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In this paper, we consider a generalized Pdlya urn model with multiple drawings and
time-dependent reinforcements. Suppose an urn initially contains w white and r red balls.
At the nth action, m balls are drawn at random from the urn, say k& white and m — k red
balls, and then replaced in the urn along with ¢,k white and c¢n(m — k) red balls, where
{cn} is a given sequence of positive integers. Repeat the above procedure ad infinitum.
Let X, be the proportion of the white balls in the urn after the nth action. We first
show that X, converges almost surely to a random variable X. Next, we give a necessary
and sufficient condition for X to have a Bernoulli distribution with parameter w/(w + r).
Finally, we prove that X is absolutely continuous if {cn} is bounded.
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1. INTRODUCTION

In 1923, Eggenberger and Pélya [4] proposed an urn model, which is well-known as the Pélya
urn. The Pélya urn is an urn initially containing w white and r red balls. At each stage, one
ball is drawn at random from the urn and then replaced in the urn along with ¢ balls of the
same color, where ¢ is a fixed positive integer. Repeat the above procedure ad infinitum. It
is known that the sequence of the proportions of white balls is a bounded martingale and
converges almost surely to a beta-distributed random variable with parameters w/c and
r/c. Since then, many generalizations of the Pélya urn have been studied in literature, see
[7,9,12,15] for a recent survey.

Recently, some urn models with multiple-drawings are considered, see [2,3,8,10,11,13,
16,17], etc. Here we are interested in a time-dependent version proposed by Pemantle [14]
and a multiple-drawings version proposed by Chen and Wei [3]. In 1990, Pemantle [14]
extended the Polya urn with one change that the number of extra balls added in the urn
at time n is ¢,, where {c,} is a deterministic sequence of nonnegative real numbers. After
the nth action, let X,, be the proportion of white balls in the urn. Pemantle showed that
{X,} is a bounded martingale and converges almost surely to a random variable, say X,
without atoms except possibly at 0 or 1. He also showed that X has a Bernoulli distribution
with parameter w/(w + r) if and only if 32°° | p2 = oo, where p, = ¢/ (w + 7+ 317 ¢;)
is the ratio of the nth reinforcement to the total number of balls in the urn at time n — 1.
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He furthermore showed that if {¢,} is bounded, then the distribution of X has no atoms
at all, that is, Pr(X = x) = 0 for all € [0, 1]. At the end of [14], Pemantle asked when the
distribution of X is absolutely continuous. We will give a partial answer to this problem
(See Theorem 1.4). On the other hand, Chen and Wei [3] considered a multiple-drawings
version of Pélya urn, in which, at the nth step, m (m > 1) balls are selected at random,
say k white and m — k red balls, and then returned along with ck white and c¢(m — k) red
balls. Let X,, be the proportion of white balls in the urn after the nth adding balls. They
showed that {X,,} is a bounded martingale and converges almost surely to an absolutely
continuous random variable.

In this paper, we consider the following combinatorial model based on Chen and Wei
[3] and Pemantle [14]:

Let m > 1 be a positive integer and {c¢, } a sequence of positive integers. Assume an urn
initially contains w white and r red balls. At the nth action, we draw m balls at random and
note their colors, say k white and m — k red balls. Next, return these drawn balls in the urn
along with ¢,k white and ¢, (m — k) red balls. Repeat the above procedure ad infinitum.

For our model, after the nth action, let W,, be the number of white balls, T}, be the
total number of balls, and F,, be the o—field generated by Wy, W1,... W,,. Then Ty = w + r,
Thy1="Th+ cnyim, Wo =w and Wy 1 = Wy, + cpnt1&n+1, Where

()5
+’ 0<k<m.

()
Also let X,, = W,, /T, be the proportion of white balls after the nth action. Our main results
are the following three theorems.

Pr(§i1 =k | Fn) =

THEOREM 1.1: {X,,, F,,,n > 1} is a martingale, that is, E[ X, 1 | Fn] = X, for alln > 1.
Furthermore, X, converges almost surely (a.s.) and in L' to a random variable X as
n — 0o. That is, lim, e X, = X a.s. and in L.

THEOREM 1.2:  The limit X follows a Bernoulli distribution with parameter w/(w + r) if
and only if >°°° | p2 = oo, where pp, = cym/T,,—1. That is,

Pr(X=1)=——=1-Pr(X=0) <= Y p2=occ.
n=1

REMARK 1.3: A possible application of Theorem 1.2 is to consider a contagion process,
or epidemics, on a network (see [6]), where an epidemic can be a disease or a computer
virus, etc. If the spread of the epidemics satisfies the conditions in Theorem 1.2, then the
proportion of the inflected individuals in the network system will converge either to 1 or to
0 with its corresponding probabilities.

THEOREM 1.4: If {c,} is bounded, then X is absolutely continuous on [0,1].

Theorem 1.1 is a natural analog of results of Pemantle [14] and Chen and Wei [3], so we
omit its proof. In view of Theorem 2 in [14], Theorem 1.2 seems to hold certainly. In fact,
the argument we use to prove Theorem 1.2 is similar to the proof of Theorem 2 in [14]. If
m = 1, then Theorem 1.4 gives a partial answer for the problem proposed by Pemantle [14].
The proof of Theorem 1.4 is a delicate imitation of the main theorem in Chen and Wei [3].
The proofs of Theorems 1.2 and 1.4 are given in Section 2. At last, we put in Appendix the
proofs of Lemmas 2.2 and 2.3, which are needed to prove Theorem 1.4.
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2. PROOFS OF THEOREMS 1.2 AND 1.4

Proof of Theorem 1.2: Since x? is a convex function and {X,,F,,n > 1} is a bounded

martingale, we see that {X2, F,,n > 1} is a bounded submartingale and so X2 converges
a.s. and in L' to X2. Thus lim,,_ . E(X2) = E(X?). For n € N, let Y,, = X2 — x(, where
xo = w/(w + r). Since

Ty Cn+18n+1 Cntl
Xp41 = X =X ——(&,01 — mX
141 Tn+1 nt Tn+1 n T Tn+1 (5 1+1 — 1 n)
and
m (Wn) (Tn—Wn) mw.
E[€n+1 ‘ ‘7:“] = Z g Tnmik = T =mXp,
k=0 (m) n
it follows that
E[Yn+1 ‘ Fn]
2
- E (Xn + cn+1(§n+1 - an)) — 2 an‘|
Tn+1

2

C?’L Cn

= X2 —20+2X, < +1) Elni1 —mX, | Fo] + (“ ) E[(&ng1 — mXn)? | Fol
Tn+1 Tn+1

2

Cn

=Y, + <T 1 ) Var(&,41 | Fn)
n+1

Y, + <;n+1)2an(l—Xn) (%_”f) (1)

n+1

The last identity holds since, conditioned on F,, &, follows the hypergeometric distribu-
tion. Moreover, since ppi1 = cpp1m/T, and T = Ty, + ¢pp1m, it follows that ¢,q1 =
Tnpn+1/m and T7L+1 = Tn(l + p’n-‘rl)' Thus C»,L+1/Tn+1 = p,l+1/[m(1 + pn+1)] and so (1)

becomes
E[Yn+1 ‘ }—n]
Y, + ( Pn+1 >2 Xn(l - Xn)(Tn —m)
" 1+ pnt1 m(T, —1)
2 2
-y, 1_( Prn+1 ) (T, —m) —(QTO—Xn)( Pr+1 ) (Tn_m).
14+ pn+1 m(Tn — 1) 1+ pnt1 m(Tn — ].)
Therefore,
E(Yn-'rl)
= E[E[Yn+1 | Fal]
2 2
pn_;’_l (Tn — m) ( p7z+1 ) (Tn - m)
=F Yn - - F — Xn
00 1= (P2 ) |~ Bl (T2 ) L
2
= B(Y,) |1~ ( frtl ) Tn — m)
L+ ppir) m(Tn — 1)
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e 1= () o] o (e ) )]

n 2
s (T; —m)
=0 1+ Pji+1 m(Tj — 1) ’

Here the third identity holds since E(X,) = x¢. Thus, the sequence {E(Y,)} converges to

0 if and only if
il Ao 1
(14 pjt1)*m(T; — 1) 7

Jj=0

which is equivalent to
o0

P m)
Z +1 1) - 0.

=0 1+PJ+1

This happened exactly when Ej:l pj = oo and 80 0 = lim,, ., EY,, = lim,, o E(X2) — zo0.
Hence E(X?) = lim, .o, E(X2) =29 = EX.

Moreover, since 0< X <1, if there exists any subinterval I C (0,1) satisfy-
ing Pr(X € 1) >0, then BX — EX? = BX(1 - X)Lg.en] + BIX(1 = X)lxgn] > BIX
(1 - X)lixery] >0 which contracts to EX = EX?®. Thus, Pr(X=0o0r1)=1 and
then Pr(X =1) = EX = zy. Hence X follows a Bernoulli distribution with parameter
xo=w/(w+r). |

To prove Theorem 1.4, we adopt the argumentation of Chen and Wei [3]. For the
convenience of the reader, we present the needed Proposition of [3].

PROPOSITION 2.1 Chen and Wei [3]: Let (Q,)n>1 be a sequence of increasing events such
that Pr(US2 82, ) = 1 If there exists nonnegative Borel measurable functions (fn)n>1 such
that Pr(Q2, N X~ fB Jn(x)dx for all Borel sets B, then [ = lim,,_, [, exists almost
everywhere, and f 18 the density of X.

To finish the proof of Theorem 1.4, we also need the following two lemmas and their
proofs are put in Appendix.

LEMMA 2.2: Forn > 1 and fixed w and r, let 0 < ¢ = sup,, ¢, < 00 and
Qp ={w:em <W,(w) <T, —em}.
Then Q1 D Qy and P(UX2 Q) =

LEMMA 2.3: For fized ¢ and j with cm < j < Ty — cm

n

1
Pr(W, =k | W, = j) < . n>L
( | We =) t:l;LHpt

max
J<k<Tn—Ty+j

Proof of Theorem 1.4: Let (2, F, P) be the probability space. By Proposition 2.1 and
Lemma 2.2, it remains to show that restricted on €2,, X has a density. It is clear that
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this will hold if we can show that the restriction of X to Q;; = {w € Q: Wi(w) = j} has a
density for each j with cm < j < Ty — e¢m, where 0 < ¢ = sup,, ¢,, < 00.

Since {c,} is bounded by ¢ and T, =w+r+m) ;. ¢ >n, it follows that 0 <

limy, 00 P < limy, o0 (em/n) = 0. Thus we can choose an integer ¢ such that Ty > 2cm

and p, <1 for all n > /. Next, fix j with em < j <T; — cm. For any given € > 0, let
§=¢€/Ty > 0. Let also 1 < 2} <ag <ah <+ <zy<aland )y,  (z) —z;) <. Then

ZPr({aji <X <} ﬂng)

= ZE[l{ﬂ%SXS%} | We = j] Pr(§2;)
i=1

< Z liminf B[l,,<x,<ay | We = 5] Pr(§2;) (by Fatou’s lemma)

i=1

= Zlimian(aci < X, < | Wy = j) Pr(Qyy)
i=1

n—oo

= g liminf P(T,,x; < W,, < Tpxl | W, = j) (since X, = W,,/T,, and Pr(€y;) <1)
n—oo
i=1

= liminf > Pr(Wa=k|W,=j)|. (2)
- Tna; <k<T,a!

Since Pr({W,, < j} U{T0, - W,, <Ty —j} | We=j)=0and for j <k <T, — Ty + j,

r(Wn k ‘ W@ .7) = jﬁkﬁn'l}:w—(Tz+j r(Wn k | WZ .7)7

it follows that

< Z ( max Pr(Wn:ng:j)>
< (z} — )T, ( max Pr(W, =k | W, = ]))
and so (2) implies that
iPr({xi <X <} ﬂng)
i=1

< i(x; — ;) [liminan < max  Pr(W, =k | W, = j))]

— n—00 G<k<Ty—Te+j
=
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< §liminf {T< max Pr(Wn=k|W£=j))]

n—00 JSkSTn—Tp+j
= 6Ty lgglgf H (14 pr) <j§k§r%?}—(n+j Pr(W,, =k | W, = ])) . (3)
t=0+1
Here the last identity holds since T, =T,—1+com =T, 1(14+p,)=--- =Ty H::é—i-l
(1+ pt). Therefore, by Lemma 2.3 and (3), we have that for n > ¢,
S n n 1
! . .
;Pr({xi <X <al}(\Qy) < Tlimint (| [T @400 ) | ] i a
i= t=f+1 t=C+1
=0Ty
=e.

By Theorem 31.7 of Billingsley ([1], page 413), the restricted on ,,, X has a density. Hence
the proof is completed. [ |
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APPENDIX

Proof of Lemma 2.2: Forn > 1, let Q, = {w: Wn(w) >em} and Q) = {w : Th(w) — Wn(w) > cm}.
Then for all n> 1, Q, = Q) NQL. Since Wht1 =Wn +cnyi1ént+1 > Wy and Thp1 — Wiyt =
Tn + cnaim — Wy + cna1éns1) > Tn — Wy, > cm, it follows that Qf, C Q;H-l and QY C Qx_,,_l
and s0 Qy C Qp1. Since USZ 1 Q= (UD21Q7,) N (U, Q)
Pr(Un=1Qn) = 1 — Pr((Unp=12s)°)

=1 - Pr([(UnZ19) N (URZ19)]°)

=1 - Pr((MpZ1(20)%) U (NRZ1(2)))-
If we can prove that Pr(N22,(Q,)¢) = Pr(N3Z,(2))¢) = 0, then Pr(U32,Qy) = 1. Here we only
prove that Pr(N>2;(Q7,)¢) = 0 because the proof of Pr(N2_ (21)¢) = 0 can be done by exchanging

the roles of white balls and red balls. Let E,, be the event that at least one white ball is drawn in
the sample of size m at time n. Then
Pr(Ns2,(2,)¢) = Pr(Wy, < em for all n) < 1 — Pr(E, infinitely often).

n=1

From the conditional Borel-Cantelli Lemma (cf. [5], page 32), we see that

Pr(Ey infinitely often) =1 if Z Pr(Ep+t1 | Fn) = 400  as.
n

Therefore, if we can prove that Y., Pr(En41 | Fn) = 400 a.s., then Pr(N2;(227,)¢) = 0 holds.
Observe that

W, w
Pr(Epy1 | Fn) > Pr(épi1 =1 Fn) > =% > —  as.
T'fL T'”/
and Th=Tp_1+com=---=Ty+ mZ?:1 ci <w+r+mne. Then Y Pr(E,q1|Fn)>
>0 i [w/(w+ 7 + mnc)] = co. Hence the claim is proved. |

To prove Lemma 2.3, we need the following four lemmas.

LEMMA A.4: For any u,v € Z and any positive integer k,

k . .
Z <’LL —Z Z’l}) <’Ll’l€)—;u> _ (—l)kv(v + 1)k—17

=0
where (3) = ala—1)---(a—b+1)/bl for any integers a,b and b > 0.
PRrOOF: To simplify the notation, let f(u,v,k) = Z?:o ("_Z“’) (l};:;‘) for any u,v € Z and any pos-
itive integer k. Then f(u,v,1) = (3)(7*) + (“1%)("5") = —v which implies that this lemma holds
for k =1 and for any w,v € Z. According to step 1 in the proof of Lemma 4.1 in [3], we see that

f(u,v,k) is only depending on v and k. Then f(u,v,k) = f(0,v,k) = f(—1,v,k) for any u,v € Z
and any positive integer k. Thus it remains to prove that f(0,v,k) = (=1)¥v(v +1)*~L.
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Observe that

k . .
-5
=0

o —iv—1\ [ v
__”Z< i—1 )(k—z) (A-1)
i=1

k —iv—l—i+1<—iv—1><zv+1> < (g) s—t+1< 8 ))
= —_— . since =
4 7 i—1 t t t—1
=1
k —v — 1 w—|—
1)

)
i(f”—fﬂ S ()l e

The last identity holds because of (Stl) = () +(,%,)- By (A.1) and (A.2), we see that

—(v+1)

vf (=L, k) = (v+ D[f(0,v,k) + f(0,v,k = 1)]. (A.3)
Since f(0,v,k) = f(—1,v,k), (A.3) implies that

f0,v,k) = —(v+1)f(0,v,k —1)
= (=1)*(w+1)2f(0,v,k —2)

= (1) w4+ 1) F(0,0,1)

(=D v(v 4+ 1)1

Hence the proof is complete. [ ]

LEMMA A.5: Assume that m and T are positive integers and T > m. Then

where 2% = x(x — 1)+ (x —s+ 1) = z!/(z — s)! and y is a variable.
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PROOF: Since (T)/(T) = (T—s)/(g;)? it implies that

S m—s

T—s)

=) S ) (s
D I Vit

and so to prove Lemma A.5 is just to prove that

m—1 m
y Z (71)m7t (f) (y + 1)m7t71 _ Z(iy)s <zf;: Z) )

s=1

Thus, our goal is to prove that

SNy (f) (ms__t N 1) y = (-1)° (;::‘Z) y°.

s=1 t=0 s=1

Comparing the coefficients of y° on both sides of the above identity, it remains to prove that for
any positive integer m,

Es(_l)t (f) (ms—_t 1— 1) _ (_l)mfs (;’Z:Z) forl1<s<mandT >m. (A4)

Observe that for any positive integer m, if s = m and T' > m, then

o)) () e ()
t=0

Thus for any positive integer m, (A.4) holds if s = m and T > m. Therefore, it remains to show
that (A.4) holds for m > 2,1 < s <m —1 and T > m. Next, we will prove it by induction on m.
Note that for m =2, s=1and T > 2,

() v (1)

Thus (A.4) holds for m = 2. Assume (A.4) holds for any integer m, 2 < m < k — 1. Replacing m
with k — 1, s with s — 1 in (A.4), we have that forall 1 <s—1<k—1land T >k — 1,

hs T\ (k—t—2 (T —s+1
e (0 () e () =
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Similarly, replacing m with k — 2, s with s — 1 and T with 7"— 1 in (A.4), we have that for all
1<s—1<k-2andT—-1>k—2,

k—s—1
(1)t<Tt— 1) (k :;3> _ (Dksl(kzigj 1). (A.6)
t=0

Then for m = k and for any 2 < s < k—1and T > k,

hes T\ (k—t—1

()1

s T\k—t—1(k—t—2 , s\ s

sev (D)5 () (e ()
k-1 T\ (k—t—2) &= t [T\ [(k—t—-2

e () e s ()

k—s
=Py (T;fj 1) S e (f) (’“ ;jf) (by (A.5))
t=1
k—s
t=1
k—s—1
et (M) - e () ()

Thus, (A.4) holds for m = k.
Moreover, from the definition of 22, it follows that

'rrL(_)srg m75m§
Z Yy ():Z(y)

s=1 (,1;) s=1 T=

and hence the proof is completed. |

LEMMA A.6: Assume that a, m and T are positive integers and T' > m. Then

m (kfiia)(T;nkj;ia) B m (—a)imi
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PROOF: Observe that

é (k ; m) <T - k_—: m)

m m—s —ia m—ifq _q)t—s i(i_f»
:ZTS Z <k ; > Z =D t!(m =) (by Remark 5 in [2])

t=s

mm_sm_i’; )57 [k —ia ia —k
S I S [

(3

DT [k —da ia —
DRI I (o [

Nt (3 (k—ia\ [ ia—k
s ) 0)
t=0 s=0 =0

m—1 t g 1 t_sTs m—t k—ia m m—smps
Egme () () g
t=0 s=0 i=0
e BED T T ey (G
— | (-1) ala+1) + Z o (by Lemma A.4)
t=0 s=0 s=0
m omy_1\ym—sps m—1 t —_1"mty(a m—t—1
:Z%u( e +;) (Zo[g](_l)t_sTs>< D" (e + )" (A7)

where [4] is the unsigned Stirling numbers of the first kind. Since Zfzo[ﬁ](—l)k_sTs =T!/(T —k)!
for any nonnegative integer k, (A.7) becomes that

= k —ia T—k+1a - T! m—1 T! (_1)m—ta(a+1)m—t—1
Z< i )< met )_W(T—m)!thZ(T—t)! 0

=0

Il
—
~
-
Jr
2
13
T
=
3
L
—
-+ N
~—
D
+
=
3

Applying Lemma A.5,

m (k;ia) (T:nk_Jriia) . m—1 ot (Zt“) (a + 1)m7t71 m (_a)sm,
S =1 e Y (<) = :
2 2 oL T

and hence the proof is completed. |

LEMMA A.7: Assume that a, m and T are positive integers and T > m. Then

B0 () () S @)
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PROOF: Observe that

() (e

S E (e () o
5 (e (5
S (e () e (1)
() ( 2 ’)< o (5) () e (3)”
R o [C [ e

(A.9)
Let g(y)=@w-1D"=X10() (=1)" %" for all meN. Then for 0<{<n-—1,

S (M (=D = gD (1) = 0, where ¢¥) is the fth derivative of g. This leads to, by simple
calculation,

i (?) (=" = (=1)"*"  and i (?) (—)" "t =0, for1<t<n—1.  (A.10)
=1

i=1

Moreover,
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i( TR

B 1

R I S
=1

-1

/—\

> — nliin1:| (by applying (A.10))

Thus we have that

n n—1 1 ]
Z (?) n i " =n |: <TL; >(1)nlzin1:|
1=1 =1

=nl. (A.11)

Then by (A.9), it follows that
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which implies that (A.8) becomes

(1) (55 (-57) " = K (7)o ()

=0

I
3
—
=14
~

Hence the proof is complete.
Now we are ready to prove Lemma 2.3.

Proof of Lemma 2.3: Note that for n > ¢,

Pr(Wy =k | Wy = j
jen By, (W =K We=1)

m
= {io Pr(Wp =k | Wn_1 =k — icn) Pr(Wn_1 = k — icn | W, = j)}

m
Pr(Wyp_1=k|Wy=73 Pr(Wp =k | Wp_1=k—1 .
r(Wp—1 | W j)j<k<?3XTz+j{i . r(Whn | Wh—1 ch)}

< max
J<k< T —Te+j
(A.12)
We see that for j <k <T, —Ty+jand 0 <i<m,
(kaicn) (Tnfrkficn)
Pr(Wp =k | Wy_1 =k —icn) = — i
(5 )
and so
m
max { Pr(Wn =k | Wp_1 =k — zcn)}
JERSTa=Totj | &
k—icp\ (Th—1—k+icn
_ N O
IS T Z Tn_1
JSE=In TR iz ()
mo s, s
= Z % (by Lemmas A.6)
T7
s=0 n—1
m S
Th— m2
=3 o () (by pn = cam/Tu 1), (A.13)
s=0 m Tnfl

Since Ty,—1 > Ty > 2cm for all n > ¢, we have that

Trh—1(m —s)

<1
m(Tp—1—s) —
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for all 0 < s < m and that

cnm cm
0< = < < 1.
P Th-1 = Th—
Thus from (A.13), we have that for n > ¢,
m m 1
ma Pr(Wn =k | Wy_1 =k —ic < —pn)’ < .
jSkSTnfT/ﬁj{;) (W =k | W ”)}—;)( LR P
Therefore, by (A.12), we have that for n > ¢,
Pr(Wn =k | W=
jah g, P Wn = KIWe =)
1
< max Pr(Wyp—1=k|Wy=3
S b gy W =R IWe =9
1 1
< max Pr(Wyp 2=k |Wy=j)/—— ——
S jenedt g, T W =R IWe =) e
S
< max Pr(Wy=EkE|Wy=j
S kB Ve =R I J)tzlgrl 1+ pr
-7
pit1 P

Hence the proof is completed.
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