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Abstract. The extension of diamond scheme for diffusion equation to three dimen-
sions is presented. The discrete normal flux is constructed by a linear combination of
the directional flux along the line connecting cell-centers and the tangent flux along the
cell-faces. In addition, it treats material discontinuities by a new iterative method. The
stability and first-order convergence of the method is proved on distorted meshes. The
numerical results illustrate that the method appears to be approximate second-order
accuracy for solution.
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1 Introduction

Accurate and efficient discretization methods for the diffusion equation on distorted
meshes are very important for the numerical simulations of Lagrangian hydrodynam-
ics and magnetohydrodynamics. The finite volume method is widely used in solving
these practical problems.

Many finite volume schemes for solving diffusion equations on non-rectangular
meshes have been proposed. By using integral interpolation method, a nine point scheme
for two-dimensional diffusion equation on arbitrary quadrilateral meshes is constructed
in [1]. This scheme has only cell-centered unknowns after cell-vertex unknowns are
eliminated by taking them as the arithmetic average of the neighboring cell-centered
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unknowns. Numerical experiments show that it loses remarkably accuracy on moder-
ately and highly skewed meshes. In [2] a continuous edge flux scheme for the stationary
diffusion equation with smooth coefficient is proposed. The scheme in [3] needs both
cell-centered unknowns and vertex unknowns on staggered meshes, and then a general-
ization of this scheme is proposed in [4] that can be applied to diffusion problems with
discontinuous tensor coefficients. Later in [5], the convergence of the scheme of [3] is
proved and the construction of the scheme is further extended to the diffusion problem
with discontinuous coefficients on staggered meshes, moreover the discontinuity on cell
edges is treated rigorously. The MDHW scheme in [6] rigorously treats material dis-
continuities and yields second-order accuracy regardless of the smoothness of the mesh.
This scheme has face-centered unknowns in addition to cell-centered unknowns and the
resulted matrix is asymmetric.

The support operators method (SOM) in [7-9] gives second-order accuracy on both
smooth and non-smooth meshes either with or without material discontinuities, and
SOM generally leads to a symmetric positive definite matrix. However, SOM has both
cell-centered and face-centered unknowns or has a dense diffusion matrix, and there has
no explicit discrete expression for the normal flux on a cell edge. The multipoint flux ap-
proximation (MPFA) method in [10-12] leads to a nonsymmetric matrix. It has only cell
centered unknowns and gives an explicit expression for the face-centered flux. The flux
is approximated by a multipoint flux expression based on transmissibility coefficients.
These coefficients are computed by locally solving a small linear system.

Some successive works are devoted to the development of the schemes mentioned
above. A similar finite volume scheme is proposed in [13] by using variation princi-
ple. To improve the accuracy, a method of eliminating vertex unknowns in the nine
point scheme on distorted quadrilateral meshes is presented in [14], where the vertex un-
knowns are expressed as the interpolation of neighboring cell-centered unknowns based
on certain rigorous derivation. The resulting scheme has only cell-centered unknowns
and obtains second-order accuracy, however it leads to a nonsymmetric matrix in general.
A different method of calculating the vertex unknowns of nine point scheme is proposed
in [15], in which the vertex unknowns are solved independently on a new Voronoi mesh.
This method is suitable for solving diffusion problems with discontinuous coefficients on
highly distorted meshes and it is proved that this scheme has first-order convergence on
distorted meshes.

Some finite volume schemes with full pressure support are presented in [16] and [17],
where a method of M-matrix analysis is used to identify bounding limits for the scheme
to posses a local discrete maximum principle and the conditions for the scheme to be pos-
itive definite are also derived. Based on SOM scheme, a mimetic finite difference method
is proposed in [18,19]. This method has been shown to be second-order accurate on non-
smooth quadrilateral meshes with hanging nodes in both Cartesian and r —z geometries.

For solving three-dimensional diffusion equation on distorted meshes, some cell-
centered discrete schemes are discussed in [20]- [29]. Based on [1], a discrete scheme
on the irregular hexahedral meshes is constructed in [20] by using integral interpolation
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method. In [21] and [22], the finite volume methods are developed for 3-D diffusion
equation on nonorthogonal hexahedral and unstructured tetrahedral meshes, which can
conserve the fluxes and is suitable for highly distorted meshes.

The scheme of [3,4], which is called DDFV (Discrete Duality Finite Volumes) scheme,
is to integrate the equation over both a primal mesh and an associated dual mesh, and the
unknowns are defined at both the cell-center and the cell-vertex, thus a large scale linear
system is generated. Extensions of DDFV schemes to 3D [23-27] have two types (CV-
DDEFV and CeVeFE-DDEFV). A feature of CV-DDFV scheme in [23] is the double covering
of the domain by the dual mesh. CeVeFE-DDFV in [24, 25] contains cells, faces, edges
and vertices unknowns. The scheme in [26] generally leads to non-symmetric matrices
and it is not robust enough to handle certain types of highly distorted meshes or highly
anisotropic diffusion tensors. The scheme in [27] leads to symmetric positive definite
matrices and is more robust than that in [26]. However, it is limited to polyhedral cells
whose faces have only three or four sides.

In [28], the method of [16] is extended to three-dimensional cases. The mimetic finite
difference discretization of diffusion-type problems on unstructured polyhedral meshes
is studied and extended to non-matching meshes in [29].

In this paper, we construct a cell-centered finite volume scheme for three-dimensional
diffusion equation, where an intuitive derivation of discrete flux on mesh faces is given.
Following the idea of [14], we eliminate the vertex unknowns for problems with con-
tinuous coefficient and prove that the method is stable and first-order convergence on
distorted meshes. Moreover a new method of eliminating vertex unknowns on distorted
meshes is presented to solve the discontinuous coefficient problems. The scheme leads to
non-symmetric matrices and has a local stencil. But the matrix has excessive nonzero el-
ements, so an iterative method is devised to solve the discrete system. Several numerical
examples are given to illustrate the performance of the scheme.

The rest of this paper is organized as follows. In Section 2, we describe the construc-
tion of the finite volume scheme for stationary diffusion problems on distorted meshes
and give the method to eliminate the vertex unknowns. In Section 3,we prove the stabil-
ity and convergence of the scheme. In Section 4, we give the linear discrete system to be
solved iteratively. In Section 5, some numerical experiments are presented to show how
our scheme works for several test problems.

2 Construction of the scheme

2.1 Problem and notation

Consider the stationary diffusion problem with a Dirichlet boundary condition

—V-(Ax)Vu)=f in Q, (2.1)
u(x)=g on 0Q), (2.2)
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Figure 1: Stencil and notation.

where () is an open bounded set of R® with boundary 9Q), and A = A(x) is a scalar diffu-
sion coefficient. Robin boundary condition will also be considered later.

In this paper, we use a mesh on () made up of tetrahedra and denote the neighboring
cells by K and L. Let J be the set of all cells, £ be the set of all cell faces, &;,; be the
set of all the cell faces not on 92, and £ be the set of all the cell face of cell K. Denote
h= (supy. jm(K))l/z, where m(K) is the volume of cell K. With each cell K we associate
one point denoted also by K: the barycenter is a qualified candidate but other points can
also be chosen.

Denote the vertices by A,B,C,D,---, and the cell face by S. |S| is the area of S. If the
cell face S is a common face of cells K and L, then denote S=K|L. Denote ngg (resp. nys)
as the unit outer normal vector on the face S of cell K (resp. L). Then ngs = —njg holds
for S=K]|L.

The ray originated in the point K along ngg intersects the plane that is generated by
the cell face S, and the intersection point is denoted by K'. Similarly, the ray originated in
the point L along n; s intersects the plane generated by the cell face S, and the intersection
point is L. The point I is an arbitrary point on face S (see Fig. 1).

Define u~ =u|g,ut =u|;, and similarly define A=, A*.

2.2 Construction of the scheme

From Fig. 1, we know that

e — KK’ N LL'
KS_|KK/|/ LS_|LL/"
Since
KK’ =KI+IK/,
we have

Vu (I)-KK'=Vu~ (I)-KI+Vu~ (1) IK'.
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Then

Similarly, since
LL =IL'+L1I,

and
Vu™(I)-LL' =Vu™(I)-IL'+Vu*t(I)-LI,
we have
ATVut(I ! T(I)-LI AT (I)-1L’
VM ()an—mvu () —f-mVu ()
At + N ,

From the continuity of the normal flux,

A’Vu’(l) ‘Ngg = —A*Vu*(l) ‘nyg,

there has ,
u=_ laug+bup —bVu™-IL'—aVu~ -IK'],
_ AT At
where a= KK/ b= ANE

We know that the tangent derivative of u on S is continuous, i.e.,
Vu -t=Vu't, Vtlngg, on S,
Denote Vu-t=Vu~ -t=Vut-ton S, hence

A™Vu~ (1) ngs=a(u;—ug)+aVu(l)-IK'
ab b 2

= [—ug+u)+Vu- —aa—IL’+aIK’— LK.

a+b +b a+b

Moreover, from
IK =IL"+L'K/,
then

A‘Vu_(l) ‘Ngs = % [—MK+ML—VM'KIL/] .

Hence the discrete normal flux on S is
ATAT|S]
AT |KK'|4+A~|LL!

FK,S: —A‘Vu_(l)-nK5]S| =
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Figure 2: The face stencil.

Now we approximate Vu on the face S=AABC as follows.

-1 Vu—il

" |AABC|Jaac |AABC|Jarasc
1

“|AABC|

o 1

~ 2|AABC]

Vu und|

(upnpa+upnac+upncy)
(uancp+upnac+ucnpa), (2.7)

where ], > and J;3 are the midpoints of the edge BA,AC and CB respectively. Moreover

the midpoints formulae, e.g., 1}, = % (ua+up), have been used. And ngc=nxACngy =

n x BA, and ncp =n x CB, and n is the unit normal vector to AABC (see Fig. 2).
Substituting (2.7) into (2.6), we obtain

)\7)L+|S’ (MAI‘ICB—FL{BHAC—i—MCnBA)-K,L,

Fr o= — — 2.8
kS = TR A o] | 2[3] 28)
Hence the finite volume scheme is constructed as follows:
Y Fxs=fxm(K), VKeJ, (2.9)
Selk
UQ, =80 VQ;€0Q), (2.10)

where fx = f(K),80,=8(Qi).
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2.3 A general diffusion problem

In this subsection we consider a general diffusion problem with diffusion coefficient x
being a tensor.

We use the similar notations as above subsection. However here KK’ means that the
ray originated in the point K along the direction k" ngs intersect the common face S and
the intersection point is K’. Similarly, LL’ means that the ray originated in the point L
along the direction ¥ nyg intersect the common face S and the intersection point is L’.
txx and t; s are the unit tangential vectors on the line KK’ and LL’, respectively.

Since

Vu (I)-KK' = Vu~ (I)-KI+Vu (1) 1K,
Vut(I)-LL'=Vu™(I)-LI+Vu™ (I)-1L,
ur—ug~Vu (I)-KI,
ur—up~Vut(I)-LI,

one can obtain the following the discrete flux on S

‘KT(K)I‘IK5| -
:—W|S|(M]—MK+VM 'IK/), (211)
PL,SZ—VM+-tLL/‘KT(L)nL5‘ |S’
‘KT(L)DL5|
:—W’S| (M[—ML+VM+‘IL/). (212)

Similar to Section 2.2, from the continuity of the flux Fx s = —F; s, we obtain

1
uy= A [aug+bup—(a+b)Vu-IL'—aVu-L'K'], (2.13)

T ®)ngs| T (D)ng
here a= KR b= 185

From Egs. (2.7), (2.11) and (2.13), we have

Fooe ‘KT(K)I‘IKSHKT(L)nL5HS| (1,[ . )
K8 kT (K)ngs| [LL/[+[xT (L)ns| KK | V5
1
—m(MAHCB+MBHAC+MCDBA) 'KIL/] : (2.14)

Thus the finite volume scheme for tensor diffusion problem is the same as (2.9)-(2.10)
with discrete normal flux being replaced by (2.14).

https://doi.org/10.4208/cicp.140813.230215a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.140813.230215a

X. Lai, Z. Sheng and G. Yuan / Commun. Comput. Phys., 18 (2015), pp. 650-672 657

2.4 Robin boundary conditions

Consider the following Robin boundary conditions:
axVu-v+pu=g, (2.15)

where v is the outward unit normal vector on the boundary 0Q). Integrating (2.15) on

cell-face S C 92 leads to
//ocKVu-v—l—//ﬁu://g.
S S S

Now let K be the barycenter of S. Then

wxFx,s+ S| Bxuk =S| gk, (2.16)

where the discrete flux Fk s is represented by (2.8) for scalar diffusion problems and by
(2.14) for general tensor cases.

2.5 The approximation of cell vertex unknowns

From the above discussion, we know that the flux depends on the vertex unknowns in
addition to cell-centered unknowns. It remains to consider how to eliminate the ver-
tex unknowns locally, or approximate the vertex unknowns by certain combination of
neighboring cell-centered unknowns. Compared with two-dimensional problem, it is
more difficult to eliminate the vertex unknowns for the three-dimensional problem.

2.5.1 Continuous coefficient

For two-dimensional problems, a method to eliminate the vertex unknowns is proposed
in [14]. That is, for a vertex Q, let U/ (Q) be the collection of all cells K € J sharing Q as a
vertex, and

MQ: Z UKWK. (2-17)
Keu(Q)

The coefficients wi should satisfy the following relation:

Y, wk=1,
Keu(Q)

o KQ 0. (2.18)
Kel(Q)

The linear system (2.18) reduces to an under-determined system, and the least-square
method is applied to solve it. The above interpolation technique can extent to three di-
mensional cases, but it is only suitable for continuous coefficient problems.
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2.5.2 Discontinuous coefficient

In [14] and [30], some methods were given to solve two-dimensional problem with
discontinuous coefficient. However these methods can not directly extend to three-
dimensional problems. In [28], each vertex unknown can be eliminated by solving a
linear system. But this method is very expensive for three-dimensional problems. So a
new efficient method should be proposed to eliminate the vertex unknowns for three-
dimensional discontinuous problems.

In order to obtain the expression of the vertex unknown u(Q), we firstly construct
a control volume around vertex Q. Suppose that there are N tetrahedra surrounding a
vertex Q. In each tetrahedron, we connect the midpoints A’,B’,C’ of the three edges shar-
ing Q, successively to obtain a tetrahedral region QA’B'C’, (see Fig. 3). Then the control
volume of Q, denote as Q*, is formed. It is obvious that Q* is a N-faced polyhedron.

Figure 3: The control volume of vertex Q.

Similar to the process of Subsection 2.2, for cells Q* and L, we can also construct the
discrete normal flux F ¢ on the surface S’ of control volume Q*, that is

ATATS| (uamep +upmnac+ucmpy) Q'L
[ , |
AT|QQ/[+A~|LL| 25|

In order to solve the vertex unknowns,we use iteration method to solve u(Q). That
is, the vertex unknowns of the (s+1)-th iterative step can be expressed by the linear
combination of cell-centered unknowns and the midpoint unknowns of the s-th iterative
step. The detailed method can be found in Section 4. Let Gg be the set of all the cell-faces

S’ of Q* and J the set of all vertices. Then

Y. Fos=f(Qm(Q), vQeJ, (2.19)

S/GQQ
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where m(Q) is the volume of Q*, and
ATAT|S () ) () nep+ulnae+ul)nga)-QL
ATIQQI[+AT[LL| | e g 2|5'| '
(2.20)
where Q' and L' are the orthogonal projection of Q and L respectively onto the plane
spanned by the triangle A’B'C’ as before. Note that here L is any cell with Q being a
vertex. In Eq. (2.20), midpoint unknowns u 4/, up/,uc can be expressed by the arithmetic
average of corresponding vertex unknowns of s-th iterative step. This method can also
deal with both continuous and discontinuous coefficient problems.

FQ’S/ =

3 Stability and convergence of scheme

Suppose the vertex unknowns are eliminated by Eq. (2.17) and Eq. (2.18). Suppose the
numbers of cells around vertex A,B,C are N4, Ng,Nc respectively, then

Na Np Nc
UA= ) WAUK,, UB= ZCUB,-MKB[, Uc= ch,-uKCi,

where
Na Np Nc
Yoou—1, Ywn—l Y-l
i=1 i=1 i=1

In order to obtain the theorems of stability and convergence, we firstly introduce some
notations. In Eq. (2.8), let

o AAS] pee_ 1
STAFIKK/ AL TP 2ls[
Then
Fxs=—71s(up —ug—Dg(naua+npup+ncuc)), (3.1)

where S=AABC, and
a=ncpg-K'L, yp=nsc-K'L’, 5c=nps-K'L,

and there holds 174 +#1+1c=0. The following three assumptions will be needed.
Assumption (H1): u(x) € C2(K),A(x) € C}(K) and f(x) € C(K) for all K € J; and
g(x)=0o0noQ.
Denote &5 be the set of all the cell faces neighboring to the cell face S. That is, the cell

faces in £s has at least a common vertex with S. Let Ng/ be the number of cell neighboring
to cell face S’, where S’ € &s.
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Assumption (H2): for each cell face S
1-—¢
T D2w2/ < —— T 1,
SsWg =~ Ng, S
where e>0 is a given small constant, and wgs' will be defined in the following subsection.

Assumption (H3): For a mesh J on (), there is a constant C > 0 such that the fol-
lowing discrete Poincare inequality holds for any discrete function {ux|Ke JU(EN0Q)}
satisfying ug =0 for all K€ £,

Z ’MKIZWI(K)SC Z Ts(uL—MK)Z.
KeJg segint

Remark 3.1. For the discrete Poincare inequality we refer to [31] and [32].

3.1 Stability

Now we prove that our scheme is stable.
Theorem 3.1. Assume (H1), (H2) are satisfied. Then there exists a constant C, independent of

h, such that,
ZTS(ML—MK)ch ) | fic|2m(K).
Se€ KeJ

Proof. Multiplying Eq. (2.9) by ug, and summing up the resulting products for K€ 7, we

get
Yo ) Fesuk=)_ fxuxkm(K). 3.2)
KeJSeé&k KeJg
Notice that
Yo ) Fxsuxk=—Y Y ts(up—ux—Ds(naua+npup+icuc))ux
KeJSe&k KeJSe&k
= ZTS(ML_”K)2+ Z TSDS(UA”A+UBMB+77C”C)(”K_”L)
Se& Se€int
=Y tw(ur—ux)*+ Y tsDs(na(ua—uc)+np(ug—uc))(ux—ur)
Se& Se€int
N Nc¢
=Y ts(up—ug)*+ ) tsDs <’7A<ZWA,-”KA]._ZWC,-”KCI.)
se& Se€in i=1 i=1

N Ne
+1B (ZwBiuKBi - chich,) > (uK—uL)
i=1 i=1

=Y ts(up—ug)*+ Y wsDs Y we(uga—usp)(ux—ur), (3.3)
se& Se€int S'eks
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where wg is defined such that
Ny Nc¢ Ng N¢
14 <.Z;wAiuKAi - Z;WCjMKCi) +11B <¥wBiMKB,- - Z;WC,-”KQ) - S/Zé wg (g1 —Ug2),
i= i= i= i= e&s

and ug 1 and ug , are two cell-centered unknowns which are defined in the center of two
cells sharing the cell face S'.

Substitute Eq. (3.3) into Eq. (3.2) to obtain

Y ts(up—uk)*+ Y, sDs Y wg(ugy—uso)(ux—ur)=Y_ fxugm(K).

Se& Se€int S'e&s KeJg

By the Cauchy inequality,

Na
ZTS(”L_”K)ZS Z Z %(”L_”K)%‘ Z Z S;SDS 3 (U1 — s p)?

Se€ 565,m5/655 ! SE€E;S €S
t2 Z | ficPm( Z |ug|*m(
Kej KGJ

Apply the assumptions (H2) and (H3) to obtain

1 1—¢
Y ts(up—ug)*< Y ETS(”L_MK)2+ Y ) MTS/(MM—MS/ 2)?

Se& SeEmt Se&iS'els
+to Z | fic[Pm( Z |ug|*m(
KeJ KGJ
1 2 1—e¢ 2
<) ETS(”L_MK) + ) TTS(ML—MK)
SeEmt S€€int
2, € 2
+o Z [ficlm(K)+7 Y. ts(up—uk)?,
KEJ segint

which follows

€ C
ZZTS(ML_”K S; Z | fx|?m(
Se& KeJg
hence,
Y ts(ur—ug)*<C Y |f'm(K)
Se& KeJg
So the scheme (2.9)-(2.10) is proved to be stable. O
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3.2 Convergence

By integrating Eq. (2.1) over the cell K and using the Green formula, one obtains

Y Fis= /K F(x)dx, (3.4)

Selk

where F s is the normal face flux on the edge S, and it is defined by
Frs=— / A(x)Viu(x) -ng sdl, (3.5)
S

with ng s the outward unit normal on the edge S of cell K. Eq. (3.4) is equivalent to the
following equation:

S; Fis= fxm(K)+Sxm(K), (3.6)
where fi = f(K),Sk = [, (f(x) —I}K)dx/m(K). Obviously, [Sk| < Ch by the assumption
(Hll):}om Eq. (3.5), we have

Fr,s=—Ts(u(L) —u(K)—Ds(nau(A)+ypu(B)+ncu(C)))+Wgs, (3.7)
where Wy s = O(12). Denote
Fxs=—7s(u(L)—u(K)—Ds(au(A)+ypu(B)+1cu(C))), (3.8)

then
Frs=Fgs+Wks.

Let ex =u(K) —ug, subtract (2.9) from (3.6) to obtain

Y. Gis=Skm(K)— Y Wis, (3.9)
Se&k Sefk

where GK,S = FK,S — FK,S-
Now we present an error estimate for the scheme (2.9)-(2.10).

Theorem 3.2. Assume (H1), (H2) and (H3) are satisfied. Then there exists a constant C, inde-
pendent of h, such that,

1/2
(ZTS(EL_EK)2> SCh

se&

Proof. Multiplying (3.9) by ek, and summing up the resulting products for K€ [J, we get

Z Z GKlseK: Z SKeKm(K)— Z Z WKlseK. (310)

KGJSE(C/‘K KeJg KGJSE(C/‘K
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Notice that
Y ) Grsex
KeJSe&x
N¢
=—) ) T <3L ex—Ds (UAZwA e, +1732w3 ek, F1ic ) weexe, )> ex
KeJSe&k i=1 i=1 i=1
Ny Np Ne¢
— ZTS(EL—eK)2+ Z TsDg (UAZwAieKAi+UBZwBieKBi+77CZwCieKCi>(eK_eL)'
Se€ SEE i=1 i=1 i—1

(3.11)

Denote Ws =Wk s, notice W s = —Wk s, and substitute Eq. (3.11) into Eq. (3.10). Sim-
ilar to the proof of stability, we can obtain

Z Ts (EL —EK)2 < Ch2
se&

The proof of Theorem 3.2 is finished. O

4 Discrete system

Substituting Eq. (2.8) into Eq. (2.9), we obtain a nonsymmetric algebraic system:
AU=F, (4.1)

where U is the vector of cell-centered unknowns. The system (4.1) may be solved by
a number of different method. When we use (2.17), (2.18) to eliminate the vertex un-
knowns, for the small mesh size, the matrix A has excessive nonzero elements so it is
difficult to solve the system (4.1) by usual iterative methods. So we use (2.19)-(2.20) to
eliminate the vertex unknowns. Rewrite Eq. (4.1) as:

BU=F, (4.2)

where B=Y s+ NsBsN/! is represented by assembling of 2 x 2 matrices

A"ATS] AAYS]
B _( AFTKK[+A-[LL A+\KK’|+A [LL7] )
S— A"AFIS A"AT|S]
T ATKK[+ATLL]  AT[KK[+A|LL]

A~AT|S|
ATTKKT+A- LT )
bling matrices consisting of zeros and ones. And each component in the term F at the
right of Eq. (4.2) for each K€ J is:

for interior faces and 1 x 1 matrices Bs= for boundary faces. Ns are assem-

ATAT

fxm(K
S; 2(AF|KK'[+A-[LL])

(uancp+upnac+ucnpa)-K'L'. (4.3)
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The right term F contains the values of the vertex unknowns, and then the number of the
nonzero elements of the matrix B is remarkably less than that of the matrix A. Thus we
use the following iteration method to solve system (4.2): Choose a small value ¢,,, >0,
initial cell-centered vector U° > 0 and initial vertices vector V% >0, and repeat for the
iterative index s=1,2,---,

1. Using Eq. (2.19), Eq. (2.20) and U*~1, Vs~ to calculate the vertex unknowns V.
Then F* is obtained by Eq. (4.3).

2. Solve BU® =F®.
3. Using Eq. (2.19), Eq. (2.20) and U?,V* to calculate V**1. And F**! is obtained.
4. Repeat steps 2 and 3 if || BUS—F5t1|| > g0, || BUY — FO||.

The linear system (4.2) with non-symmetric matrix B is solved by GMRES method.
The GMRES iterations are terminated when the relative norm of the initial residual be-
comes smaller than ¢;;,,. In our numerical experiments, we take €,,, = 1.0e77,¢1;,=1.0e8,
and we gave the number of iteration.

5 Numerical examples

The discrete Ly-norms is used to evaluate approximation errors. For the solution u, the
following Lr-norm is applied:

2

5= ) (ux—u(K))*m(K)

KeJ

We use two mesh partitions: the uniform and random tetrahedral meshes. To con-
struct such a mesh, we take a uniform cubic partition on () = [0,1]3 with a mesh size h,
and divide each cube into 24 uniform tetrahedra or 24 random tetrahedra with randomly
distorted position of mesh nodes:

X=x+C.h,
Y:y+§yh,
Z=z+¢;h,

where ¢y, ¢, and ¢, are random variables with values between —0.3 and 0.3. Fig. 4 gives
an example of distorted tetrahedral meshes (h=1/8).
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Figure 4: An example of a random tetrahedral meshes (h=1/8).

5.1 Scalar diffusion coefficient

Conzider the problem (2.1)-(2.2) with Dirichlet boundary condition in the unit cube (2=
o 1}Ae.’c A(x,y,z) =14 x+y+2z. The exact solution is chosen to be
u=sin(7tx)sin(7ty)sin(mz).
Then the corresponding source function
=32\ (x,y,z)sin(7rx)sin(rry)sin(7z) — 7r(cos(7rx)sin(7ry) sin(71z)
+sin(7x) cos(my)sin(mz) +sin(7x)sin(7ty) cos(mz) ),

and the boundary condition is g=0.

Tables 1 and 2 give the Lo-norm of errors between exact solutions and numerical so-
lutions, respectively. From Table 1, one can see that the method is second order conver-

gence for the solution on uniform tetrahedral meshes. From Table 2, one can see that, on
random tetrahedral meshes, the convergent order for the solution is almost second order.

5.2 Full anisotropic tensor (Dirichlet boundary condition)

Consider the general problem (2.3) with Dirichlet boundary condition in the unit cube
O=10,1.
Let x be the symmetric positive definite matrix defined by

cosf —sinf 0 10 0 cosf sinf O
k=| sinf cosf O 0 ¢ 0 —sinf cosf 0 |,
0 0 1 0 0 n(1+x+y+z) 0 0 1
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Table 1: Numerical results for scalar diffusion coefficient on uniform tetrahedral meshes.

The number of cell 24x43  24x8% 24x16% 24x32% 24x64°
Mesh size (1) 1/4 1/8 1/16 1/32 1/64
e 493e-3 1.10e-3 2.65e-4 6.55e-5 1.63e-5
Rate ~ oeeen 2.16 2.05 2.02 2.01
The number of iteration 8 7 6 5 4

Table 2: Numerical results for scalar diffusion coefficient on distorted tetrahedral meshes.

The number of cell 24x43  24x8% 24x16% 24x32% 24x64°
Mesh size (1) 1/4 1/8 1/16 1/32 1/64
e 1.72e-2 3.25e-3 8.29e-4 2.03e-4 5.0le-5
Rate e 2.40 1.97 2.03 2.02
The number of iteration 9 9 9 10 10

Table 3: Numerical results for full anisotropic tensor on uniform tetrahedral meshes.

The number of cell 24x4%  24x8% 24x16% 24x32% 24x643
Mesh size (h) 1/4 1/8 1/16 1/32 1/64
e 2.36e-2 59le-3 147e-3 3.67e-4 9.18e-5
Rate oo 2.00 2.00 2.00 2.00
The number of iteration 26 35 40 41 40

Table 4: Numerical results for full anisotropic tensor on distorted tetrahedral meshes.

The number of cell 24x4%  24x8% 24x16% 24x32% 24x64°
Mesh size (h) 1/4 1/8 1/16 1/32 1/64
e 3.27e2 8.03e-3 223e-3 5.86e-4 1.49e-4
Rate ~ oeeee 2.02 1.85 1.93 1.98
The number of iteration 27 60 75 87 103

where 6= Z,e=0.1, 7=10. The exact solution is chosen to be u =sin(7x)sin(7y)sin(7z),

and the corresponding source function is

f=m*(1+e+n(14+x+y+z))sin(mx)sin(my)sin(7z)
—2(1—¢)sinfcosfcos(mrx)cos(my)sin(mz)

—nmsin(mrx)sin(mty)cos(mz),

and the boundary condition g=0.

Tables 3 and 4 show that the method is almost second order convergence in the sense
Ly-norm on uniform meshes and random meshes, respectively. The mesh size and the

regularity of the mesh would affect the number of iteration.

https://doi.org/10.4208/cicp.140813.230215a Published online by Cambridge University Press


https://doi.org/10.4208/cicp.140813.230215a

X. Lai, Z. Sheng and G. Yuan / Commun. Comput. Phys., 18 (2015), pp. 650-672 667

5.3 Full anisotropic tensor (Robin boundary condition)

Consider the problem (2.3) with Robin boundary condition (2.15). Let

a c 0 cosf —sinf 0 1 00 cosf sinf 0
k=| ¢ b 0 |=]| sinf cosé O 0 ¢ O —sinf cosf 0
0 0 d 0 0 1 0 01 0 0 1

The exact solution is u =e*¥+z%. The boundary condition is (2.15) with a =1.0, B=1.0,

and

f=—(bx*+ay®*+2c(1+xy))e¥ -2, inQ,

g=(cx+ay+1)eV +22, on 90},

g=(bx+cy+1)eV +22, on o0y,

g=e"V+2z242z, on 9Q)y, (5.1)
g=(—cx—ay+1)e +22, on 0Oy,
g=(—bx—cy+1)e¥ +22, on 9Q)g,

g=eV+z2-2z, on 0Q)p,

where Q=[0,1]*, §=Z, e=0.1 and 00 =0QN[x=1], 9QN=0QN[y=1], 0Qr=0QN[z=1],
GQW:aQﬂ [XZO], BQS =d0N [y:()], 803 =d0N [ZZO]

Tables 5 and 6 show the convergent results for this problem on uniform and random
tetrahedral meshes, respectively. From these tables, one can know that the convergent
rate in Ly-norm is almost second order on uniform and random tetrahedral meshes.

Table 5: Numerical results for full anisotropic tensor on uniform tetrahedral meshes.

The number of cell 24x4%  24x8% 24x16% 24x32% 24x64°
Mesh size (h) 1/4 1/8 1/16 1/32 1/64
el 1.74e-2 4.32e-3 1.07e-3 2.65e-4  6.50e-5
Rate e 2.01 2.01 2.02 2.03
The number of iteration 20 22 23 24 24

Table 6: Numerical results for full anisotropic tensor on distorted tetrahedral meshes.

The number of cell 24x4%  24x8% 24x16% 24x32% 24x64°
Mesh size (h) 1/4 1/8 1/16 1/32 1/64
el 1.83e-2 5.14e-3 1.24e-3 3.25e-4 8.24e-5
Rate ~ -eeee 1.83 2.05 1.93 1.98
The number of iteration 20 21 23 25 24
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5.4 Discontinuous coefficient problem with Dirichlet boundary condition
(x is a scalar)

Consider a discontinuous coefficient problem. The conductivity A is discontinuous scalar
and given by

The exact solution is

() sin(7tx)sin(7ty)sin(7nz), x<3,
u(x,y)=
4 sin(57tx)sin(rty)sin(nz), x> 3.
And the corresponding source f is:
15sin(7tx)sin(7ty)sin(7z), x<1,
f(xy,2)= . . ) 1
27sin(5mx)sin(my)sin(mz), x> 3.

This solution and its normal component of flux are continuous at x = 3. As shown
in Fig. 5, the numerical results are presented in Table 7. From this table, one can know
that our method obtains the second-order convergence rate for the solution on random
tetrahedral meshes.

Figure 5: The random tetrahedral meshes with a discontinuity at x=0.5(8+8%8).
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Table 7: Numerical results for discontinuous scalar coefficient problem on distorted tetrahedral meshes.

The number of cell 24x4%  24x8% 24x16% 24x32% 24x64°
Mesh size (h) 1/4 1/8 1/16 1/32 1/64
el 6.96e-3 1.63e-3 4.09¢-4 1.0le-4 2.54e-5
Rate oo 2.09 1.99 2.02 1.99
The number of iteration 18 20 21 21 21

5.5 Discontinuous coefficient problem with Dirichlet boundary condition

(x is a tensor)

Consider a problem with the conductivity x is discontinuous tensor and given by

100 ,
010 ], x<-
00 1 2
2 1 0
1 2 0|, x>
00 1

The exact solution is

(x9) { (x—0.5)(2sin(y) +cos(z)) +sin(y)+z,  x<3,
u(x,y) = oy
e¥=09sin(y) +z, x> 3.
And the corresponding source f is:
(x—0.5)(2sin(y) +cos(z))+sin(y), x<3,
flxyz)= { _2e(x70.5)cos( ) x> i
Y), 2
This solution and its normal component of flux are continuous at x = 3.

From Table 8, one can know that the convergent rate in Ly-norm is almost second
order on random tetrahedral meshes.

Table 8: Numerical results for discontinuous tensor coefficient problem on distorted tetrahedral meshes.

The number of cell 24x43  24x8% 24x16% 24x32% 24x643
Mesh size (1) 1/4 1/8 1/16 1/32 1/64
el 9.33e-4 2.7le-4 7.26e-5 192e-5 4.93e-6
Rate ~ -eeee 1.78 1.90 1.92 1.96
The number of iteration 16 18 20 19 23
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6 Conclusion

In this paper we present a new finite volume scheme for three-dimensional diffusion
equation on distorted tetrahedral meshes. The resulting scheme offers an explicit expres-
sion for the face-centered normal flux, i.e., the discrete normal flux is intuitively a linear
combination of the directional flux along the line connecting cell-centers and the tan-
gent flux along the cell-faces. In addition, the vertex unknowns are auxiliary unknowns
whose values are solved by a new method, which is presented to eliminate the vertex un-
knowns for three-dimensional problem, and it does not need to solve local linear systems,
so the computation cost is greatly reduced. Although the construction of our scheme is
described only on distorted tetrahedral meshes, it is straightforward to extend it to ar-
bitrary polyhedral meshes. Moreover the stability and convergence of the scheme are
proved. Numerical results show that the scheme has approximate second-order accu-
racy in Lp-norm for solution. And from Tables 1 to 8, we can see that the regularity of the
mesh, the property of diffusion coefficients and the mesh size would affect the number
of iteration.
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