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Abstract In this paper we establish a variety of square function inequalities and study
other operators which measure the oscillation of a sequence of ergodic averages. These
results imply the pointwise ergodic theorem and give additional information such as
control of the number of upcrossings of the ergodic averages. Related results for
differentiation and for the connection between differentiation operators and the dyadic
martingale are also established.

1. Introduction
In this paper we consider square functions in ergodic theory, martingale theory and
differentiation. We also introduce square functions that show how the averages from
these areas are related. Here is a brief description of each section.

Section 1 Here we introduce some concepts used throughout the paper, and state
some typical results.

Section 2 Here we deal with inequalities . First a fundamental connection
between differentiation and martingales is established by proving.tHeoundedness
of a square function involving these operators. Then we use these results to prove the
L?-boundedness for a great variety of ergodic square functions.

Section 3 We prove that the square functions of the previous section are weak type
(1,1).

Section 4 Most of our square functions map™ to BMO, and are typdp, p) for
1<p<oo.
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Section 5 Some of the results on square functions lead to upcrossing results for ergodic
averages. In particular, the exponential estimate of Kalikow and Weiss is generalized to
averages taken over an arbitrary nested sequence of intervals.

Section 6 Here we summarize (and prove) results on martingales which are used in
the paper or which motivated some of our results.

Before we can get into more details we need some definitions.

Definitions 1.1.For a sequencer,) ando > 1 define thepoth norm operatorS, by
0 1/0
SQ(xn) = (Z |xn|g> .
n=1

For a fixed sequence; < n, < -- -, define the oscillational norm operat6r by

Og(xn) = SQ( sup |xn_xm|)

Ng_1<n<m<ny

00 1/0
= (X, s mew)

k=1 —-1=n=m<nj

and the variational norm operatdr by

VQ (x,) = sup SQ (xn(k) - xn(k+1))
(n(k))

/e
sup <Z 1Xn( — xn(k+l)|g) )

(n(k)) k

where the supremum is taken over all systems of indigé$ < n(2) < - --
Most of the time, we will us&, andO, wheng = 2. In this case we will often omit
the subscripp, that is, we writeS = S, O = O,.

Remark It turns out that it is often more convenient to deal with the operétodefined
by
O/(X”) = S( sup |x, _xnk_1|) .

Ng-1=n<ng

Let us note the following obvious inequalities:
O'(xn) < O(x,) < 20/ (x), (1.1)

and
O(x,) < 28(xy). 1.2)

Let us now describe some of our results. Iltc R, C --- be a nested sequence of
intervals inZ.

Warning. While the results of this paper apply to any nested sequence of intervals

R, C R, C ---, from now on we assume, unless we say otherwise (as we often do
in §5), that eachr,, satisfies:
e O0€R,;

e [R)=n.

https://doi.org/10.1017/50143385798108349 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108349

Oscillation in ergodic theory 891

For the study of ‘square function like' operators, these assumptions are without loss of
generality: Oe R, can be achieved by translating each interval by the same integer;
|R,| = n can be achieved by inserting further intervals into the original sequence of
intervals, and then re-indexing. These operations on the seq@&nceR; C --- do not
change our results.

Let (X, X, m, t) denote a dynamical system witlX, =, m) a probability space and
a measurable, invertible, measure-preserving point transformation Xramitself. For
a functionf : X — R, let 1
M;f(x)=- /).
f0 =2 ,ZR: f@x)
For a sequence; < n; - - - define the operato® = O ((ny)) by

Of(x) = OWM,fx)
00 1/2
= (Z sup |Mnf<x)—Mmf(x>|2) . (1.3)

k=1 Ng—1<n<m<ny
The following theorem is a quantitative version of the pointwise ergodic theorem, but
it generalizes several other results as well.

THEOREM A. In any dynamical system the operatér defined in (1.3) is weak type

(1, 1), type(p,p) for 1 < p < oo and mapsL™ to BMO. The constants in the
inequalities (although not necessarily the best constants) do not depend on the sequence
ng<ny<---.

We prove that: O is type (2, 2) in §2; O is weak type(l, 1) in §3; O mapsL™ to
BMO in §4. ThatO is type(p, p) for 1 < p < oo follows by interpolation.

There were many results that can be considered predecessors of Theorem A. They all
dealt with the cas&, = [0, n).

First, the ergodic square functighwas considered§ is defined by

Sf(x) = S(Mnkf(x) - Milk—lf(x))
00 1/2

(Z My f ) — Mnkf(x>|2) . (1.4)
k=1

If n, =k, S is the square function irlP] and for generaln,) this is the square function
considered inZ0]. In [20], the operatoiS was shown to ma@.? to L?, andL* to weak
LY, but thats$ is of type (p, p) for 2 < p < oo is already new.

It was Gaposhkin 15, 16 (see also §]) who first considered the operat@?. He
proved thatO is type (2, 2) if the sequencen,) satisfiesc < n;,1/n; < C for some
constants 1< ¢ < C. White [27] (see R]) modified techniques developed by Bourgain
in [7] to prove thatO is type (2, 2) if the sequencen,) satisfiesn; 1 > cn,‘f for some
B> 1.

The next theorem involves the operatdy defined by

Vof (x) = VoM, f(x))

/e
= (S(lig <Z | Moo f (x) = Mn(k+1)f(x)|g) - (1.5)
n k
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THEOREMB. Letg > 2. Then, in any dynamical system, the operétprdefined in (1.5)
is weak typgl, 1), type(p, p) for 1 < p < oo and mapsL> to BMO.

Note that if o = 2, using the law of the iterated logarithm, it can be shown that
for the Brownian martingale the operat®y is not type(2, 2). This is exactly why we
considered the operatap!

We prove that:V, is type (2, 2) in §2; V, is weak type(1, 1) in §3; V, mapsL®™ to
BMO in §4. ThatV, is type(p, p) for 1 < p < oo follows by interpolation.

The operatorV, was first considered by Bourgain i®][ He shows that ifR, =
{0,1,...,(n — D} thenV, is type (2, 2).

We will use Theorem B it5 to extend the exponential estimate of Kalikow and
Weiss R1] for the number of upcrossings of the ergodic averabgeg (x).

As we mentioned earlier, many of our results are motivated by similar results for
martingales. In fact, the results for martingales amed in many of the proofs.
The fundamental tools in establishing the connection between martingales and ergodic
averages are variants of the next theorem.

Let the differentiation operatab, on L([0, 1)) be defined by

x+1/2"
D, f(x) = 2”/ f@)dt, (1.6)

and let(f;) denote the standard dyadic martingale, thatfis= E(f|F:), whereF; is
the o-field generated by the intervalsj[— 1)/2%, j/2%), j =1, 2,...,2*. Let us define
the square functios' by

Sfx) = SDif(x)— filx)
00 1/2
= (Z|Dkf(x)—fk(x)|2) . (L.7)
k=1

THEOREM C. The operatorS defined in (1.7) is weak typé€l, 1), type (p, p) for
1< p <ooand maps® to BMO.

We prove that: S is type (2, 2) in §2; S is weak type(1,1) in §3; S mapsL*> to
BMO in §4. ThatS is type (p, p) for 1 < p < oo follows by interpolation.

Throughout the paper and C (sometimes with additional parameters) will denote
constants, but will not always be the same from one occurrence to the next. To avoid
confusion, we will usually use to denote a function fror to R, or possibly fromz¢
to R. We will usually usef to denote a function from a probability spaketo R.

Remark 1.2ln general, one cannot conclude convergence from the boundedness of simple
‘square function like’ operators lik& in (1.4). This is why we study more complicated
operators which are associated withand). In particular, let us show the existence of

a sequence of operatoxd,,), and a functionfy € L2, for which (7,, f,) fails to converge,

but such that for any fixed sequengg), the square function

o0

1/2
Sf(x) = ( | T,y f(X) — Tnkf<x>|2)

k=1

is a bounded operator ab?.
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Indeed, let®; be the orthonormal system considered by Menschov (or we could let
®; be an appropriate rearrangement of any complete orthonormal systdri[@rt))
(see [L7]). Then there is anfy € L?[0, 1) so that the partial sumg;?:l ¢ (fo)®;(x)
diverge a.e., where,(f) is the Fourier coefficient of with respect tod;.

Let T f(x) = Zf:l ¢;(f)®;(x). Clearly, for any sequende;) we will have

00 1/2
H ( Y T f ) — Tnkf(x»Z)
k=1

for all f € L?[0, 1). However, as we remarked abovg,fo(x) fails to converge a.e.

= Ifll2

2

2. ThelL? theory

Martingales and differentiation. We begin this section with a result relating martingales
and the standard differentiation operator. IZgtdenote the dyadie-field on [0 1) with

2% atoms: [Q1/2%),[1/2F,2/2%),...,[(2" — 1)/2*,1). ThusF, contains only the two
elements [01) and@. For f € L%([0, 1)) let f, = E(f|F). Definedy = fo = E(f)
and fork > O defined, = f; — fi_1. Note that by orthogonalityf = Y ;2 dx in norm.

By the martingale convergence theorgm= )", d; a.e., but this fact is not used in the
following argument. Forf € L([0, 1)), extended periodically t&, define the operators

X120
an(x) = Zn/ f(l) dt.

Consider the square function defined by
0 1/2
S(f)x) =8Dn f(x) — fulx)) = (Z |Dy f(x) — fn(x)|2> . (2.1)
n=1

THEOREM 2.1. There is a constanf’ such that the square function in (2.1) satisfies
1Sfll2 < Cll fll2-

Proof. We have

fo—Duf = E(de
k=0

Note that forn < k we haveE(fy|F,) = f,- From this it follows that fom < k we
have E (dy|F,) = fn — f» = 0. We also haveE (di|F,) = di for k < n. Consequently

fn) - m(de) = Y (E(dlF) — Dudy).
k=0

k=0

fo=Duf =) (= Dpdi) = Y Dydy.
k=0

k=n+1

We claim that fork < n we have
ldx — Dudill3 < C2°7"(|di |13 2.2)
and that fork > n we have

| Dndy |13 < C2"F||dy |13, (2.3)
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If these two claims are true then by the triangle inequality and the above representation,
we have

Ifw— an||z<2||dk—0 dill2 + Z 1D,dxll2,

k=n+1
and using (2.2) and (2.3), we have

Il fu = D f||2<CZ~/§ ldellz + € Z NFATAT

k=n+1
Consequently
2
I/ =D f||zsc(2f2 |dk||z> +c( Y V2 |dk||2).
k=n+1

Writing v/2 = 214 x 2%/4, and applying Wlder’s inequality we have

(2 ﬁkyﬂ( > ﬁ”ndkng)l/z)z

k=n+1 k=n+1

IA

u k—n 0 n—k
CY V2 dd+C D V2 dl.
k=0

k=n+1
Summing oveiz we now have

o
ISFIZ = Y llfu— Dufl3
n=1
o n k—n ) oo oo n—k 5
< CY Y V2 B+ CY] Y V2 d
n=0 k=0 n=0 k=n+1
=

00 00 o) k—1
Yz VT e Y 1y V2
k=0 n=k k=0 n=0

< CY ldlz=ClfI5
k=0

where the last line follows by orthogonality.

It now remains to prove (2.2) and (2.3). We first prove (2.2). Fkixso that
r/2¢ < x < (r +1)/2*. Note thatd, = f, — fi_1 is constant onA/2*, (r + 1)/2¢). So
if x < (r+1)/2* —1/2" then D, d;(x) = di(x).

For the remainingc we have|D,d;(x)| < maxX|d;(x)|, |di(x + 1/2")|} sincen > k.

Consequently
r+1
()
(r+1)/2"

lde — Dadill < Z f |dic(x) — Dydli (x) |

| Dydi(x)| < maX“dk (%)

From this we obtain
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2 r+1)/2*
- 3 / 1di(x) — Dadi ()12
(

r+1)/2—1/20
-1 2
1 r\|2 r+1
¢’ (‘dk (5)| +|a <2k >‘ )

k 12k71 |2
27z 3l ()|
= C2"|dy 3.

To prove (2.3), lek > n. Fix x, r/2°"1 < x < (r +1)/2*"1. Then using the fact that
E(d¢|Fv—1) = 0, we have

IA

IA

x+1/2"
D,di(x) = 2"/ di(t) dt
X

(r+1)/2-1 x+1/20
2"(/ di(t)dt +/ dk(z)dt).
X (r+2k—1—n)/2k—1
Consequently,

|Dudi(x)] < C2 (‘dk (Zk 1) & <2kr1 2_1k>‘

J r+ 2k—1—n y r 4+ 2k—1—n 1
M A = R G =

1
g.

From this we have

211 41y 2kt
ity < Y [ Dy ()12 dx
r=0 J21
2k_1 2
1 n—k n—k V+1
< C 02k(2 e (5)| +2 d(zk)>
k
1 r\|2
_ n—ky2
= ey 3l (5)
= CAM)dy|I3. 0

The above result can be generalized. For each positive integisfine a pair of
measurable non-negative functiapgx) andb,(x) such that, (x) + b,(x) = 1/2". Let
D,f(x)=2" f”b"(x) f () dt. Then we have the following theorem.

X—ay(x)

THEOREM 2.2. There is a constant’, independent of the sequendeg(x)) and (b, (x)),
such that the square function defined by

00 1/2
Sf(x) = S(Dyf (x) — fulx) = (Z Dy f (x) — fn(x>|2)

n=1
satisfies
ISfll2 < Cll fll2.

https://doi.org/10.1017/50143385798108349 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108349

896

R. L. Jones et al

Proof. The proof is similar to the proof of Theorem 2.1. The only changes are in the
proof that conditions (2.2) and (2.3) hold. For condition (2.2), the change is trivial
because instead of boundind, d,(x)| by max|dy(r/2°)|, |di((r + 1)/2%)|}, we have

’

|Dydi ()] < max{'dk (%)

r+1
d"( 2k>

’

(7))

This only results in a change in the constafit that occurs in the statement of

condition (2.2).

To see the analog of condition (2.3) we need to work harder. Here the most we can

say is that

1
|D,di(x)] < C2”§ max{

Hence
- .
|Dndk(X)|2 < C4n7k max{ dk (ﬁ —+ %)
Qk—n . i
n—k
< ca* Y g, <2k_1 N 2}()
j=—2k=n

Using this we have

2
[ Dndillz <
r=0 Jr/2-t

Qk—n

4n—k Z

k-1

R -

IA

™

C

o

r=
ok
C

IA
AN

—~ 1
r=0 2

r J
dy %1 + o*

j:,Zk—n

4 —k 2k—n+1

>‘ sk 5]’52"”}.

2

:_2k7n < ] < 2kn}

2

231 /2t
/ |Dudy ()2 dx

2

e
4 ()|

< ez 2l ()

= C2"M|dil3.
We now have the following corollary.

COROLLARY 2.3. For eachn let a,(x), b,(x),a

/
n

(x) and b/ (x) be four non-negative

functions such that, (x) + b, (x) = a, (x) + b, (x) = 1/2". If we let

X+by (x)
D,f(x)=2" f
xX—ay(x)
and
x+b), (x)
Anf(x) = 2”/
x—aj,(x)
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then the square function

00 1/2
Sf(x) = 8Dy f(x) = Ay f(x)) = (Z 1D, f (x) — Anf(x)|2>

n=1
satisfies| Sf |l < C| fll2, whereC is a universal constant and, in particular, does not
depend on any of the sequenegsb,, a, andb),.

Proof. The proof follows from Theorem 2.2 and the pointwise estimate

Sfx) = SDuf(x) = Anf(x))
= SDnf @) = fulx) + S(Auf(x) = fulx)). O

Consequences for ergodic average3he previous results can be transferred to the
integer setting, or the results can be reproved, using the same argument as above,
and just changing the notation. Lé&%¢(r) denote conditional expectation &¢h with
respect to the dyadie-field. In particular, Exp(r) = (1/2%) fo];zzk’lqs(t), where

j2* <r < (j+12* LetRy C R, C --- denote a nested sequence of interval&in

such that|R,| = r and Ry = {0}. Let M,¢p(r) = (1/t) ZjER, ¢(r + j). Then we have

the following parallel result to Theorem 2.1.

THEOREM 2.4. The square function

oo

1/2
S(Mz¢(r) — Eyp(r)) = (Z | Mo (r) — En¢(r>|2>

n=1
maps¢?(Z) boundedly tat?(Z).

Remark 2.51n fact, this result also holds in the setting corresponding to Theorem 2.2,
that is, if we replace the operatods, — E,, by the operatord;,, defined by

1

Tnf(r) = Sup m

R

)

Y o0+ ) — Enp(r)

JER

where the supremum is taken over all intervRls~ Z which contain 0, and of length'2

The following result for dyadic averages @hwill be useful in the proof of some
subsequent theorems.

THEOREM 2.6. There is a universal constant such that for any increasing sequeneg)

we have
00 1/2
H(Z max |Max¢ — Mznkd)lz)
=1 Ng—_1=<n<njg

Remark 2.7Again, this result holds even if we replace the operafdgs — Mo by the
operatorsT,, defined by

= Clole. (2.4)
02

i2¢(r+j)— ! > e+ 1))

T, f(r) =sup ;
IR| =% IR =%

R.R

)

where the supremum is taken over all pairs of intenialR’ c Z which contain 0, and
|R| = 2", |R'| = 2™,
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Proof. First, note that

00 1/2
( max |M2n¢(x)—M2"k¢(x)|2) < O(Mz¢(x)),

Ng—1=n<ng
k=1

and then estimate as
OM2¢(x)) < O(Mz2¢(x) — Ey¢(x)) + O(E; ¢ (x)).
The first term is estimated, by (1.2), as
OMz¢p(x) — En¢(x)) < 25(M2p(x) — Enp(x)).
By Theorem 2.4S(Mx¢(x) — E,¢(x)) is a bounded operator cit(Z).
The¢?-boundedness of the second term follows from Theorem 6.1 tgking E, ¢. O

Remark.Let (f,) be a martingale. It follows from Theorem 6.1 that for any positive
integersp < ¢, we have

= cllfy = fell2.

2

However, this is not true in the case of ergodic averages. Indeed, we will show the
following. Let p < g be even. Then in any aperiodic dynamical system, for any
constantC, there is anf e L? so that

max —
pekeq |fk fp|

> Cmax{ M, fll2, 1My fll2} -
2

max |My f — M, f|
p<k<q

For ¢ : Z — R denote by| - || the ‘density¢2-norm’:

1
¢l =limsup |-—- P>
L—oo 2L 7L§Zj<1‘

By the general principle described ifh,[Theorem 2.3], it is sufficient to show that, for
any constantC, there is¢ : Z — R with

max |Myp — Mp,é|
p<k<q

We show this in the following way: for somg: Z — R (for any evenp < g)

= Cmax||Mpoll, |Myoll}-

1
Mpi10 — Mpopll = [ Mpr10] = P and [[M,¢| = [IMy¢] = 0. (2.5)

Indeed, let
1 if x even;

000 = { 1 if x odd.
We clearly have, for every € Z,

0 if r even;

Mg ()] = { 1/t if  odd.

from which (2.5) immediately follows.

Question 2.8Is there a constar@ so that, for every < g,

max |Mtf - Mpf|

P=t<q

= C max|M;f —M,fll2.
2 P=t<q

https://doi.org/10.1017/50143385798108349 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108349

Oscillation in ergodic theory 899

Notation and preliminary results. To simplify some of the following discussion, we
introduce some additional notation. For a sequepgé let us denote

1/e
NG vy = SUp( Z |Xn(y — xn(i+l)|g> ,
i

where the sup is taken over all systems of indie€$) < n(2) < ---. That is,
l(x)llue) = Vo(x,). Note that foro > 1, | - |l,,) iS a semi-norm on the space of
sequences. Also note that for> 2 we have the inequalities

”(xn)”v(g) =< ”(xn)”v(Z) =< Z'S(Xn), (26)

where as before 12
S(xy) = (Z |xn|2) :

Note that for every sequende,) of Z — R functions

IS (@n)llez = S(lIdnlle),

that is to say, the operat& commutes with theZ?-norm. We will repeatedly use the
fact that for anyn; < ny < --- we have

12
2
Sl | ng—1 < n < nllve) = ( E Gen | nk—1 = < nk)||v(z)>
x

”(-xn)“v(Z)’ (27)

IA

and if we also have,, = 0 for all k, then

[l <2 SU(xn [ ni—1 < n < np)llu)- (2.8)
It is easy to see that the constant 2 in (2.8) cannot be improved. Only the inequality
in (2.8) needs proving.
Proof of (2.8).Let n(1) < n(2) < --- be an arbitrary sequence. We need to show that

2 2
Z 1Xn(iy — Xni+1)|” < 42 [ (xn | k-1 =1 < )l ) (2.9)
i X

In the sumy_; |x,i) — Xni+1) 1% the only terms which are not controlled by the sum on the
right-hand side of (2.9) are those for whigh_; < n(i) < ny andny_1 <n(i+1) < ny
with somek < k’. Let I denote the set of such ‘bad’ indices Fori € I, we write,
usingx,, , = x,,_, =0,
Xty = Xni4n |2
< 2(x 1+ xaasn?)
= |x"(i) - xnk71|2 + |xn(i) - xnk,1|2 + |xn(i+l) - x’lku1|2 (2103)
1 Xn(i41) = Xng_, [ (2.10b)

Let S be the quantity we get by replacing, for each 7, the term|x, ) — x,i+1)|? by
the term in (2.10b) in the Su; |x,q) — Xu+pl% Then

2
S <Y NG [ mcy <n <)l
k
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We have the same inequality ¥ denotes the sum over € I of any of the terms
in (2.10a), and this concludes our proof of (2.9). O

For a fixed sequence;, < ny < --- define
Gl = OCxa)
1/2
< Z SUp (xn - -xm)z) .

% Mk-1=<n=m<ny

Note that|| - ||, is @ semi—norm on the space of sequences and that the inequality

”(xn)”g(Z) =< ”(xn)”v(z), (211)
is valid for any fixedn; < n, < --- in the definition of the norno(2).

Remark 2.91t is possible for the right-hand side of inequality (2.11) to be much larger
than the left-hand side. To see this we can consider the following simple example.
Fix a sequencén;) and letx, = 1 for n;_; < n < ny if k is even andx, = 0O for

ni—1 < n < ny if k is odd. CIearIy||(xn)||0(2) = 0 while el 2 = 00 Consequently,
results about the(2) norm are stronger than the associated result about(@enorm.

As an illustration on the use of the above tools, we show how Gaposhkin’s result—
that the square functio® defined in (1.3) is a bounded operator frdi to L2 when
n, = 2*—can be used to quickly obtain a result which strengthens not only Gaposhkin's
own result but also improves White's result mentioned in the introduction.

PROPOSITION2.10. Suppose that the sequence< n, < -- - is lacunary. Then
M Py llz < C - 1@l g2

Remark.Recall that Gaposkhin’s result assumes the sequémngeneither grows too
fast nor too slowly. That is, he assumes there are const@nts ¢ > 1 such
that ¢ < niy1/ny < C. Here we are only assuming there is a constarsto that
1<c<npia/ng.

Proof. We can assume without loss of generality thati/n;, > 2. (If not, select a
partition of the sequence into a finite number of subsequences for which this is true.
Apply the following argument to each subsequence, and use the triangle inequality and
the conclusion of the argument for the subsequences to obtain the result for the full
sequence.) Let us define the operatgrdy

Vif = Maagp; 261 <t < 2.
Estimate as

M)l o2l = Vi) o2 llz + 1M1 = Vi)l o2 ll g2

As for the first term, note that

IVid)llo) < 1M d)l o) + S(Mat-1p — M),
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The reason we have to include the te§0WMy-1¢p — Mx¢) is because we may have
21 < n; < 2. Then Mz-+ may be in two terms of the sum given ByV,¢)|l,
while it could occur in only one term of the sum given ByMa¢)ll,,. Note that
[(M2c$)l 2, is a bounded operator by Theorem 2.6 ahdx-1¢p — Mx¢) is also a
bounded operator from? to £2. A fast way to see this is to use Theorem 2.4 and the
fact that the martingale square function is a bounded operator.

To bound the second term, defike = M, — V,. All we need to show is the pointwise
estimate

(KD lo2)

IA

4-8( sup |K,¢|>

2i-1<t<2i

= 4.S< sup IMf¢—sz¢|>

2i-1<t<2i

because then Gaposhkin’s result shows mﬁz¢)llo(z) is a bounded? — ¢2 operator.
Thus our problem is reduced to showing a statement about scalar sequences. That is,
it is enough to show that for every sequeneg of real numbers, we have

||(xf>||n(2)s4-s< sup |x,|).
2i-1<t<2i

Write
G120 = D, — x5)% = (S(x;, — X))
k

with n;_1 < s¢ <t < ng. Sincenyy1/n; > 2, there is at least 1 power of 2 betwegn
andr.» and between; ands;,,. But then, by the triangle inequality,

Sy —xg) = S(xy) + S(xy,)
4~S< sup |x,|>. 0

2i-l<t<2i

IA

By standard transference methods (see, for examp®, 25), Proposition 2.10 is
easily generalized to any measure-preserving system. Assusa measure-preserving
point transformation (assume is invertible if any R, contains negative integers) and
defineM, f (x) = (1/n) ZkeR,, f(z*x). Then we have the following corollary.

COROLLARY 2.11. Suppose that the sequence< ny < -- - is lacunary. Then

M Ol ll 2 = C - LF 2

Inequalities for oscillation and variation. Gaposhkin’s result can be generalized in a
different direction as well. We will state and prove the result only in the special case
where we use the dyadic blocks‘{2, 2), but it is true with the more general lacunarity
assumptions used by Gaposhkin.

PROPOSITION2.12. For all ¢ € £ we have

ISUAMp | 2 <t < 29,00 lle < C - 1]l - (2.12)
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Further, for any dynamical systefX, X, u, ) with T an invertible measure-preserving
point transformation, we have for anfy € L?(X) the inequality

ISUM, f 12 <t <29yl e < C 1 f 12

Remark.The difference between this result and Gaposhkin's inequality is the use of the
v(2) norm in place of the»(2) norm, where we take; = 2* in the definition of the
o(2)-norm. Since, as we pointed out in Remark 2.9, tli2) norm can be much larger
than theo(2) norm, this is a stronger result.

Before proving Proposition 2.12 we show how it can be used to deduce two inequalities
for the normsy,, ¢ > 2, andO.

THEOREM 2.13.1f 2 < o < oo then

M) o)l 2 = C(0) - 191l 2 (2.13)

There is a constant’ so that for any sequencg < n; < --- we have

(M) |y llz < C - @l 2 (2.14)
Further, if the averaged4, are the ergodic averages
1
Mif() =3 feh),
keR,

then
M Oyl = €@ - 11 f 2

and
MM ol 2 < C - LNl 2e

The inequality in (2.13) and its proof are slightly generalized versions of those of
Bourgain, b, Corollary 3.25]. The main difference is that we allow an arbitrary nested
sequence of interval®; C R, - - - in the definitionM,, while Bourgain proved his result
only for R, = [0, n). Also, (2.14) extends Proposition 2.10 to any sequenge

Proof of the implication Proposition 2.12= Theorem 2.13Let the operatord, be
Vip = Moy-1¢; 2k-1 <t <2~
To prove inequality (2.13) we estimate

M) o)l 2 = Vi) Loyl 2 + 1 (Mip — Vi) [y Nl 2- (2.15)

To handle the first term on the right-hand side of inequality (2.15) we again use the
operators(Ey), where E; is the conditional expectation with respect to the algebra
generated by the intervalg [ 2%, (j + 1) - 2), j € Z. Then we have

Vi)l llee = NI M) |yl 2 (2.16)
< MIED) lygyll 2 + 11 (M2 — Exd)llyg - (2.17)

A
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Here we know
I (Ex@d) o) llz = Cll@ll 2
by Lepingle’s result (see2R, 23). For the last term in inequality (2.16) write first,
using (2.6),
(M2 — Exd)llyg)ll 2 < 2+ IS(M2ep — Ex )l 2
But Theorem 2.4 says
IS(Mz¢p — Ex)ll,2 < Clidll -

Hence inequality (2.16) is bounded 6}/¢ | ..
Bounding the second term on the right-hand side of inequality (2.15) is done as
follows. Recall that

(M = Vid)lly < 1M — Vi)l a-

By (2.8), we have

[(Mip = Vid)lly =< 2-SUMp— Mpgp | 27 <t < 29,2
2-S(I(Mg | 27 <t < 2, 0))-

Assuming Proposition 2.12, we are now done with the proof of inequality (2.13), since
Proposition 2.12 says the above expression is controllefipty,.
We now prove inequality (2.14). Write, as before,

(M)l o2l = ViR o2 llz + 1M = Vi)l o2 ll g2 (2.18)

As for the first term, first note

Vi)l < (M) lly0) + S (Mo 169 — Mo ).

Now we can apply Theorems 2.6 and 2.4 to show both these operators are bounded from
€2 to €2
The boundedness of the second term in (2.18) follows from the inequality

(M = Vid) o) = [(Mip = Vid) | 2)-

We saw in Proposition 2.12 above that this expression is controllggly, and so the
proof of (2.14) is complete.

The last statement, about the ergodic averages, follows from the prior statements and
standard transfer methods. O

RemarkIn the above proof we used Lepingle’s theorem, that for martingaless andg,
we have

IICE @) s Lz = Clipll 2
We will show in §6 that for martingales, the operatdip = |[(Exd) |, is weak type

(1,1) and mapg? to ¢7 for 1 < p < co. We will see in the next two sections that the

same is true for the associated operatpp — (M)l (s

https://doi.org/10.1017/50143385798108349 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108349

904 R. L. Jones et al

Proof of Proposition 2.12. We will need estimates for the Fourier transformadf. We
state the required estimate as a lemma so it will be easier to refer to later. Recall that

~ 1
M) == etp),
neRr;

wheree(x) = e27ix,

LEMMA 2.14.Lets < t. Then for eveny € [-1/2, 1/2] we have
—~ ~ [t —s 1
M (B) — My(B)| =< C-min {— (t =98I —} :
t s|Bl

Proof of Lemma 2.14lt is easy to see that

- -~ C
M (B) — M;(B)| < —.
1Bl
Indeed, write

\M,(B) — M(B)| < |M,(B)| + | M(B)],

and use that for any intervél the numberz(n8), n € R, form a geometric progression.
Let us now show

|M,(B) — My(B)| < C - min{tf, (t — S)Iﬂl} :

This is the part of the proof where we are using the fact that we have a nested sequence
of rectangles.

|M,(B) — My (B)| |M,(8) — 1 — (M,(8) — )|

1 1
‘; D (@) —1) == (ep) - 1)‘

neRr, neR;
1 1 1
- ‘ ( - ) Dempy—D+= > (emp) — 1)‘
tos) & T neRR,
1 1 1
< C. <_ - _) dlemp) —1+= > lemp) -1,
tos) & RN,

from which the estimate easily follows using that
le(nB) — 1| < C - min{1, |nB|}. O
In fact we will use the following immediate consequence of the lemma.

COROLLARY 2.15.Let 21 <+ < 2k, Then for eveng € [-1/2, 1/2] we have

~ ~ . 1
|M,(B) — Mx(B)| < C - mm{zkwi, 5] }

and c
\M,(B) — M,_1(B)| < 5
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With the notationK, = M, — Mx, we can rewrite (2.12) as
ISUI(Kp | 271 <t < 290l < C - 9]l . (2.19)

We now writeK, as a sum of orthogonal elements by restricting the Fourier transform
of K, to disjoint sets, the union of which is the 1-periodic extension-df/2, 1/2]\ {0}.
(It does not matter that 0 is excluded sinifeO) =0.)

First, for j € Z, we introduce the functiong;. For positive j, we let x; be the
1-periodic extension of the characteristic function of the set

[—277, 27 Yyu[2/7t 27).

For j < 0 we sety; = 0.
Next, for 21 <t < 2¢, we define the operatdk;, by its Fourier transform as

K (B) = K, (B)xj4x(B).

Clearly,
K =) Kj. (2.20)
JjEZ

We need the following.
LEMMA 2.16.
e For everyj andt we have

=~ C

KB < - (2.21)

e Foreveryj andt, if 2671 <t < 2%, we have

o~

~ C
1K)t (B) = Kjua(B)l = o (2.22)

Proof of Lemma 2.16We just need to prove (2.21); the inequality in (2.22) is an
immediate consequence of the second estimate in Corollary 2.15.
Note thatl’(\,-,,(ﬂ) # 0 only if 27771 < |8] < 27/7%. From the inequalities of
Corollary 2.15, we use
IKi(B)] < C- 2“8,

for positive j and, for non-positivej, we use

~ C
R = 5

in both cases we get the estimate in (2.21). O

At this point it is convenient to introduce the norm

- 1= 11 lly lgz-
SinceS commutes with the?2 norm, we can rewrite (2.19) as

SUKip 12 <t <29 < C-llglle-
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By the triangle inequality, we have

Sk 127 <t <290 <Y SUI(Kj¢ | 27 <t < 29,
J

and we see that our proof will be finished if we prove
C
SUK¢ 127 <1 < 29D = 5775 - 9l (2.23)

One more piece of notation and we can start. Let

Li={pl27 <l <277},
N = min{2k-1, 21},
ChooseN equidistributed points betweeri2 and 2, say,
X l=—g<ay< - <ay <2~
Define the operatord, by
A= Kj,am,l; ap-1 =1 < ap.
Estimate
SU(Kjup |1 27 <t <29 < SlAg 12 <1t <29
+SUI(Ap — Kjip | 271 <1 < 291). (2.24)

Let us bound the first term above. For fixedwe have, using (2.6) and the fact thsat
commutes with the? norm,

I(Ap | 27 <t < 2

1(Kja,@ | m <N
28(||Kjam¢”gz)

IA

By Parseval's formula, we have

Y IKja, bl = > f[_lm/z)|1?j,am(ﬂ>$<ﬂ>|2dﬂ

m<N m<N

by (2.21) and noting thafj,am (B) is non-zero only ifg € I;x,
1 oy 2
< c-gzz—j/lj_k|¢<ﬁ)| ap
C - 2
< o /, pIap.

where we used, in the last step, thét< 2/l. Summing the above estimate inwe

obtain
- 2 c a2
Xk:||(A,¢|2k L<r<29)? < 2];/“ lp(B)I"dp
c ~
= o d 5
- /[_1/2‘1/2) PP dp
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which, by Parseval's formula, implies the bound

SAp | 25 <t <29 <

C

Let us bound the second term in (2.24). Sidge= K;, if 2~ <t < 2F andk < |},
we assume that > |j|, and henceV = 2\/|. By (2.8) we can estimate as
2-S((Ap — Kjd | am—1 <t < am)lly2)
= 2-S((Kj:® | am-1 <t < am)lly2)-

(A — Kjup | 275 <t < 29|, 0)

IA

For fixedm, we have

1(Kji@ | am-1 <1 < am)ll,2)

=< ||(Kj,l¢ | p_1 <t < am)”l;(]_)
< > K —Kjadl
Ap-1=t<dpy
1/2
< (an— )% ( Y. (K- Kf,t+1¢>2> :

Ap-1=t<apy

where in the last step we used Cauchy’s inequality. If we put the above two estimates
together, take thé? norm and use tha$§ commutes with theé? norm, we get

I(Arp — K | 251 <t <29
1/2
< 2 S((am — a1 ( > K- Kj,,+1¢||,§z) )
am-1=<t<apm

By Parseval's formula, and recalling thaj — a,,_1 = 2¢/N, we have

Y @n—an1- Y, K f —Kiafls

m=<N Ap-1=t<apy

2k
= Zﬁ'

m<N am-1=<t<a, '/[A—1/2,1/2)
by (2.22) and noting thai’\j,,(ﬁ) is non-zero only ifg € I; x,

< cy2.2 1 /Wdﬁ
B mSNN N 2% Ijk

= S e
= = /IM|¢| dp.

Summing the above estimate inwe obtain, as before,

C _~
YA —Kpp | 27 <e <29 < = Z/ B(B)I7 dp
k k I/Ak

1K;(B) — Kjur1(B)PI FI2dB

A

C Y 2
= P d N
» /[_1/2,1/2) B(8)12dp

which, by Parseval’'s formula, implies the bound

SU(Ap —Kj ¢ 127 <t <29|) <

7 19l (2.26)
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Now, because of (2.24), the estimates in (2.25) and (2.26) prove (2.23), and so we are
done. O

Let us note that an important consequence of the proof is a generalization of
Theorem 2.4. Denote by what we calledE; before, and define the operataks
by
E, = Ex; 2'<yt <2k

THEOREM 2.17.

(M — Eip)lly)ll e < C - @]l 2-

3. Weak(l, 1) results

We begin this section with a general result that will be used to establish the weak
(1, 1) inequalities for a variety of operators considered in the earlier sections. While the
argument uses the standard CafoesZygmund decomposition, it uses &h estimate

(or, more generally, ai® estimate for some > 1) for the ‘bad’ function, and hence is
different from the standard argument. Note that for square functi@nmformation is

often more natural.

THEOREM 3.1. Let A be a sublinear operator. Assume thatsatisfies:
(i) there is a constant so that for anyy : Z¢ — R of finite support

{1Ag] > 1| < cllglZ;

(if) there is a constanC and ang > 1 such that if(B;) is a collection of pairwise
disjoint dyadic cubes irZ¢, andb : Z¢ — R is a function of finite support with
b =}, b;, such that eacth; is supported omB;, and}_ . b;(x) = 0 for eachj,
then we have a ‘reversé inequality’; that is

00 /e
A(Zow)|=c(Tuopwr)
; =1

for all x ¢ U;B;, where for any cubeB, B denotes the cube with the same center
as B, but with each dimension expanded three times;

(i) there is a constanf so that if B is a dyadic cube and the functign: Z? — R is
supported onB, Y~ ;. b(x) =0and ||b| . < 4¢-|B| then we have

> 1Ab(x)|° < C|B|.

x¢1§

X€B;

If all these properties are satisfied then there is a constast that for anyp : Z¢ — R
of finite support

{lAg| > 1} < cllllp-
Further, the same result holds if we repla&é by [0, 1)¢ or by R? and useL” norms in
place of¢? norms.

Remark.When ¢ = 1, this theorem is essentially the Benedek—CdldePanzone
principle. In this case, sincé is sublinear, the condition in (ii) is automatically satisfied.
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Proof. We will give the details only in the case @f. The proof in the other cases is
exactly the same. We begin with the standard CéldeZygmund decomposition. We
state the following lemma without proof (se2f]).

LEMMA 3.2. (Caldedbn—Zygmund decompositionAny¢ : Z¢ — R of finite support can
be written in the formp = ¢ + b where:
Lo gl < gl
2. b=} ;b; where eaclb; satisfies:
(a) b; is supported in a dyadic cubB;
(0) > .cz0bj(x) = Ofor eachi;
(©) lIbjll,. < 4|B;l;

d > 1Bl <1l
Now let¢ = g + b as given above. Then we have
{lA¢] > 2}] < {|Agl > 1}| + [{|AD] > 1}].
For the first piece we use (i) and 1. above to obtain
{lAgl > 1} < cligl% < cllgll,s

For the second piece we break the set into two pieces. We can estimate the second piece

by
{|Ab| > 1} < |{x : |Ab| > L x € Ujéj}l + {x 1 |Ab| > 1, x ¢ UjE’j}L

The first of these is easy; we have, by 2(d),

A
c
sz

l{x : |Ab| > 1,x € U;B;}|

Mg

Il
i

IA

3dZ|Bj|
j=1
< Y DIl

j=1 XEB,'
d
= 3l

For the second piece we need to use the other propertidsiofthe statement of the
theorem. We have
> 1Abx)[°

x¢U; B,v

l{x : |Ab] > 1, x ¢ U, B}}]

IA

by (i)

IA

¢ Z Z|Ab,-<x>|9
Eoy

ey Z | Ab; (x)|°

Jj=1y

IA
oa,

https://doi.org/10.1017/50143385798108349 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798108349

910 R. L. Jones et al

by (iii)

IA

o
¢y C-|Bl
j=1

by 2(d)

IA

cllpl e -

We now want to apply this result to the operators considered earlier. In each case we
have already proven that the operator is strong #&). Hence we already know that
condition (i) is satisfied.

First we prove a result which will imply that the square function considered in
Theorem 2.1 is weak typé€l, 1). In fact, our formulation will be more general, but
we do not achieve yet the generality of Theorem 2.2; we restrict the definition of the
operatorD, of Theorem 2.2 by assuming that for eaghthe functionss, (x) andb, (x)
are constants. As we will see, in this more restrictive setting, we can use Theorem 3.1
with o = 1. Later, when we prove the wed&k, 1) analog of Theorem 2.2 (Theorem 3.5),
we will need to use the full strength of Theorem 3.1; we will take- 2.

Let (R,) be a sequence of intervals in,[D all containing 0 andR,| = 27". Let
D,f(x)=2" fR” f(x +1)dt, and letf, = E, f be the standard dyadic martingale on
[0,1).

THEOREM 3.3. The square function

S(fH(x) = S(Dy f(x) = fu(x)),

whereD,, and f, are defined above, is a weak ty@de 1) operator.

Proof. We will use Theorem 3.1 wittd = S andp = 1.

Condition (i) holds because of Theorem 2.2. We do not have to check (ii) since
is subadditive. To check (iii), leB be a dyadic interval of length=2, and letb be
a function supported o, of mean value 0 andb|; < 4/B|. Since, for everyn,
b,(x) = 0 if x € B°, we have

Sb(x) = [ 1D.b(x)|2

n

for x € B¢. SinceSh(x) <Y, |D,b(x)|, we just need to show

fB 2 IDubldx = | Db dx < Clb],a.
Let x € B¢. Sinceb is supported orB we haveD,b(x) =0 if n > £. So we just need
to consider terms witlk < £. Since the mean value @fis 0, we haveD,b(x) = O if
B is contained in the intervat + R,. This implies that, withB = [c, d), for n < ¢,
D, b(x) may be non-zero only on one of the intervalsd) — 2" or [c,d) + 2". As a
consequence, sind®,b(x)| < 2" - ||b|l,., we have

IDub()dx <2 2'bl|1 - 27
B(
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Summing this over, n < ¢, we obtain
[ > IDub(x)|dx < C|bll, < C - |B,
Be

which finishes our proof. O

The following theorem is proved in much the same way, but we need to use
Theorem 2.4 to check condition (i) in Theorem 3.1.

THEOREM 3.4. The square function considered in Theorem 2.4 and defined by

[e¢]

1/2
Sp(r) = ( |Mxg(r) — En¢<r)|2)

n=1

is a weak typdl, 1) operator.

Let us now turn to applications of Theorem 3.1 where we need todakel.

Let D, f(x) = 2" fR“(x)f(y)dy, where for each positive integer, R,(x) is an
interval of length 2" containingx, chosen in a measurable fashion. Lgt=E, f be
the standard dyadic martingale on 0.

THEOREM 3.5. The square function

S(NH(x) =S(Dy f(x) = fu(x)),

whereD, and f, are defined above, is a weak ty(e 1) operator.

Proof. We will use Theorem 3.1 wittd = S andp = 2.

Condition (i) holds because of Theorem 2.2.

To check (i), letB;, b; andb = ) b; be as stipulated by this property, and fix
x € (UB))‘. Observe that, because of the positionxofind the assumptions by
and B;, we have(b;),(x) = 0 for eachj, and henceb,(x) = 0. It follows that
Sb(x) = +/>_(D,b(x))2. Notice that for eachr, there are at most twg'’s for which
D,b;(x) # 0. Indeed,D,b;(x) # 0 could happen only iB; contains the starting point
or endpoint ofR,(x). It follows that (D,b(x))? < 4Zj(Dnbj(x))2. Summing this
inequality inn, we obtain

(Sh(x))?

> (Dub(x))?
433 (Dubj(x))?
J n

4% (Sbj(x))?,
J

IA

which is equivalent to what we wanted to prove.

We now check property (iii). LeB be a dyadic interval, lei be supported o with
mean value 0 andb|, < 4|B|, and letx € B¢. We denote by = §(x) the distance
betweenx andB. As before, we observe th&b(x) = /Y D2b(x). Sinceb is supported
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on B, we haveD,b(x) = 0 if 27" < §. It follows that $?h(x) = Y ,.._s D?b(x). Since
D,b(x) < 2"||b||,,, we can estimate

1
$?b() = 3 22l < € Wbl - -

271>§8
But then
2 2
Z_s b(x) < c-llbllLl-Sz( ;
xeBe {x18()= B}
< CoblE Y y7?
y=|B|
< C-|blf:-|BI™
< C-|B|,
which was to be proven. O

THEOREM 3.6. Let R; C R, C --- denote a nested sequence of intervalZjrsuch that
|R;| =t and Ry = {0}. LetM,¢(r) = (1/1) ZjeR[ o+ j).
(i) If 2 <o < oo then the operator

Vo (r) = ((M:i ) (1)l o) 3.1

mapse? into weake?.
(i) For any sequence; < ny < --- the operator

09(r) = |(Mi$)(r)ll o2 (3.2

maps¢?! into weake?.
(iii) Further, if the averaged4, denote the ergodic averages

1
Mif) =% f'o,

keR,

then both operators map*(X) to weakL!(X).

Proof. We prove (i) only. The proof of (ii) is similar, and (iii) follows by the transference
principle.

In Theorem 2.13 we have already shown that condition (i) of Theorem 3.1 holds,
and that (ii) of Theorem 3.1 holds is seen in much the same way as in the proof of
Theorem 3.5.

It now remains to prove that (iii) of Theorem 3.5 holds. LBtbe an interval, leb
be supported o8 with mean value 0 andb||,, < 4(B|, and letr € B¢. We denote by
8§ = 8(r) the distance betweenand B. Let us choos&; < n, < --- so that

o) 1/0
Vob(r) = (Z | M, b(r) — Mmb(rn@) :
k=2

SinceM,b(r) =0 if n < §, we can assume that either > § or ny <8 < np. We just
deal with the second case; the first case is a bit simpler and handled similarly.
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Since in this casé/,,b(r) = 0, we can estimate
Vob(r)
00 1/0
= (|Mn2b<r>|9 + ) My b(r) — Mn“b(rn@)
k=3
o0
< My,b(r)| + Z | My, b(r) — My, ,b(r)]
k=3
s 1 1 . 1 .
< MO+ ([ === D be+p|+|= D> bo+))
=3 M M1/ jég” M jeRy\Ry_,
1 < /1 1 1 & .
< —|blle + Z < - > 16l + — Z Z 1b(r + )|
n2 k=3 \k M-l "2 423 jeRy\Ru_,
C
< —lblle
nz
< Slble.
We now have
Y Ve = Y Cobllg: -
4 14
rebe [r18(n=1B1) 8e(r)
< CbIg Yy
y=IB
< C-|bllg,-IBI*®
< C-|B|,
which completes our proof. O

We finally mention the following result, the proof of which is similar to the above.

THEOREM 3.7. Let E, be the operator as defined in Theorem 2.17. Then the operator
(M — Ed)l, (5 is weak typel, 1).

4, BMO andL? results

A general principle. In trying to prove that the square function operator

Sf(x) = \/Z(Mnfm — M, 1f(x))?

maps¢>* — BM O, we notice thatSf (x) — Sf(y)| < Bf(x, y), where

Bf(x.y) = /Zmnf(x) — Myt f () = (Mo £ () = Myt f ()2

If f = g+ h, then this operatoB certainly satisfies

Bf(x,y) < Bg(x,y) + Bh(x,y)
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and
Bf(x,y) <2-max{Sf(x), Sf(»}

For an intervall c Z, we denote byl the interval with the same center asut of
length 317].

Similar to the previous section, and motivated by the above observations, we begin
with a general result that will imply that many of the operators we considered earlier
map £ (or L*>°) to BM O or dyadicBMO.

THEOREM 4.1. Let A be an operator defined cft°. Assume the following five properties:

() the operatorA is a bounded? — ¢2 operator;

(i) there is an operatoB which satisfiegAf(x) — Af(y)| < C - Bf(x, y) for some
constantC and everyf, x, y, and which satisfies the following three properties;

(iii) there is a constan€ such that if f = g + &, then

Bf(x,y) < C-(Bg(x,y)+ Bh(x, y));

(iv) there is a constan€ such that we have

Bf(x,y) = C-maxAf(x), Af (0}

(v) there is a constant so that for any interval C Z, andh € £ supported orZ \ /,
we have
sup Bh(x,y) < C - |||l y.
x,yel
Then there is a constaidt such that|Af | zyo < Cll flle- The constanC depends only
on the constants in (ii)—(v) and th& — ¢2 bound ofA.

Remark 4.2A similar result is true if we restrict the intervalsin (v) to dyadic intervals,
but then the conclusion is that maps¢*> to dyadicBM O.

Remark 4.3Theorem 4.1 and the result in Remark 4.2 extends to the cases Zvien
replaced byR or T (the torus).

Proof. We need to show that for any intervalc Z we have

AF@ ~ 2 3 AFD)| = Cl
11 ~ 111 45

We have

1

LEc1hdaanT ; ol = & i ; 0= 470

< IR AT,
xel yel
By (ii), we need to show, for any intervdl C Z,
|,|ZZZBf<x ¥ = Cllf e 1)

xel yel
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Fix an intervall. Let g(x) = f(x)x;j(x), the restriction off to I, and leth(x) =
f(x) — g(x), the restriction off to Z \ I. By the subadditive property in (iii), we have

Bf(x,y) < C-(Bg(x,y)+ Bh(x, y)).

It follows that it is enough to prove the following two inequalities:

1
>N Be(x. y) = Cligle 4.2)

|I|2 xel yel
with a constantC depending on thé? bound of the operatod; and

sup Bh(x, y) < Cllh]lc. (4.3)
x,yel
Only (4.2) requires proof since (4.3) is just assumption (v) in our theorem.
Since, by assumption (ivBg(x, y) < C - maxAg(x), Ag(y)}, we need to prove

1

77 2 A8 = Cliglhe. (4.4)

xel

Since, on a probability spacg, ||, < | - Il,., we have

Since, by the assumption in (4 is a type(2, 2) operator, we have

> 1Ag)P < [1Agl% < Cligll.

xel

The inequality in (4.4) follows, sincg is supported orn/, an interval three-times the
length of 7, and|l¢|1% < I1lgl%, so

1
/m Y 1A8@)2 < Cligly. 0
xel

Applications of Theorem 4.1.Let us introduce some notation which we will use for the
rest of this section.

Let R, denote a nested sequence of interval&Zjnwith |R,| = n, Ry = {0}, and
defineM, f(x) = (1/n) Y ;g f(x + j). Fix o > 2 and a sequence, < ny,.... Let
us define the operator$;, A, and Az by

00 1/2
Arf(x) = S(Mmﬂx)—Man(x)):(Z|Mnkf(x)—Mn“f(x)|2> ;
k=1

12
AZf(x) = O(Mnf(x)) = <Z sup |Mnf(x) - Mmf(x)|2> 5 (45)

<n<
k=1 Mk-1<n=<m<ny

1/
Asf(x) = Vg(Mnf(x)):(S?)F))<Z|Mn(i)f(x)_Mn(iJrl)f(x)lQ) .

i
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Finally, for f € L([0, 1)), define the operatad, by

00 1/2
Aaf (x) = 8Dy f (x) = fo(x)) = (Z 1D f (x) — fn<x)|2) : (4.6)
n=1

whereD,, and f, are as in (1.7).

THEOREM 4.4,

(&) The operatorsAi, A, and Az defined in (4.5) are boundeld™ — BM O operators.
In the casesA; and A,, the L — BM O bounds depend only on thé — ¢
bounds, but do not depend on the sequemg¢e. In case ofAs, the L — BMO
bound depends only on tifé — ¢? bound andp > 2.

(b) The operatorA, defined in (4.6) is a boundet™ — dyadic-BM O operator. The
L> — dyadic-BM O norm of A4 depends only on it&> — ¢2 bound.

Proof of part (a) of Theorem 4.4\/e just give the proof for the operatds, but formulate
the proof so that it will apply equally well td, (just changep in the proof to 2). With
only trivial changes, the result fof; follows in the same way.

We want to apply Theorem 4.1 with = Az and

Bf(x,y) = My f(x) = My f(¥)llye)-

By Theorem 2.13, the property in (i) is satisfied. Properties (ii)—(iv) follow easily from
the triangle inequality for the seminorin ||, ,,. It remains to check the condition in (v).

Let / C Z andh be supported off \ I; we can assume thiit||,.. < 1. Letx,y e I.
By the definition of the nornil - || = || - o) there are interlacing sequendes(k)) and
(n(k)) (interlacing means that (1) < n(1) <m(2) <n(2) <---), so that

[Muh(x) — Muh(y)|l

/e
= 2. (Z |(Mn(k)h(x) - Mm(k)h(x)) — (Mn(k)h(y) — Mm(k)h(y))|g> .
k

Since the functiort is supported outside the intervh] we haveM,h(z) = O for ¢ < |I|
andz € I. Therefore, we can assumgl) > |I|. Let us write

D I Myh (x) = My () = (Mo (3) = Mipayh (9))|°
k

= Z [(Mygoh(x) — Miygyh(x)) — (Myayh(y) — Mugoh(0)|°
n(k)—m(k)>|1I|

+ Z |(Myyh (x) = Minoh (%)) — (Muaoh(y) = My h(3))1°.
n(k)—m(k)<|1|

By the triangle inequality for the?-norm, we need to establish the following two
inequalities:

1/e
( Z [(Mygoh(x) — Myayh(x)) — (Mygh(y) — Mm(k)h()’))|g> <C (4.7
n(k)—m(k)>|1I|
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and

1/o
( Z [(Mygoyh(x) — Mygyh(x)) — (Muayh(y) — Mm(k)h(Y))|Q> <C. (4.8)
n(k)—mk)<|I|

Let us prove (4.7). We have, by the triangle inequality,

/e
( > (Myh(x) = Myyh(x)) = (Magyh(y) — Mm(k)h()’))|Q)
n(k)—m(k)>|1I|

1/0
< < Z [ M,y yh(x) — Mn(k)h(y)|g>

n(k)y—m(k)>|1I|
/e
+( > IMugh(x) - Mm(k)h(y”Q) .
n(k)—m(k)>|1|

We just need to prove

1/o
( > IMuwh(x) _Mn(k)h(Y)|Q> <C (4.9)
n(k)—m(k)>|I|
with a constantC independent of the increasing sequerigék)). Observe that, for
everyn,
1
M) — Myh(y)] < 21 (4.10)
n
Indeed,
1 ; 1 ;
IMyh(x) = Myh()| = |5 > R()== Y k()
" je(e+RoNG+R) " je(y+RoNG+R)
1
<« = .
=~ L,
jeDb

whereD is the symmetric difference of the sets- R, andy+ R,. The estimate in (4.10)
follows by noting thatiD| < 2|x — y| < 2|1].

Since the sequencés(k)) and (m(k)) are interlacing and because of the assumption
n(k) —m(k) > |I|, we have thak(k) > k|I|. But then

LIRS
| My (x) = My h(»)1° < 2 <k~ III) < o0,
n(k)=m(k)>|1| K

sincep > 1. This proves (4.9), and hence (4.7).
Let us now prove (4.8). This time, we estimate, using the triangle inequality,

1/e
( Z I(Mn(k>h(X)—Mm<k)h(X))—(Mn<k>h(y)—Mm<k)h(y))lg>
n(k)y—mk)<|I|

<

1/o
( Mgy (x) — Mm(k)h(x)|g>
n(k)—mk)<|1|

/e
~|—< > IMugh(y) - Mm(k)h(y)|g> :

n(k)—m(k)<|1|
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We just need to prove

1/e
< Z My (x) — Mm(k)h(x)|g> <C (4.11)

n(k)—mk)=<|I|

with a constantC depending orp only.
Observe that, for every, m, n > m,

IM,h(x) — M,,h(x)]| <2-(n— m)%. (4.12)
Indeed,

|Myh(x) — My h(x)]

1 1 1
‘(;—a) oo i+ Y h(j)’

JEC+ RN+ Ry) M e+ RN (x+Rn)
1 1 ) 1 .
(—) Yoolkil+= Y kG
S =T JEC+RONr+Ry)

The estimate in (4.12) follows by noting that + R,) \ (x + R,)| = n — m.
As a consequence of (4.12) andlder’'s inequality, we have

1 1

|Myioh(x) = Mph(x)] < 2-(a(k) —m(k)— <2 Y =

n(k) m(=q<nk) 4

1 1/e
2(n<k>—m<k>>1—1/g( > —)

)
mk)<q<n(c) 4

11 1 1/0
< 2|1|—/@( 3 —Q> .
m(ky=g<nte) 4

where, in the last step, we usetk) —m(k) < |I|. Taking thepth power, and summing
in k, n(k) —m(k) < |I|, we get

IA

A

1
D IMuwh(x) = Mygh)® < 2211°71 ) p
n(k)—m &) <|I| q=|1]
= C < oo,
which proves (4.11) and hence (4.8). O

Proof of part (b) of Theorem 4.4Me want to apply Theorem 4.1 (more precisely, its
variant forT) with A = A4 and Bf (x, y) = [(Duf — fu)(x) = (Dnf — )W)l 2. By
Theorem 2.1, the property in (i) is satisfied. Properties (ii)—(iv) follow easily from the
triangle inequality for the seminorm- || .. It remains to check the condition in (v).

Let I c T = [0, 1) be a dyadic interval, say of lengti2 and letk be supported
onT\ I; we can assume th@t ||, . < 1. Since the functiork is supported outside the
interval I, we haveD,h(z) = 0 andh, = 0 for 2" < |I| = 27¥ andz € I. Therefore,
we need to prove

1/2
sup (Z((Dnhm — ha () — (Dah(y) — hn(y»)Z) <c,

x,yel \ ok
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with an absolute constar@. Note thath,(x) = h,(y) for n > k. Since the¢! norm
dominates the&? norm, it is enough to prove

sup ) " ID,h(x) = Dyh(y)] < C. (4.13)

x,yel n>k

Denoting byA, the symmetric difference of the intervals,x +27") and [y, y +27"),

we can estimate as
2 / h(o)] dz
Ay

on . 2|X _ y| — 2n+l—k’

|Dph(x) — Dnh(y)]

IA

IA

where we used thgi||, . < 1. Summing this overn < k, we see we can tak€ = 2
in (4.13). O

Remark 4.5For the BMO result to hold, it is important that the operatérs in the
definition of A, are not too general. In particular, the square function considered in
Theorem 2.2 may fail to map> to BMO. We show this with the following example.

Let f, be the usual dyadic martingale on, [0 and let D f(x) = 2 f,k(x) fQ@)dt,
wherel(x) is an interval of length 22 which contains the point. For certain choices
of (I;(x)), the square function

o0

1/2
Sf(x) = ( | Dy f (x) — fk<x>|2)

k=0
does not mag@.* into BMO.

To see this, let? and N denote two disjoint subsets of [1) such thatP N[3, 1 +
2| =INN[3 3+ 2)| =1/2 for each integel > 2. Takel(x) = (x — %, x] for
eachx € N, and[;(x) = (x,x—l—%] for eachx € P. Let f(x) = X[%!l)(x), and let¢ > 2
denote a positive integer. For eaklr 2, and allx € [, 1 + 1) eachfi(x) = 1. If we
also havex € P, thenD; f(x) = 1, and we haveD, f(x) — fi(x) = 0. Fork = 1, we
have fi(x) = 1 and Dy f(x) = 2(1 — x), and fork = 0 we havefy(x) = 1 = Do f(x).
Consequently,

00 1/2
Sf(x) = (DDkf(x)—fk(x)F) =2r—1<1
k=0

Foreachk, 2<k < ¢,if x e NN[3, 34+ 2), thenDy f(x) = 2 (x — 3) < 2¢/2° < 3,

and we have D, f(x) — fi(x)| > |% -1 = % Consequently, for such we have
Sf(x) = 3V -2
From this we see that if we take = (3, 3 + 2), and we compute the average
L f IS£ () — SFColdy dx,
[Lel= J1, J1,
we see that fo¥ large enough, this average is at least

22‘3/ / 1AVE—2—1dydx > L.
NNI, J PNI,

Sincef can be taken as large as we want, we see that the square function cannot map
L into BMO.
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Inequalities forL?, 1 < p < oo.

THEOREM 4.6. Let A be any of the operatordq, A,, Az, A4 defined in (4.5) and (4.6).
ThenA is a type(p, p) operator for anyl < p < co. In caseA = A; and A = A,, the
¢P — (P operator bound does not depend on the increasing sequgnce

The same is true in the general ergodic theoretical setting.

RemarkWhenA = A;, the above theorem improves a result2@][where it was shown
that A, is type (p, p) for 1 < p < 2.

Proof.In caseA = A1, Ay, A3, we can prove the theorem by interpolation between weak
(1,1) and¢>® — BMO. The necessary interpolation theorem is provedsin [

As for the caseA = A4, we cannot directly use the result as it is stated3h |
However, an examination of the proof given there shows their result remains true using
only dyadic BMO. In particular, the decomposition in their Lemma 3.2 can be made with
dyadic intervals. Then the result follows exactly as in their proof. O

In light of Remark 4, the following question remains.

Question 4.7.Let f; be the usual dyadic martingale on, [0 and let D; f(x) =
2 f,k(x) f()dt, where I,(x) is a measurably chosen interval of lengtji24 which
contains the poink. Does the square function

00 1/2
Sf(x) = (Z 1Dy f (x) — fk<x)|2)
k=0

mapL? to L? forall p,1 < p < c0?

We have already shown th&t mapsL? to L? (see Theorem 2.2). From this, and
Theorem 3.1, it is not hard to show that it majpsto weak L', so we have the operator
bounded fromL” to L? for 1 < p < 2. Thus the question is really what happens for
2<p<oo?

5. Square functions and upcrossing results

We first introduce some notation and give the ergodic theoretical analog of Theorem 6.8.
For any sequence of operatord;) and » > 0 we defineA(x, Ty, f, x) to be the
number ofs jumps of the sequenad; f (x)), that is, the maximaN for which there are
1<t <---<ty SO that

T, f (%) = Ti,p s f (O] > A

Let R, be a nested sequence of intervalsZnall containing 0O and letM, f(x) =
(1/IR/ D) ZjeRt f(x + j). In what follows, we will often abbreviata (A, M,, f, x) by
A(S, x).

THEOREM 5.1. There is a constant so that for anyf e ¢, A > 0 and positive integer
n, we have

Cc
<

{x : A, f,x) >n}| < o

Ilf 1l gr-
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Proof. All we need to prove is

C
HAVAQ, fox) >yl = ;”f”gl' (5.1)

Indeed, takey = A+/n to obtain the inequality of our theorem.
In proving (5.1), we can assume th@,| = ¢ and thaty = 1. Let E, be as in
Theorem 2.17. Let us estimate

MWAR, M, f,x) < W/AGJ2, M, — E,, f,x) +AJ/AM/2, E;, [, x).

We estimate the first term on the right-hand side||By; f (x) — E. f(x),p- Hence, by
Theorem 3.7, we have the inequality

{AAM/2, M; — E;, f, x) > 1)|

{A/2:/AGJ2, M, — E;, f,x) > 1/2}]
< Clfll

That the second term satisfies a wegék 1) estimate follows from the inequality
in (6.3). O

Of course, this theorem has the following corollary for upcrossings.

First recall the definition of upcrossings. Fix> «. Let N(f, x) = N(«, B, f, x) be
the number of upcrossings of the sequetkg f (x)), that is, the maximaN for which
there ares; <11 <sp2 <tp < -+ < sy <ty SO thatM,, f(x) <« and M, f(x) > B for
i=12,...,N

THEOREM 5.2. There is a constanf so that for anyf € ¢1, > o and positive integer

n, we have
C
{x : N(c, LX) > n}| < || II1- 5.2
Remark.In the caser, = [0, n), Bishop b] (see also 21]) proves a stronger result. He
proves

1
mix . N(O!ﬂfX)>n}§(ﬂ ||f||1

In the caser, = (—n, n), Kalikow and Weiss 21] prove

Iogn

m{x : N(a, B, fx)>n}§'8
Our result improves on this inequality in three ways: we improve the con§/fhrgn/n
to 1/./n; the intervalsR, are more general; finally, we in fact have an inequality for
A-jumps not just for upcrossings. But the fact that we derive our upcrossings result from
a A-jump result possibly prevents us from obtaining the constgntid Bishop’s result.

1/ 1l

Next, we turn to the ergodic theoretical analog of the exponential estimate of
Theorem 6.9.
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Remark.The fact thatV, (M, f (x)) mapsL> to BMO, and consequently we have the
John—Nirenberg inequality, gives an exponential estimat&’ g/, f (x)), but we are

not sure how this relates to the exponential estimate given by Kalikow and Vdiss [
However, by using the information obtained from the square function, as stated in
Theorem 5.2 and a covering argument (quite different from that given by Kalikow and
Weiss), we can prove an exponential estimate on the number of upcrossings. We note
that one advantage of our argument is that we only need to assume the infgraats
nested. In particular, we do not assume, as they do, thaRtisatisfy for somey > O,

IR, NZ*|/|R;| > y. On the other hand, we do not obtain exponential estimates for the
upcrossings for a non-negative—only for boundedf.

It is also interesting to point out that our method of proof of the exponential inequality
for ergodic theoretical upcrossings akgumps is completely different from that of the
proof of Theorem 6.9. The reason for this is that we could not prove as good a bound
for the ergodic theoretical square function type operators as we have fdr’timerm
of the martingale square function type operators. Indeed, while in the martingale case
the L” bound goes to infinity ag/p (cf. Theorem 6.4), we can presently only prove a
growth rate ofp for the ergodic theoretical case.

The point of the following is that a non-trivial estimate for the upcrossings for bounded
functions is ‘self-improving’, and implies an exponential estimate for upcrossings for
bounded functions. Although we apply the result only for functions defined,owe
state it forZ?, because this higher-dimensional result is not harder to prove.

Let Ry, R, ... be a sequence of rectanglesZf. (For our discussion, a rectangle is
always assumed to have sides parallel to the axes.) For a fungtiofi‘ — R denote

! D G+ ))

|Rl| jER,

M (x) =

Depending on the context, we will uge | as usual, to denote the absolute value of a
number, but also to denote the cardinality of a set.

For a functionp : Z¢ — R and numberg, g witha < 8, let N(¢, x) = N(a, B, ¢, x)
be the number of upcrossings of the sequemdégs (x)), that is, the maximaw for which

there aresq, so, ..., sy andiy, to, ..., ty With
SI<H<So<bh<---<SN <IN
so that
Mgop(x) <a, Mypx)>p, M,p(x)<ao, ... M,¢px) >8.

THEOREM5.3. Let Ry, Ry, ... be a sequence of rectanglesZi so that each rectangle
contains the origin and the sequence of sidelengths in each coordinate direction is non-
decreasing (for example, a nested sequence of rectangles). Suppose that for every pair
(a, B) of numbers witlw < 8, there is a functiore (¢) = €(«, B8, ¢) So that:

(I) ”mqﬁoo €(q) = 0;

(i) for every functionp : Z¢ — R of finite support and|¢||ew(zd) <1, we have

Hx | N(@,x) = g} < €(q) - 1@l 274
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Then for every paira, ) of numbers withwe < 8, there are positive constants =
C(a, B) andc = c(a, B), with ¢ < 1, so that for any dynamical systef¥, X, m), and
function f : X — R, with || f|l,~x, < 1, we have

mix | N(f,x) =n} <C-c" || fllpaxy-

Remark.It is easy to construct a sequence of intervals so that their lengths form an
increasing sequence but, for everythere is¢ with ¢~ < 1 and of finite support
so that

|{X | N(_1/4’ 1/47 ¢rx) = q}| > 1_10 : ||¢”gl(z)‘ (53)

However, if the intervals are nested, we have control of the opeiatov, f(x)) and
we have seen above that an inequality like (5.3) is not possible.

In fact we have the following.

THEOREM 5.4. If (R,) is a nested sequence of intervalsZnthen for all f € L with
Il fllo <1, we have the estimate

mix | N(f,x) =n} <C-c" || fllpaxy-

Proof. Apply Theorem 5.2 to obtain the non-trivial estimate required in the hypothesis
of Theorem 5.3. Then apply Theorem 5.3 and we are done. O

Here is a corollary of Theorem 5.4 the proof of which is almost immediate from
the pigeonhole principle. Let > 0, and letA(f,x) = A(A, f, x) denote the number
of A jumps of the sequencéM, f(x)), that is, the maximalv for which there are
1L <t <--- <ty S0 that

M, f(x) =M, f(x)] > A

COROLLARY 5.5. Let A > 0. With the assumptions of Theorem 5.3, there are positive
constantsC = C(A) andc = c()), with ¢ < 1, so that for any dynamical system
(X, £, m), and functionf : X — R, with Il <1 we have

mix | A(f,x) =2 n} < C- "l fll )

Proof of Theorem 5.3y the transference principle, it is enough to prove the inequality
onZ<. So we will prove the inequality

x| N@.x) =) < Co e bl

In fact, we give the proof in casé= 2 only; there is no further idea involved in proving
it for arbitraryd. We may also assume that> 0.

We need to start with a lemma, which requires some notation. Forghathus define
the following two sets:

Fq=Fqla, B) = Fyla, B, ¢) = {x | N(¢p.x) = q};

and letG, = G,(«, B, ¢) contain those rectangles which have the property that for
somex ands; <t <sy <t) <--- <s, <t, we have thaG = x + R,, and

M, ¢(x) <a, M, ¢x) > B.
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Since eachR; contains the origin, it is clear thak, < UG,. The assumptions (i) and
(i) in our theorem say thaf, gets smaller ag gets large. The content of our lemma
is that the same happens witly, .

LEMMA 5.6. For every pair(a, ) of numbers withe < 8, there is a functiom(q) =
n(a, B, g) so that:

(iii)) lim ;oo n(g) =0;

(iv) for every functionp : Z¢ — R of finite support and|¢||(oo(zd) <1, we have

| U gql = r’(Q) : ||¢||gl(zd)~

Proof of Lemma 5.8y the usual procedure (at each step selecting rectangles of maximal
size), we can seledy, Go, ..., a collection of pairwise disjoint rectangles, frafp so
that

1
Ui Gil = ) 1Gil = 55 - 1U G, (5.4)

Lete' =a+ (B —a)/3 ands’ = 8 — (8 — «)/3. All we have to show is that

12 \?
|U; G;| < (/3 ) | Fy e, B (5.5)

—
Indeed, this implies, together with (5.4), that
36 \? o
UGyl < <m> | Fylal, BHI.
Since, by assumption (ii), we have

1P, B < €@, ', B) - [ fll s,

we see we can put

! ! 36 2
n(g.a, B) =¢€(q,a,p)- :
B—«
To prove (5.5) lety; € F,(«, B) N G;, and letH; be a rectangle which contains,
H; is contained inG;, and the length of the sides &f; are (8 — «)/12 times the length
of the corresponding sides 6f;. Our purpose is to prove that, for eachwe have

H; € Fy(a', B). (5.6)
Note that
= (222 6l
1 12 Ll
Summing this ovei we get, using (5.6) and the fact that both thigs and theH;’s are
disjoint,

2
- Y
(%) U Gil = U Hy| < [Fy (e, B,

proving (5.5).
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In proving (5.6), we simplify our notation by suppressing the inde$incex € F,,
there ares; < <52 <tp <--- <5, <t, such that

M, ¢(x) <a, M, ¢x) > B.

Let y € H. Our proof is finished if we show/,, ¢(y) < o', and M, ¢(y) > B’ for
everym < gq.

If R is a rectangle which contains and its sidelengths are at least as large as the
corresponding sidelengths 6f, then we have, as simple geometry shows,

3

G+ RIAG + R = [RAG —x+ R < 222 k)
(In the above A denotes symmetric difference.) This ajl]l,.. < 1 imply that
. . ; B—a
PIRIOED ¢(;)‘ = Yo s < -IR|.

Jjey+R Jjex+R je(x+R)A(y+R)

But this estimate implies boti, ¢(y) < «’ and M, ¢(y) > B’ for m < g. Indeed,
take R = R, andR = R,,, respectively, and recall that

DT o) <alR,l. Y. 6() > BIR,I.

jEX+R5m jEX+R/m

O

Let us turn to the proof of the theorem. We shall prove that, for any positive integers
p andg, we have

| UGprngl < n(g) - 571U Gpgl. (5.7)

How does this prove the theorem? First, chogsso large that)(¢) - 5° is less than 1,
say,n(q) - 5> < 1/2. We can choose suchgaby the lemma. Let us assume that g,
and let us writen = sq 4+ r, with 0 < r < ¢g. By (5.7), we have

1 Fal < 1Feql S1UGsl < () [UG,l.
But, by our lemma again, we have

UG, <1(@) - 19l < 5 18,1

It follows, sinces = (n —r)/q, that

1Fal < B 18l = B (/2/2)" - 1§l 1,
and hence, if we choos€ = 2 andc = ¥/1/2, we have the theorem far> ¢g. We can

take care of the rest of the that isn < ¢, if we set

C=2+ maxw.
n<q c"

So let us prove (5.7). First, to every rectangte € G,+1, We correspond a
rectangleH* € G,, in the following way. SinceH € §(,41,, for somex and
§1 <M <82 <fp <-- <Sptnqg < tp+1g WE have thatd = x + R,, and

M, ¢(x) <a, M, ¢x) > B.
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By the definition ofG,,, we havex + R, , € G,,, and we takeH* = x + R
Let us denoteH = G(,+1), and

Sq+1*

K={K|K €G,: K=H"for someH € H}.
SinceC € G,,, the inequality in (5.7) follows from
|UHI < n(g)-5°- UK.

Technically, this inequality is proved in the following form. We are going to select
K1, K5, ..., a collection of pairwise disjoint rectangles frof and we will prove that

|UH| <n(g)-5%|U; Kil. (5.8)

Although the proof of (5.8) requires some new notation, it is not much more than the
usual greedy selection.
Let K; € K be a rectangle of maximal size. Let us 8¢t = H, K1 = K and define

the sets
Iy = {(H|HeH, H NKy#0d},
L1 = {K|K €Kiy, KNKy#0d}.
We assert that
[UZ1| < n(q) - 15K (5.9)

Indeed, forH € 7, there arex ands; < 11 < s2 <2 < -+ < S(p11g < lp+1g SUCh that
H=x+R,, H" =x+R,,, and
M, ¢(x) <o, M, ¢x)>B.

We observe that, as a consequence of the maximal si#g ofor n < g + 1, we have
x + R,, € 5-K;, where, for a rectangl&, 5K denotes the rectangle with the same
center ask and its sidelengths are 5 times thatfof It follows that H € G, (¢ - xsx,).
As a consequence, we have
T1 € Gy(9 - x5k,)-

But now
[UG4(@ - xsk )| < n(q) - IIf - xskollr < 1(q) - N x5k, Ml g2

where|| fll,~ <1 is used; and (5.9) follows.
A consequence of (5.9) is

|UTh| < n(q) -5 |Kal.

Let H, = H1\Z; and Ky = K1\ £1. SelectK, € K, of maximal size. Therk; is
disjoint from K. Define the sets

I, = {H|HeH, H NK, # 0},
L, = {K|K €Ky KNKy#0@}.

Similar to the first step of the iteration, we obtain

[UZs| < n(q) - 19Kz2],
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and hence
|UTa| < n(g) -5 Kal.

We can repeat this process only finitely many times. Then we obtain the pairwise disjoint
rectanglesKi, K>, ..., and the setq3, 75, ..., L1, Lo, ... with the properties

UL =K, UL=M, |ULl<nq)- 5Kl

Summing this latter inequality ovérand using that th&;’s are pairwise disjoint, we

get

[UHI <D IUTI <) n(g)-5-|Kil =n(q) -5 - |U; Kil,
which is (5.8). O
Remark.

e ltisonly in Lemma 5.6 that something special about the geometsf i used. The
rest of the proof works with ‘Tempelman-type’ assumptions in any locally compact
topological group.

e The boundedness @f was crucially used only in Lemma 5.6.

e Note also, that the only information we need abguj) is that it is less than /52
for someg.

6. Martingale results

In this section we give the martingale analogs for some of the ergodic theory results
discussed earlier in the paper. These martingale results can be read independently of the
rest of the paper, and in some cases suggest what the correct ergodic theory result might
be.

Inequalities forL?, 1 < p < oo. Let (X, X, m) denote a probability space arid;,)

a non-decreasing sequence of suffields of . We will denote byf = (f1, f2,...)

a martingale or submartingale relative to the seque©g. For 0 < p < oo we let

Il fll, = sup |l fill,. As usual,f denotes the maximal functiory,” = maxi<x<, | fx!.

We begin with the following simple theorem, the reverse martingale part of which was
used in the proof of Theorem 2.6. For a sequemge< n, < --- of positive integers
define

of O

00 1/2
(Z sup |fn—fm|2). (6.1)

k=1 -1=n=m<nj

THEOREM 6.1. Let f = (f,,) be a martingale. Then there is a constargo that for any
sequence; < ny--- of positive integers we have

10fllz = clS(fx = fa) 2
cll fll2,

IA

whereOf is defined in (6.1).
The same conclusion holds/ff is a reverse martingale.
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Proof. We just give the proof whe, is a martingale; the proof of the reverse martingale
case is the same.
By (1.1), it is enough to estimate

0'f = 0O
00 1/2
= (Z sup |fn—fn“|2) :

k=1 Mhk—1=n<n

First note that

= cllfue = faalle:
2
This is a consequence of Doob’s maximal theorem applied to the martidgale
Suatn = fuyy Where 0 < n < ng —m—g. That is, [ X*[2 < ¢l Xp y-nllz <
cll fur — Fusll2- Hence if(dy) denotes the difference sequence, dg= f; — fi—1, then
using the orthogonality ofd;), we have

SUp |fn - fnk,1|

Np_1<n<ni

o' f113

IA

o0

E 2 2
c ”ﬁlk - fnk,1||2

k=1

00
k=1

ng 2

>4

Jj=ni-1+1

IA

2

o0
27112
< c“lidjliz
1

< Alfla 0

The following two theorems and their proofs were pointed out to us by D. Burkholder.
The proofs are similar to those given by Burkhold&t fo prove that the standard
martingale square function satisfies similar inequalities.

Let us define the operatdf, / by

Vof = Ve(fa)
o) 1/0
SUP(Z [ fui) — fn(i+1)|g) , (6.2)

n@@) \ k=1

where the supremum is taken over all sequemngés < n(2) < ---

THEOREM 6.2. Let f = (f,,) be a submartingale.

(a) For o > 2, the operatorV, f defined in (6.2) is weak typd, 1).

(b) For any fixed increasing sequence of non-negative integers, the op&@dtdefined
in (6.1) is weak typé€l, 1).

Proof. To simplify notation, we seV = V,,.

We first handle the martingale case. In this case the weak t{p&) result
for both operators will follow from the martingale analog of the CadteiZygmund
decomposition. This decomposition, known as Gundy’s decompositignif stated as
the following lemma. (See als®]})
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LEMMA 6.3. Supposef = (f1, f2....) is an L bounded martingale and is a positive
real number. Then there are martingal€sY, Z, with corresponding difference sequences
x, y, z all relative to F, such that:

() f=X+Y+27

(i) X103 < 2001 flls;

(i) 13202 il < 4l f s

(V) P(Z*>0) < | flla/A.

Using this lemma, we first show thatf is a weak typel, 1) operator. Sincée/ is
sublinear, we have

P(Vf>x)§P<VX>%>+P<VY>%)+P<VZ>%).

For the first term we use the knowi¥ boundedness of the operatur (Lepingle’s
theorem) and property (ii) to obtain

P<VX>A> < v
3 32
< @yxpz
= Do,
< Dy

For the second piece, sind&Y < Y, |y|, we have

plvr=2) < 3||VY||
X 3
3) = !
3 o0
P
k=1 1
< Si7l
= X 1.

For the final piece we hav®(VZ > A/3) < P(Z* > 0) < (/M| fll. and we are
done withV. The proof forO follows in the same way. The necessdry bound on0O
is from Theorem 6.1 above.

In the submartingale case we note that ff) is an L, bounded submartingale, then
we can writef,, = m,+1I,, wherem, is anL* bounded martingale angj is an increasing
process withly = 0. We have

In = In_]_ + E(fn - fn—1|-7:n—l)-
Hence

E(l) = EE(fu— fo-1lFu-1)) + E(Li-1)
= E(fu) = E(fu-1) + E(lh-1).
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By induction, we see thak(l,) = E(f,) — E(fo). Hence||I,|l1 < 2|| f|l1. This also
implies [|m, |1 < 3| fll1.
We have

A A
m{Vf>A}§m{Vm>2}+m{VI>2}.

For the first piece we use the martingale result above. For the second, note that

00 1/e
VI = sup(Z|1ﬂ,—1,,,._l|@>

(i) \j=1

[o¢]
SUPY [l — In,_,|

(ni) =1

A

o0

E I — 1,1 = ||m 1;.
‘ i—o00
i=1

IA

From this we see that

A . Y 2| ..
miVI > -t <milmlI,> -} <—|limI,
2 n 2 A n

c
= 5 supll full. g
1 n

We also have the following.

THEOREM 6.4. Let f = (f1, f2,...) be a martingale or a non-negative submartingale,
l<p<oocandl/p+1/q=1
() For o > 2there is a positive real numbeit(p) such that

IVofll, < c@pqll fl,.

(i) There is a positive real numbersuch that
10£ 1, < cp™?qll f1l,-

Proof. We will prove the Theorem only fo?V = V,, the proof forO being very similar.
We define the operator

1/0
V'f=Vyf= sup (Z | o — fn,._1|g) :

(n;j)<n

where sup, ., denotes taking the supremum over all increasing sequences of non-
negative integers, with largest entry in the sequence less than or equal Gtearly,

V" f is a non-decreasing sequence since for later entries in the sequence we are taking
a supremum over a larger set. Also define the operator

1/2
0"f=<2 sup Ife—fm|2>

n<n ng_1<tb<m<ny

in a similar way.
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LEMMA 6.5.Let f = (f1, f2,...) be a non-negative submartingale anda positive
integer.
(i) fY=V"Of) v f; then
AP(Y > Ba) < c(o) Jns
{Y>1}

whered > 0 and g = (14 26¢)%e,
(i) If Y =0"©Of) Vv f*then

AP(Y > BA) < c(o) Jns
{Y>\})

whered > 0 and 8 = (14 20%)1/2.

Remark.The role ofé in the above lemma is to help obtain the rate of growth of the
L? norm of V, that is given in Theorem 6.4. We will later see that the optimal choice
of 6 is (2p — 2)Y/¢. The role of f* is to control the size of the jumps of the random
variableY.

Proof. Sinceg > 1 we see that
AP(Y > BA) S AP(fF > A1)+ AP(V"(Of) > BA, fX < A).

The first term on the right-hand side is dominatedjbij fo < -/{Y>)»} f». Hence it
is enough to consider the set

B ={V"(0f) > BA, fy <A}
Let gx = xqvror-a) fx = Ik fv- Note thatly < I, and hence

E(g+1lFr) = ExsafisalFo)
> LE(fivalFo)
> I fv = &k

Henceg; is a non-negative submartingale.

Now define the stopping time= inf{k | V¥(6f) > A}. Forw € Bwehavel<t <n
andg} < 1. We also have a sequen¢e) < n such thatgeir® <> .| fu,, — fu, 1. Let
u denote the first valua; such that:; > ¢ and let¢ denote the previous value in the
sequencén;). We then have

poAe < (VMOf))°
< (VRO H O fu = £il° 602 D 1o — Fual®
< AP 40910 4 0°(V"g)e.

Solving, we see thaV"(g) > A.
From this we now have

APAV™OS) > B, fy <A

IA

AP(V"(g) > A)
co(0)llgll
CO(Q) fn'

{Y>\}

IA

IA
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Hence the Lemma is proved féf, with c¢(0) = co(0) + 1. The same argument also
proves the result foD. O

We now continue with the proof of Theorem 6.4. Note that wiflp % 1/g = 1 we
have the following standard argument:

gl

(o]
f puPLP(Y > u)du
0

= p/m BPAPTIP(Y > BA)dA
0

IA

o0
c(@)p / prar-2 / fodwdh
0 (Y>2)

IA

Y(w)
c(@)qB" f fi / A2 d3 do
X 0

IA

c(@)}ﬂ" / LY do
q X

1 1/p 1/q
c(g)—ﬂ”</ fr dw) (/ y(r=be da))
q X X

c@aB” I full 1Y 15

Solving for ||Y]|, and noting that|Vf|, < |IY|l, completes the proof thatY|, <
c(@)gB? |l fxll, if f is a non-negative submartingale. Note that since we are using only a
finite submartingale in the above argument, we will h#¥e|, < oo and we can solve
for |Y|l, in the above expression.

Recalling thaty = V"(6f) v f, and recalling the definition g8, we see that

(1 + 209)r/e
P .

Taking the derivative shows the optimal choicefais (2p — 2)~/¢. Using this@ gives
the result in the case of a non-negative submartingale.

To complete the proof in the martingale case, we just wgite= E(f," | F) and
h, = E(f | Fx). Thenf, =g, —h, andV, f < V,g + V,h. Using the above results
on the two non-negative submartingales completes the proof.

The same argument handles the cas® ¢t O

IA

IA

Vol = c(o)g

Remark.The L? boundedness of the operatdfs and O also follows from a result in

an earlier paper by Burkholdest al [11]. It is easy to check that the operatovs

and O both satisfy the hypothesis of Theorem 2.1 of their paper, and consequently by
their theorem, both operators are bounded onLéllspaces for 1< p < co. However,
because the theorem id]] is quite general, it does not give the order of magnitude
of the L? bound. The order of magnitude given in Theorem 6.4 is probably the best
possible. For the standard martingale square function, it is known that the right order is

pl/Zq.

Exponential inequalities. The rate of growth of the&.” norm for the operator¥, and
O given by Theorem 6.4 has the following consequence.
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THEOREM 6.6. There are positive constants and K such that for all L* bounded
martingalesf = (f,,) with || f]l« < 1 we have

(@)
f Ve doy < K.
X

In this case K anda depend orp.
(b)
/ O gy < K.
; <

Proof. This is immediate from Theorem 6.4 above and Theorem 4.41 on page 119
of [28]. O

Results fori-jumps. Define A, f(w) to be the number ok-jumps of the martingale
(fa)- That is, A, f (w) is the largest integer such that we can find & s; < 1 < s <
--- <, < t, with the property that f, () — f;, (@) = Afori=1,2,...,n.
It is possible to control the.-jumps of a martingale by the square function of an
associated martingale. Recall thatif) is an increasing sequence of stopping times for
a martingalef, andg, = f, then(g,) is a martingale WitH|g||p <Irl, for every p,
1< p <oo. (See L4, p. 300].)
All of our results are easy consequences of the results in the preceding subsections
and the following lemma.

LEMMA 6.7. Let (f,) be a uniformly integrable martingale sequence. Then there exists
an increasing sequence of stopping tinges such that ifg, = f;, then

AVAf(w) £2-5(8)(w).

Proof. Fix w such thatA; f(w) =n. Thenwe canfind G s; <t <sp <---<s, <1,
with the property that f,. () — f;,(@)| > A fori =1,2,...,n. Setrg =0 and if,_1
is defined, definey = inf{j > 1 | | fj — fr,u| > %A}. Clearly, either

|fu(@) = fro@)| > 31 Or |fi (@) = fr(@)| > 3h.

NI

Hencer; < 11. Next, either

|fsz(w) - ffl(w)| > %)“ or |fl2(w) - ffl(w)| > %)L-

We continue inductively, and obtain an increasing sequence of stopping times such that
|fy = foul > 3rforj=1,2... n.
Letting g« = fz,, we now haveS(g) > (,/2)/A, f which was to be proven. O
THEOREM 6.8. There is a positive constant C so that
{w: A f(w) >n} < ¢ I
muow . w) >n —_—
* = an !

for all integrable martingalesf = (f,) and positive integers.
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Proof. The estimate

C
m{h -/ A f >y} < ;Ilflll (6.3)
follows immediately from 6.7 and part (b) of Theorem 6.2 (sisge< Og). Now just
takey = A/n in (6.3). O

THEOREM 6.9. There are positive constanésand K such that
mi{w : A; f(w) > n} < Ke™om

for all L*° bounded martingaleg = (f,,) with || f|loc < 1 and for all positive integers.

Proof. The estimate
m{A2 A f >y} < Ke ™™ (6.4)

follows immediately from Lemma 6.7 and the exponential estimate in part (b) of
Theorem 6.6 (sincdg < Og). Now just takey = A%n in (6.4). O
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