical Poisson bracket:
== [ ede v () - ()
SF 3G 5G SF
ol (50 ) =i (50)
SF 3G 5G SF

() o () o

ol Ge) - ()

ru(viE) 2 (v20) 5L a0
The bracket (3.30) has the Lie—Poisson form and satisfies the Jacobi identity for all

functionals F and G of physical variables, and in general applies for both V-B # 0
and V-B = 0.

3.3.1. Advected A formulation

Consider the MHD variational principle using the magnetic vector potential A
instead of using B (e.g. Holm and Kupershmidt 1983a,b). The condition that the
magnetic flux B-dS is Lie dragged with the flow (i.e. Faraday’s equation) as a
constraint equation is satisfied if the magnetic vector potential 1-form o = A-dx is
Lie dragged by the flow, where B = V x A. The condition that the 1-form o« = A-dx
is Lie dragged with the flow implies:

A
E—ux(VxA)—FV(wA):O (3.31)
(see Gordin and Petviashvili 1987; Padhye and Morrison 1996a,b; Webb et al. 2014b).
The condition that the magnetic flux 8 = da = B-dS is Lie dragged with the flow
implies Faraday’s equation:
oB

o~ VX (xB)+uVB=0 (3.32)

for the magnetic induction B. Note that the curl of (3.31) with B = V x A gives
Faraday’s equation (3.32), where V-B = 0.
We use the variational principle §.o/ = 0, where the action .o/ is given by:

o = /d3 /dt{{p|u| —&(p, S) — 'VXA'z]
+¢< +V:(p )>+ﬂ<s+ VS>+/1<8+uVM>

+y {{;?—ux(VxA)—l—V(u-A)]}. (3.33)

By setting the variational derivative §.o//8u = 0 gives the Clebsch variable
expansion:

B

2 VxA) V-
u=V¢—pVS—pV,u—yX(X)+yA

0

(3.34)

for the fluid velocity u.
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Setting the variational derivatives 8.7 /8¢, 8.o7 /88, 827 /84, 8o/ /8y equal to zero
gives the constraint equations:

ap aS

§+V(pu)—0, E—i—uVS—O,

n +uVu =0, (3.35)
ot

0A

5 —ux (VX A)+ V(- A) =0,

Similarly, setting 8.o7 /8p, 8./ /58S, 8.9/ /8., and 8.o7 /5 A equal to zero gives the following
equations:

¢ Loy
E—I—quH—h—E\u\ =0,
0 94
ai; +V:(Bu)+ pT =0, m +V-(Ju) =0, (3.36)
0 VxB
a—’;—Vx(uxy)Jru(v-yH = 0.
The Euler-Lagrange equations (3.34)—(3.36) together imply Hamilton’s equations:
do X bg _ 8K DS _sA 0B _ oA
a  s¢ .  Sp ot SB° o9t 8S° (3.37)
w0k _8A DA _sA dy __an |
ar 84 ot su’  dr Sy’ ar  SA

Here {p, ¢}, {S., B}, and {A, y} are canonically conjugate variables. The Hamiltonian
functional s is given by (3.24), and u is given by the Clebsch expansion (3.34). The
canonical Poisson bracket is:

s (8F8G S8FS8G  8F 6G 6F &G
{(F,.G}=[|dx | —— ———+——— — ——
3p 8¢ 8¢ Sp  SA Sy Sy SA
SF 3G _OF3G  3F3G _SF 3G
8S 88 8B SS  Su L SAdu)

(3.38)

The transformations of the variational derivatives from canonical Clebsch variables
(0,9, S, B, A, y) in terms of the non-canonical new variables (p, o, A, M) are:

SF 6F 6F 6F SF oF
SO s g (30,

Sp 8p o M 8¢

SF  OF 5F SF  OF

5S s (%w) LSBT M

SA A ' Vsm sm V) (3.39)

SF SF SF
- Bxo— —VI|A [
v~V ()

SF SF\ 6F  &F
-_— = ° )\,7 —_— =" .
i < 8M>’ 57 aM K
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In terms of the non-canonical variables (M, A, p, o), where o = pS, we obtain the
non-canonical Poisson bracket:

(F.G) == [ @5{[FwV(Gw) — Gr V(P M

+ 0 [Fm'V(G,) — GmV(F,)]

+ o [Fm'V(Gy) — GmV(F5)]

+ A [FMV(Ga) — GMV (F4)]

+V X A [Ga X Fm — Fa X G}, (3.40)

where Fy = 6F/8M, and similarly for the other variational derivatives in (3.40). The
non-canonical bracket (3.40) was obtained by Holm and Kupershmidt (1983a,b). It is
a skew symmetric bracket and satisfies the Jacobi identity. Holm and Kupershmidt
(1983a,b) show that bracket (3.40) corresponds to a semi-direct product Lie algebra.

4. Overview of multi-symplectic systems

In this section, we discuss multi-symplectic systems of partial differential equations.
In Sec. 4.1, we set out the general theory for the case where the space-time metric
is flat. We assume that independent variables x* have a flat metric. For example, in
MHD we take the independent variables as (z, x, y, z), where (x, y, z) are Cartesian
space coordinates and ¢ is the time. In Sec. 4.2, we indicate how the analysis is
altered if the independent variables are generalized coordinates (e.g. for spherical or
cylindrical symmetry, the metric plays a role via the replacement of ordinary partial
derivatives by co-variant derivatives). Bridges et al. (2010) also describe the general
case of multi-symplectic systems taking into account the geometry of independent
variables. They use the algebra of exterior differential forms and the variational
bi-complex, in which the exterior differential d = d;, + d,, where d,, is the so-called
horizontal exterior derivative and d, is the vertical exterior derivative.

4.1. Flat Cartesian metric

Hamiltonian systems, with one evolution variable ¢, can in general be written in the
following form:

d }j
Kij(2) = = V. H (). (4.1)

where the invariant phase space volume element,
1 . .
K= EK,-j(z)dz' ANdz’, 4.2)

is a closed 2-form, i.e. dk = 0. Here d denotes the exterior derivative and A denotes
the anti-symmetric wedge product used in the exterior Calculus. The condition that
« be a closed 2-form, implies by the Poincaré Lemma, that k = dg, where g = L ;dz’
is a 1-form (note that dk = ddg = 0 by antisymmetry of the wedge product). It turns
out that the condition that « be a closed 2-form implies that K;; = —Kj; is a skew
symmetric operator (see Zakharov and Kuznetsov 1997; Hydon 2005). Taking the
exterior derivative of the 2-form (4.2) and setting the result equal to zero, we obtain
the identity:

Kijx + Kjki + Kiij =0, (4.3)
which in some cases is related to the Jacobi identity for the Poisson bracket. If the
system (4.1) has an even dimension, and if K;; has non-zero determinant, then (4.1)
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can be written in the form:

dz’
where R;; is the inverse of matrix K;;. Here R;; = —Rj; is a skew-symmetric matrix.

The closure relation (4.3) is then equivalent to the relations:

OR ¢
tm oz

R;; IR
LR =0 (4.5)
az"

R in g

+ ka
(see e.g. Zakharov and Kuznetsov 1997). The Poisson bracket for the system in the
finite dimensional case is given by

dA 0B
(A, B} Z 1971 97/ (4.6)
Using the Poisson bracket description (4.6), the Jacobi identity reduces to (4.5).
Casimir functions or more generally functionals have zero Poisson bracket with
respect to any other functional of the variables describing the system. For finite
dimensional systems, Casimirs always occur for odd dimensional systems.

A finite dimensional Hamiltonian system of dimension 2n with canonical variables
z=1(q¢". 4% ...q", p1, p2. ... ps) can be written in the form (4.1), where

t__ 0 _In
K:J_<In O). (47

Here the matrix K is the inverse of the symplectic matrix J, and I, is the unit n X n
matrix. The invariant phase space element form (4.2) is:

k =dp; Ndq’ = d(p;dq’). (4.8)

Hamiltonian, multi-symplectic systems with n independent variables x* can be written
in the form:

Ke 2l =V, H(z). (49)

where z/ = dz//0x*. The fundamental invariant 2-forms are:

1 . )
k= SKidd Ndzl o =1(1n. (4.10)

Invariance of the phase space element D,(dp; A dg’) = 0 for the standard canonical
Hamiltonian formulation with evolution variable ¢ is replaced by the symplectic or
structural conservation law:

k% =0, (4.11)

which is referred to as the symplecticity conservation law.
The closure of the 2-form «* implies that the exterior derivative of k% = 0. By the
Poincaré Lemma, «“ is the exterior derivative of a 1-form, i.e.

Kk =d (L9dz) = dw*, where o =L%dz’. (4.12)

Note that dk* = ddw® = 0. Taking the exterior derivative of w® in (4.12) and using
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the anti-symmetry of the wedge product, we obtain:

2
From (4.10) and (4.13) we obtain:

1 /9L% OLS
P ( k J

= o2 8Zk>dzj/\dz". (4.13)

. _ Ly 0L
T (4.14)
Thus, matrices K{; are skew-symmetric, i.e. Ky, = —K9.

Proposition 4.1. The Legendre transformation for multi-symplectic systems is the identity

(L9d7’)  =d{L%(2)z), — H(z)} = dL, (4.15)

o
where

L=L%(z)z, — H(z) (4.16)
is the Lagrangian density and H(z) is the multi-symplectic Hamiltonian.

Proof. The proof of (4.15) proceeds by noting
raz) =i g 4 1%(0)Dyd
(LS z)’a—a—ziz,az—i- “(2)Dodz

o

= azfj 2, dz + L%(2)d (2,) . (4.17)

Here we used the fact that operators d and D, commute. Equation (4.17) can be
further reduced to:

(L§dZ’) , = =Kzl dz +d (L§(2)2,). (4.18)

a Ji%ta

Identity (4.15) then follows by using the Hamiltonian evolution equations (4.9). O

The symplecticity or structural conservation law (4.11) now follows by taking the
exterior derivative of (4.15) and using the results ddL = 0 and dD,, = D,d, i.e.
Dyk® = D, [d(L_‘]*-dzj)] = dD(,(L‘;dzj) =ddL =0, (4.19)

which is (4.11). Other conservation laws are obtained by sectioning the forms in
(4.15) (i.e. we impose the requirement that z/ = z/(x), which is also referred to as the
pull-back to the base manifold). The pullback applied to (4.15) gives

oL

(L5d)) , = (L5chax?) = (152)) df =dL= " dxh. (420)
Thus, (4.20) gives the conservation law:
D, (L5, — L&) = 0. (421)

This conservation law is, in fact, the conservation law obtained due to the invariance
of the action A = [ Ldx under translations in x? which follows from Noether’s first
theorem (ie. x'@ = x® + €5%).

A further set of n(n — 1)/2 conservation laws is obtained from pull-back of the
structural conservation law (4.11) to the base manifold, namely:

D, (Kf}zfﬂzfy) =0, B<y. (4.22)
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The conservation laws (4.22) can be obtained by cross-differentiation of the
conservation laws (4.19), i.e. they are a consequence of the equation:

DyGp — DpGy = Dy (Kf;nyZ{ﬁ>’ (4.23)
where
Gy = D, (L52)y — L83 (4.24)

Here G4 = 0 give the energy and momentum conservation equations for g =0, 1,2, 3
respectively. A multi-symplectic version of Noether’s theorem for the multi-symplectic
system (4.9) is described below (see also Hydon 2005):

Proposition 4.2. If the action:
J = / L d*xdt (4.25)
is invariant to O(€) under the infinitesimal Lie transformation:
D= 4eVY, XY =x"4eV" (0<a<3 1<s<N), (4.26)
and under the divergence transformation :
L' =L+ €D, A" + O(?), (4.27)
where L has the multi-symplectic form (4.16):

—Ja j _ 3
L =1Lz, —H(z) and A = /H(z)d xdt, (4.28)
is the Hamiltonian functional, then the Euler—Lagrange equations for the action:
aL ] oL oH :
Es(L) = - =— K¢z, =0 4.29
A1) = 55 = g () = =g + el (429
admit the conservation law
D. {V*”L Wz, V7] + A“} —0. (4.30)
In (4.30)
A s OL A s
W[z, V] = V* Ay = V= LY(2), (4.31)
2%
and
Vi =vT vy, (4.32)
is the canonical or characteristic Lie symmetry generator (i.e. the infinitesimal Lie
symmetry transformation z° = z° 4+ €V?, x'* = x* which is equivalent to the Lie
transformation (4.26) ). Thus, the conservation law (4.30) reduces to:
D. {VX“ (L (2)2, — H(z)] + V¥ L%(z) + A"‘} —0, (4.33)
or aternatively :
D, {vx“L + U7 L) + A“} —0. (4.34)

This is the multi-symplectic form of Noether’s first theorem for the system (4.9).
The condition for the Lie symmetry (4.26) and (4.27) to be a divergence symmetry
of the action is:

XL + V¥ D,L + D, A% =0, (4.35)
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where

X =V~

« 0 s 0 s 0
Ve Véie— .. 4.36
0x« + a9z’ + az’ + ( )

N4

is the extended Lie symmetry operator. The extended Lie symmetry operator X can be
expressed in terms of the characteristic symmetry operator X by the formula

SN @ A a0 Ao 0
X=X+V"D,, where X=V* + D, (V%)

e 4.37
0z* 0z%, * (437)

The Lie invariance condition (4.35) written in terms of)A( is:
XL + Dy(V*L 4+ A%) = 0. (4.38)

Example. As an example of Noether’s theorem, consider the invariance of the action
J under the Lie symmetry:

V=355 VE=0, A“=0, (4.39)
corresponding to translation invariance with respect to x#. The canonical Lie
symmetry generator V< is given by:

Ve =z (4.40)

The Lie invariance condition (4.38) is satisfied for A* =0, i.e. the action is invariant
under a variational symmetry (one can show XL = —DgL). The conservation law
(4.33) or (4.34) reduces to the symplectic conservation law (4.21). Thus, we have
shown that the symplectic conservation law is due to invariance of the action under
translations in x?

Proposition 4.3. The multi-symplectic system (4.9) for the case where x* = (t, x, y, 2)
is equivalent to the differential form system:

Q2 =do’ Ndx Ndy Ndz —do' Ndx® ANdy ANdz + do* Ndx® Ndx Ndz
—do* Ndx* Ndx Ndy —dH Ndx* Ndx Ndy Ndz =0, (4.41)

in which z* are dependent variables and x“ are independent variables. The variational
principle

J= / 2, (4.42)

with 8J/8z"* = 0 gives the multi-symplectic system (4.9). The form (4.41) is referred
to as the Cartan—Poincaré form (e.g. Marsden and Shkoller 1999).

Proof. Starting from (4.9) we require:

3z SH
Ke 25 0N gzt Adx® Adx Ady Adz = 0. (4.43)
Braxe  z¢

Equation (4.43) can be expanded to give (4.41). In the derivation of (4.43) the forms
are sectioned, i.e. the variables z* are taken to be dependent on the independent
variables x%, « =0, 1, 2, 3.

Next we consider the variation of §J in (4.42), which may be reduced to the form:

§J = / d(8z") A B, + / 87"dB,, (4.44)
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where

o o v j oH & j

Bu = (—1) lea’z /\def] ~ oo /\def, (4.45)
jFa j=0

[T—gdx/ = dx°Adx"'...Adx" and [, dx/ is defined similarly, but does not include

dx® in the wedge product; n is the number of space variables. In the derivation of

(4.44) we used the representation:

oo v j 8H 7 - | 7
2 = (—1)"K%,dz" Ndz /\gdxf — @dzf A gdxf = dz" A B, (4.46)

where we choose < v in the first term in (4.46), but there is no restriction on v in
(4.45). The first term in (4.44) is due to the variations of §dz*, whereas the second term
is due to the variations 5K}, and §(dH/dz"). The second integral in (4.44) vanishes

by the Stokes theorem:
/ dp, = / B. =0, (4.47)
\%4 A%

where we assume that 8, vanishes on the boundary dV. For independent variations
of 8z, condition §J = 0 gives the differential form system:

B.=0, 1<u<N, (4.48)

where N is the number of dependent variables z*.

Equation (4.48) form the basis of the Cartan differential form representation of
the differential equation system (4.9). However, the ideal of forms representing the
differential equation system (4.9) in general needs to be enlarged to include the exterior
derivatives of dp,, which are not expressible as a linear combination of g,,. The closed
system of forms comprising B, plus the adjoined forms df, can then be used to
represent the differential equation system (4.9) and the integrability conditions for the
system (4.9) (see e.g. Harrison and Estabrook 1971). This completes our discussion of
the variational principle (4.42). O

4.2. Covariant formulation

In Sec. 4.1, we assumed that L¢ and K{; depended only on the field variables z. Bridges
et al. (2010) in a more general formulation using the variational bi-complex consider
cases where L¢ and H can also depend on the independent variables x*. They show
that the multi-symplectic system (4.9) is a special case of the more general system:

az! oH
Ko L, = o (4.49)
J aqa B aZl
where
oL% 1 9
Lf, = 4oL = — (8L (4.50)
5 aqa \/g 8qa (\/> )

is the covariant derivative of the contravariant vector field LY, and g = det(gqg) is the
determinant of the metric tensor where ds*> = g,sdq®dq? is the metric. Here ¢* are
generalized coordinates. The holonomic base vectors e, = 0x/9¢® and g.s = ey €s.
In Sec. 4.1, we implicitly used Cartesian space time coordinates (i.e. x* = (¢, x, y, 2)).
The differential equation system (4.49) also holds for generalized coordinates (e.g. for
spherical polar or cylindrical space coordinates).
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The system of equations (4.49) and (4.50) can be written in the form:
oL 9L¢\ 9z/ 1 @ o 0H

< l] - / ) «  Jg90% (\/gl’i ) = i’
0z dz/ ) aq \/gr aq 9z

(4.51)

which highlights the fact that the system depends on 1-form o* = Ljfdzj, the
Hamiltonian H, and the metric gg.

Bridges et al. (2010) develop the theory of multi-symplectic systems of the form
(4.49) and its relationship to the variational bi-complex (e.g. Anderson 1989, 1992;
Bridges et al. 2010, and references therein).

Below we provide a discussion of the origin of (4.49). An alternative approach is
to use the variational bi-complex analysis of Bridges et al. (2010).

Proposition 4.4. The multi-symplectic partial differential equation system (4.49) arises
as the Euler—Lagrange equation of the action:

J = //L\/g d’q dr, (4.52)

where
L=L%/,—H(z) (4.53)
is Lagrangian in the original coordinates (t, x, v, z). In particular, the stationary point
conditions :
- N N oH
Ei(L)z\/g{Ku oz_Li;a_az,'} =0, (4.54)

where L = L\/g, is equivalent to the multi-symplectic system (4.49).

Proof. Taking the variation of the functional (4.52) and integrating by parts gives:
oH
5J =// (8 (L‘;‘ ) 2, +L°‘f8z’ ——(SZ \/g) d’q dt
: 1 8H aL¢
_ g __ - o _ o k k 3
—//8z < \/EDQ(Lj\/g) o T )\/’dth
+ / d’q / diD, (LY /g8z’) (4.55)

where D, denotes the total partial derivative with respect to ¢%. Noting that

D (L5 8) = oz (L348) + 5 (L5 8) 2o (456)

in (4.55) we obtain:

j a S o aH
51://3z1{}< — LS, _azs} Jg d’q dt
+ / / D, (L. /g82') d’q dt. (4.57)

Dropping the surface term in (4.57) and evaluating §J /87 give the Euler-Lagrange
equation (4.54). This completes the proof. O
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Proposition 4.5. Let one-form o* = L‘}‘dz-" be a contravariant vector field with respect
to index o, then the multi-symplectic Legendre transformation (4.15)—(4.16) is replaced
by a more general result :

(LS(zsx)d2’) = d [L§(z3x)), — H(z)] = dL, (4.58)
where
L= L?(z;x)zfa — H(z) (4.59)

is the Lagrangian density and H(z) is the multi-symplectic Hamiltonian for the system
(4.49), which satisfies the structural conservation law :

K%, =0, where «%=do*=d(L5d7’). (4.60)
Proof. Computing the covariant derivative of w*, we obtain:
a g j o J aL J *D J
= (Ljdz’) = L%,dz’ + 0 —+2hdz) + LD, (d7’) ¢ (4.61)
where the first term takes into account changes due to changes in x* and the second
term in curly brackets takes into account the changes in z/ keeping x¢ fixed. From

(4.61) we obtain:

o __Ja J
w;a _L'udz

5ot a4 L5d (2L)

dL% ) . aL%
<L°‘ + 8—,:1" ) dz’ + {d (L%z1,) — R —Ldz*7, }

LY LY S Y
= (5~ ) e+ 15,0 (152L)
= (Kg 2%, + L“ o) dz/ +d(L+ H). (4.62)

From (4.62) we obtain:
o, = <Kjkz — LS, — gf}) dz/ +dL. (4.63)
Using (4.49), (4.63) reduces to:
= (L’;fdz-f);a =dL. (4.64)
Taking the exterior derivative of (4.64) gives:
dw}, = Dy (do®) = Dyk® = ddL = 0. (4.65)

Thus, the differential equation system (4.49) is multi-symplectic, meaning D,«x* = 0,
where k* = dw® and 0® = L‘jdzf . This completes the proof. O

The form of Noether’s first theorem using the generalized coordinates g% =
(t,q', q% q°) is given below.

Proposition 4.6. If the action:

J=//L d’*x dt=// L g d’q dtz//i d’q dt (4.66)

is invariant under the infinitesimal Lie transformation :

= +eV, g% =¢"+eV" (0<a<3, I<s<N), (4.67)
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and under the divergence transformation :

L'=L+eV-A A= J8A, L= J&L. (4.68)
then the Euler—Lagrange equations (4.54) admit the conservation law :

0

1
g

{\/g (Vq“L + VL A)} —0. (4.69)

Proof. The proof follows the usual derivation of Noether’s theorem (e.g. Bluman and
Kumei 1989; Webb et al. 2005). Note that g% = (¢, ¢, ¢, ¢°). O

This completes our discussion of the multi-symplectic system (4.49).

5. Multi-symplectic MHD

In this section, we develop multi-symplectic approaches to MHD equations. In
Sec. 5.1, we develop a multi-symplectic form of MHD equations using the magnetic
induction B as the basic variable describing the magnetic field, and by using Clebsch
variables. This leads formally to 15 variable sets of equations in the state vector
z=0W",p,8 u, B, " B, )" in which u, I', 4, B, and ¢ are Clebsch variables
and p, u, B, and S are physical variables. In Sec. 5.2, we develop a similar multi-
symplectic formulation of MHD equations, except that the magnetic vector potential
A, in which ¢ = A-dx is Lie dragged with the background flow, is used to describe
the magnetic field and B = V x A is the magnetic field induction. In this latter
formulation, Z = (u”, p, S, u, AT, 7. A, B, ¢)" is the state vector of the system and
wy, 4, B, and ¢ are Clebsch potentials. We show that there is a direct map between
the state vector z of Sec. 5.1 and the state vector Z of Sec. 5.2.

5.1. Advected magnetic flux case
In the Clebsch variables approach, the fluid velocity is given by the expression:

pu = pV¢ — VS — \Vu — (V x T') x B— ['(V-B). (5.1)

In the standard Clebsch variable formulation (Sec. 3.1), in which ¢ is the evolution
variable, the canonical coordinates are the physical variables (p, S, u, BT) and the
Lagrange multipliers (¢, 8, 4, ') are the corresponding canonical momenta (the role
of the canonical momenta and coordinates can be interchanged simply by changing
the sign of the Hamiltonian). In the multi-symplectic formulation both space and
time can be thought of as evolution variables.

In the multi-symplectic approach used in the present analysis, the Clebsch variable
expansion for the fluid velocity u in (5.1) is rewritten in the form:

BVS +Vu+ T (V-B)+BVI —B(VIN)" — pVp = —pu= — (5.2)

%’

1 ) B? 3
b= Pl —e(p, S)—5— | d'x (5.3)
v \2 210

is the MHD Lagrangian without constraints.

where
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Proposition 5.1. The evolution equations (3.17)—(3.21) and the Clebsch variable
equation (5.2) for —8¢/8u can be written in the multi-symplectic form:

d 0 0 a SH
K- +K —+K—+K—=|z=—, 54
( ot + x + ay * 0z oz (54)
where A is a 15 x 15 matrix differential operator. In (5.4)
z=(u",p,S, u, B, T7, 2, B,¢) (5.5)

is a 15-dimensional state vector for the system and K* (a = 0,1,2,3) are skew-
symmetric 15 X 15 matrices, and

H=—f = —/V (;puz —e(p, §)— 23:0) d’x = /V H(z)d*x (5.6)

is the multi-symplectic Hamiltonian functional for the system. The functional or

variational derivative 84 /8z° = OH/3z® in the present case. The skew-symmetric
matrices K* satisfy equations of the form:
K?‘jdzi Ndz) =dw®, where o® = L‘}‘dzj (5.7)

are symplectic 1-forms. For the MHD system, the 1-forms o® are given by (up the
exterior derivative of a scalar function):

o’ =¢dp + BdS + du + I'-dB, (5.8)
o' =[u(BdS + Adu + ¢pdp) + ppdu + (I'‘B) du — B(I'-du) +u(I-dB)]",  (5.9)
=[u(BdS + idp — pdp) + d(ppu) + (Fu)dB — (I x dE)]', (5.10)

where 1 <i <3 and
E=—uxB (5.11)

is the electric field in ideal MHD. The adjoint A" of the matrix differential operator A
satisfies the equation :

vl Az = aia (v K*z) +2"-ATy, (5.12)
where
Afy = 9 (K*y). (5.13)
ax“

Note that (§, Az) = (z, A™y), where (,) is the usual inner product.

Proof. To derive (5.4)—(5.9), first note that the Clebsch variable equation (5.2) for pu
and the evolution equations (3.17)—(3.21) can be written in the following form:

BVS + iV + T (V-B)+B-VI —B:(VI')" — pV¢ = H,,
-D,¢p =H,, —BVu—D,B=Hs, —Vu—DJ=H,
(5.14)
—I'(Vu) — D, = Hy, B(V-u)—B-Vu+ D,B= Hr,
D;u=H;, D;S=Hg, pVu+Dp=Hyg,

where D, = 9, + u'V is the Lagrangian time derivative, and the multi-symplectic
Hamiltonian is given by (5.6). In (5.14) we use the notation H, = dH/dy.
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To obtain matrices K* in (5.4), write (5.14) in the matrix form:
0

oxe’

and (x° x!, x2, x*) = (¢, x, y, z). Note that the equations involving H,, Hg, and Hf

consist of three equations, but the other equations involving H,, Hs, H,, H;, Hg, and

H, are single equations. The matrix differential operator A in (5.15) has the form:

Az = H,, where A =K* (5.15)

03><3 0 ,BV AV I'V: VB 0 0 —,OV
Oix3 0 0 0 O3 Oz 0 0 =D
—BV- 0 0 0 O3 O,z 0 —D, 0
—V- 0 0 0 Oix3 O3 —D;, 0 O
A= —F(VO)T 0 0 0 Osx3 —l3x3D; O 0 0 s (516)
—Vg 0 0 0 lysD, O3 0 0 0
Ol><3 0 0 Dt Ol><3 O1><3 0 0 0
Oix3 0D, 0 O3 Oixa 0 0 0
,OV D, 0 0 O]><3 O1><3 0 0 0
where
Vg =BVo—B(Vo), Vi=B(Vo) —BV-o. (5.17)

In (5.16), O34; is the zero 3 x 3 matrix, l343 is the unit 3 x 3 unit matrix, and O;; is
the 1 x 3 zero matrix. The operator:

d
D = +uV (5.18)

is the Lagrangian time derivative following the flow. Note that V]; is the adjoint
of operator Vg with respect to the usual inner product (f, g) = [ fgd’x for real

functions (further discussion of V]I is given in Appendix B).
Using (5.16), the skew symmetric matrices Kf; have the form:

K = ki ;) = K — k. (5.19)

In particular:
ki; = 81587 + 81481 + 81380 + 81087 + 81,8¢ + 81,59 (5.20)
Similarly:
kij = 8187 + 858 + 8453
+ B (58], + 836, ) + B8,6] + B5i,8] + (8108 + 81,80 + 81,89 )
e (310! 810+ 8158]) + paial + 2518 — palals (521)
K, =I818{ + I'"858] + "848}
+ B*8106] + B (8180 + 8381, ) + B81,8] +w (8108 + 81,80 + 81,89 )
+ {u (8180 + 81,80 + 61567 ) + ps6L + 2856] — psidls} (5.22)
ki; =88] + 8585 + I'*858]
+ B*8106] + B81,8] + B (818, + 8180, )+ (8108] + 81,60 + 61,8] )

+{u (31583 + 010+ 81,0] ) + pota] + 2838} — plas . 23
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The 1-form solutions for w® = L‘}dz-f in (5.8) and (5.9) are related to K% by (4.14),
ie.
o _ 0Ly 9Lj
T 9zd Bk
Note that the solution of (5.24) for L% is not unique because o® = L‘;-‘dzj +dod(z)”
will also give the same K.
As an example, we find ©® = L9dz/ is given by:

0 = (%dz* + 214425 + 2%d70) + {21927 + 2'1d2® + 712d2°)
= ¢dp + pdS + 2du + I'-dB.

(5.24)

(5.25)

Similarly, we obtain (5.9) for «'.
O

5.1.1. Exterior differential forms approach

Although the above derivation of the MHD multi-symplectic structure is
straightforward, there is some ambiguity in the one forms »° and o' in (5.8) and (5.9)
since one can always add a perfect differential to these forms. A more elegant way to
derive the above results of Proposition 5.1 is to use differential forms to deduce the
skew symmetric matrices K* and the 1-forms o® (@ = 0, 1, 2, 3) describing the system.
This approach is described below. From (3.14), the MHD Lagrangian may be written

in the form:
1 B? d0z*
L =—pu’>— — — +L%—, 5.26
Spu”—e(p. S) 2MJr i (5.26)
where
0z’ ap as ou
L% = - . il . 2 2E .
“ gxe ¢<at+v(p“))+ﬂ<at+“vs)+ (at+“v“) (5.27)
+I- (22 —V x (uxB)+u(V-B)).
In particular:
a s
LY a—io = ¢p, + BS, + i, + By, (5.28)
and hence
o’ = L)dp + L3dS + L),du + Ly-dB,
(5.29)

= ¢dp + dS + Jdu + I'-dB

(note (5.29) define the non-zero L%). The result (5.29) for o is the same as (5.8).
Taking the exterior derivative of (5.29) gives:

1
do’ =do Ndp +dB NdS+diNdu+dIly NdB* = EKQK,Z,,sz NdzP. (5.30)

Hence,

0 0 0
KdJ,,o = KﬁA,S = KZ,;L

=Kl p=1 (s=1,23) (5.31)

Thus, we obtain the skew symmetric matrix K?j given by (5.19) and (5.20).
A similar calculation gives:
a s

k ik =¢ (pViu" +u*Vip) + B (u*ViS) + ' Vip

“9x
+ I, (u*ViB® + B*Viu* — B*V,r') (5.32)
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from which we read off:
Li=¢ut, LY =(p$+IB)S —I;B",
(5.33)
LY =pu*, LY =" LY =T,
Using (5.33), we obtain:

ot = LXdz* = {u[p dp + BdS + Jdu] + ppdu + ([ -B)du — B([-du) + u('-dB)}*
(5.34)
which is the result (5.9) for w*. Taking the exterior derivative of (5.34) gives:

do* =du* N(BdS + idi — pd¢ — B*dT})
+uf(dp Ndp +dB NdS +diNdu+dTy AdB*)
— I dB* Ndu® — B*d T, N du®. (5.35)
From (5.35), we obtain:

k k 1 k
Kukys = ﬂ, Kuk,;l. == /L, Kuk,qﬁ == _10’

Kinp =K, =Ky =K =u', K =TI, (5.36)
Kl =—B', K =B (k+s).

By using the state vector z = (uT, o, S, u, BT, T, ) B, ¢)T and (5.36) gives the results
(5.21)—(5.23) for Kfj (k=1,2,3).

5.1.2. Multi-symplectic conservation laws

Proposition 5.2. Using the results (5.8) and (5.10) for the 1-form ° and o* (k =
1, 2, 3), the multi-symplectic conservation law (4.21) for B = 0 reduces to:

aD

where
2

1, B
D= {zpul~+elp,S)+ 57—
2 210

1
F=u (Zplul2 +e(p, S) + p) +

> —V-(E x T + pou),

ExB (5.38)

+ %(E x T+ ppu) —V x [(T-u)E].

Because of null divergence terms in (5.38), the conservation law (5.37) reduces to the
MHD energy conservation equation :

a (1 B? 1 E x B
— (50l +e(p, ) +5— ) +V (u( 5ol +e(p, )+ p ) +——) =0. (539)
or \ 2 20 2 Mo

Similarly, the multi-symplectic conservation law (4.21) for B = k gives a conservation
law of the form (5.37) but with

D = D* = —pu* + Vi(p¢ + I'"B) — V-(I"*B),

) . A B\ .. BBt
F’EF’kz—{pu’uk+<p+)3”‘— }
20 o

(5.40)

0 . ik i k pi
+[—8t(p¢+FB)8 +o (FB)}

+V x (I'E)" + V[I""Bu'] — V- [I"-Bu] §™.
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The conservation law (5.37) reduces to:
d B2 BoB] "
—{(pu)—i—V‘ [pu@u—i— (p+> | — ]} =0, (5.41)
ot 2po Mo

i.e. the conservation law reduces to the MHD momentum conservation equation in the
xk-direction.

Proof. The multi-symplectic Hamiltonian density H, and the 1-form w®* = I" jf’dzf from
(5.8) and (5.9) give:

L7y = @p.a+ BSu + Mo + [ B,

Lizl, = u'[BSa + Ato — pda] + TuB, + (ppu') o — €y T EY, (a0 =0,1,2,3).

(5.42)
Using (5.42), we obtain:
; B?
L=L%z,—H —p—27+ (p¢)+V(p¢U)
5 (5.43)
) B
H=—< plul”—e(p, §) — > )
o
Using the results (5.42)—(5.43) in the symplectic conservation law (4.21) for 8 = 0 and
B = k gives the energy and momentum conservation laws (5.39) and (5.41). O

Proposition 5.3. The symplecticity or structural conservation laws (4.22) for MHD and
gas dynamics can be written in the form:

D, (F3) =0, a<b, (5.44)
where
FS =1 Kz, (5.45)
F% can be calculated by noting that :
do® = F%dx" ® dx", where a <b. (5.406)

Using (5.29) and (5.34) for ° and o' (i =1,2,3) and calculating do’ and de' give
the formulae:
o _ 3@.p)  AB.S) | ) AT B)
@ (xe, xb) T oa(xa, xb) T A(xe, xP) T A(xe, xb)’
dgu', p) n d(pu', S) n d(u', p)
(x4, xb)  a(x?,x?) = d(xe, xb)
d(pg,u') | dw T, BY) (BT, u)

- d(x, x?) * d(xe, xb) B a(xe, xb) (5.48)

(5.47)

i
Fab

Proof. We give the derivation of (5.47). Using (5.30), we obtain:

(29 90 9B 0S8k u AL 9B°
@7 \xeaxd T axaaxt T 9xe axb | axe ax?

_[3¢.p)  0BS) | Aw AU B

(xe, xb)  A(xe, xb)  A(xe, xb)  A(xe, xb)

)d Adxb

}dx“ ®dx’. (5.49)
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Using (5.49), we obtain formula (5.47) for F),.
A similar analysis gives:

do' = Fldx“ ®dx" (i=1,2,3), (5.50)
where F!, is given by (5.48). This completes the proof. O

5.2. Advected A-dx formulation

In Sec. 3.2, we discussed the MHD variational equations that result when the condition
that the 1-form o = A-dx is advected with the background flow is used instead of
Faraday’s equation, which is equivalent to the condition that the magnetic flux 2-form
B = B-dS is Lie dragged with the flow, for the case where V'B =0 and B=V x A
(e.g. Tur and Yanovsky 1993; Webb et al. 2014b). Note that 8 = da = B-dS in the
above case. In addition,

_ _ . JS) — B
H—/Voz/\ﬁ—/v(Adx)/\(BdS) /VAde (5.51)

is the Hopf invariant or magnetic helicity (note if there is no global A with B =V x A,
then the magnetic field has a non-trivial topology, e.g. Moffatt 1969; Arnold and
Khesin 1998).

Proposition 5.4. Choose the gauge of A such that « = A-dx is advected with the
background flow. The Clebsch variational equations (3.34)—(3.36) imply:

BVS + IV + y-(VA) —y-VA —A(V-y)— pVo = #, = —pu,

—Dip=H,=— <;|u|2 — h) . —BVu—D,(B)=Hs=pT,
—Vu—DA=#,=0, —yVu+(p-Vu—D,y=H,=], (5.52)
A(Vu)' +DA=#,=0, Du=#H,=0,
DS=Hp=0, pVu+Dip=Hy=0,

where J =V x B/ is the MHD currrent,

1 AP
Jf=—£=—/<p|u|2—8(,o,5)— [V x Al ) d’x E/H(Z) d’x (5.53)
v\ 2 210 v

is the multi-symplectic Hamiltonian and
Z=@W"p, S u A" y" 2B ¢ (5.54)
is a 15-dimensional state vector for the system. The transformations:
Ir'=—A, B =y (5.59)

formally maps the left-hand side of the advected A variational equations (3.34)—(3.36)
(i.e. (5.52)) onto the Clebsch variational equations (5.14) associated with the advection
of the magnetic flux B-dS, where to obtain (5.14) the replacements I'" — I' and B* — B
are made.

Proof. To verify that the map (5.55) maps the Clebsch equations (5.52) associated
with the Lie dragging of A-dx onto the Clebsch equations (5.14), it suffices to consider
only the equations related to the evolution of A and y and that of B and I'. The first
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equation in (5.52) under the map (5.55) becomes:
BVS +Vu —B* (vr*)T +BV)[" + T (VB") — pVp = A\, (5.56)

which is the first equation in (5.14), but with B— B* and I' — I'".
Similarly, the fifth equation in (5.52) becomes:

—{B*(V-u)— (B V)u+ DB} = —# -, (5.57)

which is equivalent to the sixth equation in (5.14).
The sixth equation in (5.52) becomes:

—Ir*«(Va)' — D,I'" = #g-, (5.58)
which is the fifth equation in (5.14), but with ' — I'" and B — B’. This completes
the proof. O

Remark. The Hamiltonian for the system (5.52) is given by (5.53). Under the
transformations (5.55), the Hamiltonian functional # becomes:

1 r
o= / <p|u|2 —e(p. §) — 'VX> dx. (5.59)
v 2 2“0

Proposition 5.5. The I1-form describing the multi-symplectic MHD system using the
advected A-dx formalism are:

o’ =¢dp + BdS + Jdu + y,dA°, (5.60)
ot =uf(BdS + idp + ¢pdp) + ppdu* + y Adu® + uty,dA*, k=1,2,3, (5.61)
The forms (5.60) and (5.61) can then be used to determine the skew symmetric matrices
K¢ fora=0,1,2,3.
Proof. Using the action principle (3.33), we can write:

V x A]? YA
| 2M| + L5 (5.62)

1
L= EWZ —e(p, S)—

where
s

L%, % =¢ [p, + V(pw)] + B(S, +u'VS) + A(u, +uVpu)
+y[A, —ux(VxA)+V(uA). (5.63)
Following the approach in (5.26) et seq., we identify:
o’ =L0dp + L3dS + L)du + LY -dA,

=¢dp + BdS + Adu + y,dA°, (5.64)
and hence:
LY=¢, LY=B, LS=1 L =y. (5.65)
Taking the exterior derivative of (5.64) gives:
do® =d¢ Ndp +dB NdS +d)Ndu +dy, NdA®, (5.66)
which implies:
Ky, =Kjs=K}, =K, , =1. (5.67)
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Similarly using (5.63) we obtain:
o = L5d7° = u*(BdS + idp + ¢pdp) + ppdu* + v A*du’ + uFyd A°, (5.68)
and hence:
Ls=pu*, L =i L=¢u", LY\ =e¢p+nA, 5.69)
L],jy = P A°, L’,js = uy,.
Taking the exterior derivative of (5.68) gives:
do* = du*[BdS + idp + ¢pdp) + u*[dB NdS +di Ndu +do A dp)

+(@dp + pde) Adu* + (dy A’ + yd A’) Adu® + (du®y, +u*dy;) NdA®,

(5.70)
which can be used to determine K, ,., ie.
k k
Kuk,S = IB’ Kuk,/L = /1’
KE =K —kE =k Kk =)
B,S Y ¢.p ’ ¢ uk ’
. ) (5.71)
KAS,MS = Vk’ Kuk_AS = Vs, (k 7& S)a
k __AS k _ .k
KE w=A% K, =ub.
O

Proposition 5.6. The structural conservation laws for the advected A-dx version of MHD
equations is given by (5.44), in which:

(e, p) a(B, S) (4, ) | Ay, AY)

0 _
Fa S 9(x, xb)  A(xe, xb) T A(xa, xb)  d(xe, xP)’ (572)
Fi =8(¢>ui, 10) a(ﬂui’ S) 8(2[/, /’L)
@ y(xe, xP) T oA(xe, xP) T (xe, xP)
n d(pp,u') 4 Ay A* u’) n Ay A, A*) (573)

9(xe, xb) 9(xe, xb) d(xe, xb)

i=1,2,3and a,b = 0,1,2,3) are the conserved densities and fluxes respectively
where a < b.

Proof. The proof is the same as in Proposition 5.3, except that ° and ' are now
given by (5.60) and (5.61). O

6. Summary and concluding remarks

In this paper, we developed multi-symplectic equations for ideal MHD. A key
ingredient was the use of the Clebsch variable variational principles in which the
constraint equations (mass continuity, entropy advection, Lin constraint, Faraday’s
equation, or its analogue for the magnetic vector potential A) are ensured by
using Lagrange multipliers. The connection between the Clebsch variables and the
momentum map in ideal fluid systems with constraints was used (Sec. 3.1). The Lin
constraint can be viewed as defining a Lagrangian variable which is advected with
the flow (more generally it is useful to include three Lagrangian labels, to include
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different possible initial data, that are not included in the usual Clebsch variable
description (see e.g. Cotter et al. 2007).

Section 2 introduces the MHD equations. In Sec. 2 we also discuss 1D gas dynamics
as an example of a multi-symplectic system. The example illustrates that both time and
space can be thought of as evolution variables. The example uses the Clebsch variables
to describe gas dynamic equations. The multi-symplectic formulation involves two
skew symmetric matrices associated with the time and space evolution. The gas
dynamic equations are obtained by finding the stationary point conditions for
the action, including the mass continuity equation and entropy advection equation
constraints by using Lagrange multipliers. One forms (i.e. differential forms) are
constructed from the constraint equations which lead to the multi-symplectic form
of the 1D gas dynamic equations. The theory implies that there are in general extra
conservation laws that arise from using an expanded phase space involving the Clebsch
variables. In 1D gas dynamics the symplecticity conservation law involves the space
derivative of the energy conservation law and the time derivative of the momentum
conservation law. In this case and in more general cases (Secs. 4 and 5), the extra
symplecticity conservation laws impose constraints that ensure that the equations
involve the same effective number of dependent variables as the original Eulerian
formulation of fluid equations. The conserved densities and fluxes are written in terms
of 2 x 2 Jacobians of dependent variables with respect to two of the independent
space-time variables.

Two different formulations were investigated. In the first formulation, the constraint
that the magnetic flux 8 = B-dS is Lie dragged (i.e. conserved moving with the flow)
leads to Faraday’s equation in the form:

oB

E_V Xx(uxB)+uVB)=0 (6.1)
(for mathematical reasons it is useful to consider the case V-B # 0 as well as the
physical case V-B = 0). An alternative method to account for Faraday’s equation is
to require that the gauge of the magnetic vector potential A is chosen so that the
I-form o« = A-dx is Lie dragged by the flow, i.e. A satisfies the evolution equation:

A
a&Tt —ux(VxA)+V(wA)=0. (6.2)

For the case where A satisfies (6.2), A‘B/p is a scalar invariant advected by the flow,
ie.

d (AB

— (=) =0, 6.3

dt < o ) (63)
where d/dt = 3/t + w'V is the Lagrangian time derivative following the flow and
B=VxA.

Following the approach of Cotter et al. (2007), we showed that the Clebsch variable
evolution equations and the Clebsch representation for the the mass flux (momentum
density) pu could be written in the multi-symplectic form:

Ke a7/ _ &Z’
J 8xa 8Zz
where x¢ (e =0, 1, 2, 3) denotes the space-time coordinates (¢, x, y, z) and
z= W, p, S, u B, I A B, ¢)7 is a 15-dimensional state vector describing the

system. The covariant form of the multi-symplectic system (6.4) for non-Cartesian
spatial coordinates was discussed in Sec. 4 (see also Bridges et al. 2010). The

(6.4)
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multi-symplectic Hamiltonian in (6.4), given by

1, B? 3
H =—t=— ol —e(p, S)—5— | d'x, (6.5)
v \2 210
is the negative of the MHD Lagrangian functional without constraints. The skew
symmetric matrices K; (1 <i, j < 15) are related to 1-form »” by the equations:

1 S .
K = SKi(2)dz AdZ) = do® and o = LYdZ, (6.6)

where %, = 0 is the symplecticity conservation law.

Section 4 discusses multi-symplectic systems based in part on the work of Hydon
(2005). This included a discussion of skew symmetric operators and matrices and
Poisson brackets in Hamiltonian systems in which the time is an evolution variable.
The conservation of the phase space element following the Hamiltonian flow and its
generalization for multi-symplectic systems (i.e. the symplecticity conservation law)
were derived. Noether’s theorem for multi-symplectic systems was discussed, and the
form of the equations for generalized non-Cartesian space coordinates was studied
(see Bridges et al. 2010) for the study of multi-symplectic systems and variational
bi-complex using the total exterior algebra (TEA) tangent bundle. Proposition 4.3
shows that multi-symplectic systems can be written as the Cartan—Poincaré form
equation using an N + 2-form, where N is the number of independent space variables
(see also Marsden and Shkoller 1999), which involves the 1-form * and their
exterior derivatives dw® (0 < o < N) and the multi-symplectic Hamiltonian H. The
Cartan—Poincaré form can be related to Cartan’s geometric formulation of partial
differential equations (e.g. Harrison and Estabrook 1971). Multi-symplectic systems
for generalized (Cartesian and non-Cartesian) space coordinates were derived from
the variational principle.

In Sec. 5, we demonstrated that the multi-symplectic MHD equations obtained
using the magnetic vector potential A satisfying (6.2) are related to multi-symplectic
MHD equations using B and Faraday’s law (6.1) by transformations (5.55), i.e.

I'=—A and B =y. (6.7)

In (6.7) ¥" is the image of v under the map, A is the magnetic vector potential, and y
is the corresponding Lagrange multiplier in the advected A variational principle (3.33).
B =V x A and I is the Lagrange multiplier for Faraday’s equation in the variational
principle (3.13). Under the map (6.7), y > B* =B and A > —I'" = —TI. In Sec. 5,
we also obtained six symplecticity conservation laws that occur when there are four
independent (space-time) variables. These conservation laws are obtained by setting
combinations of the derivatives of momentum and energy conservation equations
equal to zero, which ensures conservation of phase space. These conservation laws
have densities D and fluxes F that consist of a sum of 2 x 2 Jacobians of dependent
variables with respect to space-time coordinates. One can also derive conservation
laws using the multi-symplectic versions of Noether’s theorems. In particular, it is
possible to derive the generalized non-local cross helicity conservation law for MHD
and the generalized non-local helicity conservation law for ideal fluids that apply for
non-barotropic equations of state for the gas. These conservation laws were derived
in Webb et al. (2014c, paper II) using Noether’s theorem, fluid relabelling symmetries,
and gauge symmetries for the Lagrangian. These depend on the non-local Clebsch
variables. For barotropic gases, these conservation laws reduce to the usual local
cross helicity conservation law for MHD and the helicity conservation law for ideal
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fluids. However, since the Eulerian fluid velocity variation (Lie symmetry generator)
for relabelling symmetries is zero, this implies a constraint on the Clebsch variable
symmetry generators (see e.g. Calkin 1963). Non-local conservation laws in partial
differential equation systems can arise from Lie potential symmetries of the cover
system of equations comprising the original system augmented by the differential
equations for the potentials of the original system (e.g. Sjoberg and Mahomed, 2004;
Webb and Zank 2009; Bluman et al. 2010). This is worth further investigation.

The Clebsch variable approach to MHD and fluid equations used in the present
paper is not necessarily the only way that multi-symplectic systems of equations can
be derived. Bridges and Reich (2006) in a study of elliptic partial differential equations
using the TEA bundle makes an interesting observation that the symplectic matrices
can sometimes have more obvious symmetry properties when higher order matrices
are used to describe the system (e.g. the quaternion algebra is revealed when using
4 x 4 matrices to describe the 2D Klein Gordon equation, which is not obvious when
3 x 3 matrices are used to describe the multi-symplectic structure).
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Appendix A

In this appendix we derive the momentum and energy conservation equations (2.24)
and (2.25) for 1D gas dynamics using the symplecticity pullback conservation laws
(4.21). We also derive the structural or simplecticity conservation law (2.26) using
(4.22).

The energy and momentum conservation laws (2.24) and (2.25) follow from (4.21),
1e.

Dy (LY(2)z), — L8}) =0, (A1)
where the Lagrange density L is given by (2.18) and the 1-form w® = L%dz’ is given
by (2.22), and « = 0,1 and v = 0,1 for 1D gas dynamics and z = (u, p, S, B, ¢)7

are the dependent variables, x° = ¢, and x! = x. The fluid velocity u is given by the
Clebsch form (2.10), i.e.

=————. A2
. ax  pox (A2)
For v =0, (A1) gives the energy conservation equation:

0Dy 0Fy
— 4+ 2 =0, A3
ot ox (A3)

where

DO = L(Z)/Z,JO — L, FO = L;Z]O (A4)
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are the conserved density Dy and flux F;. The Lagrange density L is given by (2.18)
and (2.19), i.e.:

1y, dp 0 as as
L—EPM _8(P,S)+¢{at+ax(/m)] +ﬂ(8t+u8x>' (A5)
From (A 4) we obtain:
Dy = ¢p. + BS: — L, Fo=upp, + BuS, + ¢pu,. (A6)

Using L from (A 5) and using the Clebsch expansion (A 2) for u in (A 6), we obtain:

1
Dy = Epuz + &(p, S) — Di(pu),

1
Fy = D:(pu¢) + pu (2142 + h) .

(A7)

Substitution of Dy and Fy from (A7) in (A 3) gives the energy conservation law (2.24).
The momentum conservation law from (A 1) has the form: D,(D;) + D,(F;) = 0,
where

Di=L%7,, F=L)Z —L. (A8)
We find:
Dy = ¢p, + BS: = Di(pp) — pu,
Fi = u¢p: +upS: + ¢ppu, — L (A9)
= — (ou” + p) — Di(pd) — B(S; + uS,).
From (A 8) and (A 9), we obtain:

oD,  0F

d d 5
= |—= — = Al
ot 5 5, (P + =~ (pu” + p) | =0, (A 10)

0x

which is the momentum conservation equation (2.25).
In general, the symplecticity conservation laws are given by (4.22), i.e.

D, (F3,) =0, where v <y, (A11)
and
ny = Kf‘jzf‘}z,jy. (A12)
For the case of 1D gas dynamics, there is only one structural conservation law,
namely:
D, (Fy)) + D, (Fy;) =0. (A 13)

Using (A 12), we find:
FYy = 2K{ 2/ = [2,]"K',
= ¢ px + BrSx — SiBx — Px (A 14)

_ 3, p) , 9B.S)
A, x) A, x)”
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Similarly, we find:

1 il i — Tl
Fo, —ZfoKijZ,1=[Zt] K'z,

d ad
= (p¢t - IBSt)ux + M¢Ipx + E(IBIO)SX - uStﬁx - ¢x§(pu) (A 15)

(P, u) (¢, p) d(u, S) (B, S)
=P o T Para T e

Using (A 14) and (A 15) in (A 13) gives the symplecticity conservation law (2.26).

Appendix B
In this appendix we discuss the notation

Ve =BVo—B(Vo), Vi=B(Vo) —B(V-o) (B1)
used in (5.17). Consider the integral:

Ve(W) &’°x = [ [B-Vo—B:(Vo)| W d’x
/ /1 ]

=/ <BS88VVY —BSV,‘WS> €; d3X
R * (B2)

_ / {V-(B® W) — V(B-W) — W(V-B) + W-(VB)" } d*x

=/{W~(Vo)T—wv~o}Bd3x=/V‘;(B) d’x,
R R

where
Ve = W-(Vo)” — W(V-0), (B3)

and {e;} are unit base vectors along the x, y, and z axes. In the derivation of (B2)
we have used the Gauss’ divergence theorem to obtain:

/ V-B®W) d’x = / (Bn)W dS,
R oR

(B4)
/ V(BW) d’x = / (B-W)n dS,
R oR
where n is the outward normal to the region R, and we assume that the surface
integrals (B4) vanish. The formula Vg in (B 1) now follows by using the replacement
W — B in (B3).
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