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GENERIC STABILITY AND MODES OF CONVERGENCE
KARIM KHANAKI

Abstract. We expand the study of generic stability in three different directions. Generic stability is
best understood as a property of types in NIP theories in classical logic. In this article, we make attempts
to generalize our understanding to Keisler measures instead of types. arbitrary theories instead of NIP
theories, and continuous logic instead of classical logic. For this purpose, we study randomization of
first-order structures/theories and modes of convergence of types/measures.

§1. Introduction. This article is a kind of companion-piece to [18] on analytical
contents of generically stable types/measures for arbitrary theories. Pillay and
Tanovic¢ [21] introduced the notion of generically stable type, for arbitrary theories.
The notion abstracts/expresses/preserves the crucial properties of definable types
in stable theories, and definable and finitely satisfiable types in NIP theories. In
[12]. this notion was correctly generalized to Keisler measures, for NIP theories.
Assuming NIP, there are also equivalences on the notion, namely, dfs, fam, and
fim." The important question that remains is what is the “correct” notion of generic
stability for measures in arbitrary theories. This seems to be more complicated than
what is expected in the first encounter.

Recently [18], it is shown that a global type p in a countable theory is generically
stable over a small model M if and only if p is definable over M, and there is
a sequence (¢; : i < w) inside M such that (¢p(c;/U) : i < w) converges to p. in a
strong sense.” The significance of this result is that this notion is characterized by only
a specific sequence in the model/set, and the information of all Morley sequences is
encoded in that sequence so that we can call it the Morley sequence. On the other
hand, it gives an analytical characterization of the notion which links it to other
fields including. topology/functional analysis/descriptive set theory. This suggests
that a similar result holds for measures in arbitrary (countable) theories.

On the other hand, a line of research is randomization of first-order struc-
tures/theories. The randomization of a complete first-order theory was introduced
by Keisler [13] and formalized as a metric theory by Ben Yaacov and Keisler [5].
Intuitively, for a (complete) classical theory T the randomization TR of T is a
(complete) continuous theory whose elements of models are random elements of
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I These are abbreviations for definable and finitely satisfiable measure, finitely approximated measure,
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2DBSC-convergence. Cf. [18, Definition 3.4] or Remark 2.10 below.
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M for some model M of T. A default theme is that model-theoretic properties
are preserved in randomization.’ As an example T is stable/ NIP if and only if
TR is so. It is known that “measures” in classical logic correspond to “types” in
randomization. With these ideas in mind, and since the notion of “generic stability
for types” is practically known even for continuous logic, we are looking for some
properties of measures in classical logic which are close to generic stability of types
in randomization.

The present article aims to investigate ‘generic stability’ for measures in arbitrary
theories. (We focus more on measures in classical logic which are not types, and types
in continuous logic/randomization.) For this, we first generalize/adapt some results
of [18] on generically stable types to continuous logic, and then, we transfer these
results to measures in classical logic using randomization. We define the notions of
RYP¢_generic/ R-generic stability, as a property of types/measures in classical logic,
and show that a type is RWP¢-generically stable if and only if it is generically stable in
the usual sense. We will see that, in countable languages, for every measure, R-generic
stability and fam are equivalent. We study generic stability of measures through two
procedures for transferring Keisler measures to types in the randomization, namely,
“natural extension” and “corresponding random-type”. We also provide different
proofs of some well-known results by assuming NIP. Finally, we prove that a type
is RYPe-generically stable if and only if its corresponding random-type is generically
stable (over a model of the form M ® A).*

To simplify reading through the article, we list some more important results: 2.7,
2.13,2.14,2.17,3.5,3.7, 3.16, 3.23, 4.4, 4.5.

Let us give our motivation and background. First, we believe that model theory has
a deep analytical nature that is not yet fully studied. In [14, 16-20], some analytical
aspects of model theory/classification theory were studied. Roughly, it is shown
that some model-theoretic notions appeared independently in topology/functional
analysis/descriptive set theory, and moreover various characterizations yield the
characterization of NOP/NIP/NSOP in a model M or set 4, and some important
theorems in model theory have twins there. Also, there are connections between
classification in model theory and classification of Baire class 1 functions which
lead to a better understanding of both of these topics [17]. The key idea is that the
study of the model-theoretic properties of formulas in ‘models’ instead of only these
properties in ‘theories’ develops a sharper stability theory and establishes important
links between model theory and other areas of mathematics. In the present article,
we continue this approach and complete/generalize some results of [16, 18]. Another
work that has influenced this article is [9], in which an analytic aspect of generically
stable types in (countable) theories is given (cf. [9, Theorem 4.8]). And of course,
the note [2] on finite satisfiabiliy in randomization and the paper [1] on continuous
V'C-theory have influenced our work.

It is worth mentioning that two preprints [7, 10] have been released shortly after
our article which address some similar questions. The aims of Sections 1-3 in [7]
are similar to those in our article, but the approaches and methods in our work and

3Although, there are counterexamples that this is not always the case. For example, randomization
of an unstable simple theory is not simple [3].
4Cf. Section 3.2, for definition of models of the form M ® A.
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theirs are completely different. Sections | and 2 in [10] clarify some of the definitions
and claims of the note [2]. Although we have not utilized the results of these two
preprints, for greater clarity regarding the results/claims we obtained from the note
[2] and to assist the reader of this text, we refer to some definitions and results in
them.

CoNveNTION 1.1. (1): Although many of our results can be generalized to
uncountable case as well, in this article, we study countable theories, classic or
continuous. When we say T is a theory we mean a countable classical theory, and
we say T is a continuous theory otherwise; of course it is still countable. Also, all
theories are complete.

(2): The monster model for a classical theory is denoted by U and for a continuous
theory is denoted by U. This distinct is important, especially when we point out that
any model of the randomization of the form U @ A is a strict substructure of U.°

(3): In this article, when we say that (a;) C U (or (a;) C U) is a sequence, we mean
the usual notion in the sense of analysis. That is, every sequence is indexed by w.
Similarly, we consider Morley sequences indexed by .

(4): In this article, a variable x is a tuple of length n (for n < w).® Sometimes we
write X or X1, ..., X, instead of x. All types are n-types (for n < w) unless explicitly
stated otherwise. Similarly, a sequence (a;) C U (or (a;) C U) is a sequence of tuples
of lengthn (forn < w).

This article is organized as follows. In Section 2, we generalize/adapt some results
of [18] on generically stable types to continuous logic. We give characterizations
of generic stability of continuous types in the terms of convergence of (Morley)
sequences of types. We also show that generically stable continuous types are
fim. In Section 3, we introduce the notions R%YP¢-generic/ R-generic stability for
types/measures in classical logic. We show that a type (in classical logic) is RYPe-
generically stable if and only if it is generically stable in the usual sense. In measures
case, we show that R-generic stability and fam are equivalent. We also give some
results on fim and fam measures and their corresponding random-types. In Section 4,
we prove that a type is R-generically stable if and only if its corresponding random-
type is generically stable.

§2. Continuous logic and generic stability. In this section we introduce the notion
of generic stability for types in continuous logic and give characterizations of this
notion which will be used later. The proofs are adaptations of the arguments in
classical logic [18].

If the reader thinks that it is not necessary to state, repeat and review the results of
classical case (i.e., [18]) for continuous logic, we must give the following warnings:
(a) Not all results of classical logic can be directly translated into continuous logic.
For example, Shelah’s theorem (i.e., stable=NIP-+NSOP) cannot be translated

5The difference between models of the form M ® A and the other models are important in this article.
(Cf. Remark 3.18.)

6 Although all arguments are true for infinite variables, to make the proofs readable. we consider finite
tuples.

TThis section can’t be read without firm grasp of [18].
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into continuous logic (cf. [15]). (b) It is important to have correct definitions in
continuous logic and to check that the proofs work in this case, and why these
proofs still work or do not. (c) The results in continuous case sometimes lead to new
results even in classical logic, as we will see in Section 3 of the present article and as
was seen in [15].

Therefore, we introduce the notion in detail but we will refer the proofs to
the classical case and explain why arguments in classical case work here as well.
We assume familiarity with the basic notions about continuous model theory as
developed in [4].

In this section, we fix a continuous first order language L.® a complete countable
(continuous) L-theory T (not necessarily NIP), and a small set 4 of the monster
model U. The space of global types in the variable x is denoted by S, (U) or S(U).

In the following, ¢(x) is a formula, r, s are real numbers in [0, 1], and ¢(X) < 7,
¢(X) > r.and ¢(X) = r are L-statements (or L-conditions) in continuous logic.

Recall that, in continuous logic, we use sup,inf, min, max, < instead of
v, 3, A, V, =, respectively. However, we will sometimes continue to use classic symbols
to make our article more readable.

REMARK 2.1. Notice that L is countable and we assume that M is a separable
model (i.e., there is a countable dense subset My C M ). We work with a countable
system of connectives containing 0, 1, min, max, -/2, - (where x <y = max(x —
7.0)). Recall from [4, Theorem 6.3] that this does not impose any restrictions.
In this article, we can work with L(M,)-statements of the form ¢(x) < r and
¢(x) > s where r,s are rational numbers in [0,1]. Therefore, the set of all
statements is countable and all diagonal arguments in [18] work well in the present
article.

DerFINITION 2.2. Let A C U and ¢(xy. ..., x,) € L(A4). We say that ¢(x;1.....x,)
is symmetric if for any permutation ¢ of {1, ..., n},

sqp ]qﬁ(xl, ,X,,) — ¢(xa<1), ey xa(n))‘ =0.

ExaMmpPLE 2.3. Let ¢(x.y) be a formula, and r < s. The following formula
H(’t)fq (x1. ..., x,) is symmetric:

VF C {13y ( \ 6 e) <7 A N\ Bl ye) > 5).

i€F i¢F
This formula should play a key role in the arguments in the present article. See
Remark 2.4 and Theorem 2.7 below, and also [18, Theorem 2.8].

REMARK 2.4. Let (a; : i < w) beanindiscernible sequence of x-tuples and ¢ (x. )
a formula. Then, it is easy to check that the following are equivalent:

8 As mentioned earlier, in this article, the language is countable, however we can consider separable
languages. Also, we can study separable fragments of the language. To make the proofs more readable,
we assume that the theory is countable.
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(i) For any parameter b € U, the truth value of sequence (¢(a;.b) : i < w) is
eventually constant.
(i) For any r < s there is a natural number 7 such that = — 9;’;(611, e dy).

The following is an adaptation/generalization of [18, Definition 2.3].°

DErFINITION 2.5. (i) Let (b;) be a sequence of U and 4 C U a set. The eventual
Ehrenfeucht-Mostovski type (EEM-type) of (b;) over A, which is denoted by
EEM(((b;)/A), is the following (partial) type in S, (A4):

(p(x1.....xx) =71) € EEM((b;)/4) < lim ¢(biy....b; ) =r.
ll<~~~<lk, 11 —00

(ii) Let (b;) be a sequence of U and 4 C U a set. The symmetric eventual
Ehrenfeucht-Mostovski type (SEEM -type) of (b;) over A, which is denoted by
SEEM ((b;)/A). is the following partial type in S,,(A):

{¢(x1, woxg)=r:(¢(x)=r) € EEM((b;)/A) and ¢ is symmetric}.

Whenever (b;) is A-indiscernible, we sometimes write SEM ((b;)/A) instead of
SEEM ((b;)/A).

(iii) Let p(x) be a type in S,,(A4) (or S,,(U)). The symmetric type of p, denoted
by Sym(p). is the following partial type:

{(qb(x) = r) Ep:dis symmetric}.

The sequence (b;) is called eventual indiscernible over A if EEM ((b;)/A) is a
complete type. In this case, for any L(A4)-formula ¢(x), the limit lim;_, ., ¢(b;) is
well-defined.

Let p(x) be a global A-invariant type. The Morley type (or sequence) of p(x) can
be easily defined similar to classical logic.!” The Morley type (or sequence) of p(x)
is denoted by p(®). The restriction of p(x) to A4 is denoted by p|4. A realisation
(d; : i < w) of p®)|, is called a Morley sequence of /in p over A.

LemMMA 2.6. Let p(x) € S(U) be finitely satisfiable in M where M is a sepa-
rable model."" Then there is a sequence (¢;) in M such that SEEM ((¢;)/M) =

Sym(p'|u).

Proor. Let I = (d;) be a Morley sequence in p over M. Since T is countable and
M is separable, there is a sequence (¢;) in M such that lim¢p(c;/MI) = p|ys."
We can assume that (c;) is eventual indiscernible over MI. That is, the type
EEM ((¢;)/MI) is complete. (Notice that, as MI is separable and T is countable,
using Ramsey’s theorem and a diagonal argument, there is a subsequence of (c;)
which is eventual indiscernible over MI. See also Remark 2.1 above.) We claim

9The EEM-type in classical logic is defined in [9, Definition 4.3]. It was extracted from the notion of
eventual indiscernible sequence in [24].

10Cf. [23], Section 2.2.1 for definition in classical case.

1T We can assume that M is a separable set in some model.

12Notice that, in this case, the space S (MT) is metrizable.
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that (¢;) is the desirable sequence. That is, SEEM ((¢;)/M) = SEM ((d;)/M) =
Sym(p®|ys). The proof is by induction on symmetric formulas similar to
[18, Lemma 2.7]. n

We say that a sequence (d;) € U of x-tuples converges (or is convergent)
if the sequence (¢p(d;/U):i< w) converges in the logic topology. Equiva-
lently, for any L(U)-formula ¢(x). the sequence (¢(d;) :i < w) is convergent,
i.e., for any ¢ >0 there is an natural number n such that |¢(d;) — ¢(d;)| <e
for all i,j >n. If (tp(d;/U):i< w) converges to a type p, then we write
lim¢p(d;/U) = portp(d;/U) — p. Notice that tp(d; /U) — p if and only if for any
L(U)-formula ¢(x),

(p(x) =r) € p < lim¢(d;) =r.

THEOREM 2.7. Let T be a separable continuous theory, M a separable model, and
p(x) € S(U) a global type which is finitely satisfiable in M. Let (d;) be a Morley
sequence of p over M. If (d;) converges then there is a sequence (c;) in M such that
tp(ci/U) — p.

ProOF. The proof is an adaptation of the argument of Theorem 2.11 of [18].
Indeed, by the argument of Lemma 2.6, we can assume that there is a sequence (c;)
in M such that tp(c;/M U (d;)) = playo,) and SEEM ((¢;)/M) = Sym(p(@)|y).
We show that 7p(c; /U) — p. Let g be an accumulation point of {¢p(¢;/U) : i € w}.
Then ¢| MUd;) = P MU(d))- Therefore, by an easy induction, we can show that the
Morley types (sequences) p(@) | and g |ar are the same. Now, as (d;) converges,
it is easy to show that p = ¢. (If not, using an standard argument, one can build a
Morley sequence (a;) such that for a parameter b € U, a formula ¢(x, y), and for
r < s, wehave ¢(a;.b) < rifiiseven, and ¢(a;,b) > s otherwise. This contradicts
the convergence of (d;). Cf. Claim 1 in the proof of Theorem 2.11 in [18].) Also,
using Rosenthal’s lemma (cf. [18, Fact 2.10])"*, similar to the Claim 2in [18, Theorem
2.11], we can show that the sequence (1p(c;/U) : i < w) converges. If not, there is
a formula ¢(x,y), r < s. and a Morley sequence (a; : i < @) such that for any n
the formula 0’ holds in this Morley sequence. (Cf. Example 2.3.) This means that

(a; : i < w) diverges, a contradiction. These prove the theorem. -
The following is the counterpart of Definition 3.1 below to continuous logic.

DEFINITION 2.8. Let M be a model and (p,(x) : n < ) be a sequence of types
over M. We say that (p, : n < w) Baire- 1/2-converges (or is Baire- 1 /2-convergent)
if the independence property is semi-uniformly blocked on (p, : n < w), that is, for
any formula ¢ (x, y). and for each r < s. there is a natural number N = N, and a
set E C {1,..., N} such that foreach i} < -+ < iy < w, and any parameter b € M,
the following does not hold

N\ @by <r)yep, A\ (8(x.0)>5) € pi,.

JEE JEN\E

I3Notice that Rosenthal’s lemma works in real-valued case too.
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Notice that Baire-1/2 convergence implies that the sequence is convergent. Indeed,
for any formula ¢ (x. y) and parameter b the sequence (¢(p,..b) : n < w)is a Cauchy
sequence of real numbers and so is convergent.

In the above, we can assume that M is the monster model.

REMARK 2.9. Notice that in Theorem 2.7, the sequence (1p(c;/U):i< w)
is Baire-1/2-convergent. In fact, as SEEM ((¢;)/M) = Sym(p'®)|y). any/some
Morley sequence is convergent if and only if (zp(c;/U):i < w) is Baire-1/2-
convergent. In particular, if the Morley sequence of p is totally indiscernible (e.g.. p
is generically stable),

EEM ((¢;)/M) = SEEM ((¢;)/M) = Sym(p'“|sr) = p'“| 1.

This means that Morley sequences of p are controlled by the sequence (¢;) € M, and
vice versa. We will shortly see that this fact leads to a new and useful characterization
of the following notion, namely, generic stability.

ReEMARK 2.10. Recall that, in classical logic, the types are {0,1}-valued. In
this case, we say that the sequence (p, :n < w) of types is DBSC-convergent
(or DBSC-converges) if it is Baire-1/2-convergent as in Definition 2.8. More
precisely, the sequence (p, : n < w)DBSC-converges if for any formula ¢(x, y)
there is a natural number N = Ny such that for any parameter b, we have
Yo |1 b) — (pu.b)| < N. (Cf. [18, Definition 3.4].) When (p, :n < )
is DBSC-convergent, we say the independence property is uniformly blocked on
(pn : n < w). (Notice that, in this case, for any r < s and formula ¢(x,y). the
natural number N (in Definition 2.8) depend just on ¢.) Recall from [19] that these
notions of convergence are related to different subclasses of Baire-1 functions. In
fact, the limit of a DBSC-convergent (resp. Baire-1/2-convergent) sequence is a
DBSC (resp. Baire-1/2) function, and the class of DBSC functions is a proper
subclasses of Baire-1/2 functions.

The following is the natural/correct adaptation of generic stability from [21] to
continuous logic (cf. Remark 2.12(v) below).

DEFINITION 2.11 (Generic stability). Let 7 be a continuous theory and 4 a small
set of the monster model. A global type p(x) is generically stable over A if p is
A-invariant, and every Morley sequence (a; : i < w) has the following properties:

(i) (a; : i < w) is totally indiscernible; and

(ii) (a; : i < w) has no order; that is, there is no sequence (b; : i < w), formula
#(x.y).and r < s such that ¢(a;.b;) < rifi < jand ¢(a;.b;) > s otherwise.

RemaArRk 2.12. Let p(x) be a global A-invariant type. The following are
equivalent.
(i) pis generically stable over A.

(ii) For any Morley sequence (a; : i < w) of p over A, we have limtp(a; /U) = p.

(iii) The condition (ii) holds and furthermore, the sequences (1p(a;/U) : i < w)
are Baire-1/2-convergent.

(iv) Any Morley sequence of p is totally indiscernible and convergent.

(v) For any Morley sequence (a; : i < a) (any o, not only w) of p over 4,
and any formula ¢(x) (with parameters from U) and r < s, at least one of

{i :E=d¢a;) <r}or{i:| ¢(a;) > s}isfinite.
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ProoF. (i) = (ii): As any Morley sequence (a; ) is totally indiscernible and has no
order, it is easy to see that (a; ) is convergent. If not, there is a formula ¢(x, y).r < s.
and parameter » € U such that the sets {i : ¢(a;.b) <r} and {i : ¢(a;,b) > s}
are infinite. Now, by total indiscernibility. one can find a sequence (b;) such
that ¢(a;.b;) <r if i < j and ¢(a;.b;) > s otherwise, a contradiction. Now, a
(continuous) generalization of Lemma 4.2 in [18] implies that limzp(a; /U) = p.

(ii) = (i): As any Morley sequence is indiscernible and convergent to p. it is easy
to see that some/any Morley sequence is totally indiscernible. (Indeed, suppose
for a contradiction that some/any Morley sequence (a; :i < w) is not totally
indiscernible. As (a; : i < w) is indiscernible, similar to the argument of Theorem
12.37 of [22]. can someone find a formula y(x, y) (with parameters)'* and the
numbers r < s, such that this formula has the order property with the sequence
(ai)k<i<ew (for some k) and r < s. Now, someone can find a Morley sequence
(¢i : i < w + w) and a parameter b such that w(c;,b) < rifi < w and w(c;,b) > s
otherwise. This means that lim;,, tp(c;/U) # lim;s,, tp(c;/U), a contradiction,
because for any Morley sequence the limit is p.) Suppose for a contradiction that
some Morley sequence (a;) has order for formula ¢(x, y) and r < s: that is, there is
a sequence (b;) such that ¢(a;,b;) < rifi < j,and ¢(a;.b;) > s otherwise. Then,
as (a;) is totally indiscernible, one can find a parameter » € U such that ¢(a;,b) < r
if i is even, and ¢(a;, b) > s otherwise, a contradiction.

(iii) follows from (ii) and the indiscernibility of Morley sequences. Indeed, if some
Morley sequence is not Baire-1/2-convergent, then there is a Morley sequence which
is not convergent, a contradiction. (Cf. the direction (i) = (ii) of Theorem 4.4 in
[18]. for classical case.)

(iv) = (i) is given in the proof of direction (ii) to (i).

(i) = (iv) is given in the proof of direction (i) to (ii).

(iv) = (v) is evident. If not, one can find a formula with order, and by
(i) <= (iv). a contradiction.

(v) = (ii): Clearly every Morley sequence (a; : i < w) is convergent. We need to
show that its limit is p. If not, there is a formula ¢(x, y), r < s, and parameter b such
thatlim ¢(a;, b) = r but (¢(x.b) = s) € p. Now, itis easy to find a Morley sequence
(¢; i < ®+ ) such that both sets {i : ¢(¢;.b) <r} and {i: ¢(¢;.b) > s} are
infinite, a contradiction. =

The following theorem gives a characterizations of generically stable types for
countable theories. The important one to note immediately is (ii).

THEOREM 2.13. Let T be a continuous theory, M a small model of T, and
p(x) € S(U) a global M-invariant type. The following are equivalent:
(i) p is generically stable over M.
(i) p is definable over a small model, and there is a sequence (c;) in M such that
(tp(c;/U) : i < w) Baire-1/2-converges to p.
(iii) p is definable over and finitely satisfiable in some small model. and there is a
convergent Morley sequence of p over M.

14This formula is indicated by g(x, y, @) in the proof of [22, Theorem 12.37].
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ProoF. The proofis an adaptation of the argument of Theorem 4.4 of [18]. First,
notice that, similar to classical case, we can assume that M is separable.

(i) = (ii) follows from Theorem 2.7 (see also Remark 2.9).

(ii) = (i): As p is definable and finitely satisfiable, any Morley sequence is
totally indiscernible. Let (d;) be a Morley sequence. Similar to Lemma 2.6, it is easy
to see that SEEM ((¢;)/M ) = Sym(tp((d;)/M)). Therefore, as (¢;) is Baire-1/2-
convergent, the Morley sequence (d;) converges. By Remark 2.12(iv), p is generically
stable.

(1) = (iii) follows from Remark 2.12(iv) and the fact that the Morley sequences
of definable and finitely satisfiable types are totally indiscernible. (i) = (iii) is
evident. o

The following is a consequence of the previous results, although it has not been
stated anywhere before, even for classical logic.

COROLLARY 2.14. Let T be a continuous theory, M a small model of T, and
p(x) € S(U) a global M-invariant type. The following are equivalent:
(1) p is generically stable over M.
(i) Thereis a sequence (c;) in M such that (tp(c;/U) : i < w) Baire-1/2-converges
to p, and (c;) has no order, that is, there is no (b;) € U, r < s, and formula
@ (x.y) such that ¢(c;.b;) <rifi < jand$(c;.b;) > s otherwise.

PrOOE. This follows from Theorem 2.13 and Grothendieck’s double limit theorem
(cf. [17, Fact 2.2]). Indeed. by Theorem 2.13, there is a sequence (c;) in M such
that (1p(c;/U) : i < w) Baire-1/2 converges to p. We need to show that (¢;) has
no order. For any ¢; and any formula ¢(x,y). define map F[{’ 2 Sporr (M) —
[0,1] via g — ¢(c;, b) for some/any b |= g, where ¢°P?(y, x) := ¢(x.y). The set
A= {Ff 1i<w} is a set of continuous functions on the type space Syor (M ).
Notice that, as £p(c; /U) — p. the pointwise closure of 4 is the set 4 U {FJ }, where
Ff(q) =rif (¢(x.b) =r) € p for some/any b |= q."" By Grothendieck’s theorem,
FJ is continuous if and only if there is no sequence (b;) and r < s such that
¢(ci.b;) <rifi< jand ¢(c;.b;) > s otherwise. Recall that p is definable if and

only if for any formula ¢(x, y) the function F ,? is continuous. This proves the
claim. —1

2.1. Continuous types and fim. In this section we introduce the notion fim to
continuous types and show that any generically stable type in continuous logic is
fim

Let ¢(x. y) be a formula, and @ = (aj. ... a,) and b parameters. Then we define
Av(a)(p(x.b)) == %Z:’Zl o(a;.b).

DEFINITION 2.15 (Continuous fim). Let p(x) be a continuous type and 4 a small
set. We say that p is fim if it is A-invariant and for any formula ¢(x, y) and & > 0,
there is an L(A4)-statement 0(x;, ..., x,,) such that:

13As an easy analytical exercise, we leave it to the reader to examine that the pointwise closure of A
: 4
isAU{Fy;}.
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(i) O(x1,....x,) € p™:and
(i) forall a j: H(xl,...,xn) we have

sup|p((¢(x.5)) — Av(a)(¢(x.0))| < &
beU
LEMMA 2.16. Let p(x) be a continuous type. Suppose that its Morley type/sequence
p'\®) is totally indiscernible and convergent. Then for any formula ¢(x.y) and & > 0
there is a natural number ny, such that for any Morley sequence (a; : i < w) = p'@)
we have:
for any b € U, the number of i such that |$(a;.b) —lim; ¢(a;.b)| > ¢ is < ng,.

Proor. If not, using total indiscernibility and compactness, one can find a
divergent Morley sequence, a contradiction. -

PROPOSITION 2.17. Let p(x) be a continuous type. If p is generically stable, then it
is fim.

Proor. The proofis an adaptation of Proposition 3.2 of [6]. As p is definable, for
any formula ¢ (x, y) and any ¢ > 0, thereisa formula y,, = w(y) (with parameters),
which is a finite continuous combination of the instances of ¢(a, y), such that
sup,ey |p(@(x.5)) — w(b)| < &. Recall that, as p is generically stable, any Morley
sequence (a, : n < w) is totally indiscernible, and lim p(a, /U) = p.

Define the statement 0(x1, ..., x,,) as follows:
o N (B LI e (N6 y) - w(r)] < 2)),
ICn|l|>ng, ieJ

We will show that for big enough n > ng,. 0(x|,....x,) € p", and the
condition (ii) of Definition 2.15 holds. Indeed. for any Morley sequence (a;).
as limzp(a;/U) = p, we have |lim¢(a;,b) — w(b)| <& for any b € U. Notice
that, for all b, we have |¢(a;,b) — w(b)| < |¢(a;.b) —lim¢(a;, b)| + |lim ¢(a;, b) —
w(b)| < |p(a;.b) —lim¢(a;,b)| +¢. Therefore, by Lemma 2.16, the number i
such that |¢(a;.b) —w(b)| > 2¢ is < ny,. This means that = 0(qay.....a,). and
50 0(x1.....x,) € p™. On the other hand, for any ¢ = (c;. ... ¢,) where |= 0(¢).
we have \Av(c’)( (x.0)) = p(o(x.b))| < |4v(e)($(x.b)) — w(b )|+|P(¢(X=b))*
w(b)| <|Av(e)(p(x.b)) —w(b)| +¢ for all b € U. As = 9( ), it is easy to see
that sup,y [4v(¢)(¢(x.b) — w(b)| — 2¢ as n — co. Therefore, for big enough 7.
we have sup, .y [4v(¢)(¢(x. ) p(é(x.b))| < 4e. As ¢ is arbitrary, the proof is
completed. -

§3. Measures and random types. In this section we study generic stability of
measures through two procedures for transferring Keisler measures to types in a
continuous structure, namely, the randomization. These two procedures are called
natural extension (cf. Section 3.2) and corresponding random-type (cf. Section 3.3),
although they sometimes go by other names in other literature. Wherever necessary,
we refer to the literature for more clarity.

In Section 3.1, we first introduce and study the notion of R-generic stability,
as a property of a measure in classical logic, and then in Sections 3.2 and 3.3,
using the results of Section 2, we study this notion and related random-types in the
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randomization (i.e., natural extension and corresponding random-type) and their
connections.

3.1. R-generic stability. In this section we introduce the notions of R%YP¢/R-
generically stable type/measure in classical logic, and show that for constable
theories: (i) RYP®-generic stability and the usual notion of generic stability for types
are equivalent, and (ii) R-generic stability and fam are equivalent for measures.

In this section, we fix a (classical) first-order language L, a complete countable
L-theory T (not necessarily NIP), and a small set 4 of the monster model /. The
space of global types in the variable x is denoted by S, (i) or S(U).

We first give a notion/notation. Let u(x) be a global measure, 71, .... 7, € [0, 1]
such that 3" r; = 1. The measure u2-"i is defined as follows: for any formula ¢(x. y).
and any parameters by, ..., by,

ILtZ’ Zrl

The following notion is technical but we will shortly see that it is the natural
generalization of the corresponding notion in the case of types.

DeFNITION 3.1, Let (u,(x) :n < w) be a sequence of global A-invariant
measures, and u(x) a global 4-invariant measure.

(i): We say that (u, : n < w) is randomly convergent (or randomly converges) if
for any formula ¢(x, y) and for each r < s. there is a natural number N = N/,
and aset E C {l,..., N} such that for any r|, ..., r, € [0,1] with > r, = 1 and any

parameters by, ..., b; and for each i} < --- < iy < w, the following does not hold
Nz (@) <r n o \uE"(:(00f) 25 (9
JEE JEN\E

(ii): We say that (i, : n < w) randomly converges to u if (u, : n < @) randomly
converges and, additionally, (u, : n < @) converges to u in the space of measures.

REMARK 3.2. In the above definition, if () holds just for k = 1, then we say
that (u, : n < w) is Baire-1/2-convergent (or Baire-1/2 converges). (Compare to
Definition 2.8 above.) A question arises: is every Baire-1/2-convergent sequence
randomly convergent?

DErINITION 3.3. (i) Let u(x) be a global measure. We say that u is R-generically
stable over A if u is definable over A4, and thereis a sequence (u, : n < w) of measures
such that:

o U, = % Z;‘il pn.i. Where a,; = pniand a,; € A (for all n); and
e (1, : n < o) randomly converges to u.
(ii) Let p(x) be a global type. We say that p is RWP®-generically stable over A if
p is definable over A. and there is a sequence (p,, : n < w) of types such that:
e a, = ppand a, € A (for all n); and
e (pn : n < w) randomly converges to p.

RemMARK 3.4. (1): Notice that for a type p, the conditions in (i) implies the
conditions in (i), but there is no reason for the converse to be true.
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(2): On the other hand, we can make a more subtle distinction. Indeed, for any
finite set F of real numbers in [0, 1], we can give a generalization of Definition 3.3(ii)
as follows. Let u(x) be a global F-valued measure. We say that u is R-generically
stable over A if u is definable over 4, and there is a sequence (u, : n < @) of F-valued
measures such that:

e u, is a F-valued measure of a convex combination of types realized in 4 (for
all n); and
o (uy : n < w) randomly converges to u.
Although we will not study it in this article, we believe that for a fixed F, the latter

notion and the usual notion of generically stable type are of the same nature and
complexity.

First we show that, for types, RYP®-generic stability and the usual notion of generic
stability coincide. The following is a new characterization of generic stability which
is interesting in itself.

Fact 3.5. Let p(x) be a global M-invariant type. The following are equivalent:

(i) p is generically stable over M (as in [21]).
(ii) pis RYPe-generically stable over M (as in Definition 3.3).

ProOF. We use a result from [18], namely, Theorem 4.4. Using this theorem, p
is generically stable (in the usual sense) if and only if it is definable and there is a
sequence (a,) € M such that (¢p(a,/U) : n < w)DBSC-converges to p.'® It is easy
to check that if (¢p(a,/U) : n < w) randomly converges, then it DBSC-converges.
Conversely, if (1p(a,/U) : n < w)DBSC-converges, then by Lemma 2.8 in [17], for
any formula ¢(x, y) there is a natural number m such that for any parameters b,

Z|¢ an anJrl b)| < m.

Now, by the triangle inequality, it is easy to check that for any ry, ..., r; € [0, 1] with
> r; = 1 and parameters (b;)¥, we have

k

Z‘Zr, é(an. b;) Zr, dlans1.bi)| <m. ()

n=1 i=1

(Notice that (1) is Fubini.)
This implies that (zp(a,/U) : n < @) randomly converges. Indeed. suppose for a
contradiction that there are parameters (bi)’f, natural number N > ‘,’f’—b‘ Fl,....ly €

[0,1] with Zlf ri=1.and j; < < jy < o such that u%"(¢: (b; W)y <rifris

odd. and ﬂzr’ (¢: (b:)¥) > s if tis even. (Here 1" (g (b,)’f) =5 i glan b))
Then

16Cf. Remark 2.10, for definition of DBSC -convergent. Notice that for types Baire-1/2 convergent
(as in Remark 3.2) and DBSC-convergent coincide.
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3 60 000> 2 s - o 00
> N r—s]
> m.
This contradicts (). -

3.2. Representation of fam. We want to show that R-generic stability is a
representation of fam. This is useful in the next section.

First, we need to recall from [9, Definition 3.1] the notion of sequential
approximation of measures. Let u(x) be a global measure. We say that u is
sequentially approximated over A if there is a sequence (u, : n < w) of measures
such that:

o Uy = é Zf.‘il pi where a; = p; and a; € A4 (for all n); and
o (1, 1 n < w) converges to u.

Notice that convergence is in the logic topology or equivalently the topology of
pointwise convergence (cf. [9], Definition 2.1). Gannon [9, Proposition 3.4] showed
that, in countable theories, every definable and sequentially approximated measure
is fam.

The following observation was suggested to us by the referee.

PRrOPOSITION 3.6. Let u(x) be a global measure. If u is fam over A, then u is
R-generically stable over A.

Proor. If u is fam over A, then u is definable over A4. It suffices to show that
the random convergence condition. As T is countable, enumerate formulas from L,
(¢:)i<w- Choose a sequence (u; : i < w) such that u, is a measure concentrating on
finitely many realized types (in 4) and foreachi < nand b € U”,

161 (x. )~ (i B)] < 1.7

(This is possible using a construction in [9, Proposition 3.3(iii)].)

We show that the sequence (u, :i < w) randomly converges to u. For a
contradiction, suppose that there is a formula ¢ (x, y) = ¢, (x. y) and numbers r < s
such that forany N = {0,..., N} and E C N, thereexisti =ry,....r,.b = by, ..., b,
and i; < --- < i, such that

/\#Z’z¢b<},/\ /\quit¢b

JEE JEN\E

Let m > ¢ )/3 and n; =m (the index of our formula). Let N = {1,...,
max{nlvnz} +2} and E = {max{n;.n} +2} and k =max{n;.no} +1. Then
notice that for ¥ and b and i} < --- < iy, if v = Z;’:l r.0p, then

"In fact. as u and the u,’s are definable over A. one can easily verify that for each i < n and any
A-finitely satisfied measure v. we have |4 ® v(¢; (x. »)) — ttn ® v((x.»))| < % However, the argument
presented here proves a lesser claim and is preliminary, although it suffies for the purposes of this article.
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HE"(6.5) = i ® v($(x.7))
~ups 1@ V(B(x.7))
~s i1 @ v(g(x. y))

= uZ""($.b).
(Here ¢ =3 d if and only if |c — d| < &/3.)
Hence, if,uarl’ (¢.b) < r, then ,u%"’ (¢.b) < r+ 2¢/3 and so it is not greater than
or equal to s. To summarize. (u, : i < w) randomly converges to u. —

COROLLARY 3.7. Let u(x) be a global measure. u is R-generically stable over A if
and only if u is fam over A.

Proor. By Proposition 3.6 above, we just need to show left to right. This follows
from Proposition 3.4 of [9]. First notice that, as 7" is countable and u is definable, we
can assume that 4 is countable. Clearly, by definition, u is sequentially approximated
over A. As u is definable and sequentially approximated, Proposition 3.4 of [9]
implies that u is fam. =

However, fam and R-generic stability are the same, the latter presentation is
useful in the following. In the next section we study connections between R-generic
stability(=fam) and random-types in randomization.

Recall that the notion of generically stable measures for NIP theories was
introduced and studied in [12]. The next observation shows that the new and usual
notions coincide, in NIP theories.

CoROLLARY 3.8 (Assuming T is NIP). Let u be a global measure. Then u is
R-generically stable over A (as in Definition 3.3(i)) if and only if it is generically stable
over A (as in[12]).

ProoF. Recall that, in NIP theories, any measure is fam if and only if it is
generically stable. Therefore, this follows from Corollary 3.7. (In particular, for
types, R-generic stability and R%YP¢-generic stability are the same.) -

REMARK 3.9. In [18]. we make a claim: generic stability (for types) is strictly
stronger than sad. (Recall from [9] that a type is called sad if it is both sequentially
approximated and definable.'® Notice that sequential approximation for types and
measures are differently defined in Gannon’s paper.) Although, in [18] we suggested
an example of a non-generic and sad type, we have not found clear examples yet.

3.3. Random types and R-generic stability. A randomization of a first-order
structure M, as formalized by Ben Yaaocv and Keisler [5], is a new continuous
structure whose elements are random elements of M. In this section we show that
a measure u (in classical logic) is R-generically stable (as in Definition 3.3) if a
canonical random-type (i.e., the natural extension) behaves like generically stable
types in continuous logic (as in Theorem 2.13).

We assume familiarity with the basic notions about randomization of classical
structures/theories as developed in [2, 5]. Although we will recall some notions and

18We believe that sad types are sad because they are not genericaly stable.
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results from the research note [2] in the following, and since this note is informal,
we also refer to [7, Section 3.2] and [10, Sections 1 and 2] for greater clarity and
precision whenever necessary.

In the following 7 is a classical theory in the language L and TR its randomization
in the language LR, as a continuous theory.

CONVENTION 3.10. In this section, the symbol & is not used for the Morley product
of types/measures, but will be used in another sense.

CONVENTION 3.11. In the rest of the article, whenever necessary, we write the
parameters in continuous logic (i.e., in U) in bold letters a,b, ¢ .... Otherwise, we use
ab,c,....

Let M be a classical L-structure and A an atomless measure algebra. The
LR-pre-structure (M ® A), is defined as follows. The domain consists of all formal
finite sums }_,_, m; ® ¢;, also written meé, where m € M and é = (¢;)i<x C A is
a partition of the identity. If ¢’ is any other event then one can easily refine the
partition and we identify members of (M ® A)y with other members obtained by
refinement of partition. In this case, it is easy to check that:

flawebwe. ..)=(f(a.b...))®e.

[P(d ® 6_,5 X e, )] = \/{e,- : P(d,‘,b,’, )} c A.

As the distance symbol interprets a metric on (M ® A)y. its completion is denoted
by M ® A. Notice that if M = T then M ® A |= TR. (In [7]. the construction
(M ® A)o is denoted by M. Cf. Section 3.2 in there.)

REMARK 3.12. Notice that every elementa = Y_,_, m; ® ¢; of (M ® A)o is a map
from A to M as follows: for each i < k, a(z) = m; if t € ¢; (cf. [7] or [10]). This
means that a is a simple function, i.e., its range is finite. Therefore, we can assume
every element m of M belongs to (M @ A)y via the map m — m ® 1 where m ® 1
is the constant map ¢ — m.

CONVENTION 3.13. In the rest of the paper, sometimes we write m instead of m ® 1
for simplicity. Therefore, for an L-formula ¢(x) and parameter m € M , we can write
Plp(m)] instead of Pl (m @ 1)].

Let u(x) be a measure over M. Then, it is a random type over M, but not over
M ® A. Although there is a natural extension u ® A of u over M ® A. For every
L-formula ¢ we define

Plo(x. Y mie)]""" = 3 Bleqp o e m))

As this is only defined for formulae over the parameter set (M ® A)o, it can be
extended by continuity to the whole structure. (Cf. Lemma 3.8 in [7] for an exact
statement of this point.) The type x ® A is called the natural extension of p.
In [7, Fact 3.10] and [10, Definition 1.3], assuming that u is definable, this type
is expanded on the monster model U and is denoted by r,. (Notice that in the
present paper. we defined u ® A as a type on models of the form M ® A but not U.
This is an important point and is discussed in Remark 3.15 below.)
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Fact3.14. LetU be the monster model of T, i a global measure, and A an atomless
measure algebra. Suppose that M is a separable model of T and Ay < A is separable.
i) MeA U A
(ii) w is definable over M if and only if the type u ® A is definable over M.
(iil) w is finitely satisfied in M if and only if the type u ® A is finitely satisfied in

M ® Ay.
ProoOF. This is proved in Proposition 1.1 of [2]. For an accurate proof of (ii) (see
Fact 3.10 and Remark 3.11 of [7]). -

REMARK 3.15. There is an important point regarding Fact 3.14(iii), and that
is: In general, the model & ® A is a small model of T, because this model is
often not sufficiently saturated. (This means that I/ ® A < U but & @ A # U. See
Remark 3.18(ii), for an example.) Therefore, u ® Aisa type onif ® Abutnot a type
on the monster model U of TR, Thus, if  is finitely satisfiable then so is 4 ® A, but
the type u [V on U (as defined in Section 3.3 below) may not be finitely satisfiable. In
[10, Definition 1.4], the type u [Y is denoted by s,. and in Proposition 2.2 in there.
it is shown that for a definable measure u, s, = 7.

In Proposition 3.26 of [7], the authors introduced a type ¢ that is definable
and finitely satisfiable, but r, is not finitely satisfiable. This does not contradict
Fact 3.14(iii). because r, is a definable global type (i.e.. over U), and its restriction
to U ® A becomes ¢ ® A. Notice that, by Fact 3.14(iii), ¢ ® A is finitely satisfiable
and has a finitely satisfiable extension to a global type (over U), which we denote by
R,. Clearly R, # r, and R, is not definable. To summarise, R, is a finitely satisfiable
extension of ¢ ® A and r, is a definable extension of ¢ ® A."

The observation below is nothing more than translating random-types to Keisler
measures, which, considering the previous discussions, is enlightening and can lead
to further results (cf. Remarks 3.17 and 3.18).

ProPOSITION 3.16. Let T be a (countable) classical theory, M a small model of T,
and u(x) a global M-invariant measure. Let A be an atomless measure algebra such
that [0,1] = A. Then (i) = (ii):

(i) u is definable over M and there is a sequence (a,) € M ® [0, 1] such that for
any L-formula ¢(x, y) and everyb € U @ A the sequence P[(¢(a,,b)] : n < )
Baire-1/ 2-converges to P[¢(x, b)]*®A.

(ii) w is R-generically stable (fam) over M (as in Definition 3.3).

PrOOF. We can assume that M is separable. Let My C M be dense and countable,
and Ay C [0, 1] be dense and countable. By Fact 3.14(ii), u is definable over M if
and only if 4 ® A is definable over M ® [0, 1]. The point of referencing to Fact 3.14
is to be able to assume definability when proving (1) implies (2) below:

(1): There is a sequence (a,) € My ® Ay such that for any L-formula ¢(x,y)
and every b € Y ® A the sequence (P[¢(a,.b)]:n < w) Baire-1/2-converges to
Pl (x. b)]“EA.

(2): There is a sequence (u, = é filp,,.i :n < w), where a,; = p,; and
a,; € My (for all n and i), such that (u, : n < w) randomly converges to u.

19Thanks to James Hanson for clarifying this point for us.
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(1) = (2): Assume that (1) holds. Then, by Definition 2.8, for any ¢(x.y) € L.,
and for each r < s. there is a natural number N = N, 1! and a set E C {1..... N}
such that for each i} < -+ < iy < w, and any parameter b € U ® A, the following
does not hold:

N\ Plo(a,.b)]<r A N Plpla,.b)]>s ©

JEE JEN\E
Notice that every a, is of the form in ZKkn an; ® e,; where ay . ....an%, € My
and e, 1, ... e,k, 1S @ measurable partition of Ay (such that the measure of e,; is
é forall i <k,). Set u, =3, an;. Thatis, u,(¢(x.b)) = % > i<, (@ni.b)
forall b €. Let b € (U ® A)g be arbitrary. By the construction, b is of the form
in ngm b; ® e; where by, ....b,, €U and ey, ... e, is a measurable partition of A.
With the following computation we check that the condition (2) holds:

P[$(a,. b)] = Plg(a. ) bje;)] ZP [e;1- P[p(an. b))]

j<m

fZIF’ej] ]P[¢ Zanlenb J

i<kp

_ZIP’eJ (Zpé’nz anwb))
=Y (X lanb) )
j i

(Recall from Convention 3.13 that in the above we wrote a,; and b; instead of
an; ®land b; @ 1.)

Now, define the Keisler measure u, = % Zfil Pni» Where a,; = poi (i < k).
By (). we have

Flo(an bl = 3 w (T o)

) 1
= ,unZ f(cb,(b]);”) where r; = — forany j <m

(Cf. Section 3.1 for the notation u2-.)
Therefore, by ©, for each i} < -+ < iy < w, and any parameter by, ..., b,, € M,
the following does not hold:

ARE @b <r n N aE 60 > 5

JEE JEN\E

This means that the sequence (u, = kLn Zfil Pni - n < w) randomly converges.
It easy to see that its limit is x and was left to the reader. As (U ® A)o is metrically
dense in U ® A, the proof is completed. .

It seems that we showed something stronger than (i) = (ii), since in the argument
thea,’sarein My ® Ay. Indeed, notice that for each n, we can replacec, € M ® [0, 1]
with a, € My ® Ay such that d(c,.a,) < 1. Now. (c,) Baire-1/2 converges if and
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only if (a,) Baire-1/2 converges. Therefore, (i) = (ii) is exactly equivalent to what
we proved.

REMARK 3.17. In general, the direction (ii) = (i) in Proposition 3.16 does not
hold. (Cf. Remark 3.18 below for some explanation, and Example 3.26.) However,
it is still possible to prove something weaker. Suppose that (ii) holds. That is, there
is a sequence (u, = % fi] Pnin<w), where a,; = p,;and a,; € M, (foralln
and i), such that (u, : n < w) randomly converges to u. Let N =U @ (A x [0,1))
be the model presented in [10, Fact 2.3] which is denoted by 42*[%!) in there. Define
a, € N as follows: a,(¢,5) = a,,; if s € [%, t) Then, it is easy to see that for any
L-formula ¢(x, y) and every b € i/ ® A the sequence P[(¢(a,.b)] : n < w) Baire-
1/2-converges to P[¢(x. b)]*®4. Obviously, this result is weaker than the condition
(i), because the a,’s are in A" and may not be in U/ ® A.

On the other hand, similar to the argument of Proposition 3.16, one can show that
if the corresponding random-type u [V (as defined in the next section) is generically
stable over M ® A, then u is fam over M. (Cf. Theorem 3.25 below.)

REMARK 3.18. (i) As mentioned above, in general, the direction (ii) = (i) of
Proposition 3.16 does not hold, and so one can not expect that a combination of
Proposition 3.16 and Theorem 2.13 implies that a measure u (in classical logic)
is R-generically stable if and only if “its randomization” is generically stable (in
continuous logic). The reasons are that: (1) In general, i/ ® A is not the monster
model U of TR, (See the following example by James Hanson on (non-)saturation
of models of the form M ® A.)

And (2) the randomization of average Keisler measures (as defined in the next
section) may not be realized in the monster model U. This is related to the fact that
the direction (ii) = (i) in Proposition 3.16 does not hold in general. (See Remark 3.17
above and also Remark 3.24 in [7].)

(ii) James Hanson pointed out to us that randomizations of the form M ® A
are not sufficiently saturated in general.”® For an easy example, let T be DLO with
constants added for Q. Consider the Lebesgue measure on [0, 1] and let p be the
corresponding typein 7R, Nomodel of TR of the form M ® A can realize p. because
for any element a of such a model, 7p(a) corresponds to a measure in 7" with atoms.
(And this is in the completion, not just the pre-model. Any type corresponding to
a measure with finite support has distance 1 from p in T®’s type space.) He also
suggested a characterization of a theory T such that models of T® of the form
M ® A can be arbitrarily saturated: a proper subclasses of stable theories.

3.4. Global random-types and N/P. In this section we first review the notion
of corresponding random-type u [V of a global measure u (in classical logic).”
and then study this notion and its connection with generic stability of measures in
general/ NIP theories. The content of this section is mostly descriptive, and much
of it can be found in certain articles. However, it is useful in that it clarifies certain
concepts and highlights the relationships between them.

20 Although, probably simultaneously (and of course independently) we and Hanson realized that
U ® A could not be the monster model, it was Hanson who made this clear.
21 This type is called extension by definition in [2].
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DEFINITION 3.19. Let T be a classical theory, M =T and A C M. Let u(x) be a
measure over M. In the following, we assume at least one of the two cases: (1) u(x)
is definable over A, or (2) T is NIP and u(x) is finitely satisfiable in A.

Therefore, for any formula ¢(x, y). there is a Borel function ff: 1 8,(4) —[0.1]
such that P4[¢(x.b)] = fﬁ’(q) where ¢ = tp(b/A).>

If M is a model of TR containing M (e.g. M = M ® A or M = U the monster
model of TR), there is an extension u [M of u over M as follows:

Pl (. b)T / 79(q) d 1p(bj4).

where 7p(b/A4) is a Borel probability measure on S,(4). In this paper, the type
u ™ is called the corresponding random-type of u. In [10, Definition 1.4]. this type
is denoted by s,, and in Proposition 2.2 in there, it is shown that for a definable
measure u, we have s, = r,.

REMARK 3.20. (i) If u is definable, by Proposition 2.2 in [10] and Fact 3.10 in
[7], s, is well-defined and consistent. If u is finitely satisfiable and 7 is NIP, by
Proposition 2.4 in [10], s, is well-defined and consistent.

(ii) In addition, if u is finitely satisﬁable in A, then u [ can be defined as follows:

P[¢(x. b)]* ff¢ )d tpg-(b/A),

where fjf 1 q — PH¢(x.b)] with ¢ = tpy=(b/A). is the defining function of x on
Sy+(A), and 1py+(b/A) is a Borel probability measure on Sy« (A). (In this case, we
say that the definition of u is factors via Sy (4). That is, P*[¢(x, b)] = P#[¢(x.b")]
if and only if 7py« (b/A) = tpy=(b'/A).)

(iii) Notice that if M = M ® A, then u M= u ® A (as in the previous section).
This follows from Proposition 2.2 of [10].

Fact 3.21 (Assuming NIP). Let M be amodel, u a global measure, and A < [0, 1]
an atomless probability algebra. If u is finitely satisfiable in M. then u Y is well-
defined, consistent and approximately finitely satisfiable in M ® A.

Proor. This follows from [10, Proposition 2.4].% .

In [19]. using a crucial result due to Bourgain, Fremlin, and Talagrand, we gave
an alternative argument of [9, Theorem 5.10] (see Theorem A.1 in [19]). In fact,
[19, Theorem A.1] is a refinement of [9, Theorem 5.10]. The following is another
argument.

THEOREM 3.22 (Assuming NIP). Let T be a countable theory and M a countable
model of T. Then, every global measure u(x) which is finitely satisfiable in M is the limit
of a sequence of average types realised in M, that is, there is a sequence (a,) € M<®
such that for every formula ¢(x, y).

nlirgo Av(a,)(d(x,b)) = u(ep(x.b)) forallb € U.

22Note that in case (1), the function fjf is continuous, and in case (2). based on a result in [11], it is
Borel measurable.
23This fact was first proved in Proposition 2.1(ii) of [2] using a different method.
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Proor. Let A < [0.1] be any atomless probability algebra. As 7" has NIP, the
corresponding random type u [V is finitely satisfiable in M ® A by Fact 3.21.
Again, as T is NIP, by [1, Theorem 5.3], TR is NIP. Therefore, some/any Morley
sequence of u [V (over M ® A) is convergent. By Theorem 2.7, there is a sequence
in M ® A which is (Baire-1/2) convergent to u [V. Now, by a translation similar
to the argument of Proposition 3.16, it is easy to see that there is a sequence of
averages measures of realized types in M which converges to u. This is enough.
(Furthermore, such a sequence is randomly convergent.) -

Fact 3.23 (Assuming NIP). Let T be a (countable) classical theory, M a small
model of T, and u(x) a global measure which is definable over M. Let A be an atomless
measure algebra such that [0,1] < A. Then (i) = (ii).

(1) u is R-generically stable over M.
(i) u |V is generically stable over M ® [0, 1].

ProOF. First note that as u is fam over M, u [V is definable over, and finitely
satisfiable in M ® [0, 1] (cf. Fact 3.21). As T® is NIP, some/any Morley sequence
of u Y is convergent. By Theorem 2.7, there is a sequence (a, : n < w)in M ® [0.1]
such that lim7p(a,/U) = u [V. Furthermore, by Theorem 2.13, this measure is
generically stable. -

REMARK 3.24. Notice that, assuming NIP, Fact 3.23 provides a reverse to
Proposition 3.16. Indeed, by Theorem 2.13, the condition (ii) of Fact 3.23 imples
the condition (i) of Proposition 3.16.

The following is a kind of complement to Proposition 3.16 for u V.

THEOREM 3.25. Let T be a (countable) theory, M a model of T, and u(x) a global
measure (in T) which is definable over M. Suppose that u [V is generically stable over
M ® A. Then. u is R-generically stable (fam) over M.

ProoF. First notice that, as u is definable, by [10, Proposition 2.2]. u [V is well-
defined and consistent. Furthermore, recall that 4 [Y®A= u ® A. By Theorem 2.13,
there is a sequence (a,) € M ® [0, 1] such that the sequence (zp(a,/U) :n < w)
Baire-1/2-converges to u [V. In particular, the sequence (tp(a,/U ® A) : n < )
Baire-1/2-converges to u ® A. Therefore, by Proposition 3.16, u is R-generically
stable over M. -

The following example shows that one can not expect a converse to Theorem 3.25.

ExaMPLE 3.26. Consider the unique complete type p D {-xEb : b € U} in the
Henson graph. Conant and Gannon [6] showed that this type is fam but not fim.
Using the methods of the present paper it is easy to see that randomization of fam
measures are fam again. (This has been proven in [7, Theorem 3.25] with a different
approach than here.) Also, in Corollary 4.5, we will show that randomization of
generically stable 7ypes are generically stable. (See [7, Corollary 3.19] for a different
proof.) To summarize, the Dirac measure J,, is fam and its corresponding random-
type &, [V is not generically stable.
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§4. Continuous J'C-theory and generically stable types. In this section, using
powerful tools provided in [1], we can refine some of the previous results. We give an
argument of the fact that the generic stability for 7ypes is preserved in randomization
(cf. Corollary 4.5).

We first recall some notion and notation from [1]. Let I be a set, and
0 C [0.1]) a collection of functions from 7 to [0.1]. For any r < s. there is a
collection Q, s = {¢, : ¢ € Q} of fuzzy sets, where the ¢, ’s are defined as follows:
i €qnyifq(i)<randi¢gq,, if q(i) >s; and it is not known/important that i
belongs to ¢, or notif r < g(i) < s. The VC-index for Q,, denoted by VC(Q,).
is defined similar to classical case. (We refer to [1, p. 316] for a precise definition
of fuzzy sets and the VC-indexes of Q.) Q is called a VC-class if for any r < s,
VC(Q,s) < co. If Qis a VC-class, one can easily show that for every & > 0 there is
an upper bound d, < oo for the V'C-indexes of classes O, . where r € [0,1 — ¢]. To
summarize, the notion of a V'C-class is such that we have the following important
observations/connections:

OBSERVATION 4.1. Let J be a set, and ¢ : N x J —[0,1] a function. Then,
(i) < (ii) = (ii).

(i): ¢! ={p(-.j) :N=[0,1]| j € J} is a VC-class.

(il): on = {(i,-) : J = [0, 1] | i € N} is dependent. That is, for every & > 0 there
is a natural number N = N, such that for every r < s with s — r = ¢ the following does
not hold:

(+) EIFQN,|F|:NVE§FEIj€J</\<p(i,j)gr/\ A <p(i,j)2s>.
i€k iEF\E

(iii) There is a subsequence (p, : n < w) of N such that (p, : n < @) Baire-1/2-
converges. That is, for each r < s, there is a natural number N = N, and a set
E C{l,...,N} such that for each i) < --- < iy < w, the following does not hold

s (Nelensrn N el =s).

keE kEN\E

ProoF. The equivalence (i) <= (ii) is folklore in classical logic (cf. [25]). The
argument is a straightforward adaptation of the classical case.

(ii) = (iii) is similar to the argument of the direction (i) = (iii) of Proposition 2.14
in [17]. Indeed, suppose for a contradiction that there is no Baire-1/2-convergent
subsequence. Using Ramsey theorem, let (¢, : n < w) be a p-N-A-indiscernible
sequenence as in Definition 3.1 of [15]. (Here N is a natural number and {r, s} = 4.)
For suitable N and A, the condition () above holds for (¢, : n < w). because this
sequenece is not Baire-1/2-convergent. As N is arbitrary, this contradicts (ii).

OBSERVATION 4.2. With the above notation, every Baire-1/ 2-convergent sequence
{p(n,-) : n € N} is dependent (as in (i) in Observation 4.1).

Proor. Immediate. o

Compare to Definitions 2.8, 3.1, and Remark 3.2.

Fix a probability space (Q, B, 1). Given sets I and J, a family of [0, 1]-valued func-
tions on 7 x J is given as ¢ : Q — [0. 117/ by @ — ¢,,(-.-). For every w. (¢,); =
{(po)i i €1} = {puli) :i € I} and similarly (,)’ = {(pn)/ : j € J}. The
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family ¢ = {p, : @ € Q} is called uniformly dependent if for every ¢ > 0 there is
d = d, such that VC(((¢y)” )rr4e) < d foreveryr € [0.1-¢]and w € Q.

We say that ¢ = {¢p,, : @ € Q} is a measurable family if for any (i, j) € I x J, the
function w — ¢, (i, j) is measurable. Then, we define function P[p] : I x J — [0, 1]
by Pp](i. j) := Pl (i, j)].

We say that P[] : I x J — [0, 1] is dependent, if for every r < s, the collection
(P[@]’),s is a VC-class (cf. [1]).

Explanation. We explain how P[¢] will be interpreted in the next theorem (4.4).
Let ¢(x, y) be an L-formula and 4, B subsets of a model M |= TR, Recall from the
construction of randomization that the universe of every model M of TR is a set of
measurable maps from an atomless probability algebra Q to a model M of 7. This
means that for each a € M and every o € Q. we have a(w) € M.

Let us enumerate 4={a;:i€l} and B=1{b;:jeJ}. Set y(x.y)=
P[p(x, y)]. i.e it is the corresponding formula of ¢ in randomization. Define
Zo I x J — [0, 1]via x, (i, j) := w(a;.b;). Therefore,

Plxp)(i. j) = Pl (i. j)] = w(a;.by)
= Plp(a;.b;)] = P({o € Q= p(ai(w).b;j(w))}).

In particular, recall that M is a subset of M via ¢ — a ® 1, where a ® 1 is the
constant map @ — «. In this case, as mentioned in Convention 3.13, to simplify the
notation, we continue to use « instead of ¢ ® 1.

The key result is the following.

Fact4.3[1]. If ¢ = {ps : @ € Q} is a measurable family of uniformly dependent
Sfunctions, then P[p] : I x J — [0, 1] is dependent.

The following localizes Theorem 5.3 of [1] in two way: for a formula and a
sequence. (We strongly suggest that the proof of [1, Theorem 5.3] should be read
before reading the rest of this section.)

THEOREM4.4. Let M be amodel of T, w (X, ¥) aformula with |X| = n, |y| = m. and
(a;) a sequence in M of n-tuples. If the sequence (w(a;, ) : i < w)DBSC-converges.
then the sequence (P[y(a;. )] : i < w) Baire-1/ 2-converges. (Here Py (X, 7)] is the
corresponding formula in TR.)

Proor. The proofis an adaptation of the argument of [1, Theorem 5.3]. We write
(%, 7) = Ply (%, 7)]. We will show that " is dependent on {a; : i < w} x U™. Let
us enumerate U” = {b;: j € J}, and set 4 = {a; : i < w}. Let p = tp(4,U" /D).
We may write it as p(X;. 7} )ico.jes € Swus(TR), and identify it with a probability
measure & on Q = S,y (7 xm)(T) such that for every formula p(Z) of the theory
T.z C{Xi.Vj}icwjes:

PO =l €2 p(2) € ) = [ (217 duta).
We canreplace Qby Q' := {q € Q: (¢;) = tp(A4/0) for any (¢;)i<w U (d;) jes E ¢}

and assume that u is concentrated on Q. In fact, we can assume that Plp(Z)]P =
f (T)p(a,,y, W du(q;) = Jo p(%i. 7)) dulq).
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Fori € N, j € Jand g € Q' define: ,(i. j) = w(X;. 7;)7. Then y = {y,: ¢ € Q'}
is a measurable family of {0.1}-valued functions on N x J and ¢(a;.b i) =
o(X;. 7;)? = Plw(X;. 7;)] = P[x](i. j) where expectation is with respect to u.
(Notice that, as y(x, y) is a formula, for (i, j) € N x J, the functions ¢ — y,(i. j)
are measurable.) Then, by Observations 4.1 and 4.2 and the assumption of DBSC-
convergence, the family {y,: ¢ € Q'} is uniformly dependent. That is, for any ¢ > 0,
there is d = d,, such that VC((x,)” )jrie < d for all r €[0.1-¢] and g € Q.
Therefore, by Fact 4.3, P[x]: N x J — [0, 1] is dependent. By Observation 4.1,
this means that {p(a;,y) : U" — [0, 1] |i € N} is dependent. Therefore, by Obser-
vation 4.1(iii), there is a subsequence (P[w(a;;.7)]: j < w) which is Baire-1/2-
convergent. o

Since fim and generic stability are equivalent for types, the direction (i) to (ii)
of the following result is a case of [8, Corollary 3.19]. However, our method is
completely different and enlightening in some ways.

COROLLARY 4.5. Let p(x) be a global type (in T) which is definable. Then the
following are equivalent:

(i) p is generically stable.
(i) Thereis a sequence (a;) € U such that (tp(a;/U) : i < w) Baire-1/ 2-converges
to p [Y. (Therefore, p [V is generically stable.)

ProOF. (i) = (ii) follows from Theorem 4.4. Indeed, by Theorem 4.4 of [18],
there is a sequence (a;) € U such that (¢p(a; /U) : i < w)DBSC-converges to p. By
Theorem 4.4 above, (¢p(a; /U) : i < w) Baire-1/2-converges to p [U. Indeed, notice
that, by Theorem 4.4, for every L-formula ¢(x, y), the sequence (P[¢(a;. y)] 1 i < o)
Baire-1/2-converges to P[¢(x, 1)]?!". By the elimination of quantifiers in TX, the
same holds for every formula in LR with variable x. (More precisely, it is easy to see
that if ¢, 5 are formulas of the form in P[¢;] and P[¢,], then for every continuous
combination y (x, y) of them, the sequence (w(a;, y) : i < w) Baire-1/2 convergence
to w(x, y)? v, (For this, one can use the argument Corollary 3.5 in [1].) This means
that we proved the claim for every atomic formula. Furthermore, it is easy to sce
that the same holds for uniform limit of formulas.”* Now, by the elimination of
quantifiers, the claim is proved for every formula.)

(i) = (i): As (tp(a;/U) : i < w) Baire-1/2 converges to p |V, the sequence
(tp(a;/U) : i < w) Baire-1/2 converges to p. (This follows from an argument similar
to Proposition 3.16, even simpler.) Notice that, for types, DBSC-convergence
and Baire-1/2 convergence coincide. So, by Theorem 4.4 of [18], p is generically
stable. =

REMARK 4.6. (i): In the previous version of the present paper we asked whether
the generic stability of p [V implies the condition (ii) in Corollary 4.5: equivalently.
if p [V is generically stable, then is p generically stable? In Proposition 3.20 of [7].
this question was answered positively. Therefore, a definable type in classical logic is
generically stable if and only if its corresponding random-type is generically stable.

24Recall that in continuous logic, the concept of a formula has been extended, and the uniform limit
of formulas is also considered a formula.
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(ii) A question that naturally arises is why not use the method used in this section
for measures instead of just types. The answer is that the randomization of average
measures is not necessarily realized in U, something that does not happen for types,
i.e.. if a realizes p. then a ® 1 realizes p |V.

(iii) The final point is that the result of this section also holds for continuous
theories, meaning we could have assumed that T is a countable separable theory.
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