
Combinatorics, Probability and Computing (2003) 12, 413–425. c© 2003 Cambridge University Press

DOI: 10.1017/S0963548302005564 Printed in the United Kingdom

Subsequence Sums

YAHYA OULD HAMIDOUNE
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Let G be a cyclic group of order n and let µ = {x1, x2, . . . , xm} be a sequence of elements of

G. Let k be the number of distinct values taken by the sequence µ. Let n ∧ µ be the set of

the n-subsequence sums.

We show that one of the following conditions holds:

• µ has a value repeated n − k + 3 times,

• n ∧ µ contains a non-null subgroup,

• |n ∧ µ| � m − n + k − 2.

We conjecture that the last condition could be improved to |n ∧ µ| � m − n + k − 1. This

conjecture generalizes several known results. We also obtain a generalization of a recent

result due to Bollobás and Leader.

1. Introduction

Let G be an abelian group of order n � 2 and let µ be a sequence of elements of G. The

length (resp. the number of distinct values) of µ will be denoted by |µ| (resp. #µ). The set

of sums of the n-subsequence of µ will be denoted by n ∧ µ.

The Erdős–Ginzburg–Ziv theorem [7] states that 0 ∈ n ∧ µ, if |µ| � 2n − 1. Olson proved

in [18] that n ∧ µ contains a non-null subgroup if no value is repeated n + 1 times.

It was observed by Brakemeier [3, 4] that the condition |µ| � 2n − 1 is needed only if

#µ = 2. He proved [3, 4] that 0 ∈ n ∧ µ, if G is cyclic, #µ � (n + 3)/2 and |µ| = n + 2.

Another proof of this result was obtained independently by Gallardo, Grekos and Pinko

in [10]. Assuming n to be a prime, Brakemeier showed that 0 ∈ n ∧ µ if |µ| � 2n − #µ + 1.

Yet another proof was independently obtained by Bialostocki and Lotspeich [1]. They

conjectured the validity of this result if n is composite. Hamidoune, Ordaz and Ortunio

[14] obtained a proof of this conjecture.

An addition theorem generalizing the Erdős–Ginzburg–Ziv theorem was obtained

recently by Bollobás and Leader [2]. This result states that either 0 ∈ n ∧ µ, or |n ∧ µ| �
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|µ| − n + 1. Clearly the second condition implies 0 ∈ n ∧ µ if |µ| = 2n − 1. On the other

hand, the Bollobás–Leader theorem applies to sequences with a small length.

The above results suggest the following conjectures.

Conjecture 1.1. Let G be a cyclic group of order n and let µ be a sequence of elements of

G. Then one of the following conditions holds:

• µ has a value repeated n − #µ + 3 times,

• n ∧ µ contains a non-null subgroup,

• |n ∧ µ| � |µ| − n + #µ − 1.

Conjecture 1.2. Let G be a cyclic group of order n and let µ be a sequence of elements of

G. Then one of the following conditions holds:

• 0 ∈ n ∧ µ,

• |n ∧ µ| � |µ| − n + #µ − 1.

Assume that G is a cyclic group and that µ contains no element repeated n − #µ + 3

times. We show that either n ∧ µ contains a non-null subgroup H , or |n ∧ µ| � |µ| − n +

#µ − 2. This result is slightly weaker than Conjecture 1.1. In order to limit the size of the

present paper, our results related to Conjecture 1.2 will be presented in a forthcoming

paper.

Our results will be obtained by combining addition theorems and strings (a notion

introduced by the author in [12]). In order to make the present paper self-contained, we

shall define strings later and prove their basic properties.

The organization of the paper is as follows. Section 2 contains some known results

needed in our proofs. Section 3 contains the basic properties of strings which allow us to

adapt the proof of Erdős, Ginzburg and Ziv in the prime case to finite abelian groups.

Recall that in such a proof the sequence µ is partitioned into sets of cardinality 2, assuming

that no element is repeated (n + 1) times. Put µ = {xi; 1 � i � m}. Let q be a positive

integer such that q � m � 2q − 1. We prove in Section 3 that either |q ∧ µ| � m − q + 1,

or qxi ∈ q ∧ µ, for some 1 � i � m. For q = n, this result is the Bollobás–Leader theorem.

In Section 4, we prove an addition theorem, which will be combined with the properties

of a string in order to get the main result.

2. Tools

Let G be an abelian group and let H be a subgroup. The subgroup generated by a subset

X will be denoted by 〈X〉. Recall that a subset X is said to be H-periodic if X + H = X.

The stabilizer of A is St(A) = {x|A + x = A}. We shall use the following lemma.

Lemma 2.1. Let L and M be non-empty subsets of a finite abelian group G and let x, y ∈ G.

Then

L + St(L) = L; (2.1)

St(L) ⊂ St(L + M); (2.2)
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if |L + M| = |L| then St(L + M) = St(L); (2.3)

if |L + M| > |L| then |L + M| � |L| + |St(L)|; (2.4)

|L + {x, y}| = |L| if and only if y − x ∈ St(L). (2.5)

This lemma is proved in [12]. Alternatively, the reader may treat the proof of Lemma 2.1

as an exercise.

Recall the following easy and well-known lemma.

Lemma 2.2. ([15]) Let A, B be subsets of a finite group such that |A| + |B| � |G| + 1.

Then A + B = G.

Let A, B be subsets of an abelian group G. Let k be a nonnegative integer. We shall

write

k ∧ A =

{∑
x∈B

x | B ⊂ A and |B| = k

}
,

and

A ∧ B = {x + y | x ∈ A, y ∈ B and x �= y}.

We have 2 ∧ A = A ∧ A.

Note that |2 ∧ A| � |A| − 1. It follows that 2 ∧ A = ∅ if and only if |A| � 1.

Observe that |2 ∧ A| � 3, if |A| � 3. Indeed, there are distinct elements a, b, c ∈ A. Clearly

a + b, a + c, b + c are distinct elements of 2 ∧ A. We shall use these observations without

reference.

For an abelian group G, put ε(G) = |{x | 2x = 0}|. Note that the condition ε(G) � 2

holds if either G is cyclic or |G| is odd. We also recall a lemma which is the restricted sum

analogue of Lemma 2.2.

Lemma 2.3. ([13]) Let G be a finite abelian group such that ε(G) � 2. Let A,B be subsets

of G such that |A| + |B| � m + 1 + ε(G). Then A ∧ B = G. In particular, 2 ∧ A = G, if |A| �
(|G| + 3)/2.

Proof. Suppose the contrary and take a ∈ G \ (A ∧ B). Let X = {x : a = 2x}. Clearly

|X| � ε(G). Take X = X1 ∪ X2, where 0 � |Xi| � 1, for all i. By Lemma 2.2, x ∈
(A \ X1) + (B \ X2). It follows that x ∈ A ∧ B, a contradiction.

We shall use the following lemma.

Lemma 2.4. Let H be a subgroup of Zm. Let A,B and C be subsets of Zm such that

|A + H | = |B + H | = |C + H | = |H |. Assume |A| + |B| > |H | and |C| � (|H | + 3)/2. Then

A + B = A + B + H and 2 ∧ C = 2C = 2C + H.
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Proof. The hypothesis implies that A,B, C are non-empty. Choose a ∈ A, b ∈ B and c ∈
C. By Lemma 2.2, (A − a) + (B − b) = H. By Lemma 2.3, 2 ∧ (C − c) = (2 ∧ C) − 2c = H.

The lemma follows since |2 ∧ (C − c)| = |2 ∧ C|.

We shall also use Kneser’s theorem.

Theorem 2.5. ([16, 17]) Let G be an abelian group, and let A,B be non-empty subsets of

G. Put H = St(A + B). Then

|A + B| � |A + H | + |B + H | − |H |.

3. Multisets

Additive properties are independent of sequence reordering. It is quite natural to use

unordered sequences. An unordered sequence of elements of a set A may be defined as

an element of the free abelian monoid with basis A. Such an approach is the usual one in

factorization theory and the related zero sum theory [8]. Here, we shall use an equivalent

approach via multisets.

Let A be a set and let B ⊂ A. By a multisubset of A, we mean a map F from A into N.

The number of repetitions of x ∈ A is F(x). The length of F is |F | =
∑

x∈A F(x). The

support of F is ‖F‖ = {x | F(x) �= 0}. The cardinality of the support of F will be denoted

by #F. Obviously #F =
∑

x∈A min(1, F(x)). A multiset F such that F(x) � 1, for all x, will

be identified with the set ‖F‖. We shall also identify an element x ∈ A with the indicator

of the set {x}. More generally, a set {x1, . . . , xk} could be identified with the multisubset

x1 · · · xk.
To any finite family µ = {xi; i ∈ I} of elements of A, we associate a multisubset F ,

where F(x) = |{i | x = xi}|. Let µ = {xi; i ∈ I} be a finite family of elements of an abelian

group G and let 0 � k � |I |. The set of k-subfamily sums is

k ∧ µ =

{∑
i∈J

xi | J ⊂ I and |J| = k

}
.

Clearly

k ∧ µ =
∑
i∈I

xi − (|I | − k) ∧ F.

Let F be a multiset. Let µ1, µ2 be two sequences represented by F . Clearly k ∧ µ1 =

k ∧ µ2. So we may write k ∧ F = k ∧ µ1.

Let F, E be multisubsets of A. We shall write F � E if, for all x, F(x) � E(x). Assume

F � E. We let EF−1 denote the unique multisubset D of A verifying the relation E = DF.

We shall write F ∩ E for the largest multisubset D, such that D � F and D � E. Let

B ⊂ A. We let FB denote the restriction of F to B. Note that FB(x) = 0, if x /∈ B.

Otherwise FB(x) = F(x).
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4. Strings

The notion of a string was introduced in [12]. We use in this paper a slightly modified

notion of strings. In the present section, we adapt the properties of strings obtained in

[12] to this new situation.

Let G be a finite abelian group. Let q be an integer. Let F be a multisubset of E.

An F-chain of length r + 1 is a sequence A = {A1, . . . , Ar+1} of multisubsets of F

satisfying the following conditions:

(i) Ar+1 �= ∅,

(ii) F = A1, . . . , Ar+1,

(iii) for all 1 � i � r, |Ai| = #(Ai) = 2,

(iv) for all 1 � j � r − 1, |
∑

1�i�j Ai| < |
∑

1�i�j+1 Ai|.
It follows that, for all 1 � j � r − 1,∣∣∣∣ ∑

1�i�j

Ai

∣∣∣∣ � j + 1. (4.1)

According to our definition the empty sequence is an F-chain with length = 0. In

particular, chains always exist.

An F-chain with a maximal length will be called an F-string. Let A = {A1, . . . , Ar+1} and

B = {B1, . . . , Br+1} be F-strings. We shall write A < B if and only if one of the following

conditions holds:

(i) #Ar+1 < #Br+1,

(ii) #Ar+1 = #Br+1 and |A1 + · · · + Ar| < |B1 + · · · + Br|.
A maximal string is a string that is maximal with respect to the order relation A = B

or A < B.

Lemma 4.1. ([12]) Let A= {A1, . . . , Ar+1} be an F-chain. Then B= {A1, . . . , Aj−1, Aj+1, . . . ,

Ar, Aj , Ar+1} is an F-chain, for any 1 � j � r − 1.

Proof. Put Ai = {ai, bi}, 1 � i � r. Suppose that B is not a chain. Then there exists m ∈
{1, . . . , j − 1, j + 1, . . . , r − 1} such that∣∣∣∣ ∑

i∈{1,...,j−1,j+1,...,m}

Ai

∣∣∣∣ =

∣∣∣∣ ∑
i∈{1,...,j−1,j+1,...,m+1}

Ai

∣∣∣∣.
Clearly m� j − 1. By (2.5), am+1 − bm+1 ∈ St

(∑
i∈{1,...,j−1,j+1,...,m} Ai

)
. By (2.2), am+1 − bm+1 ∈

St
( ∑

1�i�m Ai

)
. Hence m � r, a contradiction.

Lemma 4.2. Let A = {A1, . . . , Ar+1} be an F-string such that |Ar+1| � 3. Let w ∈ ‖Ar+1‖.
Put Q = St

(∑
i�r Ai

)
. Then

‖Ar+1‖ − w ⊂ Q. (4.2)
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Proof. Suppose the contrary, and choose a in ‖Ar+1‖ such that a − w /∈ Q. It follows

that {A1, . . . , Ar+1, aw} is an F-chain, contradicting our assumption that A is a string.

Proposition 4.3. Let A = {A1, . . . , Ar+1} be a maximal F-string such that |Ar+1| � 3. Let

w ∈ ‖Ar+1‖ and put Q = St
(∑

i�r Ai

)
. Also assume that |

∑
1�i�r Ai| � |F | − r − 1.

Then, for all 1 � i � r,

Ai ∩ (Q + w) �= ∅. (4.3)

Proof. Take ai, bi ∈ G such that Ai = aibi, 1 � i � r. Put Q′ = St
(∑

i�r−1 Ai

)
. Let us prove

the relation

Ar+1 ∩ (Q + w) �= ∅. (4.4)

Suppose the contrary. By (4.2),

Ar ∩ Ar+1 = ∅.

By (2.4), ∣∣∣∣ ∑
1�i�r

Ai

∣∣∣∣ �
∣∣∣∣ ∑
1�i�r−1

Ai

∣∣∣∣ + |Q′| � r + |Q′|.

By (4.2), #Ar+1 � |Q′|. Therefore we have

|Ar+1| = |F | − 2r

�
∣∣∣∣ ∑
1�i�r

Ai

∣∣∣∣ − r + 1

�
∣∣∣∣ ∑
1�i�r−1

Ai

∣∣∣∣ + |Q′| − r + 1

� |Q′| + 1

� #Ar+1 + 1.

In particular, there is a u ∈ G such that

u2 � Ar+1.

Since ar − br /∈ Q′, either ar − u /∈ Q′ or br − u /∈ Q′. Without loss of generality, we

may assume ar − u /∈ Q′. It follows that B = {A1, . . . , Ar−1, (aru)} is a string such that

#Ar+1 < #Br+1, a contradiction establishing (4.4).

Now (4.3) holds by (4.2), if Ai ∩ ‖Ar+1‖ �= ∅. So assume

Ai ∩ ‖Ar+1‖ = ∅.

Put K = St(A1 + · · · + Ai−1 + Ai+1 + · · · + Ar). Set C = {A1, . . . , Ai−1, Ai+1, . . . , Ar, Ai}. Now

(4.3) holds by (4.4) if C is a string. Suppose the contrary. Using Lemma 4.1 and (2.5), it

follows that ai − bi ∈ K . By (2.3), K = Q. Choose z ∈ ‖Ar+1‖. Let us prove that

ai − z ∈ Q.

Suppose the contrary. It follows that ai − z /∈ K.
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Set D = {A1, . . . , Ai−1, Ai+1, . . . , Ar, (aiz)}. By (2.5), D is a chain. Now #Ar+1 � #Dr+1

and |A1 + · · · + Ar| < |A1 + · · · + Ai−1 + Ai+1 + · · · + Ar + (aiz)|, contradicting maximality

of A. We have shown that ai − z ∈ Q. By (4.2), ai − w ∈ Q. The proof of (4.3) is now

complete.

We can now extend the result of Bollobás and Leader.

Theorem 4.4. Let G be an abelian group of order n, and let q, m be positive integers such

that q � m � 2q − 1. Let µ = {xi; 1 � i � m} be a sequence of elements of G. Then one of

the following conditions holds:

(i) there is a 1 � i � m such that qxi ∈ q ∧ µ,

(ii) |q ∧ µ| � m − q + 1.

Proof. Let F be the multisubset of G associated with the sequence µ. Choose a maximal

F-string A = {A1, . . . , Ar+1}. Take w ∈ ‖Ar+1‖. Set Q = St
(∑

i�r Ai

)
. We have |Ar+1| =

m − 2r. First assume r � m − q. Thus

|q ∧ µ| � |(m − q) ∧ (A1, . . . , Am−q) + (2q − m) ∧ (Am−q+1, . . . , Ar.Ar+1)|
� |A1 + · · · + Am−q|
� m − q + 1.

So we may suppose r � m − q − 1. Clearly

|q ∧ µ| � |A1 + · · · + Ar + ((q − r) ∧ Ar+1)|.

So we may assume |A1 + · · · + Ar| � m − q � m − r − 1. By (4.2),

((k − r) ∧ Ar+1) ∩ ((k − r)w + Q) �= ∅.

By (4.3), (A1 + · · · + Ar) ∩ (rw + Q) �= ∅. Therefore

(A1 + · · · + Ar + (k − r) ∧ Ar+1) ∩ (qw + Q) �= ∅.

But (A1 + · · · + Ar + (k − r) ∧ Ar+1) is Q-periodic. Therefore qw + Q ⊂ q ∧ F. Hence qw ∈
q ∧ F.

Theorem 4.4 reduces to the result of Bollobás and Leader [2] if q = |G|.

5. An addition theorem

Let H be a subgroup of an abelian group G, and let X be a subset of G. The family

of non-empty sets of the form (x + H) ∩ X induces a partition of X. We shall call it the

canonical H-decomposition of X.

Theorem 5.1. Let G be an abelian group such that ε(G) � 2. Let A be a subset of G such

that 0 ∈ A. Let X be a subset of G such that X + A �= X + 〈A〉. Then

max(|X + A|, |X + 2 ∧ A|) � |X| + |A| − 1.
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Proof. Let X = X1 ∪ · · · ∪ Xv be the canonical 〈A〉-decomposition of X. There exists i

such that Xi + A �= Xi + 〈A〉. It follows that we may assume without loss of generality

that A generates G.

Put H = St(X + A). Let A = A1 ∪ · · · ∪ Au be the canonical H-decomposition of A.

Choose aj ∈ Aj . We shall assume

|A1| � · · · � |Au|.

Since A generates G and 0 ∈ A, we necessarily have u � 2.

Put ε = |X + H | − |H |. Assume that

|X + A| � |X| + |A| − 2.

By Kneser’s theorem, |X| + |A| − 2 � |X + A| � |X + H | + |A + H | − |H |. Therefore

|A| − 2 � |A + H | − |H | + ε. (5.1)

In particular, we have |H | � 2. Since X + A �= G, we have H �= G. Therefore H is a proper

subgroup.

Let us prove that

2A + H = (2 ∧ A) + H. (5.2)

By (5.1), we have |Ai| + (u − 1)|H | � |A| � 2 + (u − 1)|H |. Therefore |Ai| � 2. Choose bi ∈
Ai \ ai. We have 2Ai + H = ai + bi + H ⊂ (2 ∧ Ai) + H. Now

(2 ∧ A) + H =
⋃
i,j

((Ai ∧ Aj) + H).

It follows that

(2 ∧ A) + H =
⋃
i,j

(Ai + Aj + H) = 2A + H.

First assume

X + 2A + H = X + (2 ∧ A).

Since A generates G and since X + A �= G, we necessarily have

|X + (2 ∧ A)| = |X + H + A + A| > |X + A|.

Since these sets are H-periodic, we have

|X + (2 ∧ A)| = |X + H + A + A| � |X + A| + |H |.

By Kneser’s theorem,

|X + (2 ∧ A)| � |X + A| + |H | � |X + H | + |A + H |.

The result holds in this case.

So we may assume

X + 2A + H �= X + (2 ∧ A).
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By (5.2), we have

X + 2 ∧ A �= X + (2 ∧ A) + H. (5.3)

Let 1 � j � u be such that |Aj | � (|H | + 3)/3. Then

A ∧ Aj = A + Aj + H. (5.4)

Let 1 � i � u. Observe that Ai ∧ Aj is contained in the H-coset Ai + Aj. First assume

i �= j. By Lemma 2.4, we have Ai ∧ Aj = Ai + Aj = Ai + Aj + H.

Now assume i = j. By Lemma 2.4, we have 2 ∧ Aj = 2Aj + H. It follows that

A + Aj =
⋃

1�i�u

Ai ∧ Aj =
⋃

1�i�u

Ai + Aj + H = A + Aj + H.

By (5.3), it follows that X + (2 ∧ A) is not H-periodic. In particular ε � 1. By (5.1),

|A + H | − |A| � |H | − 3. It follows that

|A2| � (|A1| + |A2|)/2 � (2|H | − (|A + H | − |A|))/2 � (|H | + 3)/2.

By (5.4),

A ∧ Ai = A + Ai + H, for all i � 2.

It follows that X + (A \ A1) + A = X + H + (A \ A1) + A. Therefore

|X + (A \ A1) + A| � |X + H + A|
� |X + H | + |A + H | − |St(X + A + H)|
= |X + H | + |A + H | − |H |.

By (5.3), and since X + (A \ A1) + A is H-periodic, X + (2 ∧ A) contains a non-

H-periodic part of the form (Ai ∧ Aj) + X0, for some X0 ⊂ X. Hence, X + (2 ∧ A) contains

the two disjoint subsets X + (A \ As) + A and (Ai ∧ Aj) + X0. It follows that

|X + (2 ∧ A)| � |X| + 1 + |A + H | − |H | + |Ai| − 1

� |X| + (u − 1)|H | + |A1|
� |X| + |A|.

Lemma 5.2. Let G be a finite abelian group, let A be subset of G containing 0, and let X

be a non-empty subset of G. Assume A \ 0 is a minimal generating set and that X + A �= G.

Then

|(X + A) \ X| � |A| − 1.

Proof. Put H = St(X + A). By Kneser’s theorem, |X + A| � |X + H | + |A + H | − |H |. We

may assume clearly that H is proper subgroup. Consider the canonical H-decomposition

A = A1 ∪ · · · ∪ Au. Choose aj ∈ Aj . Without loss of generality we may assume a1 = 0.

Since A generates G and 0 ∈ A, we necessarily have u � 2. By the minimality of A \ 0,

0 /∈ (A1 \ 0) + (A2 − a2). By Lemma 2.2, |A1| + |A2| − 1 � |H |. It follows that |A + H | −
|A| � |H | − 1. By Kneser’s theorem, |X + A| � |X + H | + |A + H | − |H | � |X| + |A| − 1.

Therefore |(X + A) \ X| � |A| − 1.
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6. Distinct n-subsequence sums

Let us begin with a simple lemma.

Lemma 6.1. Let A1, . . . , Av with cardinality 2. Let X,Y be multisets such that |Y | � n −
v − j. Then

|n ∧ (XYA1 · · ·Av)| � |A1 + · · · + Av + (|X| − j) ∧ X|.

Proof. We clearly have

n ∧ (XYA1 · · ·Av) ⊃ A1 + · · · + Av + (|X| − j) ∧ X + (n − j − v) ∧ Y .

The result now holds, since (|X| − j) ∧ X is a translate of j ∧ X and since (n − j − v) ∧
Y �= ∅.

Theorem 6.2. Let G be an abelian group of order n. Assume G is either cyclic or |G| is odd.

Let µ be a multisubset of G with a maximal multiplicity � n − #µ + 2 such that n + 1 � |µ|.
Then, one of the following conditions holds:

(i) there is a non-null subgroup H contained in n ∧ µ,

(ii) |n ∧ µ| � |µ| − n + #µ − 2.

Proof. Put u = |µ| − n and k = #µ. The validity of the result for u = n − k + 2 implies

its validity for all u. So we may assume

u � n − k + 2.

Take µ = EF, where |E| = #E = k. Choose a maximal F-string A = {A1, . . . , Ar}. Take

w ∈ Ar+1. Since A − w is a maximal string with respect to F − w, µ − w = (F − w)(E − w),

and n ∧ µ = n ∧ (µ − w), we may assume without loss of generality that w = 0. Let G0 be

the subgroup generated by E. Set Q = St
(∑

i�r Ai

)
.

First assume r � u − 1. We have

|Au · · ·Ar+1| = n + u − k − 2(u − 1) = n − k − u + 2 � 2.

We may assume

A1 + · · · + Au−1 + E �= A1 + · · · + Au−1 + G0,

since otherwise A1 + · · · + Au−1 + E = G0, and (i) holds by Lemma 6.1. By Lemma 6.1

and Theorem 5.1,

|n ∧ µ| � max(|A1 + · · · + Au−1 + E|, |A1 + · · · + Au−1 + 2 ∧ E|)
� u − 1 + k.

So we may assume r � u − 2. It follows that

|Ar+1| � n + u − 2r � 4.

We have

|Q| � 2,
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since otherwise, by (4.3), 0 ∈ Ai for all 1 � i � r and ‖Ar+1‖ = {0}. It follows that

F(0) � r + (n − k + u − 2r) � n − k + 2. Therefore µ(0) = E(0) + F(0) � n − k + 3, a con-

tradiction.

Consider a µ-chain B = {B1, . . . , Bs}, where Bi = aibi, satisfying the following conditions:

(i) Bi = Ai, for all 1 � i � r,

(ii) s � u − 1,

(iii) ar+1 · · · as � Ar+1 and br+1 · · · bs � E, for all r + 1 � i � s,

(iv) 0 ∈ Ar+1(ar+1 · · · as)−1,

(v) M + 〈E(br+1 · · · bs)−1〉 = G0, where M = St
(∑

i�s Bi

)
.

Note that A is such a chain. So we may choose such a chain with a maximal s.

Put V = Ar+1(a1 · · · as)−1 and T = E(b1 · · · bs)−1 By (2.2), Q ⊂ M. Since B1 + · · · + Br is

Q-periodic, we have, for all J � r,

|B1 + · · · + BJ | � |B1 + · · · + Br| + (J − r)|Q|
� r + 1 + 2J − 2r.

In particular,

|B1 + · · · + Bs| � 2s − r + 1. (6.1)

Case 1: s = u − 1.

We may assume that B1 + · · · + Bu−1 + T �= B1 + · · · + Bu−1 + 〈T 〉, since otherwise

B1 + · · · + Bu−1 + T = B1 + · · · + Bu−1 + M + T

= B1 + · · · + Bu−1 + 〈T 〉 + M

= G0,

and the result follows by Lemma 6.1.

By Lemma 6.1, (6.1) and Theorem 5.1,

|n ∧ µ| � min(|B1 + · · · + Bu−1 + T |, |B1 + · · · + Bu−1 + 2 ∧ T |)
� |B1 + · · · + Bu−1| + |T | − 1

� u + k − 1.

Case 2: s � u − 2.

Let us observe that

|V | = n + u − k − 2s � n + u − k − 2u + 4

= n − u − k + 4 � 2.

Choose v ∈ V \ 0.

Let φ : G −→ G/M. We shall write φ(x) = x. We claim that {x; x ∈ (T \ M)} is a

minimal generating sequence of G/M. Suppose on the contrary that, for some z ∈ (T \ M),

{x; x ∈ (T \ (M ∪ {z})} generates G/M. Put Bs+1 = {v, x}.
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Since Q ⊂ M, we have, by (4.2), v ∈ M. Since z /∈ M, we have, by (2.5),∣∣∣∣ ∑
i�s+1

Bi

∣∣∣∣ =

∣∣∣∣∑
i�s

Bi + {v, z}
∣∣∣∣ >

∣∣∣∣∑
i�s

Bi

∣∣∣∣.
It follows that Br+1, . . . , Bs+1 verifies conditions (i)–(v), contradicting the maximality of

s. This proves our claim. In particular, for all x, y ∈ (T \ M), x = y holds only if x = y.

Thus,

|T \ M| = |T \ M|.

We have

|T | = k − s + r.

Assume first that |V | + |T ∩ M| � n − s. We may suppose

|ΣAi| � |F | − r + 1,

since otherwise |ΣAi + E| = n, by Lemma 2.2. The result then holds, by Lemma 6.1.

We have |V | = n + u − 2s − |T | � n − s + 2 − |T |. Clearly

n ∧ µ ⊃ P = B1 + · · · + Bs + (n − s) ∧ (V (T ∩ M)).

By (4.2) and (4.3), Bi ∩ M �= ∅ for all i � s. Similarly (n − s) ∧ (V (T ∩ M)) ⊂ M. It

follows that M ∩ P �= ∅. On the other side P + M = M. It follows that M ⊂ n ∧ µ. So

we may assume |V | + |T ∩ M| � n − s − 1. It follows that n + u − 2s − |T | + |T ∩ M| �
n − s − 1. Therefore

|T \ M| � u − s + 1.

We clearly have

|n ∧ µ| � |B1 + · · · + Bs + T + (n − s − 1) ∧ V |
� |B1 + · · · + Bs + T |.

The result clearly holds if B1 + · · · + Bs + T = G. So we may assume the contrary. Since

B1 + · · · + Bs + T is M-periodic, we have

B1 + · · · + Bs + T �= G/M.

By Lemma 5.2, we have

|((B1 + · · · + Bs + T )) \ ((B1 + · · · + Bs)| � |T \ M|.

Therefore

|n ∧ µ| � |B1 + · · · + Bs + T |
� |B1 + · · · + Bs| + |T \ M| |M|
� 2s − r + 1 + |T \ M| |M|
� 2s − r + 1 + |M| + 2(|T \ M| − 1)

� 2s − r + |T | + |T \ M| − 1
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� 2s − r + |T | + u − s

� k + u.

The proof is complete.
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