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Kernel smoothing techniques free the traditional parametric estimators of volatil-
ity from the constraints related to their specific models+ In this paper the nonpara-
metric local exponential estimator is applied to estimate conditional volatility
functions, ensuring its nonnegativity+ Its asymptotic properties are established and
compared with those for the local linear estimator+ It theoretically enables us to
determine when the exponential is expected to be superior to the linear estimator+
A very strong and novel result is achieved: the exponential estimator is asymptot-
ically fully adaptive to unknown conditional mean functions+ Also, our simula-
tion study shows superior performance of the exponential estimator+

1. INTRODUCTION

Nonparametric methods can offer flexible ways of estimating volatility func-
tions+ In a nonparametric context, kernel smoothing techniques provide estima-
tors with nice asymptotic properties+ Silverman~1986!,Wand and Jones~1995!,
and Fan and Gijbels~1996! give comprehensive coverage of these techniques,
whereas Simonoff~1996! and Bowman and Azzalini~1997! present a more prac-
tical approach+

Regarding the specific estimation of variance functions, Härdle and Tsyba-
kov ~1997! propose an improved version of the direct estimator, whose idea is
to separately estimateIE~Y26X 5 x! and IE~Y6X 5 x! and then combine them
through Var~Y6X 5 x! 5 IE~Y26X 5 x! 2 IE~Y6X 5 x!2+ Fan and Yao~1998!
suggest a novel approach, asymptotically fully adaptive to the unknown condi-
tional mean, estimating first the conditional mean and in a second step the con-
ditional variance+ In both steps the local linear estimator is used+ Our idea in
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this paper is to introduce an exponential estimator of the conditional variance
in the second step, ensuring the nonnegativity of the estimator of the variance+
In addition, as a novel result, we prove the complete asymptotic adaptiveness
of our estimator to the unknown conditional mean+ Also, our estimator is pre-
sented as a particular case of a much broader class, which we call the “func-
tional” class~studied by Cheng, Hall, and Turlach, 1999!+ It is straightforward
to see that the local linear estimator is also a special case under the functional
approach+ The idea of this functional estimator is not new in kernel smoothing,
although the application to volatility functions seems to be+ Related work has
been done specially in the context of estimating density and distribution prob-
ability functions+ Hyndman and Yao~1999! use the exponential function to es-
timate conditional densities+ Hall,Wolff , and Yao~1999! study a logistic function
to estimate conditional distributions+ Moreover, this functional approach with
the exponential function is equivalent to using local likelihood estimation~Tib-
shirani and Hastie, 1987; Copas, 1995; Hjort and Jones, 1996! for the regres-
sion of r 2 5 $Y 2 IE~Y6X 5 x!%2 againstX with a Gaussian likelihood forr 2

and logarithm link function+
In the next section our model is presented and the exponential estimator prop-

erties are highlighted, comparing them to those of the local linear estimator+ In
Section 3 we present a simulation study, comparing both estimators+ Finally, in
Section 4, a theoretical proof of the asymptotic distribution of the exponential
estimator is given along with the statement of some regularity conditions+

2. THE LOCAL EXPONENTIAL ESTIMATOR

Let $~Yt ,Xt !% be a two-dimensional strictly stationary process having the same
marginal distribution as~Y,X !+ Let m~x! 5 IE~Y6X 5 x! be the conditional
mean function ands2~x! 5 Var~Y6X 5 x! Þ 0 the conditional volatility func-
tion+ We can now write our model as

Yt 5 m~Xt ! 1 s~Xt !«t , (1)

where IE~«t 6Xt ! 5 0 and Var~«t 6Xt ! 5 1+ In our problem let us defineXt [
Yt21+ The local linear estimator ofm~x! is [m~x! 5 [a, where [a is defined as

~ [a, Zb! 5 arg min
a,b

(
t51

n

$Yt 2 a 2 b~Xt 2 x!%2Wh1
~Xt 2 x!, (2)

whereW~+! is a symmetric density function onR, Wh~u! 5 ~10h!W~u0h!, and
h1 . 0 is a bandwidth, which is responsible for the smoothing level of the
estimators+ In the numerical implementation of this work the bandwidth is cho-
sen empirically, being proportional to the optimal bandwidth in the case of es-
timating density functions when bothW~+! and the density to be estimated, f ~+!,
are Gaussian+ It is well known from standard least squares theory that this es-
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timator has a closed form+ Fan and Gijbels~1996, p+ 220! establish its asymp-
totic properties+

Our main interest in this work is estimating the conditional volatility func-
tion s2~+!, in ~1!+ Our approach is similar to that of Fan and Yao~1998!; i+e+,
we estimates2~x! in a second step, using the squared residuals obtained from
estimating the conditional meanm~x! in the first step+ From our model,

rt
2 5 ~Yt 2 m~Xt !!

2 5 s2~Xt !«t
2+ (3)

Looking at equation~3! and taking the conditional expectation of the squared
residuals, we obtain IE~rt

26Xt ! 5 s2~Xt !+ Therefore it is natural to estimate
s2~x! from a regression of our estimated squared residuals[rt

2 on Xt + Hence the
local functional estimator of the conditional variance is obtained from the so-
lution of the following minimization problem:

~ [a, Zb! 5 arg min
a,b

(
t51

n

$ [rt
2 2 c$a 1 b~Xt 2 x!%%2Kh2

~Xt 2 x!, (4)

whereh2 . 0 is a second bandwidth+ Note that whenc~x! [ x, we have the
linear estimator of the variance, [sl

2~x! 5 [a+ In the case of our exponential
estimator, the functional has the formc~x! [ exp~x! and we define the vari-
ance estimator as[se

2~x! 5 exp [a+ We will prove that this estimator is asymp-
totically fully adaptive to the unknown conditional mean+ To simplify notation,
considerL~x,u! [ c$a 1 bx% [ exp$a 1 bx% , whereu 5 ~a,b!+ Definek2 5
*u2K~u! du and c0 5 IE $«i

4% . 1+ Also define s2~i !~x! [ ~]0]x! is2~x! and
L~i !~x,u! [ ~]0]x! iL~x,u!, for i 5 0,1,2+

THEOREM 2+1+ Under certain regularity conditions stated in Section 4,
~nh!102$ [se

2~x! 2 s2~x! 2 un% is asymptotically normal with mean 0 and vari-
ance f~x!21s4~x!~c0 2 1!*K 2~u! du, whereun 5 h2

2 m2~x! 1 op$h2
2 1 h1

2%,
m2~x! 5 1

2
_$s2~2!~x! 2 L~2!~0,u0!%k2, and u0 5 ~a0,b0! is uniquely defined by

s2~i !~x! 5 L~i !~0,u0!, i 5 0,1.

If we compare the preceding result to that in Theorem 1 of Fan and Yao
~1998! ~regarding the linear estimator!, we can see that the two estimators have
exactly the same asymptotic variance~resulting in the same efficiency!+ How-
ever, if we consider the coefficient for the bias, for the exponential we have
@s2~2!~x! 2 L~2!~0,u0!#k2, whereas for the linear it is equal tos2~2!~x!k2+ Be-
causeL~2!~0,u0! 5 b0

2ea0 is a nonnegative quantity, we can conclude that the
bias of the exponential will be smaller if and only ifs2~2!~x! is a positive quan-
tity greater thanb0

2ea002, i+e+, at x where the second derivative of the condi-
tional volatility is greater thanb0

2ea002+

3. SIMULATIONS

Consider the modelXt11 5 0+235Xt~162 Xt ! 1 «t , where«t ’s areIIDN ~0,0+32!
random variables+ This model was used previously in Yao and Tong~1994!+
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Our simulated series have 500 observations, and we generate 200 of them+
We estimate the conditional mean and the conditional variance considering
the two-step-ahead prediction, because the variance is constant for the one-
step-ahead case+ We have 131 equidistant grid points in the interval@2,15# +
Also, for each replicate we compute the mean absolute deviations given by
di 5 1

41
_(j51

41 6 [s2~xj ! 2 s2~xj !6, i 5 1,2, + + + ,100, wherexj is the j th grid point+
To perform the practical estimations for the exponential estimator we use the
“downhill simplex” algorithm~see Press, Teukolsky, Vetterling, and Flannery,
1992, Sect+ 10+4!+

Parts~a!–~c! of Figure 1 show the true functions, the estimated functions,
and the two-standard-deviation confidence intervals+ All functions at timet are
plotted against the grid points, which representXt22+ In part ~a! we have the
local linear estimator of the conditional mean+ Comparing the estimators of the
variance in parts~b! and ~c!, we notice better behavior for the exponential on
the right-hand-end side of the grid+ In part ~d! the box plots of the mean abso-
lute deviations confirm our findings and show remarkable superiority of the
exponential estimator+ They also seem to agree with the theoretical result in the
sense that the estimators suggest similar variances and in this case smaller bias
for the exponential+

Figure 1. ~a! Local linear estimator of the conditional mean+ ~b! and ~c! Conditional
variance estimators+ The true functions, estimated functions, and confidence intervals
are represented by continuous, dashed, and point lines, respectively+ ~d! Box plots of the
mean absolute deviations+
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4. PROOFS

The following regularity conditions are assumed+

~C1! For fixed x, f ~x! . 0, s2~x! . 0, f is continuous atx ands2~+! has
two continuous derivatives in a neighborhood ofx+ MoreoverIE $Yk6X 5 x% is
continuous atx for k 5 3,4 andIE $Y4~11d! % , ` for d [ @0,1!+

~C2! The kernelsW andK are symmetric, compactly supported densities sat-
isfying 6W~x1! 2 W~x2!6 # C6x1 2 x26 and6K~x1! 2 K~x2!6 # C6x1 2 x26 for
x1, x2 [ R+

~C3! The process$~Xt ,Yt !% is absolutely regular; i+e+, as j r `,

b~ j ! [ sup
i$1

IE H sup
A[Fi1j

`
6P~A6F1

i ! 2 P~A!6J r 0,

where Fi
j denotes thes-field generated by$~Xk,Yk! : i # k # j % + Further,

(j$1 j 2b~ j !d0~11d! , ` for the samed as in condition~C1!+

~C4! As n r `, hi r 0 and lim infnr` nhi
4 . 0, i 5 1,2+

Now to prove Theorem 2+1, consider a Taylor expansion ofL~Xt 2 x,u! 5
exp$a 2 b~Xt 2 x!% in equation~4!+ Hence, we can write

R~u;x! 5 (
t51

n F [rt
2 2 (

j50

1

~ j!!21L~ j ! ~0,u!~Xt 2 x! j

2
1

2
L~2! $ct ~Xt 2 x!,u%~Xt 2 x!2G2

Kh2
~Xt 2 x!, (5)

wherect [ @0,1# + Define R*~u;x! asR~u;x! with u replaced by the functional
estimator Zul in the last termL~2!$ct~Xt 2 x!,u% + Let now Zu* denote the mini-
mizer of R*~u;x! and put [s*2~x! 5 L~0, Zu*!+ Therefore, to derive Theorem 2+1
we can show that the result holds for[s*2~x! and that

[se
2~x! 5 [s*2~x! 1 op~h2

2!+ (6)

Using the same arguments as in the proof of Theorem 1 in Hall et al+ ~1999!,
we can show that the ratio of[s*2 2 s2~x! and the quantity

~nh2!21f ~x!21 (
t51

n

KS Xt 2 x

h2
D$jt 1 Rt ~Xt 2 x!2% (7)

is equal to 11 op~1!, wherejt 5 [rt
2 2 s2~Xt ! and

Rt 5
1

2
@s2~2! $x 1 ct

'~Xt 2 x!% 2 L~2! $ct ~Xt 2 x!, Zul %# ,
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with ct
' [ @0,1# + Now, looking at ~7!, we can analyze this expression for each

of its two terms+ By the ergodic theorem, h2
22 times the second term equals

m2~x! 1 op~1!+ Regarding its first term, it can be decomposed as

T1 5 ~nh2!21f ~x!21 (
t51

n

KS Xt 2 x

h2
D

3 @s2~Xt !«t
2 1 2s~Xt !«t $m~Xt ! 2 [m~Xt !%

1 $m~Xt ! 2 [m~Xt !%
2 2 s2~Xt !# ,

because[rt
2 5 $s~Xt !«t 1 m~Xt ! 2 [m~Xt !%

2+ Looking at each of the four terms
of the preceding expression and using the results in Appendix 2 of Fan and Yao
~1998!, we can show that

~nh2!102~T1 1 z! r NS0, f ~x!21s~x!4~c0 2 1!EK~t !2 dtD,
wherez 5 o~h2

2 1 h1
2!, completing the first part of our proof+

Now we have to prove~6! and combine both results to get the whole proof+
For that, we prove the consistency of our estimator, which comes directly from
the proof of Proposition 1 in Hall et al+ ~1999! ~not in the published version!, in
our case with

Dn~x,u! 5 ~nh2!21 (
t51

n S1,
Xt 2 x

h2
D'$ [rt

2 2 L~Xt 2 x,u!%

3 L~Xt 2 x,u!KS Xt 2 x

h2
D

and

D~x,u, h2! 5
f ~x!

h2
E~1, t !'L~0,u!K~t !

3 $s2~x! 2 L~0,u! 1 s2~1! ~x! 2 L~1! ~0,u!% dt+

Therefore, to prove~6! and complete our proof, it is enough to use the same
arguments that Hall et al+ ~1999! give in the second part of their proof of
Theorem 1+ n
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