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ON RANDOM MATCHING,
MONETARY EQUILIBRIA,
AND SUNSPOTS

HuBerto M. ENNIS
Federal Reserve Bank of Richmond

We study comparative statics results for the steady-state monetary equilibria of a simple
random matching model of money with endogenous prices and no extrinsic uncertainty.
Some of the results appear counterintuitive (both when take-it-or-leave-it offer or when
Nash—Rubinstein bargaining is used in the model). Consistency of the equilibrium
expectations causes the partial equilibrium intuitions to be reversed. We then proceed to
apply the new insights to the analysis of sunspot equilibria in these type of models of
bilateral trade with money.
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1. INTRODUCTION

A typical result for monetary models based on decentralized exchange is the mul-
tiplicity of equilibria. In the first generation of these models [see, e.g., Kiyotaki
and Wright (1993)], prices are exogenous and there is a nonmonetary equilibrium
and two monetary equilibria, one with pure and one with mixed strategies. In these
models, money has value only because people expect it to.

More recently, price determination through a bargaining game played by the par-
ties in the pairwise meetings was included in the models [see Shi (1995) and Trejos
and Wright (1995)]. In these models, there is also multiplicity of steady-state (SS)
equilibria. In general, if barter is allowed, there is one nonmonetary equilibrium,
two pure-strategy SS monetary equilibria, and no mixed-strategy equilibria. Al-
though the existence of the two pure-strategy SS monetary equilibria, one with low
price level and the other with high price level, is well understood, the properties
of these steady states have not yet been fully studied.
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In this note, | provide the steady-state comparative statics (i.e., how SS prices
change) of the monetary equilibria in the second generation of models—the
“endogenous price” models. | first present the underlying ideas using a simple
bargaining rule based on take-it-or-leave-it offers by the buyers. | find that the SS
equilibrium quantities respond in interesting and non-obvious ways to changes in
certain parameters of the model.

Assuming, however, take-it-or-leave-it offers is somewhat simplistic (although
it has been widely use in the literature, making its study not only helpful but also
interesting in itself). Hence, as a second stage in the analysis, | inquire into the
same matters using a more sophisticated rule of bargaining, the Nash—Rubinstein
solution. | show that the same ideas apply to this case; in particular, most of the
“surprising” results carry over to this setup.

Finally, as an application of these results, | show that the seemingly unintuitive
properties of the SS equilibria are very important for analyzing the influence of
extrinsicuncertainty in random-matching monetary economies.

2. MODEL AND RESULTS

Throughout the paper, | will use the simplest possible model of decentralized
exchange with bargaining that allows me to make my points. The environment
considered is completely standard in the literafuféme is continuous. There is

a continuum of infinite-lived agents with names in the unit interval. There is spe-
cialization in production and consumption, and bilateral matches occur according
to a Poisson process with arrival rgteNo agent consumes what he/she produces.
There is a probability of a single coincidence of wants arg is the probability

of a double coincidence of wantdy symmetry, these are the same for any pair
of agents matched. | normalizg = 1 (with no loss in generality). Agents derive
utility u(Q) from consumption and have a disutility from producing, given by
c(Q). After the initial time, an agent must consume before being able to produce
again. Money is indivisible and agents will have either 1 or O units of money.
Goods are nonstorable and divisible. At the initial time, a fractibre [0, 1] of

the agents are endowed with one unit of money each; the rest are endowed with a
production opportunity. It follows from these assumptions that the distribution of
money holdings is invariant from date zero on.

When two agents form a mutually beneficial match, they decide how much to
produce through a bargaining game. There are two possible types of matches that
would originate trade. On one hand, if an agent holding one unit of mdnse(
meets an agent with no monese{ler) and the latter is able to produce any of the
goods that the former wants, then there is a possibility of trade. For this case—the
“monetary” match—I will consider two alternative bargaining games that have
been widely used in the literature: (1) the take-it-or-leave-it offer by the buyer
and (2) the Nash—Rubinstein garhkewill show that although the specifics of the
results depend on which of the two assumptions is used, the ideas behind them are
the same. On the other hand, if two sellers meet and there is a double coincidence
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of wants (the “barter” match), trade can take place and | assume that the symmetric
Nash solution results from the bargaining process.

Assume thati(0) =0, u'(Q) > 0, andu”(Q) < Oforall Q > 0 and that(0) =0,
c¢'(Q) >0, andc”’(Q) >0 for Q>0 [without loss of generality, | assume that
c(Q) = Q when convenient]. Also assume that there é & 0 such tha'u(Q) =
c(Q). Finally, let vy and v be the flow return of being a seller and a buyer,
respectively. Assume thag > v;.

As noted by Trejos and Wright (1995), there are no mixed-strategy monetary
equilibriain this model. Therefore, any equilibrium is either monetary or nonmon-
etary. Also, it is easy to see that there always exists a nonmonetary equilibrium.
However, in what follows, | concentrate exclusively on monetary equilibria.

Let Vp be the value of being a producer (prior to a match) ¥nthe value of
holding money (also prior to a match). In any SS monetary equilibrium Qith
Q, (Vo, V1) satisfy

r'Vo=uv+ Q2+ M[Vl — Vo — C(Q)]

and
Vi = v+ (1 - M)[U(Q) + Vo — Vil
whereQ = (1 — M)y[u(g*) — c(g*)], u'(q*) =c’(g*) andr is the time discount
rate, common to all agents.
Before going into the analysis of equilibrium and its comparative statics, | intro-
duce a basic welfare concept that will be essential for the interpretation of results.

DEFINITION 14 Let o5 and ¢ be the quantities that maximize ¥nd \,
respectively. Any @ [qg, g;] is ex post Pareto efficieft.

| first present the simpler case of take-it-or-leave-it offers and then discuss how
the same ideas also apply to the more complicated Nash—Rubinstein bargaining
environment. Finally, | apply my comparative statics results and insights to the
analysis of sunspot equilibria of the decentralized-exchange monetary economy.

2.1. Take-It-or-Leave-It Offers

In this case, the basic setup follows closely that of Li and Wright (1998) in their
model without government. For simplicity, in what follong,Q) = Q. Note that
assuming take-it-or-leave-it offers by the buyers (when a buyer and a seller meet)
implies that the buyer appropriates all the trade surplus from the match. As a con-
sequence, the money price of goqubas to satisfyp=1/Q=1/(V1 — Vp) >0
in any monetary equilibrium. Also, the assumptionsugn and(v;);j =o,1 imply
that Q < Q in equilibrium, and so, the incentive compatibility for the buyers is
always satisfiedJ(Q) + Vo — V1 > Q].

Then, using the fact that, in equilibrium,= V; — Vo =¢(Q) = Q, we have the
SS monetary equilibria being given by the fixed points of the function

a-M [+ (vo — v1)]

PQ=1 Q" T @
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Ficure 1. Multiplicity of equilibria with take-it-or-leave-it offers.

Under certain conditions on parameter values, there exist two SS monetary
equilibria in this model (see Figure $)The comparative statics properties of
these two SS equilibria are interesting and not obvious. Suppose we have a given
economy with two SS monetary equilibria. Let us compare it, for example, with
another economy, also with two SS equilibria, but where the instantaneous cost of
being a producer is lower (i.e., a higher valuegf This will result in there being
a uniformly’ higher exogenous part of the payoff from being a seller in the second
economy. Accordingly, intuition might tell us that when a buyer and a seller of
the new economy meet in a mutually beneficial match, the quantity that results
from bargaining would be lower: Given the market quantities ngtgayoff from
becoming a buyer\; — Vp) is now lower, and the only terms acceptable to the
seller will be to produce a lower quantity for the exchange. When we compare the
two economies in the low-price equilibriur®@g andQy,), this intuition is correct.

However, the equilibrium market quantities have also changed. In the “high-
price” situation, the results are reversed (see Figure 1). Even though the seller
apparently has a better position in the negotiations, she agrees to produce more to
get the unit of money at stake in the match. The logic of this result follows from
the action of equilibrium beliefs and the properties of the utility and cost functions.
In the high-price SS equilibrium, we have

1-M
].(—i-rg—l)\/IU/(Ql) >1=c(Q); 2

that is, Q, is ex post Pareto inefficient (see note 5). Suppose a seller is already in
a match with an appropriate buyer. If she (the seller) believes that the equilibrium
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price in the economy will be AQ;, she will accept an agreement to prod(@e®
Obtaining the unit of money in this match allows her to enter the next match with
a unit of money and, after a successful agreement, to con§jnfteom (2), it is
clear that we have

)

mU(Q{) - Qll >

(1— M) .
]__’_r—_MU(QI)—QI,

that is, the increased expected utility associated with becoming a buyer, a direct
consequence of the higher equilibrium quantities, counterbalances the additional
production costs and the lower instantaneous cost of being a seller. Now, if every
other seller is to believe thay/ @ is the price level in the economy, the beliefs
will be self-fulfilled.

Another way of seeing this is to note that the seller gets zero surplus from the
match in equilibrium. When the economy is in an equilibrium wih< g;, in-
creases i imply a higher value of becoming a buyer and this can counterbalance
increases inQ + vp) to leave the seller again indifferent toward a change of state
(from seller to buyer). Because of the assumed concavity-¢f(and the convex
cost function), this is no longer possible when the equilibrium quantities are greater
thangg.

An interesting situation results when we compare economies with different
values ofv;. Some authors [e.g., Liand Wright (1998)] have proposed interpreting
v1 < 0 as some kind of inflation tax. If we accept this, then for economies in the
“high-price” equilibrium, higher inflation rates (i.e., lower valuesvgf imply a
“stronger” currency (lower money prices of goods).

It is important to mention that when one considers nonstationary equilibria in
this model, the “high-price” steady state turns out to be stable [see Li and Wright
(1998)]. However, the nonstationarity is produced exclusively by the assumed
smoothness in the path of expectations (all variables in the model could, in prin-
ciple, adjust instantaneously). Then, there is no a priori reason why one cannot
restrict attention to SS situations. If agents expect stationary prices, then the steady
states will be the only equilibria. Partly for simplicity, in the following discussions,
| restrict the analysis to steady statés.

2.2. Nash—Rubinstein Bargaining

When one considers the Nash—Rubinstein bargaining solution used by Trejos and
Wright (1995) and Shi (1995), the ideas developed earlier become more compli-
cated. In this case, the surplus in a “monetary” match, in general, will be divided
between the buyer and the seller.

In this version of the model and for valuesrofv;, andvg small enough, there
are also two SS monetary equilibria. One is a high-pra@n’strained monetary
SS equilibrium that satisfies(Q,) = V1 — Vp. The other is an tinconstrained
monetary SS equilibrium with a lower price levef,Qy.
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It is easy to see that inequality (2) holds for the low-quantity equilibri@n,
and then the comparative statics of the high-price (constrained) equilibrium are
“unexpected” and similar to that of the high-price equilibrium in the take-it-or-
leave-it-offer version.

Finding an unconstrained equilibrium in this economy reduces to finding a
feasible zero for the following expresion:

T(Q.Q =T(Q Q +[(L-MU(Q) — (1+r — M (Q](vo+ Q)
+[(r + MU'(Q) — Mc(Q)] vy, ©)

where T(Q, Q) =[(r + M)(1 - M)u(Q) — &c(Q)Ju'(Q) — [Pu(Q) — M(r +
1-M)e(Q)]c(Q) and®=r(1+r)+ M(1— M). Whenv; =0, we also have

Qn < g [see Ennis (1998) for details]. Therefore, for sufficiently small Qn

is also ex post Pareto inefficient. The comparative statics in this case are slightly
more complicated though. From expresion (3Rjif < g, an increase iko + €2)

will increaseQy. The direct effect of this change would be that the payoff from
consuming and becoming a seller tends to be higher. From this, one would ex-
pect the buyer to be willing to accept lower quantities in exchange for her unit
of money. However, as was just stated, the equilibrium quantities move in the
opposite (counterintuitive) direction.

The complication occurs because, in this equilibrium, the seller and the buyer
are dividing the surplus from the match. As a consequence, we can no longer
treat changes ifwg + ©2) and changes in; as equivalent. Now, an increaseun
increase®), [see expresion (3)] and the direct intuition goes through: This change
tends to increase the value of becoming a buyer and hence higher quantities result
from bargaining to even again the relative payoffs. Finally, note that, for sufficiently
largev; > 0, it will be the case tha®, > qg§ and the equilibrium will be ex post
Pareto efficient. In this case, the comparative statics are “well behaved” as in the
low-price equilibrium with take-it-or-leave-it offers.

2.3. Application to Sunspot Equilibrium

In his 1995JET paper, Shouyong Shi proved, using arguments of continuity, the
existence of sunspot equilibria in an economy similar to the one presented in the
preceding section. Although the principles in the construction of sunspot equilib-
rium were similar to the ones used by Wright (1994), the prices were endogenously
determined! | show next how those sunspot equilibria can become a good exam-
ple of the broad applicability of the points made in the preceding sections.

The modeling of sunspots follows that of Wright (1994). Consider the same
economy presented in the preceding section but now allowing for the possibility
of extrinsicuncertainty. Assume the sample space oftkteinsicrandom variable
isS={s, ¢, s"}. Letsbe associated with the low-price state of the econahwith
the high price, and” with the nonmonetary equilibrium. Again, | consider only
stationary outcomes. Assume the sunspot evolves according to a Poisson pfrocess.
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When the economy is in stag it switches to statg’ at ratersg. Similarly, the
economy switches from staséto states at raterys. Assume for the moment that
the other transition rates are all zero; thatisy = Ag's = Ags = Agrg = 0. This
will simplify the exposition. | come back to the nonsemidegenerate case later.

As it is stated so far, one can show that this economy has a nonmonetary,
nonsunspot equilibrium (note the s = Asg =0), two SS monetary equilibria
in which agents merely ignore the sunspots (these are the same equilibria studied
before)!® and one sunspot equilibrium (for sufficiently smaeB). In the sunspot
equilibrium the economy jumps from statevith low prices to state’ with high
prices, back and forth, according to the Poisson processes with.sat@sdirgs. In
what follows, | concentrate exclusively on this last equilibrium, the proper sunspot
equilibrium.

The inclusion of a sunspot variable implies that, in principle, the value of being
a seller or of being a buyer will depend on the current state of the economy. Hence,
one can show that the value functions are givelf by

PVE = vo+ Q + M[VE — VE = c(Q9)] + aun (V) — V).

VI = v+ (L — M) [u(Q) + V& — VI + an (V! — V),

fork,h=s,s, k#h.

I will proceed with the analysis of the simpler case of take-it-or-leave-it offers
within “monetary” matches. Extending the results to the Nash—Rubinstein case
presents some additional complications but it does not contribute to my main point,
which is to show the relevance of the comparative static results derived above in
the nonsunspot economy for analyzing the sunspot equilibria of the ribdel.

First, note that the value function for the seller will satisfy

rVo=ruvo+ Q

in both states. This, of course, is a consequence of the assumed bargaining solutions
(the “take-it-or-leave-it-offer” rule). The value of being a seller only depends on
the chances of finding an agent for barter because monetary exchange gives no
return to the seller. However, barter is independent of the state of the economy
and, as a consequence, st/js

Rearranging terms, we obtaik = (AS, AS) =D(QS, Q%) (i.e.,D: R> > R?)
is given by

(1 — MHU(QY) + Axp[AN — AK] — K
1+r—M ’

fork,h=s, s, k#h and whereK = Q2+ (vo — v1). o

Again, in equilibrium, usingQ* = Ak =V} — Vo= D¥(Q%, Q"); k, h=s, g,
k # h, we have a monetary SS equilibrium given by a fixed point of the thap
Note that when agents ignore the sunspot variable, we haveA® = D(Q) and
the two monetary equilibrium of Section 2.1 apply [see equation (1)].

A= Vf— vy =

(4)
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Let (Q), Qn) be the nonsunspot equilibrium quantities. Consider the situation
in which sunspots matter. Then we have the following result.

Result. Consider an economy with two SS monetary nonsunspot equiliria,
and Q. Let (Asg, Ass) be small enough that there is a sunspot equilibrium with
(Q%, Q%). Without loss of generality, 1eQ° > Q% hold. Then, we hav€® < Qp,
andQ® < Q,.

Proof. Definef (Q) as

1-M)
Mww—q

fQ=1—wm

Clearly, f(Qn) = f(Q)=K/(1+r —M). Note thatAS — AS= Q% — Q°
—d <0, because we have assum@d > Q°. Then, by (4), we havef (Q%) =
(K +2sgd)/(1+r —M)andf (Q%) = (K — Agsd)/(14+r — M). However, since
we are assuming that the inequality in note 6 holds, we knowftt{&y) < 0 and
f/(Q)) > 0, which implies thaQ® < Q, and Q% < Q. [ ]

Recall that the pure-strategy sunspot equilibria in Wright (1994) are merely
randomizations over nonsunspot equilibria because prices are exogenous in that
model. The above Result shows that, in the random-matchings model of money
with endogenous prices, the sunspot equilibria are not pure randomizations over
nonsunspot equilibria. Starting with the seminal work by Cass and Shell (1983,
Appendix), the literature has paid special attention to the possibility of this kind
of examplet®

The preceding Result also implies that, as a consequeegg& fsicuncertainty,
bothpossibly observed equilibrium prices will be higher in the sunspot equilibrium.

In other words, sunspots reduce the equilibrium value of money uniformly across
states. As explained later, this directly follows from the comparative statics analysis
of the nonsunspot economy.

The logic in the Result is clear. The appearance of sunspots influences the value
of becoming a buyer and hence the resulting quantities from bargaining. In partic-
ular, consider an agent with a production opportunity (a seller) that is already in a
beneficial match. When the economy is in the low-price state and sunspots matter,
she faces a lower expected value of becoming a buyer: With some probability the
economy switches to the high-price equilibrium in the following “period” and, af-
ter having acquired a unit of money, she would suffer a capital loss. This potential
stream of events tends to reduce the quantities produced in the current match (the
seller is less willing to incur production costs in order to obtain a unit of money).

On the other hand, when the economy is in the high-price state, the expected
value of becoming a buyer would seem to be enhanced by sunspots. There is a
chance that, after an agent has acquired a unit of money, the economy will switch
to the low-price state and improve the agent’s position as a money holder. Accord-
ingly, one would expect equilibrium quantities in the high-price state to be greater
in the presence of sunspots. However, in equilibrium, we 1@%e< Q,. This is
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closely related to the comparative statics analysis of the nonsunspot economy. The
effect that equilibrium beliefs have on the bargaining outcome plays an important
role. If the agents believe that a unit of money will trade for smaller quantities of
goods in the future (i.eQ° < Q), then becoming a buyer is not as attractive. This
will allow the lower quantities to be consistent bargaining solutions that confirm
these beliefs. Note that lower quantities traded imply lower immediate production
costs for the seller, but they also imply a lower value of becoming a buyer and, in
fact, in a proportion large enough to compensate for the lower andtbe sunspot
effects. The fact that this situation is an equilibrium depends on the properties of
the utility and cost functions as is clearly seen in the proof of the Result (and was
suggested by our previous comparative statics analysis).

Another possible exercise is to consider economies where not alkofiys,
Ags, Agrg are zero. For example, wherys and iy are not equal to zero, if
the economy is in the high-price equilibrium, with some probability it will switch
to a state in which money has no value (the honmonetary SS equilibrium). The
pattern of equilibria in this case resembles the sunspots of Wright (19@4)ce
again, some peculiar results appear in this case. Suppose that, for some reason,
the rate at which the economy switches from the state s” increases. This
implies a greater chance for a currency collapse. However, the price level in state
s', where the economy currently is, decreases. This result seems, at first sight, to be
counterintuitive and surprising, but it is a direct consequence of the SS equilibrium
properties described earli€.

3. CONCLUSION

| present a standard random matching model of money, in which prices are de-
termined through bargaining, and | proceed to perform comparative statics for
the steady-state equilibria. | then show how these results turn out to be useful in
analyzing the effects of sunspots in the model.

In an economy with a large number of agents, specialized in consumption and
production and meeting pairwise at random, | did comparative-statics analysis for
the quantities traded in steady state. It is well known that these economies have two
steady-state monetary equilibria. | show that, for the equilibrium with a higher price
level, the “response” of the economy to changes in certain important parameters is
not simple to interpret. In particular, changes in the exogenous parts of the value of
becoming aellerand/or duyerhave unexpected consequences for the equilibrium
price level. This is true under either of the two most widely used assumptions about
price determination through bargaining in monetary-exchange models.

As an application of the previous ideas, | analyzed the effect of introducing
publicly observed (“aggregate&xtrinsic uncertaintyn the model. | considered a
two-state sunspot variable (with high-price and low-price states). Since sunspots
change the potential payoff of the agents engaged in bargaining, they affect the
final quantities traded in monetary exchanges. The way this happens is not obvious.
The unusual properties of some of the steady-state monetary equilibria that were
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studied in the first part of this note explain why, for example, prices may increase
in the two possible states (high price and low price) when sunspots are introduced.

NOTES

1. I will not comment here on general assumptions. For a good discussion of some of these, see,
for example, Wallace (1997).

2. One can think that there is a continuum of differentiated goods with total measure equal to
one. Each agent can produce one good»argithe proportion of commodities that she can consume.
Likewise,y is the conditional probability that an agent produces what the other consumes, given that the
former consumes what the latter produces. Its value depends, for example, on the sampling technology
available (andy, but notx, is the important parameter determining trade).

3. See Li and Wright (1998) and Aiyagari et al. (1996) for the take-it-or-leave-it offer, and Shi
(1995) and Trejos and Wright (1995) for the Nash—Rubinstein bargaining.

4. See Trejos and Wright (1995, p. 127).

5. Note that

1—MU(gy) — @+r — M) (@5 =0
and
(r + Myu'(ag7) — Mc'(g}) = 0.

Then, itis easily seen that, for ay < g, bothVo(Q) andV1(Q) are increasing i@ and, therefore,
any small increase in the equilibrium quantities would benefit all buyers and sellers.
6. Note thayy satisfies

14r—-—M
_ 5
1M )

Lety =[(1—M)/(1+r — M)]u(dg) — g5, then, as long aE2 + (vo — v1)] /(L +r — M) <y holds,
there in fact exist two SS monetary equilibria, one with low price and the other with high price.

7. Thatis, for both SS monetary equilibria.

8. However, note that the buyer in this model is the one making the take-it-or-leave-it offer. So,
the buyer has to know that the seller believes Bawill be the quantity in the market in the future.
Then, the strong implications of the use of the perfect-foresight assumption in the determination of the
equilibrium become apparent. This is especially true since the model deals with decentralized pairwise
exchanges.

9. The ideas presented here should be reminiscent of the literature on inflationary financing of gov-
ernment deficits. This is so because expectations play a key role in the determination of SS equilibrium
values. However, the foundations of these effects are remarkably different.

10. In the sunspot equilibrium, expectations will chaligeretelybetween high and low prices.

Note that, in general, nonstationarity would complicate the solution of the bargaining problem [see
Coles and Wright (1998) and Ennis (1999)].

11. In Wright (1994), the price level is exogenously given and sunspot equilibria are obvious
randomizations over the monetary and nonmonetary equilibria. Although establishing that sunspots
can matter in these models was very important, the characteristics of those sunspot equilibria were not
very surprising.

12. Asin Wright (1994), | consider the Poisson process for the sunspot variable to be independent
of the Poisson process followed by the pairwise matchings in the economy. Therefore, for the same
reason that a Poisson process rules out simultaneous arrivals, a match and a switch of state will not
happen simultaneously. This is important when writing down the value functions of the different agents
in the sunspot equilibrium.

13. Assume that the restrictions over parameters that allow these to exist also hold in this environ-
ment [see note (6)].

u'(gg) =
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14. Assuming parameter values are such @ag Q.

15. For a thorough analysis of the Nash—Rubinstein case, see Ennis (1998).

16. The early papers by Farmer and Woodford (1997) and Azariadis and Guesnerie (1986) are good
examples of this possibility. See also Bhattacharya et al. (1998) and the references therein.

17. Animportantissue needs to be considered in this case. Specifically, when the economy switches
to the state in which money has no value, it is possible that money holders would prefer to dispose of
their unit of money and try to barter. In consequence, the economy would change to a permanent barter
equilibrium. Following Wright (1994), it is assumed here that an agent needs to consume in order to be
able to produce. This rules out that equilibrium. People holding money have just produced and entered
a successful monetary trade. They need to consume to be able to produce again. The only way that
can happen is if they enter a new monetary match and trade. However, to avoid this equilibrium in
which the economy switches to permanent barter, it would be sufficient to assunygutttat) — q*]
is comparatively small. This makes barter a poor alternative.

18. The other side of this case is also bizarre¢l» decreases, the price level in staténcreases.

Thisis the case where “the Swiss have gone too far” (details are available from the author upon request).
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