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K3 SURFACES AND ORTHOGONAL MODULAR FORMS

ADRIAN CLINGHER , ANDREAS MALMENDIER and

BRANDON WILLIAMS

Abstract. We determine explicit generators for the ring of modular forms

associated with the moduli spaces of K3 surfaces with automorphism group

(Z/2Z)2 and of Picard rank 13 and higher. The K3 surfaces in question carry

a canonical Jacobian elliptic fibration and the modular form generators appear

as coefficients in the Weierstrass-type equations describing these fibrations.
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§1. Introduction and statement of results.

1.1 Introduction.

Let X be a smooth complex projective K3 surface. The intersection form gives the second

cohomology group H2(X ,Z) the structure of an even integral lattice, that is, a finite-rank

free abelian group together with an integer-valued nondegenerate quadratic form. This

lattice is the unique (up to isometry) unimodular even lattice of signature (3,19), which we

denote ΛK3
∼=H⊕3⊕E8(−1)⊕2; in particular, it is independent of X . Denote by NS(X ) the

Néron–Severi lattice, the rank of which is between 1 and 20.

In this article, we shall study some specific lattice polarizations on X . Namely, let S

be an even indefinite lattice lattice of signature (1,ρS − 1) with 1 ≤ ρS ≤ 19 that admits

a canonical primitive lattice embedding S ↪→ ΛK3. As in [1], fix h to be a very irrational

vector in S⊗R of positive norm. Then, following [1], as well as [16], [53], an S -polarization

on X is, by definition, a primitive lattice embedding i : S ↪→NS(X ) such that i(h) is big and

nef. Two K3 surfaces (X , i) and (X ′, i′) are said to be isomorphic under S -polarization if

there exists an analytic isomorphism α : X →X ′ and a lattice isometry β ∈O(S) such that

α∗ ◦ i′ = i ◦β, where α∗ is the induced morphism at the cohomology level1. Isomorphism

classes of lattice polarized K3 surfaces (X , i) may be fit into a coarse moduli space MS ,

which is known to be a quasi-projective variety of dimension 20−ρS (see [16]).

One can study the properties of MS from (at least) two points of view. A first such

point of view is the algebraic one. Algebraic families of S -polarized K3 surfaces, built

via explicit geometric models (quartic normal forms, double sextic surfaces, Weierstrass-

type equations), may be used to describe MS locally. Moreover, appropriate choices of

parameters for these models may be used to construct algebraic coordinates on MS and

such coordinates may lead in some cases to interesting algebraic invariants.

A second point of view is Hodge theoretic. Let L be the orthogonal complement of S in

ΛK3. Then, Hodge structures (periods) for S -polarized K3 surfaces are known (see [53], as

well as [2], [16]) to be classified, up to isomorphism, by the quotient space O+(L)\D(L),

where

D(L) =
{
[z] ∈ P

(
L⊗C

)
: 〈z,z〉= 0, 〈z,z〉> 0

}+

(1.1)

is a Hermitian symmetric domain of type IV associated with L. Here, the index + indicates

a choice of connected component and O+(L)<O(L) denotes the spinor kernel subgroup of

integral isometries that preserve the connected component D(L).

An appropriate version of the Torelli theorem (see [52], [53], as well as [2]) allows one

to identify the quasi-projective moduli space MS to the quotient O+(L)\D(L). It should

also be noted that O+(L;R) = SO(2,20−ρS) acts transitively on D(L), which leads to an

identification between D(L) and the bounded symmetric domain

SO(2,20−ρS)/SO(2)×O(20−ρS).

The classifying period space O+(L)\D(L) may then be seen, from this point of view, as a

quotient of a bounded symmetric domain by the action of a (modular) discrete group.

1 Our definition of isomorphic lattice polarizations coincides with the definition of multipolarization used
by Vinberg [53], and is slightly more general than the one used in [16].
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Cases associated with specific examples for S -polarizations of high rank lead to

specializations of the modular quotient O+(L)\D(L) to some classical quotient spaces

in algebraic geometry. Such cases were previously studied by the first two authors

[6], [9] [22], as well as others, and largely motivate the present work. For instance, if

S =H⊕E8(−1)⊕E8(−1), the modular quotient is two-dimensional and may be identified

with the Hilbert modular surface

[(SL2(Z)×SL2(Z))�Z/2Z]\(H×H) ,

where H is the complex upper half-plane. Similarly interesting, if S is the rank-seventeen

lattice H⊕E8(−1)⊕E7(−1), the modular quotient in question is isomorphic to the classical

Siegel modular three-fold of genus two, that is,

Sp4(Z)\H2,

where H2 is the three-dimensional complex Siegel modular half-space.

The present article explores the connection between algebraic descriptions for S -polarized

K3 surfaces and orthogonal modular forms associated with the domain D(L) and group

O(L)+. This is motivated, as mentioned earlier, by the interesting phenomena seen in the

context of high-rank specific example. If S is, for instance, given by H⊕E8(−1)⊕E8(−1),

then, as discussed in [6], all S -polarized K3 surfaces can be given an explicit algebraic

construction via Inose forms – a special class of quartic equations in P3. Moreover, the

coefficients of the Inose form can be written explicitly in terms of the SL2(Z) Eisenstein

series E4 and E6, as well as the weight-twelve discriminant Δ. A similar situation arises in

the case S = H ⊕E8(−1)⊕E7(−1). In this context (see [9]), the S -polarized K3 surfaces

can again be described via a generalized version of Inose forms, and the Inose coefficients

recover the Sp4(Z) Eisenstein series E4 and E6, as well as the Igusa cusp forms χ10 and χ12.

These four Siegel modular forms are known to generate the graded algebra of even-weight

Siegel modular forms of genus two.

For the present work, we shall restrict our discussion to a specific class of lattice

polarizations: those for which the general2 S -polarized K3 surface X satisfies Aut(X ) =

(Z/2Z)2. As we shall explain in §3, these polarizing lattices carry a canonical Jacobian

elliptic fibration and such a fibration proves to be the essential tool for generalizing the

modular form connections noticed above for specific S instances of ranks 18 and 17. The

Jacobian elliptic fibration in question can be described algebraically via a Weierstrass-type

form and the polynomial coefficients appearing in this form (except for possible poles at

the Noether–Lefschetz locus), turn out to be modular forms.

For reasons to be explained shortly, we consider only lattices S of rank 13 and higher,

Under the above conditions, and via standard results by Nikulin [40], [41], [43], Vinberg [51],

and Kondo [28], one obtains that the possible polarizing lattices S reduce to the following

list:

H⊕E8(−1)⊕2, H⊕E8(−1)⊕E7(−1),

H⊕E8(−1)⊕D6(−1), H⊕E8(−1)⊕D4(−1)⊕A1(−1),

H⊕E8(−1)⊕A1(−1)⊕4, H⊕D8(−1)⊕D4(−1), H⊕E7(−1)⊕A1(−1)⊕4.

(1.2)

2 A S -polarized K3 surface (X , i) is called general if i(S) = NS(X ).
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690 A. CLINGHER, A. MALMENDIER AND B. WILLIAMS

Here, H is the standard rank-two hyperbolic lattice, and the lattices An, Dn, and En are

the positive definite root lattices associated with the respective root systems. If one chooses

S from Equation (1.2) with ρS = 10+ k for 3 ≤ k ≤ 8, then one obtains, as orthogonal

complement in the K3 lattice, L = H⊕2 ⊕A1(−1)⊕8−k, or L = H ⊕H(2)⊕D4(−1) if

S =H⊕D8(−1)⊕D4(−1).

In the above cases, there is a good understanding of the rings of modular forms, thanks

to works by Woitalla [59] and Wang and Williams [54]. Namely, consider the graded ring

of modular forms on D(L) with respect to the group O+(L):

M∗(O
+(L)) =

∞⊕
m=0

Mm(O+(L)), (1.3)

as defined for instance in [54]. This graded ring is known to be finitely generated and, in

our cases of interest, one has (see [54], [59]).

Theorem 1.1. For lattices L as in the left-side column of the table below, the modular

form ring M∗(O
+(L)) is freely generated by a set of modular forms with weights tabulated

in the right-side column:

L weights

H⊕H(2)⊕D4(−1) 2, 6, 8, 10, 12, 16, 20

H⊕2⊕A1(−1)⊕4 4, 4, 6, 6, 8, 10, 12

H⊕2⊕A1(−1)⊕3 4, 6, 6, 8, 10, 12

H⊕2⊕A1(−1)⊕2 4, 6, 8, 10, 12

H⊕2⊕A1(−1) 4, 6, 10, 12

H⊕2 4, 6, 12

1.2 Statement of results.

This article gives an explicit algebro-geometric interpretation to the modular forms of

Theorem 1.1. It follows from [11]–[14] that, for S as in (1.2), the general S -polarized K3

surfaces X carries a unique (up to automorphism) Jacobian elliptic fibration with Mordell–

Weil group isomorphic to Z/2Z. This fibration has the canonical van Geemen–Sarti equation

X : y2 = x3+A(t)x2+B(t)x, (1.4)

where X,Y, and t are affine coordinates, and A,B are polynomials in t of degree 3 and

≤ 8− k, respectively. If S = H ⊕D8(−1)⊕D4(−1), then deg(A) = 2 and deg(B) = 5. We

denote the surface in (1.4) by X to indicate that the components in the reducible fibers not

meeting the section have been blown down. In turn, X is obtained as the minimal resolution

of X . Moreover, the polynomials A and B can be arranged to have the following form:

A= t3+a4t+a6, B = b2(k−2)t
8−k+ · · ·+ b12, for S �=H⊕D8(−1)⊕D4(−1),

A= 2
(
c2t

2+ c6t+ c10
)
, B = t5+d8t

3+d12t
2+d16t+d20, for S =H⊕D8(−1)⊕D4(−1).

(1.5)

In this article, we establish the following theorem.
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Theorem 1.2. Consider lattices S, as in Equation (1.2), with ρS ≥ 14. The coefficients

{am, bn} or {cm, bn} of Equation (1.5) are modular forms with respect to the appropriate

group O+(L), and are generators for the ring M∗(O
+(L)) in the sense of Theorem 1.1.

A separate situation is given by the remaining rank-13 case, that is, S =H⊕E7(−1)⊕
A1(−1)⊕4, with orthogonal complement L=H⊕2⊕A1(−1)⊕5. In this situation, a slightly

modified version of Theorem 1.2 holds. The domain D(L) contains a special Heegner divisor

C ′ consisting of periods orthogonal to a certain element r ∈ L′ of discriminant form 1/4,

where L′ is the dual lattice. Then, we have the following theorem.

Theorem 1.3. For S =H⊕E7(−1)⊕A1(−1)⊕4, the coefficients {am, bn} in Equation

(1.5) are meromorphic modular forms on D(L), of weight 2, 4, 4, 6, 6, 8, 10, 12, with respect

to a subgroup Γ≤O+(L) of finite co-volume. Moreover, {am, bn} form a set of generators

for the ring M !
∗(Γ) of meromorphic modular forms on D(L) which are holomorphic away

from the Heegner divisor C ′.

The proofs for Theorems 1.2 and 1.3 are given in §5 and §6. In the case of Theorem 1.2, the

reasoning follows a recursive argument based on the rank of the polarizing lattice, gradually

increasing the complexity of the polynomials in Equation (1.5). Due to the known structure

of M(D(L),Γ), we have a finite space of possibilities for the coefficients of (1.5). Moreover,

certain expressions in the coefficients can be shown to vanish when the surface belongs to

the Noether–Lefschetz locus or when Equation (1.4) fails to define a K3 surface entirely. The

Noether–Lefschetz locus consists of all the points (X , i) for which i : S ↪→NS(X ) is a proper

inclusion. As we shall see, the Noether–Lefschetz divisors in the period domain correspond

exactly to Heegner divisors in the sense of Borcherds [3] and one can often show that

the aforementioned expressions coincide with Borcherds’s automorphic products, for which

one knows the Fourier coefficients. This, in turn, is enough information to determine the

coefficients of (1.5). In Appendix A, we give a list of the coefficients of the van Geemen–Sarti

form (1.4) for all lattices S in Equation (1.2) that we constructed. In turn, our construction

of the moduli spaces as open subvarities of suitable weighted projective spaces implies that

the moduli spaces of the S -polarized K3 surfaces are unirational. This confirms previous

observations by Reid [46] and Ma [35]. Furthermore, if we set A ≡ 0 in Equation (1.4) we

obtain a 5-parameter family of K3 surfaces that is parameterized by eight points in P1,

defining the roots of B. This family appeared in work by Kondo in [30] where he relates

the periods of these K3 surfaces to the complex ball uniformization of the moduli space of

eight ordered points on the projective line.

1.3 Previous work.

S -polarized K3 surfaces for three cases of S in (1.2) have previously appeared in well-

known works of Inose, Matsumoto, and other authors. Our work gives another interpretation

and proof of their results. Let us briefly explain the geometric motivation behind these

examples.

A Kummer surface Y =Kum(E1×E2) associated with two non-isogenous elliptic curves

E1,E2 admits several inequivalent elliptic fibrations (see [33], [45]). In particular, such

Kummer surfaces admit an alternate fibration, that is, an elliptic fibration with section and

a Mordell–Weil group that contains a 2-torsion section. Fiber-wise translation by the 2-

torsion section gives rise to a canonical symplectic involution, known as van Geemen–Sarti

involution. If one factors the Kummer surface Y by the involution and then resolves the eight

https://doi.org/10.1017/nmj.2025.10071 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2025.10071


692 A. CLINGHER, A. MALMENDIER AND B. WILLIAMS

occurring singularities, a new K3 surface X is recovered, related via a rational double-cover

map to the Kummer surface. This construction is referred to in the literature as the Nikulin

construction. In turn, each surface X also admits a canonical van Geemen–Sarti involution.

Moreover, if one repeats the Nikulin construction on X , the original Kummer surface is

recovered, together with a (generically) two-to-one rational map π : X →Y. One can check

that the surfaces X are polarized by the lattice H⊕E8(−1)⊕E8(−1) (see [6]. There is also

a natural push-forward map π∗ that restricts to a morphism between the transcendental

lattices TX and TY of X and Y. In fact, π∗ induces a Hodge isometry between TX (2) and

TY and we have TX = TE1×E2 . This relation is referred to as a Shioda–Inose structure

on X .

We shall refer to X as Inose K3 surfaces as they admit a birational model isomorphic

to a projective quartic surface introduced by Inose [26]. Shioda and Inose considered these

quartic surfaces as an analog of Weierstrass equations defining elliptic curves. This analogy

is particularly fitting since – as we explained above – the coefficients of the Inose quartic

are symmetric expressions of pairs of the modular forms that appear as the coefficients in

the Weierstrass equation for an elliptic curve.

The entire picture then generalizes to the Picard rank seventeen case when surfaces

mathcalY are principally polarized Kummer surfaces: here, the elliptic fibrations on the

Jacobian Kummer surfaces were classified in [32]. The (generalized) Inose K3 surfaces X
are obtained in a similar manner as before from a unique alternate fibration and polarized

by the rank seventeen lattice H ⊕E8(−1)⊕E7(−1); the details may be found in [8], [9],

[31]. The Inose K3 surfaces X can again be viewed as K3 surfaces admitting Shioda–Inose

structures (see [38], [47], [48]). Now, the coefficients of the defining equations of the Inose

K3 surfaces can be expressed in terms of the even generators of the ring of modular forms

that were found by Igusa [23]–[25].

Aspects of this construction were generalized for K3 surfaces of lower Picard rank in

[5], [8], [10], [27]. Since there are no algebraic Kummer surfaces of Picard rank lower than

seventeen, those needed to be replaced by other K3 surfaces; a suitable choice for Picard

number sixteen turned out to be the surfaces Y obtained as double covers of the projective

plane branched over the union of six lines. In this way, the rank-seventeen case is recovered

by making the six lines tangent to a common conic. The surfaces Y are polarized by the

lattice H ⊕D6(−1)⊕D4(−1)⊕2. This family was studied by Matsumoto [36], [37]. The

moduli of the family are well understood and are related to abelian fourfolds of Weil type

[34], [49]. Again, one can obtain (generalized) Inose K3 surfaces X of Picard rank sixteen

which are polarized by the lattice H⊕E8(−1)⊕D6(−1)∼=H⊕E7(−1)⊕E7(−1) (see [10].

In this article, we determine the modular forms that constitute the coefficients in unique

equations for all S -polarized K3 surfaces with S given in (1.2), generalizing the explicit

relation between modular forms and K3 surfaces with automorphism group (Z/2Z)2 down

to Picard rank 13.

§2. Geometric aspects: special elliptic fibrations.

2.1 Preliminaries.

Let us recall some standard facts related to the classification of Jacobian elliptic fibrations

on a K3 surfaces. Given a Jacobian elliptic fibration πX : X → P1 with a section σX ,

the cohomology classes of the fiber and section span a rank-two lattice isomorphic to
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the standard rank-two hyperbolic lattice H. One, therefore, obtains a primitive lattice

embedding H ↪→ NS(X ). The converse of this result also holds: given a primitive lattice

embedding H ↪→ NS(X ) whose image contains a quasi-ample class, it is known (see, for

instance, [7]) that there exists a Jacobian elliptic fibration on the surface X whose fiber and

section classes span H. Moreover, givenH ↪→NS(X ), one can always compose the embedding

with an isometry of NS(X ) in such a way that the image of the resulting embedding contains

a quasi-ample class. One, therefore, has a natural one-to-one correspondence between lattice

embeddings H ↪→ NS(X ), up to isometry, and Jacobian elliptic fibrations on X , up to

automorphism.

For a given lattice embedding j : H ↪→ NS(X ), associated with a Jacobian elliptic

fibration, denote by R(−1) = j(H)⊥ the orthogonal complement in NS(X ). The lattice

R is known as the frame of the respective Jacobian elliptic fibration. Associated with the

frame, denote by Rroot the sub-lattice spanned by the roots of R. Consider also the factor

group W = R/Rroot. The pair (Rroot,W ) is the type of the frame, and plays an important

role in the classification of Jacobian elliptic fibrations. The lattice Rroot is also known as the

trivial lattice associated with the elliptic fibration and is a direct sum of ADE type lattices.

Rroot provides information about the reducible fibers, while the group W is isomorphic to

the the Mordell–Weil group of the fibration.

Refining the above arguments, one would like to distinguish between non-isomorphic

Jacobian elliptic fibrations on X sharing the same frame, or frame type. A detailed

discussion on this aspect may be found in [4]. As established by Festi and Veniani [18],

for every frame type (Rroot,W ), there are finitely many Jacobian elliptic fibrations of this

type supported on X , up to the action of the automorphism group Aut(X ). Moreover, one

has a one-to-one correspondence between the possible Jacobian elliptic fibration classes

and a certain lattice-theoretic double-coset. The order of this double-coset is known as the

multiplicity of the frame type.

A full classification of the possible frame pairs (Rroot,W ), as well as their corresponding

multiplicities, in the case when Aut(X ) is finite, is given in [13].

2.2 Weierstrass equations for Jacobian elliptic fibrations.

Turning to the area of concern for this article, we note that various geometric aspects for

K3 surfaces X polarized by lattices S =H⊕R(−1), with R a direct sum of positive definite

lattices of ADE type, have been studied in previous works of the first two authors [13]. The

general member in this class carries a special Jacobian elliptic fibration with the associated

lattice embedding H ↪→ S as the left-side factor in H ⊕R(−1). We refer to this elliptic

fibration of frame R as standard3. These standard fibrations may be described explicitly

via affine Weierstrass forms, that is, equations of type y2 = x3+f(t)x+g(t), where f(t),g(t)

are polynomials with prescribed properties (degrees, root multiplicities, etc), depending on

the choice of R.

A special sub-case of the above is given by the situation when one has a canonical

primitive embedding H ⊕N ↪→ S, where N is the rank-ten Nikulin lattice4. In such a

situation, the lattice embedding H ↪→ S corresponding to the left-side factor of H ⊕N

3 We note that multiple non-equivalent splittings S = H ⊕R(−1), with R of ADE type, may exist.
Therefore, the S -polarized surface may have multiple non-equivalent standard fibrations.

4 As defined, for instance, in [38, §5].
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determines a second Jacobian elliptic fibration on the S -polarized K3 surfaces, which will be

referred to as alternate. This fibration has the property that, in addition to the base section,

it possesses a second section of order two with respect to the Mordell–Weil group. This type

of fibration was studied in detail by van Geemen and Sarti in [50]. The alternate fibration

may again be described via an affine Weierstrass form y2 = x3+fa(t)x+ga(t). However, a

more effective description is given by a slight modification – the affine van Geemen–Sarti

form y2 = x3+A(t)x2+B(t)x, where here A(t),B(t) are polynomials of degrees at most 4

and 8, respectively, with prescribed properties. Given a van Geemen–Sarti form, one may

recover the Weierstrass form of the fibration via the formulas:

fa(t) =
1

3

(
3B(t)−A(t)2

)
, ga(t) =

1

27
A(t)

(
2A(t)2−9B(t)

)
,

Δa(t) = 4fa(t)
3+27ga(t)

2 = B(t)2
(
4B(t)−A(t)2

)
.

For this article, we shall consider two further restrictions of the above discussion. First,

we shall assume that the polarizing lattice S is of finite automorphism group type5, in the

sense of Nikulin [42], [44]. Second, we shall impose a condition on the rank of S, namely,

13 � ρS � 18. Lower rank cases will be discussed in subsequent works.

The following result follows via arguments from [14].

Proposition 2.1. Let S be an even lattice of rank ρS and signature (1,ρS−1), satisfying

the following conditions:

1. S admits a primitive embedding in the K3 lattice ΛK3,

2. S admits a direct sum decomposition H ⊕R(−1), with R a positive definite lattice of

ADE type,

3. there exists a primitive embedding H⊕N ↪→ S,

4. S is of finite automorphism group type, in the sense of Nikulin [42], [44],

5. 13 � ρS � 18.

Then, S is isomorphic to one of the lattices of the list below:

H⊕E8(−1)⊕2, H⊕E8(−1)⊕E7(−1),

H⊕E8(−1)⊕D6(−1), H⊕E8(−1)⊕D4(−1)⊕A1(−1),

H⊕E8(−1)⊕A1(−1)⊕4, H⊕D8(−1)⊕D4(−1), H⊕E7(−1)⊕A1(−1)⊕4.

(2.1)

Remark 2.2. The following observations regarding the lattices in (2.1) are important:

(a) All lattices involved are of 2-elementary type.6

(b) There is a unique instance for each rank, with the exception of rank 14, where one has

two non-isomorphic possibilities.

(c) The lattices in (2.1) form a nested sequence, in the sense that each lattice has a natural

embedding in the one of consecutive higher rank, with the exception of H⊕D8(−1)⊕
D4(−1) which does not admit an embedding in H⊕E8(−1)⊕D4(−1)⊕A1(−1).

(d) The embeddings of (c) are unique, up to an isometry of the larger lattice.

5 This condition implies that Aut(X ) is a finite group, for any K3 surface X with NS(X ) = S.
6 For a lattice S, we denote by D(S) = S∨/S the associated discriminant group. S is then called 2-

elementary if D(S) is a 2-elementary abelian group, that is, D(S)∼= (Z/2Z)� for � ∈ N.
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Table 1. Lattices in Remark 2.2.

ρS S �H⊕Rstd(−1) Rroot
alt Walt

18 H⊕E8(−1)⊕E8(−1) D16 Z/2Z
17 H⊕E8(−1)⊕E7(−1) D14+A1 Z/2Z
16 H⊕E7(−1)⊕E7(−1) D12+2A1 Z/2Z

∼=H⊕E8(−1)⊕D6(−1)
∼=H⊕D14(−1)

15 H⊕E8(−1)⊕D4(−1)⊕A1(−1) D10+3A1 Z/2Z
∼=H⊕E7(−1)⊕D6(−1)
∼=H⊕D12(−1)⊕A1(−1)

14 H⊕E8(−1)⊕A1(−1)⊕4 D8+4A1 Z/2Z
∼=H⊕E7(−1)⊕D4(−1)⊕A1(−1)

∼=H⊕D10(−1)⊕A1(−1)⊕2

∼=H⊕D6(−1)⊕2

14 H⊕D8(−1)⊕D4(−1) E7+5A1 Z/2Z
13 H⊕E7(−1)⊕A1(−1)⊕4 D6+5A1 Z/2Z

∼=H⊕D8(−1)⊕A1(−1)⊕3

∼=H⊕D6(−1)⊕D4(−1)⊕A1(−1)

We also note that, via classical results by Nikulin [40], [41], [43], Vinberg [51], and Kondo

[28], one obtains the following.

Proposition 2.3. Let X be a K3 surface with Picard rank 13 � ρX � 18. Then, the

automorphism group Aut(X ) is isomorphic to (Z/2Z)2 if and only if the Neron–Severi

lattice NS(X ) is isomorphic to one of the lattices in (2.1).

The following observation, which follows from [14], is important for the considerations of

this article.

Proposition 2.4. Let S be one of the lattices in (2.1) and assume that X is a general

S-polarized K3 surface. Then, there is only one frame on X with W = Z/2Z, and the

multiplicity of this frame is always 1.

Remark 2.5. Re-framing Proposition 2.4 within the standard/alternate terminology

established above, we conclude that, for a general S -polarized K3 surface X , with S in

(2.1), while multiple non-isomorphic elliptic Jacobian fibrations with standard frame Rstd

may occur, one always has a unique (canonical) alternate fibration with root lattice of

the frame Rroot
alt and Walt = Z/2Z. All possible standard/alternate frames7 are detailed in

Table 1.

2.3 Van Geemen–Sarti forms.

The canonical alternate fibrations πX : X → P1 of Proposition 2.4 may be described

explicitly. We shall give these descriptions here and construct the corresponding van

Geemen–Sarti form

X : Y 2Z =X3+A(u,v)X2Z+B(u,v)XZ2, (2.2)

with elliptic fibers in P2 = P(X,Y,Z) varying over P1 = P(u,v), for the subset of lattices

with Picard rank 13 and higher.

7 Multiplicities greater than 1 may occur for some standard frames, as detailed in [13].
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Proposition 2.6. For S in (1.2) with ρS = 10+ k for 4 ≤ k ≤ 8 and L = S⊥
ΛK3

, the

defining polynomials in Equation (2.2) can be arranged to have the form

A=
(
u3+a4uv

2+a6v
3
)
v, B =

(
b2(k−2)u

8−k+ · · ·+ b12v
8−k

)
vk =

8−k∑
l=0

b2(6−l)u
lv8−l

(2.3)

for L=H⊕2⊕A1(−1)⊕8−k, and

A= 2
(
c2u

2+ c6uv+ c10v
2
)
v2, B =

(
u5+d8u

3v2+d12u
2v3+d16uv

4+d20v
5
)
v3 (2.4)

for L=H⊕H(2)⊕D4(−1). The coefficients in Equation (2.3) satisfy (b2(k−2), . . . , b12) �= 0

for k = 5,6,7,8 and(
2a4b4+ b8, a4b6+3b10, a4b6−6a6b4, a4b8+18b12, 8b4b8−3b26, 4a4b8−9a6b6

)
�= 0

(2.5)

for k = 4, and the coefficients in Equation (2.4), satisfy(
c2d8+10c10, 4c2c10− c26, c2d12− c6d8, 3d

2
8+20d16,

8c2d16−3c6d12, d8d12+50d20, 8d8d16−3d212

)
�= 0.

(2.6)

Proof. Proposition 2.4 shows that a general S -polarized K3 surface X has a Jacobian

elliptic fibration πX : X → P1 with MW(X ,πX ) ∼= Z/2Z. This yields Equation (2.2), if we

move the zero-section to [X : Y : Z] = [0 : 1 : 0] and the 2-torsion section to [X : Y : Z] =

[0 : 0 : 1].

In the first case, it was proved in [14] that the elliptic fibration has the singular fibers

I∗2(k−2) +(8− k)I2 +6I1. The van Geemen–Sarti form (2.2) with a singular fiber of type

I∗2(k−2) at v = 0 has A = (a0u
3 + · · ·+ a6v

3)v and B = (b2(k−2)u
8−k + · · ·+ b12v

8−k)vk. It

follows that B �= 0 since otherwise the surface has non-isolated singularities. Moreover, in

order for the elliptic surface to have at worst a rational double point singularity at v = 0,

we must have a0 �= 0. This can be seen by converting Equation (2.2) into its standard

Weierstrass form

y2z = x3− 1

3

(
A(u,v)2−3B(u,v)

)
xz2+

1

27
A(u,v)

(
2A(u,v)2−9B(u,v)

)
z3. (2.7)

For a0 = 0, we obtain a (4,6,12)-point at v= 0 whence a non-minimal Weierstrass equation.

Thus, we must have a0 �=0. For a0 �=0 the coefficient a0 can be rescaled to equal one, and a2
can be subsequently eliminated by a shift in u. We, then obtain Equation (2.2) with defining

polynomials given by Equation (2.3). Moreover, any (4,6,12)-point with v �= 0 requires

A = (u+βv)2(u− 2βv)v and B = b4(u+βv)4v4 for some β ∈ C and b4 �= 0. This is only

possible for k ≤ 4, and Equation (2.5) follows by computing a Gröbner basis for the

intersection of the corresponding elimination ideal and the ideal generated by b4 = · · · =
b12 = 0. The second case is analogous: the singular fibers are III∗ +5I2 +5I1 (see [15]).

We, then moved the fiber of type III∗ to v = 0. Here, a (4,6,12)-point with v �= 0 requires

A=2c2(u+βv)2v2 and B = (u−4βv)(u+βv)4v3. The left side of Equation (2.6) is obtained

as Gröbner basis of the corresponding elimination ideal.
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The following is immediate.

Corollary 2.7. The coefficients of the alternate fibrations determined in Proposi-

tion 2.6 are unique, up to a rescaling (am, bn) �→ (λmam,λnbn) and (cm,dn) �→ (λmcm,λndn),

respectively, with λ ∈ C×.

Proof. Proposition 2.4 proves that the Jacobian elliptic fibration is unique. Among the

singular fibers there is a unique fiber of type I∗2(k−2) or III∗, respectively, that has been

moved to v = 0. After the subsequent shift in u, the only remaining holomorphic coordinate

change which preserves the van Geemen–Sarti form (2.2) and the leading coefficient of A

in the first case or B in the second case, in the affine chart Z = v = 1, is the rescaling

(u,X,Y ) �→ (λ2u,λ6X,λ9Y ) or (u,X,Y ) �→ (λ4u,λ10X,λ15Y ) in the second case. One then

checks that this leads to the stated rescalings of the coefficients.

Corollary 2.8. Setting b2(k−2) = 0 in the van Geemen–Sarti form (2.2) with coef-

ficients in (2.3), the alternate fibration for the polarizing lattice S′ with L′ = H⊕2 ⊕
A1(−1)⊕7−k is attained. Moreover, this is the only way to obtain the alternate equation

for S′.

Proof. The proof is by a recursive argument on the rank of the polarizing lattice. It

follows from the work in [39] that from a fibration with singular fibers I∗2(k−2)+(8−k)I2+

6I1 a fibration with singular fibers I∗2(k−1) +(7− k)I2 +6I1 can only be obtained by the

confluence of the singular fiber of type I∗2(k−2) and I2. This implies that the degree of B as

a polynomial in u must drop by one.

In the remaining case in Equation (1.2), we have the following.

Proposition 2.9. For S =H⊕E7(−1)⊕A1(−1)⊕4 and L= S⊥
ΛK3

=H⊕2⊕A1(−1)⊕5,

the defining polynomials in Equation (2.2) can be arranged to have the form

A=
(
u3+a4uv

2+a6v
3
)
v, B =

(
b2u

5+ b4u
4v+ b6u

3v2+ b8u
2v3+ b10uv

4+ b12v
5
)
v3,

(2.8)

or

A= 2
(
c−2u

3+ c2u
2v+ c6uv

2+ c10v
3
)
v, B = u5+d8u

3v2+d12u
2v3+d16uv

4+d20v
5.

(2.9)

The coefficients in Equation (2.8) satisfy(
2a4b4−10a6b2+ b8, a4b6−2a6b4+2b10, 10a

2
4b2−3a4b6+18a6b4, a4b8−a6b6+10b12,

8a24b4−30a4a6b2+9a6b6, 20b2b10−8b4b8+3b26, 4a
3
4b2+27a26b2

)
�= 0,

(2.10)

and the coefficients in Equation (2.9) satisfy(
c−2d12− c2d8−10c10, 3c

2
−2d16−3c−2c2d12+2c22d8+5c26, 2c−2d16− c2d12+ c6d8,

3d28+20d16, 45c−2d20−8c2d16+3c6d12, d8d12+50d20, 8d8d16−3d212

)
�= 0.

(2.11)

Proof. The proof is analogous to the proof of Proposition 2.6, except now we have

set k = 3. Equation (2.7) shows that we have a (4,6,12)-point at v = 0 if and only if
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(a0, b2) = (0,0). For a0 �= 0, we rescale so that we can assume a0 = 1 and eliminate a2 by a

suitable shift in u to obtain the coefficients in Equation (2.8). Equation (2.10) follows as

in the proof of Proposition 2.6 since a (4,6,12)-point with v �= 0 requires A= (u+βv)2(u−
2βv)v and B = (b2u+αv)(u+βv)4v3 for some α,β ∈C. The case b2 �= 0 works similarly and

yields the coefficients given by Equation (2.9). Here, a (4,6,12)-point with v �= 0 requires

A= 2c−2(u+αv)(u+βv)2v and B = (u−4βv)(u+βv)4v3 for some α,β ∈ C.

We have the following.

Lemma 2.10. For c−2 �= 0, the coefficients in (2.9) can be transformed into coefficients

in (2.8), with b2 = 1/(2c−2) and

a4 = 4c−2c6−
4

3
c22, b4 =−5

3

c2
c−2

, a6 = 8c2−2c10−
8

3
c−2c2c6+

16

27
c32, b6 =

20

9

c22
c−2

+2c−2d8,

b8 =−40

27

c32
c−2

−4c−2c2d8+4c2−2d12, b10 =
40

81

c42
c−2

+
8

3
c−2c

2
2d8−

16

3
c2−2c2d12+8c3−2d16,

b12 =− 16

243

c52
c−2

− 16

27
c−2c

3
2d8+

16

9
c2−2c

2
2d12−

16

3
c3−2c2d16+16c4−2d20.

(2.12)

A similar statement holds for b2 �= 0.

Corollary 2.11. The coefficients of the alternate fibration determined in Proposi-

tion 2.9 are unique, up to changing coefficients according to Lemma 2.10 or a rescaling

(am, bn) �→ (λmam,λnbn) and (cm,dn) �→ (λmcm,λndn), respectively, with λ ∈ C×.

Corollary 2.12. Setting b2 = 0 (or c−2 = 0) in the van Geemen–Sarti form (2.2) with

coefficients in (2.8) (or coefficients in (2.9)), the alternate fibration for the polarizing lattice

S′ = H ⊕E8(−1)⊕A1(−1)⊕4 (or S′ = H ⊕D8(−1)⊕D4(−1), respectively) is attained.

Moreover, this is the only way to obtain the alternate equation for S′.

Remark 2.13. In the affine coordinates Z = v = 1, X = x,Y = y, and u= t, Equation

(2.2) becomes Equation (1.4) from the introduction. Moreover, a canonical representative

for a nowhere vanishing holomorphic two-form ωX on X is determined on X in the affine

coordinate chart by dt∧dx/y. The minimal resolution of the van Geemen–Sarti equation

yields an S -polarized K3 surface (X , i), and any isometry φ : H2(X ,Z)→ ΛK3 of lattices,

with i = φ−1|S , then assigns to ωX a point z0 = φ(ωX ) ∈ P
(
L⊗C

)
with L = S⊥

ΛK3
. The

pseudo-orthogonal group O(L) contains a subgroup O(L)+ <O(L) of index 2 preserving the

component D(L) with z0 ∈ D(L). The marking φ is determined up to a left multiplication

by an element of O+(ΛK3) leaving z0 and L invariant, and Γ = O+(L,z0) is precisely

the arithmetic subgroup of finite index in O(L)+ formed by the restrictions to L of such

operators.

Remark 2.14. Propositions 2.6 and 2.9 provide a construction for the moduli spaces

of S -polarized K3 surfaces with S in Equation (1.2) as open subvarities in the weighted

projective spaces whose coordinate rings are generated by the coefficients of A,B. The

complement of the discriminant locus within these weighted projective spaces is given by

B �≡ 0 for k > 4 and Equation (2.5) (resp. (2.10)) for k = 4 and Equation (2.6) (resp.

(2.11)) for k = 3. Our construction then implies immediately that the moduli spaces of the

S -polarized K3 surfaces are unirational and confirms previous observations by Reid [46]

and Ma [35].
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Remark 2.15. If we set c2 = c6 = c10 = 0 in Equation (2.2) with defining polynomials

in Equation (2.4), we obtain the sub-family of the H⊕D8(−1)⊕D4(−1)-polarized family

with singular fibers III∗ +5III. This family also appeared in [30]. In his work, Kondo

considered the complex ball uniformization of the moduli space of eight ordered points on

the projective line by using the theory of periods of certain K3 surfaces, also building on

earlier work in [29]. In terms of Equation (2.2), the corresponding K3 surfaces are given by

A≡ 0 and the aforementioned eight points in P1 define the roots of B.

§3. Orthogonal modular forms.

3.1 Modular forms on orthogonal groups.

Let L be an even integral lattice of signature (2,n) and define LR =L⊗R and LC =L⊗C.

The Hermitian symmetric domain D for O(L) is the space

D =
{
[z] ∈ P(LC) : 〈z,z〉= 0, 〈z,z〉> 0, {re[z], im[z]} oriented

}
.

In other words, if z = x+ iy then [z] ∈ D if and only if, up to scalar, (x,y) is an oriented

orthonormal basis of a positive-definite plane in LR. The affine cone over D is the set

A=
{
z ∈ LC : [z] ∈ D

}
of points that span a line in D.

Let O(L) be the orthogonal group of L. There is an index two subgroup O+(L) (the

spinor kernel) of O(L) defined by the fact that it preserves the set D under multiplication.

It is also characterized by the following fact: for r ∈ LR, the reflection

σr : v �→ v− 〈v,r〉
〈r,r〉 r

belongs to O+(LR) if and only if r2 > 0.

Let Γ≤ O+(L) be a finite-index subgroup. A meromorphic function f : A→ C is called

a meromorphic modular form of weight k and level Γ if

1. f(γz) = f(z) for all γ ∈ Γ,

2. f(λz) = λ−kf(z) for λ ∈ C×.

The most important such Γ (besides O+(L) itself) is the discriminant kernel

Õ(L) =
{
γ ∈O+(L) : γx−x ∈ L for all x ∈ L′

}
.

3.2 Jacobi forms and lifts.

Throughout this section, we assume that we have fixed a splitting L =H⊕H⊕K(−1)

with a positive-definite lattice K. The dual lattice is labeled

K ′ = {x ∈K⊗Q : 〈x,y〉 ∈ Z for all y ∈K}.

Definition 3.1. A Jacobi form of weight k and index K is a holomorphic function

φ : H×KC −→ C
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that satisfies the functional equations:

φ

(
aτ + b

cτ +d
,

z

cτ +d

)
= (cτ +d)k exp

(
πi

c · 〈z,z〉
cτ +d

)
·φ(τ,z)

and

φ
(
τ,z+λτ +μ

)
= exp

(
−πi〈λ,λ〉τ −2πi〈λ,z〉

)
·φ(τ,z)

for any
(
a b
c d

)
∈ SL2(Z) and λ,μ ∈K.

Jacobi forms are represented by their Fourier series

φ(τ,z) =
∞∑

n=−∞

∑
r∈K′

c(n,r)qnζr,

where qn := e2πinτ and ζr := e2πi〈z,r〉. The Jacobi form φ is called

• weakly holomorphic if c(n,r) = 0 for sufficiently small n and every r ;

• weak if c(n,r) = 0 for every n < 0 and every r ;

• holomorphic if c(n,r) = 0 whenever n−〈r,r〉/2< 0;

• a cusp form if c(n,r) = 0 whenever n−〈r,r〉/2≤ 0.

The value n−〈r,r〉/2 is also called the hyperbolic norm of the tuple (n,r).

G=Aut(K ′/K) operates on Jacobi forms of index K via φg(τ,z) := φ(τ,gz).

If f : A→C is a modular form on the discriminant kernel Õ(L), then f can be expressed

as a Fourier–Jacobi series as follows. Write elements of L as tuples in the form (a,b,x,c,d),

with a,b,c,d ∈ Z and x ∈K, where the norm of the tuple is

〈(a,b,x,c,d),(a,b,x,c,d)〉/2 = ad− bc−〈x,x〉/2,

and 〈−,−〉 also denotes the (positive definite) inner product on K.

For any elements τ,w ∈H and any z ∈KC, the element

Z = (1, τ,z,w,τw+ 〈z,z〉/2)

lies in A if and only if it is oriented (i.e., im(z) lies in the so-called positive cone) and if it

satisfies

0< 〈Z,Z〉
= τw+ 〈z,z〉/2+ τw+ 〈z,z〉/2− τw− τw−〈z,z〉
=−4im(τ)im(w)−2〈im(z), im(z)〉,

that is, we have 〈im(z), im(z)〉/2< im(τ) · im(w).

The Fourier–Jacobi expansion of f is defined by

f(Z) =
∞∑

n=0

φn(τ,z)e
2πinw.

Each φn is a Jacobi form of index K(n), that is, K with its inner product multiplied by n.

The Gritsenko lift is defined in terms of the Hecke raising operators

VN : Jk,K −→ Jk,K(N),
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which are lattice-index generalizations of the operators introduced in [17]. For N ≥ 1, we

define

φ
∣∣∣VN (τ,z) =

1

N

∑
ad=N
a>0

∑
b∈Z/dZ

akφ
(aτ + b

d
,az

)
.

If φ(τ,z) =
∑

n,r c(n,r)q
nζr, then

φ
∣∣∣VN (τ,z) =

∑
d|(n,r,N)

dk−1c
(Nn

d2
,
r

d

)
.

For N = 0 and even k ≥ 4, we define φ
∣∣∣V0 to be the abelian function

φ
∣∣∣V0 =−c(0,0) · Bk

2k
Ek(τ)+

1

(2πi)k

∑
r>0

c(0, r)℘(k−2)(τ,〈r,z〉),

where

℘(τ,z) =
1

z2
+

∑
m,n∈Z

(m,n) 
=(0,0)

( 1

(z−mτ −n)2
− 1

(mτ +n)2

)

is the Weierstrass ℘-function, where ℘(k−2) is its (k−2)nd derivative with respect to z, Bk

is the kth Bernoulli number, and Ek is the Eisenstein series of weight k for SL2(Z), and

where r > 0 means that r|K lies in the positive cone. For k = 2, we define

φ
∣∣∣V0 =

1

(2πi)k

∑
r>0

c(0, r)℘(τ,〈r,z〉).

Theorem 3.2. Suppose φ(τ,z) =
∑

n,r c(n,r)q
nζr is a weakly holomorphic Jacobi form

of weight k ≥ 1 and index K. Then,

G(φ)(Z) :=

∞∑
m=0

(
φ
∣∣∣Vm

)
e2πimw

defines a meromorphic modular form of weight k on the discriminant kernel Õ(L). The

poles of G(φ) are all of order k and lie on hyperplanes

r⊥ =
{
Z ∈ A : 〈Z,r〉= 0

}
for positive norm vectors r ∈ L′.

Moreover, if φ is invariant under Aut(K ′/K), then G(φ) is modular under the larger

group O+(L).

This lift is constructed in [3, §14]. We call G(φ) the Gritsenko lift or additive theta lift

of φ as the case, where φ is holomorphic is due to Gritsenko [20]. If r is a vector of the

form (0,n,rK ,1,0) with rK = r|K ∈ K ′, then it follows from the results of [3] that in a

neighborhood of r⊥ the Laurent expansion of G(φ) begins

G(φ)(Z) =

( ∞∑
λ=1

c
(
λ2n,λrK

)
· (k−1)!

(2πiλ)k

)
· 1

〈r,Z〉k +h(Z), (3.1)
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where h is holomorphic. Under Õ(L), every hyperplane r⊥ is equivalent to one of this form.

The only coefficients that appear in Equation (3.1) are singular coefficients of φ, and the

sum is finite because c(n,r) is zero whenever (n,r) has sufficiently negative hyperbolic norm.

The more famous construction of [3] is essentially the exponential of Theorem 3.2 applied

to weight k = 0.

Definition 3.3. Let φ(τ,z) =
∑

n,r c(n,r)q
nζr be a weakly holomorphic Jacobi form of

weight 0 and index K in which all Fourier coefficients c(n,r) are integers. The theta block

associated with φ is the infinite product

Θφ(τ,z) = η(τ)c(0,0) ·
∏
r>0

(θ11(τ,〈r,z〉)
η(τ)

)c(0,r)

= q
1
24

∑
r∈K′ c(0,r)

∏
r>0

(ζr/2− ζ−r/2)×
∏
r∈K′

∞∏
n=1

(1− qnζr)c(0,r),

where

η(τ) = q1/24
∞∏

n=1

(1− qn)

is the Dedekind eta function and where

θ11(τ,z) =
∑

n∈ 1
2+Z

(−1)n−1/2qn
2/2e2πinz

is the odd Jacobi theta function.

Theorem 3.4. Suppose φ(τ,z) =
∑

n,r c(n,r)q
nζr is a weakly holomorphic Jacobi form

of weight 0 and index K in which all Fourier coefficients c(n,r) are integers.

Then,

Ψ(Z) := Θφ(τ,z)e
2πiCw× exp

( ∞∑
m=1

φ
∣∣∣Vm · e2πimw

)
converges on an open subset of A and it is the Fourier–Jacobi expansion of a meromorphic

modular form B(φ) of weight 1
2c(0,0) on the discriminant kernel Õ(L). The zeros and poles

of B(φ) all lie on hyperplanes r⊥. Here, C is the constant

C =
1

rank(K)
·
∑
r∈K′

c(0, r)
〈r,r〉
2

.

If r is a vector of the form (0,n,rK ,1,0), then the order of the zero or pole of Ψ along r⊥ is

ord
(
Ψ;r⊥

)
=

∞∑
λ=1

c
(
λ2n,λrK

)
.

This form is constructed in [3, §13] and it is called the Borcherds lift of φ. The setup in

terms of Jacobi forms follows the discussion of [57].

§4. Certain algebras of modular forms.

Modular forms with respect to the orthogonal groups of the lattices H⊕H⊕A1(−1)⊕n

will play an important role in later sections, as these occur as transcendental lattices of K3
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surfaces polarized by S in (1.2). These were studied by Woitalla in [59] and they are the

special case of root systems of type B in [54]. The generators of the algebra of modular

forms can be chosen to have a particularly simple structure.

The root lattice of the simple Lie algebra of type Bn is A⊕n
1 , that is, Zn with the bilinear

form

〈x,y〉= 2 ·
n∑

i=1

xiyi.

The Weyl group W (Bn) is then the full orthogonal group of A⊕n
1 .

Jacobi forms of index A⊕n
1 can be constructed from rank one Jacobi forms by “exterior”

multiplication. Let

φ−2,1(τ,z) =
θ11(τ,z)

2

η(τ)6
= (ζ−2+ ζ−1)

∞∏
n=1

(1− qnζ)2(1− qnζ−1)2

(1− qn)4
, q = e2πiτ , ζ = e2πiz

and

φ0,1(τ,z) =− 3

π2
℘(τ,z) ·φ−2,1(τ,z)

be the basic weak Jacobi forms, which generate the C[E4,E6]-module of even-weight weak

Jacobi forms, as defined in [17, Chapter 9].

It follows from [54, Theorem 2.4] that the products

φ∗,1(τ,z1) · · · · ·φ∗,1(τ,zn), with ∗ ∈ {−2,0}

generate the C[E4,E6]-module of weak Jacobi forms of lattice index A⊕n
1 which are invariant

under substitutions zi �→ −zi, and, therefore, the Weyl group W (nA1).

For 0≤ k ≤ n, the symmetric expressions

fk(τ,z1, . . . , zn) :=
∑

I⊆{1,...,n}
#I=k

(∏
i∈I

φ−2,1(τ,zi)
)(∏

i/∈I

φ0,1(τ,zi)
)

are weak Jacobi forms of weight −2k and index K that are invariant under the Weyl group

W (Bn). Equivalently, we can write

fk(τ,z1, . . . , zn) =
(
− 3

π2

)k

Φ(τ,z1, . . . , zn) ·σk

(
℘(τ,z1), . . . ,℘(τ,zn)

)
,

where

Φ(τ,z1) = φ−2,1(τ,z1) · · · · ·φ−2,1(τ,zn)

and where σk is the kth elementary symmetric polynomial.

Now let Ln =H⊕H⊕A1(−1)⊕n. The following structure theorem holds (cf. [54], [59]).

Theorem 4.1. For 1 ≤ n ≤ 4, the algebra of modular forms M∗(O
+(Ln)) is generated

by the Eisenstein series E4 and E6 and by the theta lifts

φ12−2k := G
(
Δ ·fk

)
, 0≤ k ≤ n,
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where Δ(τ) = q
∏∞

n=1(1− qn)24 is the cusp form of weight 12. Moreover, the generator

φ12−2n has a representation as a Borcherds product:

φ12−2n = B(ψn),

where ψn is the weak Jacobi form of weight 0 defined by

ψn(τ,z1, . . . , zn) :=
1

2 ·
√

Δ(τ)

(
θ00(τ,z1) . . . θ00(τ,zn)θ00(τ)

12−n

−θ01(τ,z1) . . .θ01(τ,zn)θ01(τ)
12−n

−θ10(τ,z1) . . .θ10(τ,zn)θ10(τ)
12−n

)
.

The identity φ12−2n = B(ψn) and the expression in terms of theta-nulls is a special case

of a general identity between additive and multiplicative lifts that was proved in [57]. Here,

θ00, θ01, and θ10 are the even Jacobi theta functions

θ00(τ,z) =
∞∑

n=−∞
qn

2/2ζn

θ01(τ,z) =
∞∑

n=−∞
(−1)nqn

2/2ζn

θ10(τ,z) =
∑

n∈ 1
2+Z

qn
2/2ζn,

and by abuse of notation we also write θij(τ) = θij(τ,0) for the theta-nulls.

From φ12−2n = B(ψn), one can conclude that φ12−2n has divisor exactly

div(φ12−2n) = 2 ·
∑
r∈L′

n
〈r,r〉=1/2

r⊥,

that is, double zeros on hyperplanes r⊥ with 〈r,r〉= 1/2.

When n = 5, the algebra of modular forms is more complicated but it is contained in

an algebra of meromorphic forms that has a simple description. There are two classes of

hyperplanes r⊥ with 〈r,r〉 = 1/2 that are inequivalent under the action of O+(L). Using

the bilinear form

〈(a,b,x1, . . . ,x5, c,d),(a,b,x1, . . . ,x5, c,d)〉= ad− bc+2(x2
1+ · · ·+x2

5),

we have the following representatives:

(1) r1 = (0,0,1/2,0,0,0,0,0,0);

(2) r2 = (0,1,1/2,1/2,1/2,1/2,1/2,1,0).

Theorem 4.2. The algebra of meromorphic modular forms M !
∗(O

+(L5)) with poles on

r⊥2 and its orbit under O+(L5) is generated by the Eisenstein series E4 and E6 and by the

meromorphic theta lifts

φ12−2k := G
(
Δ ·fk

)
, 0≤ k ≤ 5.
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Moreover, the generator φ2 has a representation as a Borcherds product:

φ2 = B(ψ5),

where ψ5 was defined above.

In particular, φ2 has divisor exactly

div(φ2) = 2 ·
∑
r∈L′

n
〈r,r〉=1/2
r eq. to r1

r⊥−2 ·
∑
r∈L′

n
〈r,r〉=1/2
r eq. to r2

.

The structure of M !
∗(L5) was computed in [57, Theorem 5.24].

§5. Computation of van Geemen–Sarti equations.

We now determine the coefficients of five of the van Geemen–Sarti equations (1.4) in

terms of the generators of M∗(O
+(Ln)) described in the previous section. The argument is

an induction on n= 8−k, beginning with n= 0 (such that Kn = {0} and L=H⊕H); the

general K3 surface in the associated family has Picard rank 18.

5.1 Rank 18.

Since the generic transcendental lattice in this family is

L= L0 :=H⊕H,

the Jacobi forms that lift to modular forms on the orthogonal group are Jacobi forms of

index {0}, that is, elliptic modular forms of level one.

The lattice L can be identified with the lattice of matrices(
a b

c d

)
, a,b,c,d ∈ Z

with quadratic form given by the determinant. The spinor kernel O+(L) contains two copies

of SL2(Z), one acting by multiplication from the left, the other from the right, and in fact,

it is generated by these two copies of SL2(Z) together with the transpose (cf. [19]).

This implies that modular forms for F ∈Mk(O
+(L)) are linear combinations of products

f(τ1)g(τ2), f,g ∈Mk(SL2(Z))

that are symmetric in the two variables τ1, τ2, that is,

M∗(O
+(L)) = Sym2(M∗(SL2(Z))).

It is not hard to see that the graded ring M∗(O
+(L)) is, therefore, a free algebra on three

generators,

M∗(O
+(L)) = C

[
E4⊗E4,E6⊗E6,Δ⊗Δ

]
.

The general K3 surface in the family – according to Proposition 2.6 – is described by the

equation

y2 = x3+A(t)x2+B(t)x, (5.1)
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where A(t) = t3+a4t+a6 and where in this case B = b12 is constant. The discriminant of

the right-hand side of Equation (5.1) is B2(A2−4B), which itself is a polynomial of t with

discriminant

D = 4096b312 ·
(
16a64+216a34a

2
6+729a46+864a34b12−5832a26b12+11664b212

)
.

Here, a4, a6 and b12 are holomorphic modular forms whose weight is indicated by the

subscript, and due to the ring structure they are constant multiples of E4⊗E4, E6⊗E6,

and Δ⊗Δ, respectively (as a4 and a6 live in a one-dimensional space of modular forms,

and B = b12 is never allowed to vanish).

The weight 24 form D/b312 is a modular form that vanishes on the discriminant locus{
(τ1, τ2) : SL2(Z) · τ1 = SL2(Z) · τ2

}
and is, therefore, a constant multiple of the form

F (τ1, τ2) := Δ(τ1)
2Δ(τ2)

2
(
j(τ1)− j(τ2)

)2

,

where j is the j -invariant. (Note that F = B(ψ) for the Jacobi form

ψ(τ) = 2j(τ)−1440 = 2q−1+48+2 ·196884q+O(q2)

of weight zero.) By comparing coefficients between that form and

16a24+216a34a
2
6+729a46+864a34b12−5832a26b12+11664b212,

we find that if b12 = C ·Δ⊗Δ then we must have

a4 =− 1

48
C1/3 ·E4⊗E4 and a6 =

1

864
C1/2 ·E6⊗E6.

The parameter C is arbitrary, but it is natural to fix C = 126 such that the van Geemen–

Sarti equation simplifies to

y2 = x3+
(
t3−3(E4⊗E4)t+2(E6⊗E6)

)
x2+126(Δ⊗Δ)x. (5.2)

5.2 Rank 17.

The transcendental lattice of the general member of the family is now

L= L1 :=H⊕H⊕A1(−1).

There is a well-known exceptional isomorphism

Spin(L) = Sp4(Z)

that makes it possible to identify modular forms on O+(L) with Siegel modular forms of

degree two and even weight (and modular forms on Õ(L) with Siegel modular forms of any

weight). By a famous theorem of Igusa [24], the ring structure is

M∗(O
+(L)) = C[E4,E6,χ10,χ12],

where E4,E6 are the Siegel Eisenstein series and where the cusp forms χ10,χ12 are easiest

to describe as Gritsenko lifts:

χ10 =G(Δ ·φ−2,1), χ12 =G(Δ ·φ0,1).
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(Note that these Gritsenko lifts differ from Igusa’s definitions [24] by multiples of 4 and 12,

respectively.)

There is a restriction map,

res : M∗(O
+(L1))−→M∗(O

+(L0))

which through the interpretations M∗(O
+(L1)) = M2∗(Sp4(Z)) and M∗(O

+(L0)) =

Sym2(M∗(SL2(Z)) is the map

res(F )(τ1, τ2) = F

((
τ1 0

0 τ2

))
, τ1, τ2 ∈H.

The action of the restriction map on the generators is

res(E4) = E4⊗E4, res(E6) = E6⊗E6, res(χ10) = 0, res(χ12) = 12 · (Δ⊗Δ). (5.3)

The general K3 surface in the family – according to Proposition 2.6 – is described by the

equation

y2 = x3+A(t)x2+B(t)x,

where A(t) = t3+a4t+a6 and B(t) = b10t+ b12 and the previous family is cut out by the

equation b10 = 0. In view of Equations (5.2) and (5.3), we have

a4 =−3E4, a6 = 2E6, b12 = 125 ·χ12,

and there is a constant C such that b10 = C ·χ10. We compare the first Fourier coefficients

between the discriminant of A2−4B and the reflective product

Ψ60

((
τ z

z w

))
= q3s3(q−s)2(r−1+2+ r)+O(q,s)9, q = e2πiτ , r = e2πiz, s= e2πiw,

which is the Borcherds lift of the following weakly holomorphic Jacobi form of weight 0 and

index 1,

ψ =
29

24
· E

2
4E4,1

Δ
+

19

24
· E6E6,1

Δ
= 2q−1+(2ζ−2−2ζ−1+120−2ζ+2ζ2)+O(q).

We conclude that C =−125. Hence, we have derived the van Geemen–Sarti equation

y2 = x3+
(
t3−3E4t+2E6

)
x2+125 ·

(
−χ10t+χ12

)
x. (5.4)

5.3 Rank 16.

The transcendental lattice of the general K3 surface in this family is

L= L2 :=H⊕H⊕A1(−1)⊕2,

so the Jacobi forms that are lifted to produce modular forms on the orthogonal group have

lattice index A⊕2
1 .

By Theorem 4.1, the algebra of modular forms of level O+(L) is

M∗(B2) = C[E4,E6,χ8,χ10,χ12],

where E4 and E6 are the Eisenstein series and where

χ8 =G
(
Δφ−2,1⊗φ−2,1

)
, χ10 =G

(
Δ ·φ−2,1⊗φ0,1+Δ ·φ0,1⊗φ−2,1

)
,
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and

χ12 =G
(
Δ ·φ0,1⊗φ0,1

)
.

There are two obvious embeddings of A1 into A⊕2
1 and they induce the same restriction

map

res : M∗(O
+(L2))−→M∗(O

+(L1)).

The images of the generators are

res(EL2
4 ) = EL1

4 , res(EL2
6 ) = EL1

6 , res(χL2
8 ) = 0, res(χL2

10 ) = 12 ·χL1
10 , res(χ

L2
12 ) = 12 ·χL1

12 ,

where the superscript indicates to which algebra the form belongs.

We will need the following weak Jacobi forms of weight two which are not Weyl-invariant

and whose Gritsenko lifts are modular only under the discriminant kernel:

f1(τ,z1, z2) := φ−2,1(τ,z1)E4,1(τ,z2) = (ζ−1
1 −2+ ζ1)+O(q);

f2(τ,z1, z2) := E4,1(τ,z1)φ−2,1(τ,z2) = (ζ−1
2 −2+ ζ2)+O(q);

where ζj = e2πizj and q = e2πiτ .

By Theorem 3.2, the Fourier–Jacobi series of the meromorphic Gritsenko lifts G(fi) begin

G(fi) =− 1

4π2
℘(τ,zi)+fi(τ,z1, z2)s+O(s2).

The general K3 surface in the family – according to Proposition 2.6 – is described by the

equation

y2 = x3+(t3+a4t+a6)x
2+(b8t

2+ b10t+ b12)x,

where the previous family is cut out by b8 = 0. In view of the ring structure of M∗(O
+(L)),

the forms a4,a6, b10 are uniquely determined by their values (5.4) when b8 = 0. We obtain

a4 =−3E4, a6 = 2E6, b10 =−124 ·χ10,

and moreover b8 is a multiple of χ8; say b8 =A ·χ8. Also, when we factor

B(t) = b8(t−β1)(t−β2) = b4t
2− b8(β1+β2)t+ b4β1β2,

then β1 and β2 define meromorphic modular forms of weight two on the discriminant kernel

with double poles on rational quadratic divisors on which b4 vanishes. Since there are no

nonzero holomorphic modular forms of weight two, we obtain

β1 = C ·G(f1) and β2 = C ·G(f2)

for some other constant C.

By comparing the leading Fourier–Jacobi coefficients in

− b8(β1+β2) =−AC ·χ8 · (G(f1)+G(f2))

=−AC
(
Δφ−2,1(τ,z1)φ−2,1(τ,z2)s+O(s2)

)
·
(
− 1

4π2
℘(τ,z1)−

1

4π2
℘(τ,z2)+O(s)

)
=−AC

12
Δ(τ)

(
φ−2,1(τ,z1)φ0,1(τ,z2)+φ0,1(τ,z1)φ−2,1(τ,z2)

)
s+O(s2)
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and

b10 =−124 ·χ10 =−12Δ(τ) ·
(
φ−2,1(τ,z1)φ0,1(τ,z2)+φ0,1(τ,z1)φ−2,1(τ,z2)

)
s+O(s2),

we conclude that AC = 125, and by comparing

b8β1β2 =AC2χ8G(f1)G(f2)

=AC2
(
Δφ−2,1(τ,z1)φ−2,1(τ,z2)s+O(s2)

)(
− 1

4π2
℘(τ,z1)+f1(τ,z1, z2)s+O(s2)

)
×

(
− 1

4π2
℘(τ,z2)+f2(τ,z1, z2)s+O(s2)

)
=

AC2

144
Δ(τ)φ0,1(τ,z1)φ0,1(τ,z2)s

=
AC2

144
φ12

with b12, we conclude that

b12 =
AC2

144
χ12 = 123C ·χ12.

When b8 = 0, the result of (5.4) implies

125χ12 = res(b12) = 123C ·12χ12,

that is, C = 12 and, therefore, A = 124. Hence, we have derived the van Geemen–Sarti

equation

y2 = x3+(t3−3E4t+2E6)x
2+124 · (χ8t

2−χ10t+χ12)x. (5.5)

5.4 Rank 15.

The transcendental lattice of the general surface in the family is

L= L3 :=H⊕H⊕A1(−1)⊕3.

For the full orthogonal group, we have the graded ring structure

M∗(O
+(L)) = C[E4,E6,χ6,χ8,χ10,χ12]

as a special case of Theorem 4.1, where E4 and E6 are the Eisenstein series and where

χ6,χ8,χ10,χ12 are defined as Gritsenko lifts:

χ6+2k =G(ϕ6+2k), k = 0,1,2,3,

where ϕ6+2k is the Jacobi cusp form

ϕ6+2k(τ,z1, z2, z3) = Δ(τ)φ−2,1(τ,z1)φ−2,1(τ,z2)φ−2,1(τ,z3)σk

( 3

π2
℘(τ,z1), . . . ,

3

π2
℘(τ,z3)

)
,

and σ0, . . . ,σ3 are the elementary symmetric polynomials

σ0 = 1, σ1(x,y,z) = x+y+z, σ2(x,y,z) = xy+yz+zx, σ3(x,y,z) = xyz.

Up to the action of the discriminant kernel, there are three embeddings of H ⊕H ⊕
A1(−1)⊕2 into L as hyperplanes r⊥1 , r

⊥
2 , r

⊥
3 , where

r1 = (1,0,0), r2 = (0,1,0), r3 = (0,0,1) ∈A1(−1)⊕3. (5.6)
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The result of restricting the generating forms along any of these embeddings is

EL3
4 �→ EL2

4 , EL3
6 �→ EL2

6 , χL3
6 �→ 0, χL3

8 �→ 12χL2
8 , χL3

10 �→ 12χL2
10 , χ

L3
12 �→ 12χL2

12 .

There are uniquely determined weak Jacobi forms f1,f2,f3 of weight two and lattice

index A⊕3
1 whose Fourier expansions begin as

fj(τ,z1, z2, z3) = (ζ−1
j −2+ ζj)+O(q),

with q = e2πiτ and ζj = e2πizj . In particular, each G(fj) has double poles precisely on the

orbit of r⊥j under the discriminant kernel, with Fourier–Jacobi expansion beginning

G(fj)(τ,z1, z2, z3,w) =− 1

4π2
℘(τ,zj)+fj(τ,z1, z2, z3)s+O(s2), s= e2πiw.

The general K3 surface in the family – according to Proposition 2.6 – is described by the

equation

y2 = x3+A(t)x2+B(t)x,

where A(t) = t3+a4t+a6 and B(t) = b6t
3+ b8t

2+ b10t+ b12, and the rank 16 family of the

previous section is cut out by the equation b6 = 0. The forms ak, bk are modular forms of

weight k whose restrictions to any of the hyperplanes r⊥j are given by Equation (5.5), and

in view of the algebra structure this uniquely determines

a2 =−3E4, b4 = 123χ8;

in addition, b3 =A ·χ6 for some nonzero constant A.

If we factor

B(t) = b6(t−β1)(t−β2)(t−β3),

then β1,β2,β3 are meromorphic modular forms of weight two on the discriminant kernel of

L with double poles on r⊥1 , r
⊥
2 , and r⊥3 , respectively, and they are permuted under O+(L).

This forces (possibly after reordering)

β1 = C ·G(f1), β2 = C ·G(f2), β3 = C ·G(f3)

with a common nonzero constant C.

Now, we have

123 ·χ8 = b8

=−b6(β1+β2+β3)

=
1

4π2
ACχ6

3∑
i=1

℘(τ,zi)+O(s)

=−AC

12
Δφ−2,1(τ,z1)φ−2,1(τ,z2)φ−2,1(τ,z3)

3∑
i=1

φ0,1(τ,zi)

φ−2,1(τ,zi)
+O(s),

and comparing the constant Fourier–Jacobi coefficients on both sides of this equation yields

AC =−124. The Fourier–Jacobi expansions of b10 and b12, therefore, begin as
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b10 = b6(β1β2+β1β3+β2β3)

=
AC2

144
·Δ(τ)φ−2,1(τ,z1)φ−2,1(τ,z2)φ−2,1(τ,z3)σ2

( 3

π2
℘(τ,z1),

3

π2
℘(τ,z2),

3

π2
℘(τ,z3)

)
s

+O(s2)

= 144C ·ϕ10(τ,z1, z2, z3)s+O(s2),

which uniquely determines C = 12 and A=−123 and b10 =−1728χ10, and

b12 =−b6β1β2β3

=−AC3

1728
·Δ(τ)φ−2,1(τ,z1)φ−2,1(τ,z2)φ−2,1(τ,z3)

×
(
− 3

π2
℘(τ,z1) ·−

3

π2
℘(τ,z2) ·−

3

π2
℘(τ,z3)

)
s

− AC3

144
Δ(τ)φ−2,1(τ,z1)φ−2,1(τ,z2)φ−2,1(τ,z3)

×
3∑

i=1

[
fi(τ,z1, z2, z3)

∏
j 
=i

− 3

π2
℘(τ,zj)

]
s2+O(s3),

= 12C2 ·ϕ12(τ,z1, z2, z3)s−12C2 ·
(
ϕ12

∣∣∣V2−2592ϕ2
6

)
s2+O(s3).

The coefficients of B(t) are, therefore,

b6 =−1728χ6, b8 = 1728χ8,

b10 =−1728χ10, b12 = 1728
(
χ12−2592 ·χ2

6

)
.

Only the coefficient a6 remains to be determined. Since the value at b6 = 0 is determined

by Equation (5.5), we have

a6 = 2E6+C ·χ6

for some constant C. The contant C can theoretically be determined by computing the

discriminant form (as in the derivation of Equation (5.4) but this is computationally

difficult. Instead, we use a method that we call paramodular restriction, which will also

be useful in the later sections. It is based on the following observation.

Lemma 5.1. Write

B(t) = b6t
3+ b8t

2+ b10t+ b12 = b6(t−β1)(t−β2)(t−β3),

where each βi has poles exactly on the Õ(L)-orbit of r⊥i . Then, βi−βj vanishes precisely

on the Õ(L)-orbit of (ri+ rj)
⊥.

Proof. Since the reflection through the hyperplane (ri+rj)
⊥ swaps r⊥i and r⊥j , it maps

βi−βj to βj −βi. This implies that βi−βj vanishes on (ri+ rj)
⊥.

One can show that there are unique weak Jacobi forms of weight 0 and lattice index A⊕3
1

whose Fourier series begin

b12(τ,z1, z2, z3) = (ζ−1
1 −2+ ζ1)(ζ

−1
2 −2+ ζ2)+O(q);

b13(τ,z1, z2, z3) = (ζ−1
1 −2+ ζ1)(ζ

−1
3 −2+ ζ3)+O(q);

b23(τ,z1, z2, z3) = (ζ−1
2 −2+ ζ2)(ζ

−1
3 −2+ ζ3)+O(q).

https://doi.org/10.1017/nmj.2025.10071 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2025.10071


712 A. CLINGHER, A. MALMENDIER AND B. WILLIAMS

The Borcherds products ψij = B(bij) have double poles on r⊥i and r⊥j and vanish on

(ri+ rj)
⊥ by construction. This means that (βi−βj)/ψij are holomorphic modular forms

of weight 0 and hence (nonzero) constants, so

div(βi−βj) = div(ψij) = (ri+ rj)
⊥−2r⊥i −2r⊥j .

We consider the specialization of the family

y2 = x3+(t3+a4t+a6)x
2+

(
b6

3∏
i=1

(t−βi)
)
x

to β1 = β2 = β3 =: β. In view of Lemma 5.1, the general member of the specialized family has

transcendental lattice H ⊕H ⊕A1(-3). The orthogonal group of that lattice is essentially

the paramodular group of level 3 (see, e.g., [21, §1.3]).
The discriminant of

y2 = x3+(t3+a4t+a6)x
2+ b6(t−β)3x

is given by

b26(t−β)6
(
t6+2a4t

4+2(a6−2b6)t
3+(a24+12b6β)t

2+(2a4a6−12b6β
2)t+(4b6β

3+a26)
)
,

and the irreducible factor of degree six of that has discriminant

D := b36 · (β3+a4β+a6)
3 ·P

with a modular form P of weight 36 whose expression is too long to write out here.

The presence of b6 · (β3+a4β+a6) in the discriminant D implies that it is a reflective

Borcherds product of weight 12 with a double zero on the paramodular Humbert surface of

discriminant 4 in the sense of [21], and this in fact determines it uniquely: we obtain

b6 · (β3+a4β+a6) = b6β
3+a4β+

( 6

17
b26+2E6b6

)
and, therefore,

a6 = 2E6+
6

17
b6 = 2E6+

10368

17
χ6.

Altogether, we have derived the van Geemen–Sarti equation

y2 = x3+
(
t3−3E4t+2E6+

10368

17
χ6

)
x2+1728

(
−χ6t

3+χ8t
2−χ10t+χ12−2592χ2

6

)
x.

(5.7)

5.5 Rank 14.

The transcendental lattice of the generic K3 surface in the family is

L= L4 :=H⊕H⊕A1(−1)⊕4.

By Theorem 4.1, the algebra structure of modular forms for the full orthogonal group is

M∗(O
+(L)) = C[E4,E6,χ4,χ6,χ8,χ10,χ12],
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where E4,E6 are Eisenstein series and where χ4+2k =G(ϕ4+2k) for the Jacobi form

ϕ4+2k(τ,z1, . . . , z4)

= Δ(τ) ·
( 4∏

i=1

φ−2,1(τ,zi)
)
·σk

( 3

π2
℘(τ,z1), . . . ,

3

π2
℘(τ,z4)

)
, k = 0,1,2,3,4.

Here, σk is the usual elementary symmetric polynomial. In contrast to the earlier sections,

ϕ4+2k and, therefore, χ4+2k are not cusp forms.

Similarly to the previous section, there are four natural embeddings of H⊕H⊕A1(−1)⊕3

into L as the hyperplanes r⊥i , i= 1, . . . ,4, where

ri = (0, . . . ,1, . . . ,0) ∈A1(−1)⊕4

has 1 in the ith entry and 0 elsewhere, and along any of the embeddings the generating

modular forms have the following restrictions:

EL4
4 �→ EL4

4 , EL3
6 �→ EL3

6 +
1512

17
χL3
6 ;

χL4
4 �→ 0, χL4

6 �→ 12χL3
6 , χL4

8 �→ 12χL3
8 , χL4

10 �→ 12χL3
10 , χ

L4
12 �→ 12χL3

12 .

The general K3 surface in the family – according to Proposition 2.6 – is described by the

equation

y2 = x3+A(t)x2+B(t)x,

where A(t) = t3+a4t+a6 and B(t) = b4t
4+ b6t

3+ b8t
2+ b10t+ b12.

Using the ring structure and the values from Equation (5.7), we see immediately that

a6 = 2E6+36χ6 and b6 =−144χ6.

Arguing as in the previous sections, we factor

B(t) = b4(t−β1)(t−β2)(t−β3)(t−β4),

where βi are meromorphic modular forms on the discriminant kernel of L with double poles

on the hyperplane r⊥i . There are unique weak Jacobi forms of weight two with Fourier series

beginning

fi = (ζ−1
i −2+ ζi)+O(q), i= 1, . . . ,4,

and whose Gritsenko lifts have Fourier–Jacobi expansions beginning

G(fi) =− 1

4π2
℘(τ,zi)+fi(τ,z1, . . . , z4)s+O(s2);

we must have βi = C ·G(fi) for some constant C. Also, there is a constant A such that

b4 =A ·χ4.

Now, we consider the Fourier–Jacobi expansion of b6:

−144χ6 =−b4(β1+β2+β3+β4) =
1

4π2
ACχ4 ·

( 4∑
i=1

℘(τ,zi)+O(s)
)

=−AC

12
Δ

( 4∏
i=1

φ−2,1(τ,zi)
) 4∑

i=1

φ0,1(τ,zi)

φ−2,1(τ,zi)
+O(s).
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By comparing constant terms we obtain AC = 123. From the Fourier–Jacobi expansions of

the other terms, we obtain

b8 = b4
∏
i<j

βiβj =
AC2

122
(χ8−432χ2

4) = 12C · (χ8−432χ2
4)

and

b10 =−b4
∏

i<j<k

βiβjβk =−AC3

123
(χ10−432χ4χ6)

and finally

b12 = b2β1β2β3β4 =
AC4

124

(
χ12+360χ4χ8−216χ2

6−235008χ3
4−648E4χ

2
4

)
.

By comparing this with the expressions in Equation (5.7), we obtain A = 122 and C = 12

and, therefore,

b8 = 144(χ8−432χ2
4),

b10 =−144(χ10−432χ4χ6)

and

b12 = 144(χ12+360χ4χ8−216χ2
6−235008χ3

4−648E4χ
2
4).

The only coefficient left undetermined is a4: we have

a4 =−3E4+C ·χ4

for some constant C. The remaining constant can be determined by paramodular restriction

as in the previous section. Setting β1 = β2 = β3 = β4 =: β specializes the transcendental

lattice to H⊕H⊕A1(−4), and the specialized coefficients become paramodular forms on

the group K(4). The irreducible degree six factor of the discriminant of the van Geemen–

Sarti equation

y2 = x3+
(
t3+a4t+a6

)
x2+

(
t−β

)4
x

itself has discriminant

D = b34(a6+a4β+β3)4 ·P

with a factor P of weight 24. The expression a6 + a4β + β3 is therefore a reflective

paramodular form of weight 6, and in fact

a6+a4β+β3 =
B(ψ9/2)

2

B(ψ1/2)6
,

where B(ψ1/2) and B(ψ9/2) are (the unique) reflective Borcherds products with simple zeros

on the Heegner divisors of discriminant 1/16 and 1/4, respectively. Using the formulas for

a6 and β that were determined earlier, we find

a4 =−3E4−144χ4.
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Altogether, we have derived the van Geemen–Sarti equation

y2 = x3+
(
t3−3E4t−144χ4t+2E6+432χ6

)
x2+144

(
χ4t

4−χ6t
3+(χ8−432χ2

4)t
2

− (χ10−432χ4χ6)t+χ12+360χ4χ8−216χ2
6−235008χ3

4−648E4χ
2
4

)
x.

5.6 Rank 13.

The generic transcendental lattice is

L= L5 :=H⊕H⊕A1(−1)⊕5.

The general K3 surface in the family – according to Proposition 2.9 – is described by the

equation

y2 = x3+A(t)x2+B(t)x (5.8)

where A(t) = t3+a4t+a6 and

B(t) = b2t
5+ b4t

4+ b6t
3+ b8t

2+ b10t+ b12.

Up to the action of the discriminant kernel of L, there are six classes of Heegner divisors

of discriminant 1/4: they are r⊥i , i = 1, . . . ,5 and r⊥, where ri = (0, . . . ,1/2, . . . ,0) ∈ A⊕5
1

is nonzero in the ith component, and where r can be taken to be the vector

r = (0,0)⊕ (1,1)⊕ (1/2,1/2,1/2,1/2,1/2) ∈H⊕H⊕A1(−1)⊕5. (5.9)

Along the hyperplane r⊥, the polarizing lattice extends to H ⊕D8(−1)⊕D4(−1) and

the description (5.8) is no longer valid. In concrete terms, this means that ak, bk define

meromorphic modular forms of level O+(L) that are allowed to have poles along the rational

quadratic divisor r⊥.

By Theorem 4.2, the ring

M !
∗(O

+(L)) =
{
meromorphic modular forms, holomorphic away from r⊥

}
is a free algebra with generators F4,E6 and χ2+2k, k = 0, . . . ,5, where E6 is an Eisenstein

series, F4 is the (unique) holomorphic modular form of weight 4 with constant Fourier

coefficient 1, and χ2+2k is the (meromorphic) Gritsenko lift of

φ2+2k(τ,z1, . . . , z5) = Δ(τ)

5∏
i=1

φ−2,1(τ,zi) ·σk

( 3

π2
℘(τ,z1), . . . ,

3

π2
℘(τ,z5)

)
.

Furthermore, it follows from [55] that the lowest-weight form χ2 is also a Borcherds

product, with divisor

div(χ2) = 2
5∑

i=1

r⊥i −2r⊥.

Under the restriction map to any of the hyperplanes r⊥i (i.e., to a sublattice of type

H⊕H⊕A1(−1)⊕4), the generating forms are mapped as follows:

F4 �→ E4+48χL4
4 , EL5

6 �→ EL4
6 , χL5

2 �→ 0,

χL5
4 �→ 12χL4

4 , χL5
6 �→ 12χL4

6 , χL5
8 �→ 12χL4

8 , χL5
10 �→ 12χL4

10 , χ
L5
12 �→ 12χL4

12 .
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There are again Jacobi forms f1, . . . ,f5 whose q-expansions begin

fj(τ,z1, . . . , z5) = ζ−1
j −2+ ζj +O(q).

Unlike the previous sections, fj are no longer uniquely determined; however, there are

unique choices of fj with the property that all of their singular coefficients are represented

in the q0-term of its Fourier expansion. In other words, fj is unique if we ask for G(fj) to

be holomorphic along the divisor r⊥.

On the other hand, the polynomial B(t) factors as

B(t) = (t−β1) · · · · · (t−β5),

where each βi has weight two under the discriminant kernel and (after a reordering) has

double poles exactly on the orbit of r⊥i and possibly on r⊥. Since there are no nonzero,

holomorphic modular forms of weight two, we obtain

βi =B ·χ2+C ·G(fi)

for common constants B,C. Setting χ2 =0, the result of the previous section implies C =12

but does not determine B. Besides this, the ring structure implies that there are constants

A,C,D,E such that

a4 =−3F4+A ·χ2
2 and a6 = 2E6+3χ6+C ·F4χ2+D ·χ3

2+E ·χ2χ4. (5.10)

We will use paramodular restriction as in the previous sections, specializing to β1 = β2 =

β3 = β4 = β5 =: β, to determine the undetermined constants. Under this specialization,

the generic transcendental lattice becomes H ⊕H ⊕A1(−5) and the coefficients become

(meromorphic) paramodular forms of level 5. These are considerably more complicated than

paramodular forms of level ≤ 4; their structure was nevertheless worked out completely in

[58]. The discriminant of

x3+(t3+a4t+a6)x
2+ b2(t−β)5x

factors as b2(t−β)10 ·P (t) with an irreducible polynomial P of degree 6, whose discriminant

itself factors as

disc(P ) = b32(β
3+a4β+a6)

5 ·Q

with a factor Q of weight 24. In particular, f := β3+a4β+a6 is a reflective paramodular

form; more precisely, it is a reflective Borcherds product of weight 6, with a pole of order

six (coming from β3) on the paramodular Humbert surface H(1/20) that is nonvanishing

on the paramodular Humbert surface H(1), and this information determines it uniquely:

we have

div(f) =−8H(1/20)+2H(1/5)+4H(1/4),

where H(D) is the (imprimitive) paramodular Heegner divisor of discriminant D. In the

notation of [58, Table 1], we have

f = const · (b8/b5)2.

Also, the paramodular restriction

χ := res(χ2)
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of the product χ2 is the reflective form with divisor

divχ= 10H(1/20)−2H(1/4),

in the notation of [58],

χ= const · b25/b8.

The paramodular restrictions of the forms χ4 and χ6 can be computed to be

resχ4 = 30χ ·
(
χ+2G

)
and

resχ6 = 240χ ·
(
5χ2+15χG+6G2

)
,

respectively. Inserting Equation (5.10), we obtain

f = β3+a4β+a6

= (B3+AB+D+30E+3600) ·χ3+(36B2+12A+60E+10800)Gχ2

+(432B+4320)G2χ+(C−3B)F4χ+1728G3−36F4G+2E6.

The paramodular forms χ,E6,F4,G are algebraically independent, and comparing a few

Fourier coefficients shows that the unique expression for f in terms of them is

f = 10χ(432G2−3F )+1728G3−36FG+2E6.

This allows us to read off the missing coefficients

A= 0, B = 0, C =−30, D = 1800, E =−180,

and, therefore, we obtain

a4 =−3F4, (5.11)

a6 = 2E6+3χ6−30χ2F4+1800χ3
2−180χ2χ4, (5.12)

and

βi = 12 ·G(fi).

The coefficients of B(t) can then be computed as the symmetric polynomials in βi. We

find

b2 =−12χ2;

b4 =−b2

5∑
i=1

βi = 12χ4−360χ2
2,

b6 = b2
∑
i<j

βiβj =−12χ6+720χ2χ4−7200χ3
2,

b8 = 12χ8−432χ2
4−14400χ2

2χ4+216000χ4
2−4320χ2

2F4;

b10 =−12χ10−936χ2χ8+432χ4χ6+6480χ2
2E6+32760χ2

2χ6+2376χ2χ4F4

+27936χ2χ
2
4+362880χ3

2F4+21600χ3
2χ4−11707200χ5

2;
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b12 = 12χ12−216χ2χ10+360χ4χ8−216χ2
6−1296χ2χ4E6+864χ2χ6F4−648χ2

4F4

−67968χ2
2χ8+28584χ2χ4χ6−16992χ3

4+83520χ3
2E6−5832χ2

2F
2
4 −258336χ2

2χ4F4

−574560χ3
2χ6+871776χ2

2χ
2
4+25574400χ4

2F4+132096960χ4
2χ4−1523059200χ6

2.

Remark 5.2. A priori, the coefficients ak and bk were allowed to have poles along the

exceptional hyperplane r⊥ (of order at most their weight). However, the computation of

the coefficients shows that when we write

y2 = x3+(t3+a4t+a6)x
2+(b2t

5+ · · ·+ b12)x,

a4 and a6 are holomorphic along r⊥ and all the bk have exactly a double pole there.

§6. The remaining polarization.

We have now computed the coefficients of van Geemen–Sarti equations for all of the

lattice polarizations of Equation (1.2) except for S =H⊕D8(−1)⊕D4(−1). The orthogonal

complement in the K3 lattice is L=H⊕H(2)⊕D4(−1), and it embeds (up to an isometry)

into the lattice L5 =H⊕H⊕A1(−1)⊕5 as the exceptional hyperplane r⊥ defined in (5.9).

6.1 Modular forms and a Weierstrass equation forS=H⊕D8(−1)⊕D4(−1).

The graded algebra M∗(O
+(L)) of modular forms was described in [56]. It is a free

algebra that is generated in weights 2,6,8,10,12,16,20. The generators of weight 2 and 6

can be chosen to be the (unique) modular forms E2 and F6 whose leading Fourier–Jacobi

coefficients are

1+24q+24q2+96q3+ · · · ∈M2(Γ0(2))

and

q+32q2+244q3+1024q4+ · · · ∈M6(Γ0(2)),

and the generator F10 of weight 10 will be chosen to be the (unique) cusp form of that weight,

normalized to have coprime Fourier coefficients. The other generators can be described as

follows: there are modular forms g1, . . . ,g5 of weight four for the discriminant kernel Õ(L)

that are permuted under the action of O+(L) and which satisfy

E2
2 =

5∑
i=1

gi.

The generators of weights 8,12,16,20 can be taken as the power sums

p4k =

5∑
i=1

gki , k ∈ {2,3,4,5}.

Following Proposition 2.6, the van Geemen–Sarti equation for the general S -polarized

K3 surface can be put in the form

y2 = x3+2C(t)x2+D(t)x,

where

C(t) = c2t
2+ c6t+ c10
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and

D(t) = t5+d8t
3+d12t

2+d16t+d20,

and where the ck and dk are modular forms for O+(L) of weight k. If we factor

D(t) =
5∏

i=1

(t−γi),

then each γi is modular of weight 4 on the discriminant kernel. Since they sum to zero, the

ring structure implies that γi is a constant multiple of gi− 1
5E

2
2 : without loss of generality

(applying a substitution if necessary), we may assume the roots are

γi = gi−
1

5
E2

2 , i= 1,2,3,4,5.

6.2 A limit process.

Consider the equation

y2 = x3+(t3+a4t+a6)x
2+ b2x ·

5∏
t=1

(t−βi)

with a4,a6, b2 and βi defined as in §5.6. The forms a4,a6, and βi are holomorphic along r⊥

and their restrictions can be determined using the “pullback trick”, namely,

res(βi) = E2, i= 1,2,3,4,5

and

res(a4) =−3E2
2 , res(a6) = 2E3

2 .

Define the following (holomorphic) modular forms of weight 4 and level Õ(L5):

fj := b2 ·
(
−βj +

1

5

5∑
i=1

βi

)
=

∑
i 
=j

b2(βi−βj)

5
, j = 1, . . . ,5.

These are Gritsenko lifts; they can be written as the additive theta lifts of the unique

vector-valued modular forms ϕj of weight 3/2 on the Weil representation attached to L5

with constant Fourier coefficient

576

5
eγi −

144

5

∑
j 
=i

eγj ,

where γ1, . . . ,γ5 are the nonzero cosets of (L′
5/L5) of norm zero, and eγ are the associated

basis elements of the group ring C[(L′
5/L5)]. (For the definition of the Weil representation

we refer to [3].) This allows the restrictions of fj to r⊥ (which are nonzero) to be computed

using the pullback method as well:

res(fj) =−3 ·gj .

In particular, the forms hj :=
C
3 (a4/5−fj) restrict to the zeros γj of D.

https://doi.org/10.1017/nmj.2025.10071 Published online by Cambridge University Press

https://doi.org/10.1017/nmj.2025.10071


720 A. CLINGHER, A. MALMENDIER AND B. WILLIAMS

This motivates the following substitution:

t=
1

b2
·T +

1

5

(
− a4

b2
+

5∑
j=1

βj

)
=

1

b2
·T − a4+ b4

5b2
,

such that

t−βj =
1

b2
·
(
T − (a4

5 −fj)
)
.

Together with the substitutions x=X/b22 and y = Y/b32, this transforms the equation

y2 = x3+A(t)x2+B(t)x

into

Y 2 =X3+ b22A

(
1

b2
·T − a4+ b4

5b2

)
X2+

5∏
j=1

(T −hj) ·X.

Here,

b22A

(
1

b2
·T − a4+ b4

5b2

)
=

1

b2
T 3− 3

5

a4+ b4
b2

T 2+

(
b2a4+

3

25

a24
b2

+
6

25

a4b4
b2

+
3

25

b24
b2

)
T

− 1

5
b2a

2
4−

1

5
b2a4b4+ b22a6−

1

125

a34
b2

− 3

125

a24b4
b2

− 3

125

a4b
2
4

b2
− b34

125b2
.

(6.1)

The asymptotic behavior of the coefficients b2, b4 in the limit is governed by Theorem 3.2

and Equation (3.1): letting r⊥ be the exceptional hyperplane we obtain, asymptotically as

〈r,Z〉 → 0,

b2(Z)∼−12 ·− 1

4π2〈r,Z〉2 +E2+O(〈r,Z〉)

and

b4(Z) =−b2(Z)

5∑
i=1

βi(Z)∼ 12 ·− 5E2

4π2〈r,Z〉2 .

This shows that

3b2a4+
9

25

b24
b2

∼− 9

π2〈r,Z〉2E
2
2 +

9

π2〈r,Z〉2E
2
2 ,

and similarly that

−1

5
b2a

2
4−

1

5
b2a4b4+ b22a6−

3

125

a4b
2
4

b2
− b34

125b2

remains holomorphic in the limit 1/b2 → 0.

6.3 Determining the coefficients.

The coefficients ak, bk of the van Geemen–Sarti equation

y2 = (t3+a4t+a6)x
2+(b2t

5+ · · ·+ b12)x
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have “level two” Fourier–Jacobi expansions in addition to level one Fourier–Jacobi

expansions, due to the isometry

L5 =H⊕H⊕A1(−1)⊕5 =H⊕H(2)⊕D4(−1)⊕A1(−1).

More precisely, we can represent modular forms on O+(L5) as series

F (Z) =
∞∑

n=0

φn(τ,z)e
2πinw,

where each φn is a meromorphic Jacobi form of lattice index D4 ⊕A1 with respect to

the congruence subgroup Γ0(2)≤ SL2(Z). The two Fourier–Jacobi expansions can be quite

different, and it is not generally clear how to compute the level two expansions of a modular

form that is given as a level one Fourier–Jacobi series, but the expansions of a Gritsenko

lift or Borcherds product at either cusp can be computed using the formulas of [3].

In the level two expansions,

χk =

∞∑
n=0

χk,n(τ,z, z)e
2πinw, z ∈D4⊗C, z ∈A1⊗C,

the terms χk,0 are independent of z and define elliptic functions (in the variable z ) on the

lattice Z⊕2τZ which are holomorphic away from the lattice points. For example, we have

χ2,0 =
1

(2πi)2
℘(2τ,z)+

1

12
E2(τ)−

1

6
E2(2τ)

=
1

ζ−1−2+ ζ
−2q+(ζ−1−4+ ζ)q2−8q3+(2ζ−2+ ζ−1−8+ ζ+2ζ2)q4+O(q5),

and

χ4,0 =
5

(2πi)4
℘′′(2τ,z)+2

η(2τ)16

η(τ)8

=
5ζ−1+20+5ζ

(ζ−1−2+ ζ)2
+2q+(5ζ−1+16+5ζ)q2+56q3

+(40ζ−2+5ζ−1+128+5ζ+40ζ2)q4+O(q5),

and the higher terms χk,n,n > 0 are weak Jacobi forms of lattice index.

Setting z=0, or equivalently ζ =1 in the Fourier expansions of χk and using the formulas

from before yields

res
(
− 3

5

a4+ b4
b2

)
= 3E2;

res
(
b2a4+

3

25

a24
b2

+
6

25

a4b4
b2

+
3

25

b24
b2

)
=

18

5
E3

2 −
864

5
F6;

and

res
(
− 1

5
b2a

2
4−

1

5
b2a4b4+ b22a6−

1

125

a34
b2

− 3

125

a24b4
b2

− 3

125

a4b
2
4

b2
− b34

125b2

)
=

81

100
E5

2 −
2592

25
E2

2F6+
27

20
E2p8+

31104

5
F10.
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So in the limit b2 →∞, Equation (6.1) becomes

Y 2 =X3+2C(T )X2+D(T )X

with

C(T ) =
3

2
E2 ·T 2+

(9
5
E3

2 −
432

5
F6

)
T +

81

200
E5

2 −
1296

25
E2

2F6+
27

40
E2p8+

15552

5
F10.

The coefficients of

D(T ) =
5∏

i=1

(T −γi) = T 5+d8T
3+d12T

2+d16T +d20

are easily determined in terms of E2 and p4k =
∑

i g
k
i by expanding the product and

substituting γi = gi− 1
5E

2
2 = gi− 1

5

∑5
j=1 gj . We obtain

d8 =−1

2

5∑
i=1

γ2
i =−1

2
p8+

1

10
E4

2 ;

d12 =−1

3

5∑
i=1

γ3
i =−1

3
p12+

1

5
E2

2p8−
2

75
E6

2 ;

d16 =−1

4

5∑
i=1

γ4
i +

1

8

( 5∑
i=1

γ2
i

)2

=−1

4
p16+

1

5
E2

2p12−
11

100
E4

2p8+
11

1000
E8

2 +
1

8
p28;

d20 =−1

5

5∑
i=1

γ5
i +

1

6

( 5∑
i=1

γ3
i

)( 5∑
i=1

γ2
i

)
=−1

5
p20+

1

5
E2

2p16−
17

150
E4

2p12+
37

750
E6

2p8−
37

9375
E10

2 +
1

6
p12p8−

1

10
E2

2p
2
8

A Appendix

In this appendix, we will describe the coefficients of the van Geemen–Sarti equations

determined in §5 and §6.
In the first five tables, E4 and E6 denote the normalized (constant term 1) Eisenstein

series of weights 4 and 6, and χn, . . . ,χ12 are the Gritsenko lifts

χ12−2n+2k =G(φ12−2n+2k),

where φ12−2n+2k is the Jacobi form

φ12−2n+2k(τ,z1, . . . , zn) = Δ(τ)
( n∏

j=1

φ−2,1(τ,zj)
) ∑

i1<···<ik

φ0,1(τ,zi1) · · · · ·φ0,1(τ,zik)

φ−2,1(τ,zi1) · · · · ·φ−2,1(τ,zik)

of weight 12−2n+2k.
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Table A1. Rank 18
y2 = x3+(t3+a4t+a6)x

2+ b12x.

a4 −3E4

a6 2E6

b12 126χ12

Table A2. Rank 17
y2 = x3+(t3+a4t+a6)x

2+(b10t+ b12)x.

a4 −3E4

a6 2E6

b10 −125χ10

b12 125χ12

Table A3. Rank 16
y2 = x3+(t3+a4t+a6)x

2+(b8t
2+b10t+b12)x.

a4 −3E4

a6 2E6

b8 124χ8

b10 −124χ10

b12 124χ12

Table A4. Rank 15
y2 = x3+(t3+a4t+a6)x

2+(b6t
3+b8t

2+b10t+b12)x.

a4 −3E4

a6 2E6+
27·34
17 χ6

b6 −123χ6

b8 123χ8

b10 −123χ10

b12 123χ12−211 ·37χ2
6

Table A5. Rank 14
y2 = x3+(t3+a4t+a6)x

2+(b4t
4+ b6t

3+ b8t
2+ b10t+ b12)x.

a4 −3E4−144χ4

a6 2E6+432χ6

b4 144χ4

b6 −144χ6

b8 144χ8−28 ·35χ2
4

b10 −144χ10+28 ·35χ4χ6

b12 144χ12+273451 ·χ4χ8−2735χ2
6−21335 ·17χ3

4−2736E4χ
2
4

The notation is almost the same in the following table, but the Eisenstein series E4

fails to be holomorphic. Instead F4 denotes the (unique) modular form in M4(O
+(L)),

L=H⊕H⊕A1(−1)⊕5, normalized to have constant coefficient 1.

In the following table, we have L=H⊕H(2)⊕D4(−1); E2 is the unique modular form

of weight 2 whose leading Fourier–Jacobi coefficient at the level two cusp is

1+24q+24q2+96q3+ . . . ;
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Table A6. Rank 13 y2 = x3+(t3+a4t+a6)x
2+(b2t

5+ b4t
4+ b6t

3+ b8t
2+ b10t+ b12)x.

a4 −3F4

a6 2E6+3χ6−30χ2F4−180χ2χ4+1800χ3
2

b2 −12χ2

b4 12χ4−360χ2
2

b6 −12χ6+720χ2χ4−7200χ3
2

b8 12χ8−432χ2
4−14400χ2

2χ4−4320χ2
2F4+216000χ4

2

b10 −12χ10−936χ2χ8+432χ4χ6+6480χ2
2E6+32760χ2

2χ6+2376χ2χ4F4

+27936χ2χ
2
4+362880χ3

2F4+21600χ3
2χ4−11707200χ5

2

b12 12χ12-216χ2χ10+360χ4χ8-216χ
2
6−1296χ2χ4E6+864χ2χ6F4-648χ

2
4F4

−67968χ2
2χ8+28584χ2χ4χ6−16992χ3

4+83520χ3
2E6−5832χ2

2F
2
4 −258336χ2

2χ4F4

−574560χ3
2χ6+871776χ2

2χ
2
4+25574400χ4

2F4+132096960χ4
2χ4−1523059200χ6

2

Table A7. Rank 14 y2 = x3+2(c2t
2+ c6t+ c10)x

2+(t5+d8t
3+d12t

2+d16t+d20)x.

c2
3
2E2

c6
9
5E

3
2 -

432
5 F6

c10
81
200E

5
2 -

1296
25 E2

2F6+
27
40E2p8+

15552
5 F10

d8 − 1
2p8+

1
10E

4
2

d12 − 1
3p12+

1
5E

2
2p8-

2
75E

6
2

d16 − 1
4p16+

1
8p

2
8+

1
5E

2
2p12-

11
100E

4
2p8+

11
1000E

8
2

d20 − 1
5p20+

1
6p12p8+

1
5E

2
2p16-

1
10E

2
2p

2
8-

17
150E

4
2p12+

37
750E

6
2p8-

37
9375E

10
2

F6 is the unique modular form of weight 6 whose leading Fourier–Jacobi coefficient at the

level two cusp is

q+32q2+244q3+ . . . ;

and F10 is the unique cusp form of weight 10, normalized to have coprime integral Fourier

coefficients.

The forms p8,p12,p16 and p20 are defined as the power sums

p4k =

5∑
i=1

gki ,

where g1, . . . ,g5 are modular forms of weight 4 with respect to the discriminant kernel of L

which satisfy
∑5

i=1 gi = E2
2 .
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