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We consider linearity testing in a general class of nonlinear time series models of
order one, involving a nonnegative nuisance parameter that (a) is not identified under
the null hypothesis and (b) gives the linear model when equal to zero. This paper
studies the asymptotic distribution of the likelihood ratio test and asymptotically
equivalent supremum tests. The asymptotic distribution is described as a functional
of chi-square processes and is obtained without imposing a positive lower bound for
the nuisance parameter. The finite-sample properties of the sup-tests are studied by
simulations.

1. INTRODUCTION

Building nonlinear time series models is, in general, a difficult task that requires
a large amount of care. As can be seen from recent studies comparing the fore-
cast accuracy of linear autoregressive (AR) models and nonlinear models on real
macroeconomic time series, a careful specification of the nonlinear models is re-
quired to produce forecasts that improve upon linear forecasts (see Stock and
Watson, 1999; Terdsvirta, van Dijk, and Medeiros, 2004).

In general, nonlinear models (such as the threshold autoregressive [TAR], and
the smooth transition autoregressive [STAR] regime-switching or bilinear mod-
els) contain the linear one as a particular case, but often some of the parameters
are not identified when linearity holds. This is, e.g., the case of the threshold value
in the TAR framework. This identifiability problem results in parameter inconsis-
tency, and, if the series under consideration is close to being linear, the nonlinear
model is bound to produce forecasts that are unreliable compared to linear ones.
It is therefore essential to test first for linearity before fitting any particular non-
linear model.
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The aim of this paper is to consider linearity testing in a relatively general, first-
order nonlinear framework. Given the unlimited number of nonlinear models it is
not possible to nest all of them in a general class. Many of them, however, can be
seen as particular cases of a nonlinear AR(1) model of the form

Y: = uo+{ao+boH (yo, Yi—)}Yi—1+€&, & ~1D(0,07) (1.1)

for some function H defined on I' x R, for some set I' C R containing zero,
and such that H(0,-) = 0. Clearly, the specification of the function A may in-
clude more than one parameter, but we only need to underline the parameter yq
controlling the nullity of the function H. Examples and precise assumptions will
be given in the next sections. We are interested in testing the linearity hypothesis
by = 0. Problems of this nature, where a nuisance parameter y is present only un-
der the alternative hypothesis, often occur in econometric models and have been
considered by many authors. See, among others, Davies (1977, 1987), King and
Shively (1993), Andrews and Ploberger (1995), Hansen (1996), and Stinchcombe
and White (1998).

The contribution of this paper is to derive the asymptotic distribution of supre-
mum tests, namely, the likelihood ratio (LR) test, and asymptotically equivalent
sup-Wald and Lagrange multiplier (LM) tests, without bounding the nuisance
parameter away from zero. The difficulty is that when yo approaches zero the
nonlinear term vanishes in (1.1) and the Fisher information matrix becomes sin-
gular. In the literature, this problem is typically circumvented by imposing a lower
bound for the nuisance parameter. We avoid this restriction. To our knowledge,
this is the first paper deriving the asymptotic distribution of a supremum test with
a nuisance-parameter range implying a case of noninvertible information matrix.

The paper is organized in the following way: Section 2 discusses the model
and gives stationarity conditions. Section 3 derives the asymptotic properties of
the least squares estimator (LSE) of (ag, bg) under the null assumption of linear-
ity, i.e., bg = 0. Section 4 defines the LR-, Wald-, and LM-type tests that are based
on the LSE. The asymptotic null distribution is derived. Section 4 also presents a
Monte Carlo study, in which the supremum tests enjoy good size and power prop-
erties. This study compares the powers of the sup-tests and of tests based on ex-
pansions of the function H (-, y), which are often used in practice. The Appendix
provides proofs of the results given in the paper.

2. EXAMPLES AND STATIONARITY CONDITIONS

Before turning to the framework of this paper, leaving the function H unspeci-
fied, it is of interest to present special cases of (1.1) that have been popular in
forecasting applications. See Tong (1990) and Terésvirta et al. (2004) for a more
complete discussion.

One example is the exponential autoregressive (EXPAR) model introduced by
Haggan and Ozaki (1981), which, after reparameterization, is obtained for

H(po,y) =1—e 70, 2.1)
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The parameter y¢ is often referred to as the slope parameter. Model (1.1) in-
cludes other smooth transition models, such as the logistic smooth transition
autoregressive (LSTAR) model, introduced in the time series literature by
Luukkonen, Saikkonen, and Terdsvirta (1988). In this latter model, we have
H(yo,y) = H(yo,c,y) = (14e700=0)=1 _ % where ¢ is a location coefficient
allowing for asymmetries in the conditional mean of Y;. When ¢ = 0 the model is
simply

1 1
H(yo,y)=————=. (2.2)

14e 70y 2

Letting the slope parameter yg — oo, we obtain the two-regime self-exciting
threshold autoregressive (SETAR) model of Tong and Lim (1980). The SETAR
model will not be covered by the results of this paper, however, because smooth-
ness assumptions on the function H will be required.

The existence of strictly stationary solutions to (1.1) can be investigated us-
ing Markov chains theory. The following result is an immediate consequence of
Tjgstheim (1990, Thm. 4.1 and Lem. 6.1).

THEOREM 2.1. Suppose that €; has a positive density function over the real
line. Then, if there exists r, K > 0 such that

suplag +boH (0, y)| < K, sup lao+boH (y0,y)| <1
y

[yl>r

there exists a strictly stationary and geometrically ergodic solution to model (1.1).
Moreover; for any k > 1, if E|¢;|F < 0o then E|Y;|¥ < co.

For example the EXPAR model admits a strictly stationary solution whenever
lap + bo| < 1 and yog > 0. For other models, such as the LSTAR, yo > 0 is not
required for stationarity but is a natural constraint for interpretation and identifi-
ability (see, e.g., Terdsvirta et al., 2004). For this reason we will take throughout
a compact nuisance-parameter space of the form I'= [0, 7]. Now we turn to the
least squares estimation.

3. ASYMPTOTIC PROPERTIES OF THE LSE OF po, ap, AND bg
UNDER THE LINEAR MODEL

Let Yy,..., Y, be observations of a nonanticipative strictly stationary solution of
(1.1). Recall that the function H is known a priori. Throughout we make the
following assumption so that the standard AR(1) model is obtained for yo = 0 but
also for bg = 0.

A0. H(0,-) =0and H(y,-) is not identically zero, for any y > 0.

Thus it is not restrictive to assume yo > 0 and interpret y( as a nuisance param-
eter, which is not present when by = 0. Notice also that by cannot be identified
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when y¢ = 0. For a given value y of y, the LSE of 8y = (uo, ag, bo)’ coincides
with the Gaussian quasi-maximum likelihood estimator and is defined as any
measurable solution of

0= (I&y,&y,l;y) = arg max L, (0) = arg min Q, (0),
0e® 0e®
where
n 2 n -1 d 2
Ly(0) =—3log2ro? — = 0,(0),  Qu(®)=n""Y e (0)
2 20 =2

with
@)=Y, —u—{a+bH(y,Y,—1)}Yi—1.

Assuming y > 0, the LSE of (w0, ag, by)’ is explicitly given, when J, (7 ) is non-

singular, by
n 1,0 Un,l,l (V)

L()=1 Unio Un20 Unpi1(y) |,
Unll(y) UnZI(V) Un22(y)

@‘) S

2[ 2Yl‘
) =J7' () n3 LY Yo , 3.1
nI3t VY, H(y,Y—1)

where

Unij(y)=n" ‘2 L HY(y,Yi2) (3.2)
=2

fori =1,2 and j =0, 1,2, with the convention 0% = 1. The matrix Ju(y) is sin-

gular for y = 0. But it can be shown that, under appropriate moment assumptions

and Assumption A4, which appears later in this section, when y > 0 the matrix

Ju(y) is almost surely (a.s.) invertible, at least for large n. See Chesher (1984),

Lee and Chesher (1986), and Rotnitzky, Cox, Bottai, and Robins, (2000) for cases

where the information matrix is singular for any value of the nuisance parameter.
Under the constraint by = 0 the restricted LSE for (u, ap) is simply

~ —1yn

- iy, - 1 U
R I T e A I O @3
a n= YL YY Un1,0 Unpo

We will now derive asymptotic properties of the LSE under the linear model.
We assume that H admits second-order partial derivatives with respect to yp,
and we make the following assumptions on the first and second partial derivatives
Hi(y,y)=0H(y,y)/dy and Hy(y,y) =0%H(y,y)/0y? where a; > 0, a2 > 0,
a3 > 0 and K are constants.
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Al [Hi(y, )| < K(|y|* +1).
A2. |Hy(y,y)| < K(|ly|"+1).
A3. |Hy(y,y)— H2(7/, )| < K|y —7/|*(|y|** + 1), withsome 1/2 <a < 1.

In what follows we use the notation K as a generic constant whose value can
change. Conditions Al and A2 are needed for the existence of the limit process
in Theorem 3.1. The proofs are based on Taylor expansions of H (-, y), and A3 is
used to control the remainder terms.

Elementary calculations show that Assumptions A1-A3 hold for the EXPAR
model with oy =2, ar» =4, and a3 =6 and o = 1. Also, the LSTAR model satisfies
Al-A3 with a1 =1, a» =2, and a3 = 3 and a = 1. Similarly, for any constant ¢
and any f > 0, the generalized EXPAR

H(y.y)=1-e7b=

and the generalized LSTAR

| | 1 y>0
Hon=1 S orl—cpsigngy) o0 Where sign(v)=40  y=0,
-1 y<0

satisfy A1-A3. Another example is the normal STAR model of Chan and Tong
(1986), defined by H(y,y) = ®{y (y —c)} — 1/2, where ®(-) is the N'(0, 1) cu-
mulative distribution function. In all these models, other nuisance parameters ¢
and/or  may be present but vanish under the linearity hypothesis by = 0. The
results obtained in what follows will hold for any fixed values of ¢ and £. Our
method can be extended to the case when the other nuisance parameters ¢ and f
are also estimated from the sample. For the sake of simplicity, we assume that the
only unknown parameter in H(y,y) is y.

We have
ity — 1o S1,0,0 Py g
A _ — Ko ~_ ,0,0
a, —agp :Jnl(y) Sn.1.0 , <~ )ZJn1< n >’ 3.4)
R a—ap Sn,1,0
b, — by Sn1,1(7)
where

n
Snij()=n""Y &Y/ H (y,Yi—).
=2
We will also need to consider the sums

n
Ti()=n""Y €Y1 Hi(y,Y,—1),  i=1.2.
=2
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Our first result establishes the weak convergence of the processes {Sy; j(7), Tn,i

(y),y > 0}. Forany 7 > 0, the symbol Dg] denotes the weak convergence in the
Skorokhod space D[0, 7 ]. The existence of the variances of S, ; j(y) and T, ; (y)
requires E|Yp|* < oo with k =24 2max(a, as), i.e., E|€g|® < oo under Hy. For
testing against EXPAR we need Eeéo < oo and Eeg < oo in the LSTAR model.
However, the tightness condition, which is used in the proof of the following
theorem, requires a stronger moment condition.

THEOREM 3.1. Let by = 0 and suppose that E|Yy|* < oo with k = 2+
2max(a1,az,a3). Then, under Assumptions AO-A3, for any y > 0,

n
% (Sn,O,O, Sn,l,Oa Sn,l,l (V ), Tn,l (}’ )a Tn,Z(y ))

207 (W(l), [ xawF e, [ xH .0 W),

/ XHi(y,x) dW(F (x)), / xH(y,x) dW(F(x))),
R R

where W is a standard Brownian motion and F (x) = P(Yp < x).

For the next result we need the following assumption.
Ad4. For any constants K1, K andany 0 <y <7,
PlYo=K{YoH(y,Y9)+ Kzl <1 and P[Yo=K YoH(0,Yy)+ K] <1.

We can now state the following result. By convention, for y =0 we set fi, = i,
a, =a,yb, =0,and b, Y, 1H(y,-) = 0.

THEOREM 3.2. Under the assumptions of Theorem 3.1 and condition A4 we

have
sup |/A‘y _,uol = Op(n_l/Z)’ sup |ﬁy _la| — Op(n_l/z),
0<y <y 0<y <7
sup |£l«/ —a0| = OP(n_l/Z)’ sup |&y _al — OP(I’Z_I/Z),
O<r =<y 0<y<y

sup ylby|=0p(n~"/?).
O0<y <y

Now we turn to asymptotic properties of the constrained and unconstrained LS
estimators of o2, which are defined, respectively, by

. 1< -
Gr=-— Z(Yt —Hu —aYt—l)z,
”t:2
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{Yi = fiy —a, Y1 — by Y  H(p, Y1)} 3.5)

Q>
IS
M=

S| =

=2

THEOREM 3.3. Under the assumptions of Theorem 3.2 we have

~2 2
sup o, —0o | =o0p(1).
O<y<y

4. LINEARITY TESTING

Given that model (1.1) involves four parameters, a natural idea would be to es-
timate the parameters (ug, ag, bo, yo) of the unconstrained model by quasi max-
imum likelihood estimation. The asymptotic properties of this estimator could
be derived when no identifiability problem arises, i.e., boyo # 0. The constraint
bo # 0 is however an important restriction. When by = 0 the parameter yg is not
identified, so that we do not know the behavior of the quasi maximum likelihood
estimator when the data generating process is an AR(1). Consequently the test of

Hp:by=0 against H; : by #0

is not standard. We first consider a strategy based on setting an arbitrary value of y.
Then the testing problem can be easily solved by a standard test, using, e.g., the
Wald, LM, or LR principle.

4.1. Setting an Arbitrary Value y

Fixing an arbitrary value of y for the nuisance parameter, a convenient form for
the Wald-type, LM-type, and LR-type statistics is given by
52 —62 52—_42 52
! ! LR, (y) =nlog = 4.1
7

W,(y)=n , LM, (y)=n

2 >

Qu

~2
9y
The form of these statistics is obtained under normal errors, but we do not make

this assumption in the discussion that follows. The expression for the LR statistic
is the standard one. For the Wald statistic, the standard expression is

b2
W) =n—%, whete 5} =57J7(7)(3,3),
b,

where Jn_1 (y)(3,3) denotes the (3,3) element of the matrix Jn_l(y). The form
given in (4.1) for W, (y), and similarly for LM, (y), relies on the linearity
of the model when y is fixed. See, e.g., Godfrey (1988) and Gouriéroux and
Monfort (1995). Notice that W,, (0) = LM, (0) = LR, (0) =0 because 6% and 67,
as defined in (3.5), are equal when y = 0.

https://doi.org/10.1017/50266466609990430 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609990430

972 CHRISTIAN FRANCQ ET AL.

For every y > 0, the three statistics W, (y), LM, (y), and LR, (y ) are asymp-
totically )(12 distributed under Hyp. Note that the tests based on those statistics are
in general consistent, even for alternatives such that yg # y . However this proce-
dure may lack power for alternatives where y is far from y. In other words, the
test statistics are sensitive to y, and so this coefficient cannot be selected in a com-
pletely arbitrary way if it is not known. On the other hand, when yq is unknown,
then its LS estimator § can be found by minimizing &yz over I' =[0,7]. A plug-in
approach seems natural, but the asymptotic null distribution of W, (7), LR, (7),
and LM, (7) is no longer 2.

4.2. Using Supremum Statistics
The sup-LR statistic is defined by

LR, =supLR,(y) =nlog
yell

Q>‘ SH
[ ] 0o

, where 6% = ;rellﬂ&f = 0,(0).

The sup-Wald and the LM statistics can similarly be defined as

=2 _ A2 =2 _ A2
G-—0 G-—0
Foa LM, =supLM,(y) =n——:3;

yel o

W, =supW,(y)=n
yel

Note that the sup-LR statistic is actually the conventional LR statistic, i.e., LR, =
LR, (7) where 7 = arginf, cr &yz is the LS estimator of y¢. In the next theorem
we will obtain the asymptotic null distribution of the LR, LM, and Wald statistics.
Given that W, > W, (y) for any n, the same inequality holds asymptotically for
any y, and the asymptotic distribution of W,, is expected to be different from the
x2(1). Figure 1 reveals an important difference between the two distributions.

The sup-Wald statistic is also the conventional Wald statistic. This is less
straightforward than it is for the LR statistic because the model is no longer linear
when y is not fixed, and so it is not obvious that a form equivalent to (4.1) holds
for the standard Wald statistic. However we have

b2 6262  z2_p2
~ ] 7
W.())=nF=n—7m"=n—373—=W,,
o) h o

v

noting that 62 = 2. The same remark holds for the LM statistic.
The main result of this paper is the following theorem, providing the asymptotic
null distribution of the supremum test statistics.

THEOREM 4.1. Suppose the conditions of Theorem 3.3, in particular the null
hypothesis Hy, hold. Then, for any y > 0

W, = sup W,(y)= W:= sup W(y),
y €l0,71 y€(0,71
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Distribution of W and of W,, and W,,(0.5) under Hj, for n= 100

0.8

0.6

0.4

0.2

0.0

FIGURE 1. For the EXPAR model, kernel density estimator of the distribution of W, (0.5)
(dotted line) and limiting distribution of W, (0.5) (the X12 distribution, thin full line), kernel
density estimator of the distribution of W, = sup, ¢[o, 100) Wn (7) (dashed line), and ker-
nel density estimator of the distribution of W (i.e., the limiting distribution of W, thick
full line). The density estimators are obtained by computing the statistics on N = 5,000
independent replications of A(0, 1) simulated samples of length n = 100 for the first two
kernel density estimators and of length 500 for the last one.

where fory > 0

VO Z(y) = V() Z(0)— A(y)o W(1))?
- o2D(y)Var(Yo) ’

W(y)
with
Z(y) = /]R M H(p,x)+1) dW(F(x),
V(y)=Cov(Yy, Yo{H(y,Yo)+1}),

A(y) =EY2EYoH(y, Yo) —EYoEY3H(y, Yo),

D(y) = Var(Yo) Var(YoH (y , Yp)) — {Cov(Yo, Yo H (y, Yo))}*.

Moreover,
sup LM, (y) = sup W(y), sup LR, (y) = sup W(y).
7 €[0,7] 7€(0,71] 7 €[0,7] 7€(0,7]
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Contrary to the standard situation (y fixed) where the asymptotic distribution
is a y2(1) whatever the model, the law of W depends on the model, through the
function H.

Notice that W(y ) is not defined when y = 0 because D(0) = 0. However, the
limiting distribution of W(y ) when y — 0 is nondegenerate and is that of a y2(1).
Lemma A.7 in the Appendix shows that we can define W(0) as

lim W(y) = W(0),
y—0

where the limit exists with probability one. It is clear that the law of W(0) is not
the limiting distribution of W, (0), which is always equal to zero. In other words,

lim lim W,(y) =0 as., but lim imW,(y) ~ x2(1).
n y—0 y—0 n

It is important to notice that we do not require that y be bounded away from
zero. The supremum can be taken over all possible values of the nuisance param-
eter, instead of restricting y to a compact subset excluding zero as is done when
testing for structural change (see Andrews, 1993). Note that the framework of the
present paper is quite different from that of Andrews (1993). When testing for a
structural break, it seems necessary to bound the nuisance parameter away from
zero. The reason is that the asymptotic distribution of the test statistic indexed
by the nuisance parameter 7, say, is a function of a Brownian bridge. Thus, when
taking the supremum over the full range of values of =, the statistic diverges under
the null hypothesis (see Andrews, 1993, Cor. 1). In our setup, the asymptotic dis-
tribution of the test statistics indexed by y is a process whose supremum is well
behaved for all possible values of the nuisance parameter belonging to a bounded
set.!

This theorem can be adapted to deal, more generally, with statistics of the form
g({W,(y),y €10,71}) for arbitrary functions g that are continuous with respect
to the uniform metric (and likewise for LM,,(-) and LR, (+)). The use of a function
g that differs from the sup function can depend on the alternatives of interest. See
Andrews and Ploberger (1994) for discussion of different statistics of this form.

4.3. Model without Intercept

When the intercept is not present in model (1.1), i.e., when

Y, ={ao+boH(yo,Y—)} Yici +€, & ~1ID(0,07), 4.2)
the results are slightly different. The test statistics are still of the form (4.1) but
with

- I
O'ZZIHaIHZ Z(Y[—ayt_])z,
=

=2

S| =

n
62 = min S Y, —aY,. —bY,_ H(y, Y1)}
=2

https://doi.org/10.1017/50266466609990430 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609990430

SUP-TESTS FOR LINEARITY 975

We give them without proof, keeping the previous notation with obvious adapta-
tions.

THEOREM 4.2. Suppose that Hy : bg = 0 in Model (4.2). Let the assumptions
of Theorem 3.1 be satisfied. Then, the results of Theorem 4.1 continue to hold with

VO)Z(y)— V() Z(0)}?
a2D(y)EY};

>

W)=

V(y), Z(y) as in Theorem 4.1, and D(y) = EY%EY(%HZ()) , Yo — {EYOZH(y , Yol 2.

It can be noted that the asymptotic distribution depends on constants and
{Z(y),y > 0}, which is a zero mean Gaussian process with covariance kernel

K(y,y)=EZ(y)Z(y') = ¢’E[Yg{H (7, Yo) + I}{H (', Yo) + 1}].

It is interesting to see that in general, unless EYo H (y, Yp) = 0, the distribution of
the process {W(y),y > 0} is not simply obtained from that of Theorem 4.1 with
o replaced by 0.

4.4. Implementation

We now focus on the practical implementation of the tests of this paper. For sim-
plicity, we present the results for model (4.2) without intercept. Some of the re-
sults of this section are not new but are given for the reader’s convenience.

4.4.1. Computation of the Test Statistics. ~We focus on the LM statistic, which
is very easy to compute. Following Godfrey (1988), the LM, (y ) test can be im-
plemented as follows:
1. fitan AR(1), compute the residuals €; and the residual sum of squares RSS =
=2,
no-;
2. regress linearly & on Y;_1 and Y, H(y, Y;—1); compute the residual sum
of squares RSS, and the uncentered determination coefficient R% of the
regression.

Noting that the residuals of the second regression are also the residuals of the
regression of Y; on Y,y and Y; 1 H(y,Y;_1), we have RSS, = n&yz, which gives
LM, (y) =nR} =n(RSS—RSS, )/RSS.

For the computation of the LM, statistic we can replace step 2 by

2. compute the residual sum of squares RSS; =ng 2 of the nonlinear regression
model

€& =cYi—1+bY;—1H(y,Yi—1) + €.

We have LM,, = n(RSS —RSS)/RSS.
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4.4.2. Computation of the Critical Values. In view of (A.19) in the Ap-
pendix, and following Hansen (1996), one can approximate the distribution of
sup, ¢jo,51 Wa (7) by that of

= -~ Va0 Z3(y) = Vi (7) Z5(0)}2
Wn 5 Wn =
y:%l?m o ) Dyp(y)Un,2,0

El

where V,,(0) = Uy.2,0, Va(y) = Un2,1(7) + Un,2,0, where Uy 2, (y) and Dy (y)
are defined by (3.2) and (A.20) and where {Z,(y),y > O} is, conditionally
on the observation Yi,...,Y,, a zero mean Gaussian process with covariance
kernel

1
Ka(y,7")=EZ,(»)Z,(y") = - S Y UHQ. YD)+ IHHG Yo + 1.
=2

The conditional distribution of sup,, ¢g 5 \/V:(y ) can be obtained by the following
algorithm.
Algorithm 1. Fori =1,...,N:
® (i),
1 »

L En

(i) generate a NV(0, 1) sample ¢
(ii) set () =~V S, M Yim (H (5, Yim)) + 1
(iii) set W () = {Va 0 Z5 () = Va () Z (0} Dy () Uy 4 o
(iv) compute Sup, 0,7 W,(,” ).
Conditional on Y1, ..., Y,, the sequence SUP,, ¢[0,77] /va)(y ),i=1,...,N con-
stitutes an independent and identically distributed sample of the random variable

Sup, c(0,7] W,, (7). At the nominal level a, the common critical value ¢, of the
tests of rejection regions

sup Wy (y) > cq ¢ sup LM, (y) > cq or
7 €l0.7] 7 €(0,7]

sup LR, (y) > ¢4
7 €[0,71]

will be defined as being the empirical (1 — a)-quantile of the artificial sample
sup, ey W), i=1,...,N.

4.4.3. Cases where the Limiting Law Is Parameter-Free. We now describe

a situation where the previous algorithm (i)—(iv) can be avoided and the critical
values of the test can be obtained once and for all. Assume that

H(y,y)=h(yy" 4.3)
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for some integer k and some measurable function h(-). Note that the previous
assumption is satisfied in the EXPAR case (2.1) with k = 2 and in the LSTAR
case (2.2) with k = 1, when the location parameter ¢ = 0.

Denote by a%o the variance of Y. Let V(y ), D(y ), and I?(y ,7) be obtained

by replacing Yy by O'Z)IYO and o2 by one in the definition of V(y), D(y), and

K(y,7") given immediately after Theorem 4.2 and let the process (z (y) =
0“10)7012(;/ cry_ok), y > 0}. By (4.3) we conclude that

Vo) =07 V(yof), D) =oy,D(yof,).
K(V: V/) = 0-20-)%012()) O-IY{()’ y/o-llgo)’

and {Z (y),y =0} is a zero mean a.s. continuous Gaussian process with covari-
ance kernel K (y,y’). We thus have

sup W)= sup W(oy)= sup W(),
7€(0, o771 7€, 0771 7€0.7]
where

VOZ0) -V ZOP

Note that when ¢, is Gaussian, the moments V(y ), D(y ), and E(UY_O2 Yg), and also

the distribution of the process Z (), do not depend on any unknown parameter. In
particular the kernel is explicitly given by

1
V2

We deduce that in the Gaussian case, i.e., when ¢; is Gaussian, the asymptotic

distribution of
2
2 1 n
vy —-|-Yr
1 =

is parameter-free under Hy (i.e., does not depend on ag and 02).In consequence,
the distribution of sup,, W,,(y) can be approximated by that of the Wald

I?(V,V/)=/yz{H(y,y)+1}{H(y’,y)+1} e—yz/Zdy.

M=

1
sup  W,(y), oy=-—
y 10,657 ny

€[0,6, %77
statistic Wn obtained by replacing Y1, ..., Y, by an N'(0, 1) sample €,...,¢€, in
W, =sup, (0,51 Wn ().

Based on empirical quantiles over N = 100,000 independent replications of
W,, with n = 500, Table 1 displays approximated critical values for the EXPAR
model (2.1). Note that in this model the regressor Y;_jexp(—y Y2 ) — 0 in
probability as y — oco. More precisely, straightforward computation shows that
var{Y, exp (— y Ytz)} = (144y)~%?~0.0lvarY,; when y =5 and ¥, ~ N(0, 1).
Thus, for an EXPAR model with parameter |ag+ bg| < 1 (which, by Theorem 2.1,
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TABLE 1. Asymptotic critical values of the sup-tests of the hypothesis Hy :
bo = 0 in the EXPAR model (2.1)—(4.2) with &, ~ N(0,2)

v
a )(12(1—(1) 0.04 0.08 0.12 0.16 02 04 06 08 1 2 3 4 5

1% 6.6 68 69 69 71 72 75 77 79 80 84 86 88 88
5% 3.8 40 41 41 42 43 45 47 48 50 53 54 56 57
10% 2.7 28 29 29 30 31 33 34 36 37 40 41 43 43

guarantees the stationarity) and yg such that ygvar(Y;) > 5, the part of the vari-
ance that is explained by the nonlinear term is low. This heuristic argument and
Monte Carlo experiments lead us to think that any choice of 7 between 2 and 5
is suitable. Note that when 7 — 0 the critical value of the sup-test tends to the
critical value of a standard test, i.e., the (1 — a)-quantile of the )(12 distribution.
Approximated critical values of the sup-tests based on the LSTAR model (2.2)
are given in Table 2. Note that, in view of the remark given after Theorem 4.2,
Tables 1 and 2 are also valid for the model with intercept (1.1) when the intercept
1o =0.

4.5. Monte Carlo Experiments

For testing linearity against STAR, such as the LSTAR, the test (hereafter LST)
proposed by Luukkonen et al. (1988) is the most commonly used (see Tong, 1990;
Granger and Terdsvirta, 1993). When applied to the LSTAR model (2.2), the sim-
plest version of the LST test, denoted by 1-LST, consists of testing a; = 0 in the
auxiliary model

Yy =aoYi +arYl +e. 4.4)

This auxiliary model is obtained from the Taylor expansion H(y,y) = yy/4+
o(y) and a reparameterization of the model (see Luukkonen et al., 1988). The
second-order Taylor expansion of H(y, y) is the same as the first one: H(y,y) =
yy/4+ 0(y?). The third-order Taylor expansion H(y,y) = yy/4 —y3y3/48+
0(y3) leads to the 2-LST version, which consists of testing a; =a> = 0 in the

TABLE 2. As Table 1, for the LSTAR model (2.2)—(4.2)

Vi
a )(12(1—05) 0.04 0.08 0.12 0.16 02 04 06 08 1 2 3 4 5

1% 6.6 66 66 66 66 66 67 67 68 69 71 72 73 73
5% 3.8 39 39 39 39 39 39 40 40 41 43 44 44 44
10% 2.7 27 27 27 27 27 28 28 29 29 31 3.1 32 32
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auxiliary model
Y,:aoY,_1+a1Y,2_l+a2Yt4_l+et. 4.5)

These tests are extremely simple and easy to implement, their critical values
being, respectively, the quantiles )(12(1 —a) and ){22(1 —a). The same approach
can be used for the EXPAR model (2.1) and leads to the 1-LST test of a; =0 in
the auxiliary model Y; = agY;—1 +a; Yf_l +¢€; and the 2-LST test of a; =ap =0
in the auxiliary model Y; = agY;—1 +a; Yt3_] +a YIS_1 + €.

The sup-tests and LST tests of linearity have been applied to N = 1,000 inde-
pendent simulations of size n = 100 of model (4.2) for different nonlinear terms
H (y0,Y;—1) and different values of the parameters ag, by, and yg. Two versions
of the sup-tests are considered, corresponding to 7 = 2 and ¥ = 5. The critical
values of these tests are taken from Tables 1 and 2. Table 3 displays the relative
frequency of rejection of the null Hy : bp = 0 at the nominal level o = 1%, 5%,
and 10%. With the designs I and II, in which the null hypothesis holds, the relative
rejection frequency over the N = 1,000 replications is almost always within the
0.05 significant limits, which are 0.3% and 1.7% for a = 1%, 3.6% and 6.4% for
a = 5%, and 8.1% and 11.9% for . = 10%. The rare exceptions are displayed in
bold type in Table 3. For the designs III and IV, the null hypothesis does not hold,

TABLE 3. Empirical size and power of tests of the linearity hypothesis Hy at the
nominal level a; the rejection frequencies are computed on N = 1,000 indepen-
dent replications of simulations of length n = 100

Sup-tests 7 =2 Sup-tests 7 =5 1-LST 2-LST
Model « W IM LR W IM LR W IM LR W LM LR

I 1% 13 10 1.1 13 08 11 1.0 09 10 12 08 1.0
5% 57 46 51 54 44 47 49 45 48 55 42 48
10% 106 94 98 101 94 101 92 85 9.1 109 99 103

II 1% 14 10 14 15 10 1.1 15 13 14 1.1 07 07
5% 59 51 56 67 56 60 58 51 55 59 53 57
10% 10.7 10.2 104 10.8 104 105 11.6 11.0 11.3 124 113 11.8

I 1% 63 44 53 57 43 49 14 10 1.1 53 39 44
5% 19.0 16.8 17.6 169 148 159 7.0 64 6.7 145 12.6 135
10% 27.5 25.8 26.5 27.2 259 265 132 128 13.0 225 21.0 219

v 1% 249 209 226 263 224 242 182 165 172 198 148 17.8
5% 48.1 458 47.0 50.5 482 49.5 404 389 39.6 40.2 37.0 39.1
10% 619 60.7 61.6 64.2 629 63.6 545 534 539 532 50.8 51.7

Note: I: EXPAR model under Hy: Model (2.1)—(4.2) with ag = by =0, & ~ N (0, 1).

11: LSTAR model under Hy: Model (2.2)—~(4.2) with ag = by =0, ¢, ~ N(0, 1).

I11: EXPAR model under Hy: Model (2.1)~(4.2) with ag = by = y9 = 0.4, & ~ N(0, 1).
IV: LSTAR model under Hj: Model (2.2)-(4.2) with ag = by = 0.4, yg =4, ¢, ~ N(0, 1).
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and, as expected, the sup-tests are more powerful than the LST tests. In Table 3
the highest rejection frequencies are underlined. One can see that the rejection
frequencies of the LM, LR, and Wald tests are systematically in increasing order,
both under the null and under the alternative, which is a well-known (see, e.g.,
Godfrey, 1988) consequence of the forms of the test statistics. In summary, all
the tests well control the error of the first kind; the sup-tests are more powerful
than the LST tests and are not too sensitive to the choice of 7. Note however that
the LST tests remain very attractive for their simplicity and their relative good
performance.

NOTE

1. We thank a referee for pointing out to us the difference between the two kinds of testing
problems.
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APPENDIX

Proof of Theorem 3.1. The first step is the convergence of the finite-dimensional
distributions. Note that the sequences of variables involved in the S, ;(y) and T}, ; (y)
are square-integrable stationary martingale differences. The conclusion follows from the
central limit theorem of Billingsley (1961).

It remains to show that the sequences are tight. We have, by the independence between
€ and Y;_q, for some y; between y and y’,

n

\/ﬁ l ? 2 / 2
n_lE(7{Sn,1,1()’)_5n,1,1(}’ )}> =E[Yg{H(y.Yo)—H(', Y0)}]

=E[Y§H{(71.Y0)|(y —7')?
< KE[YG (1Yol + D2y =7 <K (=7 )%,

where the last inequalities follow from Assumption Al and the existence of E(Yg +2a1)
under by = 0.

For any y’ € (0, y), forgetting the asymptotically irrelevant factor n/(n — 1), we simi-
larly have

«/ﬁ / : 2 / 2
E (7{Tn,1(y)—rn,1(y )}) =E[Y}UH1 (. Yo) — Hi (', Y0)]
=E [Y§H22(V1, Yo)] (=7
< KE[Y(Yol + 1] ¢ =) < K =1
N 2
E<7{Tn,2(y)—Tn,2(V/)}) =E[Y()Z{Hz(%Yo)—Hz(V/,Yo)}z]

< KE[}(%ol™ + D] ¢ =) < K =y,
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The tightness follows from Theorem 12.3 of Billingsley (1968, p. 95). To complete the
proof let us show that the limiting Gaussian process has the form given by the theorem.

The processes /nTy i (y) and \/nS, ; ;(y),i,j = 0,1, are in the form n~1/2 Y€t
x{(y,Y;_1) with some function ¢. Because ¢; and Y;_; are independent, we get that for
any y,y’

n n
E{n_l/2 Y eati(y, Y,—p)n~ /2 Y estaly’, Ys—l)} =E (63) E{¢,(7.Y0)t2(y", Y0) }
=2 s=2

= 02/Rf1(y,y)€z(y " y)dF(y).

Thus we computed the covariance structure of the limiting Gaussian process. So it is
enough to show that the stochastic integrals in the limit have the same covariance structure.
It is easy to see that

E /R £1(r.y)dW(F(y)) /]R £2(p.x)dW(F (x)) = /R (GG ) AFG),

and therefore the representation is established. |

Before proving Theorem 3.2, we establish the following lemmas. Proofs are given for
the reader’s convenience but can be found elsewhere in a much more general framework
(see, e.g., Potscher and Prucha, 1989).

LEMMA A.1. Let (Z;(y)) denote a strictly stationary and ergodic real-valued process
with E|Zy(y )| < oo for any y € I where I is a real compact set. Assume that

1Ze ()= Ze () < Adly =917, (A.D)
where a. > 0 and (A;) is a strictly stationary and ergodic process with EAy < oo. Then

] n
sup | — ZZ,(y)—EZO(y) -0 a.s.
yel | i=

Proof. The compact set I is covered by m balls B(y;, o) of center y;,i =1,...,m, and
radius 0 > 0. We have

1 n
sup ;ZZZ(V)_EZO(V) < Cip o+ s

yell =1
where
1 n
Clp = max sup *Zzt()’)_zt(yi) 5
i=l,.omy eB(y;,0) | " (=1

s

Cyp =  Mmax
i=1,....m

1 n
- > Zi(yi) —EZy(yi)
t=1

c3, = max sup  [EZy(y;) —EZp(y)l.
i=1,...myeB(y;,0)
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By (A.1) and the ergodic theorem
1 n
cin <6%= Y Ay > 0"BAp and ¢, >0 as.
n

t=1

Condition (A.1) entails that [EZy(y) —EZy(y")| < EAg |y —y’|". Thus c3, < d*EA(, and
the conclusion follows. |

LEMMA A.2. Under the assumptions of Theorem 3.2 we have |S, ; ol = Op (n_l/z)
fori=0,1and

sup 15,1101 =0p(™"?),  sup |T, ;)= 0p(™"?) forj=1,2.
7 €l0,7] 7 €[0,7]
(A.2)
Proof. This is a direct consequence of Theorem 3.1. n

LEMMA A.3. Under the assumptions of Theorem 3.2 we have

sup |Uni i) —EY[HI (1Y)l > 0 as., i=12 j=0,12 (A3
7 €l0,7]

Moreover, for any 6 > O there exists € > 0 such that

U .o
lim  sup 7’1’1’].()))

—EY H/(0,Yp)| <0 as. (A4)
=09, &(0,¢] v 01

Proof. First note that the expectations in (A.3) exist by Assumption Al and
YoH' (7, Y0) < Ky' Y5 (1Yo +1)', (A.5)

which is integrable because E|Y0|2+2“1 < 0o. The convergence in (A.3) follows, using
Lemma A.1 and Assumptions A1-A3. The following expansions around y = 0 hold. For
some v, vy € (0,7),

2 n
Upii1(y) = - Y v/ H(0, Y+ 5 N Y Hy(v1,Yo),
=2 t=2
1 7 ; 2
Unin()=— Y Y/ _|H (y,Y,_1)
t=2
2 n
TNy (H2 (0, H(vy, Y1) Ho(vs, Y, A6
—72 f_H{ (02, Y )+ H(p, Y1) Ha(v2, Y1)} (A.6)
t=2
Hence
Un,in(y) ; 1 & ;
sup | =2 —EY H (0, Yp)| < [= Y Y/_ Hi(0,Y;—1) —EY{ H; (0, Yp)
7 €(0,¢€] Y i
7N i
+ sup TZY;_1H2(V1;Y1—1)-
yel0e]| < =2
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By the ergodic theorem

Z " H1(0,Y,—1) > EY{H1(0,Yp) as.

Moreover, by A2 and because E|¢; |2+"‘2 < 00,

’ 2 1H2(v1,Yz 1)

K
;ZYt (Y 1|“2+1)—>KEY0(|Y, 11%241) <o, as.
=2

It follows that a.s.

Un,i1(y)

M EY{H) (0, Yp)

“lim  sup
n=00, ¢ (0,e]

<eK. (A7)

Now in view of (A.6), by A1-A2 and another Taylor expansion of H (-, Y,_) around zero
we have, for some v3 € (0, 1)),

Un,i,Z(V)
yz

sup

—EY H(0,Yp)| <
7 €(0,¢€]

72 " H2(0,Y,—1) —EY H}(0, Yp)

sup 2 12H1(V3,Yx DHy w3, Y—1)
Ve(Oe]
l
+ sup ZY 1HW2, Y1) Hy(vy, Y1)
7€(0,¢e] |7

72 " H2(0,Y,—1) —EY HE (0, Yp)

+eK |- Z ST AT (Y ARTECER I
Thus, by arguments already given, a.s.
U . .
“lim  sup %M—EYéle(O, Yp)| < €K.
=09, &(0,¢] y

This, together with (A.7), shows that (A.4) holds for € sufficiently small. The proof of
Lemma A.3 is complete. u

Recall that
Dy (y) =det{J(y)}

={Up22(0)— U,%,],] IHUn2,0— U,%,l,o} —{Un2,10)=Un1,0Un11(y )2
(A.8)
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and let D(y) = det{J(y )} where

1 Uo Ui1(y)
JH=| Uio Uyo Uxi(y) |, U j(y)=EYyH’(y,Y).
Ui(y) Uxi(y) Uza(y)

Let also A = det{J(l)} where
1 Uy U
IN=uy ey v U =ExiH] 0.70).
vl Uy U3
LEMMA A.4. Under the assumptions of Theorem 3.2 we have

sup |Du(y)—=D(y)| =0 a.s. (A.9)
7 €l0,7]

and D(y) > 0 for any y > 0. Moreover, for any 6 > O there exists € > 0 such that

D
"(zy) —A’ <6 as., (A.10)
y

lim sup
"0y (0]

where A > 0.

Proof. The convergence in (A.9) follows from Lemma A.3 and from (A.5) for the
existence of the expectations. We have

Dn(V)
e
y
Uyra(p)=U2%, (
< var(rgy| 22220 Unta®) w0, v
¥
U — U, 10U, 2
+' n,2,1(V) n,1,0 n’l’l(y)—COV{Y(),YoH](O,Y())}'

V

Un22() = Uz 0
+ 3 >
Y

Un,2,0 = Upt 1.0 — Var(Yp)|

+2|Un,2,1(3’) =Upn,1,0Un,1,1(0)I
Y
“ ‘Un,2,1(7)_ Un,1,0Un,1,1(7)
y
Note that by (A.4), for € sufficiently small
Un,i,j(7)
yd

— Cov{Yy, YoH; (0, Y)}|.

<K as. (A.11)

lim sup
"0y e(0.e]
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Then (A.10) straightforwardly follows from Lemma A.3. Note that

D(y) = Var{YoH (y, Yp)}Var(Yg) — Cov}{YoH (7, Yp), Yo},

A = Var{YoH; (0, Yo)}Var(Yo) — Cov*{¥o H; (0, Yo), Yo}

The nonnegativity of D(y ) and A follows from the Cauchy—Schwarz inequality. Moreover,
D(y)=0and A =0 are precluded by Assumption A4. n

LEMMA A.5. Under the assumptions of Theorem 3.2 we have for any 6 > 0

n~1/2 sup
7 €(0,€]

lim lim P
e—>0n—00

1 n n
- 2 &Y H(y,Y—1)— 2 €Y —1H1(0,Y,—1)
V=2 t=2

> 5} =0.

Proof. By the mean-value theorem we have for some v € (0, y)

n n 2 n
Y
Y eV (H(y,Yi—) =y Y &Y;—1H(0,Y,_1)+ = &Y 1Hy(v, Y ).
=2 =2 =2
Thus
_1/2 1 n n €
n sup |— Y &Y, 1H(y,Y,—)— Y, &Y 1 Hi0,Y,—))| < 5 sup VT, ().
7e(0.el|” =2 =2 7 €l0,¢]

In view of Lemma A.2, by definition of a variable bounded in probability, the conclusion
follows. u

LEMMA A.6. Under the assumptions of Theorem 3.2

«/ﬁsn,l,l()’) ' _
Y

sup
7€(0,7]

Op(1).

Proof. For any 6 > 0 we have

S,
P( sup N n,l,l()’)‘ >5)
y€(0,7] 7

where € is an arbitrary point of the interval (0,7 ] and

«/715n,1,1(3’)‘ >§
y 3)°

<Cln (d,¢€) +C2,n(‘5a €) +C3,n((5),

c1,n(d,e)="P ( sup
y€eler]

1 n n
=YV H@, )= Y, &Y 1 H(0,Y,_1)
V=2 1=2

0
> — .
3
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2 ,(0,€) =P n~1/2 sup
7 €(0,€]

0
>
3

1 n
> &Y, 1Hi(0,Y,_1)

C3.n ©0)="P ( ﬁ =
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Theorem 3.1 and the continuous mapping theorem show that

M'ﬁ z / YH(7.y)dW(F(y))| asn— oo.
’)} R

v

sup
ye(e7]

sup
ye(e7]

Because the limit is finite with probability one we get for any € > 0

51_1>r20n_1>mooclyn (9,€) =0.

By Lemma A.5 we have for all 6
ggnonlmwcz’n (0,€) =0.

The central limit theorem of Billingsley (1961), for square-integrable stationary martingale
differences, yields that, as n — oo,

1 & 00
Jr Xt 0.y = |y nawE o).
=2 —o0

Thus we have

lim lim 0)=0.
§_>oon%ooc3’"( )

For all 7 > 0 let us choose &; such that lim,—00c3 ,(d7) < 7, let €; > O such that
limy— 00¢2,, (07, €7) < 7, and let 67 > 0 such that lim,—cocy ,(J7,€7) < 7. Because
c1,n(-€), ¢, (-, €), and 3 ,, (-) are decreasing functions, we have

Sy 1.1()

lim P sup
v

n=o0 \ye(.7]

I > 5) < nl_i>moocl,n(5,€t) +c2,0(d,€0) +¢3,, () <37

for all 6 > max{d;, 5 }. The conclusion follows. u

Proof of Theorem 3.2. Denote by J,’(y) = (Jl;‘i j(y)) the matrix of cofactors of
Ju(y). By (3.4) we have

Vlay —agl < 1 2 OIS 0,01 1% 5 2GRS 1,000

1
|Dn(V)|{

1y 23V 11 ()1 (A.12)

Note that because D is a continuous function, we have inf, ¢[¢ 5] D(y ) > 0 for any € > 0.
Thus, in view of

inf_[Dp(y)|> inf D(y)— sup [Dp(y)—D(y)l
7 €le,7] 7 €le,7] yele 7]

we have

sup ———— = 0p(1)
y€le, 7] [ Dy ()]

by Lemma A.4. Moreover, by Lemma A.3, SUPy e[e,7] [Un,i,j(y)l = Op(1) fori =1,2

and j =0, 1,2. Thus sup, cc 7 |J;,i,j(7)| = Op(1). Then it follows from (A.12) and
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Lemma A.2 that SUPy e[e, 7] lay —apl=0p (n_l/z) for all ¢ > 0. Now we have

inf 7 72Dp(y)l = A~ sup |y 2Du(y)—Al >
7 €(0,€] 7 €(0,¢]

(SIS

a.s. for n sufficiently large and € sufficiently small, by Lemma A.4. Thus, for such n and €

we have a.s.
. 2 |J*2 1(V)|
sup +/nlay —agl < 5§ V/nlSy 0,0l R
7 €(0,¢] A ye(0,€] Y
[J7 5 ()]
+ 222 sup [VaSy ol
7 €(0,€] 7 7 €(0,€]
1 2,3()] [vASp,1,1(7)]
+ sup .
7 €(0,€] Y 7 €(0,€] Y

It follows from (A.11) and Lemmas A.2 and A.6 that SUP), ¢ (0,¢] |Gy —apl=Op (n_]/z) for

€ small enough. Thus we have shown that SUPy (0,71 lay —apl = Op (n_l/z) forally > 0.

We prove that sup,, ¢ (0,7 |ty — ol = Op (n=Y2) for all 7 > 0 by the same arguments.
Turning to b, we have by (3.4), with by = 0, for n sufficiently large and ¢ sufficiently

small
. 2 (APICD]
sup ﬁlybyISA{ﬁlSn,o,ol sup —m——
y€(0,¢€] 7 €(0,€] 4
[T 5 5 ()]
+ 322 sup [aSy ol
7€(0,€] 7 7€(0,€]
ns,
12l sup [V1Sp 1,1 ()] .
7 €(0.¢€] 7

By the arguments already given we thus find that SUPy ¢[0,7] |y Ey |=0p (n_l/ 2).

Finally, @ —ag = {10~ Sn.0.0Un.1.0} /{Un2.0 = U1 o} = Op(n™"/2), which al-
lows us to conclude that

sup |ay —al < sup |ay —agl+1a—agl = Op(n~ /%)
7€(0,7] 7€(0,7]

The same arguments allow us to prove that sup, ¢(o 77 | ity —jil = Op (n~1/2). The proof
of Theorem 3.2 is now complete.

Proof of Theorem 3.3. We have
n
~2

| R R .
9y = ;2‘2{6; + (1o — fiy) +(ag—ay) Y1 —by Y, H(y, Y1)

RN 21 &2
=726t+(a0_a7) *ZYt—l
nt:Z "t:2
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O L 2 N
+b%7 > Y,2_1H2(y,Y,_1)+7(a0—ay)
n /5 n

n
ZEth—l

=2

~ 2N
—by*ZEth—lH(VsYt—l)
nt=2
o 28 n—1 N
—(ag—ay)by = Y Y2 H(y.Yi—1)+ —— (uo— i1y )
i’lt=2 n
2 n 2 n R 2 n
+ o=y =D e+ =(ag—ay) D, Yi—1—by = > Y,_1H(y,Y;_1)
) n (=2 ni=

1 & . ~ .
=~ e +(ag—ay) Upao+{yby +2(ap —dy)Sp,1,0
=

Un2,2()
n; y2

r N/1Sn1,1() s oor Unpi(y) n—l "
2y by S = 2ag =y )y by =S 4 — (o= i)

. R ~ Up11()
+2(ﬂo—ﬂy){Sn,o,o+(ao—ay)Un,1,o—7by"T .

The conclusion follows from the weak law of large numbers, Lemmas A.2, A.3, and A.6,
and Theorem 3.2. [ |

LEMMA A.7. If the conditions of Theorem 3.3 are satisfied, then

IimW(y)=W(@0O) a.s.,
lim 7) (0)
where

2
{ VO oy H (0, y)dW(F (1)~ EYZH\ (0, Y0) frey dW(F () = 1o W(D) |

WO = AVar(Yy) ’

Ay =EY3EY(H (0, Yo) —EYoEYZ H; (0, Yy), and A is defined before Lemma A 4.

Proof. The dominated convergence theorem and Assumptions A0 and A1 entail that

D
#—)A asy — 0.
l4

Also, the same arguments show that when y — 0

% -V H(y,Y
(y) 0) :EY% (y,Y0) N EY%Hl 0, Yo),
Y Y
A H(y,Y H(y,Y
Y Y Y
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Next we show that

ZO=ZR 2 [ yHG ) dWEG) — o [ 3H0.5)dW(F () (A13)

a.s. as y | 0. We define the following process on [0, 7 ]:

w) = [T HOMWEG)  iK0<y <7

and

u(0) = /R VHy (0, y) dW(F ().

The assertion in (A.13) is established if we show that u(y) is a.s. continuous on [0, 7]. Tt
follows from the definition that u(y ) is a centered Gaussian process. Also,

1 2
E{u(y)—u<0>}2=/ {y(fH(y,y)—Hmo,y))} dF(y)
R y
and
1
;H(y,y)—H1(0,y)=H1(y,y)+%Hz(y*,y)—H1(0,y)=sz(y**,y)+%Hz(y*,y)

for some y* and y** between zero and y . Thus, conditions AQ and A2 yield
E{u(y)—u(0)® < Cy?

for some constant C. On the other hand, for all 0 < y <y’ <% we have

1 1 2
E{u(y’)—u(y)}2=/R{y (;H(%}’)—WH(V/J))} dF(y)
/ 2
S2/R (yH(y,y)—yH(V ,y)> dF(y)

H(', ’_ 2
+2/ (y (V/ y)y V) dF(y)
R y y

_/2
SC(V 7)
y

for some constant C. Thus we have

/ / T
iz | €y 0=y <y’ <7
d(y.y") = [E{u(y)—u(y’)}] SV C2=1 0y <ni<o

=t y <y <7
14

Following Adler (1990) we provide an upper bound for the minimal number of d-balls of

radius € that cover [0,7]. According to Theorem 1.1 in Adler (1990, p. 4), it is enough to
show that the number of d-balls is bounded by a polynomial function of 1/e. The center
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of the first ball is at zero, and it covers the interval [0, € /C]. Then the centers of the other
balls are ¢ /C +ie2/C?,1<i <[7C/e?]+ 1. Indeed, when y’ = ¢/C +i€2/C2and y =
€/C+(i—1)€2/C% then d(y,y’) < C(y' —y)/y =€%/(Cy) < €. Because the number
of covering cloud d-balls is bounded by a multiple of 1/ €2, the almost sure continuity of
u(y) is established. Thus (A.13) holds. The conclusion then follows from

_ _ 2
{V(O) Z()’)y Z(0) _ V(}’)y V(0) Z(O) _ #UW(])}

DO py2
o2 V(g)EYO

W)=

Proof of Theorem 4.1. By (3.1)—(3.3) we have

A % ~ ~ jn -112()’)
Oy —5:—J_1112(y)by where J,(y) = ( " .
o @) Un22()

Considering &},2 and 52 as values of the same function at the points (3;, , l;y Y and (3, 0),

respectively, a second-order Taylor expansion gives, for any y > 0,
-2 _s2 s 5o TR
6- =0, + E(éy —0,by)2Jn(y)(0y —0,by)
=67+ Gy —0) Jn(dy =0+ Un22(0)b} +2771(1)(6, — )by
=67 +b2 {Un,z,z(y)— Jfl(y)filféz(y)}
=6, +b; (0,7 (N33
when Ee,2 < 0o. Thus we have
Wy n B
) T 6.3

- 2
{12801 = I )T 028,000 S0,1,0) |
62{Un 22 = I2Y ) 12 ()}

~ 2
{nl/zzn()’) - (Vn,l(V ), Vn,Z(V ))Jn_lnl/z(Sn,O,Oa Sn,l,O)/}
62Un22() = I ) I IR0

2
{11224 Va(0) = Va1 22 (0) = An)nV /28, 0.0
= = 3 , (A.14)
gy (Un,2,0 - Un,lj())Dn ()

where fori = 1,2
1
Vi) = XY HG Yo+ 1 V) = Va2 () = Va1 () Va1 O),
t=2

An()=Un20Un1,10)=Upn1,0Un2.17),
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Dn(y) =det{Jy (1)} = {Up220) = UZ 1 1) H{Un20- U210}

2
—{Un21) = U1 0Un 110}

n
Zn()=n""Y @Y ({H(y, Y1) + 1),
=2

A straightforward adaptation of Theorem 3.1 shows that for any 7 > 0

<«/ﬁ vn

n D[0,7]xRxR
Tzl‘l(y)’ 7SH,O,O’W;;) S (Z(y),W(l),W(O)),
where

n n
W, = {Vﬂr(Yo)f’t_l/2 > €Y1 Hi(0, Y1) — Cov(Yg, YoH1 (0, Yp))n ™" /2 Y €Y,
=2 =2

2

n

—ApnV2Y et} {o?AVar(Yp)) ™!
=2

and W(0) is defined in Lemma A.7. Note that the same Brownian motion is used in the
definitions of Z(y ) and W(0). Thus we get that forall0 <y <7

Dly,7]xR
(Wa(r), W2) 257 (W), W(0)). (A.15)

In view of (A.15) we have

( sup Wn(y),WZ>=>< sup W(y),W(O)). (A.16)

vely,7l vEly,7l

By (A.14), Lemmas A.3 and A.5, and Theorems 3.2 and 3.3 we have for all 6 > 0

lim lim P W -Wil>d|=0. A7
61_1)110n1>m00 (y :‘[101,’61 ‘ n(7) n‘ ) ( )
Also by Lemma A.7 we have for all 6 > 0

lim P ( sup |W(y)—W(@O)| > 5) =0. (A.18)

€20 \ye[0,e]

For any fixed x e Rand all 6 > 0 and 0 < € <7, we have

Pl sup Wa(p)<x | <P sup Wp(y)<x,W) <x+J
7€l0,71] y€ley]

+P ( sup |Wyu(y)—Wr|> 5) )
7 €l0,€]
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Using (A.16) and (A.17), we obtain for all = > 0

lim P( sup Wn(y)§x> §P< sup W(y)gx,W(O)§x+5>+r

n=00 \yel0,7] yele.7]

<P ( sup W(y) §x+5>
7 €[0,7]

+P|( sup [WH)—WO)|>d]+7
7 €[0,€]
for € small enough. Using (A.18), we obtain
lim P( sup W,,(y)gx) §P< sup W(y)§x+6> + 2.
"0 \yelo] 7 €l0.7]
Because the inequality holds for all 6 and 7z, we have
lim P | sup Wn(y)<x> §P< sup W(y)<x).
e (y €l0.7] 7€l0.7]

Using similar arguments, we obtain

nm00 \yelo,7] y€l0,7]

limian( sup Wn(y)§x> zP( sup W(y)<x>,

Thus the proof is complete. n

Proof of Theorem 4.2. The arguments of the proof of Theorem 4.1 can be used,
replacing (A.14) by

2
{Un,Z,()nl/zSn,l,l () - Un,2,l (y )”l/zsn,l,O}

Wu(y) = -
! 63Dn(7)Un2,0
2
{Va20n122,) = V20001 22,(0)}
= = , (A.19)
Oy Dn(V)Un,Z,O
where
Dn(7) =Up2,0Un22() = Uy 5 1 (). (A20)
|
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