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Abstract

We are interested in a large queue in a GI/G/k queue with heterogeneous servers. For this,
we consider tail asymptotics and weak limit approximations for the stationary distribution
of its queue length process in continuous time under a stability condition. Here, two weak
limit approximations are considered. One is when the variances of the interarrival and/or
service times are bounded, and the other is when they become large. Both require a
heavy-traffic condition. Tail asymptotics and heavy-traffic approximations have been
separately studied in the literature. We develop a unified approach based on a martingale
produced by a good test function for a Markov process to answer both problems.
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1. Introduction

We are interested in a large queue in a GI/G/k queue with FCFS (first-come–first-served)
service discipline. This queueing model has a single queue and k servers who may have different
service-time distributions. Throughout the paper, k is an arbitrary positive integer, but fixed.
We refer to this model as a heterogeneous multiserver queue. As a queueing model, this queue
is basic and classical, but it is known to be difficult to obtain analytical results for this model.
Because of this, theoretical studies on it have been directed to asymptotic analysis. Among
them, behavior of a large queue is one of their major interests.

In this paper we study the large queue behavior through tail asymptotics and weak limit
approximations for the stationary distribution of the queue length process of the heterogeneous
multiserver queue. We describe this queueing model by a continuous-time Markov process,
and assume that it has a stationary distribution, that is, it is stable. Here, the weak limit
approximation is meant to derive a limiting distribution for approximation from a sequence of
the queueing models under appropriate scaling of their queue length. Such an approximation
traditionally assumes that the variances of the interarrival and/or service times are bounded,
and is obtained by increasing the traffic intensity to 1 from below, which is called a heavy-
traffic condition. We also consider another approximation under the heavy-traffic condition by
increasing the variances of the interarrival and/or service times, which is referred to as large
variance approximation.
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The tail asymptotics and heavy-traffic approximations have been separately studied in the
literature. For example, the tail asymptotics are obtained in Neuts and Takahashi [25] and
Sadowsky and Szpankowski [30] for the stationary waiting time distributions and some other
characteristics at arrival instants of customers, while the heavy-traffic approximation is obtained
for the stationary waiting time distribution in a GI/G/k queue with homogeneous servers by
Köllerström [19]. This heavy-traffic approximation is related to a diffusion approximation for
a process limit, which has been widely studied. In particular, for the heterogeneous multiserver
queue, a diffusion approximation is obtained for the queue length process in Chen and Ye [5].
Unlike those studies, we aim to give a unified approach to simultaneously answer both the tail
asymptotic problem and the heavy-traffic approximation on the stationary distribution of the
queue length process in continuous time.

For this unified approach, we describe the heterogeneous multiserver queue by a piecewise-
deterministic Markov process due to Davis [8], [9], which is called a PDMP for short. A major
difficulty in studying its stationary distribution comes from state transitions at arriving and
departing instants of customers, which are particularly complicated when some of the servers
are idle. In the PDMP, the effect of those transitions can be removed from system equations for
its dynamics by the so-called boundary condition. Since the boundary in this terminology is
different from boundary states for the queue length process, we refer to the boundary condition
of [8] as a terminal condition in this paper. A key step of our approach is to find a good test
function satisfying this terminal condition, which produces a martingale from the PDMP. This
idea will be shown to be useful not only for the tail asymptotic problem but also for the weak
limit approximations.

Obviously, the tail asymptotics of the stationary distribution are crucially influenced by the
heaviness of the service-time distributions. Because of this, different techniques have been
employed for the light and heavy tail cases in the literature (see, e.g. [12] and [20]). However,
it may also be interesting to see what occurs when they are mixed. This question was answered
for the stationary waiting time distribution by Sadowsky [29]. We revisit this question for the
stationary queue length distribution in continuous time, and obtain a similar answer to it (see
Theorem 3.1 and Corollary 3.1).

Our weak limit approximations for a large queue have the same spirit as Kingman’s [16]
two moment approximation for the stationary waiting time distribution of the GI/G/1 queue in
heavy traffic, which is extended to the homogeneous multiserver queue by Köllerström [19].
Motivated by them, the author [21] recently studied heavy-traffic approximation of the stationary
queue length distribution in continuous time in the GI/G/1 queue. The basic idea is similar to
using the aforementioned terminal condition. In this paper we refine it using the PDMP, and
attack various asymptotic problems for the heterogeneous multiserver queue, which have been
not studied in the line of Kingman’s [16] two moment approximation.

The present approach is flexible in modeling assumptions. For example, it allows arrivals and
service completions of different servers to occur simultaneously. This considerably complicates
analysis on state transitions, and is often excluded by assuming additional assumptions such
that the service-time distributions have densities. We do not need such assumptions. We also
demonstrate it to be applicable to the case that the arrival process is a superposition of the renewal
processes. Furthermore, the approach may be amendable for some other queueing models. In
particular, a queueing network is apparently more interesting for application. Braverman et al.
[4] showed that its heavy-traffic approximation can be studied in the same spirit (see Section 5.2
for more discussion).
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This paper comprises five sections. In Section 2 we formally introduce the heterogeneous
multiserver queue and the PDMP for describing it. We also discuss a martingale obtained from
the PDMP. A representation of the PDMP using this martingale is used to derive a stationary
equation with a certain good test function. Main results on the tail asymptotics and weak limit
approximations are presented in Section 3. In this section we also consider an extension of the
heterogeneous multiserver queue so that it has multiple renewal arrivals. Theorems are proved
in Section 4, where we detail change of measure for the tail asymptotic because they may
have their own interest. In Section 5 we discuss possible extensions of the present approach.
Technical lemmas are proved in the appendices.

2. Heterogeneous multiserver queue

We introduce the heterogeneous multiserver queue in Section 2.1. We then introduce the
Markov process and the related tools in Sections 2.2–2.4. These tools will be used to prove our
asymptotic results (Theorems 3.1–3.4) that will be stated in Section 3. Developing the tools
is an important part of the contribution of this paper, which may have independent interest.
Readers who wish to read the statement of the theorems without focusing on their proofs can
go to Section 3 directly after reading Section 2.1, picking up the definitions of functions η(v, ·)
and ξ(v, ·) in Section 2.3.

2.1. Model description and PDMP

By a heterogeneous k-server queue for k ≥ 1, we mean that customers arrive at a system
according to a renewal process and are served in a FCFS manner by k servers, numbered
as 1, 2, . . . , k, who have their own service-time distributions, which may be different. It is
assumed that service times at each server are independent and identically distributed (i.i.d.)
and independent of everything else. We denote the interarrival time distribution by F0, which is
assumed to have finite positive mean 1/λ0. Thus, λ0 is the arrival rate. Denote the service-time
distribution for the ith server by Fi , which is assumed to have a finite mean mi . Let λi = 1/mi ,
which is the service rate for i ∈ K , and let ρ = λ0/

∑
i∈K λi , where K = {1, 2, . . . , k}.

For convenience, we let K = {0} ∪ K , where 0 represents arrivals of customers.
Let Ti be a random variable subject to the distribution Fi for i ∈ K . To exclude trivial cases,

we assume throughout the paper that

(A1) P(Ti > 0) > 0 for all i ∈ K .

This condition is equivalent to that of E(Ti) > 0 for all i ∈ K . It is notable that F0(0)(=
P(Ti = 0)) > 0 is possible under (A1).

Since servers are heterogeneous, we need to specify which idle server is chosen by the next
customer to be served in a FCFS manner. Furthermore, if more than one server simultaneously
completes service and if the number of waiting customers is less than the number of those
servers, then we also need a rule to assign the waiting customers to available servers. This may
not occur with a positive probability if service-time distributions have densities. However, we
do not make such an assumption, and provide a server assigning rule to fully specify the model.

For this, we first put an arriving customer in the waiting line, and put the servers who complete
service at the same moment into the set of available servers. We then select customers in the
waiting line in a FCFS manner, and exclusively assign them to servers from this set. Let j be
the number of waiting customers, and let A be the index set of available servers. If j ≥ |A|,
then all servers become busy, so we do not need any rule, where |A| is the cardinality of A.
If 1 ≤ j < |A|, we denote the index set of the servers who start new services by D(A, j).
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For convenience, we let D(A, j) = A if j ≥ |A|. Thus, D(A, j) is a set-valued random
variable for each A ∈ 2K and j ≥ 1. We assume that D(A, j) has the same distribution for
each fixed A and j and is independent of everything else. We refer to this server selection
according to D(A, j) as a server selection rule. Since we consider the large queue asymptotics,
the majority of our results are independent of this rule.

Since P(T0 = 0) > 0 is possible, there is some arbitrariness when we apply the server
selection rule. In this paper we number arriving customers one by one, and independently
apply the server selection rule for them even when they arrive simultaneously. Similarly, if
some servers have zero service times, then the server selection rule is repeatedly applied every
time when they occur. This dynamics is detailed in the proof of Lemma 2.3 in Appendix A.

We describe this queueing model by a continuous-time Markov process. For this, we define
the following characteristics at each time t , all of which are assumed to be right continuous.

• L(t): the number of customers in system.

• I (t): the index set of idle servers.

• J (t) ≡ K \ I (t): the index set of busy servers.

• J (t) ≡ K \ I (t): the index 0 is included.

• R0(t): the residual exogenous arrival time.

• Ri(t): the residual service time at server i ∈ J (t), and Ri(t) = 0 for i ∈ I (t),

where Ti is independently sampled subject to Fi when i ∈ J (t) and Ri(t−) = 0. Here,

R(t−) = lim
ε↓0

R(t − ε), t > 0.

We denote the (k + 1)-dimensional vector whose ith entry is Ri(t) by R(t). Let

X(t) = (L(t), J (t), R(t)), t ≥ 0,

then X(·) ≡ {X(t); t ≥ 0} is a Markov process, which describes the heterogeneous k-server
queue. By the right-continuous assumption, X(t) is right-continuous and has a left-hand limit
for t ≥ 0. Its state space is a subset of Z+ × 2K × R

k+1+ , where Z+ and R+ are the sets of
nonnegative integers and numbers, respectively, and 2K is the set of all subsets of K .

This Markov process can be considered as a PDMP, introduced by Davis [8]. To have an
appropriate state space for the Markov process, we first define faces which are specified by idle
servers. For A ∈ 2K , let

SA =
{

{(�, K, y) ∈ Z+ × 2K × R
k+1+ ; � ≥ k}, A = ∅,

{(k − |A|, K \ A, y) ∈ Z+ × 2K × R
k+1+ }, A 	= ∅.

These SA are referred to as faces. Thus, the state space of the PDMP {X(t)} is given by
S = ⋃

A∈2K SA. In some cases, it will be convenient to use other faces defined as

�i = {(�, U, y) ∈ S; i ∈ K \ U}, i ∈ K.

It is notable that �i is different from S{i}. Yet another useful notation is the boundary of S

which represents the points where some residual times vanish. Similar to [8], we denote it
by �. Namely,

� = {(�, U, y) ∈ S; y0 = 0 or K \ U 	= ∅}.
We will refer to � as a terminal set of S rather than a boundary.
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In a PDMP, � is the set of states just before discontinuous state changes. However, � can
not be identified by L(t) and R(t). We here need their left-hand limits. This is the reason why
we include J (t) in X(t).

Throughout the paper, we assume the stability condition that

(A2) the PDMP process X(·) has a stationary distribution, denoted by π .

Recall ρ = λ0/(
∑

i∈K λi). It is easy to see that (A2) implies that ρ ≤ 1. On the other hand,

λ0 <
∑
i∈K

λi, equivalently, ρ < 1, (2.1)

is necessary for the stability of the fluid limit in Theorem 3.1 of [6], and, therefore, implies that
(A2) under the spread-out condition on either the interarrival time distribution or the service
time distributions, where a distribution on R+ is said to be spread-out if its n times convolution
for some n ≥ 1 has a absolute continuous component with respect to Lebesgue measure (see
Section VII.1 of [3]). Condition (A2) is unlikely to be satisfied for ρ = 1 except for the case
that the interarrival and service times are deterministic, but its verification is not known. So,
we will just assume that (2.1) holds in addition to (A1) and (A2).

2.2. Extended generator of the PDMP

We first consider the dynamics of the Markov process X(·). Let F t = σ(X(s); s ≤ t),
where σ(·) stands for the minimal σ -field. We call {Ft ; t ≥ 0} a filtration. Then, X(·)
is a strong Markov process with respect to {Ft ; t ≥ 0}. We describe the dynamics of this
Markov process using real-valued test functions. For this, we introduce useful classes for them.
By C

(1,p)
k+1 (S), we denote the set of measurable functions f from S to R such that, for each

fixed (�, U) ∈ Z+ × 2K , f (�, U, y) is continuous for y ∈ R
k+1+ , and has continuous partial

derivatives for y ∈ R
k+1+ except for yi 	= 0. The set of bounded functions in C

(1,p)
k+1 (S) is

denoted by C
(1,p)
b,k+1(S).

For f ∈ C
(1,p)
k+1 (S), define a partial differential operator A as

Af (�, U, y) = −
∑
i∈U

∂f

∂yi

(�, U, y), (�, U, y) ∈ S, yj > 0 for all j ∈ U, (2.2)

where U = {0} ∪ U , and recall that Di is a finite subset of R+ such that the partial derivative
of f (�, U, y) with respect to yi > 0.

For each i ∈ K , let Ti(�) be the �th interarrival time for i = 0 and service time for i ∈ K ,
let ti,0 = 0 and define ti,n as

Ti(1) + Ti(2) + · · · + Ti(n), n = 1, 2, . . . ,

and define the counting process Ni(·) ≡ {Ni(t); t ≥ 0} as

Ni(t) =
∞∑

n=1

1{ti,n ≤ t}, t ≥ 0,

where 1 is the indicator function.
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Thus, N0(·) counts arrivals while Ni(·) for i ∈ K counts departures from server i. By
superposing them, define the counting process N(·) ≡ {N(t); t ≥ 0} as

N(t) = N0(t) +
∑
i∈K

Ni(t), t ≥ 0.

By the definitions, N(0) = Ni(0) = 0. It also is easy to see that

L(t) = L(0) + N0(t) −
∑
i∈K

Ni(t), t ≥ 0.

Note that N(·) may have jumps with size greater than 1. If this is the case, an arrival and/or
multiple departures from different servers occur simultaneously. This situation is already argued
as for the server selection rule. For our arguments, it is convenient to define the simplified
version of N(·), which counts the number of atoms of N(·) but ignores their magnitude. To do
so, we let {tn; n ≥ 1} be a sequence of time instants defined as

tn = inf{s > tn−1; N(s) − N(tn−1) > 0}, n = 1, 2, . . . ,

where t0 = 0. We then define N∗(·) ≡ {N∗(t); t ≥ 0} as

N∗(t) =
∞∑

n=1

1{tn ≤ t}, t ≥ 0.

Since X(t) is absolutely continuous in t ∈ R+ with respect to the sum of the Lebesgue
measure and the random measure generated by the counting process N∗(·), the integration
formula yields

f (X(t)) = f (X(0))+
∫ t

0
Af (X(s)) ds +

∫ t

0
�f (X(s)) dN∗(s), f ∈ C

(1,p)
k+1 (S), (2.3)

where �f (X(s)) = f (X(s)) − f (X(s−)). Throughout the paper, operator � stands for such
a difference. Note that �N∗(s) > 0 if and only if X(s−) ∈ �, which causes a discontinuous
state change, that is, X(s−) 	= X(s). We refer to it as a jump. To describe this jump, we define
the transition operator Q on C

(1,p)
k+1 (S) as

Qf (X(s−)) = E(f (X(s)) | X(s−)), X(s−) ∈ �, f ∈ C
(1,p)
k+1 (S), (2.4)

where X(0), X(0−) should be considered as X(0+) and X(0), respectively. We refer to this Q

as a jump kernel.
Our arguments will be based on the following fact.

Lemma 2.1. (A version of Proposition 4.3 of Davis [8].) For a Borel-measurable function f

from S to R, let

M0(t) =
∫ t

0
(f (X(s)) − Qf (X(s−))) dN∗(s), t ≥ 0, (2.5)

then M0(·) ≡ {M0(t); t ≥ 0} is an Ft -martingale if

E

(∫ t

0
|f (X(s)) − Qf (X(s−))| dN∗(s)

)
< ∞ for each t > 0. (2.6)
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This fact was proved in [8] using the compensator of the point process N∗(·), which was
derived in [7]. However, its proof can be much simpler, which is given in Appendix A. Let
M(t) = M0(t) + f (X(0)), then (2.3) implies that, for f ∈ C

(1,p)
k+1 (S),

M(t) = f (X(t)) −
(∫ t

0
Af (X(s)) ds +

∫ t

0
(Qf (X(s−)) − f (X(s−))) dN∗(s)

)
. (2.7)

The following fact is immediate from Lemma 2.1.

Lemma 2.2. (A special case of Theorem 5.5 of [8].) For f ∈ C
(1,p)
k+1 (S), if either (2.6) with

E(|f (X(0))|) < ∞ or E(|M(t)|) < ∞ is satisfied, then M(·) ≡ {M(t); t ≥ 0} is an Ft -
martingale. In particular, if f satisfies

Qf (x) = f (x) for all x ∈ �, (2.8)

then the Ft -martingale M(·) is simplified to

M(t) = f (X(t)) −
∫ t

0
Af (X(s)) ds. (2.9)

Davis [8] referred to (2.8) as a boundary condition. Since the term boundary is used in a
different sense in the queueing process context, we refer to (2.8) as a terminal condition. Recall
that � is named as the terminal set, which corresponds to this terminology. Ideally, one would
want to find a class of test functions such that its elements satisfy (2.8) and characterize the
Markov process X(·) (see, e.g. Chapter 4 of [11]). However, no recipe is available for it. We
attack this problem from a different viewpoint. Namely, we work with a smaller class of test
functions whose elements satisfy (2.8), while it does not characterize X(·) but is still useful for
asymptotic analysis.

2.3. Good test functions for the terminal condition

Let us consider the following form of a test function for each fixed θ, η, ζi ∈ R:

f (�, U, y) = eθ(�∨k) eηg0(y0)
∏
i∈U

eζigi (yi ), (�, U, y) ∈ S, (2.10)

where gi is a function from R+ to R+ such that gi(0) = 0, gi(y) is continuous and has a
continuous derivative in y except for finitely many values, and a ∨ b = max(a, b) for real
numbers a and b. We also use the notation ∧ as a ∧ b = min(a, b).

We will use the following two functions for these gi for i ∈ K:

gi(y) = y, or gi(y) = y ∧ vi, vi > 0. (2.11)

Obviously, gi(y) = y is a natural choice for gi , but this choice may not work well when the tail
probability of Ti is heavy. This is the reason why we introduced the second choice in (2.11),
where vi is referred to as a truncation level. In what follows, a common v is used for the
truncation level for i in a subset of K , while u is used for i = 0.

Our next task is to find η, ζi as functions of θ for the f of (2.10) to satisfy (2.8). The idea
behind this is to make the expected values of �f (X(t)) equal zero at the jump instants of N∗(·)
to vanish. For this, we choose them as

η is the solution of the equation: eθ
E(eη(T0∧u)) = 1, u > 0, (2.12)

ζi is the solution of the equation: e−θ
E(eζi (Ti∧v)) = 1, v > 0, (2.13)
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and denote these η and ζi by η(u, θ) and ζi(v, θ), respectively. Clearly, these functions are
well defined and finite for all θ in appropriate half lines or in R for finite u, v since E(ex(Ti∧u))

is strictly increasing in x ∈ R for i ∈ K . For simplicity, we denote η(∞, θ) and ζi(∞, θ),
respectively, by η(θ) and ζi(θ), which may not exist for some θ ∈ R.

For A ∈ 2K , we denote f of (2.10) with g0(y) = y ∧ u, gi(y) = y for i ∈ K \ A,
gi(y) = y ∧ v for i ∈ A for each u, v > 0, and θ ∈ R by fu,A(v),θ . Namely,

fu,A(v),θ (�, U, y) = exp

(
θ(� ∨ k) + η(u, θ)(y0 ∧ u) +

∑
i∈U\A

ζi(θ)yi

+
∑

i∈A∩U

ζi(v, θ)(yi ∧ v)

)
for (�, U, y) ∈ S. (2.14)

If u = ∞, this test function is denoted by fA(v),θ . If A = ∅, then it is denoted by fu,θ . If
u = ∞ and A = ∅, then it is denoted by fθ . For example,

fK(v),θ (�, U, y) = exp

(
θ(� ∨ k) + η(θ)y0 +

∑
i∈U

ζi(v, θ)(yi ∧ v)

)
.

This notation system will be used throughout the paper. The next lemma will be proved in
Appendix A.

Lemma 2.3. Under the setting (2.12) and (2.13) and assumption (A1), the terminal condition
(2.8) holds for f = fu,A(v),θ for finite u, v > 0, and A ⊂ K as long as ζi(θ) are well defined
for i ∈ K \ A and η(u, θ) is well defined when u = ∞.

We will note that η(u, θ) and ζi(v, θ) have nice probabilistic interpretations. Because they
are similar, we present their general properties using some new notation. Let T be a nonnegative
random variable with a finite and positive expectation. Denote its distribution by F , and let
F̂ (θ) = E(eθT ) for θ ∈ R. We define β∗ and θ∗ as

β∗ = sup{θ ∈ R; F̂ (θ) < ∞}, θ∗ = −sup{θ ∈ R; eθ < F̂ (β∗)}. (2.15)

Note that β∗ ≥ 0 ≥ θ∗. If β∗ = 0, then the distribution F is said to have a heavy tail. Otherwise,
it is said to have a light tail. For v > 0, we consider T ∧ v instead of T , and define F(v, ·),
F̂ (v, ·), θ∗(v), and β∗(v) in a similar manner. It is notable that

β∗(v) = +∞, θ∗(v) = −∞,

since T ∧v is bounded by v. Let θ = −log F(0), where θ = ∞ if F(0) = 0. Similar to (2.12),
we define the functions ξ(v, ·) as the solution to

eθ F̂ (v, ξ(v, θ)) = 1. (2.16)

Then, for finite v > 0, ξ(v, θ) is well defined and finite for all θ < θ , but this may not be the
case for ξ(θ) ≡ ξ(∞, θ).

We note that −ξ(v, ·) can be considered as a rate function for large deviations. To see this,
let {N(v, t); t ≥ 0} be the renewal counting process with interval time distribution F(v, ·).
From (2.16) and Theorem 1 of [13], we have

ξ(v, θ) = − lim
t→∞

1

t
log E(eθN(v,t)), θ < θ. (2.17)
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Intuitively, this fact is helpful to understand what the function ξ(v, ·) is, but technically it is not
so helpful. Because of this, we will not use the fact that (2.17) holds in proofs. We now present
important properties of ξ(v, ·).
Lemma 2.4. (i) For each finite v > 0, ξ(v, θ) is decreasing, concave and infinitely differen-
tiable in θ < θ .

(ii) For each fixed θ ∈ (0, θ) (θ < 0, respectively), ξ(v, θ) is negative (positive) and increasing
(decreasing) in v.

(iii) For each δ ∈ (0, θ) and v > 0, we have

|ξ(v, θ)| ≤ max

(
1

E(T ∧ v)
,

1

δ
|ξ(v, δ)|

)
|θ | θ < δ. (2.18)

Although (i) is immediate from (2.17), we prove it inAppendixA as mentioned above. Using
Lemma 2.4, we define ξ(�, ·) as

ξ(�, θ) = lim
v↑∞ ξ(v, θ), θ < θ. (2.19)

It is notable that ξ(�, θ) may be different from ξ(θ) ≡ ξ(∞, θ) as shown in the lemma below.
From Lemma 2.4, we immediately have the following facts.

Lemma 2.5. (i) ξ(�, θ) is finite and concave for all θ < θ .

(ii) ξ(�, θ) ≤ β∗ for all θ < θ with equality for θ ≤ θ∗, and ξ(�, θ) = ξ(θ) for θ ∈ (θ∗, θ).

(iii) F̂ (ξ(�, θ)) < ∞ for all θ < θ .

Remark 2.1. Despite (iii), the derivative F̂ ′(ξ(�, θ)) = E(Ti eξ(�,θ)Ti ) may not exist at θ =
θ∗ > −∞, namely at θ < 0 satisfying ξ(�, θ) = β∗. A typical example for this is that
F(x) = 1 − (1 + x)−r e−δx with 1 < r ≤ 2 and δ ≥ 0, for which β∗ = δ, F̂ (δ) < ∞ and
θ∗ = −log F̂ (δ) < 0, and therefore ξ(�, θ∗) = δ, but F̂ ′(δ) = ∞.

We next apply these properties for T0 and Ti for i ∈ K . For T = T0, we obviously have
η = ξ and η(v, ·) = ξ(v, ·), and therefore η(�, ·) is defined as ξ(�, ·). Similarly, for T = Ti

with i ∈ K , we have ζi(θ) = ξ(−θ) and ζi(v, θ) = ξ(v, −θ) by (2.13), and ζi(�, θ) is defined
as ξ(�, −θ). Similar to θ∗ and β∗ of (2.15), define, for i ∈ K ,

θi = log Fi(0), βi = sup{θ ∈ R; F̂i(θ) < ∞},
θi = sup{θ ∈ R; eθ < F̂i(βi)},

(2.20)

Figure 1: Plots of η(v, θ) and η(�, θ) for light-tailed (left) and heavy-tailed (right) F0.
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Figure 2: Plots of ζ1(v, θ) and ζ1(�, θ) for light-tailed (left) and heavy-tailed (right) F1.

while θ0 = −log F0(0), β0 = β∗, and θ0 = θ∗ for T = T0, where F̂i is the moment generating
function of the distribution Fi , namely, F̂i(θ) = E(eθTi ), and, for i ∈ K , log Fi(0) = −∞
if Fi(0) = 0. Based on Lemmas 2.4 and 2.5, typical shapes of the functions η(v, ·), η(�, ·),
ζ(v, ·), and ζ(�, ·) are shown in Figures 1 and 2.

2.4. Stationary equations

Let u = v and A = K for fu,A(v),θ of (2.14). We will use this test function fv,K(v),θ for
deriving the stationary equations. Let us introduce the following notation:

�i(v, θ) = Eπ (fv,K(v),θ (X(0)) 1{Ri(0) < v}), i ∈ K,

�i,0(v, θ) = Eπ (fv,K(v),θ (X(0)) 1{i 	∈ J (0)}), i ∈ K,

where Eπ stands for the expectation conditioned on X(0) subject to π . We define these functions
also for v ↑ ∞, and denote the limit of �i(v, θ) by �(�, θ), because it does not depend on i,
while �i,0(�, θ) is used as is. We wish to apply Lemma 2.2 to the function f = fv,K(v),θ

under the stationary distribution π . From the definition of A in (2.2), we have

Afv,K(v),θ (�, U, y) = −
(

η(v, θ) 1{y0 < v} +
∑
i∈U

ζi(v, θ) 1{yi < v}
)

fv,K(v),θ (�, U, y)

= −
(

η(v, θ) 1{y0 < v} +
∑
i∈K

ζi(v, θ) 1{yi < v}

−
∑

i∈K\U
ζi(v, θ) 1{yi < v}

)
fv,K(v),θ (�, U, y). (2.21)

Taking the expectation of (2.9) in Lemma 2.2 for f = fv,K(v),θ and assuming that Eπ (f (X(0)))

is finite, we have the following lemma since �i(v, θ) < ∞ implies that �i,0(v, θ) are finite
for all i ∈ K .

Lemma 2.6. Under assumptions (A1) and (A2), for v > 0 and θ ∈ (θK, θ0), where θK =
∨i∈Kθi ,

η(v, θ)�0(v, θ) +
∑
i∈K

ζi(v, θ)�i(v, θ) −
∑
i∈K

ζi(v, θ)�i,0(v, θ) = 0, (2.22)

as long as �i(v, θ) is finite for all i ∈ K . In particular, (2.22) always holds for θ ≤ 0.

Let v go to ∞ in (2.22), then Lemmas 2.4 and 2.5 and the dominated convergence theorem
yield the following lemma, recalling that �(�, θ) = �i(�, θ).
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Lemma 2.7. Under the same assumptions as Lemma 2.6,(
η(�, θ) +

∑
i∈K

ζi(�, θ)

)
�(�, θ) −

∑
i∈K

ζi(�, θ)�i,0(�, θ) = 0, (2.23)

as long as �(�, θ) is finite.

We may consider (2.22) and (2.23) as stationary equations. For studying the asymptotic
problems related to the stationary distribution of L(·) ≡ {L(t); t ≥ 0}, one may consider to
apply the techniques developed in [18], [22], which are based on the stationary equation similar
to (2.23) and its variant called a stationary inequality. However, one must be careful about it.
First, �(�, θ) is not the moment generating function of L. Second, η(�, z) + ∑

i∈K ζi(�, z)

may not be analytically extendable from the complex region {z ∈ C; Re z < 0}, since it is
difficult to see their analytic properties. Therefore, it is difficult to apply the method of analytic
extension in general, which is typically used for tail asymptotic problems (see, e.g. [17]).

3. Large queue asymptotics

In this section we present main results on tail asymptotics and weak limit approximations
for the stationary distribution of L(·).
3.1. Tail asymptotics

We first consider the tail asymptotics. For simplicity, we assume that F0(0) = 0 in this
subsection, so θ0 = ∞. As we argued at the end of the previous section, Lemma 2.7 may not
be helpful for this purpose. Nevertheless, the coefficient of �(θ) in it suggests that the tail
decay rate would be given by

α ≡ sup

{
θ ≥ 0; −

(
η(θ) +

∑
i∈K

ζi(�, θ)

)
≤ 0

}
, (3.1)

where we have replaced η(�, θ) by η(θ) using Lemma 2.5. Recall the definitions of βi and θi

for the distribution Fi (see (2.20)). If α < θi , Lemma 2.5 implies that we can also replace
ζi(�, θ) in (3.1) by ζi(θ). Let

γK(�)(θ) = −
(

η(θ) +
∑
i∈K

ζi(�, θ)

)
, (3.2)

then γK(�)(θ) is finite for θ ≥ 0 and a convex function by Lemma 2.5. This γK(�) corresponds to
the rate function corresponding to −ξ(v, θ) of (2.17), which is the reason why minus signs are in
(3.1) and (3.2). If α > 0 then γK(�)(θ) < 0 for θ ∈ (0, α) since γ ′

K(�)(0) = λ0 − ∑
i∈K λi < 0

by (2.1). Furthermore, if ζi(�, α) < βi , equivalently, α < θi , for all i ∈ K , then 0 <

γ ′
K(�)(α) < ∞. Otherwise, γ ′

K(�)(α) may diverge by Remark 2.1.
We prove the following theorem in Section 4. It shows that α is indeed the decay rate in the

logarithmic sense. For this, we need a further condition.

(A3) For all i ∈ K , the distribution of Ti is spread-out.

Theorem 3.1. Assume that the PDMP {(L(t), J (t), R(t))} for the heterogeneous k-server
queue satisfies (A1) with F0(0) = 0, (A2), (A3), and (2.1), and let L be a random variable
subject to the stationary distribution of L(·).
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(i) If α < θi for all i ∈ K , where θi is defined by (2.20), then α > 0 and, for some c > 0,

lim
x→∞ e−αx

P(L > x) = c. (3.3)

(ii) For each α ≥ 0, we have

lim
x→∞

1

x
log P(L > x) = −α. (3.4)

Remark 3.1. For a heterogenous multiserver queue with batch arrivals, similar tail asymptotics
are obtained for the stationary distributions of the waiting time, the queue length just after
arrival instants and some related characteristics embedded at arrival instants in [29], [30].
Thus, Theorem 3.1 may be considered as the continuous-time counterparts of those discrete-
time results for single arrivals. Its batch arrival version will be discussed in Section 5.1, which
includes the case that F0(0) > 0.

From Figures 1 and 2, we can see that the heaviness of the interarrival time distribution F0
has no significant influence on the tail decay rate α. This is intuitively clear. Let us consider
how the heaviness of the service-time distributions influences the tail decay rate. Sadowsky
[29] calls a server with a heavy-tailed service-time distribution lazy, and remarks that they have
no contribution for the decay rate α (see the second last paragraph in Section 1 in [29]). In this
paper, such a server is called slow. To see the influence of slow servers, define, for A ∈ 2K ,

ρA = λ0∑
i∈A λi

, αA = sup

{
θ ≥ 0; −

(
η(θ) +

∑
i∈A

ζi(�, θ)

)
≤ 0

}
.

Let K0 = {i ∈ K; βi = 0}, which is the index set of the heavy-tailed service-time
distributions. Then, the following fact is immediate from Theorem 3.1 since ζi(�, α) = 0
for i ∈ K0 and γK(�)(θ) is convex in θ ∈ R.

Corollary 3.1. Under the assumptions of Theorem 3.1, α = αK\K0 , and α > 0 if and only if
ρK\K0 < 1.

As we mentioned in Section 1, our approach is flexible for modeling extensions. As an
example, we here modify the arrival process. The arrival process has been assumed to be a
renewal process for the heterogeneous multiserver queue. We replace it by the superposition
of renewal processes. Assume that there are m arrival streams, indexed by 1, 2, . . . , m, which
are renewal processes with the interval time distributions Fe,1, Fe,2, . . . , Fe,m, respectively.
We further assume that they are mutually independent and independent of everything else.
Denote those renewal processes as counting processes by Ne,1(·), Ne,2(·), . . . , Ne,m(·), then
their superposition is given by

Ne(t) ≡
m∑

i=1

Ne.i(t), t ≥ 0.

We take this Ne(·) ≡ {Ne(t); t ≥ 0} as an arrival process for the heterogeneous multiserver
queue. We assume the same servers as in Section 2.

In general, superposing renewal processes is analytically not tractable for an arriving process
of a queueing model. However, this is not the case in the present formulation because we only
need to redefine η(θ) as

η(θ) =
m∑

i=1

ηi(θ), θ ∈ R, (3.5)
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as long as all ηi(θ) exists, where ηi(θ) is obtained as the solution to

eθ F̂e,i (ηi(θ)) = 1, i = 1, 2, . . . , m.

Note that ηi(θ) ≤ 0 for θ ≥ 0, and therefore it exists and is finite for θ ≥ 0.
Theorem 3.1 can be extended for the superposed renewal arrivals. This extension is routine,

so here we only present results without proof. Let Re,i(t) for i ∈ J be the residual arrival time
at time t ≥ 0 for the ith renewal arrival process, and let Rs,j (t) be the residual service time at
time t ≥ 0 for the j th server. Denote Re(t) and R(t) be the vectors whose ith and j th entries
are Re,i(t) and Rs,i(t), respectively.

Theorem 3.2. Assume that the PDMP {(L(t), J (t), Re(t), R(t))} for the heterogeneous k

server queue with superposed renewal arrivals satisfies (A1) with Fe,i(0) = 0 for i =
1, 2, . . . , m, (A2), (A3), and (2.1), where λ is the total arrival rate, and let L be a random
variable subject to the stationary distribution of L(·). Then, (i) and (ii) of Theorem 3.1 hold
for the η of (3.5).

3.2. Weak limit approximations for a large queue

We next consider weak limit approximations for a sequence of the heterogeneous multiserver
queues, where F0(0) may not necessarily vanish. For this queue, Chen and Yao [5] studied
a diffusion approximation, that is, a process limit of those queues under diffusion scaling in
heavy traffic. They use a bounding method, called a sandwich. As mentioned in Section 1, we
do not deal with process limits, and directly consider the stationary queue length distribution.
In this situation, we do not need to scale time. We consider two weak limit approximations for
bounded and large variances under the heavy-traffic condition.

We consider a sequence of systems indexed by n = 1, 2, . . . , and denote the characteristics
of the nth system by superscript ‘(n)’ (for example, X(n)(t), R

(n)
i (t), and T

(n)
i for i ∈ K).

Throughout the indexed systems, we assume that the number k of servers is unchanged, while
the server selection rule may change. The mean arrival rate and the mean service rate of server i

are denoted by λ
(n)
0 and λ

(n)
i , respectively. Denote the variances of T

(n)
i by (σ

(n)
i )2, which are

assumed to be finite. Let

ρ(n) = λ
(n)
0

(∑
i∈K

λ
(n)
i

)−1

,

and let L(n) be a random variable subject to the stationary distribution of L(n)(·) ≡ {L(n)(t); t ≥
0}.

We will use the stationary equations (2.22) and (2.23) for θ ≤ 0 in order to study the
weak limit of the stationary distribution of L(n)(·) under a suitable scaling. Let η(n)(v, θ) and
ζ

(n)
i (v, θ) be the truncated versions of η(n)(θ) and ζ

(n)
i (θ), respectively, for the nth system,

where v is a truncation level. Of importance to us will be their Taylor expansions around the
origin. Let λ

(n)
i (v) = 1/E(T

(n)
i ∧ v), and let (σ

(n)
i (v))2 be the variance of T

(n)
i ∧ v for i ∈ K .

For v > 0, we define the functions

ε
(n)
0 (v, θ) = η(n)(v, θ) + λ

(n)
0 (v)θ + 1

2 (λ
(n)
0 (v))3(σ

(n)
0 (v))2θ2, θ < θ

(n)

0 ,

ε
(n)
i (v, θ) = ζ

(n)
i (v, θ) − λ

(n)
i (v)θ + 1

2 (λ
(n)
i (v))3(σ

(n)
i (v))2θ2, θ > θ

(n)
i , i ∈ K,

(3.6)

which correspond to the error terms for the second-order Taylor expansions of η(n)(v, θ) and
ζ

(n)
i (v, θ). We define these error functions also for v = � similarly to the definition (2.19), in

which η(n)(�, θ) = limv↑∞ η(n)(v, θ), ζ
(n)
i (�, θ) = limv↑∞ ζ

(n)
i (v, θ), λ

(n)
i (�) = λ

(n)
i (∞) =

λ
(n)
i , and σ

(n)
i (�) = σ

(n)
i (∞) = σ

(n)
i .
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We will study the weak convergence of qnL
(n) for a sequence of positive numbers {qn; n =

1, 2, . . .} which vanishes as n goes to ∞. To this end, we will evaluate ε
(n)
i (1/qn, qnθ). We first

assume the following mean rate condition:

lim
n→∞ λ

(n)
i = λi, i ∈ K (3.7)

for some finite λi > 0. Clearly, this condition is equivalent to the convergence of the first
moments of T

(n)
i to finite and positive constants. We need the following fact, which is essentially

a special case of Lemma 4.4 of [4], but an extra condition is assumed in [4]. We show that it is
not needed in Appendix B.

Lemma 3.1. If (3.7) holds and if {T (n)
i ; n ≥ 1} is uniformly integrable, then, for a sequence

qn > 0 converging to 0, we have, for some positive constants ci(δ) for each δ > 0,

lim sup
n→∞

∣∣∣∣max

(
η(n)(�, qnθ)

qn

,
η(n)(1/qn, qnθ)

qn

)∣∣∣∣ ≤ c0(δ)|θ |, |θ | < δ, (3.8)

lim sup
n→∞

∣∣∣∣max

(
ζ

(n)
i (�, qnθ)

qn

,
ζ

(n)
i (1/qn, qnθ)

qn

)∣∣∣∣ ≤ ci(δ)|θ |, i ∈ K, |θ | ≤ δ. (3.9)

Up to now, we have only assumed the convergence of the first moments, and qn > 0 can be
arbitrary as long as it converges to 0. We are ready to consider two scenarios on the variances
of interarrival and service-time distributions for this sequence.

We first consider the heavy-traffic approximation for bounded variances. That is, in addition
to (3.7), we assume that there are nonnegative constants σi for i ∈ K such that

0 < ρ(n) < 1 for all n ≥ 1, lim
n→∞ ρ(n) = 1, (3.10)

lim
n→∞ σ

(n)
i = σi ≥ 0, i ∈ K,

∑
i∈K

σi > 0, (3.11)

lim
a→∞ sup

n≥1
E((T

(n)
i )2 1{T (n)

i > a}) = 0, i ∈ K, (3.12)

where (σ
(n)
i )2 is the variance of T

(n)
i . The conditions (3.10) and (3.12) are so-called heavy

traffic and uniform integrability conditions, respectively. Note that the λi in (3.7) must be
positive under (3.10). Let rn = 1 − ρ(n) and choose qn = rn. The next lemma is a key for our
proof, which is proved in Appendix B.

Lemma 3.2. Assume that (3.7) and the heavy-traffic conditions (3.10)–(3.12), then, for each
i ∈ K and each a > 0,

lim sup
n→∞

sup
0<|θ |<a

1

r2
nθ2

∣∣∣∣max

(
ε
(n)
i (�, rnθ), ε

(n)
i

(
1

rn
, rnθ

))∣∣∣∣ = 0. (3.13)

This lemma is essentially the same as Lemma 4.3 of [4]. We now present the heavy-traffic
approximation. The following theorem is proved in Section 4.3.

Theorem 3.3. For a sequence of the stable heterogeneous multiserver queues satisfying as-
sumptions (A1), (A2), and (2.1), assume that (3.7) and the heavy-traffic conditions (3.10)–(3.12)
hold, and let L(n) be a random variable subject to the stationary distribution of L(n)(·), then
we have

lim
n→∞ P((1 − ρ(n))L(n) ≤ x) = 1 − exp

(
− 2λ0∑

i∈K λ3
i σ

2
i

x

)
, x ≥ 0. (3.14)
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Remark 3.2. Theorem 3.3 is a direct extension ofTheorem 2.1 of [21] for the GI/G/1 queue. For
a multiserver queue, this theorem generalizes Theorem 2 of [19] which assumes homogeneous
servers.

The second scheme assumes large variances. In addition to (3.7) and (3.10), we assume that
there is constant bi ≥ 0 for i ∈ K and a sequence of positive numbers sn for n ≥ 1 satisfying
the following conditions:

lim
n→∞ sn = 0, lim

n→∞ sn(σ
(n)
i )2 = b2

i , i ∈ K,
∑
i∈K

b2
i > 0, (3.15)

which is referred to as a large variance condition. Let us consider the condition that

lim
a→∞ sup

n≥1
snE((T

(n)
i )2 1{T (n)

i > a}) = 0, i ∈ K. (3.16)

If this were to hold, then we can obtain a weak limit approximation for qn = sn, replacing
(3.10) by

ρ(n) > 0, lim
n→∞ ρ(n) = ρ < 1.

However, (3.16) can not hold because, for each a > 0, (3.15) implies that

lim
n→∞ snE((T

(n)
i )2 1{T (n)

i > a}) = b2
i .

Hence, the scaling factor must be of the small order of sn. From the stationary equation (2.23),
we can see that the heavy-traffic condition (3.10) is still needed and the scaling factor must be
proportional to rnsn ≡ (1 − ρ(n))sn. In this case, Lemma 3.2 changes to the following lemma.

Lemma 3.3. Assume that (3.7), (3.10), and the large variance condition (3.15) hold, then, for
each i ∈ K and each a > 0,

lim sup
n→∞

sup
0<|θ |<a

1

snr2
nθ2

∣∣∣∣max

(
ε
(n)
i (�, rnsnθ), ε

(n)
i

(
1

(rnsn)
, rnsnθ

))∣∣∣∣ = 0.

This lemma is proved in Appendix B. Using this lemma, we prove the following theorem
in Section 4.4.

Theorem 3.4. For a sequence of stable heterogeneous multiserver queues satisfying (A1), (A2),
and (2.1), assume that (3.7) and the large variance condition (3.15) in addition to (3.10) hold,
then we have

lim
n→∞ P((1 − ρ(n))snL

(n) ≤ x) = 1 − exp

(
− 2λ0∑

i∈K λ3
i b

2
i

x

)
, x ≥ 0, (3.17)

where L(n) is a random variable subject to the stationary distribution of L(n)(·).

4. Proofs of theorems

We first prove Theorem 3.1. Throughout Sections 4.1 and 4.2, it is assumed that F0(0) = 0.
We will use a change of measure using a martingale obtained from Lemma 2.2, which starts
from L(0) = k. However, we can not directly introduce such a martingale because we may
require the truncations of Ri(t) for i ∈ K . For this, we recall the definitions (2.20) for θi for
i ∈ K and α of (3.1), and let, for θ ∈ R,

Kθ = {i ∈ K; θi ≤ θ}.
Obviously, Kθ = ∅ for θ < 0, and Kα = ∅ for Theorem 3.1(i).
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4.1. Martingale and change of measure

We will truncate the service-time distributions whose indexes are in A ⊃ Kθ for θ ∈ R.
Thus, similarly to M(t) of (2.9), we define Mu,A(v),θ (t) for this A and u, v > 0, as

Mu,A(v),θ (t) = fu,A(v),θ (X(t)) −
∫ t

0
Afu,A(v),θ (X(s)) ds, t ≥ 0, (4.1)

which is well defined for θ > θK because A ⊃ Kθ . From Afv,K(v),θ of (2.21), we have

Afu,A(v),θ (X(s))

=
(

γu,A(v)(θ) + η(u, θ) 1{R0(s) ≥ u} +
∑
i∈A

ζi(v, θ) 1{Ri(s) ≥ v}

+
∑
i∈K

(ζi(θ) 1{i 	∈ A} + ζi(v, θ) 1{i ∈ A}) 1{X(s) ∈ �i}
)

fu,A(v),θ (X(s)), (4.2)

where γu,A(v)(θ) = −(η(u, θ) + ∑
i∈K(ζi(θ) 1{i 	∈ A} + ζi(v, θ) 1{i ∈ A})).

By Lemma 2.3, fu,A(v),θ satisfies the terminal condition (2.8), and therefore we can apply
Lemma 2.2 if Eν(|Mu,A(v),θ (t)|) < ∞ for each t ≥ 0 and each θ ≥ 0 because θK < 0, where
Eν stands for the expectation given that X(0) has a distribution ν. If nothing is mentioned,
this ν is assumed to have a compact support concerning L(0). To verify the finiteness of
Eν(|Mu,A(v),θ (t)|), we will use the following fact.

Lemma 4.1. For each fixed t > 0 and for any a > 0, we have

lim sup
n→∞

1

n
log Pν(N0(t) ≥ n) ≤ −a. (4.3)

This lemma is intuitively clear, but we prove it in Appendix C in order to make our
mathematical arguments transparent. The following lemma is a key for our arguments. For
this, let π̂ be the stationary distribution of the embedded process of X(·) just before arrival
instants, that is, X(t0,n−), which is extended for n ≤ 0 with t0,0 = 0. Note that π̂ is well
defined because X(·) has the stationary distribution π . We define its conditional distribution νk

on (L(0−), L(0), R(0−)) as νk({�} × {�′} × B) = 1{� + 1 = �′ = k}Pπ̂ (R(0−) ∈
B | L(0−) + 1 = L(0) = k) for �, �′ ∈ Z+, and B ∈ B(Rk+1+ ).

Lemma 4.2. Let δ0 = ∞ if Kα = K , while δ0 = min{θi; i ∈ K \ Kα} − α > 0 otherwise.
For θ ∈ [0, α + δ0), we have the following facts.

(i) For t ≥ 0, supv>0,s∈[0,t](Eνk
(fKα(v),θ (X(s))) + Eνk

(|MKα(v),θ (s)|)) < ∞.

(ii) {MKα(v),θ (t); t ≥ 0} is an Ft -martingale under Pνk
.

(iii) MKα(v),θ (t) almost surely converges to MKα(�),θ (t) as v ↑ ∞, and

MKα(�),θ (t) = fKα(�),θ (X(t)) −
∫ t

0
AfKα(�),θ (X(s)) ds, t ≥ 0,

(iv) {MKα(�),θ (t); t ≥ 0} is an Ft -supermartingale under Pνk
.

Remark 4.1. This lemma also holds for fu,K(v),θ and Mu,K(v),θ (t) for u, v > 0 and θ > θK

because all Ri(t) are truncated for i ∈ K .
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Lemma 4.2 enables us to apply an exponential change of measure following Palmowski and
Rolski [26]. Taking (4.1) into account, we let

EfKα(v),θ (t) = fKα(v),θ (X(t))

fKα(v),θ (X(0))
exp

(
−

∫ t

0

AfKα(v),θ (X(s))

fKα(v),θ (X(s))
ds

)
,

then EfKα(v),θ (t) is an Ft -martingale by Lemma 3.1 of [26]. It follows from (4.2) that

EfKα(v),θ (t) = fKα(v),θ (X(t))

fKα(v),θ (X(0))
exp

(
−γKα(v)(θ)t −

∑
i∈Kα

ζi(v, θ)

∫ t

0
1{Ri(s) ≥ v} ds

−
∑
i∈K

(ζi(θ) 1{i 	∈ Kα} + ζi(v, θ) 1{i ∈ Kα})

×
∫ t

0
1{X(s) ∈ �i} ds

)
. (4.4)

Recall the conditional distribution νk . Since EfKα(v),θ (t) > 0 and EfKα(v),θ (0) = 1, we can
define a probability measure P

(Kα(v),θ)
νk

by

dP
(Kα(v),θ)
νk

dPνk

∣∣∣∣
Ft

= EfKα(v),θ (t), t ≥ 0. (4.5)

We denote expectations under P
(Kα(v),θ)
νk

by E
(Kα(v),θ)
νk

. By Theorem 5.3 of [26], X(·) under
P

(Kα(v),θ)
νk

is again a PDMP with generator A starting with the initial distribution νk . To find
the jump kernel Q under the new measure P

(Kα(v),θ)
νk

, we note the following fact, which is
immediate from the definition (4.5) and the truncation arguments.

Lemma 4.3. (Proposition 3.8(a) of [15, Chapter III].) Let Z be a nonnegative random variable
with finite expectation with respect to P

(Kα(v),θ)
νk

, then

E
(Kα(v),θ)
νk

(Z | Fs) = 1

EfKα(v),θ (s)
Eνk

(EfKα(v),θ (t)Z | Fs), 0 ≤ s < t. (4.6)

Letting s ↑ t in (4.6), we have

E
(Kα(v),θ)
νk

(Z | Ft−) = 1

fKα(v),θ (X(t−))
Eνk

(fKα(v),θ (X(t))Z | Ft−). (4.7)

Thus, we define the transition kernel Q(Kα(v),θ) as, for g ∈ C
(1,p)
b,k+1(S),

Q(Kα(v),θ)g(X(t−))

= 1

fKα(v),θ (X(t−))
Eνk

(fKα(v),θ (X(t))g(X(t)) | X(t−)), X(t−) ∈ �,

then this is the jump transition kernel Q under P
(Kα(v),θ)
νk

. One can check that this is identical
with Equation (5.14) of [26] because fKα(v),θ satisfies the terminal condition (2.8). Similarly,
we define Ft -supermartingale EfKα(�),θ (t), possibly defective probability measure P

(Kα(�),θ)
νk

,
and jump kernel Q(Kα(�),θ). Obviously, those jump kernels do not depend on νk .

We next consider the distributions of Ti at the jump instant under P
(Kα(v),θ)
νk

for v > 0 and
v = �. They are assumed to be independent of the initial distribution of (L(0−), R(0−))

under νk , and may be written as T
(Kα(v),θ)
i . However, this notation is quite cumbersome, so we

keep them as they are, which causes no confusion as long as measures for their expectations
are specified.
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Lemma 4.4. For each v > 0 and θ ∈ [0, α + δ0),

E
(Kα(v),θ)
νk

(esT0) = eθ F̂0(η(θ) + s), s ≤ β0 − η(θ), (4.8)

E
(Kα(v),θ)
νk

(esTi ) = e−θ F̂i(ζi(θ) + s), s ≤ βi − ζi(θ), i ∈ K \ Kα, (4.9)

E
(Kα(v),θ)
νk

(es(Ti∧v)) = e−θ F̂i(v, ζi(v, θ) + s), s ≤ βi − ζi(v, θ), i ∈ Kα. (4.10)

The same formulas also hold for v = �.

Remark 4.2. (i) The right-hand terms of the inequalities for s in (4.8) and (4.9) are the
convergence exponents of the corresponding distributions because of (2.20).

(ii) Since η(α) ≤ 0 and ζi(α) < βi for i ∈ K \ Kα , E
(Kα(�),α)
νk

(Ti) is finite for i = 0 and
i ∈ K \ Kα . Otherwise, consider i ∈ Kα . Since βi − ζi(�, α) = 0 in this case, we have

E
(Kα(�),α)
νk

(Ti) = e−α
Eνk

(Ti eβiTi ),

which may be infinite as noted in Remark 2.1. Hence, even if X(t) is a PDMP under P
(Kα(�),θ)
νk

,
the corresponding service time of the ith server may have an infinite mean.

Lemma 4.4 will be proved in Appendix C. Since the generator A is unchanged under
P

(Kα(v),θ)
νk

and P
(Kα(�),θ)
νk

, the distributions in Lemma 4.4 uniquely determine jump kernels
Q(Kα(v),θ) and Q(Kα(�),θ). Note that the distributions of T0 and Ti for i ∈ K \ Kα do not
depend on v under those change of measures.

Let us consider the mean drift of L(t) in the off-boundary states under P
(Kα(v),θ)
νk

for v > 0
and v = �. For this, we compute the corresponding characteristics to γKα(v)(θ). It is easy to
see that η, ζi for i ∈ K \ Kα and ζi(v, ·) for i ∈ Kα under P

(Kα(v),θ)
νk

are given by

η(Kα(v),θ)(θ̃ ) = η(θ + θ̃ ) − η(θ), θ, θ̃ + θ ≥ 0, (4.11)

ζ
(Kα(v),θ)
i (θ̃ ) = ζi(θ + θ̃ ) − ζi(θ), θ, θ̃ + θ ∈ [0, α + δ0), i ∈ K \ Kα, (4.12)

ζ
(Kα(v),θ)
i (v, θ̃ ) = ζi(v, θ + θ̃ ) − ζi(v, θ), θ, θ̃ + θ > θK, i ∈ Kα. (4.13)

From (4.11)–(4.13), we have, for v > 0 and v = �,

γ
(Kα(v),θ)
Kα(v) (θ̃ ) ≡ −

(
η(Kα(v),θ)(θ̃ ) +

∑
i∈K\Kα

ζ
(Kα(v),θ)
i (θ̃ ) +

∑
i∈Kα

ζ
(Kα(v),θ)
i (v, θ̃ )

)
= γKα(v)(θ + θ̃ ) − γKα(v)(θ). (4.14)

Since ζi(α) = ζi(�, α) for i ∈ K \ Kα , we have

γKα(�)(α) = γK(�)(α) = 0. (4.15)

Hence, letting v = � and θ = α in (4.14),

γ
(Kα(�),α)
Kα(�) (θ̃ ) = γKα(�)(α + θ̃ ) > 0, θ̃ > 0,

since γKα(�)(α + ·) is a convex function and γ ′
Kα(�)(0−) < 0. They also imply that

(γ
(Kα(�),α)
Kα(�) )′(0−) = γ ′

Kα(�)(α−) > 0.

This means that L(t) has a positive mean drift at off-boundary states under P
(Kα(�),α)
νk

. Since
γKα(v)(θ) ↑ γKα(�)(θ) as v ↑ ∞ by Lemma 2.4, we have the following key facts.
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Lemma 4.5. (i) For all v > 0 and θ ∈ [0, α], γKα(v)(θ) ≤ 0.

(ii) There are a θ > 0 and v0 > 0 such that

(γ
(Kα(v),θ)
Kα(v) )′(0−) > 0 for all v ≥ v0. (4.16)

(iii) Either for (v, θ) = (�, α) or for each v, θ > 0 satisfying (4.16), L(t) → ∞ almost surely
as t → ∞ under P

(Kα(v),θ)
νk

.

We can get back P from P
(Kα(v),θ)
νk

. For this, let Z(t) be a process which is Ft -adapted and
has a finite expectation for each t ≥ 0. From (4.4) and (4.5), we have

Eνk
(Z(t)) = E

(Kα(v),θ)
νk

(
Z(t) exp(−θ(L(t) − L(0)) + γKα(v)(θ)t − η(θ)(R0(t) − R0(0))

− WKα(v),θ (R(t)) + WKα(v),θ (R(0)))

× exp

( ∑
i∈Kα

ζi(v, θ)

∫ t

0
(1{Ri(s) > v} + 1{X(s) ∈ �i}) ds

+
∑

i∈K\Kα

ζi(θ)

∫ t

0
1{X(s) ∈ �i} ds

))
for v > 0, v = �, (4.17)

where

WKα(v),θ (y) =
∑

i∈K\Kα

ζi(θ)yi +
∑
i∈Kα

ζi(v, θ)(yi ∧ v), y = (y0, y1, . . . , yk) ∈ R
k+1+ .

4.2. Proof of Theorem 3.1

The spirit of our proof is similar to that of Theorem 2.3 of [30], which is based on the change
of measure technique. However, the time index as well as the formulations are quite different.
So, we will detail our proof. In this subsection, we present basic facts, then we prove the
cases (i) and (ii) in Sections 4.2.1 and 4.2.2, respectively.

Define random times σ+
� and σ−

k as

σ+
� = inf{t > 0; L(t−) < L(t) = �}, σ−

k = inf{t > 0; L(t−) = k > L(t)},
then they are stopping times. By this definition, σ+

� is Fσ+
� −-measurable. Recall that νk

specifies the conditional distribution of R(t0,0−) ≡ R(0−) under the stationary distribution
of the embedded process {X(t0,n−); n ∈ Z} given that L(0−) + 1 = L(0−) = k. Then, the
stationary tail probability of L is given by the so-called cycle formula (see, e.g. Corollary 2.1
of [24]), i.e.

P(L ≥ � | L ≥ k) = 1

Eνk
(σ−

k )
Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
, � ≥ k. (4.18)

From (4.17) with t = σ+
� − (see, e.g. Theorem 3.4 of [15, Chapter III]) and Lemma 4.5,

which implies that P
(Kα(�),α)
νk

(σ+
� < ∞) = 1, we have, for � ≥ k,

Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
= Eνk

(∫ σ−
k

σ+
�

1{L(s) ≥ �} ds 1{σ+
� < σ−

k }
)
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= Eνk

(
Eνk

(∫ σ−
k

σ+
� ∧σ−

k

1{L(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
1{σ+

� < ∞}
)

= E
(Kα(�),α)
νk

×
(

Eνk

(∫ σ−
k

σ+
� ∧σ−

k

1{L(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
1{σ+

� < ∞}

× e−α(L(σ+
� −)−L(0))−η(α)(R0(σ

+
� −)−R0(0))−WKα(�),α(R(σ+

� −))+WKα(�),α(R(0))

)
= e−α(�−k−1)

E
(Kα(�),α)
νk

(
Eνk

(∫ σ−
k

σ+
� ∧σ−

k

1{L(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
× e−WKα(�),α(R(σ+

� −))+WKα(�),α(R(0−))

)
, (4.19)

where we have used the fact that γKα(�)(α) = 0 and R0(0−) = 0.
Since L(t) in (4.19) is never below k, we can replace it by H(t) defined as

H(t) = L(0) + Ñ0(t) −
∑
i∈K

Ñi(t),

where we recall that Ñ0 and Ñi are the renewal counting processes with the interval times T0
and Ti , respectively. We denote the residual time to the next point of Ni at time t by R̃i(t),
which is identical with Ri(t) for t < σ−

k when L(0) = k. Since the increments �H(t) only
depend on H(t−) and R̃(t−) ≡ {R̃i(t−); i ∈ K},

Y (t) ≡ (H(t), R̃(t))

is a continuous-time Markov additive process with additive component H(t) and background
process {R̃(t); t ≥ 0}. We assume that Y (·) ≡ {Y (0−), Y (t); t ≥ 0} starts with Y (0−) subject
to νk . In particular, H(0) = k under this distribution.

Taking Remark 4.1 into account, we introduce the following Ft -supermartingale for Y (·)
with the initial distribution νk and for θ ∈ [0, α + δ0):

Ẽf̃u,Kα(�),θ (t) = f̃u,Kα(�),θ (Y (t))

f̃u,Kα(�),θ (Y (0))

× exp

(
−γu,Kα(�)(θ)t − η(u, θ)

∫ t

0
1{R̃0(s) ≥ u} ds

)
, (4.20)

where f̃u,Kα(�),θ (Y (t)) is defined as

f̃u,Kα(�),θ (Y (t)) = eθH(t)+η(u,θ)R̃0(t)∧u+WKα(�),θ (R̃s (t)).

Similar to P
(Kα(�),θ)
νk

, we define the probability measure P̃
(u,Kα(�),θ)
νk

on (�, F ) by

dP̃
(u,Kα(�),θ)
νk

dPνk

∣∣∣∣
Ft

= Ẽf̃u,Kα(�),θ (t), t ≥ 0. (4.21)

We denote expectation under P̃
(u,Kα(�),θ)
νk

by Ẽ
(u,Kα(�),θ)
νk

. We prove the following lemma in
Appendix C.
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Lemma 4.6. For u > 0 and θ ∈ [0, α+δ0) satisfying that γu,Kα(�)(θ) < 0 and γ ′
u,Kα(�)(θ) >

0, there is a positive constant C such that, for � ≥ k + 1,

Eνk

(
e−WKα(�),θ (R̃(σ+

� −))

∫ ∞

σ+
�

1{H(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
< C. (4.22)

Define h+(�) and h−(�) for t ≥ 0 as

h+(�) = Eνk

(∫ ∞

σ+
�

1{H(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
e−WKα(�),θ (R̃(σ+

� −)),

h−(�) = Eνk

(∫ ∞

σ−
k

1{H(s) ≥ �} ds 1{σ+
� < σ−

k }
∣∣∣∣ Fσ+

� −
)

e−WKα(�),θ (R̃(σ+
� −)).

By Lemma 4.6, h+(�) and h−(�) are uniformly and almost surely bounded by C over all � ≥ 0.
Then, (4.19) can be written as,

eα(�−k−1)
Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
= Ẽ

(Kα(�),α)
νk

([h+(�) − h−(�)]
× e−(WKα(�),α(R̃(σ+

� −)−WKα(�),θ (R̃(σ+
� −))) eWKα(�),α(R(0−))). (4.23)

We need two more lemmas. The first one concerns the Markov additive process Y (·) under
P̃

(Kα(�),α)
νk

. Since R̃i(t) for i ∈ K are the residual times for the next counting times of
independent renewal processes, {R̃(t)} is Harris positive recurrent by the spread-out condition
(A3), and therefore the embedded Markov process {R̃(t0,n−)} also is Harris positive recurrent
under P̃

(Kα(�),α)
νk

. Since this process can be considered as a background process of {Y (tn,0−)}
and H(t0,n−) has a positive drift under P̃

(Kα(�),α)
νk

, Theorem 1 of [1] (see also Theorem 4.1
of [2]) yields the following fact.

Lemma 4.7. Under the assumptions of Theorem 3.1, {R̃(σ+
� −); � = 1, 2, . . .} is Harris posi-

tive recurrent under P̃
(Kα(�),α)
νk

, so it has the stationary distribution, which is denoted by ν∞(Y ).

The second lemma concerns the distribution νk . Recall that the embedded process {X(t0,n)}
has the stationary distribution because X(·) does also. Then, by the spread-out condition (A3),
{R(t0,n−); n = 1, 2, . . .} is Harris positive recurrent. Thus, the following fact was obtained
in Lemma 4.3 of [30], which assumed Harris positive recurrence for {X(t0,n−)}, but its proof
only requires it for {R(t0,n−)}.
Lemma 4.8. Under the assumptions of Theorem 3.1, Eνk

(eWKα(v),θ (R(0−))) < ∞ for v > 0 or
v =� and θ ∈ [0, α + δ0).

4.2.1. Proof of Theorem 3.1(i) for exact decay rate. By the assumptions in Theorem 3.1(i),
Kα = ∅, so P

(Kα(�),α)
νk

is simply denoted by P
(α). This also implies that there exist u > 0 and

θ ∈ (0, α) satisfying the conditions of Lemma 4.6. Hence, from Lemma 4.6 and the fact that
ζi(α) − ζi(θ) > 0 for α > θ , we have

lim
�→∞ E

(α)
νk

(
h+(�) exp

(
−

∑
i∈K

(ζi(α) − ζi(θ))Ri(σ
+
� −)

))
= E

(α)
ν∞(Y )

(
h+(0) exp

(
−

∑
i∈K

(ζi(α) − ζi(θ))Ri(0−)

))
. (4.24)
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Note that 0 ≤ h−(�) ≤ h+(�). Furthermore, 1{H(s) ≥ �}1{σ+
� < σ−

k } almost surely converges
to 0 as � → ∞ because Pνk

(σ−
k < ∞ | Fσ+

� −) = 1 for each � ≥ k + 1. Hence, h−(�) also
converges to 0 as � → ∞. Thus, by Lemma 4.8, it follows from (4.23), (4.24), and the bounded
convergence theorem that

lim
�→∞ eα(�−k−1)

Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
= E

(α)
ν∞(Y )

(
h+(0) exp

(
−

∑
i∈K

(ζi(α) − ζi(θ))Ri(0−)

))
Eνk

(
exp

(∑
i∈K

ζi(α)Ri(0−)

))
< ∞.

Thus, (3.3) is obtained from (4.18), which proves (i). �

4.2.2. Proof of Theorem 3.1(ii) for logarithmic decay rate. To prove (ii), we first consider an
upper bound of the limit in (3.4). For this, we apply Lemma 4.6 to (4.23), then we have

eα(�−k−1)
Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
≤ CẼ

(Kα(�),α)
νk

(eWKα(�),α(R(0−))).

Hence, from (4.18) and Lemma 4.8 we conclude that

lim sup
�→∞

1

�
log P(L > �) ≤ −α.

We next consider a lower bound. For this, we first choose θ satisfying the conditions that,
for some v > 0, θ > α,

γKα(v)(θ) < 0, γ ′
Kα(v)(θ) > 0,

which is possible because γKα(v)(θ) ↑ γKα(�)(θ) as v ↑ � and γKα(�)(α) = 0 by (4.15). Then,
it is easy to see that we can find a sufficiently large u > 0 by which the conditions of Lemma 4.6

are satisfied. We now use (4.17) for Z(t) = Eνk
(
∫ σ−

k
t 1{L(s) ≥ �} ds|Ft−) 1{σ−

k > t}. Since

L(σ+
� −) = � − 1, L(0) = k, R̃0(σ

+
� −) = R̃0(0−) = 0, ζi(v, θ) > 0, and P̃

(Kα(v),θ)
νk

(σ+
� <

∞) = 1, we have, similar to (4.19),

e(�−k−1)θ
Eνk

(∫ σ−
k

0
1{L(s) ≥ �} ds

)
≥ Ẽ

(Kα(v),θ)
νk

(
Eνk

(∫ σ−
k

σ+
�

1{H(s) ≥ �} ds

∣∣∣∣ Fσ+
� −

)
e−WKα(v),θ (R(σ+

� −))

)
= Ẽ

(Kα(v),θ)
νk

((h+(�) − h−(�)) eWKα(�),θ (R(σ+
� −))−WKα(v),θ (R(σ+

� −))). (4.25)

The last term of this inequality converges to

Ẽ
(Kα(v),θ)
ν∞(Y ) (h+(0) eWKα(�),θ (R(0−))−WKα(v),θ (R(0−))) > 0

as � → ∞ by the following facts. First, eWKα(�),θ (R(0))−WKα(v),θ (R(0)) is bounded by 1 because
WKα(�),θ (R(0−)) − WKα(v),θ (R(0−)) ≤ 0. Second, h−(�) is not greater than h+(�) and
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vanishes as � → ∞. Thus, we can apply Lemma 4.6, the P
(Kα(v),θ)
ν∞(Y ) -version of Lemma 4.7 and

the bounded convergence theorem. Hence, from (4.25), we have

lim inf
�→∞

1

�
log P(L ≥ �) ≥ −θ.

Since θ can be chosen to go to α as v ↑ ∞, we arrive at the lower bound, which completes the
proof of (ii). �
4.3. Proof of Theorem 3.3

We consider the stationary equation of the nth system corresponding to (2.22) for θ ≤ 0.
Similar to fv,K(v),θ of (2.14), we define f

(n)
v,K(v),θ for each n ≥ 1 as

f
(n)
v,K(v),θ (�, y) = eθ max(�,k) eη(n)(v,θ)(y0∧v)+∑

i∈K ζ
(n)
i (v,θ)(yi∧v), (�, y) ∈ S.

Define �(n) as
�(n)(v, θ) = E(f

(n)
v,K(v),θ (X

(n))), v > 0, θ ≤ 0,

where X(n) is a random variable subject to the stationary distribution of the PDMP X(n)(·) ≡
{X(n)(t); t ≥ 0}, which describes the nth system. Obviously, �(n)(v, θ) is finite for θ ≤ 0.
Similarly, we define, for v > 0 and θ ≤ 0,

�
(n)
i (v, θ) = E(f

(n)
v,K(v),θ (X

(n)) 1{R(n)
i < v}), i ∈ K,

�
(n)
j,0(v, θ) = E(f

(n)
v,K(v),θ (X

(n)) 1{R(n)
j = 0}), j ∈ K.

Then, the stationary equation of the nth system corresponding to (2.22) is given by

η(n)(v, θ)�
(n)
0 (v, θ) +

∑
i∈K

ζ
(n)
i (v, θ)�

(n)
i (v, θ) −

∑
j∈K

ζ
(n)
i (v, θ)�

(n)
j,0(v, θ) = 0 (4.26)

for v > 0 and θ ≤ 0.
Let rn = 1 − ρ(n). By the heavy-traffic condition (3.10), rn vanishes as n → ∞. We scale

L(n)(t) as rnL
(n)(t). To realize this, we let

�̃(n)(θ) = �(n)

(
1

rn
, rnθ

)
, �̃

(n)
i (θ) = �

(n)
i

(
1

rn
, rnθ

)
, �̃

(n)
j,0(θ) = �

(n)
j,0

(
1

rn
, rnθ

)
.

We correspondingly define η̃(n)(θ) and ζ̃
(n)
i (θ) as

η̃(n)(θ) = η(n)

(
1

rn
, rnθ

)
, ζ̃

(n)
i (θ) = ζ

(n)
i

(
1

rn
, rnθ

)
, i ∈ K.

Then, (4.26) can be written as

η̃(n)(θ)�̃
(n)
0 (θ) +

∑
i∈K

ζ̃
(n)
i (θ)�̃

(n)
i (θ) −

∑
j∈K

ζ̃
(n)
j (θ)�̃

(n)
j,0(θ) = 0. (4.27)

We claim that

lim
n→∞ �̃(n)(θ) = 2λ0

2λ0 − ∑
j∈K λ3

j σ
2
j θ

, θ ≤ 0. (4.28)
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Suppose this claim holds, then the proof of Theorem 3.3 is completed if we can show that

lim
n→∞ |�̃(n)(θ) − E(ernL(n)θ )| = 0.

Let f̃
(n)
θ (X(n)) = f

(n)
1/rn,K(1/rn),rnθ (X

(n)) for simplicity, then this is obtained by recalling the
definition

�̃(n)(θ) = E(f̃
(n)
θ (X(n))),

and applying the bounded convergence theorem to

|�̃(n)(θ) − E(ernL(n)θ )|
≤ E

(
f̃

(n)
θ (X(n))

∣∣∣∣1 − exp(−θrn(k − |J (n)|)) exp

(
−η̃(n)(θ)(R

(n)
0 ∧ 1/rn)

−
∑
i∈K

ζ̃
(n)
i (θ)(R

(n)
i ∧ v)

)∣∣∣∣)
because η̃(n)(θ)(R

(n)
0 ∧1/rn) and ζ̃

(n)
i (θ)(R

(n)
i ∧1/rn) vanish in probability as n → ∞ by (3.8)

and |rn(R(n)
i ∧ 1/rn)| ≤ 1.

Thus, it remains to prove (4.28). For this, we will use (4.26) and Lemma 3.2. We first
specialize this lemma in the following way.

Lemma 4.9. Assume (3.7) and the heavy-traffic conditions (3.10)–(3.12) hold, and let, for each
n ≥ 1 and rnθ ∈ (θK, θ0),

ε̃
(n)
0 (θ) = η̃(n)(θ) + λ

(n)
0 rnθ + 1

2 (λ
(n)
0 )3(σ

(n)
0 )2r2

nθ2,

ε̃
(n)
i (θ) = ζ̃

(n)
i (θ) − λ

(n)
i rnθ + 1

2 (λ
(n)
i )3(σ

(n)
i )2r2

nθ2,
(4.29)

then, for each i ∈ K and c > 0, there is a sequence {̃ai,n(c)} vanishing as n goes to ∞ such
that

1

r2
n

|̃ε(n)
i (θ)| ≤ ãi,n(c)|θ |, n ≥ 1, |θ | < c. (4.30)

We defer the proof of this lemma to Appendix C. We rewrite (4.27) as(
η̃(n)(θ) +

∑
i∈K

ζ̃
(n)
i (θ)

)
�̃(n)(θ) −

∑
i∈K

ζ̃
(n)
i (θ)�̃

(n)
i,0 (θ)

= η̃(n)(θ)(�̃(n)(θ) − �̃
(n)
0 (θ)) +

∑
i∈K

ζ̃
(n)
i (θ)(�̃(n)(θ) − �̃

(n)
i (θ)). (4.31)

We will divide both sides of this formula by r2
nθ , and let n go to ∞. For this computation, we

will use the following facts, which are obtained from Lemma 4.9, (3.7), (3.10), and (3.11).

lim
n→∞

1

r2
nθ

(
η̃(n)(θ) +

∑
i∈K

ζ̃
(n)
i (θ)

)
= λ0 − 1

2

∑
i∈K

λ3
i σ

2
i θ, (4.32)

lim
n→∞

1

rnθ
η̃(n)(θ) = −λ0, (4.33)

lim
n→∞

1

rnθ
ζ̃

(n)
i (θ) = λi. (4.34)
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As is well known, it follows from the renewal theorem that

P(R
(n)
i > v) = λ

(n)
i P(R

(n)
i > 0)

∫ ∞

v

P(T
(n)
i > x) dx, i ∈ K.

This and the uniformly integrable condition (3.12) yield that

lim sup
n→∞

1

rn
P

(
R

(n)
i >

1

rn

)
≤ lim sup

n→∞
1

rn
λ

(n)
i

∫ ∞

1/rn

P(T
(n)
i > x) dx

≤ lim sup
n→∞

λ
(n)
i E

(∫ T
(n)
i

1/rn

x 1
{
T

(n)
i >

1

rn

}
dx

)
≤ lim sup

n→∞
1

2
λ

(n)
i E

(
(T

(n)
i )2 1

{
T

(n)
i >

1

rn

})
= 0. (4.35)

Similarly, we have

lim sup
n→∞

E

(
R

(n)
i 1

{
R

(n)
i >

1

rn

})
≤ lim sup

n→∞
1

2
λ

(n)
i E

(
(T

(n)
i )2 1

{
T

(n)
i >

1

rn

})
= 0. (4.36)

Since f̃
(n)
θ (X(n)) is uniformly bounded in n, (4.35) implies that

0 ≤ lim sup
n→∞

1

rn
(�̃(n)(θ) − �̃

(n)
i (θ)) ≤ lim sup

n→∞
E

(
f̃

(n)
θ (X(n))

1

rn
1
{
R

(n)
i >

1

rn

})
= 0.

This, (4.33), and (4.34) yield that the right-hand side of (4.31) divided by r2
nθ converges to 0

as n → ∞. Hence, if we can show that

lim
n→∞

1

r2
nθ

∑
i∈K

ζ̃
(n)
i (θ)�̃

(n)
i,0 (θ) = λ0, (4.37)

then dividing both sides of (4.31) by r2
nθ and letting n → ∞ yields (4.28) by (4.32). This is

equivalent to (3.14), and therefore the proof is completed. Thus, it remains to prove (4.37). By
(4.34), (4.37) is immediate if we have

lim
n→∞

1

rn

∑
i∈K

λi�̃
(n)
i,0 (θ) = λ0.

To prove this, we first note that dividing (4.31) by r2
nθ and letting θ ↑ 0 yields

lim
n→∞

1

rn

∑
i∈K

λi�̃
(n)
i,0 (0) = λ0. (4.38)

We remark that this also follows from Little’s law for customers in service at each server and
the heavy-traffic condition (3.10). Thus, (4.37) is obtained if we can show that

lim
n→∞

1

rn
|�̃(n)

i,0 (θ) − �̃
(n)
i,0 (0)| = 0, θ ≤ 0. (4.39)
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To prove this, let

hn(θ) = θL(n) + r−1
n η̃(n)(θ)

(
R

(n)
0 ∧ 1

rn

)
+

∑
j∈K

r−1
n ζ̃

(n)
i (θ)

(
R

(n)
j ∧ 1

rn

)
,

then �̃
(n)
i,0 (θ) = E(ernhn(θ) 1{R(n)

i = 0}). Thus, for θ < 0, we have

1

rn
|�̃(n)

i,0 (θ) − �̃
(n)
i,0 (0)| ≤ E

(∣∣∣∣ernhn(θ) − 1

rn

∣∣∣∣ 1{R(n)
i = 0}

)
= E

(∣∣∣∣ernhn(θ) − 1

rnhn(θ)
hn(θ)

∣∣∣∣ 1{R(n)
i = 0}

)
.

Since λi > 0 for all i ∈ K , it follows from (4.38) that

lim
n→∞

P(R
(n)
i = 0)√

rn
= 0, i ∈ K. (4.40)

On the other hand,

E

((
R

(n)
j ∧ 1

rn

)
1{R(n)

i = 0}
)

= E

((
R

(n)
j ∧ 1

rn

)
1{R(n)

i = 0}
(

1
{
R

(n)
j >

1√
rn

}
+ 1

{
R

(n)
j ≤ 1√

rn

})
≤ E(R

(n)
j

(
1
{
R

(n)
j >

1√
rn

})
+ 1√

rn
P(R

(n)
i = 0).

Hence, (4.36) and (4.40) imply that E(hn(θ) 1{R(n)
i = 0}) converges to 0 as n → ∞. Thus,

(4.39) is obtained if (ernhn(θ) − 1)/rnhn(θ) is uniformly bounded in n for each θ < 0, which
follows from that rnhn(θ) is uniformly bounded in n. This uniform boundedness is implied by
the facts that L(n) ≤ k − 1 on {R(n)

i = 0}, r−1
n η̃(n)(θ) and r−1

n ζ̃
(n)
i (θ) are uniformly bounded

in n for rnθ ∈ (θK, 0) by Lemma 3.1. Consequently, (4.39) is obtained, and we complete the
proof. �

The above inequality is one of the key techniques in the present approach, and has been used
in the proof of Lemma 3.2 in Appendix B. It also can be found in the last part of the proof of
Lemma 4.7 of [4].

4.4. Proof for Theorem 3.4

Up to (4.27), all the computations in Section 4.3 are also valid for this case if we replace
rn by rnsn with rn = 1 − ρn. To distinguish the notation in Section 4.3, we change η̃(n), ζ̃

(n)
i ,

and ε̃
(n)
i to η̃(n), ζ̃

(n)

i
, and ε̃

(n)
i , respectively. Similar to Lemma 4.9, we have the following

lemma.

Lemma 4.10. Assume that (3.7), (3.10), and the large variance condition (3.15) hold, and let,
for each n ≥ 1 and θ ∈ R,

ε̃
(n)
0 (θ) = η̃(n)(θ) + λ

(n)
0 rnsnθ + 1

2 (λ
(n)
0 )3r2

nsn(σ
(n)
0 )2snθ

2,

ε̃
(n)
i (θ) = ζ̃

(n)

i
(θ) − λ

(n)
i rnsnθ + 1

2 (λ
(n)
i )3r2

nsn(σ
(n)
i )2snθ

2,
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then, for each i ∈ K and c > 0, there is a sequence {̃ai,n(c)} vanishing as n goes to ∞ such
that

1

r2
nsn

|̃ε(n)
i (θ)| ≤ ãi,n(c)|θ |, n ≥ 1, |θ | < c.

This lemma yields similar formulas to (4.32)–(4.34), in which the rn are replaced by rnsn.
Thus, we have (3.17) in the same way as Theorem 3.3. �

5. Concluding remarks

We here consider potential of the present approach for more general models and some other
asymptotics.

5.1. More general arrival processes

We have assumed that the arrival process is renewal or its independent superposition.
However, the renewal process is not essential. As long as it is independent of the state of
system, a more general class of arrival processes can be used in our framework. In this case,
the terminal condition (2.8) needs to be changed. Suppose that N0 is a stationary point process
with finite intensity λ0. Then, (2.12) is changed to

eθ
E0(e

η(θ)T0 | F0−) = 1,

where E0 stands for the expectation by Palm distribution P0 concerning N0, and T0 is the time
to the next counting instant measured from time 0. Namely,

E0(e
η(θ)T0) = 1

λ0
E

( ∞∑
i=1

eη(θ)(t0,i+1−t0,i ) 1{0 < t0,i < 1}
)

,

where t0,i = inf{u > t0,i−1; N0({u}) > 0} for i ≥ 1 with t0,0 = 0. A typical example for
this counting process is a Markov arrival process with finitely many background states. See
γ (i,a)(θ) of Equation (4.15) in [22], which can be shown to be −η(θ).

We next consider batch arrivals, which includes the case that F0(0) > 0 as a special case (see
Remark 3.1). Denote the nth arrival batch size by Ab,n. We assume that {Ab,n; n = 1, 2, . . .}
are positive, i.i.d. Furthermore, they are independent of everything else. Denote their common
distribution by Fb, and let Ab be a random variable subject to Fb. We also need to verify the
terminal condition (2.8). This can be done similarly to the proof of Lemma 2.3 in Appendix B,
where �′ in the proof of this lemma should be changed to

�′ = � + 1{y0 = 0}Ab −
∑

i∈U\U(y)

1{yi = 0},

and the definition of η(θ, v) should be appropriately updated. For this, we need to truncate not
only T0 but also Ab. So, we define η(m, v, θ) for positive integer m and positive real number v

as the solution of the following equation:

E(eθ(Ab∧m))E(eη(m,v,θ)(T0∧v)) = 1. (5.1)

Similar to η(�, θ), we define

η(�, �, θ) = lim
v→∞ lim

m→∞ η(m, v, θ).

It is not difficult to see that these limiting operations are exchangeable. In particular, η(�, �,

θ) = η(�, ∞, θ) for θ ≥ 0, and η(�, �, θ) = η(∞, �, θ) for θ < 0, where η(m, v, θ) is
defined for m = ∞ or/and v = ∞ by (5.1).

https://doi.org/10.1017/apr.2016.84 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2016.84


A unified approach for large queue asymptotics 209

Using this notation, all the results in Sections 2 and 3 can be extended to the batch arrival
case under appropriate conditions. For example, α of (3.1) is redefined as

α ≡ sup

{
θ ≥ 0; −

(
η(�, ∞, θ) +

∑
i∈K

ζi(�, θ)

)
≤ 0

}
.

For the weak limit approximations, let η(n)(∞, v, θ) be the η(∞, v, θ) of the nth system,
then define the error function of its second-order Taylor expansion for θ ≤ 0 as

ε
(n)
0 (∞, v, θ) = η(n)(∞, v, θ) − ∂η(n)

∂s
(∞, v, s)

∣∣∣∣
s=0

θ − 1

2

∂2η(n)

∂s2 (∞, v, s)

∣∣∣∣
s=0

θ2,

since no truncation on Ab is needed for θ ≤ 0, where, for λ
(n)
0 (v) = E(T

(n)
0 ∧ v),

∂η(n)

∂s
(∞, v, s)

∣∣∣∣
s=0

= −λ
(n)
0 (v)E(Ab),

∂2η(n)

∂s2 (∞, v, s)

∣∣∣∣
s=0

= −λ
(n)
0 (v){(σ (n)

Ab
)2 + (λ

(n)
0 (v)E(Ab)σ

(n)
0 (v))2},

where (σ
(n)
Ab

)2 is the variance of A
(n)
b . Thus, we can apply exactly the same arguments to obtain

the weak limits for the heavy-traffic and large variance approximations.

5.2. Some other problems and limitations

In this paper we only consider a single queue. However, the present approach is potentially
applicable to systems with multiple queues and queueing networks.

For the tail asymptotic problem, this approach may relax phase-type assumptions in queues
and their networks. For example, those assumptions were used for a two-node generalized
Jackson network in [22] and for the joint shortest queue in [31]. They may be replaced by
generally distributed assumptions for interarrival and service times.

For the weak limit approximations, a similar approach was studied by Braverman et al. [4].
They used a slightly different test function, and considered the heavy-traffic approximation of
the stationary distribution for a generalized Jackson network, whose process limit was originally
obtained by Reiman [28]. As discussed in [4], there are several issues to be overcome in the
network case.

The tools of the present approach are based on the terminal condition (2.8). However, this
condition may cause serious drawbacks. For example, it will be hard to apply for a multiclass
queueing network with FCFS service discipline because we need to have information on the
order of customer classes in a waiting line. Another difficult problem is the heavy-traffic
approximation for the Halfin–Whitt regime (see, e.g. [14], [27]). We can describe the Halfin–
Whitt regime by the present framework, but the stationary equations (2.22) and (2.23) may not
be so useful because they do not adequately capture the number of busy servers.

Yet another problem of the present approach concerns a process limit under the heavy-
traffic condition. We have only considered the stationary distribution of the PDMP. However,
our starting formula (2.7) describes sample path evolutions. This suggests that the present
approach may be applicable for a process limit.

Thus, there remain many challenging problems for future study.
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Appendix A. Lemmas in Section 2

Proof of Lemma 2.1. Recall the definition (2.5) of M0(t). For a stopping time τ , let Fτ− =
σ(F0 ∪ {A ∩ {t < τ }; A ∈ Ft }), then τ is Fτ−-measurable (see Section 1.1.14 of [15]). Note
that ti is Fti−-measurable since ti is a stopping time, and X(ti−) is Fti−-measurable. Hence,
for 0 < s < t ,

E(M0(t) | Fs) = M0(s) +
∞∑
i=1

E(E(f (X(ti)) − Qf (X(ti−)) | Fti−) 1{s < ti ≤ t} | Fs)

= M0(s) +
∞∑
i=1

E({E(f (X(ti) | Fti−) − Qf (X(ti−))} 1{s < ti ≤ t} | Fs)

= M0(s) +
∞∑
i=1

E({E(f (X(ti) | X(ti−)) − Qf (X(ti−))} 1{s < ti ≤ t} | Fs)

= M0(s),

where the third equality follows from the strong Markov property of X(·), and the last equality
is obtained from the definition (2.4) of Q. This concludes that M0(·) ≡ {M0(t); t ≥ 0} is an
Ft -martingale since E(|M0(t)|) < ∞ by (2.6). �

Proof of Lemma 2.3. We prove only (2.8) for f = fu,K(v),θ with finite v > 0 since the proof
is similar for u, v = ∞ if η(θ) and ζi(θ) are finite. For this, we recall that

� = {(�, U, y) ∈ S; y0 = 0 or U 	= K}
and X(t−) ∈ � if and only if �N∗(t) = 1. For x ≡ (�, U, y) ∈ �, let

V (x) = {i ∈ {0} ∪ U ; yi = 0}.
This V (x) specifies an arrival and/or departure which occurs at time t when X(s) goes to x ∈ �

as s ↑ t .
Suppose that X(t−) = x at time t . Denote this X(t−) by X(t, 0). Let X(t, 1) be the state

which is changed from X(t, 0) caused by the arrivals and/or departures of V (x), where the
server selection rule is applied at this stage independent of everything else. If V (X(t, 1)) = ∅

then X(t) = X(t, 1), and the state transition at time t is completed. Otherwise, namely the
next interarrival time and/or some of new service times are zero, then we continue to define
X(t, 2) using V (X(t, 1)) and the server selection rule independent of everything else. In this
way, we have the sequence of the states X(t, n) for n = 0, 1, 2, . . . . Since the numbers of
external arrivals and service completions at the same time instants are finite almost surely, there
is a finite number n for each sample path such that V (X(t, n)) = ∅ and X(t, n) = X(t) almost
surely. Denote the minimum of such n by τ then P(τ < ∞) = 1. To describe these state
transitions, we define X(t, m) = X(t, τ ) for m ≥ τ + 1. Then, we have, X(t, τ ) = X(t), and,
therefore,

X(t) = lim
n→∞ X(t, n). (A.1)

We next consider the transition kernel Q redefined as

Qf (x) = E(f (X(t, 1)) | X(t, 0) = x), x ∈ �, f ∈ C
(1,p)
b,k+1(S).
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Clearly, we have, for all n = 1, 2, . . . ,

Qf (x) = E(f (X(t, n)) | X(t, n − 1) = x), x ∈ �, f ∈ C
(1,p)
b,k+1(S).

However, this Q can not fully capture the transition from X(t, n − 1) to X(t, n) because
X(t, n − 1) may not be in �. To capture it, we extend Q to the transition kernel Q̂ as

Q̂f (x) =
{

Qf (x), x ∈ �,

f (x), x ∈ S \ �.

Then, the domain of Q̂ is S, and we have, for n = 1, 2, . . . ,

Q̂n−1f (x) = E(f (X(t, n)) | X(t, 1) = x), x ∈ S, f ∈ C
(1,p)
b,k+1(S),

Q̂nf (x) = E(f (X(t, n)) | X(t, 0) = x), x ∈ �, f ∈ C
(1,p)
b,k+1(S).

Since these f s are bounded functions, it follows from (A.1) and the dominated convergence
theorem that, for x ∈ �,

E(f (X(t)) | X(t−) = x) = E

(
lim

n→∞ f (X(t, n)) | X(t, 0) = x
)

= lim
n→∞ E(f (X(t, n)) | X(t, 0) = x)

= lim
n→∞ Q̂nf (x).

We now choose fu,K(v),θ for f , and note that η(u, θ) and ζi(v, θ) for i ∈ K are well defined.
If we show that

Qfu,K(v),θ (x) = fu,K(v),θ (x), x ∈ �, (A.2)

then we have Q̂fu,K(v),θ (x) = fu,K(v),θ (x) for x ∈ S, and, therefore,

E(fu,K(v),θ (X(t)) | X(t−) = x) = lim
n→∞ Q̂nfu,K(v),θ (x) = fu,K(v),θ (x), x ∈ �,

which proves (2.8) for f = fu,K(v),θ .
Thus, it remains to prove (A.2) to complete the proof. Recall that U specifies busy servers.

Suppose that, for given (�, U, y) ∈ �, X(t, 0) ≡ (�, U, y) is changed to X(t, 1) ≡ (�′, U ′, y′),
where �′, U ′, y′ may be random. Let U(y) = {i ∈ U ; yi > 0}, which is the index set of
servers who continue service at this transition. Since U is the index set of busy servers and the
residual interarrival and/or service times which are going to vanish at step 0, we have

�′ = � + 1(y0 = 0) −
∑

i∈U\U(y)

1{yi = 0} = � + 1{y0 = 0} − |U | + |U(y)|. (A.3)

Hence, the server index set which starts new service is D(K \ U(y), �′ − |U(y|), where we
recall that D(A, j) is the set of servers selected from A for starting service of min(j, |A|)
customers. Thus, U ′ and y′ ≡ {y′

i; i ∈ K} are given by

U ′ = U(y) ∪ D(K \ U(y), �′ − |U(y|), y′
0 = y0 + 1{y0 = 0}T0,

y′
i = yi + 1{yi = 0, i ∈ U ′ \ U(y)}Ti, i ∈ K,
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where the Ti are independently chosen subject to the Fi . Note that y′
i = yi > 0 and i ∈ U

if and only if i ∈ U(y). Since there are (k − �′) ∨ 0 servers are idle in the state X(t, 1)

and |U ′ \ U(y)| = (k − |U(y)|) ∧ (�′ − |U(y)|), the definitions of η(u, θ) and ζi(v, θ) yield

Qfu,A(v),θ (x)

= E(fu,A(v),θ (X(t, 1)) | X(t, 0) = (�, U, y))

= E

(
exp

(
θ(�′ ∨ k) + η(u, θ)(T0 ∧ u) 1{y0 = 0} +

∑
i∈U ′\U(y)

ζi(v, θ)(Ti ∧ v)

))

× exp

(
η(u, θ)(y0 ∧ u) +

∑
j∈U(y)

ζj (v, θ)(yj ∧ v)

)
= E(exp(θ(�′ ∨ k))) exp(− 1{y0 = 0}θ + ((k − |U(y)|) ∧ (�′ − |U(y)|))θ)

× exp

(
η(u, θ)(y0 ∧ u) +

∑
j∈U(y)

ζj (v, θ)(yj ∧ v)

)
.

Thus, we have (A.2) if we can show that

�′ ∨ k − 1(y0 = 0) + ((k − |U(y)|) ∧ (�′ − |U(y)|)) = � ∨ k. (A.4)

Since |U ′ \ U(y)| = k ∧ �′ − |U(y| implies that

�′ ∨ k + ((k − |U(y)|) ∧ (�′ − |U(y)|)) = k + �′ − |U(y)|
and |U | = � ∧ k, from (A.3), it follows that the left-hand side of (A.4) is equal to

�′ − 1(y0 = 0) + k − |U(y)| = � − |U | + k = � − (� ∧ k) + k = � ∨ k.

Thus, we have proved Lemma 2.3. �
Proof of Lemma 2.4. (i) Fix v > 0. Obviously, ξ(v, θ) is decreasing in θ by the definition

of (2.16). We note that log F̂ (v, s) is convex in s ∈ R (see, e.g. Lemma 2.2.5 of [10]). Hence,
we have, for p1, p2 > 0 such that p1 + p2 = 1 and θ1, θ2 < θ ,

log F̂ (v, p1ξ(v, θ1) + p2ξ(v, θ2)) ≤ p1 log F̂ (v, ξ(v, θ1)) + p2 log F̂ (v, ξ(v, θ2))

= −p1θ1 − p2θ2

= log F̂ (v, ξ(v, p1θ1 + p2θ2)),

where the last two equalities are obtained from (2.16). Since log F̂ (v, s) is increasing in s ∈ R,
the above inequality implies that

p1ξ(v, θ1) + p2ξ(v, θ2) ≤ ξ(v, p1θ1 + p2θ2).

This proves the concavity of ξ(v, θ) for θ ∈ R. It remains to prove for ξ(v, θ) to be infinitely
differentiable. For this claim, we first consider the case that P(T > v) = 1. In this case,
ξ(v, θ) = −θ/v, and the claim obviously holds. Otherwise, F̂ (v, s) is analytic for all complex
number s, and its derivative F̂ ′(v, s) 	= 0 for all real number s because E(T ) > 0. Hence,
ξ(v, s) is analytic in a neighborhood around the real axis by the implicit function theorem. This
proves the claim.
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(ii) These facts are easily inspected through (2.16) because F̂ (v, θ) is increasing in v for θ > 0
and decreasing in v for θ < 0.

(iii) By (i) and (ii), we have, for θ ≤ 0,

0 ≤ ξ(v, θ) ≤ ∂

∂x
ξ(v, x)

∣∣∣∣
x=0

θ = − 1

E(T ∧ v)
θ, v ≥ 1,

while, noting the fact that ξ(v, δ) < 0 for δ > 0, for 0 < θ ≤ δ,

1

δ
ξ(v, δ)θ ≤ ξ(v, θ) ≤ 0, v ≥ 1.

Thus, combining these two inequalities, we have (2.18). �

Appendix B. Lemmas in Section 3

Proof of Lemma 3.1. The proof of (3.9) is similar to that of (3.8), so we only show (3.8).
We first note that

η(n)

(
1

qn

, qnθ

)
≤ η(n)(�, qnθ) < 0, 0 < θ < θ0,

0 ≤ η(n)(�, qnθ) ≤ η(n)

(
1

qn

, qnθ

)
, θ ≤ 0,

by Lemma 2.4. Hence, we only need to prove that

lim sup
n→∞

∣∣∣∣η(n)(1/qn, qnθ)

qn

∣∣∣∣ ≤ c0(δ)|θ |, |θ | < δ.

However, this was already obtained in Lemma 4.4 of [4] assuming the uniformly integrable
condition (3.12), tacitly assuming that θ

(n)

0 > a for all n ≥ 1 for some constant a > 0,
which implies that qnδ < a for sufficiently large n. This tacit assumption is easily checked
because E(T

(n)
0 ) converges to positive constant 1/λ0. Thus, we here show that the proof of

Lemma 4.4 of [4] is valid without (3.12).
It is easy to see that, in [4], condition (3.12) is only used to show Equation (A.9) and the

fact that, for a given y1, there exists a y2 > y1 for any ε > 0 such that

sup
n≥1

P(T
(n)
0 ≥ y2) < 1

2ε,

which is Equation (A.10) of [4], where T
(n)
e,i is replaced by T

(n)
0 of our notation. Suppose that

this claim does not hold, then, for some ε > 0 and any y2 > y1, there is a n0 ≥ 1 such that
P(T

(n0)
i ≥ y2) ≥ ε/2, which implies that

E(T
(n0)
i ) ≥ y2P(T

(n0)
i ≥ y2) ≥ 1

2y2ε.

Hence, we can choose y2 and n0 such that y2ε is arbitrarily large. This contradicts (3.7).
Similarly, Equation (A.9) of [4] is verified using the uniform integrability of {T (n)

i ; n ≥ 1}
in addition to (3.7) . Thus, (3.7) implies the claim, and, therefore, (A.10) of [4] is obtained
without (3.12). �
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Proof of Lemma 3.2. We prove only (3.13) for i = 0 since the proof is similar for i ∈ K .
Fix n ≥ 1 and v > 0. For simplicity, we denote η(n)(v, θ) by f in this subsection. By a Taylor
expansion of f (θ) around θ = 0, we have, for some δ ∈ [0, 1],

η(n)(v, θ) = f ′(0)θ + 1
2f ′′(0)θ2 + 1

2 (f ′′(δθ) − f ′′(0))θ2,

since f (0) = 0. Taking derivatives of (2.16) with F = F (n,v) and ξ = f , we have

f ′′(θ) = − (F̂
(n,v)
0 )′′(f (θ))(F̂

(n,v)
0 (f (θ)))2

((F̂
(n,v)
0 )′(f (θ)))3

+ F̂
(n,v)
0 (f (θ))

(F̂
(n,v)
0 )′(f (θ))

,

f ′′(0) = −(λ
(n)
0 (v))3(σ

(n)
0 (v))2.

(B.1)

Hence, from (3.6), we have

ε
(n)
0 (v, θ) = 1

2 (f ′′(δθ) − f ′′(0))θ2, v > 0, there exists δ ∈ [0, 1].
For θ = 0, obviously ε

(n)
i (v, θ) = 0, and (3.13) trivially holds. In what follows, we assume

that 0 < θ < θ0 since the case θ < 0 is similarly proved. Note that

|ε(n)
0 (v, θ)| ≤ 1

2θ2 max
0≤x≤θ

|f ′′(x) − f ′′(0)|. (B.2)

By letting v ↑ ∞, we can see that this inequality is valid for v = � because η(n)(�, θ) =
η(n)(θ) < 0 for θ > 0 by Lemma 2.5. In the computations below, we assume that 0 < v < ∞,
but they are easily adapted for v = � by letting v ↑ ∞, and lead to the same conclusion.

To simplify notation, let g(s) = F̂
(n,v)
0 (s). Then, g′(0) = E(T

(n)
0 ∧ v), and (B.1) can be

written as

f ′′(x) = −g′′(f (x))(g(f (x)))2

(g′(f (x)))3 + g(f (x))

g′(f (x))
,

and, therefore, using the fact that f (0) = 0,

f ′′(x) − f ′′(0) = g(f (x))g′(0) − g′(f (x))g(0)

g′(0)g′(f (x))

+ g′′(0)(g′(f (x)))3 − g′′(f (x))(g′(0))3(g(f (x)))2

(g′(0)g′(f (x)))3 .

We evaluate the numerators as

g(f (x))g′(0) − g′(f (x))g(0) = g(0)(g′(0) − g′(f (x))) + g′(0)(g(f (x)) − g(0)),

and

g′′(0)(g′(f (x)))3 − g′′(f (x))(g′(0))3(g(f (x)))2

= g′′(0)((g′(f (x)))3 − (g′(0))3) + (g′(0))3(g′′(0) − g′′(f (x)))

+ (g′(0))3g′′(f (x))(1 − (g(f (x)))2).

Hence, it is important to evaluate the differences g(f (x)) − g(0), g′(f (x)) − g′(0) and
g′′(f (x)) − g′′(0). Since f (x) is decreasing in x and g(s), g′(s), g′′(s) are all increasing
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in s, we have, using Taylor expansions again,

max
0≤x≤θ

|g(f (x)) − g(f (0))| = |g(f (0)) − g(f (θ))| ≤ |f (θ)|g′(f (0)) = |f (θ)|E(T
(n)

0 ),

max
0≤x≤θ

|g′(f (x)) − g′(f (0))| = |g′(f (0)) − g′(f (θ))|
≤ |f (θ)|g′′(f (0))

= |f (θ)|E((T
(n)

0 )2),

and
max

0≤x≤θ
|g′′(f (x)) − g′′(f (0))| = g′′(f (0)) − g′′(f (θ))

= |E((T
(n)
0 ∧ v)2(1 − e(T

(n)
0 ∧v)f (θ)))|

≤ E((T
(n)
0 ∧ v)2 e(T

(n)
0 ∧v)|f (θ)|(1 − e−(T

(n)
0 ∧v)|f (θ)|))

≤ |f (θ)| ev|f (θ)|
E((T

(n)
0 )2v(v−1T

(n)
0 ∧ 1)))

≤ v|f (θ)| ev|f (θ)|
E((T

(n)
0 )2(v−1T

(n)
0 ∧ 1)(1{T (n)

0 >
√

v} + 1{T (n)
0 ≤ √

v}))
≤ v|f (θ)| ev|f (θ)|

E((T
(n)
0 )2(1{T (n)

0 >
√

v} + √
v

−1
)).

Similarly, we have

max
0≤x≤θ

1

g′(0)g′(f (x))
≤ 1

(g′(0))2 e|vf (θ)|.

Since g′(0) = E(T
(n)
0 ∧ v) and g′′(0) = E((T

(n)
0 ∧ v)2), we have

E(T
(n)
0 ) − E(T

(n)
0 1{T (n)

0 > v}) ≤ g′(0) ≤ E(T
(n)

0 ),

E((T
(n)
0 )2) − E((T

(n)
0 )2 1{T (n)

0 > v}) ≤ g′′(0) ≤ E((T
(n)

0 )2).

We now let v = 1/rn and replace θ by rnθ , then (1/rn)f (rnθ) is uniformly bounded by the
linear function of λ0|θ | as n → ∞ by Lemma 3.1. Hence, recalling f (θ) = η(n)(v, θ) and
letting fn(x) = η(n)(1/rn, rnx),

lim sup
n→∞

max
0≤x≤θ

|f ′′
n (x) − f ′′

n (0)| = 0.

Thus, in (B.2), let either v = 1/rn or letting v ↑ ∞ and substitute rnθ to θ , then applying the
above limit completes the proof. �

Proof of Lemma 3.3. The proof is essentially the same as the proof of Lemma 3.2. Because
of the conditions (3.10) and (3.11), we need to divide the error functions by snr

2
n instead of r2

n .
Except for this manipulation, all the arguments in the proof of Lemma 3.2 go through. �

Appendix C. Lemmas in Section 4

Proof of Lemma 4.1. Recall that F0(0) = 0 is assumed. It implies that P(N0(t) ≥ n) =
P(T0(1) + T0(2) + · · · + T0(n) ≤ t), so there is a sufficiently large n ≥ 1 for any δ > 0 and
t ≥ 0 such that t ≤ nδ, which implies that

P(N0(t) ≥ n) ≤ P(T0(1) + T0(2) + · · · + T0(n) ≤ nδ).
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Hence, (4.3) is obtained if we can find δ > 0 for any a > 0 such that

lim sup
n→∞

1

n
log P

(
1

n
(T0(1) + T0(2) + · · · + T0(n)) ≤ δ

)
≤ −a. (C.1)

To prove this inequality, we use the Cramér theorem on large deviations (see, e.g. Theorem 2.2.3
of [10]) that, for any δ > 0,

lim sup
n→∞

1

n
log P

(
1

n
(T0(1) + T0(2) + · · · + T0(n)) ≤ δ

)
≤ −inf

x≤δ
�∗(x), (C.2)

where �∗(x) = supη∈R(ηx − log F̂0(η)). Since E(T0) > 0 and F̂0(η) is finite for η ≤ 0 by
Lemma 2.4, it follows from Lemma 2.2.5 of [10] that, for δ < E(T0),

inf
x≤δ

�∗(x) = �∗(δ) = sup
η<0

(ηδ − log F̂0(η)). (C.3)

Hence, the proof is completed if �∗(δ) can be arbitrarily large for some δ ∈ (0, E(T0)). Let
θ = −log F̂0(η), then η = ξ(θ) for ξ of (2.16) with v = ∞ and T = T0. Then, by Lemma 2.4,
ξ(θ) < 0 if and only if θ > 0, and, therefore, �∗(δ) can be represented as

�∗(δ) = sup
θ>0

(ξ(θ)δ + θ).

For each θ > 0, we can choose a sufficiently small δ ∈ (0, E(T0)) such that �∗(δ) ≥ 1
2θ .

Hence, letting a = 2θ , (C.1) follows from (C.2) and (C.3). �
Proof of Lemma 4.2. (i) Since θ ≥ 0, we can omit η(θ)R0(t) can be omitted from the

exponent in fKα(v),θ (X(t)) to prove the finiteness of its expectation because η(θ) ≤ 0 for
θ ≥ 0 by Lemma 2.4. Since

L(t) ≤ L(0) + N0(t), t ≥ 0,

Lemma 4.1 and Pνk
(L(0) = k) = 1 lead to

Eνk
(eθL(t)) ≤ eθk

Eνk
(eθN0(t)) < ∞, θ ≥ 0. (C.4)

We next check the finiteness of Eνk
(eWKα(v),θ (R(t))) for θ ∈ [0, α + δ0]. Let us consider Ri(0−)

on νk . Let Ut(0) = {i ∈ K; Ri(0−) ≤ t}. On νk , one of Ri(0−) vanishes for i ∈ K , so
Ut(0) ∈ 2K \ {∅}. Hence, it is enough to verify that Eνk

(eWKα(v),θ (R(t)) 1{Ut(0) = A}) < ∞
for each A ∈ 2K \ {∅}.

We now fix A ∈ 2K \ {∅}, and consider R(t) on Ut(0) = A under νk . If i ∈ K \ A,
then Ri(t) = Ri(0−) − t > 0. Otherwise, if i ∈ A then server i may start service in the time
interval [Ri(0−), t]. We apply similar arguments as in the proof of Lemma 4.3 of [30]. For this,
let ts(m) be the mth time when service is started and let ts,i (n) be the nth time when server i

starts service, where if more than one server simultaneously starts service, we count them
separately. Then, there is a unique n for each m ≥ 1 such that ts,i (n) ≤ ts(m) < ts,i(n + 1).
Denote this n by Ji(m). For y ∈ R

k+, let

gAα(v),θ (y) = 1{Ut(0) = A, yi ≥ 0, i ∈ A}
∏

i∈A\Kα

E(eζi (θ)(Ts,i−yi ) 1{Ts,i > yi})

×
∏

i∈A∩Kα

E(eζi (v,θ)(v∧(Ts,i−yi )) 1{Ts,i > yi}),
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then, from the fact that N0(t) + 1 customers arrive in [0, t], we have

Eνk
(eWKα(v),θ (R(t)) 1{Ut(0) = A})

≤ Eνk

(N0(t)+1∑
m=1

eWAc
α(v),θ (R(0−)−t1)

gAα(v),θ (t − ts,1(J1(m)), . . . , t − ts,k(Jk(m)))

)
,

(C.5)

where WAc
α(v),θ (y) = ∑

i∈K\(A∪Kα) ζi(θ)yi +∑
i∈Kα∩(K\A) ζi(v, θ)(yi ∧ v). Hence, recalling

the definitions of ζi(θ) and ζi(v, θ), Lemma 4.8 and (C.5) yield

Eνk
(eWKα(v),θ (R(t)) 1{Ut(0) = A}) ≤ Eνk

(eWAc
α(v),θ (R(0−))

) e|A|θ
Eνk

(N0(t) + 1)

≤ Eνk
(eWKα(v),θ (R(0−))) e|A|θ

Eνk
(N0(t) + 1)

< ∞.

Since |2A − {∅}| = 2k − 1 < 2k , (C.4) implies that

Eνk
(fKα(v),θ (X(t))) < eθk

Eνk
(eθN0(t))Eνk

(ewKα(v),θ (R(0−)))2k e(k−1)θ
Eνk

(N0(t) + 1),

which is uniformly bounded in v > 0 by Lemma 4.8 because wKα(v),θ (y) is decreasing in v.
Since it follows from (4.1) and (4.2) for u = ∞ and A = Kα(v) that, for θ ≥ 0,

|MKα(v),θ (t)| ≤ fKα(v),θ (X(t)) +
(

|η(θ)| +
∑
i∈K

ζi(v, θ)

) ∫ t

0
fKα(v),θ (X(s)) ds, (C.6)

Eνk
(|MKα(v),θ (t)|) also is uniformly bounded in v > 0 for θ ∈ [0, α + δ0) and fixed t ≥ 0.

This proves (i), and therefore Lemmas 2.2 and 2.3 imply (ii).

(iii) Since eζi (v,θ)Ri(t)∧v almost surely converges to eζi (�,θ)Ri(t) as v → ∞ by the definition of
ζi(�, θ), fKα(v),θ (X(u)) for u ∈ [0, t] and, therefore, MKα(v),θ (t) almost surely converges to
fKα(�),θ (X(u)) and MKα(�),θ (t), respectively, as v → ∞.

(iv) By (ii), MKα(v),θ (t) is an Ft -martingale under Pνk
for each v > 0, which implies that

Eνk
(MKα(v),θ (t) 1D) = Eνk

(MKα(v),θ (s) 1D), D ∈ Fs , 0 ≤ s < t. (C.7)

Since |MKα(v),θ (s)| is uniformly bounded in expectation and MKα(v),θ (s) almost surely con-
verges to MKα(�),θ (s) as v ↑ ∞ for each s ≥ 0, we can apply the dominated convergence
theorem to (C.7), which concludes (iii). �

Proof of Lemma 4.4. We only prove (4.8) because (4.9) and (4.10) are similarly proved.
Since, at arrival instant t , for L(t−) ≥ k,

fKα(v),θ (X(t))

fKα(v),θ (X(t−))
= eθ eη(θ)T0 ,

and, for L(t−) ≤ k − 1,

fKα(v),θ (X(t))

fKα(v),θ (X(t−))
= eθ eη(θ)T0

∏
i∈�J(t)\Kα

e−θ eζi (θ)Ti
∏

i∈�J(t)∩Kα

e−θ eζi (v,θ)(Ti∧v),
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where �J(t) = J (t)− J (t−) and either �J(t) \Kα or �J(t)∩Kα is an empty set, it follows
from (4.7) and the definitions of ζi and ζ

(n)
i that

E
(Kα(v),θ)
νk

(euT0 | R0(t−) = 0) = Eνk

(
fKα(v),θ (X(t))

fKα(v),θ (X(t−))
euT0

∣∣∣∣ R0(t−) = 0

)
= eθ

Eνk
(e(η(θ)+u)T0)

= eθ F̂0(η(θ) + u),

and η(θ) + u ≤ β0. �

Proof of Lemma 4.6. This lemma is partly a continuous-time version of Lemma 4.5 of [30],
and we will use the same idea for our proof. Let τ̃0(t) = inf{s ≥ t; H(s) ≥ �}, then∫ ∞

0 1{H(s) ≥ �} ds ≥ t implies that τ̃0(t) < ∞. Let At = {̃τ0(t) < ∞}. To evaluate
Pνk

(At | Fσ+
� −), we will use the probability measure P̃

(u,Kα(�),θ)
νk

of (4.21). Sinceγ ′
u,Kα(�)(θ)>

0, we have P̃
(u,Kα(�),θ)
νk

(At | Fσ+
� −) = 1. Furthermore, η(u, θ) ≤ 0 for θ ≥ 0. Thus, we have,

from (4.20),

Eνk
(exp(−WKα,θ (R̃(σ+

� −)))1At | Fσ+
� −)

= Ẽ
(u,Kα(�),θ)
νk

(
exp(−WKα,θ (R̃(σ+

� −)))
f̃u,Kα(�),θ (Y (σ+

� −))

f̃u,Kα(�),θ (Y (̃τ0(t)))

× exp

(
γu,Kα(�)(θ )̃τ0(t) + η(u, θ)

∫ τ̃0(t)

0
1{R̃0(s) ≥ u} ds

) ∣∣∣∣ Fσ+
� −

)
≤ Ẽ

(u,Kα(�),θ)
νk

(exp(−θ(H (̃τ0(t)) − (� − 1)) − η(u, θ)(R̃0(̃τ0(t)) ∧ u)

− WKα,θ (R̃(̃τ0(t))) + γu,Kα(�)(θ)t) | Fσ+
� −)

≤ Ẽ
(u,Kα(�),θ)
νk

(exp(−η(u, θ)u + γu,Kα(�)(θ)t) | Fσ+
� −),

where the last inequality uses the fact that H(̃τ0(t)) ≥ � and ζi(�, θ) ≥ 0 for θ ≥ 0. Integrating
both sides of this inequality for t ∈ [0, ∞), we have (4.22) for C = (−γu,Kα(�)(θ))−1 e−η(u,θ)u

because
∫ ∞

0 1{H(s) ≥ �} ds ≤ ∫ ∞
0 1As ds. �

Proof of Lemma 4.9. We only need to prove (4.30) for i = 0 because the proof is similar
for i ∈ K . We introduce the following notation for the nth system:

λ̃
(n)
0 =

(
E

(
T

(n)
0 1

{
T

(n)
0 ≤ 1

rn

}))−1

, σ̃
(n)
0 = E

(
(T

(n)
0 )2 1

{
T

(n)
0 ≤ 1

rn

})
− (̃λ

(n)
0 )−2.

Comparing (3.6) with (4.29), we can see that Lemma 4.9 follows from Lemma 3.2 if we have,

lim sup
n→∞

1

rn
|λ(n)

0 − λ̃
(n)
0 | = 0, (C.8)

lim sup
n→∞

|(σ (n)
0 )2 − (̃σ

(n)
0 )2| = 0. (C.9)

We will use the uniform integrability condition (3.12) to verify them. We first verify (C.8) in

https://doi.org/10.1017/apr.2016.84 Published online by Cambridge University Press

https://doi.org/10.1017/apr.2016.84


A unified approach for large queue asymptotics 219

the following way.

lim sup
n→∞

1

rn
|λ(n)

0 − λ̃
(n)
0 | = lim sup

n→∞
1

rn
λ

(n)
0 λ̃

(n)
0 E

(
T

(n)
0

(
1 − 1

{
T

(n)
0 ≤ 1

rn

}))
= lim sup

n→∞
1

rn
λ

(n)
0 λ̃

(n)
0 E

(
T

(n)
0 1

{
T

(n)
0 >

1

rn

})
≤ lim sup

n→∞
λ

(n)
0 λ̃

(n)
0 E

(
(T

(n)
0 )2 1

{
T

(n)
0 >

1

rn

})
= 0,

where the last equality is obtained by (3.7) and (3.12). Similarly, (C.9) is verified by

lim sup
n→∞

|(σ (n)
0 )2 − (̃σ

(n)
0 )2|

≤ lim sup
n→∞

(
E

(
(T

(n)
0 )2 1

{
T

(n)
0 >

1

rn

})
+ (λ

(n)
0 λ̃

(n)
0 )−2|(λ(n)

0 − λ̃
(n)
0 )(λ

(n)
0 + λ̃

(n)
0 )|

)
= 0.

This completes the proof of Lemma 4.9. �
In this paper, we omitted proofs of Lemmas 2.5 and 4.8. Furthermore, the proofs of

Lemmas 3.1 and 4.2 are not fully detailed. Their complete proofs can be found in a supplemented
version of this paper [23].
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