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We consider the Breitung (2002, Journal of Econometrics 108, 343-363) statistic
&,, which provides a nonparametric test of the I(1) hypothesis. If £ denotes the
limit in distribution of £, as n — oo, we prove (Theorem 1) that 0 < ¢ < 1/72, a
result that holds under any assumption on the underlying random variables. The
result is a special case of a more general result (Theorem 3), which we prove
using the so-called cotangent method associated with Cauchy’s residue theorem.

1. INTRODUCTION

Let xy, x,, ..., x, represent an arbitrary sequence of random variables and let ¥,
denote the sample mean. We consider

531

=1 \j=

n
n2 2 ('xt - 'fn)z
=1

’

which is the statistic for the Breitung (2002) nonparametric test of the I(1)
hypothesis. Let & denote the limit in distribution of &, as n — co. We wish to
prove the following theorem.

We are grateful to Dieter Balkenborg, Nigar Hashimzade, Michael Jansson, Chris Miiris, Morten Nielsen, Paolo
Paruolo, and Katsuto Tanaka for helpful advice and discussions and to two referees for constructive comments.
Figure 1 is taken from Davidson (2008). Address correspondence to Jan R. Magnus, Department of Economet-
rics and Operations Research, Tilburg University, P.O. Box 90153, 5000 LE Tilburg, The Netherlands; e-mail:
magnus @uvt.nl.
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THEOREM 1. ¢ is supported on the interval [0,1/77%].

This result holds under any assumption on xy,...,x, whatsoever. It is trivi-
ally true when the process is I(0) because then, as Breitung shows, the distri-
bution is degenerate at 0. In fact, it can be shown that the same holds for a
covariance stationary I(d) process when |d| < 3. Under Breitung’s null hypoth-
esis, where x, is an I(1) process subject to the usual regularity conditions, &
would correspond to the functional

[([vaf va]a
[ (e

where W denotes standard Brownian motion. However, the theorem also holds
when x, is 1(d), for any finite d. Some simulations are shown in Figure 1 for
cases with 1 =d = 2.

It will be convenient to write &, in a different form. Let x := (x, x5, ..., x,)’
and define the n X n lower triangular “cumulation” matrix

0.03 -
—— Breitung I(1)
0.025F Breitung I(1.3)
"""" Breitung I(1.6)
Breitung 1(2)
0.02 -
0.015 F
0.01 -
0.005 -
0 4,::’7}; e . I I | |
0 0.02 0.04 0.06 0.08 0.1 0.12

FIGURE 1. Kernel density plots of Breitung’s statistic computed from one million rep-
lications of I(d) series (n = 1,000).
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10 0

11 0
C:= ,

11 1

as in Tanaka (1996, eqn. (1.3)). Then,
x'MC'CMx
" n2x'Mx
where M =1, — (1/n)u’ and 1 := (1,1,...,1). Let A := (1/n)C and let Q be

an n X (n — 1) matrix containing the eigenvectors associated with the n — 1
unit eigenvalues of M, so that M = QQ’. Letting y := Q'x we have

x'MA'AMx  y'Q'A’AQy

n ’

x'Mx y'y
so that
En = Anax(Q'A'AQ) = A, (AQQ'A") = Ay (AMA").

Hence, the theorem is true if and only if
1
Amax(AMA') — — asn — co.
T

The plan of this note is as follows. In Section 2 we study the eigenvalues of the
matrix AMA' and show that these can be found as the solutions of a particular
equation (Theorem 2). In Section 3 we prove a generalization of Theorem 1,
which states that, for any fixed j, the jth largest eigenvalue u; of AMA’ con-
verges to 1/(j?m?) (Theorem 3). The proof uses the so-called cotangent method
associated with Cauchy’s residue theorem. In Section 4 we discuss the speed of
convergence and the behavior of the whole set of eigenvalues when n is large.
Two Appendixes accompany this note. In Appendix A we discuss the determi-
nant of the matrix V — wo' where V is positive semidefinite and w is a vector.
In Appendix B we explain the cotangent method.

2. THE EIGENVALUES OF AVMA'

Before proving the theorem we investigate what can be said about the eigen-
values of AMA’. We know that the matrix A’A is positive definite and that its
eigenvalues are given by A; > A, > --- > A, > 0, where
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1 21 7

A= . = =,
T 4n?sin® (o)) o 2n+1 2

j=L...,n 1)

These eigenvalues were first obtained by Rutherford (1946); see also Tanaka
(1996, eqn. (1.4)). The eigenvalues used in Dickey and Fuller (1979) are the
same but presented in a different form. Because the sine function is monotonic
on the interval (0,7/2), the matrix A’A has no multiple eigenvalues.

The matrix AMA' is positive semidefinite and has rank n — 1. Its ijth ele-
ment is given by

1 ij
(AMA"); = — | min(i,j) — = |.
n n
By Theorem 11.11 of Magnus and Neudecker (1988, p. 210) we know that its
eigenvalues ;= ur, = -+ = u,—; > u,, = 0 satisfy
MU ZHLZ U= ZA, 2y, 2,

For fixed j and large n we may use the approximation sin(«;) ~ «a;, giving the
bounds

1 (2))? 1 (2)?
Rl T e
jrm? (2j+1)? jim? (2j—1)

(2)

These bounds are, however, not sharp. For example, when j = 1, we find
4/(97?) = u, = 4/7? as n — oo, which is not very precise. On the other hand,
the inequality

1 jlar? 1 (j+ 1272
ot o oS M S ot o T 3
4n?  4n’Q2n+1)? T 4n®  4n?(2n+1)?

is precise and useful; see Section 4.
Because none of the eigenvalues of AMA’ can be eigenvalues of A’A, the
eigenvalue u; of AMA’ is found as the unique solution of

V(I = :U«j(A’A)il)ill =n, A = = Ag 4)

see Lemma A3 in Appendix A.

The eigenvectors of A’A are also known (Dickey and Fuller, 1979). Let 8;
be the normalized eigenvector associated with A;. The ith element of s; is
given by

2 m2i—1)(2j —1)
S; = cos / i=1,...,n. 5)

To\2n+1 4n+2 ’
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If we define S := (s,,55,...,5,), then S’A’AS = A := diag(A, A5, ..., A,). Let-

ting ¢ := S'1, with components ¢, ...,q,, we obtain, after some trigonometric
simplifications,

qj:é NoTES] 2cos((2z—1)a)

(—1)77" cot(a;),

1
N2n +1
which implies that

qi2 4n’A; — 1

: N nn+1) ©)

Note that (1, — p;(A’A)"")""t = n if and only if ¢'([, — u;A"")"'q = n. The

eigenvalues wy,...,u, of AMA' are thus found as the n solutions of
n 2 /\_
Z( . )\ — ) =1. 7)
But because
q_j2 A; 4n’p =1 A

n A—p n@2n+1) A—p

4n 1 A;
At \w— 7 ,
2n+1 an* )N —

and X; A; = tr(A’A) = (n + 1)/(2n), we have proved the theorem that follows.

THEOREM 2. The nonzero (positive) eigenvalues o > -+ > u,— of AMA’
are the n — 1 solutions of the equation

" 1 un?

n = )
Jz 8(J))—1/u  dun®—1

where

8u(J) = 4n? sin’(a).
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3. GENERALIZATION AND PROOF OF THEOREM 1

To prove Theorem 1 we need to demonstrate that Theorem 2 holds asymptoti-
cally for u = 1/7r2, that is, that

n 1
D P
Sigj)—7* 4

as n — oo. We shall prove a more general result, namely, that Theorem 2 holds
asymptotically for w = 1/(k*7?). This implies that the kth largest eigenvalue
e of AMA' converges to 1/(k??) as n — oco. Theorem 1 is the special case
when k = 1.

THEOREM 3. Let k be a fixed positive integer and let

S = 2 e

Then we have
nS(n) — A_L

as n — .

Proof. The proof is based on Cauchy’s residue theorem (see Appendix B)
and consists of applying the so-called cotangent method. This method allows
us to compute S;(n) in almost closed form. Let

2z—1
n+1 2

g.(2) 1= 4n? sin2< ), f(z) =

g.(2) — k*m?’

where we have suppressed the dependency of f on n. We will apply the theory
of Appendix B to the function f(z) on a rectangle T,, with sides parallel to the
real and imaginary axes, its vertical sides being intervals on the two lines L, :=
{x=3}and L, := {x = n + 3}, respectively. It turns out that the integral over
T, is of the order o(1/n) as n — co. Thus the S;(n) will appear as a (finite) sum
of residues plus a term of order o(1/n).

Recall that 2isin(z) = e’* — e ™%, so that |sin(x + iy)| ~ 2¢! for | y| large.
Taking orientation into account, it then follows from Remark B1 in Appendix
B that we can shift the horizontal sides of our rectangle to co. Defining F(z) :=
7 cot(7z) f(z), this gives

J;F(z)dz=fLF(z)dz—J-L F(z)dz.

n 0
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On L, we have z = n + 3 + iy, so that cot(7z) = —tan(iwy), which is bounded
by one in absolute value. Also,

1 2n +2iy
g \n+ = +iy| =4n?sin’| —— —
2 2n+1 2

—1+2iy 7
n+1 2

= 4n? cos? ( )

We now show that n[; F(z) — 0 as n — co. Using the fact that cot(7z) =
—tan(i7ry) and (8), we substitute y = ns/7 and obtain

o —ar tan(imy)
n| F(z)dz=n ; idy
L, . —1 2iy T
4n? cos? + — | = k272
2n+1 2n+1)2
o —tan(ins)
= J ids.

o - ins km\?
4 cos? + - —
22n+1) 2n+1 n
Lebesgue’s dominated convergence theorem applies so that we may inter-
change limit and integral. Thus,

. *  sgn(s)
limn| F(z)dz= —— ——ds=0,
n—eo Jp —o 4 cos?(is/2)
using the fact that lim,,_,., — itan(ins) = sgn(s), the sign of s. Similarly, the
integral over Lg is o(1/n).

It remains to compute the residues of F at the singular points that come from
£, that is, at the zeros of g,(z) — k> ? that are located inside T,. We write

2z—1 = 2z —1
g,(z) — k*m?* = | 2nsin -— | + km || 2n sin = | =k ).
2n+1 2 2n+1 2

The zeros of this equation are solutions of

2z—1 7 .
.— = =arcsin(kwr/2n),
2n+1 2

which we rewrite as

2n+1 1 k@2n+1)
+—

1
> + . arcsin(km/2n) ~ 5 * o mod(2n + 1).

7z =
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Of these solutions only the one close to 5 + k is inside I, We compute the
residue at the solution z; ~ 3 + k, using Remark B2, I’Hopital’s rule, and the
fact that 2n sin((2z, — 1)/(2n + 1)-(7/2)) = k. This gives

72—z 7 cot(7z)

Res(F,z;) = lim .
7—7 2Z - 1 T 22 - 1 o
2n sin — km 2nsin -— | +ka

m+1 2 m+1 2
1 a cot(mz,)
B T 2z, -1 = . 2z, -1 =«
2n coS -— | 2nsin c— | + km
2n+1 2n+1 2 2n+1 2
1 a cot(mzy)
2nir kar \? 2km
2n+1 2n
Hence the limit becomes
cot(mz,)
lim nRes(F,z;) = limn ——
n—oo n—oo 2k’7T

—ntan((2n + 1)arcsin(kw/(2n))) B l

lim .
n—soo 2k 4

Then, using (B.4) in Appendix B, we conclude that lim,_, ., nS,(n) = 3, and
this completes the proof of Theorem 3. u

4. FURTHER DISCUSSION

In fact we can say a little more. Theorem 3 tells us that the jth largest eigen-
value u; of AMA’ converges to 1/( j?m?) as n — co. But it does not tell us how
fast this convergence takes place, nor does it tell us what happens to the whole
set of eigenvalues. Further analysis, not provided here, shows that, for n = 4,

1 c

/'Lj:jzﬂz +I’l27T2 (j:L-"’n_l)’ (9)

where, for each given n, ¢; is a slowly increasing function of j bounded by
¢ =¢; = ¢, with
2

T
c:= lim n*(7%u, — 1) = o= 0.8225

n—00
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and
2
¢:= lim n’m?u,  —1= 7 1 ~1.4674

n—oo

and satisfying (1/n) 2; ¢; — 1. In particular,

1

j2772

1 72 —4 0.1487

max

1=j=n—1

M — =
J n2 477_2 n2

Hence we may say that “the set of eigenvalues {u;} of AMA’ converges to the
set {u}},” where u; = 1/(j?m?) forj=1,...,n — I and u;, = 0. Some caution
is however required in interpreting this statement. For fixed j it means that w;
approaches 1/(j%ar?). But for j dependent on n, it only means that the differ-
ence approaches zero. Thus, u,_; =~ 1/(4n?) (see eqn. (3)), whereas M =
1/((n — j)*m?) =~ 1/(n*7?). Their difference is of order O(1/n?), but u,_; is
better approximated by 1/(4n*) than by ;.
We note that our findings agree with the facts that

M=

(AMA") n?—1 1 o 1
.= tr "= = — + —
1,U~_, 6n? 6 n?

J

and

p2 = tr(AMA’)* = — +

(nz—l)(2n2+7)_1 1 +0(1)
180n* 90 36n2 nt )

M-

while we also know that

L | ? 1 1 L | t 1
—=——-—=4+0|—=, —=—+0(—=.
P i () 27w ()

Hence we obtain

" noo] 1 1
— =—+0|-
n(/Zl H szz'”l) w? <”)

and

n n 1 1 1
? F— :—+0<—>.
" <2 & _,21]-4774) 36 \n

We conclude by noting that Theorem 1 also provides an asymptotic bound
for various statistics related to £,. Suppose first that M is replaced by M, the
projection matrix orthogonal to some collection of nonstochastic regressors Z,
including the intercept. The obvious example is the inclusion of the linear trend.
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Because M, = MM, M, Theorem 11.11 of Magnus and Neudecker (1988) may
be redeployed to show that the ordered eigenvalues of AM,A" are bounded by
the corresponding eigenvalues of AMA'. On the other hand, if M is replaced by
I so that we consider the version of &, obtained from noncentered data, the
exact bound for the ratio x’A’Ax/x'x is provided, directly from (1), by the case
j =1 of the limits

1
A_,—>—1 5
772 s

( 2)

As Breitung (2002) points out, &, corresponds to n~ ! times the so-called KPSS
statistic of Kwiatkowski, Phillips, Schmidt, and Shin (1992), except that the
kernel estimator of the long-run variance in the denominator of the latter sta-
tistic is replaced by the simple variance of the sample. A recently proposed
variant of the KPSS test is the V/S test of Giraitis, Kokoszka, Leipus, and Teys-
siere (2003), in which the the numerator of the ratio is expressed in mean devi-
ation form. The corresponding modification of Breitung’s statistic takes the form
&y = x'MA'MAMx/x'Mx. If £ —, €, observe that when, in particular, x is an
1(1) vector,

(e oo [ ([ [wea]
[wa-([ve]

In view of the general inequality 0 = ¢, = &, we are able to say that Theo-
rem 1 also applies to &*.
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APPENDIX A: The Matrix V — wo'

We consider a positive semidefinite » X n matrix V and an n X 1 vector w.

LEMMA Al. We have

V(1 —0'V iw) iftk(V)=mn;
V—wo'| =4 —(0'x)*p(V) ifrk(V)=n—1,Vx=0,x'x=1;
0 ifrk(V)=n—2,

where p(V') denotes the product of the nonzero eigenvalues of V.

Proof. We prove the lemma first for a diagonal n X n matrix A with nonnegative
diagonal elements and an n X 1 vector a.

(i) If all diagonal elements of A are nonzero (hence positive), then
A —aa'| = |AV?(1,— A aa’ AV2)AV?| = |A|(1 — a'A'a).

(ii) If one of the diagonal elements of A is zero (say, the nth), then we partition

A= s a= .
0 0 a,
If a, # 0, then

Ay —ajay —asa,

|A—aa'| = = —a3|Al;

—a,a; —a3

see Exercise 5.30(b) in Abadir and Magnus (2005). The result remains true when
a, = 0, because both sides of the equality are then zero.
(iii) If two or more diagonal elements of A are zero, then
k(A —aa’) =1k(A) +rk(aa’)=(n—2)+1=n—1,
and hence |A — aa’| = 0.
In the general case, we diagonalize V as S'VS = A and define a := S'w. The results

(i) and (iii) follow immediately. For (ii) we partition S = (S, x), so that w'x = a'S'x =
aiS|x + axx'x = a,. u
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LEMMA A2. |V — wo'| = 0 if and only if

k(V) =n, o' Vi'ie=1;

k(V)=n—1, w'x=0, Vx =0;

k(V)=n-—2.

Proof. This follows directly from Lemma Al. n

LEMMA A3. Let C be a nonsingular n X n matrix and let M := I,, — (1/n)u’. Then,
w is an eigenvalue of CMC' if and only if

W is not an eigenvalue of CC’, 1" (I, — w(C'C) V) i = n;
wm is a simple eigenvalue of CC" with associated eigenvector x,1'C'x = 0;

w is a multiple eigenvalue of CC'.

Proof. The eigenvalues of CMC' are given by
1
CC'—ul,——Cu'C'| =0.
n

Let V =t CC' — ul, and » := Ci1/A/n and apply Lemma A2. n

APPENDIX B: Cauchy’s Residue Theorem
and the Cotangent Method

In this Appendix we state some results from complex function theory that are required
in the proof of Theorem 3; see Conway (1978). Our proof depends heavily on the “cotan-
gent method.” Although this method is “well known,” it is not easy to find a good ref-
erence for it. (Conway, 1978, has an exercise on p. 122.) Hence it will prove useful to
state this method explicitly. Our starting point is Cauchy’s famous theorem.

THEOREM B1 (Cauchy’s residue theorem). Let f be a function defined on a domain
D and its boundary I'. Assume that f is holomorphic (i.e., complex differentiable) except
for a finite set of singular points ay,...,a; in D. Then,

1 k
P ff(z) dz = 2 Res(f,ay), (B.1)
2mi Jr h=1
where Res( f,a) denotes the residue of f at an isolated singularity a and is defined as

Res(f,a) := lim L f(z)dz

0 271 J|—q)=c
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We note that, for € sufficiently small, the preceding integral becomes independent of
€. Moreover, one can show that f may be developed into a convergent series near a:

%)

f2)= 2 c(z—a), (B.2)

I=—o0
so that Res(f,a) = c¢_.

Remark B1. If there are no singularities inside the boundary I', then the integral in
(B.1) equals zero. This allows for changing the path of integration without altering the
value of the integral as long as we do not “cross” any singularities.

Remark B2. It follows from (B.2) that if f has a singular point at a and if L :=
lim__,,f(z)(z — a) exists, then Res(f,a) = L.

The cotangent method is based on the following expansion:

n ] * 1
meot(mz) = >, —— +g,(2)= > o
J j=m 27

j=—n
Here g, is a holomorphic function on C except for singularities at =(n + 1),=(n + 2),
.... (The last equality should be treated with care, because the sum is only condition-
ally convergent.)

Now, if fis a holomorphic function with singularities at ay, ..., ay, say, all less than n
and none of which are integers, and if we let F(z) := o cot(7z) f(z), then by Theorem BI1,

1
— f F(z)dz = 2, Res(F,a), (B.3)
2mi Jr,

aEA

where T}, is a square in C with vertices (+(n + 3),%=(n + 3)i) and A is the set of singu-
larities of F inside the square I},. Because the residue Res(F,j) at an integer j equals
f(Jj), we can rewrite (B.3) as

n 1 k
> f(j) === F(z)dz— > Res(Fa,). (B.4)
h=1

j=n 2mi Jr,

This is the cotangent method. Observing that the cotangent is uniformly bounded on the
squares T}, one can often show that the integral in (B.4) tends to zero as n — oco. For
suitable f with finitely many singularities one can then compute the limit of the left-
hand sum in (B.4).
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