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Abstract

We are interested in a large queue in a GI/G/k queue with heterogeneous servers. For this,
we consider tail asymptotics and weak limit approximations for the stationary distribution
of its queue length process in continuous time under a stability condition. Here, two weak
limit approximations are considered. One is when the variances of the interarrival and/or
service times are bounded, and the other is when they become large. Both require a
heavy-traffic condition. Tail asymptotics and heavy-traffic approximations have been
separately studied in the literature. We develop a unified approach based on a martingale
produced by a good test function for a Markov process to answer both problems.
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1. Introduction

We are interested in a large queue in a GI/G/k queue with FCFS (first-come—first-served)
service discipline. This queueing model has a single queue and k servers who may have different
service-time distributions. Throughout the paper, k is an arbitrary positive integer, but fixed.
We refer to this model as a heterogeneous multiserver queue. As a queueing model, this queue
is basic and classical, but it is known to be difficult to obtain analytical results for this model.
Because of this, theoretical studies on it have been directed to asymptotic analysis. Among
them, behavior of a large queue is one of their major interests.

In this paper we study the large queue behavior through tail asymptotics and weak limit
approximations for the stationary distribution of the queue length process of the heterogeneous
multiserver queue. We describe this queueing model by a continuous-time Markov process,
and assume that it has a stationary distribution, that is, it is stable. Here, the weak limit
approximation is meant to derive a limiting distribution for approximation from a sequence of
the queueing models under appropriate scaling of their queue length. Such an approximation
traditionally assumes that the variances of the interarrival and/or service times are bounded,
and is obtained by increasing the traffic intensity to 1 from below, which is called a heavy-
traffic condition. We also consider another approximation under the heavy-traffic condition by
increasing the variances of the interarrival and/or service times, which is referred to as large
variance approximation.
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The tail asymptotics and heavy-traffic approximations have been separately studied in the
literature. For example, the tail asymptotics are obtained in Neuts and Takahashi [25] and
Sadowsky and Szpankowski [30] for the stationary waiting time distributions and some other
characteristics at arrival instants of customers, while the heavy-traffic approximation is obtained
for the stationary waiting time distribution in a GI/G/k queue with homogeneous servers by
Kollerstrom [19]. This heavy-traffic approximation is related to a diffusion approximation for
a process limit, which has been widely studied. In particular, for the heterogeneous multiserver
queue, a diffusion approximation is obtained for the queue length process in Chen and Ye [5].
Unlike those studies, we aim to give a unified approach to simultaneously answer both the tail
asymptotic problem and the heavy-traffic approximation on the stationary distribution of the
queue length process in continuous time.

For this unified approach, we describe the heterogeneous multiserver queue by a piecewise-
deterministic Markov process due to Davis [8], [9], which is called a PDMP for short. A major
difficulty in studying its stationary distribution comes from state transitions at arriving and
departing instants of customers, which are particularly complicated when some of the servers
are idle. In the PDMP, the effect of those transitions can be removed from system equations for
its dynamics by the so-called boundary condition. Since the boundary in this terminology is
different from boundary states for the queue length process, we refer to the boundary condition
of [8] as a terminal condition in this paper. A key step of our approach is to find a good test
function satisfying this terminal condition, which produces a martingale from the PDMP. This
idea will be shown to be useful not only for the tail asymptotic problem but also for the weak
limit approximations.

Obviously, the tail asymptotics of the stationary distribution are crucially influenced by the
heaviness of the service-time distributions. Because of this, different techniques have been
employed for the light and heavy tail cases in the literature (see, e.g. [12] and [20]). However,
it may also be interesting to see what occurs when they are mixed. This question was answered
for the stationary waiting time distribution by Sadowsky [29]. We revisit this question for the
stationary queue length distribution in continuous time, and obtain a similar answer to it (see
Theorem 3.1 and Corollary 3.1).

Our weak limit approximations for a large queue have the same spirit as Kingman’s [16]
two moment approximation for the stationary waiting time distribution of the GI/G/1 queue in
heavy traffic, which is extended to the homogeneous multiserver queue by Kollerstrom [19].
Motivated by them, the author [21] recently studied heavy-traffic approximation of the stationary
queue length distribution in continuous time in the GI/G/1 queue. The basic idea is similar to
using the aforementioned terminal condition. In this paper we refine it using the PDMP, and
attack various asymptotic problems for the heterogeneous multiserver queue, which have been
not studied in the line of Kingman’s [16] two moment approximation.

The present approach is flexible in modeling assumptions. For example, it allows arrivals and
service completions of different servers to occur simultaneously. This considerably complicates
analysis on state transitions, and is often excluded by assuming additional assumptions such
that the service-time distributions have densities. We do not need such assumptions. We also
demonstrate it to be applicable to the case that the arrival process is a superposition of the renewal
processes. Furthermore, the approach may be amendable for some other queueing models. In
particular, a queueing network is apparently more interesting for application. Braverman et al.
[4] showed that its heavy-traffic approximation can be studied in the same spirit (see Section 5.2
for more discussion).
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This paper comprises five sections. In Section 2 we formally introduce the heterogeneous
multiserver queue and the PDMP for describing it. We also discuss a martingale obtained from
the PDMP. A representation of the PDMP using this martingale is used to derive a stationary
equation with a certain good test function. Main results on the tail asymptotics and weak limit
approximations are presented in Section 3. In this section we also consider an extension of the
heterogeneous multiserver queue so that it has multiple renewal arrivals. Theorems are proved
in Section 4, where we detail change of measure for the tail asymptotic because they may
have their own interest. In Section 5 we discuss possible extensions of the present approach.
Technical lemmas are proved in the appendices.

2. Heterogeneous multiserver queue

We introduce the heterogeneous multiserver queue in Section 2.1. We then introduce the
Markov process and the related tools in Sections 2.2-2.4. These tools will be used to prove our
asymptotic results (Theorems 3.1-3.4) that will be stated in Section 3. Developing the tools
is an important part of the contribution of this paper, which may have independent interest.
Readers who wish to read the statement of the theorems without focusing on their proofs can
go to Section 3 directly after reading Section 2.1, picking up the definitions of functions (v, -)
and & (v, -) in Section 2.3.

2.1. Model description and PDMP

By a heterogeneous k-server queue for k > 1, we mean that customers arrive at a system
according to a renewal process and are served in a FCFS manner by k servers, numbered
as 1,2, ..., k, who have their own service-time distributions, which may be different. It is
assumed that service times at each server are independent and identically distributed (i.i.d.)
and independent of everything else. We denote the interarrival time distribution by Fy, which is
assumed to have finite positive mean 1/1¢. Thus, A¢ is the arrival rate. Denote the service-time
distribution for the ith server by F;, which is assumed to have a finite mean m;. Let A; = 1/m;,
which is the service rate fori € K, and let p = )‘O/ZieK Ai, where K = {1,2,...,k}.

For convenience, we let K = {0} U K, where 0 represents arrivals of customers.

Let 7; be a random variable subject to the distribution F; fori € K. To exclude trivial cases,
we assume throughout the paper that

(A1) P(T; > 0) > Oforalli € K.

This condition is equivalent to that of E(7;) > O for alli € K. It is notable that Fy(0)(=
P(T; = 0)) > 0 is possible under (A1l).

Since servers are heterogeneous, we need to specify which idle server is chosen by the next
customer to be served in a FCFS manner. Furthermore, if more than one server simultaneously
completes service and if the number of waiting customers is less than the number of those
servers, then we also need a rule to assign the waiting customers to available servers. This may
not occur with a positive probability if service-time distributions have densities. However, we
do not make such an assumption, and provide a server assigning rule to fully specify the model.

For this, we first put an arriving customer in the waiting line, and put the servers who complete
service at the same moment into the set of available servers. We then select customers in the
waiting line in a FCFS manner, and exclusively assign them to servers from this set. Let j be
the number of waiting customers, and let A be the index set of available servers. If j > |A],
then all servers become busy, so we do not need any rule, where |A| is the cardinality of A.
If 1 < j < |A|, we denote the index set of the servers who start new services by D(A, j).
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For convenience, we let D(A, j) = A if j > |A|. Thus, D(A, j) is a set-valued random
variable for each A € 2K and j > 1. We assume that D(A, j) has the same distribution for
each fixed A and j and is independent of everything else. We refer to this server selection
according to D(A, j) as aserver selection rule. Since we consider the large queue asymptotics,
the majority of our results are independent of this rule.

Since P(Tp = 0) > 0 is possible, there is some arbitrariness when we apply the server
selection rule. In this paper we number arriving customers one by one, and independently
apply the server selection rule for them even when they arrive simultaneously. Similarly, if
some servers have zero service times, then the server selection rule is repeatedly applied every
time when they occur. This dynamics is detailed in the proof of Lemma 2.3 in Appendix A.

We describe this queueing model by a continuous-time Markov process. For this, we define
the following characteristics at each time ¢, all of which are assumed to be right continuous.

e L(t): the number of customers in system.

I (t): the index set of idle servers.

J(t) = K \ 1(¢): the index set of busy servers.
J@) = f\ 1(t): the index O is included.

Ro(): the residual exogenous arrival time.

R; (¢): the residual service time at serveri € J(¢), and R;(¢) = 0 fori € I(¢),
where T; is independently sampled subject to F; wheni € J(¢) and R;(¢t—) = 0. Here,
R(t—) =1lim R(t — ¢), t > 0.

el0

We denote the (k + 1)-dimensional vector whose ith entry is R; () by R(t). Let
X(@) = (L(1), J (1), R(1)), t >0,

then X (-) = {X(¢); t > 0} is a Markov process, which describes the heterogeneous k-server
queue. By the right-continuous assumption, X (¢) is right-continuous and has a left-hand limit
for t > 0. Its state space is a subset of Z, x 2K x lel, where Z, and R are the sets of
nonnegative integers and numbers, respectively, and 2K is the set of all subsets of K.

This Markov process can be considered as a PDMP, introduced by Davis [8]. To have an
appropriate state space for the Markov process, we first define faces which are specified by idle
servers. For A € 2K let

ek ez x 2K xRt >k, A=g,
AT k- 1AL K\ A y) eZy x 2K xREYY, A £ o
These S4 are referred to as faces. Thus, the state space of the PDMP {X ()} is given by
S = UJperx Sa. In some cases, it will be convenient to use other faces defined as
I ={¢,U,y)eS;ieK\U}, iek.

It is notable that I'; is different from Sy;;. Yet another useful notation is the boundary of §
which represents the points where some residual times vanish. Similar to [8], we denote it
by I'. Namely,

'={¢ Uy eS; yo=00r K\U # o}

We will refer to I" as a terminal set of S rather than a boundary.
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In a PDMP, T is the set of states just before discontinuous state changes. However, I" can
not be identified by L(¢) and R(¢). We here need their left-hand limits. This is the reason why
we include J (¢) in X (¢).

Throughout the paper, we assume the stability condition that

(A2) the PDMP process X (-) has a stationary distribution, denoted by .

Recall p = 1o/(D_;cx Ai)- Itis easy to see that (A2) implies that p < 1. On the other hand,

Ao < Zki, equivalently, p <1, 2.1
ieK

is necessary for the stability of the fluid limit in Theorem 3.1 of [6], and, therefore, implies that
(A2) under the spread-out condition on either the interarrival time distribution or the service
time distributions, where a distribution on R is said to be spread-out if its » times convolution
for some n > 1 has a absolute continuous component with respect to Lebesgue measure (see
Section VII.1 of [3]). Condition (A2) is unlikely to be satisfied for p = 1 except for the case
that the interarrival and service times are deterministic, but its verification is not known. So,
we will just assume that (2.1) holds in addition to (A1) and (A2).

2.2. Extended generator of the PDMP

We first consider the dynamics of the Markov process X (-). Let £; = o(X(s); s < 1),
where o (-) stands for the minimal o-field. We call {¥;; + > 0} a filtration. Then, X (-)
is a strong Markov process with respect to {¥;; t > 0}. We describe the dynamics of this
Markov process using real-valued test functions. For this, we introduce useful classes for them.
By C; +1)(S) we denote the set of measurable functions f from S to R such that, for each
fixed (¢, U) € Z4 x 2K, (¢, U, y) is continuous for y € Rk+] and has contlnuous partial
derivatives for y € RY b’ except for y; # 0. The set of bounded functions in C;, +f )(S) is

denoted by C;;", (S).

For f € C,Sr’f )(S ), define a partial differential operator 4 as

a _
AU, y) = —Za—f(z, Uy, (UyeS,  y >0 foralljeU, (22)
ieU %
where U = {0} U U, and recall that D; is a finite subset of R such that the partial derivative
of f(¢, U, y) with respect to y; > 0.
For each i € K, let T; (£) be the £th interarrival time for i = O and service time fori € K,
let t; o = 0 and define #; , as
L+ T2) + -+ Ti(n), n=12,...,

and define the counting process N;(-) = {N;(t); t > 0} as
o
Nty =Y Wtin<t}, 120,
n=1

where 1 is the indicator function.
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Thus, No(-) counts arrivals while N;(-) for i € K counts departures from server i. By
superposing them, define the counting process N(-) = {N(¢); t > 0} as

N(t) = No) + Y _Ni(t),  t=0.
ieK
By the definitions, N (0) = N;(0) = 0. It also is easy to see that
L(t) = LO) + No(t) = ) _N; (1), 1 =0.
ieK

Note that N (-) may have jumps with size greater than 1. If this is the case, an arrival and/or
multiple departures from different servers occur simultaneously. This situation is already argued
as for the server selection rule. For our arguments, it is convenient to define the simplified
version of N (-), which counts the number of atoms of N (-) but ignores their magnitude. To do
so, we let {#,; n > 1} be a sequence of time instants defined as

t, = inf{s > t,_1; N(s) — N(t,—1) > 0}, n=12,...,

where tg = 0. We then define N*(-) = {N*(¢); t > 0} as

N*(t) = Zl{tn <1, t>0.

n=1

Since X (¢) is absolutely continuous in ¢+ € Ry with respect to the sum of the Lebesgue
measure and the random measure generated by the counting process N*(-), the integration
formula yields

t

t
FX@®) = fXO)+ /0 Af(X(5))ds + /0 Af(X(s)AN*(s), [ eCi(S), 23)

where Af (X (s)) = f(X(s)) — f(X(s—)). Throughout the paper, operator A stands for such
a difference. Note that AN*(s) > 0 if and only if X (s—) € I', which causes a discontinuous
state change, that is, X (s—) # X (s). We refer to it as a jump. To describe this jump, we define

the transition operator Q on C ,ii‘f ) (S) as

Of(X(s—) =E(f(X()) | X(s—)),  XG—) el feChP®), @4

where X (0), X (0—) should be considered as X (0+) and X (0), respectively. We refer to this Q
as a jump kernel.
Our arguments will be based on the following fact.

Lemma 2.1. (A version of Proposition 4.3 of Davis [8].) For a Borel-measurable function f
from S to R, let

t
Mo (1) = /0 (f(X(s) = Qf (X(s—))dAN*(s),  t=0, 2.5

then Mo(-) = {My(t); t > 0} is an F;-martingale if

t
]E(/ | f(X(s)) — Of(X(s—))] dN*(s)) < oo foreacht > 0. (2.6)
0
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This fact was proved in [8] using the compensator of the point process N*(-), which was
derived in [7]. However, its proof can be much simpler, which is given in Appendix A. Let
M(t) = Mo(1) + f(X(0)), then (2.3) implies that, for £ € C,7 (),

t t
M(t) = f(X (@) — (/0 Af(X(s))ds +/0 (Qf (X(s—)) — f(X(s—)))dN*(S))- 2.7

The following fact is immediate from Lemma 2.1.

Lemma 2.2. (A special case of Theorem 5.5 of [8].) For f € C,Sr’f)(S), if either (2.6) with
E(f(X(0))]) < oo or E(|M(t)|) < oo is satisfied, then M(-) = {M(t); t > 0} is an F;-

martingale. In particular, if f satisfies

Of(x) = f(x) forallx €T, 2.8)

then the ¥;-martingale M (-) is simplified to

t

M(r) = f(X(1)) —/O Af(X(s))ds. (2.9)

Davis [8] referred to (2.8) as a boundary condition. Since the term boundary is used in a
different sense in the queueing process context, we refer to (2.8) as a terminal condition. Recall
that " is named as the terminal set, which corresponds to this terminology. Ideally, one would
want to find a class of test functions such that its elements satisfy (2.8) and characterize the
Markov process X (-) (see, e.g. Chapter 4 of [11]). However, no recipe is available for it. We
attack this problem from a different viewpoint. Namely, we work with a smaller class of test
functions whose elements satisfy (2.8), while it does not characterize X (-) but is still useful for
asymptotic analysis.

2.3. Good test functions for the terminal condition
Let us consider the following form of a test function for each fixed 6, n, {; € R:

f, U, y) = &0 (V) ango(yo) l_[ efigi(yi), €, U,y €S, (2.10)
ieU
where g; is a function from R to R, such that g;(0) = 0, g;(y) is continuous and has a
continuous derivative in y except for finitely many values, and a V b = max(a, b) for real
numbers a and b. We also use the notation A as a A b = min(a, b).
We will use the following two functions for these g; fori € K:

gy =y, or gy =ynu, vi > 0. 2.11)

Obviously, g;(y) = y is a natural choice for g;, but this choice may not work well when the tail
probability of 7; is heavy. This is the reason why we introduced the second choice in (2.11),
where v; is referred to as a truncation level. In what follows, a common v is used for the
truncation level for i in a subset of K, while u is used fori = 0.

Our next task is to find 7, ¢; as functions of 6 for the f of (2.10) to satisfy (2.8). The idea
behind this is to make the expected values of Af (X (¢)) equal zero at the jump instants of N*(-)
to vanish. For this, we choose them as

1 is the solution of the equation: e?E(e"70")) = 1, u>0, (2.12)

g; is the solution of the equation: e*GE(eg"(T"A”)) =1, v >0, (2.13)
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and denote these n and ¢; by n(u, 0) and ¢; (v, 0), respectively. Clearly, these functions are
well defined and finite for all § in appropriate half lines or in R for finite u, v since E(e*Ti/#)
is strictly increasing in x € R for i € K. For simplicity, we denote 1(c0, 8) and ¢; (00, 6),
respectively, by n(6) and ¢; (8), which may not exist for some 6 € R.

For A € 2K, we denote f of (2.10) with go(y) = y Au, gi(y) = y fori € K \ A,
gi(y)=ynvfori € Aforeachu,v > 0,and § € Rby f, a),¢. Namely,

Ju,Aw, 0, U, y) = CXP<9(5 Vk) +nu, 0)(yo Au) + Z i (0)yi
icU\A

+ ) g“,-(v,@)(y,-Av)) for (€, U, y) € S. (2.14)

ieANU

If u = oo, this test function is denoted by fa(),e. If A = &, then it is denoted by f, ¢. If
u = oo and A = &, then it is denoted by fy. For example,

Tkw.o(€, U, y) = eXp<9(€ vV k) +n@)yo + Z Gi(v, 0)(yi A v))-
ieU

This notation system will be used throughout the paper. The next lemma will be proved in
Appendix A.

Lemma 2.3. Under the setting (2.12) and (2.13) and assumption (Al), the terminal condition
(2.8) holds for f = fu Aw).e for finiteu,v > 0, and A C K as long as £; (0) are well defined
fori € K\ A and n(u, 0) is well defined when u = oo.

We will note that n(u, 6) and ¢; (v, 8) have nice probabilistic interpretations. Because they
are similar, we present their general properties using some new notation. Let 7' be a nonnegative
random variable with a finite and positive expectation. Denote its distribution by F, and let
F(0) = E@’T) for 6 € R. We define S, and 6, as

B =supld € R; F(0) <oo}, 6, = —sup{d e R; e’ < F(By)}. (2.15)

Note that 8, > 0 > 0,. If B, = 0, then the distribution F is said to have a heavy tail. Otherwise,
iLis said to have a light tail. For v > 0, we consider T A v instead of T, and define F (v, -),
F(v, ), 0,(v), and B4(v) in a similar manner. It is notable that

,3*(11) = 400, 0, (v) = —o0,

since T A v is bounded by v. Let 6 = —log F(0), where & = oo if F(0) = 0. Similar to (2.12),
we define the functions & (v, -) as the solution to

S F, £, 0) = 1. (2.16)

Then, for finite v > 0, £(v, 6) is well defined and finite for all 6 < 9, but this may not be the
case for £(0) = £(00, 0).

We note that —& (v, -) can be considered as a rate function for large deviations. To see this,
let {N(v,t); t = 0} be the renewal counting process with interval time distribution F (v, -).
From (2.16) and Theorem 1 of [13], we have

1 _
§(v,0) = — lim - log E(e?N @), 0 <0. (2.17)
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Intuitively, this fact is helpful to understand what the function & (v, -) is, but technically it is not
so helpful. Because of this, we will not use the fact that (2.17) holds in proofs. We now present
important properties of & (v, ).

Lemma 2.4. (i) For each finite v > 0, £(v, 0) is decreasing, concave and infinitely differen-
tiable in 6 < 6.

(ii) For each fixed 0 € (0, 6) (6 <0, respectively), & (v, 0) is negative (positive) and increasing
(decreasing) in v.

(iii) For each § € (0, 0) and v > 0, we have

E(v, 0)] < max< 1|é§'(v, 8)|>|9| 0 < 4. (2.18)

1
E(T Av)” &

Although (i) is immediate from (2.17), we prove it in Appendix A as mentioned above. Using
Lemma 2.4, we define £(A, -) as

E(A,0) = liTrn E(,0), 60 <0. (2.19)

It is notable that £(A, €) may be different from &£(0) = & (oo, 0) as shown in the lemma below.
From Lemma 2.4, we immediately have the following facts.

Lemma 2.5. (i) £(A, 0) is finite and concave for all 6 < .

(i) E(A,0) < By forall 6 < 0 with equality for 6 < 0., and (A, 0) = £E(0) for 0 € (O, 0).
(iii) f(S(A, 0)) < oo forall O < 6.

Remark 2.1. Despite (iii), the derivative F' (E(A, 0)) = E(T; 5207 may not exist at =
0, > —oo, namely at 6 < O satisfying §(A,60) = Bs. A typical example for this is that

Fx) =1—-(1+x)"e withl <r <2and$ >0, forwhlchﬂ* =8, F(8) < oo and
0, = —log F((S) < 0, and therefore £(A, 6,) = 8, but F ) =

We next apply these properties for Ty and 7; for i € K. For T = Ty, we obviously have
n =& and n(v, -) = &(v, -), and therefore 1 (A, -) is defined as £(A, -). Similarly, for T = T;
withi € K, we have ¢;(6) = £(—0) and ¢; (v, 0) = £(v, —0) by (2.13), and ¢; (A, 0) is defined
as £(A, —0). Similar to 6, and B, of (2.15), define, fori € K,
0; =log F;(0), B =sup{d € R; F(9) < oo},
6 = sup{t € R; ¢’ < Fi(B)),

n(0.0) -
N e b

(2.20)

330 = Qu =0
gl] =

FIGURE 1: Plots of n(v, 6) and n(A, 0) for light-tailed (left) and heavy-tailed (right) Fp.
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t1(0) = M0 o
4 e G(0,0) ) =
/ ala.0) B = 91 =0] . B G (/U’H)
o A n b= 710 G0

FIGURE 2: Plots of ¢ (v, 0) and {1 (A, 0) for light-tailed (left) and heavy-tailed (right) F.

while 8y = —log Fy(0), Bo = B, and 8y = 6, for T = Tp, where 27\, is the moment generating
function of the distribution F;, namely, E(@) =E(T), and, for i € K, log F;(0) = —o0
if F;(0) = 0. Based on Lemmas 2.4 and 2.5, typical shapes of the functions n(v, -), n(4, -),
Z(v,-), and (A, -) are shown in Figures 1 and 2.

2.4. Stationary equations

Letu = vand A = K for f, aw),¢ of (2.14). We will use this test function f, k)¢ for
deriving the stationary equations. Let us introduce the following notation:

@i (v,0) = Ex (fo,k),0(X(0) I{R; (0) < v}), i€k,

P00, 0) = Ex (foxo(XOD1i ¢ JOD, i €K,
where E,; stands for the expectation conditioned on X (0) subject to . We define these functions
also for v 1 oo, and denote the limit of ®; (v, 8) by ®(A, 6), because it does not depend on i,

while ®; o(A, ) is used as is. We wish to apply Lemma 2.2 to the function f = f, k)6
under the stationary distribution 7. From the definition of # in (2.2), we have

AfU,K(U),9(£9 U’ }’) = _<77(U, 0) I{YO < U} + Zé‘i(v’ 9) 1{)’1 < v}>fv,K(v),9(E, U? y)

ieU
= —(n(v, 0) 1yo < vk + Y ¢i(v,0) Uy < v}
ieK
- > G, 01y < v})fv,m),e(e, U, y. (2.21)

ieK\U

Taking the expectation of (2.9) in Lemma 2.2 for f = f, k(v),¢ and assuming that E (£ (X (0)))
is finite, we have the following lemma since ®;(v, #) < oo implies that ®; o(v, 0) are finite
foralli € K.

Lemma 2.6. Under assumptions (Al) and (A2), forv > 0 and 60 € (O, 00), where O =
VieKQ,',
n(, 0)Do(v,0) + Y i(v,)Di(v,0) = Y i, )Pio(v,0) =0,  (222)
icekK iek
as long as ®; (v, 0) is finite for all i € K. In particular, (2.22) always holds for & < 0.

Let v go to oo in (2.22), then Lemmas 2.4 and 2.5 and the dominated convergence theorem
yield the following lemma, recalling that ® (A, 8) = &;(A, 6).
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Lemma 2.7. Under the same assumptions as Lemma 2.6,

(n(A, )+ Glo, e))@(a, 6) — Y Gi(n,0)®;0(n,0) =0, (2.23)

ieK iekK
as long as ®(A, 0) is finite.

We may consider (2.22) and (2.23) as stationary equations. For studying the asymptotic
problems related to the stationary distribution of L(-) = {L(¢); ¢ > 0}, one may consider to
apply the techniques developed in [18], [22], which are based on the stationary equation similar
to (2.23) and its variant called a stationary inequality. However, one must be careful about it.
First, ®(A, 6) is not the moment generating function of L. Second, n(A, 2) + ) ;cx i (A, 2)
may not be analytically extendable from the complex region {7 € C; Rez < 0}, since it is
difficult to see their analytic properties. Therefore, it is difficult to apply the method of analytic
extension in general, which is typically used for tail asymptotic problems (see, e.g. [17]).

3. Large queue asymptotics

In this section we present main results on tail asymptotics and weak limit approximations
for the stationary distribution of L(-).

3.1. Tail asymptotics

We first consider the tail asymptotics. For simplicity, we assume that Fp(0) = O in this
subsection, so fg = 0. As we argued at the end of the previous section, Lemma 2.7 may not
be helpful for this purpose. Nevertheless, the coefficient of ®(#) in it suggests that the tail
decay rate would be given by

azsup{@ > 0; —<77(9)+Z§,~(A,9)) 50}, 3.1)

ieK

where we have replaced 1(A, 8) by n(9) using Lemma 2.5. Recall the definitions of §; and 6;
for the distribution F; (see (2.20)). If « < 6;, Lemma 2.5 implies that we can also replace
gi(A,0)in (3.1) by ¢;(0). Let

YK (0)(0) = —(77(9) + ZCi(A, 9)>, (3.2

ieK

then yg (»)(0) is finite for@ > 0 and a convex functionby Lemma2.5. This yg () corresponds to
the rate function corresponding to —& (v, 6) of (2.17), which is the reason why minus signs are in
(3.1)and (3.2). If @ > Othen yx(a)(6) < Oforf € (0, ) since yI/“A)(O) =X — D jexri <0
by (2.1). Furthermore, if ¢;(A, @) < B;, equivalently, « < 6;, for all i € K, then 0 <
y[’«A)(oz) < 00. Otherwise, yl’((A)(oz) may diverge by Remark 2.1.

We prove the following theorem in Section 4. It shows that « is indeed the decay rate in the
logarithmic sense. For this, we need a further condition.

(A3) Forall i € K, the distribution of 7; is spread-out.

Theorem 3.1. Assume that the PDMP {(L(t), J(t), R(t))} for the heterogeneous k-server
queue satisfies (Al) with Fo(0) = 0, (A2), (A3), and (2.1), and let L be a random variable
subject to the stationary distribution of L(-).
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(1) Ifa < 0; foralli € K, where 6; is defined by (2.20), then « > 0 and, for some ¢ > 0,

lim e **P(L > x) =c. 3.3)
X—> 00
(ii) For each a > 0, we have
1
lim —logP(L > x) = —a. 3.4
X—00 X

Remark 3.1. Foraheterogenous multiserver queue with batch arrivals, similar tail asymptotics
are obtained for the stationary distributions of the waiting time, the queue length just after
arrival instants and some related characteristics embedded at arrival instants in [29], [30].
Thus, Theorem 3.1 may be considered as the continuous-time counterparts of those discrete-
time results for single arrivals. Its batch arrival version will be discussed in Section 5.1, which
includes the case that F(0) > 0.

From Figures 1 and 2, we can see that the heaviness of the interarrival time distribution F
has no significant influence on the tail decay rate . This is intuitively clear. Let us consider
how the heaviness of the service-time distributions influences the tail decay rate. Sadowsky
[29] calls a server with a heavy-tailed service-time distribution lazy, and remarks that they have
no contribution for the decay rate « (see the second last paragraph in Section 1 in [29]). In this
paper, such a server is called slow. To see the influence of slow servers, define, for A € 2K,

A0
pa=—=——r aa=supif =0; —(n@®) + ) &(a,0)) <0t
Dicati icA
Let Ko = {i € K; Bi = 0}, which is the index set of the heavy-tailed service-time
distributions. Then, the following fact is immediate from Theorem 3.1 since ¢; (A, o) = 0
fori € Ko and yk(p)(0) is convex in 6 € R.

Corollary 3.1. Under the assumptions of Theorem 3.1, a = ag\k,, and o > 0 if and only if
PK\Ky < 1.

As we mentioned in Section 1, our approach is flexible for modeling extensions. As an
example, we here modify the arrival process. The arrival process has been assumed to be a
renewal process for the heterogeneous multiserver queue. We replace it by the superposition
of renewal processes. Assume that there are m arrival streams, indexed by 1, 2, ..., m, which
are renewal processes with the interval time distributions F, 1, F, 2, ..., Fem, respectively.
We further assume that they are mutually independent and independent of everything else.
Denote those renewal processes as counting processes by Ng 1(-), Ne2(+), ..., Nem(-), then
their superposition is given by

m
Ne(t) =) Nei(t),  t=0.

i=1
We take this N.() = {N.(¢); t > 0} as an arrival process for the heterogeneous multiserver
queue. We assume the same servers as in Section 2.

In general, superposing renewal processes is analytically not tractable for an arriving process

of a queueing model. However, this is not the case in the present formulation because we only
need to redefine () as

n®) =y n®. OeR, (3.5)

i=1
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as long as all 17; () exists, where 7; (6) is obtained as the solution to
SF @) =1, i=12...,m

Note that n; (6) < 0 for 6 > 0, and therefore it exists and is finite for 6 > 0.

Theorem 3.1 can be extended for the superposed renewal arrivals. This extension is routine,
so here we only present results without proof. Let R, ;(¢) fori € J be the residual arrival time
at time ¢ > O for the ith renewal arrival process, and let Ry ;(¢) be the residual service time at
time ¢ > O for the jth server. Denote R, (¢) and R(¢) be the vectors whose ith and jth entries
are R, ;(t) and R; ;(t), respectively.

Theorem 3.2. Assume that the PDMP {(L(t), J(t), R.(t), R(t))} for the heterogeneous k
server queue with superposed renewal arrivals satisfies (Al) with F,;(0) = 0 for i =
1,2,...,m, (A2), (A3), and (2.1), where M\ is the total arrival rate, and let L be a random
variable subject to the stationary distribution of L(-). Then, (i) and (ii) of Theorem 3.1 hold
for the n of (3.5).

3.2. Weak limit approximations for a large queue

We next consider weak limit approximations for a sequence of the heterogeneous multiserver
queues, where F;(0) may not necessarily vanish. For this queue, Chen and Yao [5] studied
a diffusion approximation, that is, a process limit of those queues under diffusion scaling in
heavy traffic. They use a bounding method, called a sandwich. As mentioned in Section 1, we
do not deal with process limits, and directly consider the stationary queue length distribution.
In this situation, we do not need to scale time. We consider two weak limit approximations for
bounded and large variances under the heavy-traffic condition.

We consider a sequence of systems indexed by n = 1, 2, ..., and denote the characteristics
of the nth system by superscript «n) (for example, X ™y, Rl.(")(t), and Ti(") fori € K).
Throughout the indexed systems, we assume that the number k of servers is unchanged, while
the server selection rule may change. The mean arrival rate and the mean service rate of server i

are denoted by 2" and A", respectively. Denote the variances of T, by (5,")2, which are
assumed to be finite. Let »
o =3 (T
iekK
and let L™ be arandom variable subject to the stationary distribution of L™ (-) = (L™ @t); t >

0}.

We will use the stationary equations (2.22) and (2.23) for & < 0 in order to study the
weak limit of the stationary distribution of L () under a suitable scaling. Let ™ (v, 6) and
;i(n)(v, 6) be the truncated versions of r;(") (0) and g‘i(")(é), respectively, for the nth system,
where v is a truncation level. Of importance to us will be their Taylor expansions around the
origin. Let AE")(v) = l/E(Tl.(") A v), and let (al.(")(v))2 be the variance of Ti(") Avfori e K.
For v > 0, we define the functions

e (v, 0) = 1™ (v, 0) + 2P0 + 105" ) 0" W26 6 <8y, 56
e (0,0) =" ,0) - 2P0+ Lo W) W), 0>0", iek,

which correspond to the error terms for the second-order Taylor expansions of 7™ (v, #) and
;l.(”)(v, 0). We define these error functions also for v = A similarly to the definition (2.19), in
which 10 (4, 0) = limyyeo 1™ (v, 0), ¢ (8, 6) = limypoe £ (v, 6), 17 (8) = 1" (00) =
AWM and 6 () = 0" (00) = 0"
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We will study the weak convergence of g, L™ for a sequence of positive numbers {g,; n =
1,2, ...} which vanishes as n goes to co. To this end, we will evaluate Si(n) (1/qn, qn9). We first
assume the following mean rate condition:

lim A" =%, ek (3.7)

n—oQ
for some finite A; > 0. Clearly, this condition is equivalent to the convergence of the first
moments of Ti(") to finite and positive constants. We need the following fact, which is essentially
a special case of Lemma 4.4 of [4], but an extra condition is assumed in [4]. We show that it is
not needed in Appendix B.

Lemma 3.1. If (3.7) holds and if {Ti("); n > 1} is uniformly integrable, then, for a sequence
qn > 0 converging to 0, we have, for some positive constants c;(§) for each § > 0,

WA, gnd) 1™ 1/qn, gnd
lim sup max<’7 (8.4n0) 17 (1/qn. Gn )) <c@®)8l, 18] <8,  (3.8)
n—00 qn qn
™) )
D (p gn6) (1 gns gub
lim sup max<§’ (2,4n9) & " (1/Gn: Gn )> <a@®)0l, iekK.|0|<s. (39
n— 00 qn qn

Up to now, we have only assumed the convergence of the first moments, and g, > 0 can be
arbitrary as long as it converges to 0. We are ready to consider two scenarios on the variances
of interarrival and service-time distributions for this sequence.

We first consider the heavy-traffic approximation for bounded variances. That is, in addition
to (3.7), we assume that there are nonnegative constants o; for i € K such that

0<p™ <1 foralln>1, lim p™ =1, (3.10)
n— o0
nli)ngooi(") =020, ieK. Y 0;>0, (3.11)
ieK
lim sup E((T")? T™ > a}) =0, €K, (3.12)
a—00 ;o
where (al.("))2 is the variance of Ti("). The conditions (3.10) and (3.12) are so-called heavy

traffic and uniform integrability conditions, respectively. Note that the A; in (3.7) must be
positive under (3.10). Let 7, = 1 — p®™ and choose ¢, = r,,. The next lemma is a key for our
proof, which is proved in Appendix B.

Lem_ma 3.2. Assume that (3.7) and the heavy-traffic conditions (3.10)—(3.12), then, for each
i € Kandeacha > 0,

1
max(si(")(A, rn0), 81.(")(—, r,,@))‘ =0. (3.13)
T,

limsup sup 202
n

n—00 0<|f|<a 'y
This lemma is essentially the same as Lemma 4.3 of [4]. We now present the heavy-traffic
approximation. The following theorem is proved in Section 4.3.

Theorem 3.3. For a sequence of the stable heterogeneous multiserver queues satisfying as-
sumptions (Al), (A2), and (2.1), assume that (3.7) and the heavy-traffic conditions (3.10)—(3.12)
hold, and let L' be a random variable subject to the stationary distribution of L™ (-), then
we have

2A
nhm P{(1—p"")LY <x)=1 exp( 352 x), x> 0. (3.14)

ieK "ivi
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Remark 3.2. Theorem 3.3 is adirectextension of Theorem 2.1 of [21] for the GI/G/1 queue. For
a multiserver queue, this theorem generalizes Theorem 2 of [19] which assumes homogeneous
servers.

The second scheme assumes large variances. In addition to (3.7) and (3.10), we assume that
there is constant b; > 0 for i € K and a sequence of positive numbers s, for n > 1 satisfying
the following conditions:

lim s, =0, lim s,(o")? =}, ieK. Y b>0, (3.15)
n—00 n—00 —

ieK
which is referred to as a large variance condition. Let us consider the condition that

lim sups,E(T")2 YT > a}) =0, icK. (3.16)

a—>00 ;49

If this were to hold, then we can obtain a weak limit approximation for g, = s,, replacing
(3.10) by
o™ >0, lim p™ =p < 1.
n—o00

However, (3.16) can not hold because, for each a > 0, (3.15) implies that
lim s, E((T")? YT, > a}) = b?.
n—o0

Hence, the scaling factor must be of the small order of s,,. From the stationary equation (2.23),
we can see that the heavy-traffic condition (3.10) is still needed and the scaling factor must be
proportional to r,,s, = (1 — p™)s,. In this case, Lemma 3.2 changes to the following lemma.

Lemma 3.3. Assume that (3.7), (3.10), and the large variance condition (3.15) hold, then, for

eachi € K and each a > 0,
. 1 (n) (n) 1
limsup sup 792 ‘max <8i (A, Tusp®), &; osn) ) =0.

n—-oo 0<|f|<a Sn'y

This lemma is proved in Appendix B. Using this lemma, we prove the following theorem
in Section 4.4.

Theorem 3.4. Fora sequence of stable heterogeneous multiserver queues satisfying (Al), (A2),
and (2.1), assume that (3.7) and the large variance condition (3.15) in addition to (3.10) hold,
then we have

- ) 2ho
lim P((1 — p")s, LY <x)=1—exp —— —33°%) x>0, (3.17)
n—oe > ik M b

where L™ is a random variable subject to the stationary distribution of L™ (-).

4. Proofs of theorems

We first prove Theorem 3.1. Throughout Sections 4.1 and 4.2, it is assumed that F(0) = 0.
We will use a change of measure using a martingale obtained from Lemma 2.2, which starts
from L(0) = k. However, we can not directly introduce such a martingale because we may
require the truncations of R;(¢) for i € K. For this, we recall the definitions (2.20) for 6; for
i € K and o of (3.1), and let, for 0 € R,

Ky ={i € K; 6 <0}.

Obviously, Kg = @ for 6 < 0, and K, = @ for Theorem 3.1(1).
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4.1. Martingale and change of measure

We will truncate the service-time distributions whose indexes are in A D Ky for 6 € R.
Thus, similarly to M (¢) of (2.9), we define M, 4(y),¢(¢) for this A and u, v > 0, as

t
My, 4@y, 0(0) = fu,Aw),0(X (@) — /0 A fu, A(w),0 (X (5)) ds, t>0, 4.1

which is well defined for 6 > 0 because A D Ky. From o f, k(v),6 of (2.21), we have

A fu, Aw),0 (X (5))

= <7/u,A(v>(9) + 1, 0) {Ro(s) = ub+ Y &i(v,0) {Ri(s) > v}
icA

+ Z(Ci(Q) i ¢ A} + 6 (v, 0) 1{i € AP I{X(s) € Fi}>fu,A(v),9(X(S)), 4.2)

ieK

where Yy 4 (0) = — (0. 8) + X GO 1 & A} + (v, ) 1{i € A}).

By Lemma 2.3, f, A),e satisfies the terminal condition (2.8), and therefore we can apply
Lemma 2.2 if E, (|M, A),6(t)]) < oo foreach ¢ > 0 and each & > 0 because 6, < 0, where
E, stands for the expectation given that X (0) has a distribution v. If nothing is mentioned,
this v is assumed to have a compact support concerning L(0). To verify the finiteness of
E,(I1My, a@w),6(@)]), we will use the following fact.

Lemma 4.1. For each fixed t > 0 and for any a > 0, we have
1
lim sup — log P, (No(?) > n) < —a. “4.3)
n—oo N

This lemma is intuitively clear, but we prove it in Appendix C in order to make our
mathematical arguments transparent. The following lemma is a key for our arguments. For
this, let 7 be the stationary distribution of the embedded process of X (-) just before arrival
instants, that is, X (f9.,—), which is extended for n < 0 with #p,9 = 0. Note that 7 is well
defined because X (-) has the stationary distribution . We define its conditional distribution v
on (L(0—), L(0), R(0—)) as w({€} x '} x B) = 1{t + 1 = ¢ = k}P>(R(0—) €
B | L(0-)+1=L(0)=k)fort, ¢ € Z;,and B € B(RE™).

Lemma 4.2. Let §g = o0 if Ky = K, while 6o = min{6;; i € K \ Ky} — @ > 0 otherwise.
For 0 € [0, a + 80), we have the following facts.

(i) Fort =0, sup,- o se0..]Ev (ko ).0 (X (5))) + Ey 1Mk, @).0(s)]) < oo.
(i) {Mk,w),0(t); t = 0} is an F;-martingale under P,,,.

(iii) Mk, (v),6(t) almost surely converges to Mk, (a),6(t) as v 1 oo, and

t
Mg, (0).6() = fkq().0(X (@) — /0 A fK,(n),0(X(s))ds, t >0,

(iv) {Mk,(p),0(t); t = 0} is an F;-supermartingale under P,,,.

Remark 4.1. This lemma also holds f(g Su.kw),0 and My, g ),e(t) foru,v > 0and 0 > O
because all R;(¢) are truncated fori € K.

https://doi.org/10.1017/apr.2016.84 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.84

198 M. MIYAZAWA

Lemma 4.2 enables us to apply an exponential change of measure following Palmowski and
Rolski [26]. Taking (4.1) into account, we let

fKa),0(X (1)) < " A fi,),6(X(5)) )
— = exp|l—|] ————ds|,
SKa),0(X(0)) 0 JKe).0(X(5))

then E/K«®.6 (1) is an F;-martingale by Lemma 3.1 of [26]. It follows from (4.2) that

SKo),0(X (1))

Efkaw 6 (t) =

t
Efka.0 (t) = exp(—yka(v)(e)t — Z gi (v, 9)/ 1{R;(s) > v}ds
0

SKa),6(X(0) icKy
=) @O Ui & Ko} + (v, 0) i € Ko))
ieK
1
« / X () € Fi}ds>. “4)
0

Recall the conditional distribution vg. Since E ka0 (t) > 0 and E FKo 01,6 (0) = 1. we can
define a probability measure Pﬁf"(”)’g) by

K, (v),0
d]P)l(Jk (v),0)

= Efkawi (1), t>0. 4.5
dP,, () > (4.5)

F

We denote expectations under IP’f,kK"(“)‘e) by E,(,f”(”)’e). By Theorem 5.3 of [26], X(-) under
Pﬁf“(v)’g) is again a PDMP with generator A starting with the initial distribution v. To find
the jump kernel Q under the new measure IP’l(f"‘(v)’ ), we note the following fact, which is

immediate from the definition (4.5) and the truncation arguments.

Lemma 4.3. (Proposition 3.8(a) of [15, Chag)ter II1].) Let Z be a nonnegative random variable
v

with finite expectation with respect to ]P’,(,f"( ’e), then

Ef«0(z | F,) = Ey (E/ka®®(0)Z | F),  0<s<t.  (46)

Efkawo (5)
Letting s 1 ¢ in (4.6), we have

1
SFKo),0(X (=)
Thus, we define the transition kernel QK«®).) a5 for g € C lgflél-?l (),

QKW g(x (1))
1
T fraw.e(X (1))

then this is the jump transition kernel Q under Pf,f“(v)’e). One can check that this is identical
with Equation (5.14) of [26] because fk,(v),¢ satisfies the terminal condition (2.8). Similarlg,
we define F;-supermartingale E /K« (1), possibly defective probability measure IP’I(,f"(A)’e ,
and jump kernel QK«(2)-9) " Obviously, those jump kernels do not depend on vy.

We next consider the distributions of 7; at the jump instant under IP’\()f”(U)’G) for v > 0 and
v = A. They are assumed to be independent of the initial distribution of (L(0—), R(0—))
under vk, and may be written as Ti(K“(U)’G). However, this notation is quite cuambersome, so we
keep them as they are, which causes no confusion as long as measures for their expectations
are specified.

Ef«W-0 (7 | F_) = By, (fky).0 X(NZ | Fio). 4.7

By (fKa),0 (X (0)g(X (1)) | X(t-)), X(t—-)el,
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Lemma 4.4. Foreachv > 0and 6 € [0, a + &),
E{f 0@ T0) = Fon@) +5), s < po—n(0), (48)
EKe-D(e5T) = e P Fi(ci(0) +5),  s<pi—&@).icK\Ke. (49
EKe D8 Tir)y = e O F (0, 5;(v,0) +5), s <Bi—&(v.0),i €Ky  (4.10)
The same formulas also hold for v = A.

Remark 4.2. (i) The right-hand terms of the inequalities for s in (4.8) and (4.9) are the
convergence exponents of the corresponding distributions because of (2.20).

(ii) Since n(e) < 0 and (@) < Bi fori € K \ Ko, ESK«®)® (T3} is finite for i = 0 and
i € K\ K. Otherwise, consideri € K. Since 8; — ; (A, @) = 0 in this case, we have

@ O(T) = e By, (T; P11,

which may be infinite as noted in Remark 2.1. Hence, even if X () is a PDMP under ]P’f,f“(m’e),

the corresponding service time of the ith server may have an infinite mean.

Lemma 4.4 will be J)roved in Appendix C. Since the generator # is unchanged under
Pf)f“(v)’e) and IPl()f"(A)’ ), the distributions in Lemma 4.4 uniquely determine jump kernels
Q(K“(U)ﬂ) and Q(K“(A)'e). Note that the distributions of 7y and 7; for i € K \ K, do not
depend on v under those change of measures.

Let us consider the mean drift of L(¢) in the off-boundary states under Pﬁf“(v)’g) forv >0
and v = A. For this, we compute the corresponding characteristics to yk, ) (f). It is easy to
see that n, ¢; fori € K \ K, and ¢&; (v, -) fori € Ky under P](,f"(v)’g) are given by

nKeWD@) = @O +8)—n©), 0.0+0=0, (4.11)
(KOG =0 +0) —5©),  0.0+0e€0,a+5), i€ K\Ky,  (412)
(KD, 0) =G, 0+0) — ¢(v.0),  0.0+0>04. €K, (4.13)

From (4.11)—(4.13), we have, forv > Oand v = A,

Ko (v),0) 3y «(v),0) (A Ko (v),0) 3 Ko (v),0 .
yl((a(v(;’) )(9) = _<n(K (v),0) (9) + Z é-l( (v) )(0) + Z é-l( (v) )(U, 9))
ieK\Ky ieKy

= Vko() (0 +0) = VK, () (©). (4.14)

Since ¢ () = & (A, «) fori € K \ K, we have
VKo (&) (@) = vE () (@) = 0. (4.15)
Hence, letting v = A and 6 = « in (4.14),
Vo @) = vk @ +8) =0, >0,
since yk,(a)(a + ) is a convex function and VI/<a( A)(0—) < 0. They also imply that
Ko (D),
VeV (0-) = v, () (@—) > 0.

This means that L(¢) has a positive mean drift at off-boundary states under Pf,f“m)’a). Since
YKo ) (0) 1 YK, (n)(0) as v 1 oo by Lemma 2.4, we have the following key facts.
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Lemma 4.5. (i) Forallv > 0and 0 € [0, o], yk,w)(0) < 0.
(ii) There are a 6 > 0 and vy > 0 such that

(yl((lj‘(’v()”)’g))/(O—) >0  forallv > vy. (4.16)

(iii) Either for (v, 0) = (A, @) or for each v, 0 > 0 satisfying (4.16), L(t) — oo almost surely
ast — oo under Pﬁfa(l’) 2

We can get back P from ]P’<K“(U)’9). For this, let Z(¢) be a process which is F;-adapted and
has a finite expectation for each t > 0. From (4.4) and (4.5), we have

Ey, (Z(1)) = E{f«-0) (za) exp(—0(L(t) — L(0)) + Vi, ) ()t — n(0)(Ro(t) — Ro(0))
— Wk, ),0(R@®)) + Wk, v),6 (R(0)))

X exp(Z gi (v, O)f (H{R;i(s) > v}+1{X(s) e ;D ds

ieKy

+ > g,(e)/ 1{X(s)eF}ds>> forv>0,v=2, (417

ieK\Kqy
where
WkaweW = Y @i+ ) G@.0)0iAv.,  y=00y1....n) e R{
ieK\Ky ieKy
4.2. Proof of Theorem 3.1

The spirit of our proof is similar to that of Theorem 2.3 of [30], which is based on the change
of measure technique. However, the time index as well as the formulations are quite different.
So, we will detail our proof. In this subsection, we present basic facts, then we prove the
cases (i) and (ii) in Sections 4.2.1 and 4.2.2, respectively.

Define random times o; and o, as

=inf{t > 0; L(t—) < L(t) = ¢}, o, =inf{t > 0; L(t—) =k > L)},
then they are stopping times. By this definition, 02’ is £, - -measurable. Recall that vy
specifies the conditional distribution of R(t)0—) = R(0—) under the stationary distribution
of the embedded process {X (fp,,—); n € Z} given that L(0—) + 1 = L(0—) = k. Then, the
stationary tail probability of L is given by the so-called cycle formula (see, e.g. Corollary 2.1
of [24]), i.e.

P(L > ¢ | sz):;_Evk(/gk 1{L(s)2£}ds>, ¢> k. (4.18)
Ey, (0,) 0

From (4.17) with t = ‘713+ — (see, e.g. Theorem 3.4 of [15, Chapter III]) and Lemma 4.5,
which implies that PYf**"*) (o;f < 00) = 1, we have, for € > k,

E,, </6" 1{L(s) > E}ds)
0

%k
=Ey, (/+ HL(s) = £}ds o/ < ak_}>

14
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33,;_) l{o, < oo}>

F +_> I{JZr < 00}

9

or
=E, (Evk (/ 1{L(s) > ¢} ds
U;Ao,:
= E(K«@®.0)

x <]Evk (f? 1{L(s) > £} ds
o, AUI;

« e—a(L(aﬁ—)—L<0)>—n(a>(Ro(af—)—Ro(on—WKa(A),a(R(a;—>>+WKa(A>,a<R<0>))

7o)

e—WKM),a(R(a;—>>+WKa<A),a(R<0—>)>’ (4.19)

a,:
= e—a(l—k—l)]El(fa(A),a) <Euk (/+ 1{L(s) > ¢} ds
(o}

¢ N0

where we have used the fact that yg,(a)(e) = 0 and Ry(0—) = 0.
Since L(t) in (4.19) is never below k, we can replace it by H (¢) defined as

H () = L©O) + No(t) = Y_ Ni(0),

ieK

where we recall that ]Vo and ﬁi are the renewal counting processes with the interval timss To
and T;, respectively. We denote the residual time to the next point of N; at time 7 by R; (),
which is identical with R (t) for ¢ <o when L(O) = k. Since the increments A H (¢) only
depend on H(t—) and R(t ) = {R (t—); i e K}

Y(1) = (H (1), R(1))

is a continuous-time Markov additive process with additive component H (7) and background
process {R(¢); t > 0}. We assume that Y (-) = {Y(0—), Y (¢); t > O} starts with Y (0—) subject
to vk. In particular, H (0) = k under this distribution.

Taking Remark 4.1 into account, we introduce the following ¥;-supermartingale for Y (-)
with the initial distribution v; and for 6 € [0, o + §¢):

. Ko(2),0(Y (1))
Fuko(a).0 (Y (0))

t ~
X eXp<_Vu,Ka(A)(0)t —n(u, 9)/0 K{Ro(s) = u}dS>, (4.20)

Efu Ka(0).0 (1) =

where f;,Ku(A),g(Y(t)) is defined as

Fo k(6 (Y (D)) = e HOFNWO RN Wy 8).0 Re(1))

Similar to Pl(f «(8)0) e define the probability measure IP’(” Ka(2)-6) (2, F) by
dfp\()t:,l(am)ﬁ)

— Flukawio(; , t>0. 4.21
dP,, ® B ( :

Fi

We denote expectation under ﬁl(f,f’K“(A)’e) by E(,',f’K“(A)’e). We prove the following lemma in
Appendix C.
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Lemma 4.6. Foru > O0and 6 € [0, o +89) satisfying that v, k,r)(0) < 0and yu',KQ(A)(H) >
0, there is a positive constant C such that, for £ > k + 1,

=~ 4 oo

E,, (e—WKaw(’““e =) / 1{H(s) > £}ds
+
%

370;_) < C. (4.22)
Define A4 (£) and h_(£) fort > 0 as

hi(f) =E,, (/OO 1{H(s) > €} ds

3

h_(¢) =E,, </ 1{H(s) > £}ds l{o,} <o}

k

— Rict—
aé"—)e Wiy (a).0(R(o, ))’

}*’UJr) e—WKa(A),o(ﬁ(Uf—)).
¢

By Lemma 4.6, h4 (£) and h_(£) are uniformly and almost surely bounded by C over all £ > 0.
Then, (4.19) can be written as,

e?k=bg, (/Uk 1{L(s) > Z}ds)
0

= EKa(®:) (1. (0) — h_(0)]

x &~ Wka(e).a RO )= Wicq().6 R D) o Wikq(a).RO-D) (493

We need two more lemmas. The first one concerns the Markov additive process Y (-) under
IP’(K“(A) 9 Since R (¢) for i € K are the residual times for the next counting times of
1ndependent renewal processes, {R(t)} is Harris positive recurrent by the spread-out condition
(A3), and therefore the embedded Markov process { R(to »—)} also is Harris positive recurrent
under IP’(K «(8):@) ince this process can be considered as a background process of {Y (¢,,0—)}
and H (fp,,—) has a positive drift under IP(K“(A) @) , Theorem 1 of [1] (see also Theorem 4.1
of [2]) yields the following fact.

Lemma 4.7. Under the assumptions of Theorem 3.1, {ﬁ(a;‘—); ¢ =1,2,...}is Harris posi-

tive recurrent under ]P"()f“ (A)’a), so it has the stationary distribution, which is denoted by veo (Y).

The second lemma concerns the distribution v. Recall that the embedded process {X (,,)}
has the stationary distribution because X (-) does also. Then, by the spread-out condition (A3),
{R(to,,—); n = 1,2, ...} is Harris positive recurrent. Thus, the following fact was obtained
in Lemma 4.3 of [30], which assumed Harris positive recurrence for {X (tp_,—)}, but its proof
only requires it for {R(¢p ,—)}.

Lemma 4.8. Under the assumptions of Theorem 3.1, E,, (eWka 6 (RO-DY o6 forv > 0 or
v=Aand0 € [0, a + &p).

4.2.1. Proof of Theorem 3.1(i) for exact decay rate. By the assumptions in Theorem 3.1(i),
Ky =9,5s0 IP’,(,k T simply denoted by P(“). This also implies that there exist # > 0 and
0 € (0, o) satisfying the conditions of Lemma 4.6. Hence, from Lemma 4.6 and the fact that
gi(a) — ¢ (@) > 0 for o > 6, we have

le:];o E® <h+(£) exp(— Z({i (o) = G (O)R; (GZF—)))

ieK

=E2y, (h+(0> exp(— Y (@i(@) — GO R; (0—>)). (4.24)

ieK
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NotethatO < h_(£) < h4(£). Furthermore, 1{H (s) > E}l{og+ < oy, }almost surely converges
to 0 as £ — oo because Py, (0, < oo | F_+_) = 1 foreach £ > k + 1. Hence, h_(¢) also
converges to 0 as £ — co. Thus, by Lemma ﬁ.& it follows from (4.23), (4.24), and the bounded
convergence theorem that

.
lim e*¢*=DE, (/ L) = Z}ds)
0

{—00
=EY <h+<0> exp(— Y (i) — G O)R; <0—>))Evk (exp (Z Gi(@)R; (0—>))
ieK ieK
< Q.

Thus, (3.3) is obtained from (4.18), which proves (i). O

4.2.2. Proof of Theorem 3.1(ii) for logarithmic decay rate. To prove (ii), we first consider an
upper bound of the limit in (3.4). For this, we apply Lemma 4.6 to (4.23), then we have

o
ea(éfkfl)EVk (/ k 1{L(s) > E}ds) < CINE]()kKO,(A),a)(eWKa(A),a(R(Of)))‘
0
Hence, from (4.18) and Lemma 4.8 we conclude that

1
lim sup 7 logP(L > ¢) < —a.

{—00
We next consider a lower bound. For this, we first choose 6 satisfying the conditions that,
for some v > 0, 6 > «,
Yke (@) <0, vk 1)(©) >0,
which is possible because vk, ) (@) 1 Yk, (»)(@) asv 1 A and yk,(a) (@) = 0by (4.15). Then,
itis easy to see that we can find a sufficiently large # > 0 by which the conditions of Lemma 4.6
are satisfied. We now use (4.17) for Z(¢) = E,, (f,gk {L(s) > £}ds|F—) 1{o, > t}. Since

Lo/ —) =¢—1,L0) =k, 1?0(02‘—) = Ry(0—) = 0, £i(v,6) > 0, and ﬁvf‘”(v)’g)(ag' <
o0) = 1, we have, similar to (4.19),

k-1 (/0" HL(s) > z}ds>
0

~ Ok
> El()fa(v)ﬂ) (EVk </+ 1{H(s) > £}ds
[e}

14

F . >e—WKa(v),e(R<o;—>>>
O-Z —
— IE\()fa(v)ﬁ)((h_"_(g) —h_(0) eWKa(A),a(R(Uf—))—WKO((u).e(R(Uf—))). (4.25)

The last term of this inequality converges to

IEl(}Kd((yU))ﬁ)(h+(0) eWKa(A).H(R(O_))—WKa(u),Q(R(O—))) -0

as £ — oo by the following facts. First, "k (). (RO)=Wiqw).0(RO) js hounded by 1 because
Wk, (2),6(R(0—)) — Wk, ), (R(0-)) < 0. Second, h_(£) is not greater than /4, (£) and
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vanishes as £ — oo. Thus, we can apply Lemma 4.6, the IP’(K”((")) 9

the bounded convergence theorem. Hence, from (4.25), we have

-version of Lemma 4.7 and

1
liminf - logP(L > £) > —6.
t—>o00 £

Since 6 can be chosen to go to o as v 1 0o, we arrive at the lower bound, which completes the
proof of (ii). ([l
4.3. Proof of Theorem 3.3

We consider the stationary equation of the nth system corresponding to (2.22) for 6 < 0.
Similar to f k(v),6 of (2.14), we define flf K@).0 foreachn > 1 as

) ) .
fv(nl){(v) 6(5 y) = ef max(¢.k) on 0,0)(YoAV)+) ik & (059)()’%11)’ (,y)eS.

Define ®™ as
Q" (v, 0) = E(f} (s X)), v>0,0<0,

where X is a random variable subject to the stationary distribution of the PDMP X (.) =
{X(")(t); t > 0}, which describes the nth system. Obviously, CD(")(v, @) is finite for 6 < 0.
Similarly, we define, for v > 0 and 6 < 0,

O (1,6) = E(f"} ) o XV LR <v)). i€k,

Cb(")(v 0) =E(f"y (U)Q(X(”))I{R(") =0}), jek.
Then, the stationary equation of the nth system corresponding to (2.22) is given by
™, 00" (.0)+ Y ;" WO . 0) - Y " 0)e . 0) =0  (4.26)
ieK jek

forv >0and g < 0.
Letr, =1— ,0("). By the heavy-traffic condition (3.10), r,, vanishes as n — oco. We scale
L™ () as r, L™ (¢). To realize this, we let

- 1 ~ 1 ~ 1
M (@) = o™ (-, rn@), 3" 6) = o™ (-, rné), CD%(Q) = q>;."g)(_, r,,e).
T, 'n ’ ’ n

n

We correspondingly define ﬁ(") (0) and Ei(") (0) as

~ 1 ~ 1
n(ﬂ)(@) — n(n) (r_, rn9>’ é.l(n)(e) — Cl("l)<r_’ rng), ieKk.

n n

Then, (4.26) can be written as

7O 0)+ > "0 ®) - > T 0)8)0) =0. (4.27)

iek jeK

We claim that

- 2
lim @™ @) = 0

) 0 <0. 4.28
n— 00 2)\0 _ Z]ef )\30.29 ( )

https://doi.org/10.1017/apr.2016.84 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2016.84

A unified approach for large queue asymptotics 205

Suppose this claim holds, then the proof of Theorem 3.3 is completed if we can show that
lim 3™ (@) — EEL"%)| = 0.
n—o0

Let f;’l)(X )y = f1(7r)n, K /) o (X ™y for simplicity, then this is obtained by recalling the
definition -
o™ (0) = E(fy" (X)),

and applying the bounded convergence theorem to
3™ ©) — B

< E(ﬁ(”(x("))’l — exp(—0r, (k — ™)) exp(—ﬁ("’(e)mé") A1/ra)

ieK
because 7™ (0) (RS A 1/r,) and 2 (0)(R"™ A 1/r,) vanish in probability as n — oo by (3.8)
and |r,(R™ A1/ry)] < 1.

Thus, it remains to prove (4.28). For this, we will use (4.26) and Lemma 3.2. We first
specialize this lemma in the following way.

Lemma 4.9. Assume (E. 7) and the heavy-traffic conditions (3.10)—(3.12) hold, and let, for each
n>1landr,0 € Bk, 00),

50) =T 0) + 15 0 + 1047 (08?1262,

- ~ (4.29)
50) =" ©) — 26 + 1) (0" 267,

then, for each i € K and ¢ > 0, there is a sequence {Gi.n(c)} vanishing as n goes to 0o such
that

1 ~
r—ZISf")(O)I <ain©Ifl, n=1 10| <c. (4.30)

n

We defer the proof of this lemma to Appendix C. We rewrite (4.27) as

(W(e) + ZE}’”(@)) SRIOES IO
ieK ieK
= 7M@) @™ ©) — 35 (©) + Y _ " ) (@™ (6) — " (0)). (4.31)
ieK
We will divide both sides of this formula by r,%@, and let n go to co. For this computation, we
will use the following facts, which are obtained from Lemma 4.9, (3.7), (3.10), and (3.11).

1 ~ 1
: N ()] (n) _ 2 3 2
lim 27 (n (9)+Zgi (9)) =20 Zinai 0, (4.32)
iekK icK

R

lim — 7™ @) = —Ao, (4.33)
n—o00 rne

1 ~
lim — 2™ (@) = A;. (4.34)

n—00 1,0 "
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As is well known, it follows from the renewal theorem that
S —
P(R"™ > v) = A""P(R" > 0) f P(T™ > x)dx, ieK.
v
This and the uniformly integrable condition (3.12) yield that

1 1 1 o0
lim sup —P(an) > —) < lim sup —XE")/ IP’(Ti(n) > x)dx
n—oo In n n—oo In 1/7';1

)

T,
i 1

< lim sup A;")E</ X I{Ti(") > —} dx)
n—00 1/rn n

1 1
< lim sup EAE”E((T}(”))Z 1{Tl.(") > — })

n—o00 In

=0. (4.35)

Similarly, we have
1 1 1
lim supE<R§") 1{R§"> > —}) < lim sup -x}”)]E<(T,(">)21{T,.(”’ > —D =0. (4.36)
n—00 'n n—oo 2 I'n
Since f;")(X ) is uniformly bounded in n, (4.35) implies that
: ) 50 , 20y (n)y L w _ 1
0 < limsup — (& (0) — ®;7(0)) < limsupE| f,"" (X*")—1{ R > — =0.
n—oo I'n n—00 n n

This, (4.33), and (4.34) yield that the right-hand side of (4.31) divided by r,fe converges to 0
as n — 00. Hence, if we can show that

Y708 0) = ro, (4.37)

. 1
lim TH
n—oor

niek

then dividing both sides of (4.31) by r,%@ and letting n — oo yields (4.28) by (4.32). This is
equivalent to (3.14), and therefore the proof is completed. Thus, it remains to prove (4.37). By
(4.34), (4.37) is immediate if we have

.1 = (n)
lim - %; 2 @0 (0) = Ao
1

To prove this, we first note that dividing (4.31) by r,%@ and letting 6 1 0 yields

1 ~
L &) _
lim_ - Z,\, @' (0) = Ao. (4.38)
ieK
We remark that this also follows from Little’s law for customers in service at each server and

the heavy-traffic condition (3.10). Thus, (4.37) is obtained if we can show that

1 ~ ~
lim —[®" @) - d"W(©0) =0, 6<0. (4.39)
n—0o0 ry, g g
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To prove this, let
N 1 ~ 1
ha(0) = OL™ + rn1n<”)(0)(R(()") A —) +> rn‘g.(">(9)<R(.”> A —),
' 4 J 'n
jeK
then &) (6) = E(e/""=@ 1{R™ = 0}). Thus, for § < 0, we have

1 ~ ~ ernhn(e) —1
170 0) — B9 0)] < E(

: N

Since A; > O foralli € K, it follows from (4.38) that

’ HR™ = 0})

n

ernhn(e) —1
—h,(0)|1 R™ =0}).
i @) 7 ( )' {R; }

P(R" =0)

lim -0, iek. (4.40)
n—oo n

On the other hand,

({7, e <o)
I'n
= IE((R(.”) A l) 1{R™ =O}<1{R(.") — } +1{R(.”) < L})
;) I =

1 1
< ERW™ (I{R(.”) > —D + —PR™ =0).
RN S ARV VAV R

Hence, (4.36) and (4.40) imply that E(4,,(6) l{Ri(”) = 0}) converges to 0 as n — oo. Thus,
(4.39) is obtained if (e"*® — 1) /r,h,(0) is uniformly bounded in n for each § < 0, which
follows from that r,, i, () is uniformly bounded in n. This uniform boundedness is implied by
the facts that L™ <k — 1 on {Rl.(n) =0} r, 157 (6) and ry 12}’”(9) are uniformly bounded
in n forr,0 € (B, 0) by Lemma 3.1. Consequently, (4.39) is obtained, and we complete the
proof. (]

The above inequality is one of the key techniques in the present approach, and has been used
in the proof of Lemma 3.2 in Appendix B. It also can be found in the last part of the proof of
Lemma 4.7 of [4].

4.4. Proof for Theorem 3.4

Up to (4.27), all the computations in Section 4.3 are also valid for this case if we replace
ry by rys, with r, = 1 — p,. To distinguish the notation in Section 4.3, we change ﬁ(”), ;l.("),

and El.(") to Q("), EE"), and EE"), respectively. Similar to Lemma 4.9, we have the following
lemma.

Lemma 4.10. Assume that (3.7), (3.10), and the large variance condition (3.15) hold, and let,
foreachn > 1and 6 € R,

270) = 7™ @) + A0 rusuf + 3§ r2su (o) 25n62,
l

E70) =" 0) = 1" s + 50" 150" 2s5,6%,
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then, for each i € K and ¢ > 0, there is a sequence {d; , ()} vanishing as n goes to oo such

that
o) ~
——l& O] = g; ,(0)0], nx>1,|0] <c.
rrsy
This lemma yields similar formulas to (4.32)—(4.34), in which the r, are replaced by r;s;,.
Thus, we have (3.17) in the same way as Theorem 3.3. U

5. Concluding remarks

We here consider potential of the present approach for more general models and some other
asymptotics.

5.1. More general arrival processes

We have assumed that the arrival process is renewal or its independent superposition.
However, the renewal process is not essential. As long as it is independent of the state of
system, a more general class of arrival processes can be used in our framework. In this case,
the terminal condition (2.8) needs to be changed. Suppose that N is a stationary point process
with finite intensity Ag. Then, (2.12) is changed to

By e | Foo) =1,

where [E stands for the expectation by Palm distribution Py concerning Ny, and Ty is the time
to the next counting instant measured from time 0. Namely,

o0
Eo(e"®T0) — %E(Z MO0 140 < 19 < 1})’
0 :
i=1

where #9; = inf{u > f9;—1; No({u}) > 0} fori > 1 with o0 = 0. A typical example for
this counting process is a Markov arrival process with finitely many background states. See
y &9 (8) of Equation (4.15) in [22], which can be shown to be —7(6).

We next consider batch arrivals, which includes the case that F(0) > 0 as a special case (see
Remark 3.1). Denote the nth arrival batch size by Ap, ,. We assume that {Ap ,; n =1,2,...}
are positive, i.i.d. Furthermore, they are independent of everything else. Denote their common
distribution by F}, and let A, be a random variable subject to Fj,. We also need to verify the
terminal condition (2.8). This can be done similarly to the proof of Lemma 2.3 in Appendix B,
where ¢ in the proof of this lemma should be changed to

C=t+1{y=04— Y 1{i=0),
ieU\U(y)

and the definition of 1 (6, v) should be appropriately updated. For this, we need to truncate not
only Ty but also A,. So, we define n(m, v, ) for positive integer m and positive real number v
as the solution of the following equation:

E(ee(AbAm))E(en(m‘U,e)(To/\v)) — l (51)
Similar to n(A, 6), we define
n(A, A,0) = lim lim n(m, v, 6).
V—>00 m—>o0

It is not difficult to see that these limiting operations are exchangeable. In particular, (A, A,
0) = n(A,00,0) for 6 > 0, and (A, A,0) = n(oo, A, 0) for & < 0, where n(m, v, 0) is
defined for m = oo or/and v = oo by (5.1).
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Using this notation, all the results in Sections 2 and 3 can be extended to the batch arrival
case under appropriate conditions. For example, « of (3.1) is redefined as

o= sup{@ > 0; —(n(A, 00, 0) + Z{i(A, 9)) < O}.
iekK

For the weak limit approximations, let n(")(oo, v, 0) be the n(oo, v, ) of the nth system,
then define the error function of its second-order Taylor expansion for 6 < 0 as

(n)

19%2p™
9 n

—Z 62,
s=0 2 os?

s=0

0
e (00, v.0) = 1™ (00, v, 0) — — (00, v, ) (00, v, 5)

since no truncation on Ay, is needed for 6 < 0, where, for A(()")(v) = JE(TO(") A V),

n™
g (00,v,9)| =2 WEAp),
s s=0
G () ()12 () ) \\2
W(OO, v, s) = —%y W{(oy,)” + Gg WE(Ap)oy (v)7}
s=0

where (a/g"))2 is the variance of Alg"). Thus, we can apply exactly the same arguments to obtain
the weak limits for the heavy-traffic and large variance approximations.

5.2. Some other problems and limitations

In this paper we only consider a single queue. However, the present approach is potentially
applicable to systems with multiple queues and queueing networks.

For the tail asymptotic problem, this approach may relax phase-type assumptions in queues
and their networks. For example, those assumptions were used for a two-node generalized
Jackson network in [22] and for the joint shortest queue in [31]. They may be replaced by
generally distributed assumptions for interarrival and service times.

For the weak limit approximations, a similar approach was studied by Braverman et al. [4].
They used a slightly different test function, and considered the heavy-traffic approximation of
the stationary distribution for a generalized Jackson network, whose process limit was originally
obtained by Reiman [28]. As discussed in [4], there are several issues to be overcome in the
network case.

The tools of the present approach are based on the terminal condition (2.8). However, this
condition may cause serious drawbacks. For example, it will be hard to apply for a multiclass
queueing network with FCFS service discipline because we need to have information on the
order of customer classes in a waiting line. Another difficult problem is the heavy-traffic
approximation for the Halfin—Whitt regime (see, e.g. [14], [27]). We can describe the Halfin—
Whitt regime by the present framework, but the stationary equations (2.22) and (2.23) may not
be so useful because they do not adequately capture the number of busy servers.

Yet another problem of the present approach concerns a process limit under the heavy-
traffic condition. We have only considered the stationary distribution of the PDMP. However,
our starting formula (2.7) describes sample path evolutions. This suggests that the present
approach may be applicable for a process limit.

Thus, there remain many challenging problems for future study.
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Appendix A. Lemmas in Section 2

Proof of Lemma 2.1. Recall the definition (2.5) of M((¢). For a stopping time 7, let ¥, =
o(FoU{AN{t < 1}; A€ F}), then T is F;_-measurable (see Section 1.1.14 of [15]). Note
that ; is #;, _-measurable since #; is a stopping time, and X (#; —) is ¥, _-measurable. Hence,
forO <s <1,

E(Mo(t) | F5) = Mo(s) + Y _EE(f (X (%) — Qf (X (=) | F;,) Us <1 <t} | F)

i=1

= Mo(s) + ZE({E(f(X(ti) | F-) — Qf (X(i—-N}Us <t <1} | F)

i=1

= Mo(s) + Y _E{E(f(X(t) | X(6=)) — Qf Xti—N} s < t; <t} | Fo)

i=1

= My(s),

where the third equality follows from the strong Markov property of X (), and the last equality
is obtained from the definition (2.4) of Q. This concludes that My(-) = {My(t); t > 0} is an
Fi-martingale since E(|Mp(¢)]) < oo by (2.6). U

Proof of Lemma 2.3. We prove only (2.8) for f = f,, k()¢ with finite v > 0 since the proof
is similar for u, v = oo if n(0) and ¢; (9) are finite. For this, we recall that

F={¢Uy €S yy=0o0rU # K}
and X(r—) € I''ifand only if AN*(r) = 1. Forx = (¢, U, y) € T, let
Vix)={i e {0}UU; y; =0}.

This V (x) specifies an arrival and/or departure which occurs at time t when X (s) goestox € T’
ass 1 t.

Suppose that X (t—) = x at time 7. Denote this X (r—) by X (¢, 0). Let X (¢, 1) be the state
which is changed from X (¢, 0) caused by the arrivals and/or departures of V (x), where the
server selection rule is applied at this stage independent of everything else. If V(X (¢, 1)) = &
then X(¢#) = X (¢, 1), and the state transition at time ¢ is completed. Otherwise, namely the
next interarrival time and/or some of new service times are zero, then we continue to define
X (t,2) using V(X (¢, 1)) and the server selection rule independent of everything else. In this
way, we have the sequence of the states X (¢,n) forn = 0,1,2,.... Since the numbers of
external arrivals and service completions at the same time instants are finite almost surely, there
is a finite number n for each sample path such that V(X (¢, n)) = @ and X (¢, n) = X (¢) almost
surely. Denote the minimum of such n by 7 then P(t < co) = 1. To describe these state
transitions, we define X (¢, m) = X (¢, t) form > 7 + 1. Then, we have, X (¢, ) = X (¢), and,
therefore,

X(@) = lim X(t,n). (A.1)
n—>oo

We next consider the transition kernel Q redefined as

Of @) =E(f(X(t.1)) | X(t.0)=x), xeT, feChm®.
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Clearly, we have, foralln = 1,2, ...,

Of () =E(f(X(t,m) | X(t,n —1)=x), xel, feClP (.

However, this Q can not fully capture the transition from X (r,n — 1) to X (¢, n) because
X (t,n — 1) may not be in I". To capture it, we extend Q to the transition kernel Q as

Of(x), xeT,

Qf(x):{f(x), xeS\T.

Then, the domain of @ is S, and we have, forn =1,2, ...,
0" 'fx) =E(f(X(t.m) | X(t. ) =x),  x€S, feCL(S).
0"f(x) =E(f(X(t,n) | X(1,0) =x),  x e, feCL7(S).

Since these fs are bounded functions, it follows from (A.1) and the dominated convergence
theorem that, forx € I',

E(f(X() | X(t=) =x) =E(lim f(X(t.m) | X(t,0) =x)
= lim E(f(X(t.m) | X(1.0) = x)

lim Q" f(x).

We now choose f; k()¢ for f, and note that n(u, 6) and ¢; (v, 0) fori € K are well defined.
If we show that

Ofuk,00X) = fu,k@),0(x), xel, (A2)

then we have @fu,K(v),g(x) = fu.K@),6(x) for x € S, and, therefore,
E(fukw.o(X@) | X(t—) =x) = nlingo anu,l((v)ﬂ(x) = fu,K@),0(X), xel,

which proves (2.8) for f = f, k@).6-

Thus, it remains to prove (A.2) to complete the proof. Recall that U specifies busy servers.
Suppose that, for given (¢, U, y) € T, X(¢,0) = (¢, U, y) ischanged to X (¢, 1) = (', U’, y'),
where ¢/, U’, y’ may be random. Let U(y) = {i € U; y; > 0}, which is the index set of
servers who continue service at this transition. Since U is the index set of busy servers and the
residual interarrival and/or service times which are going to vanish at step 0, we have

C=t+10o=0— Y  1y=0}=C+1{y=0}—|U|+ U (A3)
ieU\U(y)

Hence, the server index set which starts new service is D(K \ U(y), £ — |U(y|), where we
recall that D(A, j) is the set of servers selected from A for starting service of min(j, |Al)
customers. Thus, U’ and y’ = {y/; i € K} are given by

U'=UyUDK\UW. —|UD, ¥o = yo + 1{yo = 0}Tp,
yi=yi+Uyi=0,i e U \UW)T, i€k,
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where the 7; are independently chosen subject to the F;. Note that y, = y; > Oandi € U
if and only if i € U(y). Since there are (k — £') v 0O servers are idle in the state X (z, 1)
and [U'\U )| =k —[UY)) A E — |U(y)|), the definitions of n(u, ) and &; (v, 0) yield

Ofu,Aw),0 (x)
=E(fu,Aw),0(X@ D) | X, 0) =, U,y))

=E<exp<9(€'Vk)+n(u,9)(To/\u)1{YO=0}+ 3 ;i(v,exT,»Av)))

ieUN\U(y)

X eXP(’?(”’Q)(yO/\M)-F Z ¢, 0)(y; /\v)>

Jeu(y)
= E(exp(0 (¢’ v k))) exp(—1{yo = 0}0 + ((k — |U(y)) A (¢ = [U(»)1))0)

XeXp<n(u,9)(yoAu)+ Z ;,-(v,e)(yjm)>.

JjeUu(y)
Thus, we have (A.2) if we can show that
UVk=100 =0+ (k= [UDDAE =UWMD) =LV k. (A.4)
Since |U'\ U(y)| = k A £’ — |U(y| implies that
CNVE+((k=UMDAWE =1UWD) =k+ € — Uy
and |U| = £ A k, from (A.3), it follows that the left-hand side of (A.4) is equal to
U —1o=0)+k—|UY) | =L—|U|+k=L—UAk)+k=LVEk.

Thus, we have proved Lemma 2.3. (|

Proof of Lemma 2.4. (i)fix v > 0. Obviously, (v, 6) is decreasing in 8 by the definition
of (2.16). We note that log F (v, s) is convex in s € R (see, e.g. Lemma 2.2.5 of [10]). Hence,
we have, for p1, pop > Osuchthat p; + pp =1and 61,6, <6,

log F (v, p1&(v, 61) + p2&(v, 62)) < pilog F(v, £(v, 1)) + p2log F (v, £(v, 62))
= —p161 — p26
=log F (v, £(v, p161 + p261)),

where the last two equalities are obtained from (2.16). Since log F (v, s) isincreasingins € R,
the above inequality implies that

P1E(, 01) + p26(v, 02) < E(v, p1601 + p262).

This proves the concavity of £(v, ) for & € R. It remains to prove for £ (v, 0) to be infinitely
differentiable. For this claim, we first consider the case that P(T > v) = 1. In this case,
&(v, 0) = —0/v, and the claim obviously holds. Otherwise, F (v, §) is analytic for all complex
number s, and its derivative F (v, s) # 0 for all real number s because E(T) > 0. Hence,
&(v, s) is analytic in a neighborhood around the real axis by the implicit function theorem. This
proves the claim.
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(ii) These facts are easily inspected through (2.16) because F (v, 0) is increasing in v for 8 > 0
and decreasing in v for 6 < 0.

(iii) By (i) and (ii), we have, for 6 < 0,

0 1
0<&Ww,0) < —E&(v, 0=——r-——0, > 1,
<&@,0) < 8x&(v x) - ET A0 v

while, noting the fact that £(v, §) < Ofor§ > 0,for0 < 6 <4,
1
gé(v,rS)@SE(v,@)SO, v>1.
Thus, combining these two inequalities, we have (2.18). O

Appendix B. Lemmas in Section 3

Proof of Lemma 3.1. The proof of (3.9) is similar to that of (3.8), so we only show (3.8).
We first note that

1 —
n(n)<_’ qne) = ”(n)(Aa qn9) <0, 0 <6 <o,
qn

1
0= 1"(a,4:0) < n<"><—, qne), 0 <0,
n
by Lemma 2.4. Hence, we only need to prove that
" (1/4n, gnt
4n

lim sup
n—oo

< co(8)10], 0] < 4.

However, this was already obtained in Lemma 4.4 of [4] assuming the uniformly integrable
condition (3.12), tacitly assuming that 90) > a for all n > 1 for some constant a > O,
which 1mphes that qné < a for sufficiently large n. This tacit assumption is easily checked
because IE(T ) converges to positive constant 1/Ag. Thus, we here show that the proof of
Lemma 4.4 of [4] is valid without (3.12).

It is easy to see that, in [4], condition (3.12) is only used to show Equation (A.9) and the
fact that, for a given y, there exists a y, > y; for any ¢ > 0 such that

sup P(T," = y2) < Le,

n>1

which is Equation (A.10) of [4], where T(") is replaced by TO(") of our notation. Suppose that
this claim does not hold, then, for some ¢ > 0 and any y» > yi, there is a ng > 1 such that
IP’(T(nO) > yp) > &/2, which implies that

E(T,") = pP(1" > y2) > Lyse.

Hence, we can choose y; and ng such that y,¢ is arbitrarily large. This contradicts (3.7).
Similarly, Equation (A.9) of [4] is verified using the uniform integrability of {Tl.(”); n > 1}
in addition to (3.7) . Thus, (3.7) implies the claim, and, therefore, (A.10) of [4] is obtained
without (3.12). U
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Proof of Lemma 3.2. We prove only (3.13) for i = 0 since the proof is similar fori € K.
Fix n > 1 and v > 0. For simplicity, we denote 7" (v, #) by f in this subsection. By a Taylor
expansion of f(#) around 6 = 0, we have, for some § € [0, 1],

1™, 0) = /00 + 1 6% + L(f"(80) — f"(0))62,
since f(0) = 0. Taking derivatives of (2.16) with F = F®" and & = f, we have
(FY (FONEY (£(6)))2 N ()

(F) (£ 0)))3 (Y (F6)) (B.1)
£70) = =08 )3 0P ).

£ =-

Hence, from (3.6), we have
(n) " " 2 .
(v,0) = 2(f 60) — f7(0)6~, v > 0, there exists § € [0, 1].

For6 =0, _obviously ai(n)(v, 0) = 0, and (3.13) trivially holds. In what follows, we assume
that 0 < 6 < 6 since the case 8 < 0 is similarly proved. Note that

led” (v, 0)] < 102 gnax () = 1" O] (B.2)

By letting v 4 oo, we can see that this inequality is valid for v = A because ™ (A, ) =
n"™ (@) < 0for6 > 0by Lemma 2.5. In the computations below, we assume that 0 < v < oo,
but they are easily adapted for v = A by lettmg v 1 00, and lead to the same conclusion.

To simplify notation, let g(s) = FO" Y)(s). Then, g’(0) = ]E(Ton Av), and (B.1) can be
written as

g (f(x)(g(f(x)))? n g(f(x))
&' (f(0))3 g(f(x)’
and, therefore, using the fact that f(0) = 0,

8(f(x))g'(0) — g'(f (x))g(0)
g'(0)g' (f(x))
8”(0)(g (f))* = g"(f () (&' (©) (g(f()C)))2
(g'(0)g'(f (x)))°

) =

1) = f10) =

‘We evaluate the numerators as

g(f(x)g'(0) — g (f(x))g(0) = g(0)(g'(0) — g'(f(x))) + &' (0)(g(f(x)) — g(0)),
and
g0V (F)N)? — g" (F ) ) (g(f(x)))>

=" 0) (' (F )N — (&' (0)) + (£'(00)*(g"(0) — g" (f (x)))
+ (/02" (fF (1 — (g(fFOND).

Hence, it is important to evaluate the differences g(f(x)) — g(0), g'(f(x)) — g’(0) and
g (f(x)) — £”(0). Since f(x) is decreasing in x and g(s), g’(s), g”(s) are all increasing
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in s, we have, using Taylor expansions again,

max_ [g(f(0)) = g(fO)] = 8(£(0) = (FON| = |fO)Ig'(£(O) = | fOET,"),
max_ [g/(f(x) = &'(fO)] = 1g'(f(0) ~ g'(/(©))]
< 1£©)Ig"(f(0)
= [FO)IE(Ty™)),
and
max 18" (f(0) = ¢"(fO)] = g"(£(0) ~ g"(f )
= [E(Ty" A (1 — @ s Oy
< E((T()(n) A )2 qu"w»f(en(l _ e—(TO(")/\v)|f(0)|))
1£0)] eV ORI v T A 1))
v| £(6)] evlf(a)\]E((To(n))z(v—lTo(n) A 1)(1{T0(") > Jo} + 1{To(n) < /7))
vl £O) VORI AUTM > o)+ o).

INIA

IA

Similarly, we have
1 1

max <
0=x=0 g'(0)g'(f(x)) ~ (g'(0))?
Since ¢'(0) = E(T\"” A v) and g”(0) = E((T{" A v)2), we have

O

E(Ty") — E(Ty" YT > v}) < g'(0) < E(Ty™),
E(Ty")) = B(T," ) T > v}) < g"(0) < B(Ty")).

We now let v = 1/r, and replace 6 by r,0, then (1/r,) f (r,,0) is uniformly bounded by the
linear function of Ag|0| as n — oo by Lemma 3.1. Hence, recalling f(0) = n"™ (v, ) and

letting £, (x) = 0™ (1/ry, rax),

lim sup nax, [ £/ (x) — £,/ (0)] = 0.
<

n—oo U=x=

Thus, in (B.2), let either v = 1/r, or letting v 1 co and substitute r,6 to 6, then applying the
above limit completes the proof. (]

Proof of Lemma 3.3. The proof is essentially the same as the proof of Lemma 3.2. Because
of the conditions (3.10) and (3.11), we need to divide the error functions by snr,% instead of r,%.
Except for this manipulation, all the arguments in the proof of Lemma 3.2 go through. ]

Appendix C. Lemmas in Section 4

Proof of Lemma 4.1. Recall that Fy(0) = 0 is assumed. It implies that P(No(¢) > n) =
P(To(1) + To(2) + - - - + Tp(n) < t), so there is a sufficiently large n > 1 for any § > 0 and
t > 0 such that r < nd, which implies that

P(No(t) = n) = P(To(1) + To(2) + - - - + To(n) < né).
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Hence, (4.3) is obtained if we can find § > 0 for any a > 0 such that

1 1

lim sup — logP’(—(To(l) +To2)+---+To(n)) < 5> < —a. (C.1)
n—oo N n

To prove this inequality, we use the Cramér theorem on large deviations (see, e.g. Theorem 2.2.3

of [10]) that, for any 6 > 0,

1 1

lim sup — 10gP(—(To(1) +To2) + -+ To(n)) < 5) < —inf A*(x), (C2)
n—oo N n xX<4

where A*(x) = supneR(nx —log Fg(n)). Since E(Ty) > 0 and Fo(ﬂ) is finite for n < 0 by

Lemma 2.4, it follows from Lemma 2.2.5 of [10] that, for § < E(Tp),

inf A*(x) = A*(8) = sup(nd — log Fo(n)). (C.3)
x=é n<0

Hence, the /Proof is completed if A*(8) can be arbitrarily large for some § € (0, E(7p)). Let

0 = —log Fo(n), then n = £(0) for & of (2.16) with v = oo and T = Tp. Then, by Lemma 2.4,

£(0) < 0if and only if & > 0, and, therefore, A*(8) can be represented as

A*(8) = sup(£(0)8 + 0).
6>0

For each § > 0, we can choose a sufficiently small § € (0, E(Tp)) such that A*(§) > %0.
Hence, letting a = 26, (C.1) follows from (C.2) and (C.3). O

Proof of Lemma 4.2. (i) Since 6 > 0, we can omit () Ro(¢) can be omitted from the
exponent in fk,(v),9(X(¢)) to prove the finiteness of its expectation because n(9) < 0 for
6 > 0 by Lemma 2.4. Since

L(t) < L(0) + No(1), t >0,
Lemma 4.1 and P,,, (L(0) = k) = 1 lead to
E, (e7L®) < % E,, (e?M0) < o0, 6 > 0. (C.4)

We next check the finiteness of £, (eWKor(vW(R(’))) for 6 € [0, @ + 8p]. Let us consider R; (0—)
on vg. Let U;(0) = {i € K; R;(0—) < t}. On v, one of R;(0—) vanishes fori € K, so
U;(0) € 25\ {@}. Hence, it is enough to verify that E,, (e"k«@.¢(RO) 1{{,(0) = A}) < oo
for each A € 2K\ {@).

We now fix A € 2K \ {&}, and consider R(¢t) on U;(0) = A under v;. Ifi € K \ A,
then R;(#) = R;(0—) — ¢ > 0. Otherwise, if i € A then server i may start service in the time
interval [R; (0—), t]. We apply similar arguments as in the proof of Lemma 4.3 of [30]. For this,
let #,(m) be the mth time when service is started and let #; ; (n) be the nth time when server i
starts service, where if more than one server simultaneously starts service, we count them
separately. Then, there is a unique n for each m > 1 such that ¢, ; (n) < t;(m) < t;;(n + 1).
Denote this n by J;(m). For y € Rﬁ_, let

86N =UU0) = A, yi 20, i€ A} [] E@OT YT, > y))
icA\K,

% 1_[ ]E(efi(vse)(v/\(Ts,i*Yi)) 1T > vi)),
icANKy
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then, from the fact that No(¢) + 1 customers arrive in [0, ], we have

Ey, (" S0 RO 1Y, 0) = A))

No(t)+1
Wy R(0—)—r1
sﬂ«:vk< Y MmO ’>gAa<v>,9<r—zs,lwm)),...,r—rs‘k(Jk(m»)),

m=1

(C.5)

where Wac (v),0(¥) = Ziek\(AUKa) g (0)y; +Ziekaﬁ(K\A) &i(v, ) (y; A v). Hence, recalling
the definitions of ¢;(0) and ¢; (v, #), Lemma 4.8 and (C.5) yield
By, (ka0 RO 1y, 0) = A}) < By ("0 0 ROy PR, (No(r) + 1)
< Ey, (eVka o ROD) A0 (N (1) + 1)

< Q.
Since |24 — {@}| = 2K — 1 < 2%, (C.4) implies that
Eu (fKa@.0(X (1) < e” B, ("M )E,, (ka0 ROk e &=DIE, (Ny(1) + 1),

which is uniformly bounded in v > 0 by Lemma 4.8 because wg, .9 (y) is decreasing in v.
Since it follows from (4.1) and (4.2) for u = co and A = K, (v) that, for 6 > 0,

t
Mk 01,60 < Fiuw.o (X () + (|n(e>| +Y G, 9)) / frowo(X()ds,  (C.6)
iek 0
E,, (IMk,w),6(t)]) also is uniformly bounded in v > 0 for 6 € [0, « + J¢) and fixed t > 0.
This proves (i), and therefore Lemmas 2.2 and 2.3 imply (ii).
(iii) Since e WD Ri (MDA amost surely converges to e (4 Ri() a5y — 00 by the definition of
5i(4,0), fk,w),0 (X)) for u € [0, t] and, therefore, Mg, »),¢(t) almost surely converges to
JKu(n),0(X () and Mg, (p),6(t), respectively, as v — oo.

(iv) By (ii), Mk, v),6(?) is an F;-martingale under P,, for each v > 0, which implies that
Ey, (Mg, ).0() 1p) = Ey (Mg, ),0(5) 1), De¥,0=<s <t (C.7)

Since Mg, (v, (s)| is uniformly bounded in expectation and Mg, (v),¢(s) almost surely con-
verges to Mk, (a),0(s) as v 1 oo for each s > 0, we can apply the dominated convergence
theorem to (C.7), which concludes (iii). O

Proof of Lemma 4.4. We only prove (4.8) because (4.9) and (4.10) are similarly proved.
Since, at arrival instant ¢, for L(t—) > k,

fKa),6(X (@) RIGLS

Frowo(X@=)

and, for L(t—) <k —1,

Sra 06X @) o oo [ efes@n T[] e?esiwormm,

SKa(w).6(X (=) ieAT(1)\Kq ieAT()NKq
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where AJ(¢) = J(t) — J(t—) and either AJ (¢) \ K, or AJ(t) N K, is an empty set, it follows
from (4.7) and the definitions of ¢; and {i(") that

X))
E(Ka(v)ﬁ)(euTo | R (t_) — 0) — IE (M euTO R (l‘_) = 0)
n 0 "\ oo (X(T—) ‘
— eQ]EUk (e(ﬂ(9)+u)TO)
= e Fon(0) + u),
and n(0) +u < Po. H

Proof of Lemma 4.6. This lemma is partly a continuous-time version of Lemma 4.5 of [30],
and we will use the same idea for our proof. Let To(t) = inf{s > ; H(s) > £}, then

fo 1{H(s) > £}ds > t implies that Tp(t) < oo. Let A, = {Tp(r) < oo}. To evaluate

P, (A; | F, wewﬂlusetheprobablhtymeasureP(” Ka(2).6) of (4.21). Since yu KQ(A)(0)>
0, we have %,(f,f K"(A )(Al | ¥ +_) = 1. Furthermore, n(u, 8) < 0for 6 > 0. Thus, we have,
from (4.20),

Ey (exp(—Wr,.o(R(o; )14, | F,+_)
Juka(oy6(Y (0 )
fuka(2).0 (Y @(1)))
< exp ko @00 +100,0) | " 4Rt = o)| %)
< B{-Ke ™9 exp(=0 (H Fo(1) — (€ = 1) = n(u, 0)(Ro(Fo(0)) A )
— Wk 0 (R@ (1) + Vuko(0)O)D) | Fyr )
< B K9 (exp(—n(u, O)u + vik,(2)O)) | F,0),

E(u Ko (0),0) <exp( Wk, Q(R(UZ— )=

where the last inequality uses the fact that H (7 (¢)) > £and ¢; (A, 8) > 0for6 > 0. Integrating
both sides of this inequality for ¢ € [0, oo), we have (4.22) for C = (=, k,(n) (0))~ 1 e=nw.Ou
because [ 1{H(s) > €}ds < [;° 14, ds. O

Proof of Lemma 4.9. We only need to prove (4.30) for i = 0 because the proof is similar
for i € K. We introduce the following notation for the nth system:

~ 1 - 1 ~
o _ ORG = _ g gmeqlrm (-2
= (E(TO" 1{To” 52})) SN —IE((TO”) I{TO" gr—n})_(xon) :

Comparing (3.6) with (4.29), we can see that Lemma 4.9 follows from Lemma 3.2 if we have,

lim sup—|,\("’ =0, (C.8)
n—oo In
lim sup | (o "))2 (a(")) | = (C.9)
n—>oo

We will use the uniform integrability condition (3.12) to verify them. We first verify (C.8) in
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the following way.

1 ~ 1 ~ 1
lim sup — A" — A" | = lim sup —Aé")kgn)E<T()(") (1 - I{TO(") < —}))

n—oo I'n n—oo In I'n
1 ~ 1
= lim sup —AE)")AE)")E(TO(") I{To(n) > —})
n—oo In 'n

~ 1
< lim sup A(()n)k(()")]E<(T()("))2 1{ TO(") > — })
’

n—oo

=0,

where the last equality is obtained by (3.7) and (3.12). Similarly, (C.9) is verified by

lim sup |(oy")? — G)?

n—oo
1 ~ ~ ~
< lim sup(E((TO(n))z I{TO(") > — }) + 0T HRE = Ao + x(‘)”))|)
n—00 I'n
=0.
This completes the proof of Lemma 4.9. (]

In this paper, we omitted proofs of Lemmas 2.5 and 4.8. Furthermore, the proofs of
Lemmas 3.1 and 4.2 are not fully detailed. Their complete proofs can be found in a supplemented
version of this paper [23].
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