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Abstract

Many studies have attempted to determine whether an observed network exhibits a so-called
“small-world structure.” Such determinations have often relied on a conceptual definition of
small worldliness proposed by Watts and Strogatz in their seminal 1998 paper, but recently
several quantitative indices of network small worldliness have emerged. This paper reviews
and compares three such indices—the small-world quotient (Q), a small-world metric (w), and
the small-world index(SWI)—in the canonical Watts—Strogatz re-wiring model and in four
real-world networks. These analyses suggest that researchers should avoid Q, and identify
considerations that should guide the choice between w and SWI.
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1 Introduction

The notion that the social world is “small” is an old one: Information can spread
rapidly because individuals are separated by a surprisingly small number of inter-
mediate links (Milgram, 1967). The smallness of the world has seemed paradoxical,
however, because from the perspective of each individual the world appears relatively
local and clustered, for example, in social circles organized by geography or interest.
The phenomenon of small worlds was poorly understood until Watts & Strogatz
(1998) (hereafter WS) identified the network structure that makes it possible. Since
their discovery of an empirically common class of networks—small-world networks—
there has been significant interest in identifying real-world networks that exhibit this
structure. Multiple indices have been proposed that aim to capture whether or not,
or to what extent, a given network has such a structure, but it remains unclear which
indices are helpful and meaningful in making such decisions. The goal of this paper
is to compare and evaluate these indices of network small worldliness.

The most widely used definition of small-world structure is a conceptual or
qualitative one: A network has a small-world structure when its clustering coefficient
(C, see materials and methods) is relatively high, but its mean path length (L) is
relatively low (WS). This conceptual definition derives from the fact that a high
clustering coefficient accounts for the phenomenon of social groups, while the short
mean path length accounts for the phenomenon of rapid information spread and
of “six degrees of separation.” The challenge in applying this definition lies in
specifying: relative to what, and how high (low) is high (low) enough? In the initial
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Fig. 1. Comparison of small-worldliness indices in a Watts—Strogatz model. All edges in a
lattice with n = 1000 and k = 10 were randomly rewired with probability p (note the log-scale
on the x-axis); all values represent averages over 25 realizations. (A) In the WS model, when
0 < p < 1, the network has a mean path length that is similar to a corresponding random
graph, but a clustering coefficient that is similar to a corresponding lattice. (B) The three
indices seek to quantify the extent to which the network is small worldly; their values are
shown for each value of p. Note that @’ and SWI range between 0 and 1 (left axis), while
Q’s range depends on n and k (right axis).

WS formulation, this meant having a clustering coefficient similar to that of a one-
dimensional ring lattice, and a mean path length similar to that of an Erdds—Rényi
random graph, but alternate reference graphs can also be used to decide when C is
sufficiently high and L is sufficiently low. The WS model demonstrated that such a
structure emerges when a small number of edges in a lattice are randomly rewired
(see Figure 1(A)).

1.1 Why measure small worldliness?

Before turning to indices of small worldliness, it is worth asking why it is useful
to measure a network’s small worldliness. Since WS introduced the notion of small
worldliness to network science, it has become almost as common for empirical
studies of networks to report whether the network under consideration has a small-
world structure as to report other basic descriptives like size and density. This trend
toward viewing a network’s small worldliness as a basic descriptive statistic can
be seen across multiple contexts including transportation networks (Guimera et al.,
2005; Neal, 2014; Bagler, 2008; Han et al., 2009; Cardillo et al., 2006; Sen et al.,
2003), neural networks (Telesford et al., 2011; Humphries et al., 2006; Bassett et
al., 2008; Guye et al., 2010; Liu et al., 2008; Bullmore & Sporns, 2009), biological
networks (Wagner & Fell, 2001), corporate networks (Kogut & Walker, 2001 ; Davis
et al., 2003), and human and animal social networks (Uzzi & Spiro, 2005; Lusseau,
2003; Guimera et al., 2003). Indeed, since 2010, more than 600 papers have appeared
that contain the phrase “..is a small world network.” However, in many of these
cases, the claim of small worldliness relies only the conceptual definition, which
lacks precision. This approach may be suitable in cases where the network’s small
worldliness is clear (i.e. when C is very high and L is very small), but is less
helpful when a network’s small worldliness is ambiguous. Because small worldliness
has come to be viewed as a basic descriptive property of a network, a standard
approach to measure small worldliness that could accompany standardized ways to
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report other descriptives like density would bring greater precision, consistency, and
comparability across studies.

Even if small worldliness can be measured, this does not necessarily imply that
it should be measured. The past several years have seen a proliferation of network
metrics, and some have argued that focusing only on topological characteristics can
obscure important substantive differences between networks (Grannis, 2010; Neal,
2014). However, an emerging body of empirical and theoretical work suggests small
worldliness has significant conceptual value, and that an index (or indices) of small
worldliness would be useful for testing theoretical propositions about its effects. For
example, empirical studies have found that a network’s small worldliness is associated
with artists’ creativity in Broadway musical productions (Uzzi & Spiro, 2005), with
the technical and commercial success of open-source software (Singh, 2010), and
with firms’ patent output across 11 different industries (Schilling & Phelps, 2007).
Others have hypothesized that “there are entrepreneurial strategies through which
new ventures might achieve the advantages of small-world networks (Aldrich &
Kim, 2007), that small-world networks can help explain information transfer in the
brain (Gallos et al., 2012), and that small worldliness can provide a solution to the
research-practice gap in social services (Neal et al., 2015). Finally, still others have
identified small worldliness as a way to capture social phenomena that are difficult
to measure, including collaboration potential in community change efforts (Lawlor
& Neal, 2016) and social capital in urban neighborhoods (Neal, 2015). These past
empirical studies illustrate that indices of small worldliness have already been useful,
while small-world-based hypotheses and measurement strategies proposed in more
theoretical work highlight the need to understand these indices better.

1.2 Indices of small worldliness

Indices of small worldliness are computed from the observed network’s clustering
coefficient (C) and mean path length (L). The principal difference among indices
is how these values are normalized with respect to their values in one or more
corresponding reference graphs. In the presentation of each index below, C; and
L; refer to the clustering coefficient and mean path length in a lattice reference
graph characterized by a high C and L. Similarly, C, and L, refer to the clustering
coefficient and mean path length in a random reference graph characterized by a
low C and L. After presenting the three indices, I briefly discuss the selection of
specific lattice and random reference graphs.

Single-graph normalized index, Q. The earliest index of a network’s small worldliness
normalized both C and L with respect to a single reference graph:
Cc/C,
L/L,

0= (1)

It was initially presented without a name (Kogut & Walker, 2001), but later was
called the small-world quotient (Q) (Davis et al., 2003; Uzzi & Spiro, 2005) and a
measure of “small-world-ness” (S) (Humphries et al., 2006). This index has become
widely adopted in the literature (Bassett et al., 2008; Guye et al., 2010; Liu et al.,
2008; Bullmore & Sporns, 2009). Values of Q > 1, which can be identified using an
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associated statistical test (Humphries & Gurney, 2008), are interpreted as evidence
of small worldliness because they indicate that the network’s mean path length is
similar to that of a random reference graph and/or that the network’s clustering
coefficient is larger than that of a random reference graph. The maximum value
of Q depends on the network’s size and mean degree. Although it has not been
used previously, a related measure that is proportional to Q can also be defined by
normalizing C and L with respect to a lattice reference graph:

_ L/L
- qJC

These indices can be classified as single-graph normalized indices because they
normalize the network’s clustering coefficient and mean path length with respect
to only a single reference graph: either a random graph for Q or a lattice for Q'.
Although this approach is appealing in its simplicity, it has a couple of drawbacks
(Telesford et al., 2011). First, their maximum value depends on the network’s size and
mean degree, limiting their utility in comparing the small worldliness of networks of
differing sizes and degree distributions. This property is illustrated by application to
a network of biomedical research co-authorship in Table 2 below. Second, comparing
both the network’s clustering coefficient and mean path length to the same reference
graph is inappropriate because these values in a small-world network are supposed
to mimic those in different reference networks. In a network with small-world
structure, C is not merely expected to deviate from C,, but rather to approach C;.
By comparing C to C,, Q captures how different an observed network is from a
random reference graph, but not how similar it is to a lattice reference graph, and
thus fails to capture the property of interest for detecting small worldliness. Likewise,
in a network with small-world structure, L is not merely expected to deviate from
L,;, but rather to approach L,. By comparing L to L;, Q' captures how different an
observed network is from a lattice reference graph, but not how similar it is to a
random reference graph, and thus also fails to capture the property of interest for
detecting small worldliness.

Q/

()

Double-graph normalized index, . Seeking to overcome many of the limitations
of a single-graph normalized index, more recent indices have involved normalizing
values using both random and lattice reference graphs. The first such double-graph
normalized index, w (Telesford et al., 2011), is defined as

L C
== 3
=170 3)

which ranges between —1 when the network lattice characteristics to +1 when the
network has random graph characteristics, with values near 0 interpreted as evidence
of small worldliness. In this paper, to facilitate comparison with other indices, I use
a transformed version:

o =1 o] 4)
which ranges between 0 and 1. Larger values of o’ indicate greater small worldliness,
while both random and lattice networks have values near 0.

Compared to Q, w offers a number of advantages. First, it has a fixed scale that is
independent of network size and mean degree, which facilitates comparison across
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different networks. Second, it more appropriately compares the observed network’s
clustering coefficient to that in a lattice reference graph, but the observed network’s
mean path length to that in a random reference graph. However, in cases where
the difference between the clustering coefficient or mean path length in random and
lattice reference graphs is small, @ and @’ may nonetheless be misleading. Consider
a network where C = 0.4 and L = 3, and where the random reference graph has
C, =0.399 and L, = 2.90 and the lattice reference graph has C; = 0.41 and L; = 3.01.
In this case, o’ = 0.99, which is very near one and thus suggests that the network is
characterized by small worldliness. It achieves such a high value because C is very
near C; and L is very near L,. However, closer inspection reveals that while this is
true, C is actually closer to C, and L is actually closer to L;, which is the opposite of
the conceptual definition of a small-world network. This occurs because, although
o and o' normalize C and L using values from the correct reference graphs, these
normalizations do not take into account the amount of possible variation between
C, and C), or between L, and L;. This property is illustrated by application to an
E.Coli metabolic network in Table 2 below.

Double-graph normalized index, SWI. A more recent double-graph normalized
index, the small-world index (SW1I), is defined as
L—1, o C-¢C
L—-L C-¢C
and aims to overcome the limitation of w by capturing the location of the observed
network’s clustering coefficient and mean path length between the extreme values
observed in corresponding random and lattice reference graphs (Neal, 2015). The
term on the left ranges from 0, when L = L; which is not characteristic of a
small-world network, to 1, when L = L, which is characteristic of a small-world
network. Similarly, the term on the right ranges from 0, when C = C, which is not
characteristic of a small-world network, to 1, when C = C; which is characteristic of
a small-world network. Thus, the product of these two terms ranges from 0, when
the network displays only one or neither small-world characteristic, to 1, when the
network displays both small-world characteristics.! It therefore aims to measure the
extent to which an observed network’s two small-world characteristics—clustering
coefficient and mean path length—are jointly maximized. This index most closely
matches the WS conception of small worldliness as occurring along a continuum
between lattice and random reference graph, with the network’s clustering coefficient
nearer the lattice extreme but its mean path length nearer the random extreme.

SWI = (5

1.3 Picking reference graphs

These indices define classes of small-worldliness metrics, but computing them requires
specifying the properties of the reference graph(s) to be used. The lattice reference
graph must be characterized by a relatively high C and L, the random reference
graph must be characterized by a relatively low C and L, and both must have the

! Sporns & Zwi (2004) proposed the same approach for normalizing C, but the inverse for L (i.e. LLl:i’r)

and did not combine the standardized metrics into a single index.
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same size and density as the observed network. Beyond these basic requirements, the
properties of the reference graphs may be further constrained to match characteristics
of the observed network. For example, the researcher may wish to require that
the reference graphs preserve the observed network’s degree distribution. Such
considerations are particularly important when the observed network comes from
a context that imposes constraints on its structure. For example, many attempts
to identify real-world networks with small-world characteristics have looked to
transportation infrastructure networks including roads and rail, which are generally
constrained as planar graphs (Sen et al., 2003 ; Cardillo et al., 2006). When computing
indices of small worldliness for these networks, it would be most appropriate to
constrain the reference graphs to also be planar (Masucci et al., 2009). Similarly, if
the observed network contains structural ones or zeros (i.e. certain edges that are
required or prohibited), these features should be preserved in the reference graphs.

For the purposes of computing and comparing these indices below, the lattice
reference graph is a one-dimensional ring lattice and the random reference graph is
an Erdos—Rényi random graph. Both reference graphs have the same size, density,
and mean degree as the observed network. Although other reference graphs are
possible, these are used for three reasons. First, these are the reference graphs used in
the original WS model. Second, all three indices under consideration were originally
developed with these reference graphs in mind, and all subsequent applications
of the indices have used these reference graphs. Finally, the computation of their
clustering coefficients and mean path lengths is simplified because these values are
well approximated in sparse graphs as

¢ =~ (6)
n
Inn
n
L= % (3)
_3(k—2)
C=26=0 ©)
2 Results

2.1 Comparison in the Watts—Strogatz model

The WS model of small-world network formation begins with a lattice of n nodes,
in which each is connected to its k nearest neighbors (see materials and methods).
All edges are then randomly rewired with probability p. When p = 0, the network
remains a lattice, while when p = 1, the resulting network is a random graph.
As p increases from 0, the network’s mean path length (L) rapidly declines and
approaches its final value in a random network, but the network’s clustering
coefficient (C) initially remains stable (WS) (see Figure 1(A)). The networks that
occur for intermediate values of p, where the solid and dashed lines are most
divergent—that is, which retain a high lattice-like clustering coefficient, but have a
small random-like mean path length—are small-world networks.
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Table 1. Maximum small-worldliness index values in the Watts—Strogatz model.

Index  Maximum P Edges rewired
Q 35.547 0.073 366
o’ 1.000 0.097 487
SWI 0.868 0.018 88

This model offers a standardized framework for comparing indices of small
worldliness, and for ensuring that each index behaves as required by a conceptual
definition of small worldliness (Humphries & Gurney, 2008; Telesford et al., 2011).
Figure 1(B) shows the value of SWI (solid line), w’ (dashed line), and Q (dotted
line) for each value of p. Each index behaves as required: A skewed inverse-U
relationship with p such that the index has a low value when p = 0 or 1, and reaches
its maximum value at a relatively small p. However, despite exhibiting behavior that
mirrors expectations from the WS model, Table 1 shows that these indices differ in
their maximum values and the p at which their maximum value is achieved.

Maximum value. In a network with n = 1000 and k = 10, Q achieves a maximum
value of 35.547. However, any given network’s Q is a function of n and k. A
comparison of 30 real-world networks deemed to have small-world structure because
Q > 1 had values ranging from 1.67 (where n = 459 and k = 6.2) to 61967 (where
n = 1520251 and k = 15.53) (Humphries & Gurney, 2008). In principle, a network’s Q
could be normalized as a function of the maximum possible value for a network with
the same n and k; however, this is impractical because it requires a computationally
intensive search for the maximum Q. In the absence of a practical approach to
normalization, Q is of limited use for comparing the small worldliness of different
networks.

Unlike Q, @’ and SWI both range between 0 and 1, which makes them useful for
comparing the small worldliness of networks with differing characteristics including
different n and k. However, in the WS model, o’ always achieves its maximum value,
while SWI never achieves its maximum value. To understand why this happens
requires considering differences in the meaning of a value of 1 for these two indices.
For o', a value of 1 indicates that “the network is balanced such that path length is as
close to random as clustering is to a lattice” (Telesford et al., 2011, p.370). As Figure
1(B) illustrates, in the transition from a ring lattice to a random graph in a traditional
WS model, such a network always exists. An observed network with o’ = 1 is as small
worldly as mathematically possible, given any constraints imposed on the reference
graphs (here, only n and k). Smaller values of @’ indicate how close an observed
network is to this mathematical ideal. In contrast, for SWI, a value of 1 indicates
that the network’s clustering coefficient matches that in a lattice reference graph
and its mean path length matches that in a random reference graph. This describes
a network that is as small worldly as conceptually possible, that is, that perfectly
matches the WS conceptual definition. However, as Figure 1(B) illustrates, SWI # 1
for any p because such a network does not exist. Thus, values of SWI indicate
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how close an observed network is to this conceptual, but unachievable, ideal. This
property is illustrated by application to the US power grid network in Table 2 below.

Randomness to achieve maximum value. In the WS model, p indexes the amount
of randomness in an otherwise highly ordered and clustered network. The highly
clustered “large world” at p = 0 transitions into a highly connected, yet still
clustered “small world” when 0 < p < 1. That is, introducing only a small amount
of randomness to a lattice is necessary to generate a small-world network. This
occurs because the first few random edge rewirings have a highly non-linear effect
on L, while they have very little effect on C. A network in this model should achieve
its maximal small worldliness at the p where L’s rapid decline tapers off but before
C begins to decline appreciably. The three indices under consideration achieve their
maximum values at different p, and thus differ in the amount of randomness they
view as necessary to maximize a network’s small worldliness.

The SWI views the most small worldly n = 1000/k = 10 network as occurring
after about 2% of edges have been randomly rewired from an initial lattice
configuration. At this p, L has declined 85.3% from 47.7 to 7.029, but C has
declined only 4.8% from 0.695 to 0.661. This is the greatest difference between the
percent decline in L and C (i.e. the distance between the curves in Figure 1(A)) for
all p.

In contrast, Q and @’ both view the most small-worldly network as occurring
much later, after around 7% to 10% of edges have been randomly rewired. In
this range of p, L has declined 90.5% from 47.7 to about 4.5, and C has declined
24.4% from 0.695 to about 0.525. This represents a slightly shorter mean path length
than when p = 0.02, but a dramatically smaller clustering coefficient. The networks
obtained when 0.07 < p < 0.10 are certainly still small worldly, but they are not as
small worldly as the network obtained when p =~ 0.02.

2.2 Indices’ relationships with n and k

Comparison in the WS model suggests that Q, @’, and SWI may all be viable indices
of network small worldliness; however, this model focuses on a single network of
n = 1,000 and k = 10. In this section, following these previous investigations of
other small-world indices (Humphries & Gurney, 2008; Telesford et al.,, 2011), I
explore how these indices behave in networks of varying sizes and degrees.

As expected, Q’s behavior depends heavily on both n and k (see Figure 2(A) and
(D)). Specifically, Q achieves systematically larger values for all p in larger networks,
and in sparser networks. Moreover, although Q’s lower bound is 0, it has no upper
bound. These features highlight why Q cannot readily be compared across networks
that vary on these characteristics: Regardless of their actual small worldliness, larger
and sparser networks will have larger values of Q than smaller and denser networks.

The behavior of o’ (see Figure 3(B) and (E)) is remarkably stable over all p
with respect to n and k, which mirrors earlier findings (Telesford et al., 2011). This
stability is expected because w’ always achieves a value of 1 for some p in a WS
model.

Finally, the behavior of SWI (see Figure 3(C) and (F)) is stable for networks of
varying degree, as well as for networks of n > 500. However, in larger networks,
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Table 2. Small worldliness of real-world networks.

Network® nf k G C C, L L L. 0 0% SWI

Metabolic 315 56.60 0.737 0.220 0.180 2.7826 2.620 1.425 0.6661 0.755 0.009
Airports 407 10.39 0.670 0.527 0.026 19.586 2.960 2.567 17.903 0919 0.760
Power 4941 2.67 0.301 0.080 >0.001 925.28 18.7 8.661 68.564 0.803 0.262
Biology 1520251 15.53 0.698 0.600 >0.001 48945 494 5.190 61955 0.804 0.859

"E.Coli. Metabolic (Humphries & Gurney, 2008; Wagner & Fell, 2001), US Airports (Neal, 2014), US Power Grid (Watts & Strogatz,
1998), Biology Co-authorship (Newman, 2001).

TValues for n (network size), k (mean degree), C (clustering coefficient), and L (mean path length) were obtained from previous work as
referenced. Values for clustering coefficients and mean path lengths in corresponding lattice and random graphs (C;, C., L;, and L,) and
values for small-world indices (Q, o', and SWT) were computed using the equations presented above.
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Fig. 2. Comparison of small-worldliness indices over p for networks of varying size (n) and
mean degree (k). (A—C) The behavior of w is stable for networks of differing sizes, but larger
networks exhibit systematically higher values of Q and SWI over all values of p. (D-F) The
behavior of @ and SW1 is stable for networks of differing mean degree, but sparser networks
exhibit systematically higher values of Q over all values of p. All values represent averages
over 25 realizations. (Color online)

it achieves a larger maximum value, which occurs at lower p. To more closely
investigate this phenomenon, Figure 3 illustrates how n, k, and k/n (link density)
influence the magnitude and location (with respect to p) of SWI’s maxima in a
WS model. First, I find that the maximum value of SWI is strongly positively
related with n (r = 0.833), weakly positively related with k (r = 0.07), and strongly
negatively related with link density (r = —0.899). That is, large and sparse networks
have a greater capacity to approach maximal small worldliness (from the perspective
of SWI) than small and dense networks. It is important to note that this finding
is different from the fact, noted above, that Q is always larger in larger networks.
Values of Q grow larger as n increases simply because larger networks tend to have
longer mean path lengths. In contrast, the relationship between max(SW1I) and n
seen in Figure 3(A) highlights a property of small-world structure, namely, that its
conceptual ideal requires a relatively large network to appear. Second, I find that
the p at which SW I achieves its maximum value is strongly negatively related with n
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Fig. 3. Magnitude and location of SWI’s maxima in Watts—Strogatz models. (A) The
maximum value that SW1I achieves in a WS model increases with n, but is less influenced by
k. (B) The value of p when SWT achieves its maximum value in a WS model decreases with
n, and decreases slightly with k. (C) In sparser networks, SWI achieves a larger maximum
value, and achieves is maximum value with fewer random rewirings. All values represent
averages over 25 realizations. (Color online)

(r = —0.927), weakly negatively related with k (r = —0.245), and strongly positively
related with link density (r = 0.773). That is, large and sparse lattices transition
into small worlds earlier (i.e. with fewer random re-wirings) than small and dense
lattices.

2.3 Comparison in real-world networks

In this section, I compare the three small-world indices—Q, ', and SWI—in
four real-world networks that range in size and come from multiple contexts that
have previously been examined in the small-world literature. Table 2 reports each
network’s size (n) and mean degree (k), the values of the three SWIs, and each
component of these indices. These comparisons serve as a concrete illustration of
the indices, and each network highlights a different property of the indices identified
by the more abstract analysis above.

Air traffic networks are frequently cited as contexts where small-world structures
are observed (Guimera et al., 2005; Bagler, 2008; Han et al., 2009). The US airport
network described in Table 2 closely matches a conceptual definition of small
worldliness, exhibiting a clustering coefficient (0.527) that approaches the value
observed in a lattice (0.670) and a mean path length (2.96) that approaches the value
observed in a random graph (2.567). The values of all three indices — Q > 1, o/,
and SWI > 0—suggest this network is small worldly. This example illustrates that
in cases where a network’s small worldliness is clear given the conceptual definition,
all three indices agree and yield expected results.

The network of co-authorship in biomedical research in the MEDLINE database
is larger than the airport network by several orders of magnitude, but also exhibits
a very clear small-world structure: Its clustering coefficient (0.6) is similar to that
of a lattice (0.698), while its mean path length (4.94) is similar to that of a random
graph (5.19). Again, the values of all three indices accurately identify this network’s
small worldliness. However, this network offers an illustration of the effect of n and
k on Q, and thus why Q cannot be compared across networks of different sizes or
degrees. The co-authorship network’s Q is more than 3,000 times larger than in the
airport network, but this does not mean the co-authorship network is more than
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3,000 times more small worldly than the airport network. Instead, this large value
occurs simply because C, ~ 0 in sparse networks like this one, and thus C/C, (i.e.
the numerator in Equation (1)) yields very large values (Telesford et al., 2011).

The E.Coli metabolic network offers a different scenario because it is not small
worldly. Its mean path length (2.620) is nearly as large as that of a lattice (2.783),
while its clustering coefficient (0.220) is nearly as small as that of a random graph
(0.180). These values suggest that this network is more than simply non-small
worldly, but indeed is the very opposite of small worldly. The Q <1 and SWI ~ 0
are consistent with this; however, the @’ > 0 incorrectly identifies the network as
small worldly. This example illustrates a case where ' is misleading because it fails
to consider both lattice and random reference graphs when normalizing C and L.
Because o’ normalizes C only with respect to Cj, it misses the fact that in this
network C ~ C,. Likewise, because ' normalizes L only with respect to L,, it
misses the fact that in this network L ~ L;.

Finally, the US power grid network has been regarded as an example of small-
world structure since its initial use as an example by WS. Consistent with the
conceptual definition of small worldliness, this network’s clustering coefficient (0.08)
is much larger than that of a random graph (C, > 0.0001), and its mean path length
(18.7) is similar to that of a random graph (L, = 8.66). Both Q and ' yield values
that confirm its small worldliness, but an SWI of only 0.262 suggests it is not
particularly small worldly. This illustrates a case where SW1I’s comparison of this
network to a conceptual ideal is too stringent. The small SW1I value occurs because,
although the network’s clustering coefficient is larger than that of a random graph,
it is still not close to that of a lattice. Specifically, g/:% (i.. right term in Equation
(5)) equals 0.26, which indicates that the observed network’s clustering coefficient
is only about 26% of the way from a random minimum to a lattice maximum.
However, there are very few connected networks of n = 4941 and k = 2.67 for which
C > 0.08, and those that do have much larger mean path lengths. Thus, in this
case, SWI indicates that this network falls short of an impossible ideal, while o’
more usefully indicates that it comes close to the most small-worldly structure that
is mathematically possible.

3 Discussion

Each of the indices of small worldliness considered here—Q, w’, and SWI—have
advantages and drawbacks that should be considered when selecting a measure.
The primary advantage of Q is its simplicity, however, this advantage is outweighed
by two disadvantages illustrated by the findings above. First, its use of a single
reference network for both the clustering coefficient and mean path length is
inconsistent with the WS conception of small-world structure. Second, its scale
depends on n and k, making cross-network comparisons impossible. For these
reasons and consistent with Telesford et al. (2011), although Q has been the most
widely adopted index of small worldliness, alternative indices may be preferable.
Both o’ and SWI aim to overcome these drawbacks. They more appropriately
compare the clustering coefficient to a lattice-based reference, but the mean path
length to a random graph-based reference. They also offer a fixed scale (0 to 1
for o and SWI, but —1 to 1 for w) that facilitates comparison of networks with

https://doi.org/10.1017/nws.2017.5 Published online by Cambridge University Press


https://doi.org/10.1017/nws.2017.5

42 Z. P. Neal

different characteristics. The key difference between these two measures lies in their
normalization schemes: ' focuses on the extent to which the observed network’s
clustering coefficient and mean path length approach the values in target reference
graphs, while SWI focuses on where a network’s clustering coefficient and mean
path length fall within the lattice-to-random range that defines the WS conception
of small worldliness. This difference has implications for their interpretation. For a
given set of constraints imposed on the reference graphs, there exists a network that
achieves o’ = 1, which represents a structure where clustering and connectedness are
balanced. Thus, o’ captures the extent to which an observed network approaches
this mathematically possible ideal. In contrast, SWI = 1 only when a network’s
clustering coefficient matches a corresponding lattice and its mean path length
matches a corresponding random graph. However, such a graph does not actually
exist. Thus, SW1I captures the extent to which an observed network approaches this
conceptual, but mathematically impossible, ideal.

These differences in normalization schemes point to these indices’ drawbacks,
which are illustrated in the real-world network examples in Table 2. The metabolic
network illustrates that w and o’ risk false-positives by not incorporating two key
pieces of information: L; or C,. In contrast, the power grid network illustrates that
SWI risks false-negatives by adopting a particularly stringent criteria for small
worldliness. The choice between w and SW1 as an index of small worldliness should
consider their differing interpretations and their tolerance for false-positives versus
false-negatives.

This investigation has two notable limitations, which identify directions for future
research that will help clarify this recommendation. First, the analyses above focus
on a one-dimensional ring lattice and Erdos—Rényi random graph that preserve the
observed network’s n and k as the reference graphs. However, it will be important
to explore these indices’ behavior when computed using other types of reference
graphs. Second, the performance of the indices was evaluated against the conceptual
definition of small worldliness proposed by WS. Future studies should also explore
their relative performance as predictors of phenomena hypothesized to be associated
with small worldliness.

4 Materials and methods

Clustering coefficient. The clustering coefficient, C, measures the extent of clustering
in a graph, but it has been measured in two different ways. WS measured it as

1 z": number of pairs of neighbors of i that are connected (10)

Cys = — - -
S n = number of pairs of neighbors of i

which conceptually captures the extent to which one’s friends are also friends with
one another. Others (Newman, 2010) have measures the clustering coefficient as

3 x number of triangles
number of connected triples

(11)

Cp =

which is based on transitivity and captures the frequency with which potentially
closed triples are closed. These two versions are typically in agreement, but in some
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cases can differ. Because C,,; was originally used in defining small-world networks,
it is used in all analyses presented here.

Ring lattice construction. To construct reference ring lattices with given n and k, n
nodes are first arranged in a circle at equal intervals. Next, a node with the lowest
current degree (in the first round, any of the nodes, since all nodes begin with zero
degree) is selected at random, and an edge is created between it and a random
nearest neighbor in euclidean space to which it is not already linked. This process is
repeated until the target k is achieved. This yields a ring lattice in which each node
is connected to approximately k of its neighbors. When k is not an integer, each
node in the resulting ring lattice is connected to either [k] or |k]| of its neighbors.
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