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WEIGHTED AVERAGE POWER
SIMILAR TESTS FOR STRUCTURAL
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LINEAR REGRESSION MODEL
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Average exponential F tests for structural change in a Gaussian linear regression
model and modifications thereof maximize a weighted average power that incor-
porates specific weighting functions to make the resulting test statistics simple.
Generalizations of these tests involve the numerical evaluation of (potentially)
complicated integrals. In this paper, we suggest a uniform Laplace approximation
to evaluate weighted average power test statistics for which a simple closed form
does not exist. We also show that a modification of the avg-F test is optimal under
a very large class of weighting functions and can be written as a ratio of qua-
dratic forms so that both its p-values and critical values are easy to calculate using
numerical algorithms.

1. INTRODUCTION

Andrews, Lee, and Ploberger (1996) suggest finite-sample similar tests for struc-
tural change at unknown change-points in the Gaussian linear regression model
that maximize a weighted average power (WAP). They obtain a class of opti-
mal tests for the case where the disturbance variance is known. For the case
where the error variance is unknown, they propose replacing the unknown vari-
ance by an estimate and show that the resulting tests are still similar and asymp-
totically optimal (see also Andrews and Ploberger, 1994). Forchini (2002)
extends the results of Andrews et al. (1996) and derives similar WAP tests for
structural change at unknown change-points in the Gaussian linear regression
model that allow for an unknown variance. These tests are optimal for any
sample size and are equivalent to those of Andrews and Ploberger (1994) in
large samples.
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Unfortunately, existing WAP tests for structural change at unknown change-
points have three drawbacks. First, they need to incorporate specific weighting
functions to make the functional forms of the resulting test statistics simple.
The use of different weighting functions to accommodate the relative impor-
tance of different departures from the null hypothesis would not be viable
because of the need to evaluate complicated integrals numerically. Second, it is
difficult to make a case for any particular weighting function, and one may
argue that the optimality of a particular test depending on a specific weighting
function may be of little value for different researchers. Third, existing WAP
tests require the evaluation of several F-tests (or equivalent tests) for all possi-
ble change-points. Because these tests have nonstandard distributions, calculat-
ing their critical values is computationally intensive, especially when the sample
size is large (see also Elliott and Miiller, 2006).

The objective of this paper is to construct WAP tests for structural change in
the Gaussian linear regression model that overcome the three drawbacks iden-
tified previously. First, we investigate WAP tests for general weighting func-
tions. Because no weighting function is preferable to another, it would be useful
to allow practitioners to choose the preferred one for the specific application
and handle the problem with a standard procedure. We show that the use of
(uniform) Laplace approximations provides easily computable expressions for
WAP test statistics for a large class of weighting functions. These approxima-
tions address the first drawback mentioned earlier and are easy and quick to
implement. There is plenty of evidence in the literature that these approxima-
tions are very accurate (e.g., Bleistein and Handelsman, 1986).

Second, we show that the WAP test for local departures from the null hypoth-
esis, denoted by LR, addresses the second and the third drawbacks pertaining
to existing WAP tests. This test is optimal for a very large class of weighting
functions and can be written as a ratio of quadratic forms in the vector of resid-
uals calculated under the null hypothesis of no structural break. These proper-
ties make the test very attractive in practical applications because (1) it does
not depend on a specific weighting function and (2) the critical values or the
p-values can be calculated efficiently and precisely using numerical algorithms
(e.g., Imhof, 1961).

Because the LR test is equivalent to the avg-F test of Andrews et al. (1996)
in large samples, the latter is also optimal for a larger class of weighting func-
tions than the one originally used in its derivation. However, its computation is
more involved than that of the LR, test statistic because it cannot be written as
a ratio of quadratic forms. Therefore, evaluating critical values and/or p-values
for the avg-F test with Monte Carlo simulations is less efficient and precise
than evaluating them with the numerical procedures available for the LR, test.

The paper is organized as follows. Section 2 presents the model and the nota-
tion and reviews existing results on WAP tests. Section 3 gives the main results.
Section 4 presents some numerical results. Section 5 concludes. All proofs are
in the Appendix.
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2. THE MODEL AND WAP TESTS FOR STRUCTURAL CHANGE

We consider a Gaussian linear regression model with 7 + 1 subsamples, con-

taining, respectively, 71, T2, ..., T+1 (E;:} 7, = T') observations. For subsample
i,i=1,2,...,t + 1, we assume that
Vi=X,B+Zyy; +u;, )

where y; is a 7; X 1 vector of dependent variables, X; and Z; are 7; X p and
7; X k; matrices of fixed regressors, u; is a 7; X 1 vector of disturbances, and 3
and vy, are vector of parameters of dimension p X 1 and k; X 1. There is no loss
of generality in assuming that y; = 0 so that y; = X; 8 + u,. Notice also that X;
may contain Z; as a submatrix.

Let y = (y{’yé’ ""y;+l),’ X = (X{’Xé’ ""Xt’Jrl),’ u = (u;’ulp' . .,M;+1)’,

T= (717727' . -’Tz‘+1)a and
[0 0 0 T
Z, 0 0

Z(r=0 2z, 0 ... 0 0 | )
0 0 0 ... 0 Z.,]

Notice that 7 is a partition of 7 in # + 1 parts and that it determines all the
possible subsamples. In our setup 7 is also an unknown parameter. To make the
model more flexible we may allow (1) 7 to be a partition of T in at most t + 1
parts, so that some of the 7; may be zero, and (2) 7; < k; for some i = 1,2,...,
¢+ 1. In both cases Z.(7) may have rank K smaller than 3" | k,. We denote the
matrix containing the K linearly independent columns of Z,(7) by Z(7). The
dependence of the regressors on the subsamples, and thus on 7, is made explicit
by indexing Z.(7) and Z(7) with 7. Notice that K should also depend on 7 but
we do not indicate this dependence to keep the notation simple. The subset of
all partitions of 7 in at most ¢ + 1 parts (i.e., the set of all possible change-
points in the model) is denoted by Y.
The linear regression model can be written as

y=XB+Z(1)y +u, 3

where 7y contains the components of the vectors yy,v»,...,Y;+ corresponding
to the columns of Z;, i = 1,2,...,¢ + 1, which are part of Z(7).
The following assumptions are supposed to hold.

Assumptions

(@) u~ N(0,0%I;);
(b) T—p—K=>0;
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(¢c) X and Z(7) are fixed for 7 € Y;

d) Z(r)MxZ(7)/(T — p) = Q, + o(1) for all 7 € Y, where Q, is a finite
positive definite matrix and My = I — X(X'X)"'X’;

(e) K=0(T — p).

Assumptions (a), (b), and (d) are standard in this literature. Assumption (c)
is standard in the exact sampling literature. It can be relaxed by assuming that
both X and Z(7) are random but ancillary to the parameters (8, v, o2 7). In this
case, one may condition on X and Z(7) so that the analysis that follows still
applies. Notice that these restrictions are of help in the derivation of an optimal
test. Once an optimal test has been found, its (asymptotic) behavior can cer-
tainly be analyzed under more general conditions than those considered here,
where, for instance, the regressors are weakly exogenous and/or the error term
is not normally distributed.

By writing the model as in equation (3), one can easily show that both the
class of invariant tests under the transformation y — ay + X (with a > 0,
¥ € R”) and the class of similar tests for Hy:y ~ N(XB,0%l;) against any
alternative whatever are characterized by the vector v = C'y/(y'Myy)'/?, where
Cis a (T X T — p) matrix such that CC' = My, C'C = Ir_,, and C'X = 0 (cf.
King and Hillier, 1985; Hillier, 1987).

The power of the critical region w is (e.g., Forchini, 2002, eqn. (A.3))

_exp{—=(T—p)A/2} % L((T-p+))/2)27"

o 277 (T=p)/2 0o j!
XUT—p)' A2 ¢, N v} (dv),
where (dv) denotes Haar invariant measure on the unit sphere and
A, = C'Z(DZ(1) My Z(7)] "',
b, = (T = p) 2 [Z(7) My Z(7)] 2 (y /o) ]2,
A =1, =y'Z(1) My Z(7)y/[(T = p)o®].

No uniformly most powerful test exists in this setup, and so one usually con-
siders WAP tests (e.g., Wald, 1943; Cox and Hinkley, 1974). Andrews and
Ploberger (1994) and Andrews et al. (1996) suggest averaging over the parti-
tions 7 € Y with weights p(7) (in practice unarguably chosen so that p(7) oc 1)
and over the values (B’,y')" with the density of a normal distribution with all
variances and covariances proportional to ¢ > 0 as a weighting function. They
show that if the error variance o2 is known, a WAP test has the form

exp-F. = >, p(r)exp{cKf,/(2(1 + )}/(1 + 0)¥* > k,,, @)

TEY
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where f, is the F test statistic for testing the null hypothesis Hy:y = 0 against
the alternative H,:y # 0 for a fixed change-point 7 € Y and k, is a suitable
constant chosen to make the size equal to «. In (4) a small (resp. large) value
of ¢ indicates that the researcher is interested in small (resp. large) departures
from the null hypothesis.

Forchini (2002) extends the results of Andrews et al. (1996) by deriving a
WAP test for structural change for the case where o2 is unknown. This is done
by averaging the power over all possible directions of C'Z(7)y/o with uni-
form weight (as advised by Wald, 1943; Hillier, 1987). For fixed 7 € Y this
yields the F test as the optimal WAP test. The power function is also averaged
over all partitions 7 € Y with weights p(7) as suggested by Andrews et al.
(1996). However, because the WAP still depends on the unknown A, (so that
no uniformly most powerful test in terms of this WAP exists), a further aver-
aging over A, > 0 with weight g(A,) is needed. This new function g(A,) is
used to control for the alternative of interest in the sense that it can give more
relative weight to local alternatives if it is concentrated around zero or to more
distant alternatives if its probability mass is clustered far from zero or to both
distant and local alternatives if it is evenly distributed. In general, it is hard to
make a case for a specific g(A,).

The WAP of a critical region w is

P,=c X P(T)f f (cos§,)* " (sing, )" P~ *"!
A>0Y w0

TEY
X exp{—bh(A.;0,)tg(A,) db, dA,,
where T'(-) denotes the gamma function, ¢; = 2T (b)/(T'(¢)T'(b — ¢q)),
h(A;0) = A — b~ " In{,F,(b;q;bA cos? 9)}, (5)

cos?0, =[q/(b — @)1 f,/(1 +[q/(b — q)1f,), and b = (T — p)/2, g = K/2. Here
and in the rest of the paper we make use of the standard notation for hyper-
geometric functions (e.g., Slater, 1960), so that

ot (a)j )
{Filasy;x) = 2 . x7,
i:OJ!(Y)j

where (a)y =1 and (a); = T'(a + j)/T'(a) forj =1,2,3,....
The critical region that maximizes WAP has the form

Sep = 2 P(1)I(0,) > &k, (6)

TEY

for a suitable constant &, such that the size of the test is «, where

3(6) = f exp{-bh SO . ™)
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In (7) and in the rest of the paper we drop the subscripts of 6 and A to simplify
the notation when there is no risk of confusion. A closed form for the WAP test
can be obtained by choosing g(A,) proportional to a certain power of A,. For
example, if one chooses g(A,) in such a way that (T — p)A, /A[c ~ x%(K), so
that the variance of the size of the break under the alternative is proportional to
¢ > 0, the resulting test statistic is

LR.= 2 p(1)(1+¢) (1 +[c/(1 + ¢)]cos® 6,) P72, 8)

TEY

Forchini (2002, Cor. 1) shows that (4) and (8) are approximately the same as T
increases for fixed p. The statistic LR, seems cumbersome because it depends
on cos?#,, which does not seem to have an easy interpretation. However, the
following result holds.

PROPOSITION 1. If X contains a column of ones, then cos?6, =
A'V(V'V) 'W'a/(i'h) can be interpreted as the coefficient of determination
of the auxiliary ordinary least squares (OLS) regression of i = Myy on V=
My Z(7). Therefore, T cos? 0, is the Lagrange multiplier (LM) test statistic for
testing Hy:y = 0 in (3) for fixed .

The fact that cos? 6, can be written as a quadratic form in the residuals under
the null hypothesis has not been noticed before and may be used to simplify
the construction of some WAP test for structural change, as we will see in the
next section. We will also generalize the WAP tests to cover situations where
the weighting function g is arbitrary and the integral in (7) cannot be evaluated
explicitly.

3. MAIN RESULTS

Our first result deals with a WAP test statistic for a general weighting function.
If g is more complicated than a mixture of polynomials and simple exponen-
tials, I(0) does not have a closed form. Therefore, given its structure, it is
reasonable to approximate the integral J(6) using a Laplace expansion for large
b. The first-order condition for a minimum of A(A;6) is

F(b;q;bA cos? 0) b
= —cos? 6. 9)
Fi(b+1;qg+ 1;bAcos’>0) ¢

The left-hand side is a strictly increasing function of A and has a minimum at
A = 0. So the minimum of i(A;0), Ay, occurs on the boundary (A, = 0) if
cos?0 = g/b and occurs at an interior point (Ao > 0) if cos># > ¢/b. Thus,
one has to consider three cases (e.g., De Bruijn, 1961):
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1. if cos?6 < g/b, then
3(0) ~ 3,(0) = b~ '(0)/(1 — [b/g]cos? 6,), (10
because 7(0;60) = 0 and h'(0;0) =1 — [b/q]cos?6;

2. if cos?@ > g/b, then a standard Laplace expansion gives

(27)"2exp{—bh(A,;6)}
[h"(Ag;0)b]V2 7

3(6) ~ 3,(0) = (1)

where A, solves (9); and,
3. if cos?@ = q/b, then I(0) ~ I3(0) = I,(6)/2.

The preceding expansions are not uniform in 6, and J3(6) cannot be obtained
as a limiting case of (10) or (11) as cos>6 — g/b. As a consequence, these
approximations to () can be extremely poor when cos?# is in a neighbor-
hood of ¢/b. Thus, we need to find an asymptotic expansion that holds uni-
formly in 6.

THEOREM 1. Let vy be 1 if cos?6 < q/b and — 1 otherwise, Ao be the min-
imum of h(A;0) in the region where | F,(b;q;bA cos?>0) > 0, and ®(-) denote
the cumulative distribution function of a standard normal distribution. Suppose
that g(A) has no singularity in [0,400). Then, for large b, I(0) ~ I4(0) where

Ja(0) = 3,(0) + 3,(0){1 — (v, —2bh(A0;0))}

B vo8(Ao)
b =2h(Xe;0)h" (A3 0)

12)

uniformly in 0, where J,(0) and 3,(0) are defined in (10) and (11), respec-
tively. Therefore, an approximate WAP test rejects the null hypothesis of no
structural break when

> p(1)4(0,) >k, (13)

TEY
for a suitable constant k.

Theorem 1 provides a simple asymptotic expansion for J(6) for all weight-
ing functions that do not have singularities (this assumption can be relaxed by
using the techniques of Bleistein and Handelsman, 1986, Ch. 9). To achieve
uniformity, the asymptotic expansion of J(#) in Theorem 1 is slightly more
complicated than the standard ones presented in (10) and (11). The term 4(6)
is a weighted average of J(6) and J,(#) plus a correction term. Because I,(0)
requires the evaluation of 2(A;6) and 2" (A;0) at the saddlepoint A, (even though
Ao may not be in [0,+00)) and of 2'(0;0) only, it can be easily computed.
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Notice that the statistic in (13) is a complicated function of cos? 6, and has a
nonstandard asymptotic distribution. However, under the null hypothesis its dis-
tribution is free of nuisance parameters, and the techniques of Monte Carlo
tests can be used to calculate p-values efficiently (e.g., Dufour and Khalaf, 2001).

To implement the approximate WAP test using (12) we need to calculate
numerically the saddlepoint Aq. The following result gives an asymptotic expan-
sion for A, that can be inserted directly in (12) or can be used as a starting
point in the numerical calculation of A.

THEOREM 2. Let a = b/q — 1 = O(1); then, for large b, the minimum of
h(A;0) is approximately

\ i 1—a—(1+a)cos(26)
0 o 2(1 + a)sin? @

(14)

We will see in Section 4 that the approximation is good when cos? 0 = ¢q/b
but it may be poor when cos?8 < g/b.

Our next result deals with a WAP test statistic for local departures from the
null hypothesis, LRy = b~ 'lim,_,o{(LR, — (1 + ¢)~%)/c}. Theorem 3 shows
that the LR, test statistic has the same functional form for a large class of weight-
ing functions and can be written as a ratio of quadratic forms in the residuals
under the null hypothesis.

THEOREM 3. Let f(A) be a piecewise continuous and differentiable
function such that {*Z|f(A)|dA < © and [*Z f(A) dA = 1 and define g,(A) =
a 'f(a 'X). Then as a — 0 the WAP test statistic equals, after suitable
normalization,

_ Sen— 1) g )
LR, = b+ lim ——— = > p(7)cos?4..
a—0

2
a b TEY
Moreover,
Ara A
Ay
LR, = s
A~
u'u

where it = MyYy is the vector of residuals of the OLS regression of y on X and

Ay = > p(DZ(T)[Z(7) My Z(7)] ' Z(7)".

TEY

Notice that this test captures local departures from the null hypothesis because
as a — 0 the function g,(A) tends to the delta function §(A). Thus, g,(A) inte-
grates to one, but its probability mass becomes concentrated around the origin
asa — 0.
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Theorem 3 provides two key results. First, for all weighting functions g(-)
satisfying the conditions of Theorem 1, the WAP test for local departures is an
average of the coefficients of determination of the auxiliary OLS regression of
i=MyyonM,Z(r), 7 € Y (and thus it is independent of g(-)). The class of
weighting functionals allowed is very large and certainly contains all differen-
tiable densities. Second, to calculate LR, one just needs to run one OLS regres-
sion (of y on X) and evaluate a ratio of quadratic forms, because the (T X T)
matrix Ay must be computed only once. This is a very appealing property
because LR, is a WAP test for which the computation burden is low. Notice
that the calculation of the critical values for LR, can be efficiently done numer-
ically using the Imhof (1961) procedure.

In view of Proposition 1 the LR, test can be interpreted as an average LM
test. It follows from Theorem 1 of Andrews and Ploberger (1994) that the aver-
age F and LR tests are also optimal in terms of WAP in large samples for the
class of weighting functions g,(A) specified in Theorem 3. However, these can-
not be written as ratios of quadratic forms in i, and their computational bur-
dens are much larger than that of the LR, test.

4. NUMERICAL RESULTS

We now present some numerical results on the performance of the approxima-
tions suggested in Theorems 1 and 2. We start with Theorem 2 because the
approximation depends only on /(A;6).

Table 1 gives examples of exact (i.e., numerical) and approximate minima of
h(A;0), denoted, respectively, by A, and Ao, for various values of b, q, and
cos? 6. It shows that the approximation is fairly accurate (even if g and b are as
small as 1 and 10, respectively) when A, > 0, but it can be poor for Ay, < 0.

We now give some numerical evidence concerning the approximation in Theo-
rem 1. Table 2 gives the exact and approximate values of J(6) when g(A) =1
and g(A) = \2/7 exp{—A%/2} for b =19 and ¢ = 2. The approximation is very
accurate for both weighting functions despite the small values of b considered
and despite cos?# being close to ¢/b = 2/19 = 0.105.

5. CONCLUSIONS

This paper has studied WAP tests for structural change in a Gaussian linear
regression model to address three issues: (1) the construction of optimal tests
for arbitrary weighting functions; (2) the difficulty in justifying a particular
choice of a weighting function; and (3) the computational burden of existing
tests.

The first issue has been attended to by providing a general procedure to
approximate WARP test statistics for very arbitrary weighting functions based on
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TABLE 1. Approximate and exact solutions of 2'(A;0) = 0 for various values

of b, g, and cos’ 6

b=10,¢=1 b=50,q=1 b=20,¢=10 b=50,q=10

COS2 6 5\0 )\0 ;\0 /\0 }\0 )\0 ;\0 /\0

0.05 —0.053 —0.182 0.032 0.040 —0.474 —3.015 —0.158 —0.370
0.10 0.000 0.000 0.089 0.099 —0.444 —1.471 —0.111 —0.159
0.15 0.059 0.091 0.153 0.163 —0.412 —0.951 —0.059 —0.070
0.20 0.125 0.169 0.225 0.236 —0.375 —0.683 0.000 0.000
0.25 0.200 0.249 0.307 0.318 —0.333 —0.514 0.067 0.071
0.30 0.286 0.339 0.400 0.412 —0.286 —0.391 0.143 0.149
0.35 0.385 0.441 0.508 0.520 —0.231 —0.290 0.231 0.239
0.40 0.500 0.559 0.633 0.646 —1.667 —0.197 0.333 0.343
0.45 0.636 0.698 0.782 0.795  —0.091 —0.103 0.455 0.465
0.50 0.800 0.864 0.960 0.973 0.000 0.000 0.600 0.611
0.55 1.000 1.067 1.178 1.191 0.111 0.119 0.778 0.789
0.60 1.250 1.319 1.450 1.464 0.250 0.265 1.000 1.013
0.65 1.571 1.644 1.800 1.815 0.429 0.449 1.286 1.299
0.70 2.000 2.075 2.267 2.282 0.667 0.691 1.667 1.680
0.75 2.600 2.679 2.920 2.936 1.000 1.029 2.200 2.215
0.80 3.500 3.583 3.900 3917 1.500 1.533 3.000 3.016
0.85 5.000 5.087 5.533 5.551 2.333 2.370 4.333 4.350
0.90 8.000 8.091 8.800 8.818 4.000 4.041 7.000 7.018
0.95 17.000 17.095 18.600 18.679 9.000 9.045 15.000 15.019

TABLE 2. Approximate and exact values

of the integral J(0) for b = 19 and

q=2

g(N) 1 exp{—AY2}/\[m/2
cos? 3(6) 34(0) 3(0)/34(6) 3(6) J4(0) 3(0)/34(0)
0.01 0.058 0.058 0.998 0.046 0.046 1.000
0.02 0.064 0.064 0.995 0.051 0.051 1.000
0.03 0.071 0.071 0.993 0.056 0.056 0.999
0.04 0.079 0.079 0.991 0.063 0.063 0.998
0.05 0.089 0.088 0.990 0.070 0.070 0.998
0.06 0.100 0.099 0.989 0.079 0.079 0.998
0.07 0.112 0.111 0.989 0.089 0.089 0.999
0.08 0.127 0.126 0.989 0.101 0.101 1.000
0.09 0.145 0.144 0.990 0.114 0.115 1.000
0.10 0.166 0.164 0.992 0.130 0.131 1.000
0.11 0.190 0.189 0.993 0.149 0.150 1.010
0.12 0.219 0.218 0.994 0.172 0.174 1.010
0.13 0.253 0.252 0.996 0.198 0.201 1.010
0.14 0.295 0.294 0.997 0.230 0.234 1.020
0.15 0.344 0.343 0.999 0.268 0.273 1.020
0.16 0.403 0.403 1.000 0.313 0.320 1.020
0.17 0.475 0.475 1.000 0.368 0.377 1.030
0.18 0.562 0.563 1.000 0.434 0.446 1.030
0.19 0.668 0.669 1.000 0.513 0.529 1.030
0.20 0.797 0.799 1.000 0.610 0.631 1.030
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uniform Laplace approximations. These approximations perform very well even
for a small sample size. The other two issues have been addressed by showing
that the existing LR, test is optimal for a large class of weighting functions and
is easy to compute because it requires the evaluation of a quadratic form in the
vector of residuals only. These properties make this test very attractive for
practitioners.
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APPENDIX: Proofs

Proof of Theorem 1. We could not find a reference for this result in the literature.
However, because it can be obtained using the methods described in Chapter 9 of Bleistein
and Handelsman (1986) we only provide an outline of the proof.

When trying to expand the integral in using a Laplace approximation, one finds that
the minimum of /2(A;6) can be anywhere in [0,+00), and so it can be on the boundary.
This causes lack of uniformity of the classical Laplace expansions. To overcome these
problems, we define a new variable of integration so that 1(A;0) = ¢(t;y) = t%/2 + yt
such that A = 0 is mapped to r = 0 and A = +oo is mapped to t = +oo. We choose y
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so that A = A, is mapped to t = —v, a critical point of ¢(z;y). Therefore, we must
have h(Ao;0) = (—y)%/2 + y(—y) = y?/2 so that y> = —2h(X(;0) (notice that
h(Ag;0) = 0). The correct solution is y = v, —2h(Ay;60). Because

dh(A;0)
dt

h'(A;0) a +
=h' ; — =1
di 4
the Jacobian of the transformation A — ¢ is dA/dt = (t + y)/h'(X;0). Notice that as

t — —v the limit of the ratio must be calculated using the 1’Hopital rule

dA 1
lim — = lim ——,
sy dt -y h"(A;0)(dA/dt)

so that

Cda 1
lim — -
—»—y dt h”(/\o;ﬁ)

Moreover,

d\ 1
lim — =

0 dt  h'(0;0)

if ¥ # 0 (and A'(0;0) # 0). If y = 0, we need to use the 1’Hopital rule again and obtain

dA 1

lim — = ———,
>0 dt  A\[h"(0;6,)

where cos? 6, = g/b. Therefore, we can write

3J(9) = f 0exp{—b(zz/Z + y1)}G(t;0) dt,

where

t+A
’

. — )\@7 A
G(1;0) = g( )dt =g( )h(A;H)

and

G(=y0) = lim G(1;0) = g(Ao)/\1" (Ay;0).
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Writing G(t;0) as G(£;0) = ag + a,t + t(t + y)H(t;0) with

C G0:0) {g(O)y/\/h'(o;e) if cos? 0 < q/b
R 2(0)/An"(0;0)  if cos® 0 = g/b,
L _Gwb) —a_ G0 -GO:0) g0 gy
l - -y h'(0;0) AR (Ay:0)
for A > 0 and
tim = SCXO GO0 _ ) - d(gu)/«/d:z”u;a» |
s 7 =0

the integral of interest can be written as

J(0) = G(0;00)f Oexp{—b(t2/2 + yt)}dt

. (G(—v;ﬂ) - G(0;0)

) f exp{—b(t¥/2 + yt)}tdt + R(b).
-y =0

One can show that

1289

(A.1)

(a) the remainder R(b) = [~oexp{—b(t¥/2 + yt)}t(t + y)H(t;0) dt is asymptoti-

cally negligible;
(b) Srmoexp{=b(1%/2 + yo)}di = \2a/b exp{by*/2}(1 + & (y\b));

(©) Ji=oexp{—b(t%/2 + yt)}tdt = \27/b(—y)expiby*/2H(1 + ®(y\b)) + b~ ".

The theorem is proved by inserting these into (A.1) and rearranging.

Proof of Theorem 2. The proof of Theorem 2 is based on the asymptotic expansion
given in Lemma 1 in the working paper version of this paper (see Forchini, 2005) and

reported here.
LEMMA 1. The following expansion holds for ¢ — +oo:

—(1+x)+ N1 +x)+4dax

2x

d
——q 'In(,F\(~aq;q;—qx)) ~
dx
From (5) we obtain
d
h'(A;0) = sin* 6 — cos® 6 o g~ In(, F(—aq;¢;= ) L= (1+a)x cos? 6-
X

Using Lemma 1,

h'(A;0) = sin? 6 — cos? O[—(1 + x) + V(1 +x)? + 4ax]/(2%) |y=(1 a2 cos? 05

and the statement of the theorem follows easily.
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Proof of Theorem 3. For a in a neighborhood of zero we write g,(A) = 6(A) +
8'(AM)a + O(a?) (which is valid in a distributional sense) where §(A) denotes the delta
function and &’(A) the derivative of the delta function. Then

Sep =1+ <(b2/q) > p(7)cos? 6, — b)a + 0(a?).

TEY

Thus

lim (S, 0 = 1)/a = (b7q) > p(r)cos? 6, — b.

TEY

The second part of the theorem follows from the definition of cos? ..
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