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Abstract. In this paper we establish a variety of square function inequalities and study
other operators which measure the oscillation of a sequence of ergodic averages. These
results imply the pointwise ergodic theorem and give additional information such as
control of the number of upcrossings of the ergodic averages. Related results for
differentiation and for the connection between differentiation operators and the dyadic
martingale are also established.

1. Introduction
In this paper we consider square functions in ergodic theory, martingale theory and
differentiation. We also introduce square functions that show how the averages from
these areas are related. Here is a brief description of each section.

Section 1. Here we introduce some concepts used throughout the paper, and state
some typical results.

Section 2. Here we deal with inequalities inL2. First a fundamental connection
between differentiation and martingales is established by proving theL2-boundedness
of a square function involving these operators. Then we use these results to prove the
L2-boundedness for a great variety of ergodic square functions.

Section 3. We prove that the square functions of the previous section are weak type
(1, 1).

Section 4. Most of our square functions mapL∞ to BMO, and are type(p, p) for
1 < p < ∞.
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Section 5. Some of the results on square functions lead to upcrossing results for ergodic
averages. In particular, the exponential estimate of Kalikow and Weiss is generalized to
averages taken over an arbitrary nested sequence of intervals.

Section 6. Here we summarize (and prove) results on martingales which are used in
the paper or which motivated some of our results.

Before we can get into more details we need some definitions.

Definitions 1.1.For a sequence(xn) and% ≥ 1 define the%th norm operatorS% by

S%(xn) =
( ∞∑

n=1

|xn|%
)1/%

.

For a fixed sequencen1 < n2 < · · · , define the oscillational norm operatorO by

O%(xn) = S%

(
sup

nk−1≤n≤m<nk

|xn − xm|
)

=
( ∞∑

k=1

sup
nk−1≤n≤m<nk

|xn − xm|%
)1/%

,

and the variational norm operatorV by

V%(xn) = sup
(n(k))

S%(xn(k) − xn(k+1))

= sup
(n(k))

(∑
k

|xn(k) − xn(k+1)|%
)1/%

,

where the supremum is taken over all systems of indicesn(1) < n(2) < · · · .
Most of the time, we will useS% andO% when% = 2. In this case we will often omit

the subscript%, that is, we writeS = S2, O = O2.

Remark.It turns out that it is often more convenient to deal with the operatorO′ defined
by

O′(xn) = S
(

sup
nk−1≤n<nk

|xn − xnk−1|
)

.

Let us note the following obvious inequalities:

O′(xn) ≤ O(xn) ≤ 2O′(xn), (1.1)

and
O(xn) ≤ 2S(xn). (1.2)

Let us now describe some of our results. LetR1 ⊂ R2 ⊂ · · · be a nested sequence of
intervals inZ.

Warning. While the results of this paper apply to any nested sequence of intervals
R1 ⊂ R2 ⊂ · · · , from now on we assume, unless we say otherwise (as we often do
in §5), that eachRn satisfies:
• 0 ∈ Rn;
• |Rn| = n.
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For the study of ‘square function like’ operators, these assumptions are without loss of
generality: 0∈ Rn can be achieved by translating each interval by the same integer;
|Rn| = n can be achieved by inserting further intervals into the original sequence of
intervals, and then re-indexing. These operations on the sequenceR1 ⊂ R2 ⊂ · · · do not
change our results.

Let (X, 6, m, τ) denote a dynamical system with(X, 6, m) a probability space andτ
a measurable, invertible, measure-preserving point transformation fromX to itself. For
a functionf : X → R, let

Mtf (x) = 1

t

∑
j∈Rt

f (τ jx).

For a sequencen1 < n2 · · · define the operatorO = O((nk)) by

Of (x) = O(Mtf (x))

=
( ∞∑

k=1

sup
nk−1≤n≤m<nk

|Mnf (x) − Mmf (x)|2
)1/2

. (1.3)

The following theorem is a quantitative version of the pointwise ergodic theorem, but
it generalizes several other results as well.

THEOREM A. In any dynamical system the operatorO defined in (1.3) is weak type
(1, 1), type (p, p) for 1 < p < ∞ and mapsL∞ to BMO. The constants in the
inequalities (although not necessarily the best constants) do not depend on the sequence
n1 < n2 < · · · .

We prove that:O is type (2, 2) in §2; O is weak type(1, 1) in §3; O mapsL∞ to
BMO in §4. ThatO is type(p, p) for 1 < p < ∞ follows by interpolation.

There were many results that can be considered predecessors of Theorem A. They all
dealt with the caseRn = [0, n).

First, the ergodic square functionS was considered;S is defined by

Sf (x) = S(Mnk
f (x) − Mnk−1f (x))

=
( ∞∑

k=1

|Mnk−1f (x) − Mnk
f (x)|2

)1/2

. (1.4)

If nk = k, S is the square function in [19] and for general(nk) this is the square function
considered in [20]. In [20], the operatorS was shown to mapL2 to L2, andL1 to weak
L1, but thatS is of type(p, p) for 2 < p < ∞ is already new.

It was Gaposhkin [15, 16] (see also [8]) who first considered the operatorO. He
proved thatO is type (2, 2) if the sequence(nk) satisfiesc ≤ nk+1/nk < C for some
constants 1< c < C. White [27] (see [2]) modified techniques developed by Bourgain
in [7] to prove thatO is type (2, 2) if the sequence(nk) satisfiesnk+1 > cn

β

k for some
β > 1.

The next theorem involves the operatorV% defined by

V%f (x) = V%(Mtf (x))

= sup
(n(k))

(∑
k

|Mn(k)f (x) − Mn(k+1)f (x)|%
)1/%

. (1.5)
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THEOREM B. Let % > 2. Then, in any dynamical system, the operatorV% defined in (1.5)
is weak type(1, 1), type(p, p) for 1 < p < ∞ and mapsL∞ to BMO.

Note that if % = 2, using the law of the iterated logarithm, it can be shown that
for the Brownian martingale the operatorV% is not type(2, 2). This is exactly why we
considered the operatorO!

We prove that:V% is type (2, 2) in §2; V% is weak type(1, 1) in §3; V% mapsL∞ to
BMO in §4. ThatV% is type(p, p) for 1 < p < ∞ follows by interpolation.

The operatorV% was first considered by Bourgain in [6]. He shows that ifRn =
{0, 1, . . . , (n − 1)} thenV% is type(2, 2).

We will use Theorem B in§5 to extend the exponential estimate of Kalikow and
Weiss [21] for the number of upcrossings of the ergodic averagesMtf (x).

As we mentioned earlier, many of our results are motivated by similar results for
martingales. In fact, the results for martingales areused in many of the proofs.
The fundamental tools in establishing the connection between martingales and ergodic
averages are variants of the next theorem.

Let the differentiation operatorDn on L1([0, 1)) be defined by

Dnf (x) = 2n

∫ x+1/2n

x

f (t) dt, (1.6)

and let(fk) denote the standard dyadic martingale, that is,fk = E(f |Fk), whereFk is
the σ -field generated by the intervals [(j − 1)/2k, j/2k), j = 1, 2, . . . , 2k. Let us define
the square functionS by

Sf (x) = S(Dkf (x) − fk(x))

=
( ∞∑

k=1

|Dkf (x) − fk(x)|2
)1/2

. (1.7)

THEOREM C. The operatorS defined in (1.7) is weak type(1, 1), type (p, p) for
1 < p < ∞ and mapsL∞ to BMO.

We prove that:S is type (2, 2) in §2; S is weak type(1, 1) in §3; S mapsL∞ to
BMO in §4. ThatS is type(p, p) for 1 < p < ∞ follows by interpolation.

Throughout the paperc and C (sometimes with additional parameters) will denote
constants, but will not always be the same from one occurrence to the next. To avoid
confusion, we will usually useφ to denote a function fromZ to R, or possibly fromZ

d

to R. We will usually usef to denote a function from a probability spaceX to R.

Remark 1.2.In general, one cannot conclude convergence from the boundedness of simple
‘square function like’ operators likeS in (1.4). This is why we study more complicated
operators which are associated withO andV. In particular, let us show the existence of
a sequence of operators,(Tn), and a functionf0 ∈ L2, for which (Tnf0) fails to converge,
but such that for any fixed sequence(nk), the square function

Sf (x) =
( ∞∑

k=1

|Tnk+1f (x) − Tnk
f (x)|2

)1/2

is a bounded operator onL2.
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Indeed, let8j be the orthonormal system considered by Menschov (or we could let
8j be an appropriate rearrangement of any complete orthonormal system onL2[0, 1))
(see [17]). Then there is anf0 ∈ L2[0, 1) so that the partial sums

∑n
j=1 cj (f0)8j (x)

diverge a.e., whereck(f ) is the Fourier coefficient off with respect to8k.
Let Tkf (x) = ∑k

j=1 cj (f )8j (x). Clearly, for any sequence(nk) we will have∥∥∥∥( ∞∑
k=1

(Tnk+1f (x) − Tnk
f (x))2

)1/2∥∥∥∥
2

≤ ‖f ‖2,

for all f ∈ L2[0, 1). However, as we remarked above,Tkf0(x) fails to converge a.e.

2. TheL2 theory
Martingales and differentiation. We begin this section with a result relating martingales
and the standard differentiation operator. LetFk denote the dyadicσ -field on [0, 1) with
2k atoms: [0, 1/2k), [1/2k, 2/2k), . . . , [(2k − 1)/2k, 1). ThusF0 contains only the two
elements [0, 1) and∅. For f ∈ L2([0, 1)) let fk = E(f |Fk). Defined0 = f0 = E(f )

and fork > 0 definedk = fk − fk−1. Note that by orthogonality,f = ∑∞
k=0 dk in norm.

By the martingale convergence theoremf = ∑∞
k=0 dk a.e., but this fact is not used in the

following argument. Forf ∈ L1([0, 1)), extended periodically toR, define the operators

Dnf (x) = 2n

∫ x+1/2n

x

f (t) dt.

Consider the square function defined by

S(f )(x) = S(Dnf (x) − fn(x)) =
( ∞∑

n=1

|Dnf (x) − fn(x)|2
)1/2

. (2.1)

THEOREM 2.1. There is a constantC such that the square function in (2.1) satisfies

‖Sf ‖2 ≤ C‖f ‖2.

Proof. We have

fn − Dnf = E

( ∞∑
k=0

dk

∣∣∣∣Fn

)
− Dn

( ∞∑
k=0

dk

)
=

∞∑
k=0

(E(dk|Fn) − Dndk).

Note that forn ≤ k we haveE(fk|Fn) = fn. From this it follows that forn < k we
haveE(dk|Fn) = fn − fn = 0. We also haveE(dk|Fn) = dk for k ≤ n. Consequently

fn − Dnf =
n∑

k=0

(dk − Dndk) −
∞∑

k=n+1

Dndk.

We claim that fork ≤ n we have

‖dk − Dndk‖2
2 ≤ C2k−n‖dk‖2

2 (2.2)

and that fork > n we have

‖Dndk‖2
2 ≤ C2n−k‖dk‖2

2. (2.3)
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If these two claims are true then by the triangle inequality and the above representation,
we have

‖fn − Dnf ‖2 ≤
n∑

k=0

‖dk − Dndk‖2 +
∞∑

k=n+1

‖Dndk‖2,

and using (2.2) and (2.3), we have

‖fn − Dnf ‖2 ≤ C

n∑
k=0

√
2

k−n‖dk‖2 + C

∞∑
k=n+1

√
2

n−k‖dk‖2.

Consequently

‖fn − Dnf ‖2
2 ≤ C

( n∑
k=0

√
2

k−n‖dk‖2

)2

+ C

( ∞∑
k=n+1

√
2

n−k‖dk‖2

)2

.

Writing
√

2 = 21/4 × 21/4, and applying Ḧolder’s inequality we have

‖fn − Dnf ‖2
2 ≤ C

(( n∑
k=0

√
2

k−n
)1/2( n∑

k=0

√
2

k−n‖dk‖2
2

)1/2)2

+C

(( ∞∑
k=n+1

√
2

n−k
)1/2( ∞∑

k=n+1

√
2

n−k‖dk‖2
2

)1/2)2

≤ C

n∑
k=0

√
2

k−n‖dk‖2
2 + C

∞∑
k=n+1

√
2

n−k‖dk‖2
2.

Summing overn we now have

‖Sf ‖2
2 =

∞∑
n=1

‖fn − Dnf ‖2
2

≤ C

∞∑
n=0

n∑
k=0

√
2

k−n‖dk‖2
2 + C

∞∑
n=0

∞∑
k=n+1

√
2

n−k‖dk‖2
2

≤ C

∞∑
k=0

‖dk‖2
2

∞∑
n=k

√
2

k−n + C

∞∑
k=0

‖dk‖2
2

k−1∑
n=0

√
2

n−k

≤ C

∞∑
k=0

‖dk‖2
2 = C‖f ‖2

2,

where the last line follows by orthogonality.
It now remains to prove (2.2) and (2.3). We first prove (2.2). Fixx so that

r/2k ≤ x < (r + 1)/2k. Note thatdk = fk − fk−1 is constant on [r/2k, (r + 1)/2k). So
if x < (r + 1)/2k − 1/2n thenDndk(x) = dk(x).

For the remainingx we have|Dndk(x)| ≤ max{|dk(x)|, |dk(x + 1/2n)|} sincen ≥ k.
Consequently

|Dndk(x)| ≤ max

{∣∣∣dk

( r

2k

)∣∣∣ , ∣∣∣∣dk

(
r + 1

2k

)∣∣∣∣} .

From this we obtain

‖dk − Dndk‖2
2 ≤

2k−1∑
r=0

∫ (r+1)/2k

r/2k

|dk(x) − Dndk(x)|2
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=
2k−1∑
r=0

∫ (r+1)/2k

(r+1)/2k−1/2n

|dk(x) − Dndk(x)|2

≤ C

2k−1∑
r=0

1

2n

(∣∣∣dk

( r

2k

)∣∣∣2 +
∣∣∣∣dk

(
r + 1

2k

)∣∣∣∣2
)

≤ C2k−n 1

2k

2k−1∑
r=0

∣∣∣dk

( r

2k

)∣∣∣2
= C2k−n‖dk‖2

2.

To prove (2.3), letk > n. Fix x, r/2k−1 ≤ x < (r + 1)/2k−1. Then using the fact that
E(dk|Fk−1) = 0, we have

Dndk(x) = 2n

∫ x+1/2n

x

dk(t) dt

= 2n

(∫ (r+1)/2k−1

x

dk(t) dt +
∫ x+1/2n

(r+2k−1−n)/2k−1
dk(t) dt

)
.

Consequently,

|Dndk(x)| ≤ C2n

(∣∣∣dk

( r

2k−1

)∣∣∣+ ∣∣∣∣dk

(
r

2k−1
+ 1

2k

)∣∣∣∣
+
∣∣∣∣dk

(
r + 2k−1−n

2k−1

)∣∣∣∣+ ∣∣∣∣dk

(
r + 2k−1−n

2k−1
+ 1

2k

)∣∣∣∣) 1

2k
.

From this we have

‖Dndk‖2
2 ≤

2k−1−1∑
r=0

∫ (r+1)/2k−1

r/2k−1
|Dndk(x)|2 dx

≤ C

2k−1∑
r=0

1

2k

(
2n−k

∣∣∣dk

( r

2k

)∣∣∣+ 2n−k

∣∣∣∣dk

(
r + 1

2k

)∣∣∣∣)2

= C(2n−k)2
2k∑

r=0

1

2k

∣∣∣dk

( r

2k

)∣∣∣2
= C4n−k‖dk‖2

2. �

The above result can be generalized. For each positive integern define a pair of
measurable non-negative functionsan(x) andbn(x) such thatan(x)+ bn(x) = 1/2n. Let
Dnf (x) = 2n

∫ x+bn(x)

x−an(x)
f (t) dt . Then we have the following theorem.

THEOREM 2.2. There is a constantC, independent of the sequences(an(x)) and (bn(x)),
such that the square function defined by

Sf (x) = S(Dnf (x) − fn(x)) =
( ∞∑

n=1

|Dnf (x) − fn(x)|2
)1/2

satisfies
‖Sf ‖2 ≤ C‖f ‖2.
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Proof. The proof is similar to the proof of Theorem 2.1. The only changes are in the
proof that conditions (2.2) and (2.3) hold. For condition (2.2), the change is trivial
because instead of bounding|Dndk(x)| by max{|dk(r/2k)|, |dk((r + 1)/2k)|}, we have

|Dndk(x)| ≤ max

{∣∣∣dk

( r

2k

)∣∣∣ , ∣∣∣∣dk

(
r + 1

2k

)∣∣∣∣ , ∣∣∣∣dk

(
r − 1

2k

)∣∣∣∣} .

This only results in a change in the constantC that occurs in the statement of
condition (2.2).

To see the analog of condition (2.3) we need to work harder. Here the most we can
say is that

|Dndk(x)| ≤ C2n 1

2k
max

{∣∣∣∣dk

(
r

2k−1
+ j

2k

)∣∣∣∣ : −2k−n ≤ j ≤ 2k−n

}
.

Hence

|Dndk(x)|2 ≤ C4n−k max

{∣∣∣∣dk

(
r

2k−1
+ j

2k

)∣∣∣∣2 : −2k−n ≤ j ≤ 2k−n

}

≤ C4n−k
2k−n∑

j=−2k−n

∣∣∣∣dk

(
r

2k−1
+ j

2k

)∣∣∣∣2 .

Using this we have

‖Dndk‖2
2 ≤

2k−1−1∑
r=0

∫ (r+1)/2k−1

r/2k−1
|Dndk(x)|2 dx

≤ C

2k−1∑
r=0

1

2k
4n−k

2k−n∑
j=−2k−n

∣∣∣∣dn

(
r

2k−1
+ j

2k

)∣∣∣∣2

≤ C

2k−1∑
r=0

1

2k
4n−k2k−n+1

∣∣∣dn

( r

2k

)∣∣∣2
≤ C2n−k

2k∑
r=0

1

2k

∣∣∣dk

( r

2k

)∣∣∣2
= C2n−k‖dk‖2

2. �

We now have the following corollary.

COROLLARY 2.3. For each n let an(x), bn(x), a′
n(x) and b′

n(x) be four non-negative
functions such thatan(x) + bn(x) = a′

n(x) + b′
n(x) = 1/2n. If we let

Dnf (x) = 2n

∫ x+bn(x)

x−an(x)

f (t) dt

and

1nf (x) = 2n

∫ x+b′
n(x)

x−a′
n(x)

f (t) dt,
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then the square function

Sf (x) = S(Dnf (x) − 1nf (x)) =
( ∞∑

n=1

|Dnf (x) − 1nf (x)|2
)1/2

satisfies‖Sf ‖2 ≤ C‖f ‖2, whereC is a universal constant and, in particular, does not
depend on any of the sequencesan, bn, a′

n andb′
n.

Proof. The proof follows from Theorem 2.2 and the pointwise estimate

Sf (x) = S(Dnf (x) − 1nf (x))

≤ S(Dnf (x) − fn(x)) + S(1nf (x) − fn(x)). �

Consequences for ergodic averages.The previous results can be transferred to the
integer setting, or the results can be reproved, using the same argument as above,
and just changing the notation. LetEkφ(r) denote conditional expectation onZ with

respect to the dyadicσ -field. In particular,Ekφ(r) = (1/2k)
∑(j+1)2k−1

t=j2k φ(t), where

j2k ≤ r < (j + 1)2k. Let R1 ⊂ R2 ⊂ · · · denote a nested sequence of intervals inZ

such that|Rt | = t and R1 = {0}. Let Mtφ(r) = (1/t)
∑

j∈Rt
φ(r + j). Then we have

the following parallel result to Theorem 2.1.

THEOREM 2.4. The square function

S(M2nφ(r) − Enφ(r)) =
( ∞∑

n=1

|M2nφ(r) − Enφ(r)|2
)1/2

maps`2(Z) boundedly tò 2(Z).

Remark 2.5.In fact, this result also holds in the setting corresponding to Theorem 2.2,
that is, if we replace the operatorsM2n − En by the operatorsTn defined by

Tnf (r) = sup
R

∣∣∣∣∣ 1

|R|
∑
j∈R

φ(r + j) − Enφ(r)

∣∣∣∣∣ ,
where the supremum is taken over all intervalsR ⊂ Z which contain 0, and of length 2n.

The following result for dyadic averages onZ will be useful in the proof of some
subsequent theorems.

THEOREM 2.6. There is a universal constantC such that for any increasing sequence(nk)

we have ∥∥∥∥( ∞∑
k=1

max
nk−1≤n<nk

|M2nφ − M2nk φ|2
)1/2∥∥∥∥

`2

≤ C‖φ‖`2. (2.4)

Remark 2.7.Again, this result holds even if we replace the operatorsM2n − M2nk by the
operatorsTn defined by

Tnf (r) = sup
R,R′

∣∣∣∣∣ 1

|R|
∑
j∈R

φ(r + j) − 1

|R′|
∑
j∈R′

φ(r + j)

∣∣∣∣∣ ,
where the supremum is taken over all pairs of intervalsR, R′ ⊂ Z which contain 0, and
|R| = 2n, |R′| = 2nk .
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Proof. First, note that( ∞∑
k=1

max
nk−1≤n<nk

|M2nφ(x) − M2nk φ(x)|2
)1/2

≤ O(M2nφ(x)),

and then estimate as

O(M2nφ(x)) ≤ O(M2nφ(x) − Enφ(x)) + O(Enφ(x)).

The first term is estimated, by (1.2), as

O(M2nφ(x) − Enφ(x)) ≤ 2S(M2nφ(x) − Enφ(x)).

By Theorem 2.4,S(M2nφ(x) − Enφ(x)) is a bounded operator oǹ2(Z).
The`2-boundedness of the second term follows from Theorem 6.1 takingfn = Enφ. �

Remark.Let (fn) be a martingale. It follows from Theorem 6.1 that for any positive
integersp < q, we have ∥∥∥∥ max

p≤k<q
|fk − fp|

∥∥∥∥
2

≤ c‖fp − fq‖2.

However, this is not true in the case of ergodic averages. Indeed, we will show the
following. Let p < q be even. Then in any aperiodic dynamical system, for any
constantC, there is anf ∈ L2 so that∥∥∥∥ max

p≤k<q
|Mkf − Mpf |

∥∥∥∥
2

≥ C max
{‖Mpf ‖2, ‖Mqf ‖2

}
.

For φ : Z → R denote by‖ · ‖ the ‘density`2-norm’:

‖φ‖ = lim sup
L→∞

√
1

2L

∑
−L≤j<L

φ(j)2.

By the general principle described in [1, Theorem 2.3], it is sufficient to show that, for
any constantC, there isφ : Z → R with∥∥∥∥ max

p≤k<q
|Mkφ − Mpφ|

∥∥∥∥ ≥ C max{‖Mpφ‖, ‖Mqφ‖}.

We show this in the following way: for someφ : Z → R (for any evenp < q)

‖Mp+1φ − Mpφ‖ = ‖Mp+1φ‖ = 1

p + 1
and ‖Mpφ‖ = ‖Mqφ‖ = 0. (2.5)

Indeed, let

φ(x) =
{

1 if x even;
−1 if x odd.

We clearly have, for everyx ∈ Z,

|Mtφ(x)| =
{

0 if t even;
1/t if t odd.

from which (2.5) immediately follows.

Question 2.8.Is there a constantC so that, for everyp < q,∥∥∥∥max
p≤t<q

|Mtf − Mpf |
∥∥∥∥

2

≤ C max
p≤t<q

‖Mtf − Mqf ‖2.
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Notation and preliminary results. To simplify some of the following discussion, we
introduce some additional notation. For a sequence(xn) let us denote

‖(xn)‖v(%) = sup

(∑
i

|xn(i) − xn(i+1)|%
)1/%

,

where the sup is taken over all systems of indicesn(1) < n(2) < · · · . That is,
‖(xn)‖v(%) = V%(xn). Note that for% ≥ 1, ‖ · ‖v(%) is a semi-norm on the space of
sequences. Also note that for% ≥ 2 we have the inequalities

‖(xn)‖v(%) ≤ ‖(xn)‖v(2) ≤ 2 · S(xn), (2.6)

where as before

S(xn) =
(∑

n

|xn|2
)1/2

.

Note that for every sequence(φn) of Z → R functions

‖S(φn)‖`2 = S(‖φn‖`2),

that is to say, the operatorS commutes with thè 2-norm. We will repeatedly use the
fact that for anyn1 < n2 < · · · we have

S(‖(xn | nk−1 ≤ n < nk)‖v(2)) =
(∑

k

‖(xn | nk−1 ≤ n < nk)‖2
v(2)

)1/2

≤ ‖(xn)‖v(2), (2.7)

and if we also havexnk
= 0 for all k, then

‖(xn)‖v(2) ≤ 2 · S(‖(xn | nk−1 ≤ n < nk)‖v(2)). (2.8)

It is easy to see that the constant 2 in (2.8) cannot be improved. Only the inequality
in (2.8) needs proving.

Proof of (2.8).Let n(1) < n(2) < · · · be an arbitrary sequence. We need to show that∑
i

|xn(i) − xn(i+1)|2 ≤ 4
∑

k

‖(xn | nk−1 ≤ n < nk)‖2
v(2). (2.9)

In the sum
∑

i |xn(i)−xn(i+1)|2, the only terms which are not controlled by the sum on the
right-hand side of (2.9) are those for whichnk−1 ≤ n(i) < nk andnk′−1 ≤ n(i + 1) < nk′

with somek < k′. Let I denote the set of such ‘bad’ indicesi. For i ∈ I , we write,
usingxnk−1 = xnk′−1

= 0,

|xn(i) − xn(i+1)|2
≤ 2(|xn(i)|2 + |xn(i+1)|2)
= |xn(i) − xnk−1|2 + |xn(i) − xnk−1|2 + |xn(i+1) − xnk′−1

|2 (2.10a)

+|xn(i+1) − xnk′−1
|2. (2.10b)

Let S be the quantity we get by replacing, for eachi ∈ I , the term|xn(i) − xn(i+1)|2 by
the term in (2.10b) in the sum

∑
i |xn(i) − xn(i+1)|2. Then

S ≤
∑

k

‖(xn | nk−1 ≤ n < nk)‖2
v(2).
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We have the same inequality ifS denotes the sum overi ∈ I of any of the terms
in (2.10a), and this concludes our proof of (2.9). �

For a fixed sequencen1 < n2 < · · · define

‖(xn)‖o(2) = O(xn)

=
(∑

k

sup
nk−1≤n≤m<nk

(xn − xm)2

)1/2

.

Note that‖ · ‖o(2) is a semi–norm on the space of sequences and that the inequality

‖(xn)‖o(2) ≤ ‖(xn)‖v(2), (2.11)

is valid for any fixedn1 < n2 < · · · in the definition of the normo(2).

Remark 2.9.It is possible for the right-hand side of inequality (2.11) to be much larger
than the left-hand side. To see this we can consider the following simple example.
Fix a sequence(nk) and letxn = 1 for nk−1 ≤ n < nk if k is even andxn = 0 for
nk−1 ≤ n < nk if k is odd. Clearly‖(xn)‖o(2) = 0 while ‖(xn)‖v(2) = ∞. Consequently,
results about thev(2) norm are stronger than the associated result about theo(2) norm.

As an illustration on the use of the above tools, we show how Gaposhkin’s result—
that the square functionO defined in (1.3) is a bounded operator fromL2 to L2 when
nk = 2k—can be used to quickly obtain a result which strengthens not only Gaposhkin’s
own result but also improves White’s result mentioned in the introduction.

PROPOSITION2.10. Suppose that the sequencen1 < n2 < · · · is lacunary. Then

‖‖(Mtφ)‖o(2)‖`2 ≤ C · ‖φ‖
`2.

Remark.Recall that Gaposkhin’s result assumes the sequence(nk) neither grows too
fast nor too slowly. That is, he assumes there are constantsC > c > 1 such
that c < nk+1/nk < C. Here we are only assuming there is a constantc so that
1 < c < nk+1/nk.

Proof. We can assume without loss of generality thatnk+1/nk > 2. (If not, select a
partition of the sequence into a finite number of subsequences for which this is true.
Apply the following argument to each subsequence, and use the triangle inequality and
the conclusion of the argument for the subsequences to obtain the result for the full
sequence.) Let us define the operatorsVt by

Vtf = M2k−1φ; 2k−1 ≤ t < 2k.

Estimate as

‖‖(Mtφ)‖o(2)‖`2 ≤ ‖‖(Vtφ)‖o(2)‖`2 + ‖‖(Mtφ − Vtφ)‖o(2)‖`2.

As for the first term, note that

‖(Vtφ)‖o(2) ≤ ‖(M2kφ)‖o(2) + S(M2k−1φ − M2kφ).
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The reason we have to include the termS(M2k−1φ − M2kφ) is because we may have
2k−1 < nj < 2k. Then M2k−1 may be in two terms of the sum given by‖(Vtφ)‖o(2)

while it could occur in only one term of the sum given by‖(M2kφ)‖o(2). Note that
‖(M2kφ)‖o(2) is a bounded operator by Theorem 2.6 andS(M2k−1φ − M2kφ) is also a
bounded operator from̀2 to `2. A fast way to see this is to use Theorem 2.4 and the
fact that the martingale square function is a bounded operator.

To bound the second term, defineKt = Mt −Vt . All we need to show is the pointwise
estimate

‖(Ktφ)‖o(2) ≤ 4 · S
(

sup
2j−1≤t<2j

|Ktφ|
)

= 4 · S
(

sup
2j−1≤t<2j

|Mtφ − M2j φ|
)

because then Gaposhkin’s result shows that‖(Ktφ)‖o(2) is a bounded̀ 2 → `2 operator.
Thus our problem is reduced to showing a statement about scalar sequences. That is,

it is enough to show that for every sequence(xt ) of real numbers, we have

‖(xt )‖o(2) ≤ 4 · S
(

sup
2j−1≤t<2j

|xt |
)

.

Write
‖(xt )‖2

o(2) =
∑

k

(xtk − xsk
)2 = (S(xtk − xsk

))2,

with nk−1 ≤ sk < tk < nk. Sincenk+1/nk > 2, there is at least 1 power of 2 betweentk

and tk+2 and betweensk andsk+2. But then, by the triangle inequality,

S(xtk − xsk
) ≤ S(xtk ) + S(xsk

)

≤ 4 · S
(

sup
2j−1≤t<2j

|xt |
)

. �

By standard transference methods (see, for example, [12, 25]), Proposition 2.10 is
easily generalized to any measure-preserving system. Assumeτ is a measure-preserving
point transformation (assumeτ is invertible if anyRn contains negative integers) and
defineMnf (x) = (1/n)

∑
k∈Rn

f (τ kx). Then we have the following corollary.

COROLLARY 2.11. Suppose that the sequencen1 < n2 < · · · is lacunary. Then

‖‖(Mtf )‖o(2)‖L2 ≤ C · ‖f ‖
L2.

Inequalities for oscillation and variation. Gaposhkin’s result can be generalized in a
different direction as well. We will state and prove the result only in the special case
where we use the dyadic blocks [2k−1, 2k), but it is true with the more general lacunarity
assumptions used by Gaposhkin.

PROPOSITION2.12. For all φ ∈ `2 we have

‖S(‖(Mtφ | 2k−1 ≤ t < 2k)‖v(2))‖`2 ≤ C · ‖φ‖
`2. (2.12)
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Further, for any dynamical system(X, 6, µ, τ) with τ an invertible measure-preserving
point transformation, we have for anyf ∈ L2(X) the inequality

‖S(‖(Mtf | 2k−1 ≤ t < 2k)‖v(2))‖L2 ≤ C · ‖f ‖
L2.

Remark.The difference between this result and Gaposhkin’s inequality is the use of the
v(2) norm in place of theo(2) norm, where we takenk = 2k in the definition of the
o(2)-norm. Since, as we pointed out in Remark 2.9, thev(2) norm can be much larger
than theo(2) norm, this is a stronger result.

Before proving Proposition 2.12 we show how it can be used to deduce two inequalities
for the normsV%, % > 2, andO.

THEOREM 2.13. If 2 < % < ∞ then

‖‖(Mtφ)‖v(%)‖`2 ≤ C(%) · ‖φ‖
`2. (2.13)

There is a constantC so that for any sequencen1 < n2 < · · · we have

‖‖(Mtφ)‖o(2)‖`2 ≤ C · ‖φ‖
`2. (2.14)

Further, if the averagesMt are the ergodic averages

Mtf (x) = 1

t

∑
k∈Rt

f (τ kx),

then
‖‖(Mtf )‖v(%)‖L2 ≤ C(%) · ‖f ‖

L2

and
‖‖(Mtf )‖o(2)‖L2 ≤ C · ‖f ‖

L2.

The inequality in (2.13) and its proof are slightly generalized versions of those of
Bourgain, [6, Corollary 3.25]. The main difference is that we allow an arbitrary nested
sequence of intervalsR1 ⊂ R2 · · · in the definitionMt , while Bourgain proved his result
only for Rn = [0, n). Also, (2.14) extends Proposition 2.10 to any sequence(nk).

Proof of the implication Proposition 2.12H⇒ Theorem 2.13.Let the operatorsVt be

Vtφ = M2k−1φ; 2k−1 ≤ t < 2k.

To prove inequality (2.13) we estimate

‖‖(Mtφ)‖v(%)‖`2 ≤ ‖‖(Vtφ)‖v(%)‖`2 + ‖‖(Mtφ − Vtφ)‖v(%)‖`2. (2.15)

To handle the first term on the right-hand side of inequality (2.15) we again use the
operators(Ek), where Ek is the conditional expectation with respect to the algebra
generated by the intervals [j · 2k, (j + 1) · 2k), j ∈ Z. Then we have

‖‖(Vtφ)‖v(%)‖`2 = ‖‖(M2kφ)‖v(%)‖`2 (2.16)

≤ ‖‖(Ekφ)‖v(%)‖`2 + ‖‖(M2kφ − Ekφ)‖v(%)‖`2. (2.17)
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Here we know

‖‖(Ekφ)‖v(%)‖`2 ≤ C‖φ‖
`2

by Lepingle’s result (see [22, 23]). For the last term in inequality (2.16) write first,
using (2.6),

‖‖(M2kφ − Ekφ)‖v(%)‖`2 ≤ 2 · ‖S(M2kφ − Ekφ)‖
`2.

But Theorem 2.4 says

‖S(M2kφ − Ekφ)‖
`2 ≤ C‖φ‖

`2.

Hence inequality (2.16) is bounded byC‖φ‖
`2.

Bounding the second term on the right-hand side of inequality (2.15) is done as
follows. Recall that

‖(Mtφ − Vtφ)‖v(%) ≤ ‖(Mtφ − Vtφ)‖v(2).

By (2.8), we have

‖(Mtφ − Vtφ)‖v(2) ≤ 2 · S(‖(Mtφ − M2kφ | 2k−1 ≤ t < 2k)‖v(2))

= 2 · S(‖(Mtφ | 2k−1 ≤ t < 2k)‖v(2)).

Assuming Proposition 2.12, we are now done with the proof of inequality (2.13), since
Proposition 2.12 says the above expression is controlled by‖φ‖

`2.
We now prove inequality (2.14). Write, as before,

‖‖(Mtφ)‖o(2)‖`2 ≤ ‖‖(Vtφ)‖o(2)‖`2 + ‖‖(Mtφ − Vtφ)‖o(2)‖`2. (2.18)

As for the first term, first note

‖(Vtφ)‖o(2) ≤ ‖(M2kφ)‖o(2) + S(M2k−1φ − M2kφ).

Now we can apply Theorems 2.6 and 2.4 to show both these operators are bounded from
`2 to `2.

The boundedness of the second term in (2.18) follows from the inequality

‖(Mtφ − Vtφ)‖o(2) ≤ ‖(Mtφ − Vtφ)‖v(2).

We saw in Proposition 2.12 above that this expression is controlled by‖φ‖
`2, and so the

proof of (2.14) is complete.
The last statement, about the ergodic averages, follows from the prior statements and

standard transfer methods. �

Remark.In the above proof we used Lepingle’s theorem, that for martingales, ands > 2,
we have

‖‖(Ekφ)‖v(s)‖`2 ≤ C‖φ‖
`2.

We will show in §6 that for martingales, the operatorT φ = ‖(Ekφ)‖v(s) is weak type
(1, 1) and maps̀ p to `p for 1 < p < ∞. We will see in the next two sections that the
same is true for the associated operatorVsφ = ‖(Mkφ)‖v(s).
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Proof of Proposition 2.12. We will need estimates for the Fourier transform ofMt . We
state the required estimate as a lemma so it will be easier to refer to later. Recall that

M̂t (β) = 1

t

∑
n∈Rt

e(nβ),

wheree(x) = e2πix .

LEMMA 2.14. Let s < t . Then for everyβ ∈ [−1/2, 1/2] we have

|M̂t (β) − M̂s(β)| ≤ C · min

{
t − s

t
, (t − s)|β|, 1

s|β|
}

.

Proof of Lemma 2.14.It is easy to see that

|M̂t (β) − M̂s(β)| ≤ C

s|β| .

Indeed, write
|M̂t (β) − M̂s(β)| ≤ |M̂t (β)| + |M̂s(β)|,

and use that for any intervalR the numberse(nβ), n ∈ R, form a geometric progression.
Let us now show

|M̂t (β) − M̂s(β)| ≤ C · min

{
t − s

t
, (t − s)|β|

}
.

This is the part of the proof where we are using the fact that we have a nested sequence
of rectangles.

|M̂t (β) − M̂s(β)| = |M̂t (β) − 1 − (M̂s(β) − 1)|
=

∣∣∣∣1t ∑
n∈Rt

(e(nβ) − 1) − 1

s

∑
n∈Rs

(e(nβ) − 1)

∣∣∣∣
=

∣∣∣∣ (1

t
− 1

s

)∑
n∈Rs

(e(nβ) − 1) + 1

t

∑
n∈Rt\Rs

(e(nβ) − 1)

∣∣∣∣
≤ C ·

(
1

t
− 1

s

)∑
n∈Rs

|e(nβ) − 1| + 1

t

∑
n∈Rt\Rs

|e(nβ) − 1|,

from which the estimate easily follows using that

|e(nβ) − 1| ≤ C · min{1, |nβ|}. �

In fact we will use the following immediate consequence of the lemma.

COROLLARY 2.15. Let 2k−1 ≤ t < 2k. Then for everyβ ∈ [−1/2, 1/2] we have

|M̂t (β) − M̂2k (β)| ≤ C · min

{
2k|β|, 1

2k|β|
}

,

and

|M̂t (β) − M̂t−1(β)| ≤ C

2k
.
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With the notationKt = Mt − M2k , we can rewrite (2.12) as

‖S(‖(Ktφ | 2k−1 ≤ t < 2k)‖v(2))‖`2 ≤ C · ‖φ‖
`2. (2.19)

We now writeKt as a sum of orthogonal elements by restricting the Fourier transform
of Kt to disjoint sets, the union of which is the 1-periodic extension of [−1/2, 1/2]\{0}.
(It does not matter that 0 is excluded sincêK(0) = 0.)

First, for j ∈ Z, we introduce the functionsχj . For positivej , we let χj be the
1-periodic extension of the characteristic function of the set

[−2−j , −2−j−1) ∪ [2−j−1, 2−j ).

For j ≤ 0 we setχj ≡ 0.
Next, for 2k−1 ≤ t < 2k, we define the operatorKj,t by its Fourier transform as

K̂j,t (β) = K̂t (β)χj+k(β).

Clearly,
Kt =

∑
j∈Z

Kj,t . (2.20)

We need the following.

LEMMA 2.16.
• For everyj and t we have

|K̂j,t (β)| ≤ C

2|j | . (2.21)

• For everyj and t , if 2k−1 ≤ t < 2k, we have

|K̂j,t (β) − K̂j,t−1(β)| ≤ C

2k
. (2.22)

Proof of Lemma 2.16.We just need to prove (2.21); the inequality in (2.22) is an
immediate consequence of the second estimate in Corollary 2.15.

Note thatK̂j,t (β) 6= 0 only if 2−j−k−1 ≤ |β| ≤ 2−j−k. From the inequalities of
Corollary 2.15, we use

|K̂t (β)| ≤ C · 2k|β|,
for positivej and, for non-positivej , we use

|K̂t (β)| ≤ C

2k|β| ;

in both cases we get the estimate in (2.21). �

At this point it is convenient to introduce the norm

‖ · ‖ = ‖‖ · ‖v(2)‖`2.

SinceS commutes with thè 2 norm, we can rewrite (2.19) as

S(‖(Ktφ | 2k−1 ≤ t < 2k)‖) ≤ C · ‖φ‖
`2.
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By the triangle inequality, we have

S(‖(Ktφ | 2k−1 ≤ t < 2k)‖) ≤
∑

j

S(‖(Kj,tφ | 2k−1 ≤ t < 2k)‖),

and we see that our proof will be finished if we prove

S(‖(Kj,tφ | 2k−1 ≤ t < 2k)‖) ≤ C

2|j |/2
· ‖φ‖

`2. (2.23)

One more piece of notation and we can start. Let

Ij,k = {β | 2−j−k−1 ≤ |β| ≤ 2−j−k},
N = min{2k−1, 2|j |}.

ChooseN equidistributed points between 2k−1 and 2k, say,

2k−1 = a1 < a2 < · · · < aN < 2k.

Define the operatorsAt by

At = Kj,am−1; am−1 ≤ t < am.

Estimate

S(‖(Kj,tφ | 2k−1 ≤ t < 2k)‖) ≤ S(‖(Atφ | 2k−1 ≤ t < 2k)‖)

+S(‖(Atφ − Kj,tφ | 2k−1 ≤ t < 2k)‖). (2.24)

Let us bound the first term above. For fixedk, we have, using (2.6) and the fact thatS

commutes with thè 2 norm,

‖(Atφ | 2k−1 ≤ t < 2k)‖ = ‖(Kj,am
φ | m ≤ N)‖

≤ 2 · S(‖Kj,am
φ‖

`2).

By Parseval’s formula, we have∑
m≤N

‖Kj,am
φ‖2

`2 =
∑
m≤N

∫
[−1/2,1/2)

|K̂j,am
(β)φ̂(β)|2 dβ

by (2.21) and noting that̂Kj,am
(β) is non-zero only ifβ ∈ Ij,k,

≤ C ·
∑
m≤N

1

22|j |

∫
Ij,k

|φ̂(β)|2 dβ

≤ C

2|j |

∫
Ij,k

|φ̂(β)|2 dβ,

where we used, in the last step, thatN ≤ 2|j |. Summing the above estimate ink we
obtain ∑

k

‖(Atφ | 2k−1 ≤ t < 2k)‖2 ≤ C

2|j | ·
∑

k

∫
Ij,k

|φ̂(β)|2 dβ

= C

2|j | ·
∫

[−1/2,1/2)

|φ̂(β)|2 dβ,
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which, by Parseval’s formula, implies the bound

S(‖(Atφ | 2k−1 ≤ t < 2k)‖) ≤ C

2|j |/2
· ‖φ‖

`2. (2.25)

Let us bound the second term in (2.24). SinceAt = Kj,t if 2k−1 ≤ t < 2k andk ≤ |j |,
we assume thatk > |j |, and henceN = 2|j |. By (2.8) we can estimate as

‖(Atφ − Kj,tφ | 2k−1 ≤ t < 2k)‖v(2) ≤ 2 · S(‖(Atφ − Kj,tφ | am−1 ≤ t < am)‖v(2))

= 2 · S(‖(Kj,tφ | am−1 ≤ t < am)‖v(2)).

For fixedm, we have

‖(Kj,tφ | am−1 ≤ t < am)‖v(2)

≤ ‖(Kj,tφ | am−1 ≤ t < am)‖v(1)

≤
∑

am−1≤t<am

|Kj,tφ − Kj,t+1φ|

≤ (am − am−1)
1/2 ·

( ∑
am−1≤t<am

(Kj,tφ − Kj,t+1φ)2

)1/2

,

where in the last step we used Cauchy’s inequality. If we put the above two estimates
together, take thè2 norm and use thatS commutes with thè 2 norm, we get

‖(Atφ − Kj,tφ | 2k−1 ≤ t < 2k)‖

≤ 2 · S
(

(am − am−1)
1/2 ·

( ∑
am−1≤t<am

‖Kj,tφ − Kj,t+1φ‖2
`2

)1/2)
.

By Parseval’s formula, and recalling thatam − am−1 = 2k/N , we have∑
m≤N

(am − am−1) ·
∑

am−1≤t<am

‖Kj,tf − Kj,t+1f ‖2
`2

=
∑
m≤N

2k

N
·

∑
am−1≤t<am

∫
[−1/2,1/2)

|K̂j,t (β) − K̂j,t+1(β)|2|f̂ |2 dβ

by (2.22) and noting that̂Kj,t (β) is non-zero only ifβ ∈ Ij,k,

≤ C ·
∑
m≤N

2k

N
· 2k

N
· 1

22k
·
∫

Ij,k

|φ̂|2 dβ

= C

N
·
∫

Ij,k

|φ̂|2 dβ.

Summing the above estimate ink we obtain, as before,∑
k

‖(Atφ − Kj,tφ | 2k−1 ≤ t < 2k)‖2 ≤ C

N
·
∑

k

∫
Ij,k

|φ̂(β)|2 dβ

= C

2|j | ·
∫

[−1/2,1/2)

|φ̂(β)|2 dβ,

which, by Parseval’s formula, implies the bound

S(‖(Atφ − Kj,tφ | 2k−1 ≤ t < 2k)‖) ≤ C

2|j |/2
· ‖φ‖

`2. (2.26)
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Now, because of (2.24), the estimates in (2.25) and (2.26) prove (2.23), and so we are
done. �

Let us note that an important consequence of the proof is a generalization of
Theorem 2.4. Denote byE2k what we calledEk before, and define the operatorsEt

by
Et = E2k ; 2k−1 ≤ t < 2k.

THEOREM 2.17.

‖‖(Mtφ − Etφ)‖v(2)‖`2 ≤ C · ‖φ‖
`2.

3. Weak(1, 1) results
We begin this section with a general result that will be used to establish the weak
(1, 1) inequalities for a variety of operators considered in the earlier sections. While the
argument uses the standard Calderón–Zygmund decomposition, it uses an`2 estimate
(or, more generally, aǹ% estimate for some% ≥ 1) for the ‘bad’ function, and hence is
different from the standard argument. Note that for square functions,`2 information is
often more natural.

THEOREM 3.1. Let A be a sublinear operator. Assume thatA satisfies:
(i) there is a constantc so that for anyφ : Z

d → R of finite support

|{|Aφ| > 1}| ≤ c‖φ‖2
`2;

(ii) there is a constantC and an% ≥ 1 such that if(Bj ) is a collection of pairwise
disjoint dyadic cubes inZd , and b : Z

d → R is a function of finite support with
b = ∑

j bj , such that eachbj is supported onBj , and
∑

x∈Bj
bj (x) = 0 for eachj ,

then we have a ‘reversè% inequality’; that is∣∣∣∣A(∑
j

bj (x)

)∣∣∣∣ ≤ C

( ∞∑
j=1

|A(bj )(x)|%
)1/%

,

for all x /∈ ∪j B̃j , where for any cube,B, B̃ denotes the cube with the same center
asB, but with each dimension expanded three times;

(iii) there is a constantC so that ifB is a dyadic cube and the functionb : Z
d → R is

supported onB,
∑

x∈Zd b(x) = 0 and‖b‖
`1 ≤ 4d · |B| then we have∑

x /∈B̃

|Ab(x)|% ≤ C|B|.

If all these properties are satisfied then there is a constantc so that for anyφ : Z
d → R

of finite support
|{|Aφ| > 1}| ≤ c‖φ‖

`1.

Further, the same result holds if we replaceZ
d by [0, 1)d or by R

d and useLp norms in
place of`p norms.

Remark. When % = 1, this theorem is essentially the Benedek–Calderón–Panzone
principle. In this case, sinceA is sublinear, the condition in (ii) is automatically satisfied.
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Proof. We will give the details only in the case ofZ
d . The proof in the other cases is

exactly the same. We begin with the standard Calderón–Zygmund decomposition. We
state the following lemma without proof (see [26]).

LEMMA 3.2. (Caldeŕon–Zygmund decomposition.)Anyφ : Z
d → R of finite support can

be written in the formφ = g + b where:
1. ‖g‖2

`2 ≤ ‖φ‖
`1.

2. b = ∑
j bj where eachbj satisfies:

(a) bj is supported in a dyadic cubeBj ;
(b)

∑
x∈Zd bj (x) = 0 for eachi;

(c) ‖bj‖`1 ≤ 4d |Bj |;
(d)

∑
j |Bj | ≤ ‖φ‖

`1.

Now let φ = g + b as given above. Then we have

|{|Aφ| > 2}| ≤ |{|Ag| > 1}| + |{|Ab| > 1}|.
For the first piece we use (i) and 1. above to obtain

|{|Ag| > 1}| ≤ c‖g‖2
`2 ≤ c‖φ‖

`1.

For the second piece we break the set into two pieces. We can estimate the second piece
by

|{|Ab| > 1}| ≤ |{x : |Ab| > 1, x ∈ ∪j B̃j }| + |{x : |Ab| > 1, x /∈ ∪j B̃j }|.
The first of these is easy; we have, by 2(d),

|{x : |Ab| > 1, x ∈ ∪j B̃j }| ≤ | ∪j B̃j |

≤
∞∑

j=1

|B̃j |

≤ 3d
∞∑

j=1

|Bj |

≤ 3d
∞∑

j=1

∑
x∈Bj

|φ(x)|

≤ 3d‖φ‖
`1.

For the second piece we need to use the other properties ofA in the statement of the
theorem. We have

|{x : |Ab| > 1, x /∈ ∪j B̃j }| ≤
∑

x /∈∪j B̃j

|Ab(x)|%

by (ii)

≤ c
∑

x /∈∪j B̃j

∞∑
j=1

|Abj (x)|%

≤ c

∞∑
j=1

∑
x /∈B̃j

|Abj (x)|%
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by (iii)

≤ c

∞∑
j=1

C · |Bj |

by 2(d)

≤ c‖φ‖
`1. �

We now want to apply this result to the operators considered earlier. In each case we
have already proven that the operator is strong type(2, 2). Hence we already know that
condition (i) is satisfied.

First we prove a result which will imply that the square function considered in
Theorem 2.1 is weak type(1, 1). In fact, our formulation will be more general, but
we do not achieve yet the generality of Theorem 2.2; we restrict the definition of the
operatorDn of Theorem 2.2 by assuming that for eachn, the functionsan(x) andbn(x)

are constants. As we will see, in this more restrictive setting, we can use Theorem 3.1
with % = 1. Later, when we prove the weak(1, 1) analog of Theorem 2.2 (Theorem 3.5),
we will need to use the full strength of Theorem 3.1; we will take% = 2.

Let (Rn) be a sequence of intervals in [0, 1) all containing 0 and|Rn| = 2−n. Let
Dnf (x) = 2n

∫
Rn

f (x + t) dt , and letfn = Enf be the standard dyadic martingale on
[0, 1).

THEOREM 3.3. The square function

S(f )(x) = S(Dnf (x) − fn(x)),

whereDn andfn are defined above, is a weak type(1, 1) operator.

Proof. We will use Theorem 3.1 withA = S and% = 1.
Condition (i) holds because of Theorem 2.2. We do not have to check (ii) sinceS

is subadditive. To check (iii), letB be a dyadic interval of length 2−`, and letb be
a function supported onB, of mean value 0 and‖b‖1 ≤ 4|B|. Since, for everyn,
bn(x) = 0 if x ∈ B̃c, we have

Sb(x) =
√∑

n

|Dnb(x)|2

for x ∈ B̃c. SinceSb(x) ≤ ∑
n |Dnb(x)|, we just need to show∫

B̃c

∑
n

|Dnb(x)| dx =
∑

n

∫
B̃c

|Dnb(x)| dx ≤ C‖b‖
L1.

Let x ∈ B̃c. Sinceb is supported onB we haveDnb(x) = 0 if n ≥ `. So we just need
to consider terms withn < `. Since the mean value ofb is 0, we haveDnb(x) = 0 if
B is contained in the intervalx + Rn. This implies that, withB = [c, d), for n < `,
Dnb(x) may be non-zero only on one of the intervals [c, d) − 2n or [c, d) + 2n. As a
consequence, since|Dnb(x)| ≤ 2n · ‖b‖

L1, we have∫
B̃c

|Dnb(x)| dx ≤ 2 · 2n‖b‖
L1 · 2−`.

https://doi.org/10.1017/S0143385798108349 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108349


Oscillation in ergodic theory 911

Summing this overn, n < `, we obtain∫
B̃c

∑
n

|Dnb(x)| dx ≤ C‖b‖
L1 ≤ C · |B|,

which finishes our proof. �

The following theorem is proved in much the same way, but we need to use
Theorem 2.4 to check condition (i) in Theorem 3.1.

THEOREM 3.4. The square function considered in Theorem 2.4 and defined by

Sφ(r) =
( ∞∑

n=1

|M2nφ(r) − Enφ(r)|2
)1/2

is a weak type(1, 1) operator.

Let us now turn to applications of Theorem 3.1 where we need to take% > 1.
Let Dnf (x) = 2n

∫
Rn(x)

f (y) dy, where for each positive integern, Rn(x) is an
interval of length 2−n containingx, chosen in a measurable fashion. Letfn = Enf be
the standard dyadic martingale on [0, 1).

THEOREM 3.5. The square function

S(f )(x) = S(Dnf (x) − fn(x)),

whereDn andfn are defined above, is a weak type(1, 1) operator.

Proof. We will use Theorem 3.1 withA = S and% = 2.
Condition (i) holds because of Theorem 2.2.
To check (ii), letBj , bj and b = ∑

bj be as stipulated by this property, and fix
x ∈ (∪B̃j )

c. Observe that, because of the position ofx and the assumptions onbj

and Bj , we have(bj )n(x) = 0 for eachj , and hencebn(x) = 0. It follows that
Sb(x) = √∑

(Dnb(x))2. Notice that for eachn, there are at most twoj ’s for which
Dnbj (x) 6= 0. Indeed,Dnbj (x) 6= 0 could happen only ifBj contains the starting point
or endpoint ofRn(x). It follows that (Dnb(x))2 ≤ 4

∑
j (Dnbj (x))2. Summing this

inequality inn, we obtain

(Sb(x))2 =
∑

n

(Dnb(x))2

≤ 4
∑

j

∑
n

(Dnbj (x))2

= 4
∑

j

(Sbj (x))2,

which is equivalent to what we wanted to prove.
We now check property (iii). LetB be a dyadic interval, letb be supported onB with

mean value 0 and‖b‖1 ≤ 4|B|, and letx ∈ B̃c. We denote byδ = δ(x) the distance
betweenx andB. As before, we observe thatSb(x) = √∑

D2
nb(x). Sinceb is supported
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on B, we haveDnb(x) = 0 if 2−n ≤ δ. It follows thatS2b(x) = ∑
2−n>δ D2

nb(x). Since
Dnb(x) ≤ 2n‖b‖

L1, we can estimate

S2b(x) ≤
∑

2−n>δ

22n‖b‖2
L1 ≤ C · ‖b‖2

L1 · 1

δ2
.

But then ∑
x∈B̃c

S2b(x) ≤
∑

{x|δ(x)≥|B|}
C · ‖b‖2

L1 · 1

δ2(x)

≤ C · ‖b‖2
L1

∑
y≥|B|

y−2

≤ C · ‖b‖2
L1 · |B|−1

≤ C · |B|,
which was to be proven. �

THEOREM 3.6. Let R1 ⊂ R2 ⊂ · · · denote a nested sequence of intervals inZ, such that
|Rt | = t andR1 = {0}. Let Mtφ(r) = (1/t)

∑
j∈Rt

φ(r + j).
(i) If 2 < % < ∞ then the operator

V%φ(r) = ‖(Mtφ)(r)‖v(%) (3.1)

maps`1 into weak`1.
(ii) For any sequencen1 < n2 < · · · the operator

Oφ(r) = ‖(Mtφ)(r)‖o(2) (3.2)

maps`1 into weak`1.
(iii) Further, if the averagesMt denote the ergodic averages

Mtf (x) = 1

t

∑
k∈Rt

f (τ kx),

then both operators mapL1(X) to weakL1(X).

Proof. We prove (i) only. The proof of (ii) is similar, and (iii) follows by the transference
principle.

In Theorem 2.13 we have already shown that condition (i) of Theorem 3.1 holds,
and that (ii) of Theorem 3.1 holds is seen in much the same way as in the proof of
Theorem 3.5.

It now remains to prove that (iii) of Theorem 3.5 holds. LetB be an interval, letb
be supported onB with mean value 0 and‖b‖

`1 ≤ 4|B|, and letr ∈ B̃c. We denote by
δ = δ(r) the distance betweenr andB. Let us choosen1 < n2 < · · · so that

V%b(r) =
( ∞∑

k=2

|Mnk
b(r) − Mnk−1b(r)|%

)1/%

.

SinceMnb(r) = 0 if n ≤ δ, we can assume that eithern1 > δ or n1 ≤ δ < n2. We just
deal with the second case; the first case is a bit simpler and handled similarly.

https://doi.org/10.1017/S0143385798108349 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108349


Oscillation in ergodic theory 913

Since in this caseMn1b(r) = 0, we can estimate

V%b(r)

=
(

|Mn2b(r)|% +
∞∑

k=3

|Mnk
b(r) − Mnk−1b(r)|%

)1/%

≤ |Mn2b(r)| +
∞∑

k=3

|Mnk
b(r) − Mnk−1b(r)|

≤ |Mn2b(r)| +
∞∑

k=3

(∣∣∣∣ ( 1

nk

− 1

nk−1

) ∑
j∈Rnk−1

b(r + j)

∣∣∣∣+ ∣∣∣∣ 1

nk

∑
j∈Rnk

\Rnk−1

b(r + j)

∣∣∣∣)

≤ 1

n2
‖b‖`1 +

∞∑
k=3

(
1

nk

− 1

nk−1

)
‖b‖`1 + 1

n2

∞∑
k=3

∑
j∈Rnk

\Rnk−1

|b(r + j)|

≤ c

n2
‖b‖`1

≤ c

δ
‖b‖`1.

We now have ∑
r∈B̃c

V %
% b(r) ≤

∑
{r|δ(r)≥|B|}

C · ‖b‖%

`1 · 1

δ%(r)

≤ C · ‖b‖%

`1

∑
y≥|B|

y−%

≤ C · ‖b‖%

`1 · |B|1−%

≤ C · |B|,
which completes our proof. �

We finally mention the following result, the proof of which is similar to the above.

THEOREM 3.7. Let Et be the operator as defined in Theorem 2.17. Then the operator
‖(Mtφ − Etφ)‖v(2) is weak type(1, 1).

4. BMO andLp results
A general principle. In trying to prove that the square function operator

Sf (x) =
√∑

n

(Mnf (x) − Mn−1f (x))2

maps`∞ → BMO, we notice that|Sf (x) − Sf (y)| ≤ Bf (x, y), where

Bf (x, y) =
√∑

n

(Mnf (x) − Mn−1f (x) − (Mnf (y) − Mn−1f (y)))2.

If f = g + h, then this operatorB certainly satisfies

Bf (x, y) ≤ Bg(x, y) + Bh(x, y)
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and
Bf (x, y) ≤ 2 · max{Sf (x), Sf (y)}.

For an intervalI ⊂ Z, we denote byĨ the interval with the same center asI but of
length 3|I |.

Similar to the previous section, and motivated by the above observations, we begin
with a general result that will imply that many of the operators we considered earlier
map`∞ (or L∞) to BMO or dyadic-BMO.

THEOREM 4.1. LetA be an operator defined oǹ∞. Assume the following five properties:
(i) the operatorA is a bounded̀ 2 → `2 operator;
(ii) there is an operatorB which satisfies|Af (x) − Af (y)| ≤ C · Bf (x, y) for some

constantC and everyf, x, y, and which satisfies the following three properties;
(iii) there is a constantC such that iff = g + h, then

Bf (x, y) ≤ C · (Bg(x, y) + Bh(x, y));
(iv) there is a constantC such that we have

Bf (x, y) ≤ C · max{Af (x), Af (y)};
(v) there is a constantC so that for any intervalI ⊂ Z, andh ∈ `∞ supported onZ \ Ĩ ,

we have
sup
x,y∈I

Bh(x, y) ≤ C · ‖h‖`∞ .

Then there is a constantC such that‖Af ‖BMO ≤ C‖f ‖∞. The constantC depends only
on the constants in (ii)–(v) and thè2 → `2 bound ofA.

Remark 4.2.A similar result is true if we restrict the intervalsI in (v) to dyadic intervals,
but then the conclusion is thatA maps`∞ to dyadic-BMO.

Remark 4.3.Theorem 4.1 and the result in Remark 4.2 extends to the cases whenZ is
replaced byR or T (the torus).

Proof. We need to show that for any intervalI ⊂ Z we have

1

|I |
∑
x∈I

∣∣∣∣Af (x) − 1

|I |
∑
y∈I

Af (y)

∣∣∣∣ ≤ C‖f ‖∞.

We have

1

|I |
∑
x∈I

∣∣∣∣Af (x) − 1

|I |
∑
y∈I

Af (y)

∣∣∣∣ = 1

|I |
∑
x∈I

∣∣∣∣ 1

|I |
∑
y∈I

Af (x) − Af (y)

∣∣∣∣
≤ 1

|I |2
∑
x∈I

∑
y∈I

|Af (x) − Af (y)|.

By (ii), we need to show, for any intervalI ⊂ Z,

1

|I |2
∑
x∈I

∑
y∈I

Bf (x, y) ≤ C‖f ‖∞. (4.1)

https://doi.org/10.1017/S0143385798108349 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108349


Oscillation in ergodic theory 915

Fix an intervalI . Let g(x) = f (x)χĨ (x), the restriction off to Ĩ , and leth(x) =
f (x) − g(x), the restriction off to Z \ Ĩ . By the subadditive property in (iii), we have

Bf (x, y) ≤ C · (Bg(x, y) + Bh(x, y)).

It follows that it is enough to prove the following two inequalities:

1

|I |2
∑
x∈I

∑
y∈I

Bg(x, y) ≤ C‖g‖∞, (4.2)

with a constantC depending on thè2 bound of the operatorA; and

sup
x,y∈I

Bh(x, y) ≤ C‖h‖∞. (4.3)

Only (4.2) requires proof since (4.3) is just assumption (v) in our theorem.
Since, by assumption (iv),Bg(x, y) ≤ C · max{Ag(x), Ag(y)}, we need to prove

1

|I |
∑
x∈I

Ag(x) ≤ C‖g‖∞. (4.4)

Since, on a probability space,‖ · ‖
L1 ≤ ‖ · ‖

L2, we have

1

|I |
∑
x∈I

Ag(x) ≤
√

1

|I |
∑
x∈I

|Ag(x)|2.

Since, by the assumption in (i)A is a type(2, 2) operator, we have∑
x∈I

|Ag(x)|2 ≤ ‖Ag‖2
`2 ≤ C‖g‖2

`2.

The inequality in (4.4) follows, sinceg is supported onĨ , an interval three-times the
length ofI , and‖g‖2

`2 ≤ |Ĩ |‖g‖2
∞, so√
1

|I |
∑
x∈I

|Ag(x)|2 ≤ C‖g‖∞. �

Applications of Theorem 4.1.Let us introduce some notation which we will use for the
rest of this section.

Let Rn denote a nested sequence of intervals inZ, with |Rn| = n, R1 = {0}, and
defineMnf (x) = (1/n)

∑
j∈Rn

f (x + j). Fix % > 2 and a sequencen1 < n2, . . . . Let
us define the operatorsA1, A2 andA3 by

A1f (x) = S(Mnk
f (x) − Mnk−1f (x)) =

( ∞∑
k=1

|Mnk
f (x) − Mnk−1f (x)|2

)1/2

;

A2f (x) = O(Mnf (x)) =
( ∞∑

k=1

sup
nk−1≤n≤m<nk

|Mnf (x) − Mmf (x)|2
)1/2

; (4.5)

A3f (x) = V%(Mnf (x)) = sup
(n(i))

(∑
i

|Mn(i)f (x) − Mn(i+1)f (x)|%
)1/%

.
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Finally, for f ∈ L1([0, 1)), define the operatorA4 by

A4f (x) = S(Dnf (x) − fn(x)) =
( ∞∑

n=1

|Dnf (x) − fn(x)|2
)1/2

, (4.6)

whereDn andfn are as in (1.7).

THEOREM 4.4.
(a) The operatorsA1, A2 andA3 defined in (4.5) are boundedL∞ → BMO operators.

In the casesA1 and A2, the L∞ → BMO bounds depend only on thè2 → `2

bounds, but do not depend on the sequence(nk). In case ofA3, theL∞ → BMO

bound depends only on thè2 → `2 bound and% > 2.
(b) The operatorA4 defined in (4.6) is a boundedL∞ → dyadic-BMO operator. The

L∞ → dyadic-BMO norm ofA4 depends only on its̀2 → `2 bound.

Proof of part (a) of Theorem 4.4.We just give the proof for the operatorA3, but formulate
the proof so that it will apply equally well toA2 (just change% in the proof to 2). With
only trivial changes, the result forA1 follows in the same way.

We want to apply Theorem 4.1 withA = A3 and

Bf (x, y) = ‖Mnf (x) − Mnf (y)‖v(%).

By Theorem 2.13, the property in (i) is satisfied. Properties (ii)–(iv) follow easily from
the triangle inequality for the seminorm‖ · ‖v(%). It remains to check the condition in (v).

Let I ⊂ Z andh be supported onZ \ Ĩ ; we can assume that‖h‖`∞ ≤ 1. Let x, y ∈ I .
By the definition of the norm‖ · ‖ = ‖ · ‖v(%), there are interlacing sequences(m(k)) and
(n(k)) (interlacing means thatm(1) < n(1) ≤ m(2) < n(2) ≤ · · ·), so that

‖Mnh(x) − Mnh(y)‖

≤ 2 ·
(∑

k

|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%
)1/%

.

Since the functionh is supported outside the intervalĨ , we haveMth(z) = 0 for t ≤ |I |
andz ∈ I . Therefore, we can assumem(1) > |I |. Let us write∑

k

|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%

=
∑

n(k)−m(k)>|I |
|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%

+
∑

n(k)−m(k)≤|I |
|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%.

By the triangle inequality for thè %-norm, we need to establish the following two
inequalities:( ∑

n(k)−m(k)>|I |
|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%

)1/%

≤ C (4.7)
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and( ∑
n(k)−m(k)≤|I |

|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%
)1/%

≤ C. (4.8)

Let us prove (4.7). We have, by the triangle inequality,( ∑
n(k)−m(k)>|I |

|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%
)1/%

≤
( ∑

n(k)−m(k)>|I |
|Mn(k)h(x) − Mn(k)h(y)|%

)1/%

+
( ∑

n(k)−m(k)>|I |
|Mm(k)h(x) − Mm(k)h(y)|%

)1/%

.

We just need to prove( ∑
n(k)−m(k)>|I |

|Mn(k)h(x) − Mn(k)h(y)|%
)1/%

≤ C (4.9)

with a constantC independent of the increasing sequence(n(k)). Observe that, for
everyn,

|Mnh(x) − Mnh(y)| ≤ 2 · |I |
n

. (4.10)

Indeed,

|Mnh(x) − Mnh(y)| =
∣∣∣∣1n ∑

j∈(x+Rn)\(y+Rn)

h(j) − 1

n

∑
j∈(y+Rn)\(x+Rn)

h(j)

∣∣∣∣
≤ 1

n

∑
j∈D

|h(j)|,

whereD is the symmetric difference of the setsx+Rn andy+Rn. The estimate in (4.10)
follows by noting that|D| ≤ 2|x − y| ≤ 2|I |.

Since the sequences(n(k)) and(m(k)) are interlacing and because of the assumption
n(k) − m(k) > |I |, we have thatn(k) ≥ k|I |. But then∑

n(k)−m(k)>|I |
|Mn(k)h(x) − Mn(k)h(y)|% ≤ 2

∑
k

( |I |
k · |I |

)%

< ∞,

since% > 1. This proves (4.9), and hence (4.7).

Let us now prove (4.8). This time, we estimate, using the triangle inequality,( ∑
n(k)−m(k)≤|I |

|(Mn(k)h(x) − Mm(k)h(x)) − (Mn(k)h(y) − Mm(k)h(y))|%
)1/%

≤
( ∑

n(k)−m(k)≤|I |
|Mn(k)h(x) − Mm(k)h(x)|%

)1/%

+
( ∑

n(k)−m(k)≤|I |
|Mn(k)h(y) − Mm(k)h(y)|%

)1/%

.
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We just need to prove( ∑
n(k)−m(k)≤|I |

|Mn(k)h(x) − Mm(k)h(x)|%
)1/%

≤ C (4.11)

with a constantC depending on% only.
Observe that, for everyn, m, n > m,

|Mnh(x) − Mmh(x)| ≤ 2 · (n − m)
1

n
. (4.12)

Indeed,

|Mnh(x) − Mmh(x)| =
∣∣∣∣ (1

n
− 1

m

) ∑
j∈(x+Rn)∩(x+Rm)

h(j) + 1

n

∑
j∈(x+Rn)\(x+Rm)

h(j)

∣∣∣∣
≤

(
1

m
− 1

n

) ∑
j∈x+Rm

|h(j)| + 1

n

∑
j∈(x+Rn)\(x+Rm)

|h(j)|.

The estimate in (4.12) follows by noting that|(x + Rn) \ (x + Rm)| = n − m.
As a consequence of (4.12) and Hölder’s inequality, we have

|Mn(k)h(x) − Mm(k)h(x)| ≤ 2 · (n(k) − m(k))
1

n(k)
≤ 2

∑
m(k)≤q<n(k)

1

q

≤ 2(n(k) − m(k))1−1/%

( ∑
m(k)≤q<n(k)

1

q%

)1/%

≤ 2|I |1−1/%

( ∑
m(k)≤q<n(k)

1

q%

)1/%

.

where, in the last step, we usedn(k) − m(k) ≤ |I |. Taking the%th power, and summing
in k, n(k) − m(k) ≤ |I |, we get∑

n(k)−m(k)≤|I |
|Mn(k)h(x) − Mm(k)h(x)|% ≤ 2%|I |%−1

∑
q≥|I |

1

q%

= C < ∞,

which proves (4.11) and hence (4.8). �

Proof of part (b) of Theorem 4.4.We want to apply Theorem 4.1 (more precisely, its
variant for T) with A = A4 andBf (x, y) = ‖(Dnf − fn)(x) − (Dnf − fn)(y)‖

`2. By
Theorem 2.1, the property in (i) is satisfied. Properties (ii)–(iv) follow easily from the
triangle inequality for the seminorm‖ · ‖

`2. It remains to check the condition in (v).
Let I ⊂ T = [0, 1) be a dyadic interval, say of length 2−k, and leth be supported

on T \ Ĩ ; we can assume that‖h‖L∞ ≤ 1. Since the functionh is supported outside the
interval Ĩ , we haveDnh(z) = 0 andhn = 0 for 2−n ≤ |I | = 2−k andz ∈ I . Therefore,
we need to prove

sup
x,y∈I

(∑
n>k

((Dnh(x) − hn(x)) − (Dnh(y) − hn(y)))2

)1/2

≤ C,
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with an absolute constantC. Note thathn(x) = hn(y) for n ≥ k. Since the`1 norm
dominates thè 2 norm, it is enough to prove

sup
x,y∈I

∑
n>k

|Dnh(x) − Dnh(y)| ≤ C. (4.13)

Denoting by1n the symmetric difference of the intervals [x, x + 2−n) and [y, y + 2−n),
we can estimate as

|Dnh(x) − Dnh(y)| ≤ 2n

∫
1n

|h(z)| dz

≤ 2n · 2|x − y| = 2n+1−k,

where we used that‖h‖L∞ ≤ 1. Summing this overn < k, we see we can takeC = 2
in (4.13). �
Remark 4.5.For the BMO result to hold, it is important that the operatorsDn in the
definition of A4 are not too general. In particular, the square function considered in
Theorem 2.2 may fail to mapL∞ to BMO. We show this with the following example.

Let fk be the usual dyadic martingale on [0, 1) and letDkf (x) = 2k
∫
Ik(x)

f (t) dt ,
whereIk(x) is an interval of length 1/2k which contains the pointx. For certain choices
of (Ik(x)), the square function

Sf (x) =
( ∞∑

k=0

|Dkf (x) − fk(x)|2
)1/2

does not mapL∞ into BMO.
To see this, letP andN denote two disjoint subsets of [1

2, 1) such that|P ∩ [ 1
2, 1

2 +
1
2` )| = |N ∩ [ 1

2, 1
2 + 1

2` )| = 1/2`+1 for each integer̀ ≥ 2. TakeIk(x) = (x − 1
2k , x] for

eachx ∈ N , andIk(x) = (x, x + 1
2k ] for eachx ∈ P . Let f (x) = χ[ 1

2 ,1)(x), and let` > 2

denote a positive integer. For eachk ≥ 2, and allx ∈ [ 1
2, 1

2 + 1
2` ) eachfk(x) = 1. If we

also havex ∈ P , thenDkf (x) = 1, and we haveDkf (x) − fk(x) = 0. For k = 1, we
havef1(x) = 1 andD1f (x) = 2(1 − x), and fork = 0 we havef0(x) = 1

2 = D0f (x).
Consequently,

Sf (x) =
( ∞∑

k=0

|Dkf (x) − fk(x)|2
)1/2

= 2x − 1 ≤ 1.

For eachk, 2 ≤ k < `, if x ∈ N ∩ [ 1
2, 1

2 + 1
2` ), thenDkf (x) = 2k(x − 1

2) ≤ 2k/2` ≤ 1
2,

and we have|Dkf (x) − fk(x)| ≥ | 1
2 − 1| = 1

2. Consequently, for suchx we have
Sf (x) ≥ 1

2

√
` − 2.

From this we see that if we takeI` = ( 1
2, 1

2 + 1
2` ), and we compute the average

1

|I`|2
∫

I`

∫
I`

|Sf (y) − Sf (x)| dy dx,

we see that for̀ large enough, this average is at least

22`

∫
N∩I`

∫
P∩I`

| 1
2

√
` − 2 − 1| dy dx ≥ 1

16

√
`.

Since` can be taken as large as we want, we see that the square function cannot map
L∞ into BMO.
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Inequalities forLp, 1 < p < ∞.

THEOREM 4.6. Let A be any of the operatorsA1, A2, A3, A4 defined in (4.5) and (4.6).
ThenA is a type(p, p) operator for any1 < p < ∞. In caseA = A1 andA = A2, the
`p → `p operator bound does not depend on the increasing sequencenk.

The same is true in the general ergodic theoretical setting.

Remark.WhenA = A1, the above theorem improves a result in [20] where it was shown
that A1 is type(p, p) for 1 < p ≤ 2.

Proof. In caseA = A1, A2, A3, we can prove the theorem by interpolation between weak
(1, 1) and`∞ → BMO. The necessary interpolation theorem is proved in [3].

As for the caseA = A4, we cannot directly use the result as it is stated in [3].
However, an examination of the proof given there shows their result remains true using
only dyadic BMO. In particular, the decomposition in their Lemma 3.2 can be made with
dyadic intervals. Then the result follows exactly as in their proof. �

In light of Remark 4, the following question remains.

Question 4.7.Let fk be the usual dyadic martingale on [0, 1) and let Dkf (x) =
2k
∫
Ik(x)

f (t) dt , where Ik(x) is a measurably chosen interval of length 1/2k which
contains the pointx. Does the square function

Sf (x) =
( ∞∑

k=0

|Dkf (x) − fk(x)|2
)1/2

mapLp to Lp for all p, 1 < p < ∞?

We have already shown thatS mapsL2 to L2 (see Theorem 2.2). From this, and
Theorem 3.1, it is not hard to show that it mapsL1 to weakL1, so we have the operator
bounded fromLp to Lp for 1 < p ≤ 2. Thus the question is really what happens for
2 < p < ∞?

5. Square functions and upcrossing results
We first introduce some notation and give the ergodic theoretical analog of Theorem 6.8.
For any sequence of operators,(Tt ) and λ > 0 we define3(λ, Tt , f, x) to be the
number ofλ jumps of the sequence(Ttf (x)), that is, the maximalN for which there are
t1 < t2 < · · · < tN so that

|Ttmf (x) − Ttm+1f (x)| > λ.

Let Rt be a nested sequence of intervals inZ all containing 0 and letMtf (x) =
(1/|Rt |)

∑
j∈Rt

f (x + j). In what follows, we will often abbreviate3(λ, Mt, f, x) by
3(f, x).

THEOREM 5.1. There is a constantC so that for anyf ∈ `1, λ > 0 and positive integer
n, we have

|{x : 3(λ, f, x) > n}| ≤ C

λ
√

n
‖f ‖

`1.
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Proof. All we need to prove is

|{λ
√

3(λ, f, x) > γ }| ≤ C

γ
‖f ‖

`1. (5.1)

Indeed, takeγ = λ
√

n to obtain the inequality of our theorem.
In proving (5.1), we can assume that|Rt | = t and thatγ = 1. Let Et be as in

Theorem 2.17. Let us estimate

λ
√

3(λ, Mt, f, x) ≤ λ
√

3(λ/2, Mt − Et, f, x) + λ
√

3(λ/2, Et , f, x).

We estimate the first term on the right-hand side by‖Mtf (x) − Etf (x)‖v(2). Hence, by
Theorem 3.7, we have the inequality

|{λ
√

3(λ/2, Mt − Et, f, x) > 1}| = |{λ/2 :
√

3(λ/2, Mt − Et, f, x) > 1/2}|
≤ C‖f ‖

`1.

That the second term satisfies a weak(1, 1) estimate follows from the inequality
in (6.3). �

Of course, this theorem has the following corollary for upcrossings.
First recall the definition of upcrossings. Fixβ > α. Let N(f, x) = N(α, β, f, x) be

the number of upcrossings of the sequence(Mtf (x)), that is, the maximalN for which
there ares1 < t1 < s2 < t2 < · · · < sN < tN so thatMsi

f (x) < α andMti f (x) > β for
i = 1, 2, . . . , N .

THEOREM 5.2. There is a constantC so that for anyf ∈ `1, β > α and positive integer
n, we have

|{x : N(α, β, f, x) > n}| ≤ C

(β − α)
√

n
‖f ‖1. (5.2)

Remark.In the caseRn = [0, n), Bishop [5] (see also [21]) proves a stronger result. He
proves

m{x : N(α, β, f, x) > n} ≤ 1

(β − α)n
‖f ‖1.

In the caseRn = (−n, n), Kalikow and Weiss [21] prove

m{x : N(α, β, f, x) > n} ≤ C

β − α

√
logn

n
‖f ‖1.

Our result improves on this inequality in three ways: we improve the constant
√

logn/n

to 1/
√

n; the intervalsRn are more general; finally, we in fact have an inequality for
λ-jumps not just for upcrossings. But the fact that we derive our upcrossings result from
a λ-jump result possibly prevents us from obtaining the constant 1/n in Bishop’s result.

Next, we turn to the ergodic theoretical analog of the exponential estimate of
Theorem 6.9.

https://doi.org/10.1017/S0143385798108349 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108349


922 R. L. Jones et al

Remark.The fact thatV%(Mtf (x)) mapsL∞ to BMO, and consequently we have the
John–Nirenberg inequality, gives an exponential estimate onV%(Mtf (x)), but we are
not sure how this relates to the exponential estimate given by Kalikow and Weiss [21].
However, by using the information obtained from the square function, as stated in
Theorem 5.2 and a covering argument (quite different from that given by Kalikow and
Weiss), we can prove an exponential estimate on the number of upcrossings. We note
that one advantage of our argument is that we only need to assume the intervalsRt are
nested. In particular, we do not assume, as they do, that theRt satisfy for someγ > 0,
|Rt ∩ Z

+|/|Rt | > γ . On the other hand, we do not obtain exponential estimates for the
upcrossings for a non-negativef —only for boundedf .

It is also interesting to point out that our method of proof of the exponential inequality
for ergodic theoretical upcrossings andλ-jumps is completely different from that of the
proof of Theorem 6.9. The reason for this is that we could not prove as good a bound
for the ergodic theoretical square function type operators as we have for theLp norm
of the martingale square function type operators. Indeed, while in the martingale case
the Lp bound goes to infinity as

√
p (cf. Theorem 6.4), we can presently only prove a

growth rate ofp for the ergodic theoretical case.

The point of the following is that a non-trivial estimate for the upcrossings for bounded
functions is ‘self-improving’, and implies an exponential estimate for upcrossings for
bounded functions. Although we apply the result only for functions defined onZ, we
state it forZd , because this higher-dimensional result is not harder to prove.

Let R1, R2, . . . be a sequence of rectangles inZ
d . (For our discussion, a rectangle is

always assumed to have sides parallel to the axes.) For a functionφ : Z
d → R denote

Mtφ(x) = 1

|Rt |
∑
j∈Rt

φ(x + j).

Depending on the context, we will use| · | as usual, to denote the absolute value of a
number, but also to denote the cardinality of a set.

For a functionφ : Z
d → R and numbersα, β with α < β, let N(φ, x) = N(α, β, φ, x)

be the number of upcrossings of the sequence(Mtφ(x)), that is, the maximalN for which
there ares1, s2, . . . , sN and t1, t2, . . . , tN with

s1 < t1 < s2 < t2 < · · · < sN < tN

so that

Ms1φ(x) < α, Mt1φ(x) > β, Ms2φ(x) < α, . . . MtN φ(x) > β.

THEOREM 5.3. Let R1, R2, . . . be a sequence of rectangles inZ
d so that each rectangle

contains the origin and the sequence of sidelengths in each coordinate direction is non-
decreasing (for example, a nested sequence of rectangles). Suppose that for every pair
(α, β) of numbers withα < β, there is a functionε(q) = ε(α, β, q) so that:
(i) lim q→∞ ε(q) = 0;
(ii) for every functionφ : Z

d → R of finite support and‖φ‖
`∞(Zd )

≤ 1, we have

|{x | N(φ, x) ≥ q}| ≤ ε(q) · ‖φ‖
`1(Zd )

.
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Then for every pair(α, β) of numbers withα < β, there are positive constantsC =
C(α, β) and c = c(α, β), with c < 1, so that for any dynamical system(X, 6, m), and
functionf : X → R, with ‖f ‖L∞(X) ≤ 1, we have

m{x | N(f, x) ≥ n} ≤ C · cn · ‖f ‖
L1(X)

.

Remark.It is easy to construct a sequence of intervals so that their lengths form an
increasing sequence but, for everyq, there isφ with ‖φ‖`∞(Z) ≤ 1 and of finite support
so that

|{x | N(−1/4, 1/4, φ, x) ≥ q}| > 1
10 · ‖φ‖

`1(Z)
. (5.3)

However, if the intervals are nested, we have control of the operatorV%(Mtf (x)) and
we have seen above that an inequality like (5.3) is not possible.

In fact we have the following.

THEOREM 5.4. If (Rt ) is a nested sequence of intervals inZ, then for all f ∈ L∞ with
‖f ‖∞ ≤ 1, we have the estimate

m{x | N(f, x) ≥ n} ≤ C · cn · ‖f ‖
L1(X)

.

Proof. Apply Theorem 5.2 to obtain the non-trivial estimate required in the hypothesis
of Theorem 5.3. Then apply Theorem 5.3 and we are done. �

Here is a corollary of Theorem 5.4 the proof of which is almost immediate from
the pigeonhole principle. Letλ > 0, and let3(f, x) = 3(λ, f, x) denote the number
of λ jumps of the sequence(Mtf (x)), that is, the maximalN for which there are
t1 < t2 < · · · < tN so that

|Mtmf (x) − Mtm+1f (x)| > λ.

COROLLARY 5.5. Let λ > 0. With the assumptions of Theorem 5.3, there are positive
constantsC = C(λ) and c = c(λ), with c < 1, so that for any dynamical system
(X, 6, m), and functionf : X → R, with ‖f ‖L∞(X) ≤ 1, we have

m{x | 3(f, x) ≥ n} ≤ C · cn · ‖f ‖
L1(X)

.

Proof of Theorem 5.3.By the transference principle, it is enough to prove the inequality
on Z

d . So we will prove the inequality

|{x | N(φ, x) ≥ n}| ≤ C · cn · ‖φ‖
`1(Zd )

.

In fact, we give the proof in cased = 2 only; there is no further idea involved in proving
it for arbitrary d. We may also assume thatα > 0.

We need to start with a lemma, which requires some notation. For eachq let us define
the following two sets:

Fq = Fq(α, β) = Fq(α, β, φ) = {x | N(φ, x) ≥ q};
and letGq = Gq(α, β, φ) contain those rectanglesG which have the property that for
somex ands1 < t1 < s2 < t2 < · · · < sq < tq we have thatG = x + Rs1 and

Msm
φ(x) < α, Mtmφ(x) > β.
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Since eachRs contains the origin, it is clear thatFq ⊆ ∪Gq . The assumptions (i) and
(ii) in our theorem say thatFq gets smaller asq gets large. The content of our lemma
is that the same happens with∪Gq .

LEMMA 5.6. For every pair(α, β) of numbers withα < β, there is a functionη(q) =
η(α, β, q) so that:
(iii) lim q→∞ η(q) = 0;
(iv) for every functionφ : Z

d → R of finite support and‖φ‖
`∞(Zd )

≤ 1, we have

| ∪ Gq | ≤ η(q) · ‖φ‖
`1(Zd )

.

Proof of Lemma 5.6.By the usual procedure (at each step selecting rectangles of maximal
size), we can selectG1, G2, . . . , a collection of pairwise disjoint rectangles, fromGq so
that

| ∪i Gi | =
∑

i

|Gi | ≥ 1

32
· | ∪ Gq |. (5.4)

Let α′ = α + (β − α)/3 andβ ′ = β − (β − α)/3. All we have to show is that

| ∪i Gi | ≤
(

12

β − α

)2

· |Fq(α
′, β ′)|. (5.5)

Indeed, this implies, together with (5.4), that

| ∪ Gq | ≤
(

36

β − α

)2

· |Fq(α
′, β ′)|.

Since, by assumption (ii), we have

|Fq(α
′, β ′)| ≤ ε(q, α′, β ′) · ‖f ‖

`1,

we see we can put

η(q, α, β) = ε(q, α′, β ′) ·
(

36

β − α

)2

.

To prove (5.5) letxi ∈ Fq(α, β) ∩ Gi , and letHi be a rectangle which containsxi ,
Hi is contained inGi , and the length of the sides ofHi are(β − α)/12 times the length
of the corresponding sides ofGi . Our purpose is to prove that, for eachi, we have

Hi ⊆ Fq(α
′, β ′). (5.6)

Note that

|Hi | =
(

β − α

12

)2

· |Gi |.

Summing this overi we get, using (5.6) and the fact that both theGi ’s and theHi ’s are
disjoint, (

β − α

12

)2

· | ∪i Gi | = | ∪i Hi | ≤ |Fq(α
′, β ′)|,

proving (5.5).
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In proving (5.6), we simplify our notation by suppressing the indexi. Sincex ∈ Fq ,
there ares1 < t1 < s2 < t2 < · · · < sq < tq such that

Msm
φ(x) < α, Mtmφ(x) > β.

Let y ∈ H . Our proof is finished if we showMsm
φ(y) < α′, and Mtmφ(y) > β ′ for

everym ≤ q.
If R is a rectangle which containsx and its sidelengths are at least as large as the

corresponding sidelengths ofG, then we have, as simple geometry shows,

|(x + R)1(y + R)| = |R1(y − x + R)| ≤ β − α

3
· |R|.

(In the above,1 denotes symmetric difference.) This and‖φ‖`∞ ≤ 1 imply that∣∣∣∣ ∑
j∈y+R

φ(j) −
∑

j∈x+R

φ(j)

∣∣∣∣ =
∣∣∣∣ ∑
j∈(x+R)1(y+R)

φ(j)

∣∣∣∣ ≤ β − α

3
· |R|.

But this estimate implies bothMsm
φ(y) < α′ and Mtmφ(y) > β ′ for m ≤ q. Indeed,

takeR = Rsm
andR = Rtm , respectively, and recall that∑

j∈x+Rsm

φ(j) < α|Rsm
|,

∑
j∈x+Rtm

φ(j) > β|Rtm |. �

Let us turn to the proof of the theorem. We shall prove that, for any positive integers
p andq, we have

| ∪ G(p+1)q | ≤ η(q) · 52 · | ∪ Gpq |. (5.7)

How does this prove the theorem? First, chooseq so large thatη(q) · 52 is less than 1,
say,η(q) · 52 ≤ 1/2. We can choose such aq by the lemma. Let us assume thatn ≥ q,
and let us writen = sq + r, with 0 ≤ r < q. By (5.7), we have

|Fn| ≤ |Fsq | ≤ | ∪ Gsq | ≤ ( 1
2)s−1 · | ∪ Gq |.

But, by our lemma again, we have

| ∪ Gq | ≤ η(q) · ‖φ‖
`1 ≤ 1

2 · ‖φ‖
`1.

It follows, sinces = (n − r)/q, that

|Fn| ≤ ( 1
2)s · ‖φ‖

`1 = ( 1
2)−r/q · ( q

√
1/2)n · ‖φ‖

`1,

and hence, if we chooseC = 2 andc = q
√

1/2, we have the theorem forn ≥ q. We can
take care of the rest of then, that isn < q, if we set

C = 2 + max
n<q

η(n)

cn
.

So let us prove (5.7). First, to every rectangleH ∈ G(p+1)q we correspond a
rectangleH+ ∈ Gpq in the following way. SinceH ∈ G(p+1)q , for some x and
s1 < t1 < s2 < t2 < · · · < s(p+1)q < t(p+1)q we have thatH = x + Rs1 and

Msm
φ(x) < α, Mtmφ(x) > β.
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By the definition ofGpq , we havex + Rsq+1 ∈ Gpq , and we takeH+ = x + Rsq+1.
Let us denoteH = G(p+1)q and

K = {
K | K ∈ Gpq; K = H+ for someH ∈ H} .

SinceK ⊆ Gpq , the inequality in (5.7) follows from

| ∪ H| ≤ η(q) · 52 · | ∪ K|.
Technically, this inequality is proved in the following form. We are going to select
K1, K2, . . . , a collection of pairwise disjoint rectangles fromK, and we will prove that

| ∪ H| ≤ η(q) · 52 · | ∪i Ki |. (5.8)

Although the proof of (5.8) requires some new notation, it is not much more than the
usual greedy selection.

Let K1 ∈ K be a rectangle of maximal size. Let us setH1 = H, K1 = K and define
the sets

I1 = {H | H ∈ H1, H
+ ∩ K1 6= ∅},

L1 = {K | K ∈ K1, K ∩ K1 6= ∅}.
We assert that

| ∪ I1| ≤ η(q) · |5K1|. (5.9)

Indeed, forH ∈ I1 there arex ands1 < t1 < s2 < t2 < · · · < s(p+1)q < t(p+1)q such that
H = x + Rs1, H+ = x + Rsq+1 and

Msm
φ(x) < α, Mtmφ(x) > β.

We observe that, as a consequence of the maximal size ofK1, for n ≤ q + 1, we have
x + Rsn

⊆ 5 · K1, where, for a rectangleK, 5K denotes the rectangle with the same
center asK and its sidelengths are 5 times that ofK. It follows thatH ∈ Gq(φ · χ5K1).
As a consequence, we have

I1 ⊆ Gq(φ · χ5K1).

But now
| ∪ Gq(φ · χ5K1)| ≤ η(q) · ‖f · χ5K1‖`1 ≤ η(q) · ‖χ5K1‖`1,

where‖f ‖`∞ ≤ 1 is used; and (5.9) follows.
A consequence of (5.9) is

| ∪ I1| ≤ η(q) · 52 · |K1|.
Let H2 = H1 \ I1 andK2 = K1 \ L1. SelectK2 ∈ K2 of maximal size. ThenK2 is
disjoint from K1. Define the sets

I2 = {H | H ∈ H2, H
+ ∩ K2 6= ∅},

L2 = {K | K ∈ K2, K ∩ K2 6= ∅}.
Similar to the first step of the iteration, we obtain

| ∪ I2| ≤ η(q) · |5K2|,
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and hence
| ∪ I2| ≤ η(q) · 52 · |K2|.

We can repeat this process only finitely many times. Then we obtain the pairwise disjoint
rectanglesK1, K2, . . . , and the setsI1, I2, . . . , L1,L2, . . . with the properties

∪iLi = K, ∪iIi = H, | ∪ Ii | ≤ η(q) · 52 · |Ki |.
Summing this latter inequality overi and using that theKi ’s are pairwise disjoint, we

get
| ∪ H| ≤

∑
i

| ∪ Ii | ≤
∑

i

η(q) · 52 · |Ki | = η(q) · 52 · | ∪i Ki |,

which is (5.8). �
Remark.
• It is only in Lemma 5.6 that something special about the geometry ofZ

2 is used. The
rest of the proof works with ‘Tempelman-type’ assumptions in any locally compact
topological group.

• The boundedness ofφ was crucially used only in Lemma 5.6.
• Note also, that the only information we need aboutη(q) is that it is less than 1/52

for someq.

6. Martingale results
In this section we give the martingale analogs for some of the ergodic theory results
discussed earlier in the paper. These martingale results can be read independently of the
rest of the paper, and in some cases suggest what the correct ergodic theory result might
be.

Inequalities forLp, 1 ≤ p < ∞. Let (X, 6, m) denote a probability space and(Fn)

a non-decreasing sequence of sub-σ -fields of 6. We will denote byf = (f1, f2, . . .)

a martingale or submartingale relative to the sequence(Fn). For 0 < p < ∞ we let
‖f ‖p = supk ‖fk‖p. As usual,f ?

n denotes the maximal function,f ?
n = max1≤k≤n |fk|.

We begin with the following simple theorem, the reverse martingale part of which was
used in the proof of Theorem 2.6. For a sequencen1 < n2 < · · · of positive integers
define

Of = O(fn)

=
( ∞∑

k=1

sup
nk−1≤n≤m<nk

|fn − fm|2
)1/2

. (6.1)

THEOREM 6.1. Let f = (fn) be a martingale. Then there is a constantc so that for any
sequencen1 < n2 · · · of positive integers we have

‖Of ‖2 ≤ c‖S(fnk
− fnk−1)‖2

≤ c‖f ‖2,

whereOf is defined in (6.1).
The same conclusion holds iffn is a reverse martingale.
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Proof.We just give the proof whenfn is a martingale; the proof of the reverse martingale
case is the same.

By (1.1), it is enough to estimate

O ′f = O′(fn)

=
( ∞∑

k=1

sup
nk−1≤n<nk

|fn − fnk−1|2
)1/2

.

First note that ∥∥∥∥ sup
nk−1<n<nk

|fn − fnk−1|
∥∥∥∥

2

≤ c‖fnk
− fnk−1‖2.

This is a consequence of Doob’s maximal theorem applied to the martingaleXn =
fnk−1+n − fnk−1, where 0 ≤ n ≤ nk − nk−1. That is, ‖X?‖2 ≤ c‖Xnk−1−nk

‖2 ≤
c‖fnk

−fnk−1‖2. Hence if(dk) denotes the difference sequence, i.e.dk = fk −fk−1, then
using the orthogonality of(dj ), we have

‖O ′f ‖2
2 ≤

∞∑
k=1

c2‖fnk
− fnk−1‖2

2

≤
∞∑

k=1

∥∥∥∥ nk∑
j=nk−1+1

dj

∥∥∥∥2

2

≤
∞∑

j=1

c2‖dj‖2
2

≤ c2‖f ‖2
2. �

The following two theorems and their proofs were pointed out to us by D. Burkholder.
The proofs are similar to those given by Burkholder [9] to prove that the standard
martingale square function satisfies similar inequalities.

Let us define the operatorV%f by

V%f = V%(fn)

= sup
(n(i))

( ∞∑
k=1

|fn(i) − fn(i+1)|%
)1/%

, (6.2)

where the supremum is taken over all sequencesn(1) < n(2) < · · · .

THEOREM 6.2. Let f = (fn) be a submartingale.
(a) For % > 2, the operatorV%f defined in (6.2) is weak type(1, 1).
(b) For any fixed increasing sequence of non-negative integers, the operatorOf defined

in (6.1) is weak type(1, 1).

Proof. To simplify notation, we setV = V%.
We first handle the martingale case. In this case the weak type(1, 1) result

for both operators will follow from the martingale analog of the Calderón–Zygmund
decomposition. This decomposition, known as Gundy’s decomposition [18], is stated as
the following lemma. (See also [9].)

https://doi.org/10.1017/S0143385798108349 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798108349


Oscillation in ergodic theory 929

LEMMA 6.3. Supposef = (f1, f2, . . .) is an L1 bounded martingale andλ is a positive
real number. Then there are martingalesX, Y, Z, with corresponding difference sequences
x, y, z all relative toFn such that:
(i) f = X + Y + Z;
(ii) ‖X‖2

2 ≤ 2λ‖f ‖1;
(iii) ‖∑∞

k=1 |yk|‖1 ≤ 4‖f ‖1;
(iv) P(Z? > 0) ≤ ‖f ‖1/λ.

Using this lemma, we first show thatVf is a weak type(1, 1) operator. SinceV is
sublinear, we have

P(Vf > λ) ≤ P

(
V X >

λ

3

)
+ P

(
V Y >

λ

3

)
+ P

(
V Z >

λ

3

)
.

For the first term we use the knownL2 boundedness of the operatorV (Lepingle’s
theorem) and property (ii) to obtain

P

(
V X >

λ

3

)
≤ 9

λ2
‖V X‖2

2

≤ c(%)

λ2
‖X‖2

2

≤ c(%)

λ2
2λ‖f ‖1

≤ c(%)

λ
‖f ‖1.

For the second piece, sinceV Y ≤ ∑
k |yk|, we have

P

(
V Y >

λ

3

)
≤ 3

λ
‖V Y‖1

≤ 3

λ

∥∥∥∥ ∞∑
k=1

|yk|
∥∥∥∥

1

≤ c

λ
‖f ‖1.

For the final piece we haveP(V Z > λ/3) ≤ P(Z? > 0) ≤ (1/λ)‖f ‖1 and we are
done withV . The proof forO follows in the same way. The necessaryL2 bound onO

is from Theorem 6.1 above.
In the submartingale case we note that if(fn) is anL1 bounded submartingale, then

we can writefn = mn+In, wheremn is anL1 bounded martingale andIn is an increasing
process withI0 = 0. We have

In = In−1 + E(fn − fn−1|Fn−1).

Hence

E(In) = E(E(fn − fn−1|Fn−1)) + E(In−1)

= E(fn) − E(fn−1) + E(In−1).
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By induction, we see thatE(In) = E(fn) − E(f0). Hence‖In‖1 ≤ 2‖f ‖1. This also
implies ‖mn‖1 ≤ 3‖f ‖1.

We have

m{Vf > λ} ≤ m

{
V m >

λ

2

}
+ m

{
V I >

λ

2

}
.

For the first piece we use the martingale result above. For the second, note that

V I = sup
(ni )

( ∞∑
i=1

|Ini
− Ini−1|%

)1/%

≤ sup
(ni )

∞∑
i=1

|Ini
− Ini−1|

≤
∞∑
i=1

Ii − Ii−1 = lim
i→∞

Ii .

From this we see that

m

{
V I >

λ

2

}
≤ m

{
lim

n
In >

λ

2

}
≤ 2

λ

∥∥∥∥ lim
n

In

∥∥∥∥
1

≤ c

λ
sup

n

‖fn‖1. �

We also have the following.

THEOREM 6.4. Let f = (f1, f2, . . .) be a martingale or a non-negative submartingale,
1 < p < ∞ and 1/p + 1/q = 1.
(i) For % > 2 there is a positive real numberc(%) such that

‖V%f ‖p ≤ c(%)p1/%q‖f ‖p.

(ii) There is a positive real numberc such that

‖Of ‖p ≤ cp1/2q‖f ‖p.

Proof. We will prove the Theorem only forV = V%, the proof forO being very similar.
We define the operator

V nf = V n
% f = sup

(ni )≤n

(∑
i

|fni
− fni−1|%

)1/%

,

where sup(ni )≤n denotes taking the supremum over all increasing sequences of non-
negative integers, with largest entry in the sequence less than or equal ton. Clearly,
V nf is a non-decreasing sequence since for later entries in the sequence we are taking
a supremum over a larger set. Also define the operator

Onf =
(∑

nk≤n

sup
nk−1≤`<m<nk

|f` − fm|2
)1/2

in a similar way.
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LEMMA 6.5. Let f = (f1, f2, . . .) be a non-negative submartingale andn a positive
integer.
(i) If Y = V n(θf ) ∨ f ?

n then

λP (Y > βλ) ≤ c(%)

∫
{Y>λ}

fn,

whereθ > 0 andβ = (1 + 2θ%)1/%.
(ii) If Y = On(θf ) ∨ f ?

n then

λP (Y > βλ) ≤ c(%)

∫
{Y>λ}

fn,

whereθ > 0 andβ = (1 + 2θ2)1/2.

Remark.The role ofθ in the above lemma is to help obtain the rate of growth of the
Lp norm of V% that is given in Theorem 6.4. We will later see that the optimal choice
of θ is (2p − 2)1/%. The role off ?

n is to control the size of the jumps of the random
variableY .

Proof. Sinceβ > 1 we see that

λP (Y > βλ) ≤ λP (f ?
n > λ) + λP (V n(θf ) > βλ, f ?

n ≤ λ).

The first term on the right-hand side is dominated by
∫
{f ?

n >λ} fn ≤ ∫
{Y>λ} fn. Hence it

is enough to consider the set

B = {V n(θf ) > βλ, f ?
n ≤ λ}.

Let gk = χ{V kθf >λ}fk = Ikfk. Note thatIk ≤ Ik+1 and hence

E(gk+1|Fk) = E(Ik+1fk+1|Fk)

≥ IkE(fk+1|Fk)

≥ Ikfk = gk.

Hencegk is a non-negative submartingale.
Now define the stopping timeτ = inf{k | V k(θf ) > λ}. Forω ∈ B we have 1≤ τ ≤ n

andg?
n ≤ λ. We also have a sequence(ni) ≤ n such thatβ%λ% ≤ ∑

i |fni
− fni−1|%. Let

u denote the first valueni such thatni > τ and let` denote the previous value in the
sequence(ni). We then have

β%λ% ≤ (V n(θf ))%

≤ (V τ−1(θf ))% + θ%|fu − f`|% + θ%
∑

ni−1>τ

|fni
− fni−1|%

≤ λ% + θ%λ% + θ%(V ng)%.

Solving, we see thatV n(g) > λ.
From this we now have

λP ({V n(θf ) > βλ, f ?
n ≤ λ}) ≤ λP (V n(g) > λ)

≤ c0(%)‖g‖1

≤ c0(%)

∫
{Y>λ}

fn.
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Hence the Lemma is proved forV% with c(%) = c0(%) + 1. The same argument also
proves the result forO. �

We now continue with the proof of Theorem 6.4. Note that with 1/p + 1/q = 1 we
have the following standard argument:

‖Y‖p
p =

∫ ∞

0
pup−1P(Y > u) du

= p

∫ ∞

0
βpλp−1P(Y > βλ) dλ

≤ c(%)p

∫ ∞

0
βpλp−2

∫
{Y>λ}

fn dω dλ

≤ c(%)qβp

∫
X

fn

∫ Y (ω)

0
λp−2 dλ dω

≤ c(%)
1

q
βp

∫
X

fnY
p−1 dω

≤ c(%)
1

q
βp

(∫
X

f p
n dω

)1/p(∫
X

Y (p−1)q dω

)1/q

≤ c(%)qβp‖fn‖p‖Y‖p−1
p .

Solving for ‖Y‖p and noting that‖Vf ‖p ≤ ‖Y‖p completes the proof that‖Y‖p ≤
c(%)qβp‖fn‖p if f is a non-negative submartingale. Note that since we are using only a
finite submartingale in the above argument, we will have‖Y‖p < ∞ and we can solve
for ‖Y‖p in the above expression.

Recalling thatY = V n(θf ) ∨ f ?
n , and recalling the definition ofβ, we see that

‖V%‖p ≤ c(%)q
(1 + 2θ%)p/%

θ
.

Taking the derivative shows the optimal choice ofθ is (2p − 2)−1/%. Using thisθ gives
the result in the case of a non-negative submartingale.

To complete the proof in the martingale case, we just writegn = E(f +
n | Fk) and

hn = E(f −
n | Fk). Thenfn = gn − hn andVnf ≤ Vng + Vnh. Using the above results

on the two non-negative submartingales completes the proof.
The same argument handles the case ofOf . �

Remark.The Lp boundedness of the operatorsV% and O also follows from a result in
an earlier paper by Burkholderet al [11]. It is easy to check that the operatorsV

and O both satisfy the hypothesis of Theorem 2.1 of their paper, and consequently by
their theorem, both operators are bounded on allLp spaces for 1< p < ∞. However,
because the theorem in [11] is quite general, it does not give the order of magnitude
of the Lp bound. The order of magnitude given in Theorem 6.4 is probably the best
possible. For the standard martingale square function, it is known that the right order is
p1/2q.

Exponential inequalities. The rate of growth of theLp norm for the operatorsV% and
O given by Theorem 6.4 has the following consequence.
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THEOREM 6.6. There are positive constantsα and K such that for all L∞ bounded
martingalesf = (fn) with ‖f ‖∞ ≤ 1 we have
(a) ∫

X

eα(V%f )% dω ≤ K.

In this case,K andα depend on%.
(b) ∫

X

eα(Of )2
dω ≤ K.

Proof. This is immediate from Theorem 6.4 above and Theorem 4.41 on page 119
of [28]. �

Results forλ-jumps. Define 3λf (ω) to be the number ofλ-jumps of the martingale
(fn). That is,3λf (ω) is the largest integern such that we can find 0≤ s1 < t1 ≤ s2 <

· · · ≤ sn < tn with the property that|fti (ω) − fsi
(ω)| ≥ λ for i = 1, 2, . . . , n.

It is possible to control theλ-jumps of a martingale by the square function of an
associated martingale. Recall that if(τk) is an increasing sequence of stopping times for
a martingalef , andgk = fτk

then (gk) is a martingale with‖g‖p ≤ ‖f ‖p for everyp,
1 ≤ p ≤ ∞. (See [14, p. 300].)

All of our results are easy consequences of the results in the preceding subsections
and the following lemma.

LEMMA 6.7. Let (fn) be a uniformly integrable martingale sequence. Then there exists
an increasing sequence of stopping times(τk) such that ifgk = fτk

then

λ ·
√

3λf (ω) ≤ 2 · S(g)(ω).

Proof. Fix ω such that3λf (ω) = n. Then we can find 0≤ s1 < t1 ≤ s2 < · · · ≤ sn < tn

with the property that|fti (ω) − fsi
(ω)| > λ for i = 1, 2, . . . , n. Setτ0 = 0 and if τk−1

is defined, defineτk = inf{j > τk−1 | |fj − fτk−1| > 1
2λ}. Clearly, either

|fs1(ω) − fτ0(ω)| > 1
2λ or |ft1(ω) − fτ0(ω)| > 1

2λ.

Henceτ1 < t1. Next, either

|fs2(ω) − fτ1(ω)| > 1
2λ or |ft2(ω) − fτ1(ω)| > 1

2λ.

We continue inductively, and obtain an increasing sequence of stopping times such that
|fτj − fτj−1| > 1

2λ for j = 1, 2, . . . , n.
Letting gk = fτk

, we now haveS(g) ≥ (λ/2)
√

3λf which was to be proven. �

THEOREM 6.8. There is a positive constant C so that

m{ω : 3λf (ω) > n} ≤ C

λ
√

n
· ‖f ‖1

for all integrable martingalesf = (fn) and positive integersn.
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Proof. The estimate

m{λ ·
√

3λf > γ } ≤ C

γ
‖f ‖1 (6.3)

follows immediately from 6.7 and part (b) of Theorem 6.2 (sinceSg ≤ Og). Now just
takeγ = λ

√
n in (6.3). �

THEOREM 6.9. There are positive constantsα andK such that

m{ω : 3λf (ω) > n} ≤ Ke−αnλ2

for all L∞ bounded martingalesf = (fn) with ‖f ‖∞ ≤ 1 and for all positive integersn.

Proof. The estimate
m{λ2 · 3λf > γ } ≤ Ke−αγ (6.4)

follows immediately from Lemma 6.7 and the exponential estimate in part (b) of
Theorem 6.6 (sinceSg ≤ Og). Now just takeγ = λ2n in (6.4). �
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