
Robotica (2011) volume 29, pp. 221–232. © Cambridge University Press 2010
doi:10.1017/S026357471000007X

Task space control of mobile manipulators
Mirosław Galicki†‡∗

†Faculty of Mechanical Engineering, University of Zielona Góra, Podgórna 50, 65–246 Zielona Góra, Poland
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SUMMARY
This study offers the solution of the end-effector trajectory
tracking problem subject to state constraints, suitably
transformed into control-dependent ones, for mobile
manipulators. Based on the Lyapunov stability theory,
a class of controllers fulfilling the above constraints
and generating the mobile manipulator trajectory with
(instantaneous) minimal energy, is proposed. The problem
of manipulability enforcement is solved here based on
an exterior penalty function approach which results
in continuous mobile manipulator controls even near
boundaries of state constraints. The numerical simulation
results carried out for a mobile manipulator consisting of a
non-holonomic unicycle and a holonomic manipulator of two
revolute kinematic pairs, operating in a two-dimensional task
space, illustrate the performance of the proposed controllers.

KEYWORDS: Mobile manipulator; End-effector trajectory
tracking; Lyapunov stability.

1. Introduction
Mobile manipulators are recently applied to useful practical
tasks such as laser cutting, arc welding or painting a
complex surface. A mobile manipulator is a mechanical
system composed of a platform subject to non-holonomic
constraints arising from the platform movement under the
no-slip condition and a holonomic manipulator (mounted on
the platform) with holonomic constraints being its kinematic
equations. Constraints on the velocity of the platform are
not integrable to equivalent platform position constraints.
As a result of this condition, the instantaneous velocity of
the platform under non-holonomic constraints is limited to
certain directions. Hence, no smooth time invariant state
feed-back controllers exist for the platform accomplishing
a point-to-point task.1,2 However, by combining mobility
of the non-holonomic platform with manipulability of
the holonomic manipulator, performance characteristics of
the mobile manipulator are improved which enable it to
accomplish complicated tasks especially the end-effector
trajectory tracking in, for example, complex task spaces
including many obstacles. The main advantage of mobile
manipulators compared to the stationary ones is the ability of
performing the conventional tasks and simultaneously other

* Corresponding author. E-mail: miroslav.galicki@mti.uni-jena.de

useful objectives such as non-holonomic manipulability
enforcement (singularity avoidance). Application of mobile
manipulators to the tasks mentioned above complicates their
performance because such manipulators provide, in general,
non-unique solutions. Consequently, some objective criteria
should be specified to solve the mobile manipulator tasks
uniquely. Several approaches may be distinguished in such a
context.

Most of the existing literature deals with the end-effector
trajectory tracking using only kinematic equations of the
mobile manipulator. The approach in works3,4 uses pseudo-
inverse of the Jacobian matrix and the secondary tasks
to resolve the kinematic redundancy when accomplishing
those tasks. Using the configuration control approach, a
set of augmented differential kinematic equations is formed
in the work5 which are then solved to obtain the mobile
manipulator motion. Nevertheless, its determination requires
the knowledge of additional user-specified consistent
trajectories (tasks) which is not a trivial problem. In the
work,6 a solution to the inverse kinematic problem is yielded
by defining the endogenous configuration space and then
using so called a general Jacobian pseudo-inverse algorithm.
Recently, based on optimization of certain criteria, a motion
planning method avoiding both collisions with obstacles and
singular configurations, and producing continuous velocities
has been proposed in refs. [7, 8]. Egerstedt and Hu in the
work9 presented a coordinated virtual vehicle solution to
the trajectory following problem for mobile manipulators. A
trajectory for the mobile platform is planned in such a manner
that the desired end-effector position is within the specified
workspace of the arm. Using a secondary cost function for the
non-holonomic platform and the transfer function approach,
Fruchard et al.10 have proposed a technique for determining
separately the holonomic manipulator velocity and the
platform velocity in such a way that the minimization of the
secondary cost function is to bring the platform to a domain
where the manipulation task can be successfully carried
out. An exhaustive overview of the existing techniques for
trajectory generation carried out at the kinematic level may
be found in.7,10

There are only few references dealing with the end-effector
trajectory tracking subject to mobile manipulator dynamic
equations. Desai and Kumar11 have addressed the problem
of motion planning for multiple mobile manipulators.
Based on the calculus of variations, they have obtained
optimal trajectories in the presence of obstacles. Sub-optimal
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trajectory planning of mobile manipulator has been proposed
by Mohri et al.12 The planning problem was formulated in
ref. [12] as an optimal control problem. To solve it, the
authors used the concept of the order of priority. A gradient-
based iterative algorithm which synthesizes the gradient
function in a hierarchical manner based on the order of
priority has then been used. A method for coordinating
vehicle motion planning and manipulator motion planning
including platform stability has been proposed in the work.13

The optimal robot motion task formulated as a problem of
non-linear programming has been then solved in ref. [13] by
using a generalized projection method.

Although all the aforementioned algorithms produce
optimal solutions, they are not suitable to real-time
implementations due to their computational complexity.
Therefore, it is natural to attempt alternative techniques
for generating the mobile manipulator trajectories in real
time. An extended Jacobian transpose control method
to compensate for dynamic interactions between the
manipulator and the base has been developed by Hootsmans
and Dubowsky in the work.14 Mobile manipulators with soft
suspensions were shown in ref. [14] to be stable with limited
vehicle sensory data. However, only holonomic motion of
the mobile platform was considered. Liu and Lewis have
developed in the work15 a decentralized robust controller
for trajectory tracking of the mobile manipulator end-
effector. However, they considered only translational motion
of the mobile platform. Yamamoto and Yun16,17 addressed
the problem of motion coordination simultaneously at the
kinematic and dynamic level. The proposed solution exploits
full non-holonomic characteristics of the platform kinematics
and drives the platform towards a location providing the
manipulator with desirable manipulability. Nevertheless, this
approach does not utilize manipulator redundancy during
the movement which may be troublesome by, for example,
collision avoidance. The same authors introduced in ref. [18]
kinematic and dynamic task space ellipsoids for mobile
manipulators characterizing in a unified way mobility of
the platform and manipulability of the manipulators. Similar
ideas of motion coordination have appeared in the work.19

Chung et al. have resolved in works20,21 the kinematic
redundancy by decomposing the mobile manipulator into
two subsystems: the mobile platform and the manipulator.
Based on the coordination scheme used to resolve the
kinematic redundancy, a robust interaction control algorithm,
in which suitable controllers are designed for the two
subsystems, were developed. The adverse effect of the wheel
slip on the tracking of commanded motion is additionally
discussed in ref. [21]. The control schemes proposed in
the works22,23 require the reference trajectories for both
the holonomic manipulator and non-holonomic platform.
The control algorithm from 22uses a full knowledge of mobile
manipulator dynamics whereas that from the study23 does not
need the knowledge of dynamic parameters. In the paper,24

a specific task for mobile manipulators is accomplished by
coordinating the platform and the manipulator. The kinematic
redundancy resolution makes it possible the coordinated
control of the mobile platform and the robot arm such that the
holonomic manipulator dexterity is preserved and the robot
is kept away from its singular configuration. Nevertheless,

the mobile platform considered in ref. [24] is holonomic. A
resolved acceleration control and proportional-integral active
force control has been proposed in the work25 as an approach
for the robust motion control of a mobile manipulator
comprising a differentially driven wheeled mobile platform
with a two-link planar arm mounted on the top of the
platform. However, the control law from25 requires the
reference trajectories for both the holonomic manipulator
and non-holonomic platform.

The present work addresses the problem of controlling
the mobile manipulator subject to different state variable
constraints. In our approach, platform and manipulator
kinematics are represented as a driftless control system and
holonomic constraints, respectively and mobile manipulator
dynamic equations are given in the form derived from the
d’Alembert Principle. Kinematic and dynamic parameters
of the mobile manipulator can be obtained with sufficient
accuracy by means of calibration and identification
technique.26,27 Consequently, they are assumed further on
to be fully known. The task of the mobile manipulator is to
track a desirable (reference) trajectory by the end-effector (no
platform reference trajectory is required to accomplish the
end-effector task). On account of non-holonomic constraints,
the mobile manipulator usually becomes a redundant
mechanism even when its holonomic part is non-redundant.
Therefore, the trajectory tracking problem is transformed
here into an optimization task of some criterion function
subject to both holonomic and non-holonomic (state) equality
constraints (expressed in control variables) which result
from the imposed condition of asymptotically stable end-
effector movement. The criterion function is constructed
in such a way as to (instantaneously) minimize the whole
robot energy. This optimization is particularly important for
heavy both the mobile platform and the manipulator whose
end-effector carries a payload. Such approach seems to be
advantageous as compared to control algorithms known from
the literature where mainly the redundancy is resolved, in
general not optimally in any sense, to coordinate platform
and manipulator motions. Most frequently met approaches
from the literature construct control algorithms under mild
condition that non-holonomic constraints are fulfilled at the
initial time instant of the trajectory tracking. However, this
assumption may not be true due to, for example, random
external disturbances acting on the mobile manipulator. If
this is the case, we modify non-holonomic constraints in
such a way as to provide platform motions (asymptotically)
fulfilling these constraints.

Moreover, it is important to track the desired trajectory
with as large as possible manipulability measure of the
mobile manipulator (introduced by Bayle et al.3) whose
precise definition is given in Section 3.2. If the manipulability
measure were sufficiently small, then the end-effector could
loose the tracking capabilities of a relatively complex
desired trajectory due to numerical instabilities appearing
in neighbourhoods of (possible) kinematic singularities met
on the mobile manipulator trajectory. The requirement of
large manipulability measure during the tracking imposes
additional state inequality constraint which is suitably
transformed here in control-dependent one. Furthermore, it
is shown herein how through the use of exterior penalty
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function method, this additional transformed inequality
constraint is incorporated in our algorithm. As is known,
exterior penalty function methods take into account only
active state constraints, which decreases computational
burden, and generate bounded torques/forces even in
neighbourhoods of boundaries of the state constraints.
By fulfilment of practically reasonable assumptions, the
control scheme derived, incorporating state constraints
suitably transformed into control-dependent ones, is shown
to be asymptotically stable. Furthermore, the resulting
manipulator controls are bounded and present continuous
mappings with respect to time. The remainder of the paper
is organized as follows. Section 2 formulates the trajectory
tracking control problem as a constrained optimization task.
Section 3 provides us with a class of controllers solving
the trajectory tracking problem subject to control-dependent
constraints. Section 4 presents a computer example of
the trajectory tracking by the end-effector for a mobile
manipulator consisting of a non-holonomic unicycle and
a holonomic manipulator of two revolute kinematic pairs,
operating in a two-dimensional task space. Finally, some
concluding remarks are made in Section 5.

2. Problem Formulation
Consider a mobile manipulator composed of a non-
holonomic platform. It is described by the vector of
generalized coordinates x ∈ Rl (e.g. for exemplary platform
of type (2, 0) such coordinates mean: platform posture
x1,c x2,c θ and angles of driving wheels α1 α2 (see Fig. 1),
where θ is the angle measured in the task space; x1,c, x2,c

mean coordinates of unicycle centre), where l ≥ 1 and a
holonomic manipulator (mounted on the platform) with joint
coordinates y ∈ Rn, where n is the number of its kinematic
pairs. The platform motion is usually subject to 1 ≤ k < l

non-holonomic constraints in the so-called Pfaffian form

A(x)ẋ = 0, (1)

where A(x) stands for the k × l matrix of the full rank (i.e.
rank(A(x)) = k) depending on x analytically. Suppose that
Ker(A(x)) is spanned by vector fields a1(x), . . . , al−k(x).
Then, the kinematic constraint (1) can be equivalently
expressed by an analytic driftless dynamic system

ẋ = N(x)α̇, (2)

where N(x) = [a1(x), . . . , al−k(x)]; rank(N(x)) = l − k

and vector α̇ ∈ Rl−k denotes (scaled) angular velocities
of the platform driving wheels. The position and
orientation of the end-effector with respect to an absolute
coordinate system is described by a mobile manipulator
kinematic equations p(x, y) = (p1, . . . , pm)T , where p :
Rl × Rn −→ Rm denotes the m-dimensional (in general,
non-linear with respect to x and y) mapping; vector
q = (xT yT )T represents the configuration of the mobile
manipulator and m stands for the dimension of the task
space. The dynamics of a mobile manipulator is given by

Fig. 1 Kinematic scheme of the mobile manipulator and the task to
be accomplished.

the following general equation28:

M(q)q̈ + F(q, q̇) + [A(x) 0k×n]T � = Bv, (3)

where M(q) denotes the (n + l) × (n + l) inertia matrix;
F(q, q̇) is the (n + l)-dimensional vector representing
centrifugal, Coriolis and gravity forces; 0k×n denotes the
k × n zero matrix; � is the vector of Lagrange multipliers
corresponding to non-holonomic constraints (1); B stands
for the (l + n) × (n + l − k) matrix describing which state
variables of the platform and holonomic manipulator are
directly driven by the actuators and Rn+l−k � v is the vector
of controls (torques/forces).

As is known, a violation of non-holonomic constraints
has been analysed in works,21,29,30 where the authors have
proposed relatively complicated first order in refs. [21, 29]
and second order in ref. [30] differential equations of slippage
in wheels based both on Dugoff’s tire friction model31 and
assumption about dissipative nature of interaction forces in
ref. [30]. The potential drawback of this approach is that
the tire friction may not be exactly known in practice. The
authors of the aforementioned works concentrate mainly on
the problem of motion with skid control. Since our aim is
to eliminate a slippage (and not to control it) we will not be
interested in analysing the reasons of the skid phenomenon.
Hence, it suffices at this stage to take into account only direct
results of skidding. Consequently, we impose (or require)
a specific platform movement (described by the differential
equations of the second order), which results in (asymptotic)
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fulfilment of non-holonomic constraints (2), and then search
for controls generating such a platform movement. To be
specific, if the non-holonomy condition given by Eqs. (1) or
(2) is violated, that is, ẋ − N(x)α̇ �= 0 then the platform is
required to move according to the following equation

ẍ = N(x)α̈ + Ṅ(x)α̇ − λ (ẋ − N(x)α̇) , (4)

where λ > 0 is a given constant coefficient. Let us note that
for a non-holonomic platform motion (Eq. (2) holds true) Eq.
(4) is equivalent to Eq. (2). When equality (2) is not satisfied,
platform motion described by Eq. (4) is realized in such a
way as to (asymptotically) fulfil non-holonomic constraints
(2). Combining q̈ with (4) results in the following relation

q̈ = C
(

α̈

ÿ

)
+

(
Ṅ(x)α̇ − λ (ẋ − N(x)α̇)

0

)
, (5)

where C = [ N(x) 0
0 In

]; In denotes the n × n identity matrix.
Let us note, that C is a full-rank matrix (rank(C) = n +
l − k). Our purpose is to simplify dynamic equations (3)
using dependence (5). Multiplying (3) by CT and noting that
A(x)N(x) = 0, we obtain

CT Mq̈ = CT (Bv − F) . (6)

Inserting the right-hand side of (5) into (6), we have

D
(

α̈

ÿ

)
= Ev − z, (7)

where

D = CT MC; E = CT B;

z = CT F + CT M

(
Ṅ(x)α̇ − λ (ẋ − N(x)α̇)

0

)
.

Hence (
α̈

ÿ

)
= D−1 Ev − D−1 z. (8)

Applying the transformation v = (D−1 E)−1(u + D−1 z) (let
us note that matrix E is the (4 × 4) identity matrix multiplied
by a constant for a unicycle depicted in Fig. 1), where u is a
new control vector, we simplify dynamic equations (8) and
express it in partial state variables as follows:(

α̈

ÿ

)
= u. (9)

Dependence (9) presents an input-state linearizable equation
of the mobile manipulator. However, form (9) seems to be
practically cumbersome since it does not directly comprise
all the coordinates in which the trajectory tracking task is
expressed. A task accomplished by a mobile manipulator is
to track by the end-effector a desired trajectory d(t) ∈ Rm

(t ≥ 0) given in the task space (for many practical tasks
such as assembly on production line or arc welding, it

seems necessary to define desired trajectory for all the task
coordinates, that is, desired position and orientation of the
end-effector). Mapping d(·) is assumed to be at least twice
continuously differentiable, that is, d(·) ∈ C2.

By introducing the end-effector tracking error e defined
as e = p(q) − d(t), we may formally express our task by
means of the following dependencies:

lim
t→∞ e(t) = 0, (10)

lim
t→∞ ė(t) = 0, (11)

and additional relation presenting (asymptotical) stabilizing
the non-holonomic platform motion

lim
t→∞(ẋ − N(x)α̇) = 0. (12)

In general, condition (10) does not necessarily imply relation
(11). Dependencies (10), (11) make it possible to specify
precision of both position and velocity task accomplishment
required, for example, in arc welding. Particularly, initial
condition q̇(0) is assumed not necessarily to fulfil non-
holonomic constraints (2) (as opposed to assumptions usually
made in the literature). In order to make it possible to track
desired trajectory d(·), it is reasonable to assume that m ≤ n

(holonomic part should have enough degrees of freedom
to accomplish complex end-effector movements). If this is
the case, the mobile manipulator becomes redundant even
when m = n. Consequently, there exist, in general, infinitely
many controls u which lead to tracking desired trajectory
d(·). In order to determine a unique solution, the following
performance index is introduced

I (u) = 1

2
‖u‖2, (13)

where ‖ · ‖ is the Euclidean norm. Formula (13)
presents an (instantaneous) energy lost by the mobile
manipulator to track d(·). Expressions (9)–(13) formulate
the mobile manipulator task as an (instantaneously)
optimal control problem. Our aim is to find control u(t)
which asymptotically tracks desired trajectory d(t) and
simultaneously (instantaneously) minimizes performance
index (13). Existing the state constraints makes the solution
of this problem difficult. The next section will present an
approach to the solution (provided that it exists) of the control
problem (9)–(13) making use of the Lyapunov stability
theory.

3. Generating the Controls of the Mobile Manipulator
Combining Eqs. (5) and (9), we obtain a simplified form of
mobile manipulator dynamic equations expressed in all the
state variables

q̈ = Cu + r, (14)

where r = ( Ṅ(x)α̇ − λ (ẋ − N(x)α̇)
0 ). Thus, the mobile manipulator

task may now be reformulated as follows. Find a control
u which moves the mobile manipulator from initial
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configuration and velocity q(0), q̇(0) (which do not
necessarily satisfy non-holonomic constraints (1) or (2))
such that equalities e = 0, ė = 0 and ẋ − Nα̇ = 0 are
asymptotically fulfilled. Moreover, u should minimize (13).

3.1. Singularity-free manipulator motion
In order to determine mobile manipulator controls, matrix
J = J C, where J = ∂e

∂q = ∂ p
∂q stands for the m × (n + l)

Jacobian mobile manipulator matrix, is assumed to be non-
singular during the movement in a region of our interest.
Singular cases are discussed in the next section. Based on
Eqs. (13)–(14), a (simple) control law is proposed, as follows:

u = J
#

(
−J r − J̇ q̇ + d̈(t) − 2k0 ė − k2

k1
e
)

, (15)

where J# = JT (JJT )−1; k2, k0 and k1 stand for positive
coefficients (controller gains) which could be replaced by
diagonal matrices of positive constants without affecting
the stability results obtained further on (this should lead to
improved performance). Here, scalar constants are chosen for
simplicity of presentation. The closed-loop error dynamics
is obtained by inserting the right-hand side of Eq. (15) into
Eq. (14):

q̈ = CJ
#

(
−J r − J̇ q̇ + d̈(t) − 2k0 ė − k2

k1
e
)

+ r. (16)

The aim is to provide conditions on controller gains k2, k0

and k1 guaranteeing asymptotic stability of the tracking for
the trajectory d with its time derivative ḋ and non-holonomic
constraints ẋ − Nα̇ = 0 in the sense of fulfilment of relations
(10)–(12). Applying the Lyapunov stability theory we derive
the following result.

Theorem 1. If J is the full-rank matrix in a (closed) region
of the task space and

k1, k2 > 0, (17)

k0k1 >
1

4
, (18)

k0 >
k2

4
+ 1

4k1
, (19)

then the control law (15) guarantees both asymptotic stability
of the origin (e, ė, ẋ − Nα̇) = (0, 0, 0) and minimization
of performance index (13).

Proof. The proof of Theorem 1. will be based on
the Barbalat lemma.32 Consider the following Lyapunov
function candidate:

V = k1〈ė, ė〉 + k0〈e, e〉 + 〈ė, e〉

+1

2
〈ẋ − N(x)α̇, ẋ − N(x)α̇〉. (20)

Using conditions (17) and (18) on parameters k0, k1, it is easy
to see that the sum of the first three terms of function V is
non-negative. Hence, V is also non-negative. Differentiating

function V with respect to time results in the following
expression:

V̇ = 〈ë, 2k1 ė + e〉 + 2k0〈ė, e〉 + 〈ė, ė〉
+ 〈ẋ − N(x)α̇, ẍ − Ṅ(x)α̇ − N(x)α̈〉.

It follows from the definition of e that ë = J q̈ + J̇ q̇ − d̈(t).
Hence,

V̇ = 〈J q̈ + J̇ q̇ − d̈(t), 2k1 ė + e〉 + 2k0〈ė, e〉
+ 〈ė, ė〉 + 〈ẋ − N(x)α̇, ẍ − Ṅ(x)α̇ − N(x)α̈〉. (21)

Substituting q̈ for the right-hand side of (16) and inserting
the right-hand side of (4) into time-derivative of V given by
Eq. (21) we have after simple algebraic computations that

V̇ = −
〈⎡
⎣4k0k1 − 1 k2

k2
k2

k1

⎤
⎦ (

ė
e

)
,

(
ė
e

)〉

− λ〈ẋ − Nα̇, ẋ − Nα̇〉.

It follows from (19) that matrix

⎡
⎣4k0k1 − 1 k2

k2
k2

k1

⎤
⎦

is positive definite. Hence V̇ ≤ 0. The time-derivative of V̇

equals

V̈ = −2

〈⎡
⎣4k0k1 − 1 k2

k2
k2

k1

⎤
⎦ (

ė
e

)
,

(
ë
ė

)〉

− 2λ〈ẋ − Nα̇, ẍ − Ṅα̇ − Nα̈〉.

Due to non-positiveness of V̇ , vector functions e, ė and
ẋ − Nα̇ are bounded. Moreover, multiplying both sides of
(16) by J and then using identity ë = J q̈ + J̇ q̇ − d̈(t), it
is easy to see that ë = −2k0 ė − k2

k1
e. Hence, we conclude

that ë is bounded, too. Furthermore, it follows from (4)
that ẍ − Ṅα̇ − Nα̈ = −λ(ẋ − Nα̇). Hence, all the terms
appearing in V̈ are bounded. Consequently, V̈ is bounded,
too. Finally, it follows from Barbalat’s lemma32 that V̇ tends
asymptotically to approach zero, that is, ė → 0, e → 0 and
ẋ − Nα̇ → 0 as t → ∞.

It remains to be shown that control law (15) minimizes
performance index (13). For this purpose, using identity
ë = J q̈ + J̇ q̇ − d̈(t) and (14), we reformulate equation

ë = −2k0 ė − k2

k1
e to the following convenient form

J(Cu + r) + J̇ q̇ − d̈(t) = −2k0 ė − k2

k1
e. (22)

Equation (22) only ensures the mobile manipulator to
asymptotically and stably track desired trajectory d for
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arbitrary (continuous) mapping (control) u. By treating the
vector functions q, q̇, e, ė, d̈, J , J̇ and C as known quantities,
one may formulate the following (instantaneous) optimal
control problem. Minimize

I (u) = 1

2
‖u‖2 (23)

subject to equality constraint

Ju = −J r − J̇ q̇ + d̈(t) − 2k0 ė − k2

k1
e. (24)

Introducing the Lagrange function

L = 1

2
‖u‖2

+
〈
Ju −

(
−J r − J̇ q̇ + d̈(t) − 2k0 ė − k2

k1
e
)

, �

〉
,

where � ∈ Rm stands for the vector of Lagrange’s
multipliers, it is easy to analytically solve for u optimal
control problem (23)–(24). Its solution equals control (15)
what proves also the optimality of Eq. (15).

�

3.2. Avoidance of singular manipulator configurations
In this section we shall discuss the case of mobile manipulator
movement in which determinant of matrix JJT tends to
approach zero. For this purpose, a small neighbourhood
(a singular neighbourhood) around the singular manifold
is defined, based on a user-specified small number. When
the mobile manipulator starts to penetrate the singular
neighbourhood, it is subject to acting a singular control
whose magnitude becomes greater as the manipulator
moves closer to the singular manifold. Singularity avoidance
is accomplished by continuously perturbing manipulator
control (15) so as to escape from the singular neighbourhood
and (possibly) to attain by determinant of matrix JJT

prescribed value S0, specified also by the user. It is practically
important to track d(·) with a desirably large manipulability
measure (defined as a valuation of difficulty of the mobile
manipulator operation, proposed by ref. [3]). From the reason
of numerical implementation, we omit the square root in the
definition of manipulability measure.3 Hence, manipulability
S is defined as

S = S(q) = det
(
JJ

T
)
. (25)

If a manipulability value were small, then the end-effector
could loose a tracking ability of a relatively complex desired
trajectory d(·). To be precise, let U = {q : S(q) < ε}, where
ε is a user-defined sufficiently small number, define the
singular neighbourhood around singular manifold S(q) = 0.
Moreover, hypersurface S(q) = 0 is assumed to be non-
degenerated, that is, ∂S

∂q �= 0. The non-degeneracy assumption
is not restrictive from the practical point of view since in
the regular case (the Jacobian matrix ∂2S

∂q2 is full rank at
S(q) = 0) at most a finite number of configurations may only

not fulfil this assumption and therefore it is unlikely to meet
such configurations during the manipulator movement. By
continuity of S(q) with respect to q, ∂S

∂q does not also equal
zero in U (for sufficiently small ε). Without loss of generality,
q0 is assumed further on to fulfil the following inequality
S(q0) > 0. If a penetration into U is not detected (S(q) ≥ ε),
then the control given by Eq. (15) realizes a singularity-
free motion. As soon as configuration q enters the singular
neighbourhood (S(q) < ε), a singular control is generated
whose magnitude is proportional to the extent of penetration.
Let us note that on manifold S(q) − S0 = 0, where by
definition S0 < maxq{S(q)}, gradient ∂S

∂q �= 0 provided that
S0 is not a (local) extreme of S. Consequently, ∂S

∂q does
not equal zero in a (small) neighbourhood of S − S0 = 0.
In order to attain specified value S0 of the manipulability
measure we propose the following control law provided that
∂S
∂q /∈ Ker(CT ) (in the sequel, we comment how to fulfil this
condition)

us = CT ∂S

∂q

×
−

〈
∂S

∂q
,r

〉
−

〈
∂2S

∂q2
q̇,q̇

〉
− λ1

〈
∂S

∂q
, q̇

〉
−λ0(S − S0)〈

CT ∂S

∂q
, CT ∂S

∂q

〉 ,

(26)

where λ0, λ1 denote constant positive coefficients. The
following Lyapunov function candidate is defined to show
the aforementioned property of control us

Vs = λ0

2
(S − S0)2 + 1

2

(
d

dt
(S − S0)

)2

.

Differentiating Vs with respect to time yields

V̇s = d

dt
(S − S0)

(
λ0(S − S0) + d2

dt2
(S − S0)

)
.

Choosing function d2

dt2 (S − S0) as follows:

d2

dt2
(S − S0) = −λ0(S − S0) − λ1

d

dt
(S − S0)

or equivalently

〈
∂S

∂q
, q̈

〉
= −

〈
∂2S

∂q2
q̇, q̇

〉
− λ1

〈
∂S

∂q
, q̇

〉
− λ0(S − S0)

(27)
and then setting the right-hand side of (14) into Eq. (27)
results (after simple algebraic calculations) in control us .
Combining tracking control u given by (15) with singular
control (26) we obtain generalized control law uge with
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singularity avoidance of the form

uge = J
#

(
−J r − J̇ q̇ + d̈(t) − 2k0 ė − k2

k1
e
)

+ (
In+l−k − J

#
J
)
w(q)us, (28)

where w(q) = { c (S(q) − ε)4 for q ∈ U
0 otherwise ; In+l−k stands for the

(n + l − k) × (n + l − k) identity matrix; c is positive gain
coefficient. Let us note that more correct form for control us

should be

us = (CP)T
∂S

∂q

×
−

〈
∂S

∂q
,r

〉
−

〈
∂2S

∂q2
q̇,q̇

〉
−λ1

〈
∂S

∂q
,q̇

〉
−λ0(S − S0)〈

(CP)T
∂S

∂q
, (CP)T

∂S

∂q

〉 ,

(29)

where P = In+l−k − J#J is the (n + l − k) × (n + l − k)
projection matrix. It may be derived from Eq. (27) by taking
into account Pus in (14) instead of us . However, control
(29) seems to be more complex than expression (26) and, as
the numerical simulations have shown, it does not improve
the manipulability measure S. As is seen from formula
(28) control uge is continuous, asymptotically tracks desired
end-effector trajectory d and avoids singular configurations
if S(q) − ε < 0 or equivalently q ∈ U . Moreover, uge

asymptotically stabilizes non-holonomic constraints (1) or
(2) when, for example, initial manipulator velocity violates
them. For a small value of c, a contribution of component
Pw(q)us compared to u is expected to be small. Hence,
control (28) seems also (instantaneously) to minimize mobile
manipulator energy lost to track d(·), as the computer
simulations carried out in the next section show. In order
to fulfil condition ∂S

∂q /∈ Ker(CT ), let us determine distance

l(q) between vector ∂S
∂q and its orthogonal projection onto the

null space of CT . It is given as follows:

l(q) =
∥∥∥∥∂S

∂q
−

(
In+l − C(CT C)−1CT )

∂S

∂q

)∥∥∥∥ .

We propose the following control law to enforce condition
∂S
∂q /∈ Ker(CT ):

ua = �1
d

dt

(
W

∂l

∂q

)
− �0

((
α̇

ẏ

)
− �1W

∂l

∂q

)
,

where W = [ (NT N)−1 NT 0
0 In

]; �0, �1 denote constant positive
coefficients. The following Lyapunov function candidate is
defined to show the aforementioned property of control ua

Va = 1

2

((
α̇

ẏ

)
− �1W

∂l

∂q

)2

.

As is seen from definition of Va , the mobile manipulator
moves for Va = 0 in ascent direction of distance function
l(q). As is not difficult to see (we omit detailed derivation
due to its analogy with the proof of Theorem 1.), control ua

(asymptotically and stably) enforces such a movement. As is
also seen from the definition of set U , it is straightforward
to extend our control problem to a collision avoidance task
since collision avoidance conditions may be expressed as
a system of non-linear (with respect to vector q) algebraic
inequalities.

4. Computer Example
This section demonstrates on a few chosen mobile
manipulator tasks, the performance of controllers given by
Eqs. (15) and (28). For this purpose, a mobile manipulator,
schematically shown in Fig. 1, is considered. In all numerical
simulations, the SI units are used.

The holonomic part (a Selective Compliant Articulated
Robot Arm (SCARA) type stationary manipulator) with two
revolute kinematic pairs (n = 2) operating for simplicity
of computations in two-dimensional task space (m = 2), is
mounted on a unicycle which is subject to the following one
holonomic h1 and two non-holonomic nh2, nh3 constraints
(k = 3):

h1 = θ̇ − r

2b
α̇1 + r

2b
α̇2 = 0,

nh2 = ẋ1,c − r

2
cos θ · α̇1 − r

2
cos θ · α̇2 = 0,

nh3 = ẋ2,c − r

2
sin θ · α̇1 − r

2
sin θ · α̇2 = 0

(30)

where θ is the angle measured in the task space; x1,c, x2,c

mean coordinates of unicycle centre; r denotes the radius
of the driving wheel; 2b stands for the distance of the two
wheels; x = (θ x1,c x2,c α1 α2)T (l = 5). The unicycle is
assumed to be physically driven by two wheels of angular
velocities α̇ = (α̇1, α̇2)T . Matrix N(x) corresponding to
constraints (30) is equal to

N(x) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r

2b
− r

2b
r

2
cos θ

r

2
cos θ

r

2
sin θ

r

2
sin θ

1 0

0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (31)

The kinematic equations of the mobile manipulator equal

p1 = cos θ · (l1 · cos y1 + l2 · cos(y1 + y2)) − sin θ

· (l1 · sin y1 + l2 · sin(y1 + y2)) + x1,c

p2 = sin θ · (l1 · cos y1 + l2 · cos(y1 + y2)) + cos θ

· (l1 · sin y1 + l2 · sin(y1 + y2)) + x2,c,

(32)

where l1 = l2 = 1 stand for link lengths of its holonomic
part; y1, y2 denote joint coordinates of the holonomic
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Fig. 2 Tracking error e1 for controller (15) with λ = 0.

manipulator; y = (y1, y2)T . Hence, vector of generalized
coordinates q takes the form q = (θ x1,c x2,c α1 α2 y1 y2)T .
Without loss of computations generality, the simplified form
of mobile manipulator dynamic Eqs. (14) is taken for
simulation, where

C =
[

N(x) 0

0 I2

]
, (33)

and u = (u1 u2 u3 u4)T ; ui denote transformed controls of
non-holonomic platform and holonomic part, respectively,
i = 1 : 4. The initial configuration and velocity of the mobile
manipulator are chosen in such a way as not to fulfil non-
holonomic constraint nh3 in (30), that is, q(0) = (0 −
1 0 0 0 π/4 π/6)T , q̇(0) = (0 0 0.2 0 0 0 0)T , respectively.
Controller gains k0, k1, k2 take the following values k0 = 31,
k1 = 1 and k2 = 26.

The task of the mobile manipulator is to track by the end-
effector desired trajectory d(t) = (d1(t), d2(t))T = (0.75 +
0.25 cos(t), −1 + 0.25 sin(t))T . On account of the fact
that l + n − (k + m) = 2, the mobile manipulator becomes
redundant by accomplishment of the aforementioned
tracking task. Let us introduce the following errors:

e1 = p1(q(t)) − d1(t), e2 = p2(q(t)) − d2(t), (34)

respectively, to evaluate the performance of controllers (15)
and (28).

Firstly, the mobile manipulator motion with control not
stabilizing the non-holonomic constraint (30) (i.e. λ = 0 in
Eq. (4)) is considered. The results of computer simulations
are presented in Figs. 2–8. As is seen from Figs. 2–3,
controller (15) with λ = 0 asymptotically and stably tracks
desired trajectory d(·). Nevertheless, Fig. 4 shows that non-
holonomic constraint nh3 is not fulfilled through the planning
session. Figures 5–8 present mobile manipulator controls.
As is seen, they take small values which is the result of
minimum norm property of controller (15). In order to
asymptotically stabilize non-holonomic constraint (30), the
second experiment has been performed based on controller
(15) with λ = 8. Figures 9–12 show the results of computer
simulations. Figures 9 and 10 show that control law (15)
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Fig. 3 Tracking error e2 for controller (15) with λ = 0.
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Fig. 4 Non-holonomic constraints for controller (15) with λ = 0.
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Fig. 5 Input torque u1 for controller (15) with λ = 0.

results in asymptotic tracking of desired trajectory d(·). As
is seen from Fig. 11, controller (15) indeed asymptotically
stabilizes constraint (30). Moreover, Fig. 12 presents time
course of S(q) based on controller (15).

Thirdly, the mobile manipulator considered in this section
was used to solve the same tracking trajectory problem as
in the second experiment, however with the requirement of
improving the manipulability measure (or at least avoiding
singular configurations during the movement). In order to
accomplish this task, controller (28) has been applied in
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Fig. 6 Input torque u2 for controller (15) with λ = 0.

0 5 10 15 20 25

0

–1

–2

–3

–4

1

2

3

4

5

t [s]

u
3
 [
N

m
]

Fig. 7 Input torque u3 for controller (15) with λ = 0.
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Fig. 8 Input torque u4 for controller (15) with λ = 0.

this experiment. Parameters S0, and ε are chosen in such
a way as to activate the singularity avoidance constraint
through the planning session. Hence, they take the following
values S0 = ε = 8.95, c = 10−4, λ0 = λ1 = 1. The results
of computer simulations for controller (28) are presented in
Figs. 13–18. On account of controller (28), the tracking errors
e1 and e2 are the same as in the second experiment (control
us multiplied by projection matrix (In+l−k − J#J) does not
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Fig. 9 Tracking error e1 for controller (15) with λ �= 0.
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Fig. 10 Tracking error e2 for controller (15) with λ �= 0.
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Fig. 11 Non-holonomic constraints for controller (15) and λ �= 0.

change the end-effector movement). Moreover, control law
(28) also asymptotically stabilizes (as is seen from Fig. 13)
non-holonomic constraint (30). By comparing Fig. 12 from
the second simulation and 14 we can see that controller (28)
improves manipulability measure when tracking trajectory
d(·). Figures 15–18 present mobile manipulator controls. As
is seen, they take small values which is also the result of
minimum norm property of controller (15) and small values
of (In+l−k − J#J)w(q)us due to small value of parameter c

taken in simulations.
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Fig. 12 Time course of S(q) for controller (15) and λ �= 0.
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Fig. 13 Non-holonomic constraints for controller (28) and λ �= 0.

Alternative methods of trajectory tracking by the
end-effector of mobile manipulators, based on dynamic
equations, have also been studied in works.16,17 Based on
coordinating the locomotion and manipulation and input-
output linearization, the end-effector trajectory tracking
algorithm has been proposed in refs. [16,17], which positions
the holonomic manipulator at the preferred configurations
measured by its manipulability. On the other hand, controller
(28) tries to maximize manipulability measure of the whole
mobile manipulator. The controls in both algorithms are
determined based on quite different kinds of information,
which makes the performance of these algorithms, in fact,
numerically incomparable. This is due to the fact that,
the control algorithm proposed herein fully exploits the
mechanism of redundancy by the accomplishment of the
end-effector task (vectors q, q̇ should be known) whereas
the mobile manipulator from refs. [16, 17] is not redundant
with respect to its task (only vectors α, α̇ are required).
Moreover, controllers (15), (28) (instantaneously) minimize
the energy lost to track the end-effector trajectory whereas
the algorithm from refs. [16, 17] is not optimal in any sense.
Finally, it is straightforward to adapt controllers (15), (28)
to collision avoidance tasks which is not possible for control
law from ref. [16, 17].
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Fig. 14 Time course of S(q) for controller (28) and λ �= 0.
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Fig. 15 Input torque u1 for controller (28) and λ �= 0.
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Fig. 16 Input torque u2 for controller (28) and λ �= 0.

5. Conclusions
In this paper, the end-effector trajectory tracking problem
subject to state equality and inequality constraints, for mobile
manipulators, has been discussed. Using the Lyapunov
stability theory, a class of controllers generating the mobile
manipulator trajectory fulfilling state constraints transformed
into control-dependent ones, has been derived. The control
scheme proposed in this paper generates continuous and
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Fig. 17 Input torque u3 for controller (28) and λ �= 0.
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Fig. 18 Input torque u4 for controller (28) and λ �= 0.

bounded controls (even near boundaries of state constraints)
which is a desirable property in an online control. Moreover,
the approach presented forces the mobile manipulator
trajectory to escape from singular configurations which
makes our control algorithm numerically stable. Numerical
simulations carried out on an exemplary mobile manipulator
consisting of a non-holonomic unicycle and a holonomic
manipulator of two revolute kinematic pairs have confirmed
theoretical results obtained in Section 3. The advantage of
using the method proposed is the possibility to implement it
in an online trajectory tracking. Our future research will focus
on application of controllers (15), (28) to collision avoidance
tasks.
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