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Abstract. In this paper, we exhibit, for any sparse-enough increasing sequence {p,}
of integers, totally minimal, totally uniquely ergodic, and topologically mixing systems
(X, T)and (X', T') and f € C(X) for which the averages (1/N) Zflvz_ol f(TPrx) fail to
converge on a residual set in X, and where there exists x’ € X’ with x’ ¢ {T'Pnx'}.

1. Introduction

For a measure-preserving transformation 7 of a probability space (X, B, ),
Birkhoff’s ergodic theorem guarantees the existence of the limit of ergodic averages
lim;,—, 5o (1/n) 27;01 f(Tix) for w-almost every x € X and for any f € L'(X). Several
results have been proved about the convergence of such averages when one averages not
along all powers of T, but only along some distinguished subset of the integers [3, 4, 9].
In particular, when one averages along {p(n)},en for a polynomial p(n) with integer
coefficients, there is the following result of Bourgain.

THEOREM 1.1. [3, p. 7, Theorem 1] For any measure-preserving system (X, B, u, T),
for any polynomial q(t) € Z[t], and for any f € LP (X, B, n) with p > 1, limy_, o (1/N)
ZN F(T9M x) exists u-almost everywhere.

n=1

Theorem 1.1 can be interpreted as follows: for any polynomial g(¢) € Z[¢], any
measure-preserving system (X, B, u, T), and any measure-theoretically ‘nice’ function f,
the set of points x where limy_, oo (1/N) Zfl\;l f(T7™ x) does not converge is of measure
zero, or negligible measure-theoretically. It is then natural to wonder whether or not there
is a topological parallel to this result using topological notions of ‘niceness’ (continuity)
and negligibility (first category), and in fact such a question was posed by Bergelson.

QUESTION 1.1. [1, p. 51, Question 5] Assume that a topological dynamical system (X, T)

is uniquely ergodic, and suppose p € Z[t] and f € C(X). Is it true that, for all but a first-
category set of points, lim,,_, 5 (1/n) Zl":_(} FTPDx) exists?

To properly discuss and motivate Question 1.1, we need some definitions.

Definition 1.1. A topological dynamical system (X, T) consists of a compact topological
space X and a continuous map 7 : X — X.
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Definition 1.2. A topological dynamical system (X, T) is minimal if for any closed set K
with T-'K C K, K =@ or K = X. The system (X, T) is totally minimal if (X, T") is
minimal for every n € N.

Definition 1.3. A topological dynamical system (X, T') is uniquely ergodic if there is only
one Borel measure 1 on X such that £(A) = (T ' A) for every Borel set A C X. (X, T)
is totally uniquely ergodic if (X, T") is uniquely ergodic for every n € N.

Definition 1.4. A topological dynamical system (X, T') is topologically mixing if for
any non-empty open sets U, V C X, there exists N € N such that, for any n > N,

UNT"V £ @.
Definition 1.5. For any set A C N, the upper Banach density of A is defined as
, 1..., —11NnA
d*(A) = lim sup sup [, m + mtn—1) |.
n—>00 meN n

Definition 1.6. For any set A C N, the upper density of A is defined as

- 1I,....,n}JNA
d(A) = lim sup L0 O AL
n— 00 n
Definition 1.7. For aset A C N, the density of A is defined as
L A N a WY
d(A)= lim —M———
n—oo n

if this limit exists.

Definition 1.8. Given a topological dynamical system (X, 7) and a T-invariant Borel
probability measure i, a point x € X is (T, p)-generic if, for every f € C(X),

n—1
lim lZf(T"x)=/ fdu.
e i
Bergelson added the hypothesis of unique ergodicity because it is a classical result that
a system (X, T) is uniquely ergodic with unique 7 -invariant measure p if and only if
for every x € X and f € C(X), lim,_, oo (1/n) Z;:o] f(T'x)= [y f du, and so this is a
natural assumption to make about (X, 7') in Question 1.1.

However, Bergelson was particularly interested in the convergence of these averages
to the ‘correct limit’, i.e. |, x J du where u is the unique T-invariant measure on X. To
have any hope for such a result, it also becomes necessary to assume ergodicity of all
powers of T in order to avoid some natural counterexamples related to the distribution
(mod k) of p(n) for positive integers k. For example, if p(n) = n2, T is the permutation
on X ={0, 1, 2} defined by Tx =x + 1 (mod 3), u is the normalized counting measure
on X, and f = x{0}, then T is obviously uniquely ergodic with unique invariant measure
w = (8o + 81 + 82)/3, but

] .
| n—1 ' 3 ifx = 0,
lim —Zf(TP(’)x): 0 ifx=1,and
n—-oon —o ’ .
! 5 ifx=2.
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To avoid such examples, we would need 7 to be totally ergodic as well as uniquely ergodic,
and so it makes sense to assume total unique ergodicity to encompass both properties.
Bergelson’s revised question then looks like the following.

QUESTION 1.2. Assume that a topological dynamical system (X, T) is totally uniquely
ergodic with unique T -invariant measure |, and suppose p € Z[t]and f € C(X). Is it true
that, for all but a first-category set of points, lim,_, oo (1/n) Z,n:_ol F(rrx) = Jx fdw?

We answer Questions 1.1 and 1.2 negatively in the case where the degree of p is at
least two, and in fact prove some slightly more general results. The level of generality
depends on what hypotheses we place on the space X. In particular, we can exhibit more
counterexamples in the case where X is a totally disconnected space than we can in the
case where X is a connected space. Here are our main results.

THEOREM 1.2. For any increasing sequence {p,} of integers with upper Banach density
zero, there exists a totally minimal, totally uniquely ergodic, and topologically mixing
topological dynamical system (X, T) and a continuous function f on X with the property
that for a residual set of x € X, (1/N) 2’11\/;01 f(TPrx) does not converge.

THEOREM 1.3. For any increasing sequence {p,} of integers with the property that
for some integer d, pui1 < (Pugy1 — pu)? for all sufficiently large n, there exists a
totally minimal, totally uniquely ergodic, and topologically mixing topological dynamical
system (X, T) and a continuous function f on X with the property that for a residual
set of x € X, (1/N) ZQJ;O] f(TPnx) does not converge. In addition, the space X is a
connected (2d + 9)-manifold.

We note that Theorems 1.2 and 1.3 answer Questions 1.1 and 1.2 negatively for
nonlinear p € Z[t] with positive leading coefficient. In fact, it is not hard to modify the
constructions contained in this paper to make 7 invertible; this yields a negative answer to
these questions for all nonlinear p. We address this issue at the end of the paper.

Theorems 1.2 and 1.3 are about non-convergence of ergodic averages along certain
sequences of powers of x. We also prove two similar results about non-recurrence of points.
As motivation, we note that a minimal system has the property that every point is recurrent.
In other words, if (X, T') is minimal, then, for all x € X, it is the case that x € m
If (X, T) is totally minimal, then all points are recurrent even along infinite arithmetic
progressions: for any non-negative integers a, b, and for all x € X, x € {T®tbx}, . Itis
then natural to wonder if the same is true for other sequences of powers of T, and in this
regard there is the following result of Bergelson and Leibman, which is a corollary to their
polynomial van der Waerden theorem.

THEOREM 1.4. [2, p. 14, Corollary 1.8] For any minimal system (X, T) and any
polynomial q[t] € Z[t] with q(0) =0, for a residual set of x € X it is the case that x is
a limit point of {T1™x},,cx.

The following two results proved in this paper show that this is the best that can be
hoped for. In other words, it is not the case that for every minimal system every point is
recurrent under polynomial powers of T'.
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THEOREM 1.5. For any increasing sequence {p,} of integers with upper Banach density
zero, there exists a totally minimal, totally uniquely ergodic, and topologically mixing
topological dynamical system (X, T) and an uncountable set A C X such that, for
every x € A, the sequence {TP"x} does not have x as a limit point, i.e. there is no sequence
of positive integers {n;} such that T?"i x converges to x.

THEOREM 1.6. For any increasing sequence {p,} of integers with the property that
for some integer d, ppi1 < (Pus1 — pa)? for all sufficiently large n, there exists a
totally minimal, totally uniquely ergodic, and topologically mixing topological dynamical
system (X, T) and a point x € X such that the sequence {TP"x} does not have x as a limit
point, i.e. there is no sequence of positive integers {n;} such that T?"i x converges to x. In
addition, the space X is a connected (2d + 7)-manifold.

The following simple lemma shows that Theorems 1.5 and 1.6 cannot be improved too
much, i.e. we cannot exhibit topologically mixing examples with a second-category set of
such non-recurrent points.

LEMMA 1.1. If a topological dynamical system (X, T) is topologically mixing, then for
any increasing sequence {p,}, the set of x € X for which x is not a limit point of {TP" x},,eN
is of first category.

Proof. For any € > 0, define Cc = {x : d(x, TPrx) > € (Vn € N)}. It is clear that all C,
are closed. We claim that C. contains no non-empty open set; this implies that it is
nowhere dense, so that that C = UZO:I C1/n, the set of points x for which x is not a limit
point of {T'Prx},cN, is of first category. Suppose, for a contradiction, that there is a non-
empty open set U with U C C, for some €. Then, there exists V with diam(V) < € such
that V € U C C,. By topological mixing, there exists n such that V. N T =PV # &. This
implies that there exists x € V such that 77»x € V. Since diam(V) <€, d(x, TPx) <e€.
However, x € V C C, so we have a contradiction. O

However, Theorem 1.5 shows that it is possible for this set of points non-recurrent
along p, to be uncountable.

We mention that some mixing condition is necessary for a statement like Lemma 1.1:
as a simple example, consider an irrational circle rotation 7 : x + x + « on the circle T.
There is clearly some increasing sequence of integers { p,} such that p,« (mod 1) — 1/2.
Then, for any x € T, T?"x — x + (1/2), and so for every x € X, {TP"x} does not have x
as a limit point.

Before proceeding with the proofs, we now give a brief description of the content of
this paper. In §2, we will describe some general symbolic constructions of topological
dynamical systems with particular mixing properties. At the end of this section, we will
arrive at a construction of a system that is totally minimal, totally uniquely ergodic, and
topologically mixing, and that has as a parameter a sequence of integers {rny}.

In §3, by taking this sequence {n} to grow very quickly, we will show that the examples
constructed in §2 are sufficient to prove Theorems 1.2 and 1.5. Some interesting questions
also arise, pertaining to the upper Banach density of countable unions of sets of upper
Banach density zero, and these are answered in §3.
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In §4, we create a flow under a function with base transformation a skew product that
acts on a connected manifold, and that is totally minimal, totally uniquely ergodic, and
topologically mixing. This transformation has as a parameter a function f € C(T). We
use conditions of Fayad [5] on flows under functions to achieve topological mixing, and
some conditions of Furstenberg [6] on skew products to prove total minimality and total
unique ergodicity.

In §5, by a judicious choice of f, we use the examples of §4 to prove Theorems 1.3
and 1.6.

Finally, in §6 we give some open questions about strengthening our results.

2. Some general symbolic constructions
Our proofs of Theorems 1.2 and 1.5 will use symbolic topological dynamical systems.
Every symbolic topological dynamical system (X, 7) in this paper is constructed as
follows: T is always the left-shift map on {0, I}N, defined by Tx[n] = x[n + 1] for every
n e Nandx € {0, I}N. We choose x € {0, I}N, and the space X is the orbital closure of x:
X = {T"x},en, endowed with the induced topology from {0, 1}V, which has the discrete
product topology. Alternatively, the topology of X is defined by the metric d(x, y) =27",
where 7 is minimal such that x[n] # y[n].

We will outline three constructions that algorithmically create x for which T will act in
a certain way on the orbital closure X of x. (Here the ‘certain way’ in question depends
on which construction is used.) To describe the constructions, a few more definitions are
necessary.

Definition 2.1. An alphabet is any finite set, whose elements are called letters.

Definition 2.2. A word w on an alphabet A is any element of A” for some positive
integer n, which is called the length of w and written |w|. Equivalently, a word of length n
on A is a string of n letters of A: w = w[l]w[2] ... w[n].

For any words v of length m and w of length n, we denote by vw their concatenation,
i.e. the word v[1]v[2] ... v[m]w[1]w[2] ... w[n] of length m + n. We denote by wk the
word ww . . . w given by the concatenation of k copies of w.

Definition 2.3. A word w of length n is a subword of a sequence u € AN if there exists
k > 0 such that u[i + k] = w[i] for 1 <i <n. Analogously, w is a subword of a word v of
length m if there exists 0 < k < m — n such that v[i + k] = w[i] for 1 <i <n.

Definition 2.4. Given any closed shift-invariant set X C AN the language of X, denoted
by L(X), is the set of all words that appear as subwords of elements of X.

In the case where X is the orbital closure of a single point x, L(X) is just the set of
subwords of x. We may now describe our first construction. It should also be mentioned
that many ideas from these constructions are taken from the work of Hahn and Katznelson
[7], who also algorithmically constructed symbolic topological dynamical systems with
certain ergodicity and mixing properties.

Construction 1 (minimal). We define inductively ny, wg, and Ay, which are, respectively,
sequences of positive integers, words on the alphabet {0, 1}, and sets of words on the
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alphabet {0, 1}. Each word in Ay is of length 7y, and wy is a member of A;. (We will use
the term ‘Ag-word’ to refer to a member of A; from now on.) We define these as follows.
Always define n; = 1, w; =0, A; = {0, 1}. Then, for any k > 1, ny is defined to be any
integer greater than or equal to ny | Ag| that is also a multiple of ng, and then Aj4 | is chosen
to be the set of words of length ny | that are concatenations of Az-words, containing each
Ap-word in the concatenation at least once. The word w4 is taken to be any Ay 1-word
that has wy as a prefix.

In this way, a list of words {wy }ieN is created, each of which is a prefix of the next. This
means that one can define x to be the limit of the wg, i.e. for any m < nyg, x[m] := wy[m].
The claim is that, regardless of the choice of the integers ny, as long as ny divides nj4|
and ng4+1 > ng|Agl|, T will act minimally on the orbital closure of x. We then need to show
that for, any y € X, {T"y},cny = X. Choose any y € X and w € L(X). By the definition
of x, there exists k such that w is a subword of wy. But wy is an Agx-word, so by definition
every Ay41-word contains wg, and therefore w, as a subword. Finally, note that, again by
the definition of Construction 1, x is an infinite concatenation of Ay 1-words. This implies
that any 2ny1-letter subword of x contains some complete Ay1-word, and therefore w,
as a subword. In particular, since y € X, y[1] ... y[2nr+1] contains w as a subword, and
so there exists n € N such that 7"y begins with w. Since w was an arbitrary subword of x,
this implies that {T"y},,cny = X, and so (X, T) is minimal. O

So, we have now demonstrated a way of constructing an x with minimal orbital closure.
We will now make this construction a bit more complex in order to construct an x with a
totally minimal orbital closure.

Construction 2 (totally minimal). We define inductively ny, wg, and Aj, which are,
respectively, sequences of positive integers, words on the alphabet {0, 1}, and sets of
words on the alphabet {0, 1}. Each word in Ay is of length ny, and wy is a member
of Ar. We define these as follows. Always define n; =1, w; =0, A} = {0, 1}. Then, for
any k > 1, ng41 is defined to be any integer greater than or equal to (k!)%n|Ax| + k! + n%,
and then Ay, | is chosen to be the set of words w’ of length nj | that are concatenations of
Ag-words and the word 1 with the following properties: the word 1 does not appear at the
beginning or end of w’; only a single 1 can be concatenated between two Ag-words; and for
every w € Ay and every 0 <i < k!, w appears in w’ at an i (mod k!)-indexed place. That
is, there exists m =i (mod k!) with w'[m]w’[m + 1] ... w'[m + nx — 1] = w. From now
on, to refer to this third condition, we say that every w € Ay occurs in w’ at places indexed
by all residue classes modulo k!. The word wy1 is taken to be any element of Ay that
begins with wy.

Since this construction is a bit complicated, a few quick examples may be in order.
Suppose that np =6, |A2| =4, and we choose n3 = 134. Say that A, ={a, b, c, d}.
Then w = abcdlabcdldabcdabcabedab is an Az-word: each Ay-word appears at least
once beginning with a letter of w with an odd index, and at least once beginning with
a letter of w with an even index. Examples of words that would not be Az-words
include abcdllabcddabcdababcabed (1 is concatenated twice between d and a),
abcdalbedldbedaabebbbbdc (occurrences of the word a begin only with even-indexed
letters), or abcdldcbabcdabedabedadb (wrong number of letters).
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For this definition to make sense, it must be shown that if A; is non-empty and
contains at least one word wy, then Aiy; is non-empty and contains at least one
word wg41 beginning with wy. For any k, assume that wy € Ax. Then, enumerate the
elements of Ay by wy =ay, as, ..., aja,, and define the words w41 = all‘!aéd .. .alkf!\k‘

and w’' = (ug41 DM (a l)iaink“7k!(k!nklAle)ii(nkH))/nk, where i =ngy — k! (mod ny).

Since ng4+1 > (k!)znk|Ak| + k! + ni, w’ exists, and is a concatenation of A-words and
the word 1 with length ng4+;. In w’, at most a single 1 is concatenated between any
two Ag-words, and 1 does not appear at the beginning or end of w’. Also, since the
length of uyy; is divisible by k!, and since all Ax-words are subwords of uyq, all
Ax-words appear in (ug41 1) at places indexed by all residue classes modulo k!, and
so all Ag-words appear in w’ at places indexed by all residue classes modulo k! as well.
Therefore, w’ € Ag+1, and w’ is a possible choice for wyy; since it begins with wy.

Since for every k, wy is a prefix of w41, we can define the limit of the wy to be our
sequence x. The claim is that every x constructed in this way will have orbital closure
totally minimal with respect to 7. Let us verify this. Fix any m > 0. We wish to show
that for any y € X, {T™"y},cny = X. Choose any such y, and fix any word w that is a
subword of x. Since x is the limit of the wy, there exists k such that w is a subword of wy.
Without loss of generality, we assume that k > m. By the construction, wy occurs in every
Aj41-word, and it occurs at places indexed by every residue class modulo k!. Since k > m,
in particular this implies that wy, and therefore w, occurs in every Aj41-word at places
indexed by every residue class modulo m. Since x is a concatenation of Aj4(-words and
single ones, every (2ni4+1 + 2)-letter subword of x contains w at places indexed by every
residue class modulo m. In particular, since y € X, the word y[1] ... y[2ng41 + 2] must
have this property, and so there exists n such that 7"y begins with w. Since w was
an arbitrary subword of x, this shows that {T""y},.n = X, and since m was arbitrary,
that (X, T) is totally minimal. O

We now define one more general type of construction, again more complex than the
last, so that the system created will always be totally uniquely ergodic and topologically
mixing, in addition to being totally minimal. For this last construction, we first need a
couple of definitions.

Definition 2.5. For any integers 0 <i <m and k, and w € Ay_; and w’ € A, we define
fr;“m (w, w’) to be the ratio of the number of occurrences of w as a concatenated Ay _1-word
ati (mod m)-indexed places in w’ to the total number of A;_1-words concatenated in w’.

We consider any positive integer to be equal to O (mod 1) for the purposes of this
definition. An example is clearly in order: if A; = {01, 10} (in Constructions 2 and 3,
Aj is always taken to be {0, 1}, but here we deviate from this for illustrative purposes),
w =01, and w’ is the Ap-word 01|10|1]|01|10 (here vertical bars illustrate where breaks in
the concatenation occur), then w occurs twice out of four A{-words, so fra 1 (w, w') =1/2.
Since one of these occurrences begins at w’[1] and one begins at w’'[6], fr("j,z(w, w') =
fr’f’z(w, w’) = 1/4. We make a quick note here that there could be some ambiguity here if
an Aj41-word could be decomposed as a concatenation of A; words and ones in more than
one way. For this reason, we just assume that when computing fr;‘i j(w, w’), the definition
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of the Ay 1-word w’ includes its representation as a concatenation of Ax-words and ones.
(i.e. in the example given, w’ is defined as the concatenation 01]10|1|01]10 of A;-words
and ones, rather than the nine-letter word 011010110.)

Definition 2.6. Given any words w’ of length n’ and w of length n < n’, and any integers
0 <i < m,define fri’m (w, w’) to be the number of occurrences of w ati (mod m)-indexed
places in w’, divided by n’ — n + 1.

Taking the previous example again, fr( (w, w') = 3/8, since 01 occurs three times
as a subword of 011010110. Since two of these occurrences begin at letters of w’
with even indices and one begins at a letter of w’ with odd index, fry,(w, w') =2/8
and fr) ,(w, w') =1/8.

Construction 3 (totally minimal, totally uniquely ergodic, and topologically mixing). We
define inductively ny, wg, and A, which are, respectively, sequences of positive integers,
words on the alphabet {0, 1}, and sets of words on the alphabet {0, 1}. Each word in
Ay is of length ng, and wy is a member of A;. We define these as follows. Always
define n; =1, w; =0, and A; = {0, 1}. Then, we fix any sequence {di} of positive reals
such that Z,fil dy < 00, and define, for each k > 1, some ngy1 = Ci(k + 1)!|Ag|ng + p
for any integer Cy > ny > 1/dy and prime n; < p <2n;. (We may choose such a p by
Bertrand’s postulate [8].) Note that this implies that (ng, k!) = 1 for all Kk € N. We then
define Ay to be the set of words w’ of length ng, | with all of the same properties as
in Construction 2, along with the property that, for any w € Ay, and for any 0 <i < k!,
frﬁk,(w, w’) € [(1 —dy)/k! Ak, (1 +dy)/k!|Ax|]. The word wy is taken to be any
element of Ay that begins with wy.

For this definition to make sense, it must again be shown that if A; is non-empty
and contains at least one word wg, then A1 is non-empty and contains at least one
word wiy1 beginning with wi. For any k, assume that wy € Ax. Then, enumerate the
elements of Ay by wy =ay, az, ..., aa,), and define the words uyy; = a’f’a’z‘! .. 'alkf!\kl
and w’ = (up41)**+D=P (1 1)P. Clearly for large k, w’ exists, and is a concatenation
of Ag-words and the word 1 with length nz41. In w’, at most a single 1 is concatenated
between any two Ag-words, and 1 does not appear at the beginning or end of w’.
Since (ng, k!) =1, for every 0 <i < k! and x € A;, x appears in uy4; exactly once as
a concatenated Ag-word at an i (mod k!)-indexed place. Therefore, x appears in w’
exactly Cy(k + 1) times as a concatenated Ax-word ati (mod k!)-indexed places, and so
Jrip(x, w’) = 1/|Ag|nik!. Since i and x were arbitrary, w’ € Ag11. Also, w’ is a possible
choice for wy1 since it begins with wy.

Since any x created using Construction 3 could be said to have been created using
Construction 2 as well, it will automatically have totally minimal orbital closure X. We
claim that X will, in addition, be totally uniquely ergodic. Take any word w € L(X),
and any fixed integer j. We define two sequences {m,(c] )} and {M,Ej )} as follows: m,(g )
is the minimum value of fr; j(w, w’), where 0 <i < j and w’ ranges over all Ag-words,

and M,Ej) is the maximum value offrl»,j(w, w’), where 0 <i < j and w’ ranges over all
Aj-words.

https://doi.org/10.1017/50143385707000508 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000508

Some counterexamples in topological dynamics 1299

)
. k+1
and M ,Eﬂr) , are quite close to each other. Let us consider any element w’ of A1 and,

Suppose that m,((j ) and M ,Ej ) are known, and that k > j. We wish to show that m

for any fixed 0 <i < j, see how few occurrences of w there could possibly be at i
(mod j)-indexed places in w’. By the definition of Construction 3, for every w” € Ay,
and 0 <i’ < k!, the ratio of the number of times w” occurs as a concatenated Aj-word
in w’ whose first letter is a letter of w’ whose index is equal to i’ (mod k!) to the total
number of Ag-words concatenated in w' is at least (1 — di)/k!|Ag|. Since j divides k!, for
any 0 < i’ < j, the ratio of the number of times that w” occurs as a concatenated Ag-word
ati’ (mod j)-indexed places in w’ to the total number of Az-words concatenated in w’ is
at least (1 — dj)/ j|Ak|. Since the total number of Ag-words concatenated in w’ is at least
ng+1/(ng + 1), this implies that the number of such occurrences of w” in w’ is at least
(1 —dy)/jlAk]) nga1/(ng + 1) for any i’ and w”. For any w” and i’, the number of times
that w occurs at i (mod j)-indexed places in w’ as a subword of an occurrence of w” that
occurs at an i’ (mod j)-indexed place in w is then at least

1 —di nig1
JI1Ak] ng +1

(e — [w] + Dfri_it (moa jy,j (w, w").

Summing over all w” € Ay and 0 <i’ < j, the number of occurrences of w in w’ at i
(mod j)-indexed places is at least

j—1
ng — |1,U| +1 Zw”EAk l{n:Ofrm,j(wv wN)
ng +1 J1Ak]

(I = di)ng+1
Since w’ was arbitrary in Ag4; and 0 <i < j was arbitrary,

i—1
Nj+1 ne— [wl+ 12 yrea, an:ofrm,j(wv w”)
npyl — lwl+1  np+1 JI Akl

m{) = (1 —dy

Let us now bound from above the number of occurrences of w in w’ at i (mod j)-
indexed places. For precisely the same reasons as above, for any 0 <i < j, the number
of occurrences of w at i (mod j)-indexed places that lie entirely within a concatenated
Ay-word in w’ is not more than

—1
ne — w4+ 1 Xurea, 2omeofTm, j(w, w")
n J1A] '

(The denominator of the first fraction has changed because there are at most ny41/ng
Ag-words concatenated in w’.) However, it is possible that there are occurrences of w
in w’ that do not lie entirely within a concatenated Ag-word in w’. The number of such
occurrences of w is not more than |w| 4 1 times the number of concatenated Ay-words
in w’, which in turn is less than or equal to (Jw| + 1)(n511/nr). This means that the
number of occurrences of w at i (mod j)-indexed places in w’ is bounded from above by

(I +di)ngy1

i1
— 1 " T (w, w')
(1 +dk)nk+lnk ,|1w| +12 4 cAy 2 m=0STm.j g1

. + (w| + 1D)—,
J1Ak| ng
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and since 0 <i < j was arbitrary, this implies that

e o= wl 1 rea, Yoo, w")
g+ — |wl+ 1 ng JIAk]

Mgt 1 lw| + 1
iyl — lwl+1 ng

M) < (1 +dy)

This implies that

N1 ng —lw| +1 Zw”eAk Z{n_:l()frm,j(wv w”)
nk+1 — |wl+ 1 g J1Ak]

Ni+1 lwl+1
N1 — lwl+ 1 nyg

) )
My —myyy < 2di

Since fr,, ;(w, w”) <1 for every 0 <m < j and w” € Ay, for large k this shows that
M,Ei)l — m,({Ql <2dy 4+ 2(Jw| 4 1)/ny, which clearly approaches zero as k — co. We now
note that since

i—1
[y ng — |lw|l+1 Zw”eAk an:ofrm,j(w’ w”)
iyl — lwl+1  ng+1 J1AL]

m{)| = (1 —dy)

E

and since by definition fr,, ; (w, w”) > m,((j) for all w” € Ay,

M1 ng—wl+1
neyr — lwl+1 np+1 ko

m{)| = (1 - dy)

which implies that
) ) ) lw| —1 >< |w] ) }
m —m;”  >m 1—dyl1+ 1-— -1
o ¢ ¢ [( k)( ng+1 — |wl+1 ng +1

j |w| |w]
= (4 ) =4+ D)

By almost completely analogous reasoning, for large k

- - - lw| — 1 lw| -1
)~ < P van (1+ )-8 -]

g1 — lw| +1 nk

1 ; 2 1 2 1
Nk+1 |w| + SM,EJ)dk—i- (lwl + )Sdk-l- lw| + '
ng+1 — lwl+ 1 ng ng Nk
Therefore,
i i i 2lw| 4+ 1 i 2(lw| + 1 2Jw| +1
m <M <M o+ AL <) g 4 2D g 2l
n nj—1 ny
i 4w| +3
<m 4241 +di + Hwl+3
Nk—1
SO 4| | 3
i i w|+
|m]((]_:1 - m](cj)| <dk + 2dk—1 + T
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In a completely analogous fashion, we find that
3lw|+2

Ng—1

|M(j)

k+1 M]§])| <dp +2dx1 +

We know that 322 | dj converges, and since ny > 2* for all k, 72, (1/nx) converges as
well. Therefore, we see that the sequences {m,(cj )} and {M,E'j )} are Cauchy, and converge.
Since we also showed that M ,Ej ) ml(<j ) 0, we know that they have the same limit: call
it o.

This implies that for very large k, |fr; ;(w, w') — «] is very small for every 0 <i < j
and w’ € Ag. We claim that this, in turn, implies that for very large N, [fr, j (w, w”) — af
is very small for every word w” of length N that is a subword of x: fix any € > 0, and
take k such that [fr,-,j(w, w') —al <e/2 forevery 0 <i < j and w’ € Ay, and such that
(1 + |w|)/nk < €/4. Then for any word w” € L(X) of length at least 8ng/e, w” is a
subword of a concatenation of Ag-words and copies of the word 1. The number of full
Ag-words appearing in the concatenation forming w” will be at least (Jw”|/(ng + 1)) — 2,
and at most |w”|/ng. So, the number of occurrences of w at i (mod j)-indexed places
in w” that are contained entirely within a concatenated Ag-word is at least

(n — |lw| + D]w"| € " € € €
(B ) -)w(1-5) )

> |w”|(a =€),

- 1
w2 (4 ) <o+ ).
ni 2 2

Since there are at most (|lw|+ 1)|w”|/n; < |w”|€/4 occurrences of w not contained
entirely within a concatenated Ag-word, this implies that fr,-’ j(w, w”) is at least o — e,
and at most o + €.

Since for any € > 0, this statement is true for any long enough word w” € L(X)
and 0 <i < j, we see that (1/n) Z?:_ol X[w](Ti-/y) — « uniformly for y € X. Since
w was arbitrary, and since characteristic functions of cylinder sets are dense in C(X),
(1/n) "~y f(Ty) approaches a uniform limit for all f € C(X), and so (X, T/) is
uniquely ergodic for every j € N. Since an invariant measure for (X, 7') would be invariant

and at most

for any (X, T/) as well, the unique invariant measure is the same for every ;.

Finally, we claim that the orbital closure of any x constructed in this way is also
topologically mixing. Consider any words w, w’ € L(X). By construction, there exists k
such that there are Ag-words y, y’ with w a subword of y and w’ a subword of y'.
We also claim that for any ny41/6 < i < 5ngy41/6, there exists an Ag41-word b; where
bili + 11b;[i +2]...b;[i +ni] =y, and similarly b} € Agy1 with b;[i + 11b[i +2] ...
bi[i + ng] =y’. We show only the existence of b;, as the proof for b! is trivially similar.
Consider any nyy+1/6 <i < 5n;4+1/6, and take j =i (mod ng). Then, if we enumerate
the elements of Ay by ay, az, ..., aja,, first define the word wug4q =a’1‘!a’2‘! .. .a‘k/;kl,
and then define the word y; = (ugg11)7 (ups1)F* =Py 11)P=7. Then y; has the
property that y;[i + 1]y;[i +2]... y;[i + ni] is a concatenated Ag-word in y; as long
as yi[i + 11yili +2]. .. yi[i + ng] lies in the subword (ug1)**+D=P of y; which will
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be true for large k and i € (nyy1/6, Sng11/6). This means that if we reorder ay, . . ., aja,
in the definition of u;y1, we may create a word b; where b;[i + 1]1b;[i +2]...b;[i +
nig]l =y. We have b; € Ay41, since for every 0 <i < k! and x € Ay, x appears exactly
Cr(k + 1) times in b; as a concatenated Ax-word at i (mod k!)-indexed places, implying
thatfr;ﬁk!(x, b;i) = 1/|Ag|nrk!. (This uses the fact that (ng, k!) = 1, which has already been
shown.) We create b/ in the same way for each i. Since w is a subword of y and w’ is a
subword of y’, for every ng41/6 + ng <i <5n41/6 — ny, it is easy to choose a word z;
to be b; for properly chosen j so that z;[i +1]...z;[i + |w|] = w, and similarly zg SO
that z;[i + 1] ... z/[i 4+ |w'|]] = w’. For large k, this means that we can construct such z;
and z; forany i € [ng41/5, 4nks1/51.

We will now use these z; and z; to prove that for any n > |w| + ng41, there exists a
word x € L(X) of length n such that wxw’ € L(X). We do this by proving a lemma.

LEMMA 2.1. For any t > k+ 1, and for any 0 <i, j <n; such that there exists an
Ai-word x where x[i + 1x[i +2]...x[i +ngy1]land x[j + 1x[j +2]...x[J + ng+1]
are concatenated Ajyy1-words in x, and for any two Ags1-words 7 and 7/, there exists
an A;-word x’ where x'[i + 11x'[i +2]...x'[i + ngr1]l=z and x'[j + 11x'[j + 2] ...
X[ +nl=17.

Proof. We prove this by induction. First we prove the base case ¢t = k + 2. Take an Aj42-
word x where x[i + 1]x[i +2]...x[i +ng41]and x[j + Ulx[j + 2] ... x[j + ng41] are
concatenated Ay 1-words in x: call them a and b respectively. Since x is an Agyp-word,
there exists an occurrence of z at an (i (mod (k + 1)!)) (mod (k + 1)!)-indexed place,
i.e. there exists i’ =i (mod (k + 1)!) such that x[i’ + 11x[i’ +2]...x[i' + ngr1] =z.
Similarly, there exists j'=j (mod (k + 1)!) such that x[j’ + 1]x[j' +2]...x[j +
ni+1] = z. We now create x’ by leaving almost all of x alone, but defining x'[i + 1] ...
Xli+nel=z, X[j+11...xX[J+nm1l=27, x'li" +11... %[’ + ng+1]1 =a, and
X'[j/+11...x'[j/ + ngs1] = b. This new word x’ is still a concatenation of Ay 1-words
and ones, and since we switched two pairs of Ajij-words which occurred at indices
with the same residue class modulo (k + 1)!, frz(k+1)!(w, X) :fr;’"(kH)!(w, x") for all
0<i<(k+ 1) and w € Ags1. Therefore, x" is an Ayp-word, with z and 7z’ occurring
at the proper places, completing our proof of the base case.

Now, let us assume that the inductive hypothesis is true for a certain value of 7,
and prove it for # + 1. Consider an A;yj-word x where x[i 4+ 1]...x[i + ng4+1] and
x[j 4+ 1]...x[j + ngy1] are concatenated Ay 1-words in x, call them a and b. Call the
concatenated A;-word of which x[i 4+ 1] ... x[i + ng41] is a subword a’, and denote the
corresponding A;-word for x[j + 1]...x[j + ngs1] by &’. From now on, when we speak
of these words a, b, a’ and b’, we are talking about the pertinent occurrences at the places
within x already described. There are two cases: either a’ and " are the same, i.e. the
same A,-word in x, occurring at the same place; or they are not. If @’ and b’ do occur at the
same place, then by the inductive hypothesis, there exists an A;-word ¢ with an occurrence
of z at the same place as a occurs in @’ = b’, and an occurrence of 7 at the same place
as b occurs in @’ = b’. If we can replace a’ = b’ by c in x, then we will be done. If a’
and b’ do not occur at the same place, then since a is a concatenated Aji-word in a’,
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by the inductive hypothesis there exists an A;-word a” such that a” has z occurring at the
same place where a occurs in a’. Similarly, there exists an A;-word b” such that b” has
an occurrence of 7" at the same place where b occurs in b'. If we replace a’ by a” and b’
by b” in x, then we will be done. So regardless of which case we are in, our goal is to
replace one or two chosen A;-words within x with one or two other A;-words. We will
show how to replace two, which clearly implies that replacing one is possible. We wish to
replace @’ by a” and b’ by b”. We do this in exactly the same way as in the base case. Say
that @’ = x[i’ +1]...x[i’ +n,] and b’ =x[j’ + 1] ... x[j' +n,]. Since a” € A,, there
exists i” =i’ (mod ¢t!) and j” = j’ (mod t!) such that x[i” +1]...x[i” +n;] =a” and
x[j"+11...x[j” +n]=0>". As in the base case, we create x’ by making x'[i’ + 1] ...
X'[i'" +n]=a" and x'[i" +1]... X'[i" +n ] =d, x'[j/+11...x'[j' +n]=0", and
Xj"+11...xX[j"+n]d=b". Then x' is an A,y;-word, and by construction
Xli+1]... xli +nep]=zandx'[j+1]...X'[j + ng1] =7 O

Choose any sequence {v,} of A,-words for all m >k + 1. For any such m, take

Py ={n:vy[n+1]...v,[n + nry1]is a concatenated Agy1-word in vy, }. Since v, is a

concatenation of Ay1-words and ones, if we write the elements of P, as pim) < pé"” <

e < pt(m), then for any 1 <¢ <1, p%)l — pém) <ngy1+1. Forany 1 <€ <t, and

i, j €nks1/5, 4nk41/5], by Lemma 2.1, there exists an A,,-word v with the property
that v[pgm) +1]... v[pﬁm) +ngs1] =2z and v[pém) +17... v[pém) + ny41]=2;. This

implies that there is a subword of v of the form wxw’ where the length of x is pém) -

pgm) + (j —i) — |w|. We note that j — i can take any integer value between —3ny1/5
and 3ny41/5 inclusive. Therefore, the set of possible lengths of x for which wxw’ € L(X)

contains
t

3nky1 3nky
U<|w|+pg'">_p§'">+[_ 55 D

(=2

When £ is increased by one, pém) is increased by at most ngy1 + 1. This, along with

the fact that the intervals [—3nk41/5, 3nk4+1/5] have length 6ny41/5, which for large k
exceeds ng41 + 1, implies that this set of possible lengths of x contains

3nj41
[le +p3" =" - =

2 [lw| + ngy1, lwl + 1y, — 20411

3nk41
Jwl+ p™ = pi™ —

Since this entire argument could be made for any m, we see that for any n > |w| + ng41,
there exists x € L(X) of length n such that wxw’ € L(X). Then, for any non-empty open
sets U, V C X, there exist w and w’ such that [w] C U and [w'] C V. By the above
arguments, there exists N such that for any n > N, [w] N T"[w'] # &, implying that
U NT"V # @. This shows that (X, T) is topologically mixing. O

3. Some symbolic counterexamples

Proof of Theorem 1.2. We take the continuous function f(y) = y[1] for all y € X, and first
note that
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1 N—-1
eX:— TPry) does not converge
{y v ; f(TPmy) g }

1
> (ﬂ U{y € X :fro1 (0, yIp1 + 1ylp2 + 11. .. ylpx + 1D < Z})

n>0k>n

3
N <ﬂ U{y € X 1fro (0, ylp1 + 1ylp2 + 1 ... y[pe + 1D > —})

n>0k>n 4

and that the latter set, call it B, is clearly a G5. We will choose x so that B is dense in X.
This will imply that B is a dense G, and since X is a complete metric space, by the Baire
category theorem, that B is residual, which will prove Theorem 1.2. Now let us describe
the construction of x.

Recall that we have assumed that the sequence {p,} has upper Banach density zero. We
define A := {p, : n € N}. We also define the intervals of integers B; = [2j!, (j + D!]NN
for every j € N, and take any partition of N into infinitely many disjoint infinite sets
in N, call them C;, Cp, .... Define the set D; = UjeCl Bj, and then define the set
Ay ={pn:n e D1} + 1. Next, choose some r; large enough so that (min C,,)! > 2 - 2,
and define Dy = Ujecr2 Bj, and then define Ay = {p, : n € Dy} + 2. Continuing in this
way, we may inductively define Ay and Dy for all k € N so that for all k, Dy = | J ey, B;
for some ry with the property that (min C,,)! > 2k, and Ay ={p, :n € Dy} +k. We
will verify some properties of these sets. Most importantly, we denote by H the union
Un2 Ay, and claim that d* (H) = 0. We show this by noting that H has a certain structure:
H consists of shifted subintervals of A, separated by gaps that approach infinity. More
precisely, we have the following lemma.

LEMMA 3.1. There exist intervals I = [ag, by] "N and integers jx such that H =
Ure ((A N Ix) + ji) and such that

lim (min((A 0 ) + i 1) = max((A 0 1) + i) = oe.

Proof. Take the set Q = |Ji=; Cy,, and denote its members by ¢; < g2 < . ... Then, for
any k, By, is a subset of some Dy. The interval I is then defined to be [p2(g)1» P(gr+1)h1s
(which means a; = py(g,) and by = p(g,+1y1) and ji is defined to be s. It is just a rewriting
of the definition of the Ay that H = U,‘Zil((A N It) + jx) with these notations. All that
must be checked is that limg_, oo (Min((A N Ix41) + jk+1) — max((A N Ix) + ji)) = oo.
We will show that agy1 + jk+1 — bk — jrx — 00, which implies the desired result. Since
Qk+1 > Gk, Ak+1 — bk = (qr+1)! > (qi)!. So, we must simply show that (gx)! — jx — oo.
Suppose that By, is a subset of D;. Then ji =s. We also note that by construction,
(min C,)! > 2s. But, since By C Dy, gr € Cy,, and so min C,, < qx. Therefore,
(gr)! > 2s, and so (gx)! — jx = (gx)! — s > (gx)!/2, which clearly shows that this quantity
approaches oo, since {g} is an increasing sequence of integers. a

We will now prove a general lemma that implies, in particular, that d*(H) = 0.
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LEMMA 3.2. If d*(A) =0, and if there exist intervals Iy = [ax, by] NN and integers ji
such that
klirgo(min((A N Dit1) + Jr+1) — max((A N Ix) + ji)) = 00,

then the set B = g2 (A N I) + ji has upper Banach density zero.

Proof. Fix € > 0. By the fact that d*(A) = 0, there exists N such that for any interval J
of integers of length at least N, |A N J|/|J| < €. Take J to be any interval of integers of
length exactly N. Since

kl_i)Holo(miIl((A N liy1) + Jer1) — max((A N i) + ji)) = o0,

there is some K such that if J has non-empty intersection with (A N Iy) + ji for some
k > K, it is disjoint from (A N I}) + ji for every k’ # k. Therefore, for intervals J of
integers of length N with large enough minimum element, J N B consists of a subset of a
shifted copy of J N A, and so |[BN J|/|J| <|AN J'|/|J’| for some interval J’ of integers
whose length is also N. This means that in this case, |B N J|/|J| < €. We have then shown
that for every e, there exist N and M such that for any interval of integers J of length N
withmin J > M, |B N J|/|J| < €. We will show that this slightly modified definition still
implies that d*(B) = 0. Again fix € > 0, and define M and N as was just done. Now
consider any interval of integers /I with length at least (N 4+ M)/e. Then, partition [/
into subintervals: define Io =171 N{l,..., M}, and then break I\ Iy into consecutive
subintervals of length N, called Iy, I, ..., Iy. There may be one last subinterval left
over of length less than N; call it I4+; (which may be empty). Note that |/| > Nk, or
N/|I| < 1/k. We see that

k
BNI BN I BNl BN
| | _ | 0|+Z| il ket

1] & ]

M N k|BmL0 N
_ _ +_
7] W(Z; 7] 1]
M+N 1

< —(k 2e.

=T + k( €) <2e¢

Since € was arbitrary, d*(B) = 0. O

By combining Lemmas 3.1 and 3.2, d*(H) = 0. We will now create ng, Ag, and wg
to use for Construction 3. We note that this part of our construction will use only the
fact that d*(H) = 0, and no other properties. We take nj =1, A; = {0, 1}, and w; =0.
We recall that {n;} must be a sequence of integers with the following properties: for all
k> 1,nr41 = Cr(k + 1)!|Ag|nk + p for some positive integer Cy > ny > 1/dj and prime
ng < p <2ny. We also require ny to grow quickly enough so that for all k, and for any
interval of integers I of length at least nxy1, |[I N H|/|I| < dr/2k!|Ag|ng. That we may
choose such ny is a consequence of the fact that d*(H) = 0. Using these ny, we define Ay
as in Construction 3. We now prove a lemma.

LEMMA 3.3. For any k, m € N, and for any sequence of letters u € {0, I}N, there exists
an Ag-word vy i m such that v, g m[i —m]=uli]foralli e H N [m + 1, m + ny].
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Proof. This is proved by induction on k. Clearly the hypothesis is true for k = 1 and for any
u and m. Now suppose it to be true for a particular k. We will show that it is true for k + 1
and every u and m. We again construct an auxiliary word uj1. Enumerate the elements
of Ay by a1, az,..., a4, Then, we again define the word wug41 :all‘!a]; .. .alkf!‘k‘.
Define vy = (ugr11)? (s ) F V=P where ngy1 = Cr(k + 1)!|Ag|ni + p as above.
We note that for any 0 <i < k! and w € Ay, w occurs exactly Cy(k + 1) times as a
concatenated Ag-word at i (mod k!)-indexed places in v,’C 41 (This uses the fact that
(ng, k') =1 for all k, which has already been shown.) Now, fix m € N. We wish to
construct an Ay 1-word vy k1, such that vy gy1,,[i —m]=ul[i]foralli e HN[m + 1,
m + ny41]. We begin with the Ayq1-word vy ;. Clearly it is not necessarily true that
v,/(+l[i —m]=uli]foralli € HN[m+ 1, m + nx41]. We force this condition to be true
by changing some of the A-words concatenated in v, 41~ We show that this is possible:
for any concatenated Ag-word in v,/(_H, say v,/(+1[j]v,/<+l[j +1]... v,/(+1[j +ng — 1],
the necessary condition is that ones or zeroes (depending on u) be introduced at digits
whose indices are of the form i —m forallie HN[m+j+1,...,m+ j+ng — 1].
To do this, we replace this Ag-word by vy g m+j, which by the inductive hypothesis
has the correct digits of u at the desired places. So, we may change v, 41 into a
concatenation of Ag-words and ones, call it vy k+1,,, Which has the proper digits of
u in all desired places. This may be done by changing at most |[HN[m+1, ...,
m + ng41]| < nps1de /2! Aglng < dpCy(k + 1) Agx-words. Therefore, since for any 0 <
i <k!and w € Ag, w occurred in v,’{ 41 as aconcatenated Ag-word at i (mod k!)-indexed
places exactly Cy(k + 1) times, w occurs in vy r+1,m as a concatenated Ax-word at i
(mod k!)-indexed places between Ci(k + 1) (1 — di) and Cy(k + 1)k(1 + d) times. This
implies thatfr?jk!(w, Vk+1,m) € [(1 — di) /K" Ak|, (1 + di)/k!|Ak]], and since i and w were
arbitrary, that vg1 s, is an Agyj-word. By induction, the lemma is proved. O

This implies in particular that for every u, k there exists an Ag-word v, o with
v kolil=uli]lforalli e HNI1, ..., ng]. By astandard diagonalization argument, there
exists a sequence {k;} and x € {0, 1N such that x is the limit of Uu,k;,0 as j — oo. Then,
for every k, choose k; > k, and take wy to be the Ax-word that is a prefix of x. This allows
us to define wy € Ay for all k, and to see that x is their limit as well. Since for every j,
Uuk;0li]=1 for all i € H N[1, ng;], clearly x[i]=ul[i] for all i € H. As mentioned
above, this entire construction could be done with any set of zero upper Banach density
in place of H, which lets us state the following corollary.

COROLLARY 3.1. For any C CN with d*(C) =0, there exists x € {0, 1}N such that
X = {T*x}yen is totally minimal, totally uniquely ergodic, topologically mixing, and with
the property that for any sequence u € {0, 1N, there exists x, € X such that x,[i1= uli]
foralli e C.

Proof. Given the set C, fix {nx} as in the proof of Lemma 3.3. Then note that the reasoning
from the lemma yields that for any u € {0, 1}V, there exists a limit x,, of Ag-words such that
xyli] =uli] for all i € C. Fix any one of these x, and call it x. Note that since x contains
every Ag-word as a subword, x, € {T*x};ey = X for all u. Since x was created using
Construction 3, X is totally minimal, totally uniquely ergodic, and topologically mixing. O
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We use Corollary 3.1 to create the x that will prove Theorem 1.2. Recall that
H =J;2| Ak, where Ay = {p, +k :n € Dy} forall k, Dy = UjeCrk B; for some ry, and
B =[2j!, (j + D!INZfor all j. For each k, we write the elements of C,, in increasing
order as cﬁ,l), cff), .. .. We now decompose H into two disjoint subsets: define H, = {m €
H:m=p, +kf0rsornen € Bj where j =c¢; )fOI'Oddl} and Ho={me H :m=p, +
k for some n € B; where j = ¢y, ) for even i}. Since d*(H) =0, we use Corollary 3.1 to
create x with totally minimal, totally uniquely ergodic, and topologically mixing orbital
closure X, and for which x[n] =0 for n € H, and x[n] =1 for n € H.. Recall that we
wish to show that for the continuous function f :y+ y[l] from X to {0, 1}, the set of
points y such that (1/N) Z f (TPry) fails to converge is residual. We showed earlier
that it is sufficient to show that the set

1
B= (ﬂ U{y € X : frg,1 (0, yIp1 + ylpa + 11... yIp +11) < Z})

n>0k>n
3
N (ﬂ U{y € X 1fro, (0, ylp1 + 1ylp2 + ... yIpe + 1D > Z})
n>0k>n
is dense in X. By definition, for any w € L(X), there is some j such that x[j + 1]x[j +
2]...x[j + |w|] = w. By the construction of x, {n: j + 1+ p, € H} = Dy, for some k,
x[i]=0 for all i € H,, and x[i] =1 for all i € H.. In particular, x[j + 1 4+ p,] =0 for
all n in ch foroddi and x[j + 1+ p,]=1forallnin B (i) for even i. But then for any
Tk

odd integer i, (T/x) [p, + 1] = 0 for all integers n € [Z(C,L))‘ (c(l) + D], and so
()
-1

52)+1

which is clearly larger than 3/4 for sufficiently large k. Similarly, for any even integer i,
(T/x) [pn + 11 =1 for all integers n € [2(cr,'())' (c(') + D)!], and so

Fr0,10, (T) [p1 + 11(TT0) [p2 4+ 11 (T oy, + 1D >

. : 2
Froa O (TT2) [py + 1T 2) [p2 4+ 10 (T2 [p o)y + 1) <
¢ +1

which is clearly less than 1/4 for sufficiently large k. Therefore, T/x € B, and T/ x begins
with the word w. Since w was an arbitrary word in L (X), this shows that B is dense in X,
completing the proof of Theorem 1.2. O

We note that this proof in fact shows that the set

2
<ﬂ U{y € X :fro1(0, ylp1 + 1ylp2 + 11. .. ylp + 1D < %})

n>0k>n

k—2
N (ﬂ U{y € X :frg (0. ylp1 + 1ylp2+11... ylpr + 1)) > —})
k
n>0k>n
is a residual set in X, and so we can also say that for a residual set of x,
N—1

1
lim inf — TPry)=0= inf
ity 2, ST =0 fnf S

and
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; 15 Pn
lim sup ng FTPy) = 1= sup f(x).
Proof of Theorem 1.5. We use Corollary 3.1. Consider any set C = {p,},en With
d*(C) =0. Choose any set C’ with (C+1)c C’, 1€/, d*(C") =0, and |C'\(C +
1)| = co. Denote the elements of C"\(C + 1) by by < by <. ... By Corollary 3.1, we
may construct x such that x has totally minimal, totally uniquely ergodic, topologically
mixing orbital closure, and with the property that for every u € {0, 1}, there exists
Xy € X with x,[i]=u[i] for all i € C’. For every v € {0, I}N, define some u, € {0, 1}N
by uy[1] =0, uyla] = 1 foralla € (C + 1), and u, [bx] = v[k] for all k € N. Then, for any
such v, x, [i]=1foralli € (C + 1), x,,[1] =0, and x,, [bi] = v[k] for all k € N. Since
forallneN, p, +1eC+ 1, (T?Pxy,) [1] = x4,[pn + 1] = 1, whereas x,, [1] =0. It is
then clear that x,,, is not a limit point of {777 x,, },eN. Since x,, [by] = v[k] for all k € N,
Xu, 7 Xu,, for v #v’, and so the set {xy,},c(. 1)y is uncountable. i

It is natural to wonder about one aspect of the proof: why is it that in our construction,
we only force certain digits to occur along shifted subsets of A, rather than along entire
shifted copies of A? The reason comes from a combinatorial fact that is somewhat
interesting in its own right.

Example. There exists a set D C N with d*(D) = 0 with the property that for any infinite
set G of integers, the set D + G ={d + g : d € D, g € G} has upper Banach density one.

Proof. We begin with the sequence d,, = 32, where |n|, is the maximal integer k such
that 2€|n. So, {d,} begins 1,3,1,9,1,3,1,27,1,3,1,9,1,3,1,.... Then, define
cn =Y 1y dy. This {c,} is then an increasing sequence of integers, with the property
that the nth gap ¢,+1 — ¢, is dy41 for all n. We first claim that d*({c,}) = 0. Choose any
positive integer k, and any 2 + 1 consecutive elements c;, . . . , ¢; ok of the sequence {c, }.
There must be some integer j € [0, 25 — 1] such that 2€|i 4 j. This means that 3k|di+j,
and so that¢; ok — ¢; = sz+=21" 1a, > divj> 3k, This means that any interval of integers
of length less than 3% can contain at most 2% elements of {c,} for any k, which implies that
d*({cp}) = 0 since limg_, oo (2511 /3K) = 0. Therefore, if we construct a new sequence by
increasing the gaps {d,}, it will still have upper Banach density zero. We will change
{d,} countably many times, never decreasing any element. In other words, we inductively
construct, for every k € N, a sequence {d,gk)}, so that these sequences are non-decreasing
ink, i.e. d,(Lk) > d,(lk_l) for all n and k. We add the additional hypothesis that for every &,
d({n: d,(lk) > d,}) =0, in other words that only a density-zero subset of the elements of
{d,} have been changed after any step.

Step 1. We change d, for some infinite, but zero-density, set of n, so that for every
positive integer m, there exists n such that d, = m. This is clearly possible: for example,
by increasing d,, for a zero-density set of odd . Call the resulting sequence {d,gl)}.

Step k (k > 1). Assume that we have already defined {d,(,k_l)}, a sequence of integers
with the property that d,(zk_l) >d, for all n, and that d({n :d,gk_l) > d,}) =0. Define
the set Ry C N¥ by Ry ={(a1, ..., ax) :a; €N, a; > 3*}. Since {n:d} " > d,} has
density zero, there exist infinitely many intervals of integers /; such that |/;| > 2K+1 for
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all j, and such that d,(zk_l) =d, for all n € I; for any j. Therefore, by the construction
of the sequence {d,}, each I; contains a subinterval / j’ of integers of length 2% such

that for every j, and for all n € Ij’., d,(,k_l) <3k We may also assume, by passing
to a subset if necessary, that the union of all 7 ]’ has density zero. We now take any

bijection ¢ from N to Ry, and for every j, if I/ ={s,s+1,...,s 42K — 1}, and

if ¢(j)=(ai,...,ax) € Ry, define d¥ =q d(k)l_a dek | =ay. After

making these changes on each I %, for any m not in any I %, define d(k) d(k_l). This
defines d, % for all n. Since for every n, dy * > dy =1y , by the inductive hypothesis we see
that dn(k) > d, for all n. Also, since d({n : d,(lk) > d,(,k 1)}) =0, and since by the inductive
hypothesis, d({n :d,gk_l) > d,}) =0, we see that d({n : d,gk) > d,}) =0, completing the
inductive step.

It is a consequence of this construction that if we define Hy = {n:
for every k, the sets Hy are pairwise disjoint. Therefore, the sequences {d,(,k)} have
a pointwise limit, call it {e,}. By the construction, for any k, and for any k-tuple
(ay, ..., ar) of integers all greater than 3%, there exists m such that dr(nkil | =a; for
1 <i <k. And since the Hy are disjoint, this means that e,;_1 =a; for 1 <i <k.
Now, define the sequence f, = ZZ:I e, for all n. As already noted, since e, >d,
for all n, D ={f,} has upper Banach density zero. We claim that for any infinite
set G of integers, D 4+ G contains arbitrarily long intervals of integers. Fix any infinite

= {gn}, with g1 < g2 < ---. For any k, there exist m1, ma, ..., myk, myk; such that
8mj — 8m; > 3K for every 1 < j < 2. Then, by construction, there exists m such that

Cm+j = 8y, — my_,, H1forl<j< 2K, This means that

aP > a "y

i
Jm+i = fm + Z €m+j
j=1

i
=fnt Z;(ngk—jJrz T 8my_ TD=0m+ g'"2k+1) T 8myk +i

forl <i< 2% But then for each such i, fmt+i + Bmy,y ;= Jm + Smy +ieD+G.
This implies that { f;;, + Gmy,, +1,..., fu+ Emay,,
length 2 that is a subset of D 4 G. Since k was arbitrary, D 4+ G contains arbitrarily long
intervals and so has upper Banach density one. |

+ 2%} is an interval of integers of

This answers our question: if we had, in the proof of Theorem 1.2, tried to force ones to
occur along infinitely many shifted copies of our set A of upper Banach density zero,
it’s possible that no matter what set G of shifts we used, we would be attempting to
force x[i] = 1 for arbitrarily long intervals of integers i, which would imply that 1> € X,
yielding the closed invariant set {1°°} C X and contradicting the minimality of X.

4. Some general constructions on connected manifolds

We will now construct some totally minimal, totally uniquely ergodic, and topologically
mixing transformations which act on a connected manifold, and in §5 we will use such
examples to prove Theorems 1.3 and 1.6. The constructions in question will use both skew
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products and flows under functions. We will be repeatedly using the topological space T,
which can most easily be considered as the half-open interval [0, 1) with 0 and 1 identified
and the operation of addition (mod 1). (Whenever we refer to the addition of elements
of T, it should be understood to be addition (mod 1).) We also note that T” is a metric
space for any n, with metric d defined by d(x, y) = min, ,ezn d (x +u, y+v), where dis
the Euclidean metric in R”. We will denote by A; Lebesgue measure on T¥ for any k > 0.

For any k > 1, irrational « € T and continuous self-map f of T, we define the
transformation S = Si o, r on Tk as follows: for any v=(vy, ..., V) € T*, (Sv) =
v +a, (Sv)2 = f(v1) + v, and forevery j > 2, (Sv); =v;_1 + vj.

THEOREM 4.1. For any f differentiable with 1/2 < f'(x) <3/2 for all x € T, Sko, 1 is
totally minimal and totally uniquely ergodic with respect to \.

Proof. During the proof, since k, o, and f are taken to be fixed, we suppress notational
dependence and refer to Sy ¢, ¢ simply as S. Fix any rectangles R = I—[f=1 R; and R' =
]_[i-‘=1 R! in T*, where R; and R! are intervals of length C for every 1 <i <k. Now, fix
any positive integer £ such that A1 ((R; + £o) N Rg) > C/2. Fixanyrp € Ry, ..., rp € Ry,
and define the set

Ey={x1 € R :mi(S"(x1, 72, ..., 7)) € R}

(Here and elsewhere, 7; : T* — T is the usual projection map v — v; for 1 <i <k.) Since
T1(SE(xy, 7y oo, ) = X1 + Lo, by choice of £ we know that E| is an interval with
M (E7) > C/2. Now, define the set

Ey={x; € Ry :m(S"Ge1. 2, ..., ) € R}, 1 <i <2,
We will examine the structure of E» by bounding Ao (SE(x1, ray - oy 1)) /dx1 from above
and below. For this, we note that 72 (S¢(x1, r2, ..., r¢)) =r2 + Zf;é f(x1 +ia), and

make the observation that for any i, f(x; +i«) is equal modulo one to an increasing
function in x; whose slope is between 1/2 and 3/2. Therefore, considered as a function
of x1, m(S4(x1, ra, ..., 1%)) is equal modulo one to an increasing function from [0, 1) to
R whose derivative is in (£/2, 3¢/2) for all x;. This implies that £ is a union of many
intervals separated by gaps of length less than 1/(£/2), where the length of all intervals but
the first and last is greater than C/(3£/2). For large ¢, this implies that £, contains some
set F», a union of intervals of length D, C /£ for some constant D,, where A{(F) > B2C 2
for some constant B>.

We proceed inductively: for any 2 <i < k, assume that we are given Fj, a union
of intervals whose lengths are D;C¢~%=D for some constant D;, where A (F;) > B;C!
for some constant B;, and such that for any x| € Fj, nj(Sl(xl, r,..., ) € R;. for
1 < j <i. We now wish to define Fj. Define the set

Eipyy={x1 € Fimip1(S“(x1, ray ... 1)) € Rl ).

For any interval I of length D; C¢~(~1 in F;, let’s examine I N E;,1. We note that

Tt (SE @, ) = mie(ra, T Z ( > (x1 + jo,
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where n; 1 ¢ is some function of rp, . . ., r;41 that does not depend on x;. So, as a function
of x1, mi4+1 (S‘z (x1, r2, ..., 1)) is equal modulo one to an increasing function from [0, 1)
to R whose derivative is between A¢’ and B¢’ for some constants A, B > 0. This implies
that for large ¢, I N E;4 is a union of many intervals separated by gaps of length less
than (1/B)¢~!, where the length of all but the first and last is greater than (C/A)¢ ™.
For large ¢, this implies that / N E;4; contains F7 41, a union of intervals of length
DC{¢~! where A (Fri41) > ECX1(I) for some constants D, E. By taking Fj1] to be
the union of all Fy ;41, we see that F;4 is a union of intervals of length D,-+1C€_i, where
A (Fiyp) > B,-_HC"‘|r1 for some constants D;; and B;j;1. Since Fj41 C E;y1, for any
x1 € Fip1, wi(S(x1, 72, .. 11)) € Riforl<j<i+l

By inductively proceeding in this way, we will eventually arrive at a set Fj where
M (Fp) > B C* for some constant By, and where St(x1, ra, ..., i) € R for every xj €
Fy. By integrating over all possible rp, ..., ry, we see that )\k(SER NR) > B CH*—1,
We have then shown that for any £ with A;((Ry +ka) N R})) > C/2, M(SERNR) >
B,C*~1. Denote by L the set of such £. Then if we define R, to be the transformation
x+>x+a on T, then L={n:R!0) e J}, where J={xe€T: 1 ((R+x)NR)>
C/2}. Tt is easily checked that A1 (J) = C. This means that for any M, N € N,

1 N—-1 )
> xR 0),

1
—|LN{0,M,...,M(N — 1} =
N i=0

N
which approaches A1(J) = C as N — oo by total unique ergodicity of R, with respect
to A1. Then, for large N,

1 = 1
5 § MmSYERNR) > N|L N{0, M, ..., M(N — D)}|BxC*~ ' = B.C?*.
=0

Therefore,
N—1

1
lim inf — Z A (SMERN R > Brar(R)Ak(R)). 1)
N—co N {=5

We have shown that equation (1) holds for R and R’ arbitrary congruent cubes in TX. It is
clear that it also holds for R and R’ disjoint unions of congruent cubes. Suppose that for
some M € N, there exists a Lebesgue-measurable S™-invariant set A € T with A;(A) €
(0, 1). By taking complements if necessary, without loss of generality we may assume that
Ak (A) < 1/2. By regularity of Lebesgue measure, there exists € and A’, a union of cubes
with side length €, such that (A’)¢ is also a union of cubes of side length €, Ar(A) <
M(A) <1/2, and A (AAA') < (Bi/2)Ax(A)%. Then, for any ¢ €N, since SM¢A =
A and A (AAA") < (Br/2)Ak(A)?, M(AASMEA"Y < (Br/2)Ak(A)? as well. Similarly,
A (ASASME(AY) < (Bi/2)Ax(A)%. Therefore, Ar (SMEA" N SME(A')) < B (A)? for
all £ € N. Since Ax(A) < Ak (A") < A ((A)C), this contradicts equation (1).

So, SM is ergodic with respect to A, for every M > 0. We claim that this also implies
unique ergodicity of SM for every M > 0, which follows from an argument of Furstenberg,
and rests on the fact that S¥ is a skew product over an irrational circle rotation. The
following fact is shown in [6, Proof of Lemma 2.1 on p. 578].
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Fact. For any minimal system (X, 7p) that is uniquely ergodic with respect to a measure
1o, and any skew product 7 that acts on X = Xg x T by T'(xg, y) = (Toxo, y + h(xp))
where h : Xo — T is a continuous function, if 7' is ergodic with respect to g X m, then T
is minimal and uniquely ergodic with respect to (o X m.

Denote by (S™)® the action of S on its first i coordinates for any 1 <i < k. Since they
are factors of SM, each (SM)@ is ergodic with respect to A;. Also, for each 1 <i <k,
(SM)+D g a skew product as described above with To = (SM)®. We may then use
Furstenberg’s result and the fact that (S™)( is minimal and uniquely ergodic with respect
to A; (since it is an irrational circle rotation) to see that (S™ Y@ is minimal and uniquely
ergodic with respect to A». We can continue inductively in this fashion to arrive at the fact
that S is minimal and uniquely ergodic with respect to A;. Since M was arbitrary, S is
totally minimal and totally uniquely ergodic with respect to Ag. O

We will now use these skew products to define flows under functions that have all of
the previous properties and are also topologically mixing. Define the continuous function
g:T? - Rby

e eZm’kx x eZﬂily)

g(x,y)=2+Re<Z — +y -

k=2 =2

Note that 1 < g(x, y) <3 for all x, y. We then define the space X = {(v, x, y,t):v €
T*, x, yeT,0<t=<g(x,y)} where (v, x,y, g(x,y)) and (Skqo fv,x+y,y+ v, 0)
are identified for all v, x, y. X is then homeomorphic to the mapping torus of TX*2 and a
continuous map, and so is a connected (k + 3)-manifold. For any irrational y, y’ € T, we
then define the continuous map 7y 43,4,y,,7, 5 : X — X by

Tk+3,0{,}/,y/,f(v7 X, Y, t)
_J,x,y, r+ 1) ifr+1<gx,y),
Sk, fvs X +y,y+y t+1—gx, ) ift+1>g(x,y).

Finally, we define u= (f’[rk+2 g d)\k+2)_1)»k+3 = (1/2)Ax43, a Tiy3,4,y,,, p-invariant
Borel probability measure on X. We will prove the following theorem.

THEOREM 4.2. For any f differentiable with 1/2 < f'(x) <3/2 for all x € T and any
irrational «, y, y' € T that are linearly independent and satisfy q,, > 3 and gnyq >
€3, where {qn} and {q})} are the digits in the continued-fraction expansions of y and y’
respectively, Ty 13 oy, f is totally minimal, totally uniquely ergodic with respect to j,
and topologically mixing.

Again, since a, y, y', and f are fixed, for now we will suppress the dependence on these
quantities in notation and denote the transformations 7;13 « ., r and Sg« r by T and S
respectively. We also use the notation g, (x, y) = Zf;é g(x + iy, y+iy’) for any integer
£ > 0, and define go(x, y) =0. The proof of Theorem 4.2 rests mostly on the following
lemma, which is essentially taken from [5].

https://doi.org/10.1017/50143385707000508 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000508

Some counterexamples in topological dynamics 1313

LEMMA 4.1. For any sufficiently large integer n >0, y € T, £ € [(1/2)e%", 2e%n), and
any xg € T with g,xo € [1/6, 1/3],

Teqn

tan _|98e(x.y)
dx edn

edn

(X())‘ <

Proof. We have

X, S, . y(L, .
ge(x,y)=2¢+ RC(Z %627”1)( + Z (£, m) eZntm;>’

1=2 m ¢
where
1— e27ti€ly
XD =T iy
1— eZniZmy’
Ylm) =

The following facts are proved in [5, p. 454]:

Foralll e N\{0}, £ e N, | X (£, )] < <. )
Foralln eN,l <q,, L e N, | X, D] <gp. 3)
Foralln e N, [ € (gn, 2gqn), £ €N, | X (£, )| < 2q,. 4)
2¢
Forany ¢ = 2250 X (¢ g0l = = 5)
i
‘]n+1 -
For any ¢ < ,arg(X (&, gn))| <m (6)
Qn-i-l
We will use these to prove our lemma. It is easy to check that
0ge(x,y) oo X(E D 2 il
o~ 77 J— R 2 l Tl xO
5 (0) =Re 1223 i
X(t, : WXl
_ Re<2mqn| ( qn)lezmq,,xo) n Re(z 5 XED zmlxo)
eln = g
LR (Q%Z‘l S XD zm»,xo) (Z - X(z D zmlxo)
e Til——
Jd ¢
l=qn+1 1=2q,
X — X ;
+Re(27ri4n ¢ 4n) q| ( ’qn)|ezmq”x°>.
e n

We bound the first term from above and below and the rest from above. We have

I X gl oni |X (€, gn)l
gn—— e | = =

|Re(2m n o 21 gy, |sin(2m g, x0)|,

and since £ € [(1/2)eX", 2¢%4], £ < guy1/2. By (2) and (5), (2/m)€ < |X (£, gn)| < L.
Since g, xo € [1/6, 1/3], 1/2 < |sin(2mw g, x0)| < 1. Therefore,

qun < Re(ZnianeZJﬁqnxo) ’ < Znﬁqn '
er e eln
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Next, by (3),

re( 5 X(e D oritnn )| <0 8§ (XEDN_ ) RSl o

eZ ) g s ) S <ngy.

1=2 1=2
We similarly have
2g,—1
X E l
Re( > 2mil—— ( ) 2’”’)‘0) <d4ng>.

I=qn+1

Also, from (2), we can conclude that for large n

> Xﬁl 1X( D] >/ 2

= 2q 1= 2(1 e 1=2qn

Finally, from (6) and (2), we see that

-1
|X (€, gn) — XL, gn)ll <2|X (€, gn)| arg(X (£, qn)) <27 -~ ¢,
n+

. ’ / .. .
and so since £ < 2¢2n and gn+1 > e39n _ this implies that

X (¢, gu) = X (e, qn>|ez,,,-q,,xo>
eqn

. 0
< 8n2e In g, —.
edn

Re (2711’ qn

By combining all of these bounds,

20q, 2 2 2l 2 —q, kﬁqn age(x, y)
i —2nq, —4nq; — R — 8m“e e o (x0)
27 lgn 2 2 2o tdn
SET‘FZ”% +4nq, wan’
and since £ > (1/2)e?d», for large n we have
12 d , 7¢
bqn _ |98e(x. y) (xo)| < 24 -
edn ox edn

The proof of the following fact is trivially similar.

LEMMA 4.2. For any sufficiently large integern >0, x € T, £ € [(1/2)62(1’/' , 2e%4n+1), and
any yo € T with g, yo € [1/6, 1/3],

Lq,, lage(x, y)
_, < —_—

7¢q,
dy a

p ()’0)’ <
Proof of Theorem 4.2. Consider any m € [(5/3)e?d, 2%, and any cubes R = ]_[kJr3 R;
and R = ]—[fif R! where R; and R; are intervals of length C for 1 <i <k + 3. Take
intervals Q41 and Q42 of length C/2 central in Rr4+1 and Ry respectively. Define
R = ]—[f=l R;. We also make the following definition: £(m, x, y, ) is the integer £ such
that g¢(x, y) <m + 1t < gy 1(x, ). Alternately, for any v € T,

T"(v, x, y, 1) = (SYSY Dy x 4 0(m, x, y, 1)y, y +€m, x, y, D)y’
m-+t — gi(m,x,y,t)(xa ).
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Now, fix any y € Qk4+2 and t € Q3. We first define the set

11
E'=1x¢€ cgpx1 €| =, = |%.
1 { 1 € Ok+1: gnX1 [6 3“
For large m, 11 (E ;) > D C for some constant D{ > 0, and E ; is a union of many intervals,
where all but the first and last have length 1/6g,. By removing those, we can define EY,

a union of intervals of length 1/6g, where 1| (E ;/ ) > D, C for some constant D, > 0. We
then define the set

C
E, = {xl € Ei/ AR+ L(m, x1, y, Ha N Ri) > 5,

Qi1 +(m, x1, y, )y C Ry, Qrg2 +L(m, x1,y, D)y’ C R;/{+2)}~

We wish to use Lemma 4.1 to analyze the structure of E,. First we note that
since 1 < g(x, y) < 3 for all x, y, by definition of £(m, x, y, 1), €(m, x, y, t) <m +1t <
3(m, x, y,t) + 1), and so for large enough n, £(m, x, y, t) <m < (10/3)£(m, x, y, 1),
or {(m, x, y,t) €[0.3m, m]. By our assumption on m, this means that for any x, y, 7,
€(m, x, y, 1) € [(1/2)e*, 2¢%n]. Now, fix any interval I of length 1/6g, in E7, and let
us examine £, N 1. By the preceding remarks and Lemma 4.1,

Z(m7x]a yvt)ql‘l a]Tk+3Tm(v,.x, y5 t) 7£(m9 X1, y5 t)Qn
<l )l < ————
edn ox edn

for every x1 € I. Since £(m, x, y, t) € [0.3m, m],

0.3mgq, omy+3T™ (v, x, y, 1) Tmqy
< (x| <
eqll ax eqn

(7

for every x| € I. This means that dw;+37™ (v, x, y, t)/0x has the same sign for all x| € I,
and without loss of generality we assume it to be positive. Let us define L to be the set
of possible values for £(m, x1, y, t) for x; € I. (Since g, is continuous for every ¢, L is
an interval of integers.) Then for any fixed £ € L, define Iy = {x; € I : £(m, x1, y, t) = {}
={x1el:gx,y)Sm+t<gerix, y={x1€l:g¢x1,y)elm+1t—glx+Ly,
y+£y’), m+t]}. Since 1 < g(x; + €y, y + £y’) < 3, by (7) we have

(1) 3 (1)e(leq" 1oeqn>
—— <m(lp)) < —— or m(ly = ,
(Tmgy [edn) (0.3mgy /edr) Tmgy,  mqn
for all £ € L except the smallest and largest, for which m (1) could be smaller.
Since m > ¢2?, this means that the number of elements in L approaches infinity as
m does. Now, we note that E, N[ = UZeL, Iy, where L’ is the set of £ € L where
M((Ry +La) N RY) > C/2, Qi1 + Ly C Ry, and Q12 +Ly" C Ry . Then
I 1 ¢
= T R ’ 0 ,
TR > xRS, ,(0)

leL

where Ry ), is the rotation on T given by (a,b,c)—~> (@+ao,b+7y,c+y’) and
J={(a,b,c)eT: M(Ri+a)NR}) >C/2, Qur1 +bC R}, |, Qks2+c C R )
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Since «, y, and y’ are rationally independent, R, , . is uniquely ergodic, and so as
m — oo, [L'|/|L| = a3 (J) = C3/4.

Because of the already established bounds on A1(I;) for £ € L, this implies that there
is a constant D3 > 0 such that A;(E» N 1) > D3C3A (1) for every interval I in Ei/. By
removing the possibly shorter first and last subintervals of E5 NI, we have F; C E, N [
a union of intervals of length greater than (1/7) (e?" /mgq,) with A (F7) > D4C321(I) for
some constant D4 > 0. We take F) to be the union of all F;, and then A (F>) > Ds C* for
some constant Ds > 0. Finally, we define

E3={x) € Fy : my3(T" (v, X1, y, 1) € Rpy3 (Yo € TH)).

Note that F, is a union of intervals I, and fix any such interval I, of length greater
than (1/7) (e?" /mq,). By definition, w34+3(T" (v, x1, y, t)) =m 4+t — ge(x1, y) for any
x1 € Iy, and 73 3(T™ (v, x1, y, t)) ranges monotonically from 0 to g(x; + £y, y + £y')
as x1 increases over Iy. Since, by Lemma 4.1,

Lgn  |0ge(x,y) 7Lq,
— < |—))| < —
edn ox ed

)

M(E3N 1) > DeCAq(1p) for some constant Dg > 0. By taking the union over all Iy,
X (E3) > D;C? for some D7 > 0.

Consider any x| € E3. We know that A;((Ry + £(m, x1, y, H)a) N Ri) > (C/2, aEd
by the proof of Theorem 4.1, this implies that if we define the set Ay, ={veR:
i (T™(v, x1, y, 1)) € le, 1 <i <k}, then Ar(Ay)) > BkCZk_1 for some constant By, > 0.
But this means that for any v € Ay,

T" (v, x1, y, 1) = (Se(m’xl'y")v, x1+€(m, x1,y, )y, y +£3m, x1, y, )y,
m+t— gZ(m,xl,y,t)(xla ¥)

is in R’, by the definitions of E3 and Ay,. So, there exists a constant Dg > 0 such
that Ag1({(v, x1) : T™ (v, x1, v, 1) € R')} > DgC%*+4, By integrating over all possible
y € Qi andt € Q. 3, we see that there is a constant Dg > 0 such that u(T™R) N R’) >
(Dg/4)C**6 = Dopu(R)u(R').

This argument works for any large enough m € [(5/3)ed", 2¢%n] for some n. An
analogous argument using Lemma 4.2, which involves varying y instead of x, shows
that the same is true for any large enough m € [(5/ 3)e2n, 2¢fn+1]. However, this implies
that for all sufficiently large m and any congruent cubes R and R’, u((T"R) N\ R’) >
Dy (R)u(R’), which implies that T is totally ergodic with respect to u and topologically
mixing. It remains to show that T is in fact totally uniquely ergodic.

Our proof is similar to the argument of Furstenberg used earlier. However, since
this is about a flow under a function and his argument was about skew products, we
will present the proof in its entirety here. Fix any M € N. Since T¥ is ergodic with
respect to i, u-almost every point of X is (™, u)-generic. Since fu is shift-invariant,
and since shifts in the last coordinate commute with 7%, if a point (v, x, y,t) € X is
(TM, 11)-generic, (v, x, y, ') is as well forall 0 < ¢’ < g(x, y). This implies that for Az -
almost all (v, x, y), the fiber {(v, x, y, £)}o<r<g(x,y) consists of (TM, W)-generic points.
Denote by G this set of (v, x, y) that give rise to (™, u)-generic fibers. Choose any
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(v, x,y,t) € Tk+2. We know that for large n, £(nM, x, y, t) € [0.3nM, nM], and that
£(nM, x, y, t) is increasing in n. Therefore, the set {£(nM, x, y, t) : n € N} has positive
density. The skew product U on T*+2 defined by U(v, x, ¥) = (S, f0, X+ v, y + 7))
is totally uniquely ergodic with respect to Ag4o for the same reason as in the proof of
Theorem 4.1. (The only difference is that here the base case is the rotation on T3 given
by (x,y,2) = (x +a, y+ 7y, z+y’) instead of an irrational rotation on T. However,
since «, y, and y’ are rationally independent, this rotation is also totally uniquely ergodic
and totally minimal.) This implies that the set {£:U%(v, x, y) € G} has density one.
Together, these facts imply that there exists n such that U tnM.x.y.t )(v, x,y) € G, or that
T”M(v, x,y,t)=(g,s) for some g € G and s € R. This means that T”M(v, X,y,t)is
(TM, W)-generic, and so (v, x, y, t) is as well. Since (v, x, y, t) € X was arbitrary, every
point in X is (T™, u)-generic, and so T is uniquely ergodic with respect to u. Since
w(U) > 0 for every non-empty open set U, T™ is minimal as well. Since M was arbitrary,
T is totally uniquely ergodic, totally minimal, and topologically mixing. O

5. Some counterexamples on connected manifolds

Proof of Theorem 1.6. Our transformation is T5447,«,y,,', ¢ for properly chosen «, y, ¥/,
and f. We always take o to be the golden ratio (v/5 — 1)/2 because of a classical fact
from the theory of continued fractions.

LEMMA 5.1. For any n €N, the distance from no to the nearest integer is greater
than 1/3n.

y and y’ can be any irrational elements of T satisfying the hypotheses of Theorem 4.2.
What remains is to define f. Before doing so, we will use our sequence {p,} to construct
another increasing sequence of integers. For any n, take w, = €(p,, 0, 0, 0). In other
words, for any v € T2d+4 TP (v, 0,0,0)=(S" (), wyy, WnY', Pn — &u, (0, 0)). (Here
S =814, 5 and T =Tr4474,,.7-) As before, for large n, w, € [0.3p,, p,]. We
claim that w,, 1 < (Wp41 — w,,)d+1 for all large enough n. This is because w;, 1| — w, =
C(Pn+1 = Py Wn¥s Wa¥', Pn — 8w, (0, 0)):

(S™"H D, Wpg 1V, Wt 1V Pl — wasy (0, 0))
— T Pn+l (v,0,0,0) = T Pn+17Pn (Tpn (v, 0,0, 0))

= TP P(Sy, wyy, way', Pn — Gu, (0, 0))
— (Swn"l‘[(Pn-H_pnvwny,wny/apn_gwn (0’0))(Swn (U)),

(Wn + €(Pnt1 — Pns Wa¥, Wn¥'s Pn — 8w, (0, 0))y,

(Wy + (P11 — Pns WY, wny/» Pn — 8w, (0 0))))//,

D+l — Guwni1—1(0, 0)).

Therefore, since py+1 — pn —> 00, Wyt — Wy € [0.3(pp+1 — Pn)s Pnt1 — pn) for large
n for the same reasons as before. This implies for large n that

d 10 d_ (10\d d
Wntl < Putl < (Pnt1 — pn)” < (?(wn+l - wn)) = (?) (W41 — wy)

d+1
< (Wpg1 — wy) +
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since wy41 — w, — 00. We wish to choose f so that §*7(0) is bounded away from 0,
where 0 € T29+4 is the zero vector.

We will define f as an infinite sum: F(vi) =v; + Z,Oil CiSy;,¢; (V1) 1s a function
from T to R, and f(v;) = F(v1) (mod 1) is a self-map of T. In this sum, ¢; € RT with
Zf’il ¢i <1,x; € T and €; > 0 will be chosen later, and the function s, ((y) forany x € T
and € > 0 is the function defined by

i[cos(z(y—x)) + 1:| ifx —e<y<x+e,
Sx,e()’): 2 €

0 otherwise.

The pertinent properties of s, ¢ are that it is non-zero only on the interval [x — €, x + €], it
attains a maximum of € /m at y = x, and its derivative is bounded from above in absolute
value by 1/2. Since each term c;sy, ¢; in the definition of F' is a differentiable function
with derivative bounded from above in absolute value by ¢; /2, and since ) ;o ¢; < 1 and
the identity function has derivative one everywhere, F is a differentiable function with
F'(v1) € (1/2,3/2) for all v; € T. This shows that for any choice of ¢; with Y 72, ¢; < 1,
and for any choice of x;, €;, by Theorem 4.2, T is totally minimal, totally uniquely ergodic,
and topologically mixing.

We wish to choose f so that S (0) is bounded away from 0. The only quantities still
to be chosen are c;, x; and €¢;. We note that forany 1 <k <2d +4andany j >k — 1,

‘ Jj—k+1 i—i—1

(ST Oy = Y ( )f(ia).
i=0 -

This can be proved by a quick induction, and is left to the reader. In particular, if we use

the notation y, = mo4+4(S*"(0)) for any w, > 2d + 3, then

wy—2d—-3 wy —i— 1
Yn =

2d +2 )f(i“)'

i=0
Our goal is to choose c;, x;, and ¢; so that y,, = 1/3 for all sufficiently large n. To do
this, we choose x, = wya for all n, and €, = info<; <w,,,i%w, 1Xn —ic| > 1/3wp41 by
Lemma 5.1. This guarantees that sy, , (i) =0forany 0 <i < wp41, i # wy. This means
that each choice of ¢; that we make will change the values of y, for only n > i, and allows
us to finally inductively define c;.
Recall that our goal is to ensure that

wy—2d—-3 wy —i—1
Yn =

2d +2 >f(i°‘)=1/3

i=0

for all sufficiently large n. Note that since {w,} is an increasing sequence of integers,
wy, > n for all n. We have already shown that w, < (w;, — wp—1)4t! for all large n, and
SO Wy — wy—1 > nt/@+D andso

n n n /n\ V@
wy = w1 + Z(wi —wj-1) > Z /@D 5 §<§> > Zn1+(1/(d+l))
i=2 i=2
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for all large n, and s0 > oo | w, I converges, a fact that will be important in a moment.

We choose N so that Y oo\ 11w, ' < 1/6m(2d 4+ 2)!. The procedure for defining the
sequence ¢, is then as follows. We take ¢; =0 for 1 <i < N. For any n > N, assume that
yi=1/3 for N + 1 <i <n. Then, we choose c, so that y,;; = 1/3. Note that for any
n>1,

1 w, — W —l_1
yn:hn(cl,...,Cn—2)+cn—1;€n_l< ! 2d:‘2 )

for some h, : T"~2 — T. This means that taking

G —hapaler . ) (mod 1)
=7 wVH»l*wn*l
€ 2d+2 )
gives y,1+1 = 1/3. Note that
Wp+1 — Wy — 1 1 2d42
< 2d +2 >> 2(2d+2)!(wn+1 wy)

for large n, and recall that €, > 1/3w,4+ for all n by Lemma 5.1. This means that
cn < 6mQ2d + 2)'wyp 1 (Wpy1 — wy,)~ 42 which, by the hypothesis on the sequence
{wp}, is less than 67 (2d + 2)!(wut1)~ ", again for sufficiently large n. This means
that 30 | ¢p <6m(2d +2)!3 0%\ w, !, <1 by the definition of N. We have then
chosen ¢, so that d(S¥»(0), 0) > d(y,,0)=1/3 for all n > N. For n <N, note
that 71 (S¥(0)) = w,a #0, since « ¢ Q. This means that for all n, d(S*"(0), 0) >
min(1/3, minj<,<y d(wpa, 0)) > 0.

However, by definition, 7244+4(777(0, 0, 0, 0)) = m24+4(S""(0)) for all n. Therefore,
TP,(0,0,0,0) is bounded away from (0, 0, 0, 0), and so since T is totally uniquely
ergodic, totally minimal, and topologically mixing, we are done. O

We note that there was nothing special about the number 1/3 in this proof, and so the
proof of the following corollary is trivially similar.

COROLLARY 5.1. For any increasing sequence {w,} of integers with the property that
for some integer d, wpy1 < (Wng1 — wy)?TY for all sufficiently large n, and for any
sequence {z,} C T, there exists f satisfying the hypotheses of Theorem 4.1 such that for
all sufficiently large n, mo414((S2d44,a, 1) (0)) = 2.

Proof of Theorem 1.3. Our transformation is T5449 oy, ¢ for the same «, y, and y’ as
before. We use the same strategy as we did to prove Theorem 1.2; in other words, we will
be forcing certain types of non-recurrence behavior along a set comprised of a union of
infinitely many shifted subsequences of {p,}.

We now proceed roughly as we did in proving Theorem 1.2. We will define a sequence
{t,} by shifting different p, by different amounts. First, define the intervals of integers
B;=[j!+1,(j+D!INN for every j € N, and take any partition of N into infinitely
many disjoint infinite sets C1, C», . ... We denote the elements of C;, written in increasing
order, by clgl), cl@ .... Choose some s large enough so that p,y; — p, >2-1 for
n > (inf Cy,)!, define the set D = U./'GCS] Bj, and then define #, = p, + 1 forall n € D;.
Next, choose some s; large enough so that p,, 1 — p, > 2 -2 forn > (inf Cy,)!, and define
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D=} jecs, Bj, and then define 7, = p, + 2 for all n € D;. Continuing in this way,
we may inductively define Dy for all k € N so that Dy = jeCy, B; for some s; with
the property that p,41 — p, > 2k for n > (inf Cy,)!, and then define t, = p, + k for all
n € Dy. Forany n ¢ U,fil Dy, t, = p,,. Note that by the construction, for any n, kK where
ta = pp + k, it must be the case that n € Dy, and therefore that n > (inf Cy,)!, and so that
Pn+1 — Pn > 2k. Therefore, since t,+1 > ppy1 for all n, t,41 — t, > ppy1 — pn — k>
(Pn+1 — Pn)/2, and so {t,} is increasing. Since n — 1 > (inf Cy,)!, p, — pn—1 > 2k, and
so in particular p, > 2k. This implies that #, = p, + k < 2p,, for all n. Finally, we see
that f,4+1 < 2pp+1 < 2(pn+1 — p,,)d < 2d+](tn+1 — tn)d for all large enough n. Since
thel — th > (Pnt+1 — Pn)/2 — 00 as n — oo, this means that 7,11 < (t,4+1 — tn)d+1 for
large enough n.

We again define a sequence {w,}: for any n, take w, = £(t,, 0,0, 0). In other
words, for any v € T24+6, Tin (v, 0, 0, 0) = (S¥" (v), Wny, WaY's tn — gu, (0, 0)). (Here
S =S4+6,a,f and T =To449 4.y, r.) For exactly the same reasons as in the proof of
Theorem 1.6, w41 < (Wy41 — wy)?T2 for large n.

Therefore, by using Corollary 5.1, for any sequence {z,} C T, we may choose f such
that mp446(T™ (0, 0, 0, 0)) = 7T_2,1+6(Sw" (0)) = z,, for all n. We define z,, = 1/3 for any
n € Dy wheren € Bj for j = cg() withodd i, and z, = 2/3 forany n € Dy wheren € B; for
j= cg{) with even i. For any z,, not defined by these conditions, z, may be anything. (We
can take z,, = 0 for such » if it is convenient.) Take & € C(X) such that A(v, x, y, 1) =0
if vagr6=2/3, h(v,x, y,t) =1if vygy6 =1/3, infrex h(x) =0, and sup, .y h(x) =1.
Now, we note that

| V=l
{z eX: N Z h(TP"z) does not converge}

n=0
i1 <i<k mawe(TPi@) =3} 3
Q(IQ](LJ”{ZGX: p 3 >Z}>
i:1<i<k, mare(TP(2) =2} 3
ﬂ(}gg{zeX: X 3 >Z}>’

and that the latter set, call it B, is clearly a G5. We will show that B is dense in X.
Choose any non-empty open set U C X. By minimality of T, there is some k such that
T* (0,0,0,0) € U. By construction, t, = p, + k for all n € D;. Also by construction,
D, = UjEC.ck Bj, and 2d16(T™ (0, 0, 0, 0)) = mp446(TPn (Tk((), 0,0,0)))=1/3 for

j= cg) and i odd. But then for any odd integer i, wo446(T " (T*(0, 0, 0, 0))) = 1/3 for
any n € [(c)! 41, (¢ + 1)!], and so

i1 =i = () + DL maes(TP(T50.0,0,0) = 3} )

Sk
@ + 1y T4
which is clearly larger than 3/4 for sufficiently large k. Similarly, for any even integer i,

T2d+6(TP (TX(0, 0,0, 0))) = 2/3 for any n € [(¢S)! + 1, (¢! + 1)!], and so
i1 <i < (e + DL m2are(TP (740,000 = 3| ¢
D + 1! e

https://doi.org/10.1017/50143385707000508 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000508

Some counterexamples in topological dynamics 1321

which is also greater than 3/4 for sufficiently large k. This implies that T%(0, 0, 0, 0) € B,
and so that B N U is non-empty. Since U was arbitrary, this shows that B is dense, and
so a dense Gs. Therefore, B is a residual set by the Baire category theorem, and for every

z€ B, (1/N) Z,I:’:_Ol h(TPrz) does not converge. O
We note that, exactly as in the proof of Theorem 1.2, this in fact shows that for a residual
setof z € X,
| Nzl
lim inf — h(TP"z) =0= inf h
}Vrglo% N nX:(:) (TPrz) xHelX (x)
and
e
lim sup — h(TPrz) =1 = sup h(x).
N—o0 N HXZ(:) xeX

6. Questions

There are some natural questions motivated by these results. For any totally minimal and
totally uniquely ergodic system (X, T'), any non-empty open set U C X with u(U) €
(0, 1), and any x ¢ U, take the set A={neN:T"x € U}. Since (X, T) is uniquely
ergodic, the density d(A) :=lim,_« {1, 2, ...,n} N A|/n of A equals w(U) > 0, and
so the sequence {a,} of the elements of A written in increasing order does not satisfy the
hypotheses of any of our theorems. However, since x ¢ U, and since 7% x € U for all n,
T% x is bounded away from x.

For a similar example, take 7 to be a totally minimal and totally uniquely ergodic
isometry of a complete metric space (X, d) with diameter greater than 2. Take x, y € X
with d(x, y) > 2, and define f € C(X) where f(z) =0forall z € B;(x) and f(z) =1 for
all z € Bi(y). Then, take the sets A={n e N:T"x € B(;2)(y)}and B={n e N:T"x €
B/2)(x)}. Since (X, T) is uniquely ergodic, d(A) = u(B,2)(y)) >0 and d(B) =
u(By2(x)) > 0. For any z € By (x), d(T%z, y) <d(T%z, T"x) +d(T%x,y) =
diz, x)+d(T%x,y) <(1/2)+(1/2)=1, and so f(T%z)=1. Also for any z €
B2 (x), d(Tbz, x) <d(TPnz, Tb»x) + d(Tbx, x) =d(z, x) + d(T?x, x) < (1/2) +
(1/2) =1, and so f(T?"z) = 0. This means that by making a sequence {c,} by alternately
choosing longer and longer subsequences of {a,} and {b,}, we could create such {c,}
with d({c,}) >0 (so {c,} does not satisfy the hypotheses of any of our theorems)
where limy_, oo (1/N) Z,Ilvzl f(T"z) does not converge for any z in the second-category
set B(]/Q)(x).

The point of these examples is to show that our hypotheses are certainly not the only
ones under which examples of the types constructed in this paper exist. This brings up the
following questions.

QUESTION 6.1. For what increasing sequences {p,} of integers does there exist a totally
minimal and totally uniquely ergodic system (X, T) and a point x € X such that x ¢
{TPnx}?

QUESTION 6.2. For what increasing sequences {p,} of integers does there exist a totally
minimal and totally uniquely ergodic system (X, T) and a function f € C(X) such that
limy_ oo (1/N) Zf,v:l f(T'Prnx) fails to converge for a set of x of second category?
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Also, it is interesting that we could create examples for a wider class of sequences {p,}
when X was not connected. We would like to know whether or not this is necessary, i.e.
the answer to the following question.

QUESTION 6.3. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X, T) and x € X such that x ¢
{T Pnx}, must there exist a system with the same properties where X is a connected space?

QUESTION 6.4. Given an increasing sequence {p,} of integers and a totally minimal
totally uniquely ergodic topological dynamical system (X, T) and f € C(X) such that
limy 00 (1/N) 2111\1:1 f(TPrx) fails to converge for a set of x of second category, must
there exist a system with the same properties where X is a connected space?

Finally, we briefly address one more issue about generalizing our results. In our
symbolic examples, the dynamical systems considered were not invertible, since every
x considered was in {0, 1}N rather than {0, 1}Z. It is, however, not hard to extend our
results to the invertible case. The rough idea is to define each w41 to have wy occurring
somewhere in the middle rather than as a prefix. Then, wy approaches a limit x in {0, 12,
and the orbital closure of x is again taken to be X. The remaining parts of the proofs go
through in a similar fashion.
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