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K3 SURFACES AND ORTHOGONAL MODULAR FORMS

ADRIAN CLINGHER®, ANDREAS MALMENDIER® AND
BRANDON WILLIAMS

Abstract. We determine explicit generators for the ring of modular forms
associated with the moduli spaces of K3 surfaces with automorphism group
(Z/27)* and of Picard rank 13 and higher. The K3 surfaces in question carry
a canonical Jacobian elliptic fibration and the modular form generators appear
as coefficients in the Weierstrass-type equations describing these fibrations.
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81. Introduction and statement of results.

1.1 Introduction.

Let X be a smooth complex projective K3 surface. The intersection form gives the second
cohomology group H?(X,Z) the structure of an even integral lattice, that is, a finite-rank
free abelian group together with an integer-valued nondegenerate quadratic form. This
lattice is the unique (up to isometry) unimodular even lattice of signature (3,19), which we
denote A, = HP? @ Eg(—1)%?; in particular, it is independent of X'. Denote by NS(X) the
Néron—Severi lattice, the rank of which is between 1 and 20.

In this article, we shall study some specific lattice polarizations on X. Namely, let §
be an even indefinite lattice lattice of signature (1,ps —1) with 1 < pg <19 that admits
a canonical primitive lattice embedding S < Ags. As in [1], fix h to be a very irrational
vector in S®R of positive norm. Then, following [1], as well as [16], [53], an S-polarization
on X is, by definition, a primitive lattice embedding i: S < NS(X') such that i(h) is big and
nef. Two K3 surfaces (X,7) and (X’,i’) are said to be isomorphic under S-polarization if
there exists an analytic isomorphism «: X — X’ and a lattice isometry 8 € O(S) such that
a*oi' =i0f, where a* is the induced morphism at the cohomology level'. Isomorphism
classes of lattice polarized K3 surfaces (X,7) may be fit into a coarse moduli space .Zg,
which is known to be a quasi-projective variety of dimension 20 — pg (see [16]).

One can study the properties of .#s from (at least) two points of view. A first such
point of view is the algebraic one. Algebraic families of S-polarized K3 surfaces, built
via explicit geometric models (quartic normal forms, double sextic surfaces, Weierstrass-
type equations), may be used to describe .#Zs locally. Moreover, appropriate choices of
parameters for these models may be used to construct algebraic coordinates on .#g and
such coordinates may lead in some cases to interesting algebraic invariants.

A second point of view is Hodge theoretic. Let L be the orthogonal complement of S in
A k3. Then, Hodge structures (periods) for S-polarized K3 surfaces are known (see [53], as
well as [2], [16]) to be classified, up to isomorphism, by the quotient space O (L)\Z(L),
where

2(L) = {[z] eP(L®C): (z,2)=0, (2,%) >O}Jr (1.1)

is a Hermitian symmetric domain of type IV associated with L. Here, the index + indicates
a choice of connected component and O* (L) < O(L) denotes the spinor kernel subgroup of
integral isometries that preserve the connected component Z(L).

An appropriate version of the Torelli theorem (see [52], [53], as well as [2]) allows one
to identify the quasi-projective moduli space .#s to the quotient O*(L)\Z2(L). It should
also be noted that O (L;R) = SO(2,20 — pg) acts transitively on Z(L), which leads to an
identification between Z(L) and the bounded symmetric domain

S0(2,20 — ps)/SO(2) x O(20 — ps).

The classifying period space O (L)\Z(L) may then be seen, from this point of view, as a
quotient of a bounded symmetric domain by the action of a (modular) discrete group.

L Our definition of isomorphic lattice polarizations coincides with the definition of multipolarization used
by Vinberg [53], and is slightly more general than the one used in [16].
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Cases associated with specific examples for S-polarizations of high rank lead to
specializations of the modular quotient O%(L)\Z2(L) to some classical quotient spaces
in algebraic geometry. Such cases were previously studied by the first two authors
[6], [9] [22], as well as others, and largely motivate the present work. For instance, if
S =H® Es(—1)® Eg(—1), the modular quotient is two-dimensional and may be identified
with the Hilbert modular surface

[(SL2(Z) x SLa(Z)) x Z,/22Z] \ (H x H),

where H is the complex upper half-plane. Similarly interesting, if S is the rank-seventeen
lattice H® Eg(—1) @ E7(—1), the modular quotient in question is isomorphic to the classical
Siegel modular three-fold of genus two, that is,

Sp4(Z)\H2,

where H is the three-dimensional complex Siegel modular half-space.

The present article explores the connection between algebraic descriptions for S-polarized
K3 surfaces and orthogonal modular forms associated with the domain Z(L) and group
O(L)*. This is motivated, as mentioned earlier, by the interesting phenomena seen in the
context of high-rank specific example. If S is, for instance, given by H @ Eg(—1) @ Eg(—1),
then, as discussed in [6], all S-polarized K3 surfaces can be given an explicit algebraic
construction via Inose forms — a special class of quartic equations in P3. Moreover, the
coefficients of the Inose form can be written explicitly in terms of the SLy(Z) Eisenstein
series 4 and Ejg, as well as the weight-twelve discriminant A. A similar situation arises in
the case S = H @ Eg(—1) ® E7(—1). In this context (see [9]), the S-polarized K3 surfaces
can again be described via a generalized version of Inose forms, and the Inose coefficients
recover the Sp,(Z) Eisenstein series F4 and Eg, as well as the Igusa cusp forms x10 and x12.
These four Siegel modular forms are known to generate the graded algebra of even-weight
Siegel modular forms of genus two.

For the present work, we shall restrict our discussion to a specific class of lattice
polarizations: those for which the general? S-polarized K3 surface X satisfies Aut(X) =
(Z/2Z))*. As we shall explain in §3, these polarizing lattices carry a canonical Jacobian
elliptic fibration and such a fibration proves to be the essential tool for generalizing the
modular form connections noticed above for specific S instances of ranks 18 and 17. The
Jacobian elliptic fibration in question can be described algebraically via a Weierstrass-type
form and the polynomial coefficients appearing in this form (except for possible poles at
the Noether—Lefschetz locus), turn out to be modular forms.

For reasons to be explained shortly, we consider only lattices S of rank 13 and higher,
Under the above conditions, and via standard results by Nikulin [40], [41], [43], Vinberg [51],
and Kondo [28], one obtains that the possible polarizing lattices S reduce to the following
list:

H®Es(—1)%%, Ho Es(—1)® E7(-1),
HaEg(—1)® Dg(—1), HP Eg(—1)® Dy(—1) B A1(—1), (1.2)
HoFEy(-1)@ A (—1)®, H® Dsg(—1)®Dy(—1), H®E7(—1)® A (—1)%%,

2 A S-polarized K3 surface (X,i) is called general if i(S) = NS(X).
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Here, H is the standard rank-two hyperbolic lattice, and the lattices A,, D,, and E, are
the positive definite root lattices associated with the respective root systems. If one chooses
S from Equation (1.2) with pg =104k for 3 < k < 8, then one obtains, as orthogonal
complement in the K3 lattice, L = H®? @ A;(—1)%%"% or L = H® H(2) ® Dy(-1) if
S=H® Dg(—1)® Dy(-1).

In the above cases, there is a good understanding of the rings of modular forms, thanks
to works by Woitalla [59] and Wang and Williams [54]. Namely, consider the graded ring
of modular forms on Z(L) with respect to the group O*(L):

M.(0*(L)) = @ M, (0*(L)), (1.3)
as defined for instance in [54]. This graded ring is known to be finitely generated and, in

our cases of interest, one has (see [54], [59]).

THEOREM 1.1. For lattices L as in the left-side column of the table below, the modular
form ring M. (O% (L)) is freely generated by a set of modular forms with weights tabulated
in the right-side column:

L weights

HoH((2)® Dy(-1) | 2,6, 8, 10, 12, 16, 20
H®2g Ay (—1)% 4,4, 6,6, 8,10, 12
H®2@ A (—1)%3 4, 6, 6, 8, 10, 12
H2 3 A (—1)%2 4,6, 8, 10, 12

H®2 @ A(-1) 4, 6, 10, 12

Ho? 4, 6,12

1.2 Statement of results.

This article gives an explicit algebro-geometric interpretation to the modular forms of
Theorem 1.1. It follows from [11]-[14] that, for S as in (1.2), the general S-polarized K3
surfaces X carries a unique (up to automorphism) Jacobian elliptic fibration with Mordell-
Weil group isomorphic to Z/27Z. This fibration has the canonical van Geemen—Sarti equation

X: =23+ At)2? + B(t)x, (1.4)

where X,Y, and ¢ are affine coordinates, and A, B are polynomials in ¢ of degree 3 and
< 8 —k, respectively. If S = H @& Dg(—1) @ D4(—1), then deg(A) =2 and deg(B) =5. We
denote the surface in (1.4) by X to indicate that the components in the reducible fibers not
meeting the section have been blown down. In turn, X is obtained as the minimal resolution
of X. Moreover, the polynomials A and B can be arranged to have the following form:

A:t3—|—a4t+a6, B:bg(kfg)tg_k—F"'—Fblg, for S#H@Dg(—l)@D;l(—l),
A:2(02t2+66t+010), B:t5+d8t3+d12t2+d16t+d20, for S:H@Dg(—l)@D4(—1)
(1.5)

In this article, we establish the following theorem.
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THEOREM 1.2. Consider lattices S, as in Equation (1.2), with pg > 14. The coefficients
{am,bn} or {cm,bn} of Equation (1.5) are modular forms with respect to the appropriate
group O (L), and are generators for the ring M,(O% (L)) in the sense of Theorem 1.1.

A separate situation is given by the remaining rank-13 case, that is, S = H @ E7(—1) ®
A1 (—1)%* with orthogonal complement L = H®2 & A;(—1)®°. In this situation, a slightly
modified version of Theorem 1.2 holds. The domain Z(L) contains a special Heegner divisor
C' consisting of periods orthogonal to a certain element r € L’ of discriminant form 1/4,
where L’ is the dual lattice. Then, we have the following theorem.

THEOREM 1.3. For S =H @ E7(—1)® A1 (—1)%*, the coefficients {am,b,} in Equation
(1.5) are meromorphic modular forms on 2(L), of weight 2, 4, 4, 6, 6, 8, 10, 12, with respect
to a subgroup T' < OT(L) of finite co-volume. Moreover, {am,b,} form a set of generators
for the ring ML(T') of meromorphic modular forms on P (L) which are holomorphic away
from the Heegner divisor C".

The proofs for Theorems 1.2 and 1.3 are given in §5 and §6. In the case of Theorem 1.2, the
reasoning follows a recursive argument based on the rank of the polarizing lattice, gradually
increasing the complexity of the polynomials in Equation (1.5). Due to the known structure
of M(2(L),T"), we have a finite space of possibilities for the coefficients of (1.5). Moreover,
certain expressions in the coefficients can be shown to vanish when the surface belongs to
the Noether—Lefschetz locus or when Equation (1.4) fails to define a K3 surface entirely. The
Noether—Lefschetz locus consists of all the points (X,7) for which i: S — NS(X') is a proper
inclusion. As we shall see, the Noether—Lefschetz divisors in the period domain correspond
exactly to Heegner divisors in the sense of Borcherds [3] and one can often show that
the aforementioned expressions coincide with Borcherds’s automorphic products, for which
one knows the Fourier coefficients. This, in turn, is enough information to determine the
coefficients of (1.5). In Appendix A, we give a list of the coefficients of the van Geemen—Sarti
form (1.4) for all lattices S in Equation (1.2) that we constructed. In turn, our construction
of the moduli spaces as open subvarities of suitable weighted projective spaces implies that
the moduli spaces of the S-polarized K3 surfaces are unirational. This confirms previous
observations by Reid [46] and Ma [35]. Furthermore, if we set A =0 in Equation (1.4) we
obtain a 5-parameter family of K3 surfaces that is parameterized by eight points in P*,
defining the roots of B. This family appeared in work by Kondo in [30] where he relates
the periods of these K3 surfaces to the complex ball uniformization of the moduli space of
eight ordered points on the projective line.

1.3 Previous work.

S-polarized K3 surfaces for three cases of S in (1.2) have previously appeared in well-
known works of Inose, Matsumoto, and other authors. Our work gives another interpretation
and proof of their results. Let us briefly explain the geometric motivation behind these
examples.

A Kummer surface Y = Kum(F; x Es) associated with two non-isogenous elliptic curves
Eq,Ey admits several inequivalent elliptic fibrations (see [33], [45]). In particular, such
Kummer surfaces admit an alternate fibration, that is, an elliptic fibration with section and
a Mordell-Weil group that contains a 2-torsion section. Fiber-wise translation by the 2-
torsion section gives rise to a canonical symplectic involution, known as van Geemen—Sarti
involution. If one factors the Kummer surface ) by the involution and then resolves the eight

https://doi.org/10.1017/nmj.2025.10071 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2025.10071

692 A. CLINGHER, A. MALMENDIER AND B. WILLIAMS

occurring singularities, a new K3 surface X is recovered, related via a rational double-cover
map to the Kummer surface. This construction is referred to in the literature as the Nikulin
construction. In turn, each surface X also admits a canonical van Geemen—Sarti involution.
Moreover, if one repeats the Nikulin construction on X, the original Kummer surface is
recovered, together with a (generically) two-to-one rational map 7: X — ). One can check
that the surfaces X are polarized by the lattice H @ Es(—1) @ Es(—1) (see [6]. There is also
a natural push-forward map 7, that restricts to a morphism between the transcendental
lattices Ty and Ty of X and Y. In fact, m, induces a Hodge isometry between T x(2) and
Ty and we have Ty = Tpg, xg,. This relation is referred to as a Shioda-Inose structure
on X.

We shall refer to X' as Inose K3 surfaces as they admit a birational model isomorphic
to a projective quartic surface introduced by Inose [26]. Shioda and Inose considered these
quartic surfaces as an analog of Weierstrass equations defining elliptic curves. This analogy
is particularly fitting since — as we explained above — the coefficients of the Inose quartic
are symmetric expressions of pairs of the modular forms that appear as the coefficients in
the Weierstrass equation for an elliptic curve.

The entire picture then generalizes to the Picard rank seventeen case when surfaces
mathcalY are principally polarized Kummer surfaces: here, the elliptic fibrations on the
Jacobian Kummer surfaces were classified in [32]. The (generalized) Inose K3 surfaces X
are obtained in a similar manner as before from a unique alternate fibration and polarized
by the rank seventeen lattice H @ Eg(—1) @ E7(—1); the details may be found in [8], [9],
[31]. The Inose K3 surfaces X' can again be viewed as K3 surfaces admitting Shioda—Inose
structures (see [38], [47], [48]). Now, the coefficients of the defining equations of the Inose
K3 surfaces can be expressed in terms of the even generators of the ring of modular forms
that were found by Igusa [23]-[25].

Aspects of this construction were generalized for K3 surfaces of lower Picard rank in
[5], [8], [10], [27]. Since there are no algebraic Kummer surfaces of Picard rank lower than
seventeen, those needed to be replaced by other K3 surfaces; a suitable choice for Picard
number sixteen turned out to be the surfaces ) obtained as double covers of the projective
plane branched over the union of six lines. In this way, the rank-seventeen case is recovered
by making the six lines tangent to a common conic. The surfaces ) are polarized by the
lattice H @ Dg(—1) @ D4(—1)%2. This family was studied by Matsumoto [36], [37]. The
moduli of the family are well understood and are related to abelian fourfolds of Weil type
[34], [49]. Again, one can obtain (generalized) Inose K3 surfaces X' of Picard rank sixteen
which are polarized by the lattice H ® Es(—1)® Dg(—1) = H® E7(—1)® E7(—1) (see [10].

In this article, we determine the modular forms that constitute the coefficients in unique
equations for all S-polarized K3 surfaces with S given in (1.2), generalizing the explicit
relation between modular forms and K3 surfaces with automorphism group (Z/27)? down
to Picard rank 13.

82. Geometric aspects: special elliptic fibrations.

2.1 Preliminaries.

Let us recall some standard facts related to the classification of Jacobian elliptic fibrations
on a K3 surfaces. Given a Jacobian elliptic fibration 7x: X — P! with a section oy,
the cohomology classes of the fiber and section span a rank-two lattice isomorphic to
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the standard rank-two hyperbolic lattice H. One, therefore, obtains a primitive lattice
embedding H — NS(X). The converse of this result also holds: given a primitive lattice
embedding H < NS(X) whose image contains a quasi-ample class, it is known (see, for
instance, [7]) that there exists a Jacobian elliptic fibration on the surface X whose fiber and
section classes span H. Moreover, given H < NS(X'), one can always compose the embedding
with an isometry of NS(&X') in such a way that the image of the resulting embedding contains
a quasi-ample class. One, therefore, has a natural one-to-one correspondence between lattice
embeddings H < NS(X'), up to isometry, and Jacobian elliptic fibrations on X, up to
automorphism.

For a given lattice embedding j: H < NS(&X'), associated with a Jacobian elliptic
fibration, denote by R(—1) = j(H)* the orthogonal complement in NS(X). The lattice
R is known as the frame of the respective Jacobian elliptic fibration. Associated with the
frame, denote by R™°' the sub-lattice spanned by the roots of R. Consider also the factor
group W = R/R"™°". The pair (R*°", W) is the type of the frame, and plays an important
role in the classification of Jacobian elliptic fibrations. The lattice R™°" is also known as the
trivial lattice associated with the elliptic fibration and is a direct sum of ADE type lattices.
Rr°°% provides information about the reducible fibers, while the group % is isomorphic to
the the Mordell-Weil group of the fibration.

Refining the above arguments, one would like to distinguish between non-isomorphic
Jacobian elliptic fibrations on X sharing the same frame, or frame type. A detailed
discussion on this aspect may be found in [4]. As established by Festi and Veniani [18],
for every frame type (R*™°", W), there are finitely many Jacobian elliptic fibrations of this
type supported on X, up to the action of the automorphism group Aut(X’). Moreover, one
has a one-to-one correspondence between the possible Jacobian elliptic fibration classes
and a certain lattice-theoretic double-coset. The order of this double-coset is known as the
multiplicity of the frame type.

A full classification of the possible frame pairs (R"°", W), as well as their corresponding
multiplicities, in the case when Aut(X) is finite, is given in [13].

2.2 Weierstrass equations for Jacobian elliptic fibrations.

Turning to the area of concern for this article, we note that various geometric aspects for
K3 surfaces X polarized by lattices S = H @ R(—1), with R a direct sum of positive definite
lattices of ADE type, have been studied in previous works of the first two authors [13]. The
general member in this class carries a special Jacobian elliptic fibration with the associated
lattice embedding H < S as the left-side factor in H @ R(—1). We refer to this elliptic
fibration of frame R as standard®. These standard fibrations may be described explicitly
via affine Weierstrass forms, that is, equations of type y? = 23+ f(t)x +g(t), where f(t),g(t)
are polynomials with prescribed properties (degrees, root multiplicities, etc), depending on
the choice of R.

A special sub-case of the above is given by the situation when one has a canonical
primitive embedding H & N < S, where N is the rank-ten Nikulin lattice*. In such a
situation, the lattice embedding H < S corresponding to the left-side factor of H & N

3 We note that multiple non-equivalent splittings S = H @ R(—1), with R of ADE type, may exist.
Therefore, the S-polarized surface may have multiple non-equivalent standard fibrations.

4 As defined, for instance, in [38, §5].
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determines a second Jacobian elliptic fibration on the S-polarized K3 surfaces, which will be
referred to as alternate. This fibration has the property that, in addition to the base section,
it possesses a second section of order two with respect to the Mordell-Weil group. This type
of fibration was studied in detail by van Geemen and Sarti in [50]. The alternate fibration
may again be described via an affine Weierstrass form y? = 2% + f,(t)x + g, (t). However, a
more effective description is given by a slight modification — the affine van Geemen—Sarti
form y? = 2%+ A(t)z? + B(t)x, where here A(t), B(t) are polynomials of degrees at most 4
and 8, respectively, with prescribed properties. Given a van Geemen—Sarti form, one may
recover the Weierstrass form of the fibration via the formulas:
falt) =5 (BB~ AWP),  galt) = 5=A() (2A()” ~9B(1)
Do) = 4fa(t)’ +2794(1)* = B(t)? (4B(t) — A(t)?) .

For this article, we shall consider two further restrictions of the above discussion. First,
we shall assume that the polarizing lattice S is of finite automorphism group type®, in the
sense of Nikulin [42], [44]. Second, we shall impose a condition on the rank of S, namely,
13 < ps < 18. Lower rank cases will be discussed in subsequent works.

The following result follows via arguments from [14].

PROPOSITION 2.1. Let S be an even lattice of rank ps and signature (1,ps —1), satisfying
the following conditions:

1. S admits a primitive embedding in the K3 lattice Aks,

2. S admits a direct sum decomposition H ® R(—1), with R a positive definite lattice of
ADE type,

3. there exists a primitive embedding H® N — S,

4. S is of finite automorphism group type, in the sense of Nikulin [}2], [44],

5. 13 < pg < 18.

Then, S is isomorphic to one of the lattices of the list below:
HoEs(-1)%%, Ho Es(—1) @ E7(-1),
H®Eg(—1)®Dg(—1), H® Eg(—1)®Dy(—1) D A1 (1), (2.1)
HoEs(—1)® A1(-1)®', H® Dg(—1)® Dy(-1), H® E7(—1)® A1 (—1)%4

REMARK 2.2. The following observations regarding the lattices in (2.1) are important:

(a) All lattices involved are of 2-elementary type.°

(b) There is a unique instance for each rank, with the exception of rank 14, where one has
two non-isomorphic possibilities.

(c) The lattices in (2.1) form a nested sequence, in the sense that each lattice has a natural
embedding in the one of consecutive higher rank, with the exception of H @ Dg(—1)®
D,(—1) which does not admit an embedding in H & Eg(—1)® Dy(—1)® A1 (—1).

(d) The embeddings of (c) are unique, up to an isometry of the larger lattice.

5 This condition implies that Aut(X) is a finite group, for any K3 surface X with NS(X)=S.

6 For a lattice S, we denote by D(S) = SY/S the associated discriminant group. S is then called 2-
elementary if D(S) is a 2-elementary abelian group, that is, D(S) 2 (Z/27Z)* for £ € N.
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Table 1. Lattices in Remark 2.2.

ps S~ H® Rga(—1) RISt Wate
18 HaeEg(—1)® Eg(—1) D¢ 7)27
17 H@Eg(*l)@E7(*1) D+ Ay Z/QZ
16 H@E7(*1)€BE7(*1) D5 +2A, Z/QZ
~He Es(—1)® Dg(—1)
= H®Dya(-1)
15 H®Ey(—1)® Da(—1)® Ay (~1) Dio+34, 7./22

~H&E(-1)® Dg(—1)
= H® Dip(—1)® Ay (-1)
14 H&Eg(—1)® Ay (—1)%4 Dg+4A4,; 7.)27
2 H®E;(-1)®Dy(—1) D A1(—1)
~ H& Dyo(—1)® Ay (—1)®2
>~ H @ Dg(—1)%2
14 H & Dg(—1) & Dy(—1) E7+54, YAPY/
13 H&E (1)@ Ay (—1)®4 D¢ +5A4, 7.)27.
>~ H®Dg(—1) @ Ay (—1)%3
2 H® Dg(—1) @ Dy(—1)® A1 (—1)

We also note that, via classical results by Nikulin [40], [41], [43], Vinberg [51], and Kondo
[28], one obtains the following.

PROPOSITION 2.3. Let X be a K3 surface with Picard rank 13 < px < 18. Then, the
automorphism group Aut(X) is isomorphic to (Z/27)* if and only if the Neron—Severi
lattice NS(X') is isomorphic to one of the lattices in (2.1).

The following observation, which follows from [14], is important for the considerations of
this article.

PROPOSITION 2.4. Let S be one of the lattices in (2.1) and assume that X is a general
S-polarized K3 surface. Then, there is only one frame on X with W = 7/27, and the
multiplicity of this frame is always 1.

REMARK 2.5. Re-framing Proposition 2.4 within the standard/alternate terminology
established above, we conclude that, for a general S-polarized K3 surface X, with S in
(2.1), while multiple non-isomorphic elliptic Jacobian fibrations with standard frame Rgq
may occur, one always has a unique (canonical) alternate fibration with root lattice of
the frame R;(fft and Wy = Z/27. All possible standard/alternate frames” are detailed in
Table 1.

2.3 Van Geemen—Sarti forms.

The canonical alternate fibrations mx: X — P! of Proposition 2.4 may be described
explicitly. We shall give these descriptions here and construct the corresponding van
Geemen—Sarti form

X: Y?Z=X34 A(u,v) X*Z + B(u,v) X Z?, (2.2)

with elliptic fibers in P? = P(X,Y, Z) varying over P! = P(u,v), for the subset of lattices
with Picard rank 13 and higher.

7 Multiplicities greater than 1 may occur for some standard frames, as detailed in [13].
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PROPOSITION 2.6. For S in (1.2) with ps =104k for 4 <k <8 and L = Sy, the
defining polynomials in Equation (2.2) can be arranged to have the form

A= (u3 + aguv® + a6v3)v, B= (bQ(k,g)ugfk +- blgvgfk)vk = %bQ(GZ)UZUSZ
- (2.3)
for L=H®2q A;(-1)%%% and
A=2 (02u2 + cguv + 6101)2)’[)2, B = (u5 +dgudv® + diuv® + dyguvt + d20v5)v3 (2.4)

for L=H® H(2)® Dy(—1). The coefficients in Equation (2.3) satisfy (byx—2),-..,b12) # 0
for k=5,6,7,8 and

(2(141)4 + bg, a4b6 + 3b10, CL4b6 — 6a6b4, a4b8 + 18b12, 8b4b8 — 3(%, 4(14b8 — 9a6b6) 7& 0
(2.5)

for k=4, and the coefficients in Equation (2.4), satisfy

(ngg + 10610, 462010 — Cg, 62d12 - C6Cl8, 3d§ + 20d16,
(2.6)
862d16 — 366d12, d8d12 + 50d20, 8d8d16 — 3d%2> 75 0.

Proof. Proposition 2.4 shows that a general S-polarized K3 surface X has a Jacobian
elliptic fibration 7wy : X — P! with MW (X, 7my) & Z/2Z. This yields Equation (2.2), if we
move the zero-section to [X : Y : Z] =[0:1:0] and the 2-torsion section to [X : Y : Z] =
[0:0:1].

In the first case, it was proved in [14] that the elliptic fibration has the singular fibers
I3, 9y + (8= k)I2+61;. The van Geemen-Sarti form (2.2) with a singular fiber of type
I3, o) at v=0has A= (apu’+ -+ + agv®)v and B = (byx_gyu " + -+ + b120®F)oF. It
follows that B # 0 since otherwise the surface has non-isolated singularities. Moreover, in
order for the elliptic surface to have at worst a rational double point singularity at v =0,
we must have ag # 0. This can be seen by converting Equation (2.2) into its standard
Weierstrass form

vz =2 — % (A(u,v)2 - 3B(u,v)) 2+ %A(u,v) (2A(u,v)2 - QB(u,v)) 23 (2.7)
For ag =0, we obtain a (4,6,12)-point at v =0 whence a non-minimal Weierstrass equation.
Thus, we must have ag # 0. For ag # 0 the coefficient ag can be rescaled to equal one, and as
can be subsequently eliminated by a shift in u. We, then obtain Equation (2.2) with defining
polynomials given by Equation (2.3). Moreover, any (4,6,12)-point with v # 0 requires
A= (u+pBv)*(u—2Bv)v and B = by(u+ Bv)*v* for some B € C and by # 0. This is only
possible for k < 4, and Equation (2.5) follows by computing a Grébner basis for the
intersection of the corresponding elimination ideal and the ideal generated by by =--- =
b12 = 0. The second case is analogous: the singular fibers are I11* 451+ 517 (see [15]).
We, then moved the fiber of type ITI* to v = 0. Here, a (4,6,12)-point with v # 0 requires
A=2co(u+Bv)?v? and B = (u—48v)(u+ Bv)*v3. The left side of Equation (2.6) is obtained
as Grobner basis of the corresponding elimination ideal. O
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The following is immediate.

COROLLARY 2.7. The coefficients of the alternate fibrations determined in Proposi-
tion 2.6 are unique, up to a rescaling (am,bpn) — (A" @, A"by) and (¢, dp) = (A", Nd),
respectively, with A € C*.

Proof. Proposition 2.4 proves that the Jacobian elliptic fibration is unique. Among the
singular fibers there is a unique fiber of type I;(k_2) or I1T*, respectively, that has been
moved to v = 0. After the subsequent shift in u, the only remaining holomorphic coordinate
change which preserves the van Geemen—Sarti form (2.2) and the leading coefficient of A
in the first case or B in the second case, in the affine chart Z =v =1, is the rescaling
(u, X, Y) = (N2u, A X, \Y) or (u, X,Y) — (Au, A1 X, A1PY) in the second case. One then
checks that this leads to the stated rescalings of the coefficients. U

COROLLARY 2.8. Setting byx—2y = 0 in the van Geemen-Sarti form (2.2) with coef-
ficients in (2.3), the alternate fibration for the polarizing lattice S' with L' = H®? @
A1 (=1)®7=% s attained. Moreover, this is the only way to obtain the alternate equation
for S'.

Proof. The proof is by a recursive argument on the rank of the polarizing lattice. It
follows from the work in [39] that from a fibration with singular fibers I5—ay+ (8—k)Is+
6/, a fibration with singular fibers Ié‘(k_l) + (7—k)I;+61; can only be obtained by the
confluence of the singular fiber of type I;‘( k—2) and I5. This implies that the degree of B as

a polynomial in © must drop by one. 0
In the remaining case in Equation (1.2), we have the following.

PROPOSITION 2.9. For S=H® E7(—1)®A;(-1)®* and L= 1Sy, = H®>® A;(—1)%5,
the defining polynomials in Equation (2.2) can be arranged to have the form

A= (u3 + aquv? + a6v3> v, B= (b2u5 + byutv + bgudv? + bguv? + bguvt + b12v5) v3,
(2.8)

or
A=2 (c_2u3 + cou?v + cguv® + 010v3> v, B=u’+dsu?v?®+di2u?v3 + diguvt + dogv®.
(2.9)
The coefficients in Equation (2.8) satisfy
(2a4b4 —10agbs + bg, asbg —2agbs + 2b1¢, 10&?1()2 —3aybg + 18agby, asbgs — agbg+ 10b12,
8a2bs — 30agagbs + agbg, 20b2b10 — 8bybg + 3b2, 4aiby + 27a§b2> # 0,
(2.10)

and the coefficients in Equation (2.9) satisfy

(C_2d12 — codg — 10c¢q, 302,26116 —3c_gcadia + QC%dg + 56%, 2¢_od1g — codya + ceds,
(2.11)
3d§ 4 20d1g, 45c_odog — 8cadig + 3cgdra, dgdis + 50dog, 8dsdig — 3d%2) # 0.

Proof. The proof is analogous to the proof of Proposition 2.6, except now we have
set k = 3. Equation (2.7) shows that we have a (4,6,12)-point at v = 0 if and only if
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(ag,b2) = (0,0). For ag # 0, we rescale so that we can assume ap =1 and eliminate as by a
suitable shift in u to obtain the coefficients in Equation (2.8). Equation (2.10) follows as
in the proof of Proposition 2.6 since a (4,6, 12)-point with v # 0 requires A = (u+ Bv)?(u —
28v)v and B = (bau+ aw)(u+ Bv)*v? for some a, 8 € C. The case by # 0 works similarly and
yields the coefficients given by Equation (2.9). Here, a (4,6,12)-point with v # 0 requires
A=2c_s(u+av)(u+pBv)?v and B = (u—4Bv)(u+ Bv)*v? for some «, 3 € C. 0

We have the following.

LEMMA 2.10. For c_o #0, the coefficients in (2.9) can be transformed into coefficients
in (2.8), with by =1/(2c_3) and

4 5 co 8 16 20 c2
as =4c_oc6 — 503, by = T3, %7 8c2 ye10 — 3C-202C6 + EC; be = gé +2c_2ds,
40 c3 40 ¢35 8 16
bs = _ﬁé —4c_ocods —|—4C2_2d12, bio = 87& + gC_QC%Clg — 362_202d12 + 80312d16,
16 ¢ 16 16 16
bia = —7243 70722 . ﬁc,gcgdg + 502_2636112 — 303_2026&6 + 166§2d20.

(2.12)
A similar statement holds for by #£ 0.

COROLLARY 2.11. The coefficients of the alternate fibration determined in Proposi-
tion 2.9 are unique, up to changing coefficients according to Lemma 2.10 or a rescaling

(@mybn) = (AN, \by,) and (cp,dy) — (A" Cp, Ady,), respectively, with A € C*.

COROLLARY 2.12. Setting bo =0 (or c_o =0) in the van Geemen—-Sarti form (2.2) with
coefficients in (2.8) (or coefficients in (2.9)), the alternate fibration for the polarizing lattice
S"=H® Eg(—1)® A1 (=1)%* (or S’ = H® Dg(—1) ® Dy(—1), respectively) is attained.
Moreover, this is the only way to obtain the alternate equation for S’.

REMARK 2.13. In the affine coordinates Z =v =1, X =x,Y =y, and u =t, Equation
(2.2) becomes Equation (1.4) from the introduction. Moreover, a canonical representative
for a nowhere vanishing holomorphic two-form wx on X is determined on X in the affine
coordinate chart by dt Adx/y. The minimal resolution of the van Geemen—Sarti equation
yields an S-polarized K3 surface (X,i), and any isometry ¢: H?(X,Z) — Axs of lattices,
with i = ¢~ !|g, then assigns to wy a point 29 = ¢p(wx) € P(L@(C) with L = S/{KS. The
pseudo-orthogonal group O(L) contains a subgroup O(L)" < O(L) of index 2 preserving the
component Z(L) with zg € Z(L). The marking ¢ is determined up to a left multiplication
by an element of OT(Ag3) leaving 29 and L invariant, and ' = O"(L,2) is precisely
the arithmetic subgroup of finite index in O(L)* formed by the restrictions to L of such
operators.

REMARK 2.14. Propositions 2.6 and 2.9 provide a construction for the moduli spaces
of S-polarized K3 surfaces with S in Equation (1.2) as open subvarities in the weighted
projective spaces whose coordinate rings are generated by the coefficients of A, B. The
complement of the discriminant locus within these weighted projective spaces is given by
B #0 for k>4 and Equation (2.5) (resp. (2.10)) for £k =4 and Equation (2.6) (resp.
(2.11)) for k= 3. Our construction then implies immediately that the moduli spaces of the
S-polarized K3 surfaces are unirational and confirms previous observations by Reid [46]
and Ma [35].
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REMARK 2.15. If we set ¢co = ¢g = ¢190 = 0 in Equation (2.2) with defining polynomials
in Equation (2.4), we obtain the sub-family of the H & Dg(—1) ® D4(—1)-polarized family
with singular fibers I11* 4+ 5I1I. This family also appeared in [30]. In his work, Kondo
considered the complex ball uniformization of the moduli space of eight ordered points on
the projective line by using the theory of periods of certain K3 surfaces, also building on
earlier work in [29]. In terms of Equation (2.2), the corresponding K3 surfaces are given by
A =0 and the aforementioned eight points in P! define the roots of B.

83. Orthogonal modular forms.

3.1 Modular forms on orthogonal groups.
Let L be an even integral lattice of signature (2,n) and define Lg = L&R and L¢ = L®C.
The Hermitian symmetric domain D for O(L) is the space

D= {[z] €P(Le): (2,2) =0, (z,2) >0, {re|z],im[z]} oriented}.

In other words, if z =z + iy then [z] € D if and only if, up to scalar, (z,y) is an oriented
orthonormal basis of a positive-definite plane in Lk. The affine cone over D is the set

.AZ{ZELci [z]ED}

of points that span a line in D.

Let O(L) be the orthogonal group of L. There is an index two subgroup O*(L) (the
spinor kernel) of O(L) defined by the fact that it preserves the set D under multiplication.
It is also characterized by the following fact: for r € Lg, the reflection

w,r)
(r.r)

Op: Vv —

belongs to O"(Lg) if and only if 72 > 0.
Let I' < O™ (L) be a finite-index subgroup. A meromorphic function f: A — C is called
a meromorphic modular form of weight k and level T" if

1. f(yz)=f(z) for all y €T,
2. f(A2) = A"Ff(z) for A € C*.

The most important such T' (besides OT (L) itself) is the discriminant kernel
O(L) = {’y €OT(L): yz—xz € Lforallz € L/}.

3.2 Jacobi forms and lifts.
Throughout this section, we assume that we have fixed a splitting L=H & H & K(—1)
with a positive-definite lattice K. The dual lattice is labeled

K'={ze K®Q: (z,y) € Zfor ally € K}.
DEFINITION 3.1. A Jacobi form of weight k£ and index K is a holomorphic function

¢: Hx Kg — C
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that satisfies the functional equations:

ar+b z B K ¢ (z,2)
¢<c¢+d’c¢+d> = (et +d)"exp (m p—— ) (T, 2)

and
gb(T, 2+ AT+ u) = exp ( — (AN, A)T — 2mi(\, z>) (T, 2)
for any (%) € SLy(Z) and A\, p € K.
Jacobi forms are represented by their Fourier series
6r)= 3 3 e,
n=—ocoreK’
where ¢" 1= e2™"7 and (" := €2>™"#") The Jacobi form ¢ is called

e weakly holomorphic if ¢(n,r) =0 for sufficiently small n and every r;
o weak if ¢(n,r) =0 for every n < 0 and every r;

e holomorphic if ¢(n,r) =0 whenever n— (r,r)/2 < 0;

e a cusp form if ¢(n,r) =0 whenever n— (r,r)/2 <0.

The value n— (r,r)/2 is also called the hyperbolic norm of the tuple (n,r).

G = Aut(K’/K) operates on Jacobi forms of index K via ¢9(7,z) := ¢(1,92).

If f: A— C is a modular form on the discriminant kernel 6(L), then f can be expressed
as a Fourier—Jacobi series as follows. Write elements of L as tuples in the form (a,b,z,c,d),
with a,b,c,d € Z and x € K, where the norm of the tuple is

((a,b,z,c,d),(a,b,x,c,d))/2=ad —bc— (x,x)/2,

and (—,—) also denotes the (positive definite) inner product on K.
For any elements 7,w € H and any z € K¢, the element

Z=1,1z,w,Tw+(z,2)/2)

lies in A if and only if it is oriented (i.e., im(z) lies in the so-called positive cone) and if it
satisfies

0<(Z,7)
=Tw+(2,2)/24+Tw+ (Z,2) /2 —TW0 —Tw — (2,Z)
= —4im(7)im(w) — 2(im(z),im(z)),

that is, we have (im(z),im(z))/2 <im(7)-im(w).
The Fourier—Jacobi expansion of f is defined by

f(Z) — Z¢n(772)62ﬂinw'
n=0

Each ¢, is a Jacobi form of index K (n), that is, K with its inner product multiplied by n.
The Gritsenko lift is defined in terms of the Hecke raising operators

VNt Je ok — Tk (N)s
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which are lattice-index generalizations of the operators introduced in [17]. For N > 1, we
define

¢‘VNTZ NZ Z (ar—i—b z).

ad=Nbez/dz

If ¢(1,2) = >, .c(n,r)g"C", then

Jontr= 3 a0,

d|(n,r,N)

For N =0 and even k > 4, we define ¢’V0 to be the abelian function

o[V = —c(0,0) o B kZ 0,r)p* 2 (7, (r,2)),

where

p(Tyz):%Jr > ((z_mlr—n)2 - (mTirnV)

m,ne’
(m,n)#(0,0)

is the Weierstrass p-function, where p*=2) is its (k—2)nd derivative with respect to z, By,
is the kth Bernoulli number, and Ej is the Eisenstein series of weight & for SLy(Z), and
where r > 0 means that 7|k lies in the positive cone. For k =2, we define

AWZQLWXEQNMﬂm@)
r>0

THEOREM 3.2. Suppose ¢(T,z) = Zmr c(n,r)q"¢" is a weakly holomorphic Jacobi form
of weight k> 1 and index K. Then,

C6)2)i= 3 (o]V)erim
m=0

defines a meromorphic modular form of weight k on the discriminant kernel 6(L) The
poles of G(¢) are all of order k and lie on hyperplanes

:{ZGA: <Z,r)=0}

for positive norm vectors r € L'.
Moreover, if ¢ is invariant under Aut(K'/K), then G(¢) is modular under the larger
group OT(L).

This lift is constructed in [3, §14]. We call G(¢) the Gritsenko lift or additive theta lift
of ¢ as the case, where ¢ is holomorphic is due to Gritsenko [20]. If 7 is a vector of the
form (0,m,7x,1,0) with rx = r|x € K’, then it follows from the results of [3] that in a
neighborhood of 71 the Laurent expansion of G(¢) begins

G(6)(Z) = (Zc()\2n,)\7’[{> - gﬂ;;;;) = 1Z>k +h(2), (3.1)

A=1
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1

where h is holomorphic. Under G(L), every hyperplane r— is equivalent to one of this form.

The only coefficients that appear in Equation (3.1) are singular coefficients of ¢, and the
sum is finite because c¢(n,r) is zero whenever (n,r) has sufficiently negative hyperbolic norm.

The more famous construction of [3] is essentially the exponential of Theorem 3.2 applied
to weight k£ = 0.

DEFINITION 3.3. Let ¢(7,2) = Zn,r ¢(n,r)q"™¢" be a weakly holomorphic Jacobi form of
weight 0 and index K in which all Fourier coefficients ¢(n,r) are integers. The theta block
associated with ¢ is the infinite product

O,(r2) = c(o 0) H (011 >c(0 )

>0
— I S O T (2= ) x [] H )
r>0 re K’ n=1

where

=g/ L1~
n=1
is the Dedekind eta function and where
bua(rz)= Y (—1)" /g2
nez+7Z
is the odd Jacobi theta function.

THEOREM 3.4. Suppose ¢(1,z) = an c(n,r)q"C" is a weakly holomorphic Jacobi form
of weight 0 and index K in which all Fourier coefficients c(n,r) are integers.
Then,

VU(Z):= @¢(T,z)e2mcw X exp ( i ¢‘Vm_62m‘mw>
m=1

converges on an open subset of A and it is the Fourier—Jacobi expansion of a meromorphic
modular form B(¢) of weight £¢(0,0) on the discriminant kernel O(L). The zeros and poles
of B(¢) all lie on hyperplanes . Here, C is the constant

1 (r,r)
¢= rank(K) Z «(0,7) 2

reK’

If ris a vector of the form (0,n,7x,1,0), then the order of the zero or pole of ¥ along r is

ord(\I/; rJ‘> = i c()\2n, /\TK> .

This form is constructed in [3, §13] and it is called the Borcherds lift of ¢. The setup in
terms of Jacobi forms follows the discussion of [57].

84. Certain algebras of modular forms.

Modular forms with respect to the orthogonal groups of the lattices H & H & A;(—1)®™
will play an important role in later sections, as these occur as transcendental lattices of K3
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surfaces polarized by S in (1.2). These were studied by Woitalla in [59] and they are the
special case of root systems of type B in [54]. The generators of the algebra of modular
forms can be chosen to have a particularly simple structure.

The root lattice of the simple Lie algebra of type B,, is A?", that is, Z™ with the bilinear
form

=1

The Weyl group W (B,,) is then the full orthogonal group of AP".
Jacobi forms of index AP™ can be constructed from rank one Jacobi forms by “exterior”
multiplication. Let

0 = 1_ n( nC_l 2 T Tz
$—2.1(7,2) = 17172:)2) ¢—2+¢7! H ( )Z ), q=e"",¢=¢

n=1

and

3
¢0,1(7—7 Z) = _ﬁp(ﬂz) : ¢—2,1(7-7 Z)

be the basic weak Jacobi forms, which generate the C[E,, Fs]-module of even-weight weak
Jacobi forms, as defined in [17, Chapter 9].
It follows from [54, Theorem 2.4] that the products

Gun(T,21) - Gx1(Ty20), with * € {—2,0}

generate the C[Ey, Fg]-module of weak Jacobi forms of lattice index AP™ which are invariant
under substitutions z; — —z;, and, therefore, the Weyl group W(nA).
For 0 < k < n, the symmetric expressions

ferzsnz)i= 3 ([Te-2a(z0) (TTdon(r20)

IC{1,..n} i€l i¢l
#I=Fk

are weak Jacobi forms of weight —2k and index K that are invariant under the Weyl group
W (B,,). Equivalently, we can write

fe(Tyz1,.y2n) = (— %)k@(ﬂzl,...,zn) -ak(p(r,zl),...,go(T,%)),

™

where

O(7,21) = p_21(T,21) -+ —2,1(7,2n)

and where oy, is the kth elementary symmetric polynomial.
Now let L,, = H® H @ A1(—1)®". The following structure theorem holds (cf. [54], [59]).

THEOREM 4.1. For 1 <n <4, the algebra of modular forms M,(OT(L,)) is generated
by the Fisenstein series By and Fg and by the theta lifts

G122k = G<A'fk), 0<k<n,
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where A(1) = q[[22,(1—q¢™)** is the cusp form of weight 12. Moreover, the generator
d12_2n has a representation as a Borcherds product:

¢12—2n = B(ql}n))

where 1, s the weak Jacobi form of weight 0 defined by
wn (T, Zlyenns Zn) = (900 T, Zl 900 (7—7 zn)QOO (7—)12771

- 901( T, 1) e 901(7', Zn)901 (7')12_n
—010(7,21) ... 610(T, Zn)elo(T)lzfn) .

z\ﬁ

The identity ¢12—2, = B(¢;,) and the expression in terms of theta-nulls is a special case
of a general identity between additive and multiplicative lifts that was proved in [57]. Here,
000, 001, and 01 are the even Jacobi theta functions

Ooo(7,2) = Z q" /2Cn

0o1(7,2) = Z (—1)"q™ /*¢"
010(T,2) Z g,
neEy 147

and by abuse of notation we also write 0;;(7) = 6,;(7,0) for the theta-nulls.
From ¢12-_2, = B(%,,), one can conclude that ¢12_2, has divisor exactly

diV((blg_Qn) =2. E TL,
reL!,
(r,ry=1/2

that is, double zeros on hyperplanes r+ with (r,r) =1/2.

When n =5, the algebra of modular forms is more complicated but it is contained in
an algebra of meromorphic forms that has a simple description. There are two classes of
hyperplanes 7+ with (r,7) = 1/2 that are inequivalent under the action of OF(L). Using
the bilinear form

{(a,b,21,...,5,¢,d),(a,b,x1,...,25,¢,d)) = ad—bc+2(xF + -+ x2),
we have the following representatives:

(1) r1=1(0,0,1/2,0,0,0,0,0,0);
(2) T = (Oala1/271/271/2’1/271/27170)'

THEOREM 4.2. The algebra of meromorphic modular forms M.(O%(Ls)) with poles on
ry and its orbit under O (Ls) is generated by the Eisenstein series E4 and Eg and by the
meromorphic theta lifts

Pro—2k 1= G<A'fk), 0<k<5.
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Moreover, the generator ¢o has a representation as a Borcherds product:

$2 =B(¢s),
where 5 was defined above.

In particular, ¢o has divisor exactly

div(ge)=2- > rt—2- )

reL!, relL!,
(rr)=1/2 (rr)=1/2
req. tory req. tors

The structure of M} (Ls) was computed in [57, Theorem 5.24].

§5. Computation of van Geemen—Sarti equations.

We now determine the coefficients of five of the van Geemen-Sarti equations (1.4) in
terms of the generators of M,(O1(L,,)) described in the previous section. The argument is
an induction on n = 8 — k, beginning with n =0 (such that K,, = {0} and L = H ® H); the
general K3 surface in the associated family has Picard rank 18.

5.1 Rank 18.
Since the generic transcendental lattice in this family is

L=1ILy:=HaH,

the Jacobi forms that lift to modular forms on the orthogonal group are Jacobi forms of
index {0}, that is, elliptic modular forms of level one.
The lattice L can be identified with the lattice of matrices

a b
(c d)’ a,b,c,d € Z

with quadratic form given by the determinant. The spinor kernel O™ (L) contains two copies
of SLa(Z), one acting by multiplication from the left, the other from the right, and in fact,
it is generated by these two copies of SLa(Z) together with the transpose (cf. [19]).

This implies that modular forms for F' € M (O* (L)) are linear combinations of products

f(m)g(2), f,g € My(SLa(Z))
that are symmetric in the two variables 71,79, that is,
M,(O+(L)) = Sym? (M, (SL2(2))).

It is not hard to see that the graded ring M. (O™ (L)) is, therefore, a free algebra on three
generators,

M,(0*(L)) =C|Es® Ey, Es ® Eg, AQ A|.

The general K3 surface in the family — according to Proposition 2.6 — is described by the
equation

y? =2® + A(t)z? + B(t)x, (5.1)
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where A(t) = t3+ ast +ag and where in this case B = by is constant. The discriminant of
the right-hand side of Equation (5.1) is B*(A% —4B), which itself is a polynomial of ¢ with
discriminant

D = 409603, - (16a2 4 216a3a2 4 729ag 4 864a3b2 — 5832a2by o + 11664(;%2) :

Here, a4, ag and bio are holomorphic modular forms whose weight is indicated by the
subscript, and due to the ring structure they are constant multiples of £y ® F4, Fg ® Eg,
and A® A, respectively (as a4 and ag live in a one-dimensional space of modular forms,
and B = by is never allowed to vanish).

The weight 24 form D /b3, is a modular form that vanishes on the discriminant locus

{(n,m): SL2(2) 7 =SLa(2) )}

and is, therefore, a constant multiple of the form
2

Fr,72) = A()2A(m)* () — j(m2))
where j is the j-invariant. (Note that F' = B(¢) for the Jacobi form
(1) =25 (7) — 1440 = 2¢* + 48 +2- 196884 + O(q?)
of weight zero.) By comparing coefficients between that form and
16a2 +216a3a2 + 729ag + 864a3b1o — 5832a2b15 + 11664b2,,
we find that if bjo = C- A® A then we must have

1 1
=——C'3.E,®E, and ag=—C"? Es® Ej.
aq T 4 Q) Luy an ae 364 6 X Lig

The parameter C is arbitrary, but it is natural to fix C' = 125 such that the van Geemen—
Sarti equation simplifies to

y? =2+ <t3 ~3(E,@ Byt +2(Es® E6)> 22 +12°(A®A)z. (5.2)
5.2 Rank 17.
The transcendental lattice of the general member of the family is now
L=L,:=H®H®A;(-1).
There is a well-known exceptional isomorphism
Spin(L) = Sp4(Z)

that makes it possible to identify modular forms on O*(L) with Siegel modular forms of
degree two and even weight (and modular forms on O(L) with Siegel modular forms of any
weight). By a famous theorem of Igusa [24], the ring structure is

M. (O (L)) = C[E4, Es, 10, X12];

where E4, Fg are the Siegel Eisenstein series and where the cusp forms x19,x12 are easiest
to describe as Gritsenko lifts:

X10=G(A-¢0_21), x12=G(A ¢g,1).
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(Note that these Gritsenko lifts differ from Igusa’s definitions [24] by multiples of 4 and 12,
respectively.)
There is a restriction map,

res: M,(OV(Ly)) — M,(O"(Lg))

which through the interpretations M., (O (L1)) = Ms.(Spy(Z)) and M.(OT(Lo)) =
Sym?(M,(SLy(Z)) is the map

res(F)(ry,m) = F ((701 0)) , T, €H.

T2
The action of the restriction map on the generators is
res(Fy) = B4 ®@ Ey, res(Fg) = Eg® Fg, res(x10) =0, res(xi2)=12-(A®A). (5.3)

The general K3 surface in the family — according to Proposition 2.6 — is described by the
equation

y? =23+ A(t)z? + B(t)x,

where A(t) =t + a4t +ag and B(t) = bjot + b1z and the previous family is cut out by the
equation byp = 0. In view of Equations (5.2) and (5.3), we have

a4 = —3E4, ag — 2E6, b12 = 125 " X12;

and there is a constant C such that b;g = C - x10. We compare the first Fourier coefficients
between the discriminant of A2 —4B and the reflective product

\1160 ((T ,j;)) = q333(q— 3)2(7'_1 —|—2+T’) +O(q78)97 q= 627ri’r’r — 627ri278 _ e27riw7

z

which is the Borcherds lift of the following weakly holomorphic Jacobi form of weight 0 and

index 1,
29 E3Es; 19 FEgEg; 1 L 1 9
=—. . = =2 2 -2 120—2¢+2 .
Y=o A T A a +(2¢ ¢ +120-2¢+2¢7) +O(q)
We conclude that C' = —125. Hence, we have derived the van Geemen-Sarti equation
y? =23+ <t3 — 3Byt + 2E6> 224125, ( — 1ot + Xu) z. (5.4)
5.3 Rank 16.

The transcendental lattice of the general K3 surface in this family is
L=Ly:=HoH®A(-1)%%

so the Jacobi forms that are lifted to produce modular forms on the orthogonal group have
lattice index A?Q.
By Theorem 4.1, the algebra of modular forms of level O (L) is

M, (Bz) = C[Ey, Eg, X8, X10, X12],

where F4 and Eg are the Eisenstein series and where

X8 = G<A¢72,1 ®¢72,1>, X10 = G<A “P_21®¢0,1+A o1 ®¢—2,1)7
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and
X12 = G<A 00,1 ®¢0,1)-
There are two obvious embeddings of A; into AP? and they induce the same restriction
map
res: M,(OT(Lg)) — M,(OT(Ly)).
The images of the generators are
res(Ey?) = By, res(Bg?) = By, ves(x”) =0, res(x1¢) = 12-x1g, res(x13) =12 x13,

where the superscript indicates to which algebra the form belongs.
We will need the following weak Jacobi forms of weight two which are not Weyl-invariant
and whose Gritsenko lifts are modular only under the discriminant kernel:

f1(7,21,22) = o1 (T,21) Ea 1 (7, 22) = ({71 =2+ (1) + O(q);
fo(T,21,22) == Eg 1 (T, 21) 2,1 (7, 22) = (¢ " =2+ () + O(q);

where (; = €2™% and ¢ = €*>™".

By Theorem 3.2, the Fourier—Jacobi series of the meromorphic Gritsenko lifts G(f;) begin

G(fi) = =39 20) + fi(r, 21, 22)s+O(5).

The general K3 surface in the family — according to Proposition 2.6 — is described by the
equation

y? = 23+ (3 4+ agt + ag)x? 4 (bgt® + biot + b2,

where the previous family is cut out by bg = 0. In view of the ring structure of M, (O™ (L)),
the forms ay,ag,b19 are uniquely determined by their values (5.4) when bg = 0. We obtain

as=—3E;, ag=2Es, bio=—12" x1o,
and moreover bg is a multiple of xg; say bg = A - xs. Also, when we factor

B(t) =bg(t — B1)(t — B2) = bat® — bs(B1 + B2)t + ba 31 B2,

then $; and B define meromorphic modular forms of weight two on the discriminant kernel
with double poles on rational quadratic divisors on which b4 vanishes. Since there are no
nonzero holomorphic modular forms of weight two, we obtain

fr=C-G(fi) and B2 =C-G(f2)

for some other constant C.
By comparing the leading Fourier—Jacobi coefficients in

—bs(B1+B2) = —AC x5 (G(f1) + G(f2))

= —AC (D6 2(r,2)624(r,22)5+0(7) - ( — g0, 21) — 1g9(7:22) +O(s))

AC

= —EA(T) (¢—2,1(T, Zl)¢0,1(7’, ZQ) + ¢0,1(7', Zl)¢—2,1(7’, 22))5 + 0(82)
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and
bio = —12* x10 = —12A(7) - (¢>—2,1(T, 21)¢0,1(7;22) + ¢o,1(7, 21)p—2.1 (T, 22)>8+0(82),
we conclude that AC' = 125, and by comparing
bsf1 B2 = AC*xsG(f1)G(f2)
= A0 (A6 24(r,2)0 21 (7, 22)s +O(2)) (= 139(r20) + il 21, 22)5 + O(2))

1 2
X <_ mp(TaZZ)+f2(7—azla22)5+0(3 ))
_ AC?
144
AC?
=Tl P12

with b9, we conclude that

A(T)%,l (7'7 21)¢0,1 (T, 2’2)8

2

144
When bg = 0, the result of (5.4) implies

x12 = 12°C - x12.

b12 =

125X12 = I‘eS(blz) == 1230 12X12,

that is, C' = 12 and, therefore, A = 12*. Hence, we have derived the van Geemen-Sarti
equation

y? =23+ (1 = 3E4t + 2Eg)x? +12* - (xst® — X10t + X12)7- (5.5)

5.4 Rank 15.
The transcendental lattice of the general surface in the family is

L=Ly:=HoH®A (-1)%.
For the full orthogonal group, we have the graded ring structure

M.(0% (L)) = C[E4, Es, X6, X8, X10, X12]

as a special case of Theorem 4.1, where F4 and Fg are the Eisenstein series and where
X6, X8, X10, X12 are defined as Gritsenko lifts:

X6+2k = G(@G-ﬁ-?k)v k= 07 172737

where g0k is the Jacobi cusp form

3 3
P42k (T, 21,22,23) = A(T)P—21(7,21)P—2,1(T, 22) 2,1 (T, 23) O, (p@(ﬂ 21)5e s ﬁ@(ﬂ Z3)>7
and oyg,...,03 are the elementary symmetric polynomials
oo=1, oi(x,y,2)=x+y+z, o2z,y,2)=2y+yz+ze, o3(r,y,2)=1rY2.

Up to the action of the discriminant kernel, there are three embeddings of H & H &

A1(—1)®2% into L as hyperplanes ri, rs, 73, where

r =(1,0,0), 75 =1(0,1,0), r3=(0,0,1)¢€ A;(—1)%3. (5.6)
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The result of restricting the generating forms along any of these embeddings is
E4L3 — E4LQ, E6L3 — EGLQ, X6L3 — 0, X 5 12)(8 , XlO — 12X10, X12 — 12)<1L22

There are uniquely determined weak Jacobi forms fi, fo, f3 of weight two and lattice
index A??’ whose Fourier expansions begin as

fj(T7Z17Z27Z3) = (C{l _2+CJ)+O(Q),

with ¢ = €™ and (; = €?™%. In particular, each G(f;) has double poles precisely on the
orbit of rjL under the discriminant kernel, with Fourier—-Jacobi expansion beginning

1 .
G(fj)(T, Z17Z27237w) = *mp(ﬂzj) +fj(7721722723)5+0(52), g = 2w

The general K3 surface in the family — according to Proposition 2.6 — is described by the
equation

y* =2+ A(t)z? + B(t)x,

where A(t) =3+ a4t +ag and B(t) = bgt> + bgt? + b1t + b12, and the rank 16 family of the
previous section is cut out by the equation bg = 0. The forms ay, by are modular forms of

weight k whose restrictions to any of the hyperplanes ri are given by Equation (5.5), and

J
in view of the algebra structure this uniquely determines

as =—3E,;, by=12%xs;

in addition, b3 = A - xg for some nonzero constant A.
If we factor

B(t) = be(t — B1)(t — B2)(t — B3),

then (1, B2, 83 are meromorphic modular forms of weight two on the discriminant kernel of
L with double poles on ri-,73, and 73, respectively, and they are permuted under O (L).

This forces (possibly after reordering)
Br=C-G(f1), B2 =C-G(f2), Bs =C-G(f3)

with a common nonzero constant C.
Now, we have

123 x5 = bg
= —bs(B1+ B2+ B3)
3
1
_ WACX(),;p(T, zi)+0(s)
AC )
= _ﬁA¢ 2.1(7,21)¢—21(7, 22) 2,1 (7, 23 Z ¢¢0211T7' Z;) +0le),

and comparing the constant Fourier—Jacobi coefficients on both sides of this equation yields
AC = —12*. The Fourier-Jacobi expansions of b1g and b12, therefore, begin as
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bio = be(B1P2 + 5153 + B203)

AC? 3 3 3
= 144 'A(T)¢—2,1(7—, 21)¢—2,1(7', 22)¢—2,1(7', 23)02 (ﬁ@(ﬂ Zl)a ﬁ@(ﬂ 2’2), ﬁp(ﬂ 23))8

+O(s2)
= 144C' - p19(T, zl,zz,z;z,)s—i-O(sQ),

which uniquely determines C' =12 and A = —123 and b;p = —1728x10, and
bz = —bsf18283

A 3
= 1728 'A(T)Qb—z,l(ﬂ Zl)¢—2,1(7', 22)¢—2,1(T72‘3)
3 3 3

% (= Splra) =50l 20) - —5p(r,20))s
ACSA

VY (T)p—2.1(T,21)Pp—21(T, 22)Pp—2,1(T, 23)
3

X Z [fi(T,ZhZzaZS)H*%@(Tﬂj)} 52 +0(s%),
i=1 i

=12C2 - p15(7, 21,22, 23)5 — 12C2 - (golg‘Vg - 2592@%) s+ 0(s%).
The coefficients of B(t) are, therefore,
be = —1728xs, bg=1728ys,
bio = —1728x10, bro = 1728 <X12 —2592. Xg).

Only the coeflicient ag remains to be determined. Since the value at bg = 0 is determined
by Equation (5.5), we have

ag =2Fs+C - X6

for some constant C. The contant C can theoretically be determined by computing the
discriminant form (as in the derivation of Equation (5.4) but this is computationally
difficult. Instead, we use a method that we call paramodular restriction, which will also
be useful in the later sections. It is based on the following observation.

LEMMA 5.1. Write
B(t) = bgt® + bst® + bigt + bra = bg(t — B1)(t — B2)(t — B3),

where each B; has poles exactly on the 6(L)—0rbit of ri-. Then, f3; — B; vanishes precisely
on the O(L)-orbit of (r; +1;)*.

Proof. Since the reflection through the hyperplane (r; —H“j)L swaps ;- and T‘jL, it maps
Bi — B; to B; — B;. This implies that ; — 8; vanishes on (r; +rj)i.

One can show that there are unique weak Jacobi forms of weight 0 and lattice index A?‘g
whose Fourier series begin

b12(7_a217227z3) = (Cfl _2+C1)(6271 _2+C2)+O(Q)7
bi3(7,21,22,23) = (1 =24 C)(¢5 T —2+C3) + O(q);
bos(T,21,22,23) = ({51 =24+ () (G —2+(3) +O(q).
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1

The Borcherds products 1);; = B(b;;) have double poles on r;- and rjl and vanish on

(r;+7;)* by construction. This means that (8; — 3;)/ti; are holomorphic modular forms
of weight 0 and hence (nonzero) constants, so

div(B; — B;) = div(sij) = (ri+rj) " —2r; —2r;.
We consider the specialization of the family
3
y2 =3 + (t3 +ayt+ CL6)£E2 + (bﬁ H(t — Bz)) x
i=1

to f1 = P2 = B3 =: B. In view of Lemma 5.1, the general member of the specialized family has
transcendental lattice H @ H @ A1(-3). The orthogonal group of that lattice is essentially
the paramodular group of level 3 (see, e.g., [21, §1.3]).

The discriminant of

y? = 2% + (2 + aat + ag)z® + bg (t — B)°x
is given by
B2(t— B)° (t6 - 2a4tt + 2(ag — 2b6)t° + (a2 + 12b68)1% + (2a4a6 — 12b82)t + (4be 33 +a§)),
and the irreducible factor of degree six of that has discriminant
D:=bg - (8°+asf+ag)*- P

with a modular form P of weight 36 whose expression is too long to write out here.

The presence of bg - (3% +asf8 + ag) in the discriminant D implies that it is a reflective
Borcherds product of weight 12 with a double zero on the paramodular Humbert surface of
discriminant 4 in the sense of [21], and this in fact determines it uniquely: we obtain

6
be - (6% +asB +ag) = b> +asf + (1—7192 +2E6b6)

and, therefore,

6 10368
=2F¢+ —bg = 2F, .
ag 61 1706 6+ 17 X6
Altogether, we have derived the van Geemen—Sarti equation

10368
17

g2 =P+ <t3 3Byt +2Es+ XG) 22 41728 ( —x6t® + xst? — x10t + Y12 — 2592x§) 2.

(5.7)

5.5 Rank 14.
The transcendental lattice of the generic K3 surface in the family is

L=Ly,:=HoH®A(-1)%4
By Theorem 4.1, the algebra structure of modular forms for the full orthogonal group is

M*(O+(L)) = C[E4aE6,X47X6aX8)X103X12]7
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where Ey, Eg are Eisenstein series and where 4421 = G(@4+2x) for the Jacobi form

<P4+2k(7'7 Zlyee 724)

4
) <ZHI¢—2,1(7721')> ‘O (%K)(Tazl),---,%p(ﬂm)), k=0,1,2,3,4.

Here, oy, is the usual elementary symmetric polynomial. In contrast to the earlier sections,
w412k and, therefore, x442% are not cusp forms.

Similarly to the previous section there are four natural embeddings of H & H @ A;(—1)®3
into L as the hyperplanes 7;-,i = 1,...,4, where

ri =(0,...,1,...,0) € A;(—=1)®*
has 1 in the " entry and O elsewhere, and along any of the embeddings the generating
modular forms have the following restrictions:
1512 L3
17 X
X4 — 0, X6 — 12)(6 , Xs — 12)(8 , X10 — 12X107 X12 — 12)(

L4 L4 L3 LS
Byt — By, Eg® — Eg

The general K3 surface in the family — according to Proposition 2.6 — is described by the
equation

y? =23+ A(t)z? + B(t)x,

where A(t) =3+ ayt+ag and B(t) = byt* + bgt> + bgt? + biot + ba.
Using the ring structure and the values from Equation (5.7), we see immediately that

ag = 2Fg+36xs and bg = —144xs.
Arguing as in the previous sections, we factor
B(t) = ba(t = B1)(t — B2)(t — Bs) (t — Ba),

where 3; are meromorphic modular forms on the discriminant kernel of L with double poles
on the hyperplane r3-. There are unique weak Jacobi forms of weight two with Fourier series
beginning

fi=( =24G)+0(q), i=1,....4,
and whose Gritsenko lifts have Fourier-Jacobi expansions beginning
1
G(fl) = —mp(ﬂzi)—|—fi(7',21,...,24>3+0(82);

we must have 5; = C'- G(f;) for some constant C. Also, there is a constant A such that
b4 =A- X4-
Now, we consider the Fourier—Jacobi expansion of bg:

4
—144x6 = —by(B1+ B2+ B3+ B4) = 4%TQACM' (Z@(Tazz) +O(S))
i=1

- ‘%A(Hduw ) fo’l(T Z 1 0(s)

i=1 i=1 721 (7,2i)
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By comparing constant terms we obtain AC = 123. From the Fourier-Jacobi expansions of
the other terms, we obtain

AC?
bs =ba | [ 8:8) = 55 (xs — 432x%) = 12C" (xs — 432x7)
i<j
and
AC3
big=—by | H BiBiBr = —W(Xm —432x4x6)
1<j<k

and finally

AC*
bio = b1 823301 = ot (m +360x4Xs — 216X2 — 2350083 — 648E4Xi) .

By comparing this with the expressions in Equation (5.7), we obtain A =122 and C = 12
and, therefore,

bg = 144(xs — 432x3),

bio = —144(x10 — 432x4X6)
and
bia = 144(x12 + 360x4xs — 216 X2 — 235008 — 648 E4x7).
The only coefficient left undetermined is a4: we have
ag=-3E,+C x4

for some constant C. The remaining constant can be determined by paramodular restriction
as in the previous section. Setting 81 = B2 = 83 = (4 =: 0 specializes the transcendental
lattice to H® H ® A1(—4), and the specialized coefficients become paramodular forms on
the group K (4). The irreducible degree six factor of the discriminant of the van Geemen—
Sarti equation

2 =2+ (B +ast +ag) 2 + (t— B) 'z
itself has discriminant
D =bj(ag+asB+ %) P

with a factor P of weight 24. The expression ag + a4 + 32 is therefore a reflective
paramodular form of weight 6, and in fact

B(1)g/2)*
B(¢1/2)8’
where B(11 /2) and B(tg/2) are (the unique) reflective Borcherds products with simple zeros

on the Heegner divisors of discriminant 1/16 and 1/4, respectively. Using the formulas for
ag and (8 that were determined earlier, we find

a6+a4ﬁ—|—ﬁ3 =

Ay = —3E4 - 144X4.
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Altogether, we have derived the van Geemen—Sarti equation
y? = a3+ (t3 — 3Byt — 144yt +2Fg + 432X6) 22 4144 <X4t4 —X6t® + (xs — 432x3)t*
— (10— 432xaX6)t + X2 + 360X xs — 216)3 — 235008x; — 648 B ) .

5.6 Rank 13.
The generic transcendental lattice is

L=Ls:=HOoH®A(-1)%5.

The general K3 surface in the family — according to Proposition 2.9 — is described by the
equation

y?> =2+ A(t)z? + B(t)x (5.8)
where A(t) = 3+ ast + ag and
B(t) = byt + bat* + bst? + bst® + bt + bya.

Up to the action of the discriminant kernel of L, there are six classes of Heegner divisors
of discriminant 1/4: they are r;, i=1,...,5 and 7+, where r; = (0,...,1/2,...,0) € A®
is nonzero in the ith component, and where r can be taken to be the vector

r=(0,0)®(1,1)®(1/2,1/2,1/2,1/2,1/2) e HG H ® Ay (—1)%°. (5.9)

Along the hyperplane 7+, the polarizing lattice extends to H @ Dg(—1) @ Dy(—1) and
the description (5.8) is no longer valid. In concrete terms, this means that ay,by define

meromorphic modular forms of level O (L) that are allowed to have poles along the rational

quadratic divisor 7.

By Theorem 4.2, the ring
M (O* (L)) = {meromorphic modular forms, holomorphic away from T‘L}

is a free algebra with generators Fy, Eg and xo42k, K =0,...,5, where Fjg is an Eisenstein
series, Fy is the (unique) holomorphic modular form of weight 4 with constant Fourier
coefficient 1, and X242k is the (meromorphic) Gritsenko lift of

> 3 3
Potok(T, 21, .-, 25) = A(T) 11(;3_2,1(7, 2;) - Ok (ﬁp(T, 21)5e ey ﬁp(T, z5))

Furthermore, it follows from [55] that the lowest-weight form y2 is also a Borcherds
product, with divisor

5
div(x2) = 22:7“14l —2rt,
i=1

Under the restriction map to any of the hyperplanes ri- (i.e., to a sublattice of type

H®H® A (—1)%1), the generating forms are mapped as follows:
Fy— By +48xy*, E§* — Ef*, x3° 0,

Ls L Ls L Ls L L L L L
X% 2%, x6® = 12x6, x8° — 12x5%, x40 — 12x365, X4 — 12x75 -
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There are again Jacobi forms f1,..., f5 whose g-expansions begin

fj(Tazla"'7Z5):C]'_l_2+<.j+0(q)'

Unlike the previous sections, f; are no longer uniquely determined; however, there are
unique choices of f; with the property that all of their singular coefficients are represented
in the ¢°-term of its Fourier expansion. In other words, f; is unique if we ask for G(f;) to
be holomorphic along the divisor r+.

On the other hand, the polynomial B(t) factors as
B(t)=(t—p1)-- (t—5s),

where each (; has weight two under the discriminant kernel and (after a reordering) has
double poles exactly on the orbit of 7“Z-L and possibly on r+. Since there are no nonzero,
holomorphic modular forms of weight two, we obtain

Bi=B-x2+C-G(fy)

for common constants B,C. Setting xs = 0, the result of the previous section implies C' =12
but does not determine B. Besides this, the ring structure implies that there are constants
A,C, D, FE such that

ay = 73F4+A'X§ and ag = 2Fg+3x6 + C - Fyx2 +D'X§+E'X2X4- (5.10)

We will use paramodular restriction as in the previous sections, specializing to 51 = o =
B3 = B4 = B5 =: B, to determine the undetermined constants. Under this specialization,
the generic transcendental lattice becomes H @ H @ A;(—5) and the coefficients become
(meromorphic) paramodular forms of level 5. These are considerably more complicated than
paramodular forms of level < 4; their structure was nevertheless worked out completely in
[58]. The discriminant of

23+ (13 +agt 4+ ag)x? + by (t — B)

factors as ba(t — 3)19- P(t) with an irreducible polynomial P of degree 6, whose discriminant
itself factors as

disc(P) = b3(B> +asB+ae)’® - Q

with a factor @ of weight 24. In particular, f := 33+ a4+ ag is a reflective paramodular
form; more precisely, it is a reflective Borcherds product of weight 6, with a pole of order
six (coming from 32) on the paramodular Humbert surface H(1/20) that is nonvanishing
on the paramodular Humbert surface H(1), and this information determines it uniquely:
we have

div(f) = —8H(1/20)+2H(1/5) + 4H (1/4),

where H(D) is the (imprimitive) paramodular Heegner divisor of discriminant D. In the
notation of [58, Table 1], we have

f = const - (bg/bs)?.
Also, the paramodular restriction

X :=res(x2)
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of the product y» is the reflective form with divisor
divy = 10H(1/20) —2H (1/4),
in the notation of [58],
X = const - b2 /bg.
The paramodular restrictions of the forms y4 and xg can be computed to be
resxq4 = 30x - (x—}- 2G>
and
resxe = 240y - (5)(2 +15xG + 6G2> ,
respectively. Inserting Equation (5.10), we obtain

f=8*+aiB+ag
= (B*+ AB+ D+ 30E +3600) - x> + (36 B> + 124 + 60 E + 10800) Gx*
4 (432B 4 4320)G?*x + (C — 3B) Fyx + 1728G? — 36 F,G + 2E.

The paramodular forms x, Fg, Fy,G are algebraically independent, and comparing a few
Fourier coefficients shows that the unique expression for f in terms of them is

f=10x(432G? —3F) + 1728G> — 36 F G + 2E.
This allows us to read off the missing coefficients
A=0,B=0,C=-30, D=1800, F = —180,

and, therefore, we obtain

aq = —3Fy, (5.11)
ag = 2E¢ + 3x6 — 30x2Fy + 18005 — 180x2 x4, (5.12)
and
Bi =12-G(f;).
The coefficients of B(t) can then be computed as the symmetric polynomials in 3;. We
find

by = —12x2;

5
by=—by» B =12x4—360x3,

=1
bo = b2 ) Biff; = —12x6 + T20x2x4 — 7200x3,
1<J
bs = 125 — 432x7 — 144003 x4 + 216000x5 — 4320x3 Fy;
bio = —12x10 — 9362 s + 43246 + 6480\ 2 Eg + 32760y 2x + 23762 x4 Fy
427936 2X 3 + 3628805 Fy + 216005 x4 — 11707200x5;
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biz = 12x12 — 216)x2X10 +360x4X8 — 216XG — 1296 X214 E6 + 864x2x6 Fis — 648X F4
— 67968x2xs + 285842 X4 X6 — 16992x3 + 835203 Es — 5832x2F ;7 — 258336 )3 x4 Fy
— 574560x5x6 + STLTT6x2x3 + 255744005 Fy + 1320969605 x4 — 1523059200 5.

REMARK 5.2. A priori, the coefficients a; and by were allowed to have poles along the
exceptional hyperplane r+ (of order at most their weight). However, the computation of
the coefficients shows that when we write

y? =23+ (2 + agt + ag)x® + (bot® + - - -+ b1o)z,
a4 and ag are holomorphic along r* and all the b; have exactly a double pole there.

§6. The remaining polarization.

We have now computed the coefficients of van Geemen—Sarti equations for all of the
lattice polarizations of Equation (1.2) except for S = H @ Dg(—1)@ D4(—1). The orthogonal
complement in the K3 lattice is L = H ® H(2)® D4(—1), and it embeds (up to an isometry)
into the lattice Ls = H® H @ A;(—1)®® as the exceptional hyperplane r+ defined in (5.9).

6.1 Modular forms and a Weierstrass equation for S =H @ Dg(—1) @ D4(—1).

The graded algebra M,.(O%(L)) of modular forms was described in [56]. It is a free
algebra that is generated in weights 2,6,8,10,12,16,20. The generators of weight 2 and 6
can be chosen to be the (unique) modular forms Es and Fg whose leading Fourier—Jacobi
coefficients are

1+24q+24¢* +96¢° + - € Ma(T'(2))
and
q+32¢% +244¢% +1024¢* + - - - € Mg(Ty(2)),

and the generator Fg of weight 10 will be chosen to be the (unique) cusp form of that weight,
normalized to have coprime Fourier coefficients. The other generators can be described as
follows: there are modular forms g4, ..., g5 of weight four for the discriminant kernel 6(L)
that are permuted under the action of O* (L) and which satisfy

5
E; = Zgi.
i=1

The generators of weights 8,12,16,20 can be taken as the power sums

5
p4k:zgfa k€{2737475}'
i=1
Following Proposition 2.6, the van Geemen—Sarti equation for the general S-polarized
K3 surface can be put in the form

y* =23 +2C(t)z* + D(t)z,
where

C(t) = 02t2 + C6t +c10

https://doi.org/10.1017/nmj.2025.10071 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2025.10071

K3 SURFACES AND ORTHOGONAL MODULAR FORMS 719

and
D(t) =t 4 dgt® + dyot? + dyst + dao,

and where the ¢, and dj, are modular forms for O (L) of weight k. If we factor

5
p(t) =Tt

i=1

then each ~; is modular of weight 4 on the discriminant kernel. Since they sum to zero, the
ring structure implies that ; is a constant multiple of g; — %EQQ without loss of generality
(applying a substitution if necessary), we may assume the roots are

1
%ZnggEg, i:172537475'

6.2 A limit process.
Consider the equation

5
y? ="+ (t* + ast + ag)z® + box- [ [ (£ - B:)
t=1

with a4,ag,bs and B; defined as in §5.6. The forms a4, ag, and 3; are holomorphic along 7+
and their restrictions can be determined using the “pullback trick”, namely,

res(B;) = Fa, 1=1,2,3,4,5
and
res(ay) = —3E3, res(ag) = 2E3.

Define the following (holomorphic) modular forms of weight 4 and level O(Ls):

5
1 ba(Bi — B; ,
fi Izbz'<—ﬁj+gzﬁi) > : 5 2 g=tes
i=1 i#£j
These are Gritsenko lifts; they can be written as the additive theta lifts of the unique

vector-valued modular forms ¢; of weight 3/2 on the Weil representation attached to Ls
with constant Fourier coefficient

576 144
ER T
J#i
where v1,...,75 are the nonzero cosets of (L§/Ls) of norm zero, and e, are the associated
basis elements of the group ring C[(L}/Ls)]. (For the definition of the Weil representation

we refer to [3].) This allows the restrictions of f; to r* (which are nonzero) to be computed
using the pullback method as well:

res(f;) =—3-g;.

In particular, the forms h; := (as4/5— f;) restrict to the zeros ~y; of D.
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This motivates the following substitution:

5
1 1 1
t:f.TjL,(,%jL 5]'):*'T7a4+b4’
) =,

b2 ) 5b2
such that
1
== (T (%= 1)).
2
Together with the substitutions 2 = X /b3 and y = Y/b3, this transforms the equation
y? =2+ A(t)x* + B(t)x

into

5
1 b
Y2 = X344 <b2-T—a45;;2 4>X2+H(T—hj)-X.

j=1

Here,

1 b 1 o 3ai+b 3a2 6 ay 302
b%A(-T—a4+4>— T3—C‘4+4T2+(b2a4+a4+a44+4>T

by 50 ) by 5 by 25by 25 by | 25by
1 1 1 a3 3 a’by 3 a4b? b3
— Zboa? — —byagby +blag — — 24 0 Q404 0 Q4n 01
5204 g 02040 0006 — on T e T T T 195 b, 1250
(6.1)

The asymptotic behavior of the coefficients by, b4 in the limit is governed by Theorem 3.2
and Equation (3.1): letting r* be the exceptional hyperplane we obtain, asymptotically as

(r,Z) —0,
1
Zy~—-12-——+——+F Z
b2( ) 47T2<7’,Z>2+ 2+O(<T’ >)
and
> 5E
Z)=—by(Z (Z)~ 12 —— 2
b4( ) b2( );B( ) 47T2<T,Z>2
This shows that
9 b3 9 9 9 9
3b — =~ E E
2t s, TR 22 2 R, 2y
and similarly that
1 3 a4bi bi

1
— byal — —byagby + blag — — 2%
50204~ 5020400306 — o0 T T o

remains holomorphic in the limit 1/b5 — 0.

6.3 Determining the coefficients.
The coefficients ax, by of the van Geemen—Sarti equation

v = (3 agt +ag)x? + (bot® + -+ bi2)x
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have “level two” Fourier-Jacobi expansions in addition to level one Fourier—Jacobi
expansions, due to the isometry

Li=HoH® A (-1)P = Ho H(2)® Dy(—1) @ Ay (—1).

More precisely, we can represent modular forms on O% (L) as series
[e.e]
F(Z) _ Z¢n(772)62mnw7
n=0

where each ¢, is a meromorphic Jacobi form of lattice index D, @ A; with respect to
the congruence subgroup I'g(2) < SLy(Z). The two Fourier—Jacobi expansions can be quite
different, and it is not generally clear how to compute the level two expansions of a modular
form that is given as a level one Fourier—Jacobi series, but the expansions of a Gritsenko
lift or Borcherds product at either cusp can be computed using the formulas of [3].

In the level two expansions,

Xk =Y Xkn(1,3,2)€*™™, 3€D40C, z€ A4, ®C,
n=0

the terms Xy o are independent of 3 and define elliptic functions (in the variable z) on the
lattice Z @ 277 which are holomorphic away from the lattice points. For example, we have

1 1 1
X2,0 = 755 9(27,2) + ﬁEz(T) ——E(27)

(2ri) 6
= 4—1—12+c2‘”(<_1 —4+0)q” —8¢° + (2 + (T =8+ (+2¢%)¢" + O0(¢),
and
X0 = (2;)4@”(27,2) +2777(7?3;6
_ m+2q+(5cl+16+50q2+56q3

+(40¢ 2 +5¢ 1+ 128 4-5¢ 4+40¢%)¢* + O(¢°),

and the higher terms . ,,n > 0 are weak Jacobi forms of lattice index.
Setting z =0, or equivalently ( =1 in the Fourier expansions of y; and using the formulas
from before yields

( 3a4+b4
res{— —

5 by ) = 3%

3a2 6 asby 3 b2\ 18 864
b 294, O a4k ——4):—E3——F-
res’(2“4+25bz+25 by | 25by) 527 5 1
and
1 1 1 a3 3 alby 3 asb? b3
— hod? — —bhoauba £ b2an — — 24 © b4 0 40y 4)
res( 50204 g 020aba 0006 — o r g T o T T 195 5, 125Dy
81 . 2592 , o1 31104
_ gy % pep Sl p Flo.
10072 ~ 95 H2fetgghaps T oMo
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So in the limit by — 0o, Equation (6.1) becomes

Y2=X3420(T)X*+D(T)X

3
C(T):iEQ-TQ—i—(

9 432

81
E3
572 5

200

1296 27 15552

E3 — o5 ——EjFs+ 40E2p8+ -

F6)T+ FlO'

The coefficients of

5
D(T) = [[(T =) =T° +dsT* + d12T* + daT + dao
=1

are easily determined in terms of Eo and pu =), g¥ by expanding the product and
substituting v; = g; — %Eg =g;— % Z?Zl g;. We obtain

1 4
:_72/}/1 _7p8+ 10 25
1< 1 1 2
dig=—= 3=—-C —FE3pg — —EY;
12 31':1% 3P12+5 2Ds 75 2
p Ies , I/ 2 1 1, 1
- 44 - 2y —_ = _E E E8
16 4;’71‘1‘8(;71) 4p16+5 P12 — 100 2p8+1000 2+8p8’
138 1,3 5
in=-2 374 H(30) (27)
i=1 i=1 i=1
1 1 17 37 37 1 1
— _ *E2 E - —7E2 2
5P20+5 2D16 — 150 2P12+750 zps 9375 +6p12}78 10 2Dy

A Appendix
In this appendix, we will describe the coefficients of the van Geemen—Sarti equations
determined in §5 and §6.
In the first five tables, E4 and Eg denote the normalized (constant term 1) Eisenstein
series of weights 4 and 6, and x,...,x12 are the Gritsenko lifts

X12—2n+2k = G(¢12—2n+2k)7

where ¢12_op12k is the Jacobi form

B . G0,1(7,24,) - $0,1(7,2i,)
Pr12-2nt2k(T: 21, ,2n) _A(T)<j1;[l¢_2’l(7’zj ) Z G21(Ty24) - ¢—2,1(7,2i,)

1< <ip

of weight 12 —2n 4 2k.
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Table A1. Rank 18
y? =23+ (12 +ast +ae)z? + biox.

a4 —3FE4
ag QEG
b12 ]-26X12

Table A2. Rank 17
y® = 2% + (£ + asat + ae)x® + (brot + b12)z.

a4 —3FE,
Qg 2E6
b1o —12%x19
b12 125X12

Table A3. Rank 16
y2 = 173 + (t3 +a4t+a6)x2 —+ (bgtz +brot+ blz)ZC.

a4 —3FE4
Qg 2E6
bg 124X8
b1o —12%x10
b12 12x12

Table Aj. Rank 15
y2 = {E3+ (t3+a4t+a6)m2 +(b6t3+bgt2 +b10t+b12)x.

a4 —3F4

ag 2Fq + %XG
b6 7123){6

bg 123X8

b1o —123x10

bi2 123X12 —2u '37X623

Table A5. Rank 14
y2 = :IJ3 —+ (t3 —+ a4t—|— (16).%2 —+ (b4t4 —+ b6t3 —+ bth —+ blot + blz)IE.

a4 —3E4 — 144X4

Qg 2E6 +432X6

b4 144X4

b6 —144X6

bg ]-44X8 - 28 . 35Xi

bio —144x10+2° - 3°xaxe

bio 144x12 + 273451 - xaxs — 27353 — 21335 - 173 — 2735 E4x 3

The notation is almost the same in the following table, but the Eisenstein series Fj
fails to be holomorphic. Instead F; denotes the (unique) modular form in M4(O* (L)),
L=H®H®A;(—1)®, normalized to have constant coefficient 1.

In the following table, we have L = H & H(2) @ D4(—1); Es is the unique modular form
of weight 2 whose leading Fourier—Jacobi coefficient at the level two cusp is

1+24q+24¢* +96¢> + .. .;
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Table A6. Rank 13 y* = 2 + (t* + aqt + ae) x> 4 (bat® + bat* + bet® + bst® + biot +bi2)z.

a4 —3Fy

ag 2FE6¢+3x6 —30x2F4 — 180x2x4 + 1800)(%

bo —12x2

b4 12)(4 - 360)(%

be —12x6 4+ 720x2Xx4 — 7200)(2

by 125~ 432 — LA400x3xa — 43203 + 216000

bio ~12x10 ~ 936x2xs + 43240 + G803 iy + 3276036 + 25762 Fy
127936x2X + 362880\ Fy + 216003 4 — 117072003

b12 12X12—216X2X10 + 360X4X8 216X6 — 1296X2X4E6 + 864X2X6F4 648XZF4

—67968x2xs + 285842 a6 — 16992X3 + 83520x3 F — 5832y 2 F2 — 25833624 Fy
—574560x3x6 + 871776 3X2 + 255744003 Fy + 1320969604y 4 — 1523059200

Table A7. Rank ]4 y2 = 1'3 =+ 2(Czt2 +cgt + clo)x2 —+ (t5 + dstS + d12t2 +diet + dgo)m.

Cc2 3E2

6 9E3 Ep o

10 28010 Eq 1296 E2F6 + 57 Egp 4 15552F

ds 2p8 + 10E2

di2 31712 +z E2p8 ZE$

die —3p16+sP3+ 1 E2p12 100 E2p8 + 1(13§1),9 ES

dao Lpoo+ Ep12ps + 1 E3p16-15 E3p3- 1 Eipio + EGPS ar=E3°

F§ is the unique modular form of weight 6 whose leading Fourier—Jacobi coefficient at the
level two cusp is

q+32¢> +244¢3 + ...

and Fjg is the unique cusp form of weight 10, normalized to have coprime integral Fourier
coeflicients.
The forms pg,p12,p16 and pyo are defined as the power sums

5
pak =Y _gr,
=1

where g¢1,...,g5 are modular forms of weight 4 with respect to the discriminant kernel of L
which satisty Z?Zl g = E3.
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