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Let G be a cyclic group of order n and let = {x1,x2,...,X»} be a sequence of elements of
G. Let k be the number of distinct values taken by the sequence u. Let n A u be the set of
the n-subsequence sums.

We show that one of the following conditions holds:

e u has a value repeated n — k + 3 times,
e 1 A pu contains a non-null subgroup,
o |nAul>m—n+k-—2.

We conjecture that the last condition could be improved to [n A u| > m —n+ k — 1. This
conjecture generalizes several known results. We also obtain a generalization of a recent
result due to Bollobas and Leader.

1. Introduction

Let G be an abelian group of order n > 2 and let u be a sequence of elements of G. The
length (resp. the number of distinct values) of u will be denoted by |u| (resp. #u). The set
of sums of the n-subsequence of u will be denoted by n A u.

The Erdés—Ginzburg-Ziv theorem [7] states that 0 € n A y, if |u| > 2n — 1. Olson proved
in [18] that n A u contains a non-null subgroup if no value is repeated n + 1 times.

It was observed by Brakemeier [3, 4] that the condition |u| > 2n — 1 is needed only if
#u1 = 2. He proved [3, 4] that 0 e n Ay, if G is cyclic, #u > (n+ 3)/2 and |u| =n+2.
Another proof of this result was obtained independently by Gallardo, Grekos and Pinko
in [10]. Assuming n to be a prime, Brakemeier showed that 0 € n A pif |u| > 2n — #u + 1.
Yet another proof was independently obtained by Bialostocki and Lotspeich [1]. They
conjectured the validity of this result if n is composite. Hamidoune, Ordaz and Ortunio
[14] obtained a proof of this conjecture.

An addition theorem generalizing the Erdés—Ginzburg—Ziv theorem was obtained
recently by Bollobas and Leader [2]. This result states that either 0 € n Ay, or [n A u| >
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|u| —n+ 1. Clearly the second condition implies 0 € n A u if |u| = 2n — 1. On the other
hand, the Bollobas—Leader theorem applies to sequences with a small length.
The above results suggest the following conjectures.

Conjecture 1.1. Let G be a cyclic group of order n and let p be a sequence of elements of
G. Then one of the following conditions holds:

® i has a value repeated n — #u + 3 times,
o n A u contains a non-null subgroup,
o nApl=lp—n+#u—1

Conjecture 1.2. Let G be a cyclic group of order n and let u be a sequence of elements of
G. Then one of the following conditions holds:

e OenAuy,
o nApl =l —n+#u—1

Assume that G is a cyclic group and that u contains no element repeated n — #u + 3
times. We show that either n A u contains a non-null subgroup H, or [n A u| > |ul —n+
#u — 2. This result is slightly weaker than Conjecture 1.1. In order to limit the size of the
present paper, our results related to Conjecture 1.2 will be presented in a forthcoming
paper.

Our results will be obtained by combining addition theorems and strings (a notion
introduced by the author in [12]). In order to make the present paper self-contained, we
shall define strings later and prove their basic properties.

The organization of the paper is as follows. Section 2 contains some known results
needed in our proofs. Section 3 contains the basic properties of strings which allow us to
adapt the proof of Erdés, Ginzburg and Ziv in the prime case to finite abelian groups.
Recall that in such a proof the sequence u is partitioned into sets of cardinality 2, assuming
that no element is repeated (n+ 1) times. Put u = {x;; 1 <i< m}. Let ¢ be a positive
integer such that ¢ < m < 2q — 1. We prove in Section 3 that either |[g Au| > m—q + 1,
or gx; € g A u, for some 1 < i < m. For g = n, this result is the Bollobas-Leader theorem.

In Section 4, we prove an addition theorem, which will be combined with the properties
of a string in order to get the main result.

2. Tools

Let G be an abelian group and let H be a subgroup. The subgroup generated by a subset
X will be denoted by (X). Recall that a subset X is said to be H-periodic if X + H = X.
The stabilizer of A is St(4) = {x|4 + x = A}. We shall use the following lemma.

Lemma 2.1. Let L and M be non-empty subsets of a finite abelian group G and let x,y € G.
Then

L+St(L)=L; 2.1)
St(L) < St(L + M); (2.2)
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if |L+M|=|L| then S(L+ M)=St(L): (2.3)
if |IL+M|>|L| then |L+M|3> |L|+[St(L); (2.4)
L+ {x,y}| =I|L| if and only if y —x € St(L). (2.5)

This lemma is proved in [12]. Alternatively, the reader may treat the proof of Lemma 2.1
as an exercise.
Recall the following easy and well-known lemma.

Lemma 2.2. ([15]) Let A, B be subsets of a finite group such that |A|+ |B| > |G| + 1.
Then A+ B = G.

Let A, B be subsets of an abelian group G. Let k be a nonnegative integer. We shall
write

k/\Az{ZchA and |B|=k},

xeB

and
AANB={x+y|x€A, y€eB and x # y}.

We have 2A A4 = A N A.

Note that |2 A A| > |A| — 1. It follows that 2A A = () if and only if |4| < L.

Observe that |2 A A| > 3,1f |A| > 3. Indeed, there are distinct elements a, b, ¢ € A. Clearly
a4+ b,a+ c¢,b+ c are distinct elements of 2 A A. We shall use these observations without
reference.

For an abelian group G, put €(G) = |{x | 2x = 0}|]. Note that the condition €(G) < 2
holds if either G is cyclic or |G| is odd. We also recall a lemma which is the restricted sum
analogue of Lemma 2.2.

Lemma 2.3. ([13]) Let G be a finite abelian group such that e(G) < 2. Let A, B be subsets
of G such that |A| + |B] > m+ 1+ €(G). Then AN B = G. In particular,2 N A = G, if |A| >
(1G] +3)/2.

Proof. Suppose the contrary and take a € G\ (4 A B). Let X = {x : a = 2x}. Clearly
|X| < e(G). Take X = X{UX,, where 0< |X;] <1, for all ii By Lemma 2.2, x €
(A\ X1) + (B \ X3). It follows that x € A A B, a contradiction. ]

We shall use the following lemma.

Lemma 2.4. Let H be a subgroup of Z,,. Let A,B and C be subsets of Z, such that
|A+H|=|B+ H|=|C+ H|=|H|. Assume |A|+ |B| > |H| and |C| > (|H| + 3)/2. Then
A+B=A+B+Hand 2NC =2C =2C + H.
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Proof. The hypothesis implies that 4, B, C are non-empty. Choose a € A, b € B and ¢ €
C.By Lemma2.2,(A—a)+(B—b)=H.By Lemma23,2A(C—¢)=(2AC)—2c=H.
The lemma follows since |2 A (C —c¢)| =2 A C]. ]

We shall also use Kneser’s theorem.

Theorem 2.5. ([16, 17]) Let G be an abelian group, and let A, B be non-empty subsets of
G. Put H = St(A + B). Then

|A+ B| > |4+ H|+|B + H| — [H|.

3. Multisets

Additive properties are independent of sequence reordering. It is quite natural to use
unordered sequences. An unordered sequence of elements of a set A may be defined as
an element of the free abelian monoid with basis 4. Such an approach is the usual one in
factorization theory and the related zero sum theory [8]. Here, we shall use an equivalent
approach via multisets.

Let A be a set and let B < A. By a multisubset of 4, we mean a map F from A into N.
The number of repetitions of x € A is F(x). The length of F is |F| =) ., F(x). The
support of F is |F| = {x | F(x) # 0}. The cardinality of the support of F will be denoted
by #F. Obviously #F = ) _, min(l, F(x)). A multiset F such that F(x) < 1, for all x, will
be identified with the set || F|. We shall also identify an element x € 4 with the indicator
of the set {x}. More generally, a set {xi,...,x;} could be identified with the multisubset
X1 X

To any finite family u = {x;;i € I} of elements of A4, we associate a multisubset F,
where F(x) = |{i | x = x;}|. Let u = {x;;i € I} be a finite family of elements of an abelian
group G and let 0 < k < |I|. The set of k-subfamily sums is

k/\u={2xiJcI and |J=k}.

ieJ

Clearly

knp=> xi—(I|—k AF.
iel

Let F be a multiset. Let uj, iy be two sequences represented by F. Clearly k Ay =
k A up. So we may write k A F =k A ;.

Let F, E be multisubsets of A. We shall write F < E if, for all x, F(x) < E(x). Assume
F < E. We let EF~! denote the unique multisubset D of A verifying the relation E = DF.
We shall write F N E for the largest multisubset D, such that D < F and D < E. Let
B = A. We let Fg denote the restriction of F to B. Note that Fp(x) =0, if x ¢ B.
Otherwise Fp(x) = F(x).
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4. Strings

The notion of a string was introduced in [12]. We use in this paper a slightly modified
notion of strings. In the present section, we adapt the properties of strings obtained in
[12] to this new situation.

Let G be a finite abelian group. Let g be an integer. Let F be a multisubset of E.

An F-chain of length r+1 is a sequence A = {Ai,...,A,+1} of multisubsets of F
satisfying the following conditions:

(1) A"+1 7& (Z)a
(ii) F = Ay,..., Args
(iii) for all 1 < i< r, |4;] = #(4;) =

(iv) for all 1 < j —1, |Z1<1<1A|<\Z1<1<;+1A‘
It follows that, forall 1 < j<r—1,
A=+l (4.1)
1<i<j

According to our definition the empty sequence is an F-chain with length = 0. In
particular, chains always exist.

An F-chain with a maximal length will be called an F-string. Let A = {4, ..., 4,41} and
B ={By,...,B,+1} be F-strings. We shall write .A < B if and only if one of the following
conditions holds:

(1) #Ar+1 < #Br+la
(11) #Ar+1 = #Br+1 and |A1 + - "l‘Ar‘ < |Bl +-+ Br|-

A maximal string is a string that is maximal with respect to the order relation A =B
or A< B.

Lemma 4.1. ([12]) Let A={A,...,A.y1} be an F-chain. Then B={A,...,Aj_1, Aj11,...,
Ay, Aj, Aryi} is an F-chain, for any 1 j<r—1.

Proof. Put A; = {a;,bi}, 1 <i<r. Suppose that B is not a chain. Then there exists m €
{1,...,j—1,j+1,...,r — 1} such that

S o4

ie{l,...j—1,j+1,..m}

Z A

i€ {11 A L1}

Clearly m > j—1. By (2.5), dms1 — b1 € St icir_jo1j41.m Ai)- BY (2.2), a1t — buy1 €
St( Y 1<icm Ai). Hence m > r, a contradiction. O

Lemma 4.2. Let A= {Ay,..., A1} be an F-string such that |A,+1| > 3. Let w € || A,41].
Put Q = St(Y,, Ai). Then

A1l —w = Q. (4.2)
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Proof. Suppose the contrary, and choose a in || A,y| such that a—w ¢ Q. It follows
that {A4y,...,A.1,aw} is an F-chain, contradicting our assumption that A is a string. []

Proposition 4.3. Let A= {Ay,..., A1} be a maximal F-string such that |A.11| > 3. Let
w € || Ar41]l and put Q = St(zigrAi). Also assume that |3 ;. Ail <|F|—r—1.
Then, for all 1 <i<r,

AN (Q +w) #0. (4.3)

Proof. Take a;,b; € G such that A4; = a;b;, 1 <i<r.Put Q' = St(Zigrq A;). Let us prove
the relation

A1 N(Q +w) # 0. (4.4)
Suppose the contrary. By (4.2),
Ar N Ar+1 = 0
By (2.4),
) Ai] > S al+i01z 410
1<i<r 1<i<r—1
By (4.2), #A4,,1 < |Q’'|. Therefore we have
\Ary| = [F] = 2r
2 Z Ai —r+ 1
1<i<r
> > A+1Q-r+1
1<i<r—1
>0 +1
= #Ar+1 +1
In particular, there is a u € G such that
u? < A4y

Since a, — b, ¢ Q’, either a, —u ¢ Q' or b, —u ¢ Q'. Without loss of generality, we
may assume a, —u ¢ Q'. It follows that B = {4i,...,A,—1,(a,u)} is a string such that
#A,11 < #B,.1, a contradiction establishing (4.4).

Now (4.3) holds by (4.2), if A4; N |4,41] # 0. So assume

Ain Al = 0.

PutK =St(4; +  +Aic1 + Aijn + -+ Ar). Set C = {Ay,..., Ai1, Ait1, - - -, Ay, Ai}. Now
(4.3) holds by (4.4) if C is a string. Suppose the contrary. Using Lemma 4.1 and (2.5), it
follows that a; — b; € K. By (2.3), K = Q. Choose z € ||4,41]. Let us prove that

a—z € Q.

Suppose the contrary. It follows that a; — z ¢ K.
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Set D ={Ay,...,Ai—1,Ait1,-.-, A4, (@i2)}. By (2.5), D is a chain. Now #A4,41 < #D, 1
and |[A; + -+ A4, | <|A1+ -+ Ai_1 + Air1 + - + A, + (a;2)|, contradicting maximality
of A. We have shown that ¢; —z € Q. By (4.2), a; —w € Q. The proof of (4.3) is now
complete. [

We can now extend the result of Bollobas and Leader.

Theorem 4.4. Let G be an abelian group of order n, and let q,m be positive integers such
that q < m<2q—1. Let u= {x;; 1 <i< m} be a sequence of elements of G. Then one of
the following conditions holds:

(1) there is a 1 < i < m such that gx; € g A\,
(i) g AplZm—qg+1.

Proof. Let F be the multisubset of G associated with the sequence u. Choose a maximal
F-string A= {Ay,...,Ar41}. Take w € |A,41]]. Set Q = St(zigrAi). We have |4,41| =
m — 2r. First assume r > m — q. Thus

lg A pl = 1(m—gq) AN (AL, An—g) + 2q —m) AN (Ap—g+1, - - -, Ar.Ars1)]
Z A1+ + Ayl
Zm—q+1
So we may suppose r < m — g — 1. Clearly
g pl > 1A+ + A+ (g — 1) AN Al
So we may assume |A; + -+ A4,| <m—qg<m—r—1. By (4.2),
(k=r) A Ar) N ((k —1)w + Q) # 0.
By (4.3), (A1 + -+ 4,) N (rw + Q) # 0. Therefore
(A4 + A+ Kk —=r) A1) N (gw + Q) # 0.

But (A; + -+ A4, + (k —r) AN A,41) is Q-periodic. Therefore gw + Q < g A F. Hence gw €
qgNF. ]

Theorem 4.4 reduces to the result of Bollobas and Leader [2] if ¢ = |G|.

5. An addition theorem

Let H be a subgroup of an abelian group G, and let X be a subset of G. The family
of non-empty sets of the form (x + H) N X induces a partition of X. We shall call it the
canonical H-decomposition of X.

Theorem 5.1. Let G be an abelian group such that €(G) < 2. Let A be a subset of G such
that 0 € A. Let X be a subset of G such that X + A # X + (A). Then

max(|X + A, | X +2AA]) > | X| + 4] — L.
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Proof. Let X = X; U---UX, be the canonical (4)-decomposition of X. There exists i
such that X; + A4 # X; + (A4). It follows that we may assume without loss of generality
that 4 generates G.

Put H=St(X 4+ A). Let A=A;U---UA, be the canonical H-decomposition of A.
Choose a; € A;. We shall assume

|Ar] < - < Aul

Since A generates G and 0 € 4, we necessarily have u > 2.
Put ¢ = |X + H| — |H|. Assume that

X +A4] < |X|+14] -2
By Kneser’s theorem, |X|+|4] —2 > | X + A| > |X + H|+ |A + H| — |H|. Therefore
|[A| =2 > |A+H|— |H|+e. (5.1

In particular, we have |[H| > 2. Since X + A # G, we have H # G. Therefore H is a proper
subgroup.
Let us prove that

24+ H=(2AA)+H. (5.2)

By (5.1), we have |A;| + (u — 1)|H| > |A] > 2+ (u — 1)|H|. Therefore |A4;| > 2. Choose b; €
A;\ a;. We have 24; + H = a; + b; + H < (2 A\ A;) + H. Now

QAA)+H =] (4 AA4))+ H).
N

It follows that
QAA)+H=|J4i+4;+H) =24+H.
Lj
First assume
X+4+24+H=X+(2AA).
Since A generates G and since X + A # G, we necessarily have
X+Q2AA)|=|X+H+A+A > |X+A|
Since these sets are H-periodic, we have
X+ Q2AA)|=IX+H+A+A| >|X+A|+ |H|
By Kneser’s theorem,
X +Q2AA) 21X +A[+|H|>|X+H|+|A+H]|

The result holds in this case.
So we may assume

X +24+H+X+Q2AA).
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By (5.2), we have
X+2NA+X+2NA)+H. (5.3)
Let 1 < j < u be such that |4;| > ([H| + 3)/3. Then
ANAj=A+A;+H. (5.4)

Let 1 < i< u. Observe that 4; A 4; is contained in the H-coset A; + A;. First assume
lﬁé‘] By Lemma 24, we have A,/\AJ ZA,-|'-AJ =Al+Aj + H.
Now assume i = j. By Lemma 2.4, we have 2 A A4; = 2A4; 4 H. It follows that

A+Aj= | Aind;j= | Ai+4;+H=A+A4;+H.
1<igu 1<igu

By (5.3), it follows that X + (2 A A) is not H-periodic. In particular ¢ > 1. By (5.1),
|4+ H|—|A| < |H| — 3. It follows that

|42 2 (141] + 142))/2 =2 2|H| — (A + H| — |A]))/2 > (H| + 3)/2.
By (5.4),
ANA;=A+A;+H, foralli>2.
It follows that X +(A\ A1)+ A =X+ H + (A \ A;) + A. Therefore
X +(A\ A1)+ 4| > |X +H+ A
>|X+H|+|A+H|—|St(X + A+ H)|
=|X+H|+ A+ H|—|H|.

By (5.3), and since X + (A \ A;)+ A is H-periodic, X + (2 A) contains a non-
H-periodic part of the form (4; A 4;) + Xo, for some Xy = X. Hence, X 4 (2 A 4) contains
the two disjoint subsets X + (4 \ 4;) + 4 and (4; A 4;) + Xo. It follows that

X +QAA) > [X|+1+[A+H|[—H|+|4]—1
Z | X[+ (u—1)H| + |4
> |X|+ Al [

Lemma 5.2. Let G be a finite abelian group, let A be subset of G containing 0, and let X
be a non-empty subset of G. Assume A\ 0 is a minimal generating set and that X + A #+ G.
Then

(X +A4)\ X| > 4] — 1.

Proof. Put H=St(X + A4). By Kneser’s theorem, | X + 4| > |X + H| +|A + H|—|H|. We
may assume clearly that H is proper subgroup. Consider the canonical H-decomposition
A=A4,U---UA,. Choose a; € A;. Without loss of generality we may assume a; = 0.
Since A generates G and 0 € A, we necessarily have u > 2. By the minimality of 4\ 0,
0¢ (A1 \0)+ (A2 —az). By Lemma 2.2, |A;| + |42] — 1 < |H]|. It follows that |4 + H| —
|A| > |H| — 1. By Kneser’s theorem, |X +A4| > | X+ H|+|A+ H|—|H| > |X|+ 4] — 1.
Therefore |(X + 4) \ X| > |4| — 1. ]
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6. Distinct n-subsequence sums

Let us begin with a simple lemma.

Lemma 6.1. Let Ay,...,A, with cardinality 2. Let X,Y be multisets such that |Y|>n—
v—j. Then

IMA(XYAp- A 2 A1+ + A + (X = ) A XL

Proof. We clearly have
NAXYA - A)o A1+ +4,+(X|—)H)AX+m—j—v)AY.

The result now holds, since (|X|—j) A X is a translate of j A X and since (n — j—v) A

Y 0. 0

Theorem 6.2. Let G be an abelian group of order n. Assume G is either cyclic or |G| is odd.

Let u be a multisubset of G with a maximal multiplicity < n — #u + 2 such that n+ 1 < |u|.
Then, one of the following conditions holds:

(1) there is a non-null subgroup H contained in n A\ y,

(i) [n A pl = [ul —n+#u—2.

Proof. Put u = |u| —n and k = #u. The validity of the result for u = n —k + 2 implies
its validity for all u. So we may assume

un—k-+2.
Take p = EF, where |E| = #E = k. Choose a maximal F-string A = {A4y,...,A4,}. Take
w € A,41. Since A — w is a maximal string with respect to F —w, u —w = (F — w)(E — w),
and n A u=nA (u—w), we may assume without loss of generality that w = 0. Let Gy be

the subgroup generated by E. Set Q = St(},, 4;).
First assume r > u — 1. We have

i<r

|4, Al =n+u—k—2u—1)=n—k—u+2>2.
We may assume
A+ + At +EF A+ + Aur + Go,

since otherwise 41 + -+ A,_1 + E = Gy, and (i) holds by Lemma 6.1. By Lemma 6.1
and Theorem 5.1,

InAul > max(|4 + -+ Ay + E[ |41+ + Ayt + 2N EJ)
>u—1+4k.

So we may assume r < u — 2. It follows that
|Apil Zn+u—2r >4

We have
0] > 2,
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since otherwise, by (4.3), 0€ A; for all 1<i<r and |A,1]| ={0}. It follows that
FO)zr+n—k+u—2r) >n—k+ 2. Therefore u(0) = E(0) + F(0) > n—k + 3, a con-
tradiction.

Consider a u-chain B = {Bj, ..., B}, where B; = a;b;, satisfying the following conditions:
(i)Bi=A;, forall1 <i<r,
(i) s <u—1,
(ii1) apyq - ras < Appqg and by by < E, forall r +1 <i <5,
(iv) 0 € Ary1(drsr -+ as)_la
(V) M + (E(by41 - by)™") = Gy, where M = St(3",, B;).

Note that A is such a chain. So we may choose such a chain with a maximal s.
Put V =A,.1(a;---as)~! and T = E(b;---bs)~! By (2.2), Q = M. Since By + - + B, is
Q-periodic, we have, for all J > r,

i<s

|Bi+ -+ By =B+ + B[+ (J—r)Q]
>r+142J=2r.

In particular,

B+ 4B >2s—r+1. (6.1)

Case 1: s=u—1.
We may assume that By + -+ B,_1+ T # By + -+ B,_1 + (T), since otherwise
B+ -+B,.1+T=B+-+B,_1+M+T
=B+ 4B+ (T)+ M
= Gy,

and the result follows by Lemma 6.1.
By Lemma 6.1, (6.1) and Theorem 5.1,

[mAul >min(|By+---+B,_1+T|,|Bi+ -+ B,_1+2AT)|)

>|B1++Bufll+‘T‘_1
>u+k—1.

Case 2: s<u—2.
Let us observe that
Vi=n4+u—k—2s>2n4+u—k—2u+4
=n—u—k+4>2.
Choose v € V' \ 0.
Let ¢ : G—> G/M. We shall write ¢(x) =X. We claim that {X;x € (T \ M)} is a

minimal generating sequence of G/M. Suppose on the contrary that, for some z € (T \ M),
{x;x € (T \ (M U{z})} generates G/M. Put By = {v,x}.
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Since Q = M, we have, by (4.2), v € M. Since z ¢ M, we have, by (2.5),

Z Bi = ZB,"‘F{U,Z} > ZB, .
i<s+1 i<s i<s
It follows that B,.y,...,Bsy; verifies conditions (i)—(v), contradicting the maximality of
s. This proves our claim. In particular, for all x,y € (T \ M), X =7 holds only if x = y.
Thus,
T\ M| = [T\ M|
We have

|T|=k—s+r.
Assume first that |V|+ |T N M| > n—s. We may suppose
|ZAi| = |F|—r+1,

since otherwise |X4; + E| = n, by Lemma 2.2. The result then holds, by Lemma 6.1.
We have |V|=n4+u—2s—|T| >n—s+2—|T|. Clearly

nAu>P =B+ -+ B+ n—s)AN(V(T N M)).
By (4.2) and (4.3), BN M # ¢ for all i <s. Similarly (n—s)A(V(T NM)) = M. It
follows that M N P # (. On the other side P + M = M. It follows that M = n A u. So

we may assume |V|+ |T NM|<n—s—1. It follows that n+u—2s— |T|+ |T N M| <
n— s — 1. Therefore
IT\M|>u—s+1.
We clearly have
mAp Z2|Bi+ - +Bi+T+m—s—1)AV]
>|Bi 4+ B+ Tl

The result clearly holds if B; +--- 4+ B;+ T = G. So we may assume the contrary. Since
By + -4 B;+ T is M-periodic, we have

B+ +B,+T+G/M.

By Lemma 5.2, we have

(B +--+Bs+ T)\((B1+---+By)| =T\ M|
Therefore

[nApl =B+ + B+ T]

|Bi + -+ By| + [T \ M| [M]|
s—r—+14+|T\ M||M]|
s—r+14+ M +2(T\M|—-1)

s—r+|T|+|T\M|—-1

Vv VvV VWV WV
SCR SR )
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2s—r+|T|+u—s
k

>
=k +u.

The proof is complete. ]
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