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ABSTRACT

In his work on modularity theorems, Wiles proved a numerical criterion for a map of
rings R — T to be an isomorphism of complete intersections. He used this to show that
certain deformation rings and Hecke algebras associated to a mod p Galois representa-
tion at non-minimal level are isomorphic and complete intersections, provided the same
is true at minimal level. In this paper we study Hecke algebras acting on cohomology
of Shimura curves arising from maximal orders in indefinite quaternion algebras over
the rationals localized at a semistable irreducible mod p Galois representation p. If p
is scalar at some primes dividing the discriminant of the quaternion algebra, then the
Hecke algebra is still isomorphic to the deformation ring, but is not a complete inter-
section, or even Gorenstein, so the Wiles numerical criterion cannot apply. We consider
a weight-2 newform f which contributes to the cohomology of the Shimura curve and
gives rise to an augmentation Ay of the Hecke algebra. We quantify the failure of the
Wiles numerical criterion at Ay by computing the associated Wiles defect purely in
terms of the local behavior at primes dividing the discriminant of the global Galois
representation py which f gives rise to by the Eichler-Shimura construction. One of the
main tools used in the proof is Taylor-Wiles—Kisin patching.

1. Introduction

Let p > 2 be prime. Let E be a finite extension of Q, with valuation ring O, residue field %
and a uniformizer w. All our rings will be O-algebras. We say that an O-algebra R that is
a complete Noetherian local ring, and is finite flat as an O-module, with residue field k, is a
complete intersection if R ~ O|[T1,...,T,]]/(f1,-.., fn) for some n.

Wiles’s numerical isomorphism criterion played an important role in his work [Wil95] on
modularity of elliptic curves. Wiles characterized rings that were finite flat over O which were
complete intersections and used the criterion to deduce modularity lifting theorems in non-
minimal level from those in minimal level.

Wiles and Lenstra proved the following result [Len95, Wil95].

THEOREM 1.1. Let R and T be complete Noetherian local O-algebras with residue field
k, T finite flat as an O-module and ¢ : R — T a surjective map of local O-algebras. Let
A:T — O be a homomorphism of local O-algebras, and set ®p = ker(A\¢)/ker(\¢)?
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nr = MAnny(ker()))). Then |O/nr| < |®r|, where in the case |O/nr| is infinite this is inter-
preted to mean that ®p is infinite too. Assume that nr is not zero. Then the following are
equivalent.

e The equality |Pr| = |O/ny| is satistied.
e The rings R and T' are complete intersections, and ¢ is an isomorphism.

This paper arose out of trying to answer the following question, which arises in a situation
studied in [Rib90b]. Consider the elliptic curve Xi(11) defined by y?z + yz? = 23 — 222, and the
mod p = 3 representation p arising from it. Its Serre invariants are k(p) =2, N(p) = 11,¢(p) =1
and its image is GLa(F3).

Let ¢ # 3,11 be a prime at which tr(p(Froby)) = £(¢ + 1) (mod p). By Ribet’s level-raising
results [Rib84], we know that there is a newform f € S2(I'g(11¢)) which gives rise to p. More
precisely, we fix an embedding ¢ : Ky — Q,, with K 7= Q(an(f)) the number field generated
by the Fourier coefficients f = X,a,(f)q" of f, and assume that O is the ring of integers of the
completion of t(Ky). Then, by f gives rise to p, we mean that the Galois representation py, :
Gq — GL2(0O) arising from f,¢ by the Eichler-Shimura construction is residually isomorphic
to p.

Consider the Shimura curve X over Q arising from the maximal order of the indefinite
quaternion algebra that is ramified at 11 and ¢. Let T be the O-algebra generated by Hecke
operators T} for r prime, acting on H'(X,O). Then f gives rise (via Jacquet-Langlands) to a
homomorphism A : T — O with kernel p; contained in a maximal ideal m. Write @ = {11, ¢},
let TQ := Ty, and let R be the appropriate Galois deformation ring of p parameterizing lifts
of p of fixed determinant which are Steinberg at 11 and ¢ (which we define explicitly in §4.3 as
RSY). Then there is a Galois representation pm : Gq — GL2(T®) with residual representation p
inducing a surjective morphism ¢® : R? — T of O-algebras.

This is now the setting of Theorem 1.1, applied to these rings and the morphism Ay : T — 0.
Thus, one can consider @? = ®po and 77?2 ‘= Npq, referred to as the cotangent space and con-

gruence ideal of f, and Theorem 1.1 implies that ]fb?l > \(’)/77?\ We also refer to (’)/77? as the
congruence module of f.

In the case when p(Froby) # +Id, automorphy lifting techniques, in the form of the
Taylor-Wiles-Kisin patching method, imply that R? and T® are complete intersections and
#9 is an isomorphism. In this case, Theorem 1.1 gives the equality |‘I>?| = \O/n?\

On the other hand, we say that ¢ is a trivial prime for p if p(Frob,) = +Id, which implies that
g =1 (mod p), as det p is the cyclotomic character (as shown in [Rib90b], the first such prime
for this specific p is ¢ = 193, at which p(Frobjgs3) = —Id). For such a ¢, patching techniques no
longer imply that RY and T are complete intersections. In fact, computations of Shotton in
[Sho16], combined with patching, still imply that ¢© is an isomorphism, but also show that T is
not a complete intersection (nor is it Gorenstein). Theorem 1.1 then implies that |‘1>?| >0/ n?|

Trivial primes have played an important role in automorphy lifting (for instance, Taylor’s
method of Thara avoidance [Tay08]) and lifting Galois representations [HR08, FKP19]. Triv-
ial primes are very useful, because of their versatility in allowing lifts of different types or
‘killing dual Selmer classes’” as in [HR08, FKP19] Trivial primes behave rather differently from
the other primes, and our paper explores this difference in the context of the Wiles numerical
criterion.

Thus, our primary goal in this paper is to determine the ratio |<I>?|/ O/ 77?|, or equivalently

the O-module 77?2 / Fitt@(fb?), in this situation. This is called the Wiles defect of T relative to
At as defined in [TU18].
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Specializing our main theorem (Theorem 10.1) to this particular case gives the following
result.

THEOREM 1.2. Let ng be the maximal integer such that py, locally at q is £1d mod w™ (i.e. the
maximal ng such that py,|cq, is congruent to +Id mod w"?). Then n?/Fitto(CD?) is O/w?"a.

We use a different (logarithmic) normalization of the Wiles defect (see Definition 3.10
below) to make it behave well with change of coefficient ring O. With our definition, the Wiles
defect 0y, e (T9) (of T relative to As) in the theorem above becomes 2n,/e, where e is the
ramification index of O.

In the full version of our results, see Theorem 10.1, we allow f to be an arbitrary newform
of squarefree level and trivial nebentypus, for which the residual representation p satisfies the
Taylor—Wiles conditions, as well as a condition on the ramification, and we allow the quaternion
algebra D to be ramified at multiple trivial primes for p. For ease of exposition, we will continue
to focus on the case outlined above for the remainder of the introduction.

Remark 1.3. As a small point, we remark that while Theorem 1.2 is technically a complete
answer to the question of determining the Wiles defect, the numbers n, may be diffi-
cult to compute in the specific case considered here. The reason for this is that while the
original representation p: Gq — GLa(F3) at level 11 is defined by a modular form with ratio-
nal coefficients, the coefficient field Ky of the newform f € S3(I'g(11g)) may be arbitrarily
large.

For example, in the case of the first trivial prime ¢ = 193, one can show by process of elimi-
nation that the newform f € Sa(I'o(11-193)) giving rise to p is the form computed in [LMF19,
Newform 2123.2.a.h], for which we have [Ky : Q] = 46. This may make a precise determination
of n193 computationally infeasible.

In §11 we consider a different specialization of Theorem 10.1 to the case when the newform
f has rational coefficients (but we do not assume that the residual representation p arises from
a modular form with rational coefficients at minimal level). In this case, f corresponds to a
semistable elliptic curve Ey, and we show that n, may be computed in terms of the Tate uni-
formization of F at ¢. This allows us to give several numerical computations of Wiles defects via
our main theorem.

In the study of congruences between modular forms (cf. [Hid81al), and computing congruence
ideals attached to a newform f, it is found that cohomological congruence ideals ny ’COh, defined

similarly to n? but in terms of the T? module H? := H'(X,O)y, rather than T?.! are easier

to study (and are related directly to algebraic parts of L-values) than the congruence ideal 77]?
of the relevant Hecke algebra T,

In [Dia97], Diamond gives a generalization of Theorem 1.1 which shows that \@?! =
|0/ n?’COhI if and only if % : R? — T is an isomorphism of complete intersections and H?

is free of rank 2 over T¢.
To relate the congruence ideals 77522 and n?’mh, the method in most references (see e.g.

[Hid81b)) is to prove by delicate arithmetic geometric means that H? is actually free of rank 2

over T®, which trivially implies that 17? = n?’COh.

! We are suppressing some subtleties here to do with the fact that H*(X, Q)n has generic rank 2 as a T-module,
rather than 1.
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In the case when ¢ is not a trivial prime, the same patching arguments that imply that R%
and T? are complete intersections were shown in [Dia97] and [Fuj06] to imply that H? is free
over T? (a fact which was also shown more directly in [Rib90b]). On the other hand, when ¢
is a trivial prime, the main result of [Rib90b] shows that H Q is not free over T?. Instead it is
proved that dimy, H? /m =4, whereas H Q[l /p] is free of rank 2 over T ® Q,, which is referred
to as a multiplicity-two phenomenon.

The work of the third author in [Man21] uses patching techniques to get another proof of
Ribet’s result in a more general situation. In addition to re-proving Ribet’s multiplicity-two
result, this approach also yields an additional statement about the endomorphism ring of H?
as a T9-module (see [Man21, Theorem 2]). In Theorem 3.12, we show that this endomorphism
statement implies that 77502 = n?’COh, even in the case when H® is not free over T< 2

This shows that a weaker condition than freeness can suffice to show that the two congruence
modules are the same, which holds in certain cases when freeness is actually false. Moreover, the
techniques of [Man21] give a possible approach for proving this condition in more generality, by
carefully analyzing the geometry of certain local Galois deformation rings. We hope that these
ideas will be useful more generally to relate congruence ideals of Hecke algebras and congruence
ideals of cohomology groups arising from arithmetic manifolds on which they naturally act.

1.1 Strategy of Proof of Theorem 10.1

Here is a sketch of the strategy of the proof of our main theorem, Theorem 10.1. The notation we
use here is not the same as in the main text, and we simplify the arguments, skipping over some
nuances, to indicate the broad strategy. We consider the full deformation ring R(Q) which arises
from considering semistable deformations of determinant the p-adic cyclotomic character €, which
are unramified outside @ = {3,11, ¢} and finite flat at 3. We consider the anemic Hecke algebra
T(Q) (without operators U, for ¢ € Q) that acts faithfully on the cohomology H'(X(11¢%), O)m,
of the modular curve. (Here m¢ is a maximal ideal of the full Hecke algebra, which is a pull back
of the maximal ideal m of T®.) There is a surjective map of O-algebras R(Q) — T(Q) that is
an isomorphism of complete intersections R(Q) — T(Q) by [Wil95] and [Dia97].

The rings R? and T? are quotients of R(Q) and T(Q), respectively. We can therefore pull our
augmentation Ay : T? — O back to Ar : T(Q) — O, and use that for this pull back, the Wiles
defect is trivial by Theorems 1.1 and 5.2. For this one uses another augmentation A, : T(Q) — O
arising from a newform g € S3(I'o(N(p)) which exists because of the level-lowering results of
[Rib90a]. Thus, to compute the Wiles defect of T<, it suffices to compute the change in cotangent
spaces (at Ay) between R(Q) and R? and the change in congruence modules between T(Q) and
TC.

The change in cotangent spaces is considered in §7. The main idea is that the
Taylor-Wiles-Kisin patching method (see Theorem 6.3 for details) implies that R(Q) and R?
are quotients of certain explicit rings Ro, and RS by a regular sequence. Here Ry, and RS are
both power series rings over completed tensor products of various local Galois deformation rings.
In all cases relevant to us, the local deformation rings were computed precisely in [Shol6], and
thus we can determine R, and Rgg completely explicitly.

Pulling back Ay to augmentations on RS and Ry, one can then consider the cotangent spaces
®Rs: and ®p_, which depend only on the rings Rgg and R and the map A : Rgg — O, and not

2 Note that this does not contradict Diamond’s numerical criterion from [Dia97], since in the case when H is not

free T will not be a complete intersection and so |<I>?\ > \O/n?\ = \O/n?’mh\.
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on the structures of R(Q) and R?. While it is not possible to directly determine ®po and ® R(Q)
from ®ps. and g, (at least without knowing the regular sequence generating ker(Re — R(Q))
and ker(R3! — R¥)), we can show via a commutative algebra argument (Theorem 7.14) that
ker(®r(g) = Ppe) is isomorphic to ker(®g,, — Pps:). The cardinality of the latter kernel can
then be computed precisely by a computation with the local deformation rings (Proposition 7.9),
which gives the desired comparison between [® p(q)| and |® pol.

The change in congruence modules between O /1) and O/ngq is considered in §§8 and 9.
We first equate these with the corresponding cohomological congruence modules, via Theorem 5.2
in the modular curve case, and the work of [Man21] combined with Theorem 3.12 (as described
above) in the Shimura curve case (see Theorem 8.1 and Corollary 8.3). The change in coho-
mological congruence modules is then computed by an application of the work of [Rib90a] and
[RT97] (see Proposition 9.1).

Relying on the results of [RT97] in this way requires us to assume that p is ramified at least
at one prime in the discriminant of D. By using the Jacquet—Langlands isomorphism to add or
remove certain primes to or from the discriminant of D, we may reduce this condition to simply
requiring that p is ramified and Steinberg at enough primes, regardless of whether they are in
the discriminant of D (see Corollary 9.3).

For this paper we have, for simplicity, restricted to the case when p is a semistable repre-
sentation of Gq, so this is only a fairly minor restriction. However, this would be a much more
restrictive condition if we were to give the natural generalizations of our results to possibly non-
semistable representations of p: Gr — GLa(k), for F' a totally real number field. It would thus
be worthwhile to find an alternative approach to computing the change in congruence modules,
or to directly computing the Wiles defect, which does not depend on the results of [RT97].

1.2 Future work

Theorem 10.1 shows that the Wiles defect depends solely on the local properties of the represen-
tation ps, at the primes in the discriminant of D, and thus only on the ring Rgg and the induced
augmentation X : RS® — O from §7. Based on this, one might hope that the Wiles defect could
be computed directly from the local deformation rings, similarly to how the change in cotangent
spaces was computed in § 7. Such a computation would remove the reliance on the results [RT97]
from our approach, and would thus allow us to significantly weaken the hypotheses of our main
theorem. It would also potentially allow us to compute the Wiles defect in contexts where there
is no natural generalization of [RT97]. We intend to pursue these ideas in a follow-up paper.

The work of Hida [Hid81a] proves a formula of the type

L(1,ad(1)

2~ 10/ (T(@Q))

(up to a unit in O) relating L-values and congruence modules (we blur here the distinction
between the congruence module for the Hecke algebra T(Q) and the congruence module for
its module H'(Xo(NQ),O)m). Here L(s,ad(f)) is the L-function and Q a suitable period of
the adjoint motive associated to f. The work of Wiles [Wil95], when combined with [Hid81a],
gives a proof of the Bloch—Kato conjecture (in many cases) for the corresponding L-value by
showing the equality of the orders of the congruence module O/n;(T(Q)) and the cotangent
space P (@) associated to f (the latter is the Bloch—Kato Selmer group associated to the adjoint
motive of f). Our work does not directly involve L-functions, but one could ask if the Wiles
defect we study has a relation to L-values (perhaps related to the quotient of ‘cohomological’
and ‘motivic’ periods associated to the form f or its Jacquet—Langlands correspondent on the
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quaternion algebra Dg). The observations in §11 that relate the Wiles defect, in the case of
augmentations of Hecke algebras arising from semistable elliptic curves, via our main theorem,
to tame regulators of local periods of the Tate elliptic curves at the primes in @ (cf. [MT87]),
give a geometric description of the Wiles defect in the case we study and are suggestive of such
a relationship.

We end the introduction by making a few remarks contrasting the contexts of [TU18] and our
paper, which both study the Wiles defect. The paper [TU18] considers Hecke algebras which act
on the Betti cohomology of hyperbolic 3-manifolds. Thus, the reason for the failure of complete
intersection of the Hecke algebras studied in [TU18] is global, namely that the relevant Betti
cohomology (the relevant degrees being 1 and 2) is not concentrated in a single degree (and thus
the defect o = 1). In §5 of [TU18], the Wiles defect of the Hecke algebras studied there is con-
jecturally related to (integral) regulators of motivic elements, and to the ratio of cohomological
and motivic periods.

In the classical situation studied in this paper, of Hecke algebras acting on the cohomology
HY(Xq,0) of Shimura curves X qQ arising from an indefinite quaternion algebra Dg over Q,
the reason for the failure of the Hecke algebra to be a complete intersection is local, namely
that the Steinberg deformation rings at trivial primes dividing the discriminant of Dg are not
complete intersections. We compute in many cases the Wiles defect (cf. Theorem 10.1) and give
an explicit formula for the Wiles defect (which is a global quantity) as a sum of local terms at
such primes. The local terms at a prime ¢ measure the depth of the congruence of pf|g, to the
trivial representation up to sign, where G is a decomposition group at q.

1.3 Structure of this paper

We describe the contents of this paper. The key sections of this paper are as follows. In §3
we develop the commutative algebra we need in this paper related to congruence modules
(cf. Theorem 3.12) and define the Wiles defect (cf. Definition 3.10). In §§4 and 5 we intro-
duce the deformation rings and Hecke algebras which are the main objects studied in this paper.
In §§6 and 7 we use patching to show that certain relative local cotangent spaces are isomorphic
to related relative global cotangent spaces (cf. Theorems 6.3 and 7.14 and Corollary 7.15). In
§7.2 we give the computation of the cardinality of relative local cotangent spaces at a trivial
prime ¢ (cf. Proposition 7.9). In §8 we show that to prove our main theorem about the Wiles
defect )\(TQ) we study, Theorem 10.1, it is enough to compute a related cohomological Wiles
defect 6y 7o (H' (X, O)m) related to the T module H'(Xg,O)w (cf. Corollary 8.3). In §9 we
use [RT97] to compute the change of the cohomological n-invariant when we pull back our aug-
mentation T? to T(Q) (cf. Proposition 9.1). In §10 we pull all our earlier work together to
prove Theorem 10.1. We end in § 11 by computing the Wiles defect for semistable elliptic curves
in terms of tame regulators of local Tate periods (cf. Proposition 11.1 and Corollary 11.2) and
giving some numerical examples.

Notation
We will fix a prime p > 2 throughout this paper and fix an embedding ¢ : Q — Qp.

For any field F, we will let Gr denote its absolute Galois group. For any prime ¢, we will
write G 1= Gq,, and let I, < G be the inertia subgroup. For the entirety of this paper, we will
fix a choice of embedding G, — Gq for each prime g. All representations of G will be assumed
to be continuous.

We denote by e the p-adic cyclotomic character € : Gq — Z,; and also any of the characters
to R* we get for any Z,-algebra R by composing it with the map Z, — R.
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For a newform f, we denote by py, (or simply ps as we have fixed the embedding ¢) the
Galois representation associated by Eichler—Shimura to f, .

We will denote by O the valuation ring of a finite extension F of Q, and by k the residue field
of O, and we let CNLp be the category of complete, Noetherian local O-algebras with residue
field k.

For an O-algebra R, an augmentation A of R will always mean a surjective O-algebra homo-
morphism A : R — O, where 0’ is the ring of integers in a finite extension of E (we will almost
always take O = 0’). For an O-module M that is a finite abelian group, we denote by £o (M)
the length of M as an O-module. For a € O, we denote by ordp(a) = Lo (O/(a)).

For a Galois representation p: Gq — GLa(F,) which is finite flat at p, we will let N(p)
represent its Artin conductor.

2. Trivial primes for p
Let p: Gq — GLa(k) be a continuous and irreducible mod p representation.

DEFINITION 2.1. We say that a prime ¢ is trivial for p if ¢ is 1 mod p, p is unramified at ¢ and
p(Frob,) = +Id. We say that a prime ¢ is Steinberg for p if p|g, up to an unramified twist is of

the form
€ %
0 1

with € the mod p cyclotomic character and G, a decomposition group at g.
We impose that p satisfies the following conditions.

det(p) =e.

Each prime ¢(# p) at which p is ramified is Steinberg for p.

pla, is finite flat.

p is modular, i.e. arises from a newform in S3(T'o(N(p))) with respect to an embedding
lp: Q— Qp that we fix. This is implied by the previous hypotheses by Serre’s modularity
conjecture, which is now a theorem [KW09].

Note that N(p) > 1 and is square-free, and our conditions imply that Ad"(p) is absolutely
irreducible and the order of im(p) is divisible by p (otherwise p has Serre weight 2 and Artin
conductor 1 by assumptions on determinant and ramification above). This implies that plq((,)
is irreducible and thus satisfies the ‘Taylor-Wiles hypothesis’ needed for the arguments below.

In our work below we will fix positive square-free and coprime integers N and ) with the
property that:

e N divides N(p);
e N(p) divides NQ;
e all primes dividing @) are Steinberg for p.

We also fix a prime r > 0 such that no lift of p|g, is ramified at r. This exists by our
hypothesis on p and [DT94b, Lemma 3]. This allows us to impose I'; (r?) level structure whenever
needed, and so we may ignore below any issues arising from isotropy.

3. Cotangent spaces, congruence modules and the Wiles defect

DEFINITION 3.1. Given any R € CNLp and any continuous homomorphism A: R — O, we
define the cotangent space of R with respect to X to be ®) g := (ker \)/(ker A)2.
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Note that [Stal9, Lemma 00RP, Lemma 02HP] implies that ®) p = Qp/0 @ O, where Qg /o
is the R-module of Kéhler differentials.
First note the following result.

LEMMA 3.2. If R is a finite, local, reduced O-algebra, then ® r is a finite group.

Proof. As R is reduced, R[1/w] = R ®p E is as well. It follows that R[1/w] is a product of finite
extensions of £ and so Qg0 ®0 E = Qg[1/z)/g = 0. Thus,

Py r®0 E = (Qr/0 ®r0) ®o E = (Qp0 @0 E) @\ E=0.

But now as R is a finite O-algebra, {1g /0 is a finitely generated R-module and hence ®) g is a
finitely generated O-module. It follows that ®) g is indeed finite. O

For the remainder of this section, let R denote a finite, local O-algebra. Assume that R is
w-torsion free and reduced. This implies that the map R — R[1/w] = R ®p E is injective, and
R[1/w] is a product of finite extensions of E. Also fix an augmentation A : R — O.

For any finitely generated R-module M, let M* = Homp (M, O) with its natural R-module
structure. We say that M is reflexive if the natural map M — M™** is an isomorphism (note that
this is equivalent to simply saying that M =2 M™** since M*, and hence M**, is reflexive for any
M). Note that if M is finitely generated over R, then it is also finitely generated over O, so it
follows that M is a reflexive R-module if and only if it is finitely generated over O and w-torsion
free.

For any reflexive R-module M, note that we have natural isomorphisms

(Mker \]) @0 E = (M ®0 E)/ker A = (M/ker \) ®0 E.

We will define the A-rank of M to be ranky M = dimg(M|ker \]) ®o E, so that if ranky M = d,
then M [ker \] = O¢ as an O-module. It is not hard to see that ranky M = ranky M*.

Now let w = R* = Homp (R, O) be the dualizing module of R. Then w is a reflexive R-module
and we have w* = R.

For any reflexive R-module M, we have a natural, R-equivariant perfect pairing (,)as :
M*x M — O (given by (f,z)m = f(z)). Note that this induces an isomorphism M [ker \] =
Homp (M*/ ker A, O). Also, identifying M with M**, we have (z,y)y+ = (y,x) .

We now make the following definition.

DEFINITION 3.3. For any reflexive R-module M, the congruence module of M with respect to
A, denoted Wy (M), is the cokernel of the composition

tarn : Mlker \] = M = Home (M*,O) — Home (M *[ker \], O).

The map ¢ps,5 is an isomorphism after inverting w, so it is always injective, and Wy (M) is
always finite.

LEMMA 3.4. If M is reflexive and x1, . ..,xq (respectively fi,..., fq) is an O-basis for M [ker A|
(respectively M*[ker \]), then Wy(M) is isomorphic to the cokernel of the map O% — O% given
by the matrix ({f;, ;) )i;j- In particular, |Uy(M)| = \(’)/(det((fi,xj>M)ij)|.

Proof. If we identify M [ker \] and M*[ker \] with O? using the bases, ¢y is identified with the
map O% — 04 given by the matrix ({f;, z;)ar)i;- The claim follows. O

In light of this lemma, in the case where rankyp M[ker \| = rankp M*[ker \] = 1, we define
the ideal nx(M) = ((f1,z1)m) € O, where M[ker \] = Oz and M*[ker \] = O f1. Then we have
Uy(M) = O/nr(M), and ny(M) is independent of the choice of z; and f;.
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LEMMA 3.5. If M is a reflexive R-module with an R-equivariant perfect pairing (,): M x
M — O (ie. M is self-dual) and z1,...,x4 is a basis for Mlker \], then Wy(M) is isomor-
phic to the cokernel of the map O% — O given by the matrix (det((x;,x;));;. In particular,
|UA(M)| = |O/(det({z;,2;))i;)|- (Note that Wx(M) is independent of this choice of pairing (),
by definition.)

Proof. The pairing (,) induces an isomorphism ¢ : M — M* of R-modules for which (z,y) =
(p(z),y)ar- Letting f; = p(x;), the claim now follows from the previous lemma. O

LEMMA 3.6. If My and M, are reflexive R-modules, then Wy(My @ M) = Wy (My) @ Wy (My).

Proof. Let M = My & M; and note that we have natural isomorphisms Mlker\| =

(Mo @ M;)[ker A\] = My[ker A\] & M [ker ], M* = Homp (Mo & My, O) = Mg & My, M*ker \] =

Mg lker A] @ M [ker A\] and Homo (M *[ker A, O) = Homo (M [ker A], O) & Homoe (M [ker A], O).
Under these identifications, we have

LM = LMo\ D tan x : Molker A] @ M [ker \]| — Homep (Mg [ker A, O) @ Homo (M [ker A], O),

from which the claim follows. O
LEMMA 3.7. For any reflexive module M, W (M) = Uy (M™*).
Proof. This follows from Lemma 3.4 and the fact that (f;, z;)a = (xj, fi) v+ O

LEMMA 3.8. n\(R) = A(R[ker A)).

Proof. Let R[ker \| = O« and note that R*[ker \] = w[ker \] = Homp(R/ker A, O) = O\ C R*.
Then, by Lemma 3.4, nx(R) = ((\,a)r) = (AM(a)) = A(R[ker A]). O

Lemma 3.8 shows that our definition agrees with the definition used in [Wil95]. We also note
the following, which implies that our definition of ¥y (M) agrees with the module €2 considered
in [Dia97, Theorem 2.4].

LEMMA 3.9. Let Iy = Rlker \] C R. For any reflexive R-module M, we have
M
[ker A] + M[I,]

Proof. Write p) =ker \. We first claim that the natural map M — Homgp(M*, O) —
Home (M*[py], ©) induces an isomorphism M/M|[I,] = Home (M*[p,], O).

The map M — Homp(M*[p,],O) clearly factors through M/p M. Also, as M*[p,] is
saturated in M™*, this map is surjective, so we have a surjection M/pxM — Homo(M*[p,], O).

It is easy to see that this map is an isomorphism after inverting <o (this follows from the fact
that M[1/w] = pAM[l/w] & [LM[1/w] and M*[1/w] = pM*[1/w] & [\M*[1/w]) and so the
map identifies Homp (M*[py], O) with the maximal w-torsion free quotient of M /p M. But now
as M[1/w]/pyM[1/w] = (M[1/w])[I)], M[I,] is the saturation of pyM in M as an O-module
and so M/M]|I,] is the maximal w-torsion free quotient of M /pyM. Thus, we indeed have the
desired natural isomorphism M/M|[I,] = Home (M*[p,], O).

But now identifying M/M[I,] = Homp(M*[p,], O) under this isomorphism, the map ¢z :
Mipy] — Homp(M*[p,],O) from Definition 3.3 is identified with the map Mip,] — M —
M/M|I,] and so

(M) = 57

M/M[L] M
Uy (M) = coker(t = ~ . O
A = cokerlia) = (o T+ ML) /ML)~ Mipa] + ML)
Our main goal for this paper is to compare the orders of ®) r, Wx(R) and ¥y(M) (for a

specific choice of M). We thus make the following definition.
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DEFINITION 3.10. Let R denote a finite, local O-algebra that is w-torsion free and reduced. Let
M be a reflexive R-module with ranky M =d > 0.
The Wiles defect of M is the quantity
dlog | Py pr| — log [Vx(M)|
5)\R M) = - ’
AM) dlog|O/p|

which we will denote by (M) when R is clear from context.

Note that 6y r(M) is a rational number. Also note that by this definition, if E'/FE is a finite
extension with ring of integers O, then d g0 rgo' (M ® O') = 6\ r(M). Essentially, d r(M)
is independent of our choice of coefficient ring. This allows us to assume that O is as large as
needed in the arguments below.

Also note that for any k > 1, 6, gr(M®*) = 65 r(M) by Lemma 3.6.

As shown in [Dia97], we have the following result.

THEOREM 3.11. Let R be as above and let M be a reflexive R-module. Let d = ranky M and
assume that M has rank at most d at each generic point of R. Then §\ r(M) > 0 and we have
dx\r(M) = 0 if and only if R is a complete intersection and M is free of rank d over R.

In the situation we will consider in this paper, R will not be a complete intersection (or even
Gorenstein) and M will not be free over R and so both of the Wiles defects dy gr(R) and 0y r(M)
will be positive. Our goal will be to determine these defects.

We will use the following theorem below to compare 0y r(R) and 6y r(M).

THEOREM 3.12. Let M be a reflexive R-module of A-rank 1. Then |¥y(R)| > |Ux(M)| and so
I\ r(R) <) r(M). Equality holds if the natural map R — Endgr(M) is an isomorphism.

Proof. First note that M*[ker \] C M* = Homp(M,O) consists precisely of the O-module
homomorphisms f : M — O satisfying f(rz) = A(r)f(z) for all r € R, x € M.

Let R[ker \]| = Oa and M*[ker \| = Of for some « € R, § € M*. Regarding [ as a map
B: M — O, note that 8 must be surjective (as otherwise we would have w~!3 € M*[ker \],
contradicting the choice of (3).

By Lemmas 3.4 and 3.8, nx(R) = (A(«)) and ny (M) = B(M [ker A]). Now, as a € R[ker \|, we
clearly have aM C M ker \] and thus

(M) = f(M[ker A]) 2 f(aM) = Ma)3(M) = OXa) = nA(R),

which automatically implies that |Uy(R)| > [P (M)].

Moreover, if we have |U)(R)| > |¥)(M)|, then we must have B(aM) C B(M][ker A]) and
so f(aM) C wh(M[ker \|) = B(wMlker A]). As aM C M[ker \] and ] psker n] : M[ker A] — O is
injective (as Mker )] is a free rank-1 O-module), this implies that aM C wM [ker A\| C wM.

As M is w-torsion free, it follows that we may define an endomorphism f: M — M by
f(z) = wlaz. Clearly, f € Endg(M) and, if i : R — Endr(M) is the natural map, we have
i(a) = wf. In particular, i(«) € wEndg(M). But now as Rlker \] is saturated in R, o« € wR
and so i : R — Endgr(M) cannot be an isomorphism.

Thus, if we assume that ¢ is an isomorphism, it follows that |¥y(R)| = |¥x(M)|. O

Remark 3.13. It is worth pointing out that the converse to the second claim in Theorem 3.12 is
not true. That is, it is possible that ranky M =1 and |Uy(R)| = |[¥\(M)]| for some A (and, in
fact, for every \), but R — Endgr(M) fails to be an isomorphism.

To see this, let R be any reduced, local w-torsion free O-algebra, and let M:R—
on, .., A i R — O be all of the augmentations of R (where each O is a finite extension
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of ©). For the sake of simplicity, assume that O = ... = O = O (and so R[1/w] = E"). For
each 4, write R[ker \;] = Oa;.

Now let R C R be the O-subalgebra of R generated by o, ..., a,. It is not hard to see that
R is also a reduced, local w-torsion free O-algebra, that R[1/w] = R[1/w] = E" and that the
augmentations of R are all of the form \; := \j|z : R — O. But one can now easily check that
Rlker \;] = Oa; = R[ker \;] = R[ker ] for all i. So, treating R as an R-module, we now see that
ranky, R=1 and Uy (R)=0/(\i(o)) = \I/;\Z_ (R) for all 7. On the other hand, we clearly have
R C Endg(R), so, provided that R # R (that is, that R is not generated as an O-algebra by
a1,...,qp), the map R — Endg(R) cannot be an isomorphism.

It is easy to find examples of rings R for which R # R, so in general the hypothesis that R —
Endpg(M) is an isomorphism is strictly stronger than the hypothesis that |Uy(R)| = |¥,(M)] for
some, or even all, \.

4. Galois deformation theory

4.1 Generalities
We use §5 of [Thol6] as reference for the material recalled in this subsection.

Let p be an odd prime and let E be a coefficient field with valuation ring O and residue
field k. We fix a continuous, absolutely irreducible representation p : Gq — GL2(k) and assume
that det p = ¢, the cyclotomic character. We will assume that & contains the eigenvalues of all
elements in the image of p. We also fix a finite set S of primes containing p, and all primes at
which p is ramified (we also allow S to contain finitely many other primes in addition to these).

Let g € S. We write DqD : CNLp — Sets for the functor that associates to R € CNLg the set
of all continuous homomorphisms r : Gq, — GL2(R) such that rmodmp = plgq, and detr is

the cyclotomic character €. It is easy to see that DqD is represented by an object RE € CNLp.

DEFINITION 4.1. Let ¢ € S. A local deformation problem for ﬁ|GQq is a subfunctor D, C DE
satisfying the following conditions.

e D, is represented by a quotient R, of RqD.
e For all R € CNLp, a € ker(GLa(R) — GLa(k)) and r € Dy(R), we have ara™! € Dy(R).

We will write qu 1 G, — GLQ(RqD) for the universal lifting. If a quotient R, of RqD corre-
sponding to a local deformation problem D, has been fixed, we will write p, : Gq, — GL2(R,)
for the universal lifting of type D,.

We recall [Thol6, Lemma 5.12].

LEMMA 4.2. Let R, € CNLp be a quotient of RqD satisfying the following conditions.

1. The ring Ry is reduced and not isomorphic to k.
2. Let r:Gq, — GLa(R,) denote the specialization of the universal lifting and let a €
ker(GLa(Rq) — GL2(k)). Then the homomorphism RE — R, associated to the represen-

tation ara™' by universality factors through the canonical projection RE — Ry.
Then the subfunctor of ’DqD defined by R, is a local deformation problem.

We now specialize to the situation of this paper. Consider our fixed p, and the integers N and
Q, with N|N(p)|NQ, that we have fixed. (Recall that all the primes in @) are Steinberg for p.) Let
S be the set of primes which divide N(p)pQ. We briefly recall the local and global deformation
rings that we consider in this paper and some of their known properties. For convenience, we
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will also assume that the coefficient ring E contains all (¢> — 1)th roots of unity for each ¢|Q
(recall that as shown in the previous section, the Wiles defect is unaffected by expanding the
coefficient ring, so this assumption is harmless).

4.2 Local deformation rings

For any prime ¢, let RE € CNLp be the full framed local deformation ring of p|q, for lifts of fixed
determinant e. We consider below quotients of RE which are defined as in [Kis09] as reduced,
flat over O quotients of RqD, and are characterized by the Qp—valued points of their generic fiber;
[Kis09] computed the dimension of generic fibers of the quotients we consider, and proved that
they are regular. The quotients we consider satisfy Lemma 4.2 and thus give rise to deformation
conditions in the sense of Definition 4.1. We need finer integral properties of the quotients we

consider that are stated in Proposition 4.3.
For ¢|N:

o let R?‘in be the minimally ramified quotient of Ry, (which parametrizes minimally ramified
deformations) and let Rg be the flat quotient of R, (which parametrizes flat deformations).

For ¢|@, the Steinberg quotient Rgt of RqD is defined as follows.

e If ¢ is ramified in p, then the Steinberg quotient Rst is defined as the minimally ramified
quotient of RqD.

e If ¢ is unramified in p and ¢ # —1 (mod p), then the Steinberg quotient Rgt is the unique
reduced quotient of RE characterized by the fact that the L-valued points of its generic fiber,
for any finite extension L/FE, correspond to representations which up to an unramified twist
are of the form (§71).

e If ¢ is unramified in p and ¢ = —1 (mod p), then p(Frob,) takes two distinct eigenvalues
g, By € k such that o, /B, = q (note that ag, 8, = £1). Thus, p|g, in some basis ey, ez is of

the form
ex O
0 x )’

where we assume that x(Frob,) = 3,. We define Rst(ﬁ 7) as the unique reduced quotient of RE
characterized by the fact that the L-valued points of its generic fiber, for any finite extension
L/E, correspond to representations of the form

EX *
0 x
St(Bq)

Below we will fix a 3, and, for uniformity of notation, generally we write Rgt for Ry .

such that y reduces to Y.

For ¢|@ unramified in p, the unipotent quotient R;ni of RE is defined as:

e the unique reduced quotient of RE such that Spec R}Imi = Spec Rst U Spec Rflmn inside
Spec RqD, where here Rf]“i“ is the quotient of RqD that parametrized unramified deformations.

If g=—1 (mod p), we write R:Imi(ﬁ *) for R}Imi if we wish to indicate the (3, used to define
RS
q

Recall from [BGHT11, §3] that R € CNLp is called geometrically integral if, for all finite
field extensions E’ D F with integral closure O’ of O, the ring R ®» O’ is an integral domain.
The following result summarizes basic ring-theoretic properties of the RZ.
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PROPOSITION 4.3. The following hold.

1. We have Rqﬁ ~ O[[ X1, X, X3, X4]] for ¢ = p and Rflmn >~ O[[ X1, X9, X3]] for all g # p.

2. For q # p, the ring RqD is a complete intersection, reduced and flat over O of relative
dimension 3.

3. For ¢|Q, the ring Rgt is Cohen—Macaulay, flat of relative dimension 3 over O and
geometrically integral and, if q is not a trivial prime for p, we in fact have Rgt =

O[[XlaXQaX3H‘
4. For each q|Q and each minimal prime p of RqD, RqD/p is flat over O and geometrically
integral.

5. For ¢|Q such that p is unramified, the reduced ring qumi is Cohen—Macaulay and flat over
O of relative dimension 3.

Moreover, the rings R; in 1-5 are the completion of a finite-type O-algebra at a maximal ideal.

Proof. Assertion 1 is from [CHTO08, §§ 2.4.1 and 2.4.4] and Assertion 2 from [Shol8, Theorem 2.5],
except that one has to modify the statements and proofs there by including the further condition
that the determinant be e, which in turn results in a drop of dimensions by 1. Assertion 3 is from
[Shol6, §5], where here one has to impose the additional condition that the image of Frobenius
has determinant 1 and one has to modify the proofs accordingly. That Rgt is geometrically
integral is not stated explicitly in [Shol6]. However, the base changes Rst ®o O’ have again an
interpretation as a universal Steinberg ring and are thus all integral domains. Assertion 4 follows
similarly from the results in [Shol6, §5].

Assertion 5 will be addressed in the proof of Proposition 7.9, where we give a description of
R}Imi as a quotient of a power series ring over O by some explicit relations. In that proof we also
recall more detailed information about Rgt and RqD; this would easily provide a direct proof of
Assertion 2 except for the reducedness.

In all cases it is obvious from the explicit nature of the rings R; given in the references that
the rings are the completion of a ring of finite type over O at a maximal ideal. g

Define R, = RqD for ¢ € @ and further:

Rige = [(q'}%}z] [@Rmm] ®RY and R, = [@RSt] [@Rmm] BR).

4N 7@ 4N

LEMMA 4.4. Suppose that R;, i = 1,2, lie in CNLe and are flat over ©. Let R = R1®0pRs be
their completed tensor product. Then the following hold.

1. The ring R is flat over O.

If both R; are Cohen—Macaulay, then so is R.

If both R; are Gorenstein, then so is R.

If both R; are local complete intersection rings, then so is R.

If both R; are reduced and if Rs is the completion of a finite-type O-algebra Ry at a

maximal ideal ms, then R is reduced.

If both R; are geometrically integral, then so is R.

If the minimal primes of Ry are p1,...,p, and the minimal primes of Ro are q1,...,qs and

each R1/p; and Ra/q; is flat over O and geometrically integral, then the distinct minimal

primes of R are p;R +q;R fori=1,...,randj=1,...,s

8. If both R; are the completion of a finite-type O-algebra R; at a maximal ideal m;, then so
isR.

Cu N

N o
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Proof. Part 1 is proved in the first paragraph of [Kis09, Proof of Lemma (3.4.12)].

For part 2, recall from [Stal9, Lemma 045]] that for a flat local homomorphism R — S
of local Noetherian rings, the ring S is Cohen—Macaulay if and only if R and S/mpS are
Cohen—Macaulay. We deduce on the one hand that the rings R;/7nR; are Cohen-Macaulay for
i =1,2 and on the other that to show that R is Cohen—Macaulay, we need to establish that
R/7R = (R1/7R1)®k(Ra/7Rs) is Cohen-Macaulay.

Now, by the Cohen structure theorem in the form given in [Stal9, Lemma 032D], there
exist power series rings S; C R;/7R; over k such that R;/7R; is finite over S;, i = 1,2.% Since
Ri/mR; is Cohen—-Macaulay, it follows from [Stal9, Lemma 00R4] that R;/7nR; is free of finite
rank over S;. Hence, R/7mR is a ring extension of the power series ring S = 51058, that is free
of finite rank over §. The ring S is regular and in particular Cohen—Macaulay, and all fibers
of § - R/mR are Artin rings and thus also Cohen—Macaulay. Invoking again [Stal9, Lemma
045J], we see that R/mR is Cohen-Macaulay. Let us mention that our proof of part 2 is inspired
by [CEG'16, Appendix Al.

The first half of the proof of part 2 goes through with Gorenstein or local complete inter-
section instead of Cohen—Macaulay, as well by appealing to [Stal9, Proposition 0BJL] and
[Stal9, Proposition 09Q2]. The remaining argument for part 3 is [WITO69, Theorem 6]. There
is also a simple direct proof. One can combine systems of parameters for R;/7R;, i = 1,2, to
obtain a system of parameters for (R1/7R1)®k(R2/mR2) and then deduce that the socle of
the resulting quotient has k-dimension 1 using that this holds for the quotients of the indi-
vidual factors. Even more elementary is the completion of the argument for part 4. We write
Ri/mR; as a quotient of a power series ring S; over k by an ideal Z; = (fi1,. .., flhz) such
that h; = dimS; — dim R;/7R;. Then R/mR = S/Z for S the power series ring S§1®18Ss over k
andZ={fi;®1:7e{l,... m}}U{l® fo;:je{l,...,ha}), so that dimS —dim R /7R =
hi + ho.

To establish part 5, observe first that the R; as well as Ry and R1 ® Ry are Nagata rings by
[Stal9, Proposition 0335]. By [Stal9, Lemma 07NZ], the completion of a Nagata ring is reduced
if and only if the ring itself is reduced. From this and our hypothesis, we see that R; and Ro
are reduced and it suffices to show that R1 ®» Ry is reduced. Now R; and Ry each embed into
a finite product of fields KC; and K. These fields must contain E and it follows that R1 ®o Ra
embeds into the finite product of the rings K; ® g K. The latter are reduced because E is of
characteristic 0 and thus K is separable over E; see [Stal9, Lemma 030U]. Therefore, R1 ®o Ra
has no non-zero nilpotent elements and is hence reduced.

Parts 6 and 7 are from [BGHT11, Lemma 3.3] and part 8 is obvious. O

Proposition 4.3 and Lemma 4.4 yield the following result.

ProOPOSITION 4.5. The ring R, is a reduced complete intersection, the ring Rlsotc is a
Cohen—Macaulay domain and both are flat over O.
Moreover, each irreducible component of Spec Ry, is of the form

Spec [®R5/p(qﬂ ® [@R;ﬂi“} @Rg,
qlQ 4N

where each Spec R,/ p(@ is an irreducible component of Spec RE (that is, each p(@ is a minimal
prime of Ry).

3 That statement of [Stal9, Lemma 032D] assumes the ring to be a domain. However, its proof (Case I, with
A = k) does not make use of this hypothesis.
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4.3 Global deformation rings

Now we set up the notation for the corresponding global deformation rings that we use later.
Let RU (respectively RD’St) be the framed global deformation rings that parametrize strict

equivalence classes of tuples (p, {tq}qes), where:

e p:Gq — GLa(R) is a lifting of p, with R € CNLp, of determinant ¢;

e p is unramified outside S, of determinant e and, for each ¢ € S, p|g, satisfies the local
deformation condition arising from:
e R (for {|N), Rg (for £ = p), R (for £ € Q);
e respectively, RP™ (for £|N), R (for ¢ = p), R}* (for £ € Q);

e t, is an element of ker(GL2(R) — GL2(k)).

Here two framed liftings (p1, {tq}qes) and (p2, {uq}tqes) are said to be strictly equivalent
if there is an element a € ker(GLg(R) — GLa(k)) such that p2 = apja~! and u, = at, for each
q€eSs.

As p is irreducible, we also have the corresponding unframed rings R and RSY, which
are canonically O-subalgebras of RY and RYSt, and furthermore (non-canonically) RY =
R[[X1,...,X4j_1]] and RPSt = RSY[[Xy,..., X4;_1]] with j the cardinality of S. (We will also
by harmless abuse of notation sometimes view R and RS as (non-canonical) quotients of the
corresponding framed deformation rings by the framing variables X;.)

The natural transformation (p, {t4}4es) — (t;1p|(;Qq tq)qes induces canonical maps Rjoc —

RY and RlsotC — RSt which are homomorphisms in CNLp, and we have RZSt = RU ORioe
RSt

loc*

5. Hecke algebras and newforms

5.1 Modular curves and Shimura curves

From now on, let D be a quaternion algebra over Q (either definite or indefinite) and let @ be
the set of finite primes at which D is ramified. (By abuse of notation, we will also frequently
use Q to denote the product of all the primes in the set (). The context will make clear which
meaning is intended.) As all of our results are trivial in the case when @ = @, we will assume
that @ # @, for convenience. Fix a square-free integer N not divisible by any prime in Q. Let
[o(NT,e0q?) and FOQ(N ) be congruence subgroups for GLg and D*, respectively, where FOQ(N )
is maximal compact at primes in @ and upper triangular mod ¢ for all ¢|N. We will denote
[o(NT,eqq?) by To(NQ?) using our abuse of notation.

We consider a prime p below not dividing 2N @ and a finite extension £/Q,, and let O be the
ring of integers in F, w a uniformizer and k = O/w the residue field. We will assume below that
E is sufficiently large so that O contains the Fourier coefficients of all newforms in So(I'o(NQ)).

Let Ko(NQ?*) C GLy(Aq f) and K(?(N) C D*(Aq,r) be the corresponding compact open
subgroups. If D is definite, let

SUTG (V) = {f : D*(Q)\D*(Aq )/ (N) — O}.
If D is indefinite, let Xg?(N) be the (compact) Riemann surface D*(Q)\(D*(Aq,s) X

H) /K(? (N) (where H is the complex upper half plane). Give X(? (N) its canonical struc-

ture as an algebraic curve over Q and let S’Q(Fg2 (N)) = Hl(XOQ(N), O). We also consider
SgNQQ) = HY(Xo(NQ?),0). Let T(NQ?) and T?(N) be the O-algebras at levels To(NQ?) and
I'¢ (N), respectively, generated by the Hecke operators T;. for primes 7 coprime to pN @ acting on
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HY(Xo(NQ?),0) and SQ(F(?(N)). Note that by the Jacquet-Langlands correspondence, T (N)
is a quotient of T(NQ?).

Let f € So(To(NQ)) be a newform of level N@Q such that all its Fourier coefficients lie in E,
and consider the corresponding O-algebra homomorphism A : T(NQ?) — O. We will fix this
newform and our main results will be in relation to f. By the Jacquet—Langlands correspon-
dence, this also gives a related homomorphism T?(N) — O that we denote by the same symbol
Afr. We denote the corresponding maximal ideals which contain the prime ideal ker(Af) by m.
Let py : Gq — GL2(O) be the Galois representation associated by Eichler and Shimura to f and
assume that the corresponding residual Galois representation py = p: Gq — GLa(k) is abso-
lutely irreducible. By enlarging O if necessary, we may assume that k contains all eigenvalues of
p(o) for all 0 € Gq. We assume that N|N(p)|NQ. The Galois representation pf : Gq — GL2(E),
with irreducible residual representation p, is locally at ¢ of the form

(0 1)

up to twist by an unramified character x of order dividing 2. The 3, € {£1} of the previous

section will be chosen so that py|q, gives rise to a point of Spec Rst(ﬁ a)

depends on whether y is trivial at ¢ or not).

There is an oldform f€ in So(I'o(NQ?)) with corresponding newform f which is characterized
by the property that it is an eigenform for the Hecke operators T} for £ prime with (£, NQ?) = 1
and Uy for £|NQ? and such that a,(f?) =0, i.e. f|U, =0 for ¢ € Q. Let Are TH(NQ?) - O
be the induced homomorphism of the full Hecke algebra TM(NQ?) acting on H'(Xo(NQ?), O)
which is generated as an O-algebra by the action of the Hecke operators T, for (£, NQ?) = 1 and
U for £INQ? on S(NQ?) = H'(Xo(NQ?),0). Let mg be the maximal ideal of TM(NQ?) that
contains ker(Asq).

By Ribet’s level-lowering result [Rib90a], there is a newform g € So(I'g(N(p))) which gives
rise to p and an augmentation A, : T(NQ?) — O whose kernel is contained in the maximal ideal
m. There is an oldform g% in Sy(T'o(NQ?)) with corresponding newform ¢ which is characterized
by the property that it is an eigenform for the Hecke operators Ty for (¢, NQ?) =1 and U, for
(INQ?* and such that aq(g?) =0, i.e. g9|U; =0 for g € Q. Let Ao : T"(NQ?) — O be the
induced homomorphism of the full Hecke algebra T!(NQ?) acting on H'(Xo(NQ?),0) which
is generated as an (O-algebra by the action of the Hecke operators T, for (¢, NQ?) =1 and U,
for (INQ* on S(NQ?) = H*(Xo(NQ?),0). The kernel of A ¢ is contained in the maximal ideal
mg that f9 gives rise to.

The homomorphism Ay : T?(N) — O extends to the full Hecke algebra acting on
SQ(F(?(N )), and we denote by mf, the maximal ideal of T?(N) which contains its kernel.

We define T and TS' to be the images of T(NQ?) and T¢(N) in the endomorphisms of
the finitely generated O-modules H'(Xo(NQ?),O)m, and SQT¢ (N ))mb , respectively. We are

primarily interested in TS in this paper, but we study it via looking at the surjective map of
O-algebras T — TS produced by the Jacquet-Langlands correspondence that yields a Hecke
equivariant inclusion SQ(FOQ(N)) — S5 (To(NQ?)).

We have the corresponding universal modular deformation p™°d : Gq — GL2(T) by results
of Carayol, which is a specialization of the universal representation Gq — GLa(R).

Define

in what follows (and thus

M(NQ2) = HomT[GQ] (pm0d7 S(NQQ):IQ)
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If D is definite, define M5¢(N) = SQ(F(?(N));,Q and, if D is indefinite, define
M{(N) = Homr(gq) (04, SUTE (N))iy,)-

As in [Car94], we have the following result.

LEMMA 5.1. The evaluation map M(NQ?) @t p™°d — S(NQQ):;Q is an isomorphism, as is
MSY(N) @ pmod — SQ(FOQ(N)):‘H,Q when D is indefinite. In particular, as T-modules we have

S(NQ*)i, = M(NQ*)®? and, when D is indefinite, S’Q(I‘SQ(N))T%2 = MSYN)®2,

We remark that, using the notation of §8, below this implies that for any A: T — O,
AT(S(NQ*)my) = Oan(M(NQ?)) and, for any X:T5 — O, 5)\,T5t(SQ(FOQ(N))m’Q) = 0y st
(MPY(N)).

We have the following key theorem due to Wiles [Wil95] and Diamond [Dia97].

THEOREM 5.2. The surjective map R — T of complete Noetherian local O-algebras is an iso-
morphism of complete intersections. Furthermore, S(NQ*)m, = H'(Xo(NQ?),O)m,, is free of

mQ
rank 2 over T and M(NQ?) is free of rank 1 over T.

Proof. This follows from the arguments of [Dia97, Theorem 3.4]. We sketch Diamond’s argument.
One first proves an Ry = Ty theorem as in [Dia97, Theorem 3.1] for minimal deformation and
Hecke rings for p that come with an augmentation induced by a newform g € Sa(T'o(N(p))
as above. One also proves that these rings are complete isomorphisms and the appropriate
localization of the cohomology of a modular curve Xg, H'(Xg, O)y, is free as a Ty module.
Then one observes that H'(Xo(NQ?),0)m, ® E is free of rank 2 over T ® E, which follows from
the choice of mg above so as to contain the kernel of the augmentation of the full Hecke algebra
TU(NQ?) induced by an oldform g with associated newform g as above (see also [DDT97,
Proposition 4.7]). Using level-raising arguments due to [Rib84], one then deduces that if x,y is a
basis of the free O module H(Xo(NQ?), O)my[Ase] = H' (Xo(NQ?),0)m,[Ag] of rank 2, then
#ker(Ag)/ ker(Ag)? < #0/(z,y), where the pairing (, )¢ is a certain alternating T-bilinear,
O-perfect pairing on H'(Xo(NQ?), O)mg,- By appealing to [Dia97, Theorem 2.4], one deduces
that R — T is an isomorphism of complete intersections and S(NQ?)m, = H'(Xo(NQ?), O)m,
is free of rank 2 over T. In particular, T is Gorenstein. As S(NQ?)%, o =M(N Q?)%2, we deduce
from this that M (NQ?) is projective and, as T is a local ring, that M (NQ?) is a free T module
of rank 1. O

Note that classical generic multiplicity-one results for modular forms imply that M (NQ?)
and M5(N) have rank 1 at each generic point of TSt. In contrast to what we have proved about
M(NQ?), when @Q contains a prime ¢ that is trivial for g, it is proved in [Man21] that MS¢(V)
is not free of rank 1 over TS, nor is TS a complete intersection.

Remark 5.3. In [Dia97], a slightly less restricted deformation functor is considered than the
one represented by R above (for instance, at primes dividing N(p) he puts no restriction on
ramification while we have imposed minimality at primes dividing N). Whilst we could also
work with his conditions, we have chosen to work with our slightly more restrictive deformation
conditions at primes dividing N, and the arguments of [Dia97] we have quoted apply mutatis
mutandis.

Remark 5.4. In [Dia97], the analogs of the rings R and T above are denoted Ry, and Ty, (where
¥ is the set @ here), the maximal ideal mg is denoted by my; and the analog of the modular
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curve Xo(NQ?) we consider here is denoted by Xy. We remark that as in [Dia97], although T
is an ‘anemic Hecke algebra’, defined without including the operators U, for ¢ € @), the maximal
ideal mg is a suitable maximal ideal of the full Hecke algebra with U, € mq. This ensures that
H' (Xo(NQ?), O)my @ E is free of rank 2 over T ® E, which is a pre-requisite to apply [Dia97,
Theorem 2.4] and get the refined integral statement that H'(Xo(NQ?),O)m, is free of rank
2 over T. This way of avoiding use of Hecke operators U, for ¢|Q, when proving that R — T
is an isomorphism with non-minimal conditions at @, goes back to the original arguments of
Wiles in [Wil95, Chapter 3] that prove modularity results in the non-minimal case. Wiles used
the numerical criterion Theorem 1.1, modularity results in the minimal case and level raising.
Diamond further enhances the argument in [Dia97] to get that H'(Xo(NQ?),O)m, is free of
rank 2 over T, without having to know a priori Gorenstein properties of Hecke algebras.

It is an interesting feature of the proof of the main result of this paper, Theorem 10.1 below,
that to prove results about the Wiles defect of the weight-2 newform f of level N@Q) that we are
interested in, we have to use another newform of weight 2 and minimal level N(p) via its use in
the proof of Theorem 5.2.

5.2 Abelian varieties of GL2 type with multiplicative reduction at q

We note a useful result about Tate modules of abelian varieties A over Q of GLo-type, with field
of endomorphisms over Q a number field F', and which have multiplicative reduction at a prime
q. Let p be a prime and consider F' ® Q,, = [[, F, which induces a factorization Ta,(A) ® Q, =
[1, Tay(A) and Ta,(A) = F?2, and we denote by pa, : Gq — GL2(F,) the representation of Gq
arising from its action on Ta,(A). If O, as usual is the valuation ring of F,, pa, has an integral
model with values in GL2(O,). We assume that the determinant of p4, is the p-adic cyclotomic
character €, which is assured in our applications as A = A arise from a newform f in Sa(I'(M))
for some positive integer M.

LEMMA 5.5.

1. If pay is residually irreducible, then p 4, is integrally well defined, i.e. Gq preserves a unique
lattice of E2 up to scaling.

2. Furthermore, the restriction pa ,
an unramified twist of

G, of an integral model of pa, is GL2(O,)-conjugate to

(0 1)

The reducible representation pa.|c, when regarded as valued in GLg(E) is ramified and
non-split.
Proof. The first part is a well-known result of Carayol [Car94]. The second part is a consequence
of the Mumford-Raynaud-Tate g-adic uniformization of the abelian variety A over Q, which
has multiplicative reduction at ¢ and weight-monodromy results. Namely, consider the character
group X (A, q) (with values in Z,) of the torus of the reduction of the Néron model of the abelian
variety A at the prime g. We denote X'(A4, ¢)o, = X (4,) ® O,, where the tensor product is over

End(A) ® Z,. Note that as A has purely toric reduction at ¢, we have the exact sequence of
O,[G4]-modules

0 - HOmOU((X(A, q)Ov7O'U(1)) - Tap(A)Ov - X(Ad7 q)ov - 0

Note that Homp, (X (A, q)o,, Ou(1)), X (A%, q)o, are both free O,-modules of rank 1 (as they
are both torsion free and after inverting p are both isomorphic to F,), where A? denotes the
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dual abelian variety of A. The fact that the representation is ramified follows from the g-adic
uniformization. O

We will use this when A = Ay with A; the abelian variety associated by Shimura to a
newform f € Sy(T'o(M)) that is Steinberg at a place q. The shape of the Galois representation
psla, helps to apply the computations of § 7.2 to Theorem 7.14.

6. Patching

Let R and RSt be the full (respectively Steinberg) unframed global deformation rings for g, as
defined in §4. Note that the representations p™°d : Gq — GLy(T) and pQmod — pmod g, St
Gq — GLo(T) induce surjective maps R — T and RS® — TS which are compatible with
quotient maps R — RS* and T — TSt

As noted in §4.3, we may (non-canonically) view R and RS as quotients of RY and RUSt,
respectively, and moreover these quotient maps fit into the following commutative diagram.

Rloc > RD R T

_RSt [N RD,St RSt TSt

loc

Using these maps, we may view M(NQ?) and MS'(N) as Ry~ and Rlsotc-modules,
respectively.
The following results are fairly standard; we only sketch the proofs.

LEMMA 6.1. Treating M (NQ?) as an Rjo.-module, Spec(Rioc ®0 E) is formally smooth at each
point in the support of M(NQ?) ®o E. In particular, each point in the support of M(NQ?) ®o E
lies in exactly one irreducible component of Spec Rjc.

Proof. To see this, it is enough to observe that for a classical newform g, the associated Galois
representation pg, for ¢ : Q— Qp is generic (see [All16, Lemma 1.1.5]) at places ¢ € Q. This is a
standard consequence of the weight-monodromy conjectures that are known in the case of Galois
representations attached to classical newforms (and which yield that H*(Gy, ad(pg,)) = 0). In the
special case of forms g of weight 2 that are Steinberg at a prime g, the genericity of pg,|q, follows
from the fact that the associated GLa-type abelian variety A, has multiplicative reduction at ¢
(see Lemma 5.5(2)). This shows, for instance see [All16, Proposition 1.2.2], that p,, corresponds
to a smooth point of Spec RqD. O

LEMMA 6.2. Each irreducible component of Spec Ry contains at least one point in the support
of M(NQ?) ®¢ E.

Proof. The irreducible components of Spec Ry, are given by Proposition 4.5, combined with the
description of the irreducible components of Spec RqD given in [Shol6, § 5]. Thus, the components
of Spec RqD for ¢ € @ are labelled by inertial Weil-Deligne parameters compatible with the resid-
ual representation, with the exception that when ¢ is congruent to —1 mod p and p is unramified
at ¢, there are two Steinberg components Rgt(ﬂ) and R;t(_l), the related inertial Weil-Deligne
parameter being (7, N) = (0, N) with N a non-zero nilpotent matrix in My(E), corresponding
to the two eigenvalues 1 of p(Froby).

We claim that by using the analysis in [DT94b] (see [DT94b, Theorem 1]) of the local
behavior of lifts of p (at all primes away from p) arising from newforms, one sees that the
support of M(NQ?) ®p E contains a point in each of the components of Spec Rj,.. To justify
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this claim, in addition to the work of [DT'94b]|, we have to take care of the additional components
that arise in the case of ¢ congruent to —1 mod p. For this, we need a slight refinement of [DT94b,
Theorem 3]. Namely, we can find a newform g of weight 2 and level NQ that gives rise to p, that
is in particular Steinberg at all places in @, as in [DT94b], with the additional flexibility that
for each ¢ € @ that is —1 mod p and unramified in p, we can further specify the eigenvalue of U,
acting g to be either 1 or —1. To prove this refinement, using the level-raising methods of [Rib84]
and [DT94b], we use the fact that if & is a ¢g-old eigenform in So(To(NQ/q), O) that gives rise to
p, then it has two stabilizations of level N that are eigenforms for U, with eigenvalues that are
respectively 1 and —1 modulo the maximal ideal of O, and the reductions of both these forms
are in the kernel of Uq2 - 1. g

The Taylor—Wiles—Kisin method applied in our situation now gives the following result.

THEOREM 6.3. There exist integers g,d > 0, rings

Ry = RIOC[[‘Tla sy $gH,
Rgg = Rlsotc[[xla SRR xgﬂ’

Seo = Ol[y1, - - -, ydl]

and modules My, and M3t over Ry, and RS, respectively, satisfying the following.

1. dim Ss = dim Ry = dim R3!.

2. There exists an O-module morphism i : Soc — Roo (inducing a morphism St S — Rgg
via the quotient map Ro, — Rgg) making M, and Mosg into finite free Syo-modules. From
now on, we will view R, and Ri}; as Soo-algebras via this map i.

3. My and Mosg are maximal Cohen—Macaulay modules over R, and Rgg, respectively.

Ro and RS act faithfully on My, and MS', respectively.

5. We have isomorphisms Re, ®5.. O = R, R ®g_ 0O = RS M, ®s,. O = M(NQ?) and
M3t ®s., O = MSY(N).

6. The maps i : Soo — Rs and St Se — Rgg are injective, and these maps make R., and
R3¢ into finite free Soo-modules.

7. The surjective maps R — T and RS" — TSt are isomorphisms. In particular, R and RS are
finite over O, reduced and w-torsion free.

i

Proof. As explained in §2, the assumptions on p (namely that it is absolutely irreducible and
that N(p) is squarefree) imply that ﬁ‘GQ(cp) 1 Gqee,) — GLa(k), that is, that p satisfies the
‘Taylor—Wiles condition’.

First, as plq(c,) is irreducible, we may appeal to Lemma 2 of [DT94a] to find an arbitrarily
large prime r so that no lift of p is ramified at r. This allows us to impose I'1(r?) level structure
without affecting any of the objects considered in this theorem, and so we may ignore any issues
arising from isotropy (see [Man21, §4.2] or [EGS15, §6.2] for details).

We can now apply the Taylor-Wiles—Kisin patching method applied to the modules M (NQ?)
and M5 (N). We will primarily follow the treatment in [Man21, §4].*

First, by the method outlined in [Man21, §4.3], there exist:

e integers g,d > 0 satisfying d + 1 = dim Rjoc + g = dim RlsotC + g (see [Man21, Lemma 2.5] and
[Kis09, Proposition (3.2.5)]);

* One may note that [Man21] only handles the ‘minimal level’ case, i.e. only M5*(N) and not M(NQ?) in our
notation; however, all results we will cite can easily be seen to hold in our situation with no modifications to the
proofs.
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e for each n > 1, an S.-algebra RE with a surjective map Ro, — R, and an isomorphism
RO ®s.. O = R, where S, and Ry, are as in the theorem statement, and the kernel of the
structure map Ss, — RYJ has a specific form (as given in [Man21, Proposition 4.7]);

e for each n > 1, a finitely generated R--module MY, which is free over im(Ss — RY) and
satisfies M ®g., O = M(NQ?).

Briefly, RE is a (framed) global deformation ring constructed exactly as in §4.3 of this paper,
except that we also allow deformations with ramification at a carefully chosen set of primes
Qn (constructed in [Kis09, Proposition (3.2.5)]), disjoint from S. The module MY is simply
constructed from the homology group of an appropriate modular curve just as in [Man21, §4.3]
(although to keep this construction consistent with the construction of M(NQ?) given in this
paper, we must also modify this space by localizing at the maximal ideal mq of the full Hecke
algebra, as in § 5.1 of this paper: this does not cause any issue for the arguments of [Man21]).

The ‘ultrapatching’ construction described in [Man21, §4.1] (as well as in the proof of
Lemma 4.8) then produces an S-algebra Ry, (which would be called P(%") in the notation
of that paper) as well as an Ro,-module M, for which:

o My is finite free over Seo;
¢ R ®s,, O R and My ®s,, O = M(NQ?);
e there is a surjection Ry, — R such that the composition

Rloc;’Roo_”Roo_»R

is the map Ry, — R from the start of this section.

Analogously, for each n > 1, we may also construct a quotient RE St of RE and an RE St

module MnEI St satisfying analogous properties to RE and ]\471D (this time identically to the
construction given in [Man21]). Again applying the ultrapatching construction produces an Sy-
algebra fé?;g and a R>-module M2t which is finite free over Sao, and satisfies ﬁg@ ®s., O = RS
and M3 ®g, O = MS(N).

Moreover, as each RE Stis a quotient of RE, the natural functoriality of the ultrapatching
construction (see [Man21, §4.1]) gives a quotient map Ro — Egg and one can easily check that
the maps we have described fit into the commutative diagram

Rloc ¢ Roo ﬁoo R
RISOtC c RE& ESt RSt
where the compositions of the top and bottom rows are the maps R}, — R and RlsotC — RSt from
before. N
Now, as R is an Sy-algebra, Re is a complete local ring and Soo = Ol[y1, ..., y4]] is a

power series ring, we may lift the structure map So, — Roo to a map 7 : .S, — Rs making
Too : Roo — Roo into an Ss-module surjection. This proves (1) and (2).

(3) follows by mnoting that (w,i(y1),...,i(ya)) and (w,i%(y1),...,55%(yq)) are regular
sequences for My, and Mif, respectively, as My, and Mif are both free over S.

But now by standard properties of maximal Cohen-Macaulay modules, the supports of My
and Mif are unions of irreducible components of Spec R, and Spec Rgg, respectively. As Rgg is
a domain, this implies that it acts faithfully on M3t
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Now, as Roo = Rioc[[21, ..., 24]], the irreducible components of Spec R, are in bijection with
those of Spec Rjoc. By Lemma 6.2, it follows that each irreducible component of Spec R, contains
a point in the support of Moo/ (i(y1), .. .,i(ya)) ®0 E = M(NQ?) ®o E (which is not contained
in any other component, by Lemma 6.1). Since the support of M, clearly contains the support
of Moo/ (i(y1),---,i(ya)) ®o E, it follows that M, is supported on all of Spec Roo. Since Ry,
and hence R, is reduced (by Proposition 4.5), it follows that R.. acts faithfully on M.

Now, by definition, the action of Ry, on My, factors through 7y : Roo — Reo. Since Ry acts
faithfully on My, it follows that mo must be an isomorphism of Soc-algebras. By an identical
argument, 75t : RS — 52; is also an isomorphism of S-algebras. (5) now follows immediately
from the properties of Ry, and RS! mentioned above.

Now, as M, is supported on every geometric point of Spec Ry, M(NQ?) = My ®5., O is
supported on every geometric point of Spec(Rs ®g., @) = Spec R and so, as the action of R on
M(NQ@Q?) factors through the surjection R — T, we must have R = T (as T is reduced). In
particular, as T is finite over O, R is finite over O as well. Similarly, RSt is finite over O.

In particular, R/w = Reo/(w,i(y1),...,i(ya)) and R/w = R3/(w,i%(y1),...,i% (ya))
are both finite and hence are zero dimensional. It follows that (w,i(y1),...,i(yq)) and
(w,i%(y1), . .., (yq)) aresystems of parameters for Ry, and R3!, respectively. Asbothoftheserings
are Cohen—Macaulay by Proposition 4.5, it follows that these are regular sequences. Equivalently,
treating Ro, and RS as S,.-modules, these both have (w,y1,...,%q) as a regular sequence and
so are maximal Cohen—Macaulay over S,,. But all finitely generated maximal Cohen—Macaulay
modules over Sy, are free (by the Auslander-Buchsbaum formula), so (6) follows.

In particular, R = Ry ®g,. O and RS = RSt @ O are finite flat over O.

Now, similarly to [Kis09, Proposition (3.3.1)], take any = € Spec R[1/w]| C Spec(Re ®0 E).
As noted above, x is in the support of M(NQ?) and so Lemma 6.1 gives that Spec(Rs ®0 E)
is formally smooth at x, which implies that (M. ®o E), is projective, and hence free,
over (Roo ®0 E)y. It follows that (M(NQ?) ®0 E)z = (Me ®0 E)/(i(y1),...,i(yq)) is free
(of rank 1) over R[1/w],. Thus, M(NQ?) ®p E is locally free of rank 1 over R[l/w]. As
R[1/w] has dimension zero, and is thus a direct product of local E-algebras, it follows that
M(NQ?) ®o E is free of rank 1 over R[1/w].

Since the action of R[1/w] on M(NQ?) ®¢ E factors through R[1/w] — T[1/w], it follows
that the map R[1/w] — T[1/w] is an isomorphism and so the kernel of the surjection R — T
is a torsion O-module. As noted above, R is free over O and thus has no nontrivial torsion
submodules. It follows that the map R — T is an isomorphism.® Similarly, RS* — TS is an
isomorphism. This proves (7). O

7. Patching and the growth of cotangent spaces

7.1 Continuous Kihler differentials

The module /4 of Kéhler differentials of B over A (for a ring map, A — B) can be a rather
poorly behaved object when B is merely topologically finitely generated over A rather than
literally finitely generated. As the local deformation rings we will be considering in our arguments
are merely topologically finitely generated, it will often be necessary for us to consider the module
of continuous Kihler differentials ) B/4 in place of Qg /4. In this section we review the definition
and basic properties of continuous Kéhler differentials.

5 See also the arguments in [Snol8, §5] or [Man21, §4.3] for the observation that R., being Cohen-Macaulay
implies an integral R = T theorem.
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For the reminder of this section, for any A € CNLp we will always use my to denote the
unique maximal ideal of A. For any A, B € CNLg, we will say that a homomorphism f: A — B
is local if my = f~!(mp) (or equivalently f(m4) C mp).

For any A, B € CNLp and any local homomorphism A — B, we will define

Qpja =M Qg my) (a/my) = U Qp/my) /4
n n

(where the equality Q(p/mn)/(a/mm) = Q(B/my)/a follows from [Stal9, Lemma 00RR]). Note that
if B is topologically generated as an A-algebra by by,...,by € B, then each Q(B/m%)/A, and thus

QB/A itself, is generated as a B-module by dby, ..., dby.
First we observe the following result.

LEMMA 7.1. Let A € CNLp and let R be a finitely generated A-algebra. Let f : A — R be the
structure map, let mg C R be a maximal ideal for which f~(mg) = ma and define R = Ry, €
CNL@. Then

ﬁR/A = Qg4 ®r R.
Proof. By [Stal9, Lemma 02HQ)], for any k and any n > k we have a canonical isomorphism
QR4 OR R/m% = Q(’R/m%)/A Or R/m%
and so taking inverse limits we have

QR/A QR R/m% = lln (Q(R/m%)/A RR R/m%)

Now, for each n, R/mf is certainly a finitely generated A-algebra and so Q(r Jmn) /A is a finitely

generated R/mf-module. In particular, it has finite length. As 7?,/1114“2 is a finitely presented
R-module, the above work, and the Mittag—Leffler conditions (see [Stal9, Section 0594]), imply
that

(Qr/4 ©r R) @R R/mp = Qg s Or R/mi = m (Qr/mn)/a O R/mi)

= 1im (/) /1) O R/ = Qg @ R/mi

for all k. Since Qg 4 @r R and Q r/A are both finitely generated R-modules, the claim follows.
O

LEMMA 7.2. If 4, B € CNL@ are such that B is an A-algebra which is finitely generated as an
A-module, then Qg4 = Qp 4.

Proof. B is already finitely generated as an A-algebra, so we may simply take R =R = B in
Lemma 7.1. 0

LEMMA 7.3. Take any R € CNLp and any augmentation \:R — O. Defining ®)p:=
(ker \)/(ker A\)? as in § 3, we have ®) p = Qr/o0 @ 0.
In particular, in the setup of Lemma 7.1 with A=0, if \g:R— O is an aug-

mentation extending to an augmentation A: R — O, then we have ®\r = Qp /4 Qr, O =
(ker A\ )/ (ker A\g)?.

Proof. Let I = ker A, so that R/I = O. As in the proof of Lemma 7.1, we get that
Qpa @1 0 =Qpja @ R/I = lim (r/mn)/0) ©r R/T = 1m (Qr/mp) /0 @r R/T).

n
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Now, for each n, A: R — O gives a surjection A, : R/mf — O/w". Let I, =ker \, = (I +
m})/mp = I /(I Nm}). Now note that the structure map O — O/w™ — R/m7}, provides a section

to Ap, so [Stal9, Lemma 02HP] (as well as the fact that Qo/on)/0 =0) gives a natural
isomorphism

Qr/mn) /0 Or BRIT = Qpjmny /0 @y, (R/ME) /Iy = I /T

Taking inverse limits (and again applying the Mittag-Leffler conditions to 0 — I? — I,, —
I,/T? — 0) gives the isomorphism QR/A @\ O XI/I? =) .

The second claim follows by noting that Q% /4 ®x, O = (ker Ag)/(ker Ag)? (by a similar, but
simpler, argument to the one above) and (ker \)/(ker \)? 22 (ker Ar)/(ker A\g)?2. O

LEMMA 7.4. Given A, B,C € CNLp and local homomorphisms A — B and A — C making B
and C into A-algebras, we have an isomorphism

~

Qpsacya = (28/a84C) & (BOAQG)).
Proof. Let R = B&4C. For any n > 1, define the ideal I,, C R by

I, = mBR+mgR =ker (R— (B/mpE) ®4 (C/me)).
As {I,,} is cofinal with {m';}, we get that

Qpr/a =M Qryr,) /4 = MM Qw4 (0/me))/A-

But now, by [Eis95, Proposition 16.5],
QB /m)y@a/me/a = (QBjm)a @4 (C/mi)) ® (B/mE) @4 Qc/mp)/a),
so taking inverse limits gives the result. O

Lastly, a standard property of Kahler differentials (cf. [Stal9, Lemma 00RS]) states that for
any ring maps A — B — C we have an exact sequence

QB/A Qg C — QC/A — QC/B — 0.
We will need the following continuous version of this below.

LEMMA 7.5. Let A — B — C be local ring homomorphisms for A, B,C' € CNLy. Then there is
an exact sequence

QB/A ®@p C — QC/A - ﬁC/B — 0.

Proof. Since the maps A — B — C' are local ring homomorphisms, they clearly induce homo-
morphisms A — B/m};, — C/ m’é for all n > k. Thus, we have an exact sequence

Q(B/mz)/A ©B C/mf — Qo/mkysa = Lomeyp = 0

(where we used the fact that Qc/mp) ) (Bjmn) = Q(C/m’g)/B)-

As C /m’é is a finite group, it is certainly finitely presented as a B-module. Thus, as each
QB Jmn) /A has finite length, the Mittag—Leffler conditions then imply that

lim (Qp )4 @5 C/mE) 2 m (p/my)/a) @8 C/mé = Qpj4 ©p C/me:

and so we have an exact sequence

QB/A ®B C’/m’é - Q(C/mg)/A - Q(O/m’é)/B —0
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for each k. As B/A is a finitely generated B-module, each module in the above sequence again
has finite length, so, taking the inverse limit with respect to & and using the Mittag—Leffler
conditions again, give the desired exact sequence. O

7.2 Relative local cotangent spaces at an augmentation
We consider primes g € @Q; recall that these are Steinberg for p. We begin with a general definition
that we need.

DEFINITION 7.6. Given R,S € CNLp, a surjective map a: R — S in CNLp and an augmen-
tation A\ : S — O whose pull back to R we denote by Agr, we define the relative cotangent
space ®y r/s to be the kernel of the surjective map ®,, r — ®, s, i.e. the kernel of the map

Qro @rp O — ﬁ5/(9 Qg O.

DEFINITION 7.7. We fix an augmentation A : Rst — O such that the corresponding representa-
tion of Gy — GL2(0O) is of the form

€ %

0 1

up to twist by an unramified character of order dividing 2, and which is ramified (i.e. generic).
We define the local invariants m, (respectively, ng,) to be the largest integer n such that py(Zy)
(respectively, pr(G4)) mod w" has trivial projective image.

LEMMA 7.8. We have the inequalities ny < m, and ng < ordg(q — 1).

Proof. The first inequality follows from I, < G,. The second inequality follows from the fact
that the characteristic polynomial of py(Frob,) = x2 + (¢ + 1)z + ¢ (where Frob, is any lift of
the Frobenius automorphism of the residue field of q). ]

We have the following key proposition.

ProproOSITION 7.9. Consider a prime q € (). We fix an augmentation X : Rgt — O such that the
corresponding representation of G4 — GL2(0O) is of the form

(i 7)

up to twist by an unramified character of order dividing 2, and which is ramified (i.e. generic).
Then the following hold for the relative cotangent space at A\, where cases 2 and 3 only occur if
p Is unramified.
1. For the morphism qu:! — Rgt, the module ®, po /RSt is finite over O of length mg +
g q
ordo(¢* — 1) — 2n,.
2. For the morphism R{ — Ry™, the module ®, po/pu is finite cyclic over O of length
g q
ordo(q? — 1) — ng.
3. For the morphism Ru™ — RS

q » the module (I)A,Rgni/REt is finite cyclic over O of length
Mg — Ng.

Proof. By possibly twisting with the unramified character of order 2, we may assume that our
representation is of the form
€ *
(5 7)
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We first recall well-known explicit descriptions of the rings RqD — R}Imi — Rst introduced in §4.2.
We have two limiting conditions: we require our deformations to have determinant the p-adic
cyclotomic character. Moreover, the deformations of p factor via the tame quotient GZ of Gy,
because the order of inertia under p divides p # ¢q. The group Gé can be identified with the
profinite completion of the group (0,7 | c70~! = 79) in such a way that o maps to Frobenius in
the unramified quotient of Gj.

Imposing the conditions just stated on the images of o and 7 in a matrix group, and choosing
the augmentation A as the origin of our coordinates, leads to the following description of the
universal deformation qu: Gfl — GLQ(RqD): let R :=0Ol[a,b,c,e,a,B,7,d]], let A, B € GL2(R)

be the matrices
A::<q+a b+ s >7 B::<1+a ﬁ—i—t)
c l—a—e ~y 1446
with s,t € O and t non-zero and let IE:(TF,...,TE)CR be the ideal generated by TF:
detA—qg=a—(¢g+a)at+e)—(b+s)c,r5 =det B—1=a+d+ad—(6+1t)y and

O O
< 3Ty ) — AB — BYA.
s T

Then RE = 72/IqD and qu is defined by o — A (mod IqD) and 7 — B (mod IqD). It is not hard
to see that IqD is generated by rl‘j and 7‘2D and three additional elements from {7"?)[', 7“4D, TE, TGD}.
The ring RqD is a complete intersection ring, as we shall recall from work of Shotton in
Proposition 4.3.

The ring Rgt is described as a quotient of R by the following ideal Igt by using either [Shol6,
proof of Proposition 5.8] or Lemma 7.11 below; we give further details in Remarks 7.12 and 7.13.

Explicitly, Igt is generated by the six 2 x 2 minors 75, ... rgt of
(a B+t (¢g—1+a) b+s ) (7.1)
¥ ) c —a—e

together with ¢ = a + ¢ and 5" = e. For explicit use below, let r$* and r5* denote 2 x 2 minors
of the above matrix formed by the first two columns, and the last two columns, respectively. The
ring-theoretic properties of Rst are given in Proposition 4.3.

To describe R}]mi, let 7" denote the ideal of R containing IqD so that Ry™ = R/Z}™
describes unramified deformations of p, i.e. ™" = («a, 8+ t,7, 4, T1D) Then R}Imi = R/Igni, where

I};“i = Igt NZy™. Explicitly, one has Ic‘lmi = (F™ i) where r = 7 and ry = 75 are
the determinant conditions from IqD, Pt =St for 4 =3,...,7 and r™ = ae, ri™ = (B + t)e,

rlfgi = ~e. The exact sequence

0— R/IM™ — R™ x Ry — R/(Z)" + ™) — 0

allows one to verify that R/I, (}mi is Cohen—Macaulay (this also requires [Eis95, Exercise 18.13]),
reduced, flat over O and of relative dimension 3 and that SpecR /I, ;ni is the reduced schematic
closure in Spec RqD of Spec Rgt U Ry™. This proves the claim R}Z‘ni = R/I;ni.

Note that our generating sets of the ideals Ig are not claimed to be minimal. But for the
computations to come, this is not relevant.

To compute the relative cotangent spaces, observe first that SAIR /0 @R O is the free O-module
of rank 8 with basis da, db, dc, de, do, dB3, dvy, d§. We identify this module with O via this basis
and regard it as a space of row vectors. We shall write dr|y for the evaluation of a differential dr,
r € R, under A. Evaluation under A simply means that the coefficients in R of dr are evaluated
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at the origin, i.e. we set all of a,b,c,e,a,f,7,6 to zero. For 7 € {lJ,uni,St}, we denote by
A C QR /0 ®r O the O-submodule spanned by elements dr;| such that the dr; generate I

Then R?j0 @R O is the quotient of QR /0 @r O by A’. We shall compute an O-basis of the
O-submodules A” of (AZR jo0 @r O. The relative cotangent spaces are the O-modules

©) gy =AY /A (7.2)

The quotient is described by the square matrix expressing the basis we find for A’ in terms of the
basis we find for A*”. Finding ® \RZ/RY is thereby reduced to the elementary divisor theorem.

The computation of A” proceeds as follows: let N = B — I, so that N|, = (§ ) and (N[,)? =
0. Then

drP = (1—a—e)da— (q+a)(da+de) — (b+s)dc— cdb~ drP|\ = da — gda — qde — sdc,
dry = da +d§ + ads+§da — (B+1t) dy —ydf ~ dry|y = da + db — tdv,
7‘3D 1"4D ! q ; -
d( iz rGD):d(AN_;(i)NZA) A)N — ;<>N’dA+A(dN)
q - —

—Z(?) NI=L(dN)N=I A
-\ o

=i ) =0 o) = ) 0 o (5 1) oo
() 1))

o)+ (0 5)=)(8 1)
)0 ) (5 o))

B (—qtdc—i—sd’y—(q —q)da tda+qtda+qtde+sd6—qsda>
—(g—1)dy—(¢* —q) dv tde—(q—1)dd —gsdy

(1 gdy sdy+da+d _ 2[4 0 dv
2/\ 0 dry 3/\0 0/

This gives six row vectors in @8 that span AY and that we write as a matrix. Gaufl elimination
shows that the rows of the following matrix form an O-basis of A5,

q
0
0
0

O o+
o

g—1 0 s q 0 O 0 0
0 00 01O —t 1
0 00000 ¢>—1 0 ,
0 0t 0 0 O ¢ 1—gq
22 0 0 0 0 O & 2s

where we abbreviate £ = —gs? — st — t? (qgl) and ( = —qs — t( ).
To compute a basis of A", observe first that drum = dr , for ¢ = 1,2, and that their eval-
uation under A is given by the first two rows of the last matrlx A straightforward computation
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gives drimi|y, i =7,...,10, as
dr¥™|y = da + do, dri™|y = (ade + eda)|y = 0,drg™ |y = - -- = tde,dridi|y = --- = 0.

When computing d(...)[x for the 2 x 2 minors of the matrix in (7.1), observe that the evaluation
under A of the second row is identically zero. One deduces that d(...)|, of these 2 X 2 minors
are the 2 x 2 minors of the matrix

0 t ¢g-—1 s

dy dé de —da—de )’
The ‘inner’ four of the resulting six minors provide us with the missing generators for A", Gauf
elimination on the resulting 10 x 8 matrix shows that a basis of A"™ over O is given by the rows

of

q—1

-~ o o o |
O O O OO
SO+ OO ®»
OO O
O O O = O
O O O O
O - O O

with f = ged(s,t,q —1). We clearly have A" > A, Writing the basis of AF in terms of the
basis of A" gives the matrix

1 0 0 0
0 1 0 0 0
0 ;t ¢ -1 £ é

/ / I f
0 0 0 1 0
0 0 0 0 2

~—

From the last matrix and the isomorphism (7.2), we find that
1

2
~ 94—
/

P uni =2 —— 0 = 2 _ g M)
MRY/R o gcd(s,t,q — 1)0 O/((q )w q)

Finding a set of generators of AS* over O is analogous to the other two cases. In fact, out
of the eight spanning vectors in O® from the d?“l-St| A, we already computed six and the other two

are easy. When performing Gauf} elimination, one has to distinguish two cases.

Case I: (¢ — 1) divides s. Then a basis of AS* over O is given by the rows of

00 0 1000 0
00 0 0100 1
00 0o 000 f 0 | (73)
00 ¢ 0000 1—g
F0 f~ 0000 0

qg—1

where we note that ged(t,q — 1) = ged(s,t,q — 1) = f in case L.

Case II: s divides (¢ — 1). Then a basis of ASt over O is given by the first three rows of the
matrix (7.3) together with the rows of

_1
<fq50f00000>
£t 000000 s/
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where in case II we use ged(s,t) = ged(s,t,q — 1) = f.
In both cases we have AS® 5 A™ and writing the basis of A"™ in terms of the basis of ASt
gives the matrices

q 0 0 O 0 g 0 0 0 0
0 1 0 0 0 0 1 0 0 0
Case | 0 0 1 0 0 Case II 0 0 1 0 0
ase I: 0 00 1 1iq ) ase II: ; 0 0 ; 0
qg—1 t 1—¢q
— 0 0 O - 0 0 O 1
f f s

In either case, we find that
(I)A’Runi/RSt = O/O% - O/(wmq_nq).

From the two expressions for @ 2,77, the claims in the proposition are immediate. We only
gave the computations for p unramified, but similar arguments allow one also to deduce 1 without
2 and 3 by directly comparing A5 with ASt. O

Now let Roo = Rioc[[71,- - ., 2,4]] and RS = R [[21,...,2,]] be as in §6 and let A : RSt — O

be an augmentation, which then induces augmentations Rst — O for each q € Q.

COROLLARY 7.10. The relative cotangent space ®p_ /st at A of the morphism Roo — Rgg is of
length

Z(mq +ordo(¢” — 1) — 2ng)
qe@

as an O-module.
Proof. Write T = [@g\NRénin}@JRgHJfb...,xg]], so that Rs = [®q\QRq]®OT and Rgg _
[®q\QR§t] ®oT. Lemma 7.4 now gives

Op.jo = [@Roo@RqﬁRq/O] ® (Roo®107/0)
qlQ

and

P R Brs Qs 0| © (REE107/0)

aQ
and so ®xpr., =Dy Prr, ®Par and Dy st = Gaq‘Q@A,Rgt ® @, 7. But this implies that
P\ Roo/RSE = ®q|Q¢)\7Rq/R§t, so the claim follows by Proposition 7.9. u

Qrsgtjo0 =

7.3 Presentation of RE"
The following lemma gives a coordinate-free explanation of how to obtain the relations in [Shol6,
Proposition 5.8] for Rz’t that were used in the above proof.

LEMMA 7.11. Let R be a ring of characteristic zero and let ¢ > 1 be an integer. Let A, B be
2 x 2 matrices over R. Then the following hold.

1. Suppose that A and B have characteristic polynomials x4 = (T —q)(T —1) and
x5 = (T —1)% in R[T]. Then AB = BYA if and only if (B —I)(A—1) =0.

2. For A:= (¢ 136) and B := (i“ Lf&), the following are equivalent:
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(@) xa=(T—q)(T-1), xp=(T—-1)* and (B-I)(A—1I)=0;

(b) e =a, d = —« and all 2 x 2 minors of the following matrix vanish:
( a [ (¢g—=14a) b ) (7.4)
v -« c —a

Proof. (a) Let N := B — I. The conditions on x 4 and xp are equivalent totr A = ¢+ 1, det A =
q, tr N =0 and det N = 0. The latter also implies that N2 =0, so that BIA = (I + N)4 =
(I +¢N)A and AB = A(I + N). It follows that AB = BYA is equivalent to AN = ¢NA and
hence to (A — qI)N = qN(A — I). Thus, we need to show that

(A—qI)N = gN(A—1I) < N(A—I) = 0. (7.5)
Set C := (A — ¢qI)N and recall that the main involution is given by the linear map

v (5 D) (o (ha) (5 0)

It satisfies D+ D* =trD-I and (DD')" = (D')*D". Hence, trA=¢—1 and tr N =0 yield
(A—1I)"= (¢ — A) and N* = —N and the anti commutativity implies that C* = N(A — I),
so that the left-hand side of (7.5) is equivalent to C' = ¢qC".

Now, if N(A—1I)=0, then C* =0 and hence C = qC* =0 = C*. Conversely, if C' = qC"*,
then (¢ + 1)C = qC + ¢qC* = qtr(C) and so C must be a scalar matrix because ¢ + 1 is a non-
zero divisor. But then C* = C' and thus C* = ¢C and ¢ — 1 non-zero imply that C' = 0 and hence
N(A-T)=C"=0.

(b) The equations e = a and d = a are equivalent to tr(A —I) =¢—1 and tr N = 0. The
six 2 x 2 minors in (ii) express the following conditions on A and N: the left-hand minor means
det(N) = 0, the right-hand minor that det(A — I) = 0 and the remaining minors express that

N(A —1I) = 0. These are precisely the conditions obtained in (a). O
Remark 7.12. Denote by Egt the quotient of R = Ol[[a,b,c,e,a,3,7,0]] by the ideal Ig’t =
(r?t, . ,r%t) from the proof of Proposition 7.9; except for a slight change of notation, this

is the ring described by the relations coming from Lemma 7.11. To be able to identify this ring
with Rgt, we need to show that it is reduced and flat over O, because Lemma 7.11 a priori only
gives equations cutting out the closed points on the generic fiber. We now give a proof. The
arguments have much overlap with those used in [Shol6].

As the r$t, i =1,...,6, are the 2 x 2 minors of (7.1), the ring

O[OZ?ﬂv’y’ 67 CL, bv C? e]/(,’ﬂ?:’ ctt ’Tgt)

is determinantal. By [BV88, §2|, this quotient ring is a normal Cohen-Macaulay domain of
dimension 6 and hence its completion, say 7, at the maximal ideal («,(,7,d,a,b,c,e) is
Cohen—Macaulay of dimension 6. A short calculation shows that the quotient of 7 modulo
the six-term sequence r?t, rgt, w,y — B,c+ b, 6+ b is finite and hence the sequence is regular. It
follows that Ecslt =T /(r3t, r§") is Cohen-Macaulay and flat over O of relative dimension 3. To
prove its reducedness, we may thus invert p and rely on results on RqD[l /D).

Because ﬁgt is flat over O, it has characteristic zero and hence Lemma 7.11 shows that the
matrices A, B from the proof of Proposition 7.9 satisfy AB = B?A. The universal property of
RE thus yields a surjective homomorphism RE — ﬁst in CNL. By the previous paragraph, the
target of RqD[l /p] — ﬁs’t[l /p] is equidimensional of dimension 3. Adapting [BGGT14, §1.3] to

a fixed determinant situation shows that Spec RqD[l /p] contains a Zariski dense set of robustly
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smooth points and hence all irreducible components of Spec RqD[l /p] are generically formally
smooth of dimension 3. We deduce that ﬁgt[l /p] is reduced.

Remark 7.13. Let us also give the coordinate change between the relations found here for Rst =
ﬁgt =R/(r{, ..., 75" and those given in [Shol6, proof of Proposition 5.8, p. 1467]: the ring
ﬁgt is to be compared with the ring S := B/(Jo+ J1 + (T — ¢+ 1)) from [Shol6], where B =
O[[X1,..., X4, Y1,...,Yy, T]], Jo are the 2 minors of the 2 x 4 matrix with rows (X; ...X4) and
(Y1 ... Yy and J; = (X1 + Yo, Y5 — Xy +2((¢ — 1)/(g+ 1))); note that in the definition of J; in
[Shol6], the variables Y3 and X3 as well as X4 and Y} are mixed up. By going through the proof
of [Shol6, Proposition 5.8|, the change of variables from S'is X; = a, Xo =3, Y1 =7, Ya = —q,
Xs=-2b/(q+1), Xy=(a+q—1)/(¢+1),Ys5=2a/(qg+1),Ys=2¢/(¢g+1)and T =q— 1. It
is immediate to see that the relations here and there agree.

7.4 Patching and global cotangent spaces

Consider a global augmentation \ : RS — O arising from a newform in f € So(I'o(NQ)) which
is new at (), and the augmentations it induces by pull back to other global deformation rings
and local deformation rings, which by abuse of notation we denote by A again. We assume that
the residual representation p of py, satisfies the conditions of § 2. Further, if ¢ is —1 mod p, such
that p is unramified at ¢ and ¢ € @, and py,|q, is

(i 7)

up to twist by an unramified character of order dividing 2, then we choose 3, of §4 to be 1 or
—1 accordingly.
The main result of this section is as follows.

THEOREM 7.14. There is an isomorphism ®y r_ /rss — P g/pgst-

Proof. We begin by observing that Theorem 6.3 shows that there exist rings Roo, RS and
Soo = O[[y1, - - -, yq]] with dim Ry, = dim RS! = dim So, = d + 1 and a commutative diagram

Soc( 'Roo R

Soo ¢ - B3 RSt o

where R = Ry ®5.. O = Roo/(y1,--.,9q) and RSt = RS @ O = RS /(y1, ..., yq). We will also
use A to denote the maps A\: R —» O, A: R —» O and \: Rgg — O induced by X : RS* — O.
Now, by Lemma 7.5, the local ring maps O — S, — R give rise to an exact sequence

ﬁsoo/o ®SOO ROO - QROO/O - QROO/SOO - 0
Applying _ ®s. O =__ ®pg, R to this sequence gives
Qsoo/o ®s., B — ﬁRm/o ®r, R — QROQ/SOo ®s,, O — 0.

Now we have QSOO/O = QO[yl,...,yd]/O DOy .y4) Seo 2 Oly1, ..., yd]d ®Oy1,....ya] Soo = Sgo Also,
by Lemma 7.2 and [Stal9, Lemma 00RV],

Q.. /5. ®50 O = Qp_js.. @5, O = Qp0,
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so the above exact sequence becomes
R = Qg0 ®re R — Qpjo — 0.

Finally, applying _ ®) O to this and noting that (QROO/O @R R) ®)0 = ﬁRw/o ®)\0 =
®) r., we get the exact sequence

o0t — P\ r., — Pyr — 0.

By an analogous argument with RSt and RS in place of R, and R, we now get a commutative

diagram
0 0
Y A
@\ R../RSE @\ r/Rst

Y A,

o4 Dy R Oyp——0
Y \,

o USWEED Py pst — 0

with exact rows and columns.

Recall from Proposition 4.3 that for any ¢ € @ there is a finitely generated O-algebra Rgt
for which Rgt is the completion of R?t at a maximal ideal. More specifically, we may take
Rﬁt = Olo, B8,7,a,b,c]/1,, where I, is generated by the 2 x 2 minors of the matrix in (7.4) if ¢
is a trivial prime and R5® = Ola, b, | otherwise. Now let

RE:; = |:®R§t:| ® |:®O[X1aX27X3]:| ®O[X17X27X37X4] ®O[x17-'-7$g]7
aQ 4N

so that Proposition 4.3 gives that RS is the completion of RS! at a maximal ideal m.
Similarly, by the computations in [Shol6, §5], there is also a natural choice of a finitely
generated O-algebra R, such that RS is a quotient of Ro, (making Spec RS! an irreducible
component of Spec R) and Ry, is the completion of R, at the same maximal ideal m.
Now notice that

Py p. @0 E =% 00 E = (Qr../0 Ors Reoll/w]) @x E

= QR [1/w)/0 O\ E =Qp_1/x)/E Or E,
by Lemma 7.3 and [Stal9, Lemma 00RT], and similarly

Prry ©0 B = Orsin/m)/p @1 B,
P\ r®0 E = QRr1/w)/E O\ E,
(I))\7RSt ®(9 E = QRSt[l/w}/E ®)\ FE.

Now observe that R and RS' are finite over O and reduced (by Theorem 6.3). This implies
that R[1/w] and R'[1/w] are both finite direct products of finite extensions of E. It follows
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that @)\ p ®o E = @) gst ®o £ =0 and so ®) g and @) gs: are both (finitely generated) torsion
O-modules.

As computed in [Shol6, Proposition 5.8|, for each ¢, Spec Rgt[l /@] is a smooth, irreducible
variety of dimension 3 over E (specifically, this follows from a computation identical to the
computation that Spec(RV(p, 71 ns) ® F) is formally smooth in [Shol6, Proposition 5.8]). It fol-
lows that Spec RS![1/w] is a smooth, irreducible variety of dimension d = dimp RS! over E. By
[Stal9, Lemma 02G1], it follows that Qgsi[1/-)/p 18 locally free of rank d over R3[1/w] and so
D) Ry ®0 E = Qpsti1 /w5 ©x E = B

Recall that Spec R3![1/w] is an irreducible component of Spec Roo[1/w]. Treating A : Roo —
R X0 Fasan E point of Spec Roo[1/w], we have that A is not contained in any irreducible
components of Spec Roo[1/w] other than Spec R3[1/w] (as Spec Roo[1/w] must be smooth at
A, by Lemma 6.1). It follows from this that

xRy ®0 E = Qr_ (1015 @) E = Qpsif1/m)/p @1 E = E?
(the second equality follows from [Stal9, Lemma 02G1] again, after noting that Reo[1/w] () =

Rgg[l/w]u), where J = ker(Ro[1/w] 2, E), and so (QRw[l/w}/E)(J) = (Qngg[l/w}/E)(J))-
Thus, ®) g, and @) gs: both have rank d as O-modules.
But now ®, g and O have the same rank as O-modules and O\ r= coker(@d — Dy p.)
is a torsion O-module. Hence, ker(O% — &, p_ ) is a torsion O-module and is thus 0. Therefore,
the sequence

0— 04— ®\r, = Prr—0
from above is exact. By identical reasoning,
0— Od — Q)\,Rgé — @A’Rst — 0

is also exact. The above commutative diagram, together with the snake lemma, now gives that
the natural map @y p_ /rst — Py g/gst i an isomorphism. O

COROLLARY 7.15.

EO(QA,R/RSt) = EO((p,\,T/TSt) = Z(mq + Ord@(q2 - 1) - 2nq)
qeQ

Proof. This is a consequence of Theorem 6.3, Corollary 7.10 and Theorem 7.14. g

Remark 7.16. The above result proves that the size of the relative global cotangent space at an
augmentation of a global deformation ring is the same as the size of the relative local cotan-
gent space. We prove this using a combination of level-raising results (as used in the proof of
Lemma 6.2) and patching. Similar local-global results were proved in [Wil95] when the change in
the local deformation condition is from unramified to unrestricted ramification. The arguments
are different caused by the fact that the rings RS® = TS are not complete intersections and
hence have non-trivial Wiles defect with respect to our fixed augmentation A (while in [Wil95]
the minimal deformation and Hecke rings are complete intersections and hence satisfy the Wiles
numerical criterion). Wiles computed an upper bound on change of cotangent space (when allow-
ing ramification at a prime) and a matching lower bound on change in congruence module, which
together imply an exact formula for change of cotangent space and congruence module. In con-
trast, in our work here to compute the Wiles defect for RS, TSt we have to compute the exact
change of cotangent spaces (between R and RS%) and congruence modules (between T and TSt)
independently of each other.
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8. Relating congruence modules

We recall that the main result of [Man21] explicitly determines the structure of M35' as an RS!-
module (or at least of M3 /@ as an RS /co-module). In particular, provided that @ is divisible
by at least one trivial prime for p, M3 is not free over R3'. We will not need to use the
full description of Mi‘f in this paper; however, we will use the following consequence of these
computations (see [Man21, Theorem 1.2] or more specifically Propositions 4.13 and 4.14).

THEOREM 8.1. In both the definite and indefinite cases, the map RS — End gs.(M>*(N)) is an
isomorphism.

Remark 8.2. There is a small subtlety here in that [Man21] excludes the case where D ramifies at
a prime which is —1 (mod p), whereas we have not excluded this case. Fortunately the restriction
in [Man21] is purely for the sake of convenience, so this does not present an issue. Under the
notation of this paper we have Rgt(ﬁq) >~ O[[A, B,C]] at all primes for which ¢ = —1 (mod p),
which means that the ring RS considered in this paper will coincide with the ring Ry, considered
in [Man21] in all cases. Thus, the proof given in [Man21] will establish Theorem 8.1 in all cases

considered in this paper, without modifications.

COROLLARY 8.3. For an augmentation \:RS® — O as above, we have |Uy\(RSY)| =
AU (N))] and by e (R) = 8y e (M5 (N)) = 8 s (SUTE (N )-

Proof. This follows upon combining Theorems 3.12 and 8.1. O

Thus, to prove our main result, it will suffice to compute & st (SQ(FOQ(N ))m’Q)7 which will
be our goal in the remainder of this paper.

9. Computation of change of the n-invariant

We put ourselves in the setting of § 5. Consider a quaternion algebra D over Q that is ramified
at a finite set of primes ) (and hence is definite if |(Q)| is odd and indefinite if |@Q)] is even). We
have the augmentation A; : T5* — O which corresponds (by Jacquet-Langlands) to a newform
f € S2(To(NQ)) with residual representation p. Recall that N|N(p)|NQ. We recall from § 5 that
TSt acts faithfully on H l(Xg2 (N), O)mb’ with m’Q characterized by the property that it is the
maximal ideal of the full Hecke algebra acting on H 1()(52 (N), Q) that contains the kernel of the
augmentation arising from f. We also have from §5 the Hecke algebra T that acts faithfully on
S(NQQ)mQ = H'(Xo(NQ?), O)mg, the oldform f9 of level NQ? that gives rise to the maximal
ideal m of the full Hecke algebra acting on S(NQ?) = H'(Xo(NQ?),0) and S(NQz)\’;Q =
M( NQZ)EBQ.

Let Ay stand for the isogeny class of the abelian variety Ay (which is an optimal quotient of
Jo(NQ@)). The residual representations arising from the class Ay with respect to the fixed embed-

ding Ky < Q, are all isomorphic to our fixed absolutely irreducible p. We have the following
result, which is deduced from the methods of [RT97].

PROPOSITION 9.1. Assume that () contains a prime t that divides N(p) and we are in the
indefinite case (i.e. that @ is of even cardinality). We have the equality of lengths of O-modules:

Lo(UA(M(NQ?))) = Lo(TA(MPY(N))) + Y (mg + ordo(q® — 1)).
q€Q

Proof. Let Q ={qi1,q2,...,q2-} with ¢1 =t such that ¢|N(p) and, for 0 < s <7, set Qs =
{q1,...,q2r—2s} and Js to be the Jacobian of X, = ngs (Ngor—2s+1 " q2r)-
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To study the congruence modules of H' (X, O)y, using the work of § 3, we will need a Hecke
equivariant perfect pairing on H'(Xg, O)m. In general, the perfect pairing (, ). : H'(X;, O) x
H'(X,,0) — O arising from Poincaré duality will not be Hecke equivariant (instead for any dou-
ble coset operator T it will satisfy (T, y)’, = (x, T.y)%, where T* and T} are induced respectively
by Picard and Albanese functoriality, respectively). As in Lemma 5.5 of [Hel07], one may modify
this to obtain a Hecke equivariant perfect pairing (,)s : H}(Xs, O) x HY(Xs, ©) — O defined by
(x,y)s = (x,wy),, where w is an appropriately chosen Atkin-Lehner involution. We will also use
(,)s to denote the localized perfect pairing (,)s : H(Xs, O)m X HY (X5, O)m — O. There is an
analogous Hecke equivariant perfect pairing (, ) : H'(Xo(NQ?),O)my x H (Xo(NQ?), O)my, —
O. The O-modules H'(Xg, O)[ker(Af)], H' (X;, O)[ker(Ap)], H(Xo(NQ?), O)[ker(A;q)] are all
free of rank 2, and we choose O-bases {Ag, By}, {Ar, B} and {A, B}, respectively.

e Step 1: we prove the equality ((Ar, Br)r) = ([[,cq @™)((Ao; Bo)o) of ideals of O. This is
done by using [RT97] and its extension in [Kha03].

e Step 2: we prove the equality ((A4, B)) = (quQ(q2 —1))((Ay, By)r) of ideals of O. This uses
the arguments of [Wil95, §2], in particular [Wil95, Lemma 2.5] (see also [DR97, §4]).

We go into more of the details of the two steps.

Step 1. In [RT97], the authors study the change in degree of parametrizations of (an isogeny
class of ) an elliptic curve by Shimura curves as the Shimura curves vary. We use the extension of
[RT97] in [KhaO3] to the case of parametrizations of Ay when Ay is not an elliptic curve. Thus,
we first briefly recall some of the work of [Kha03].

Let & : Js — Ag with A; € Ay be an optimal quotient: the map ; is equivariant for the Hecke
action and its kernel is connected. Analogously, we have the optimal quotient 11 : Js41 — Agt1.
(The optimal quotients that we consider are all isogenous to each other via isogenies defined over
Q and which are Hecke equivariant.) We consider the maps Ta,(Js) — Ta,(As) and Tay(Jeq1) —
Ta,(Ast+1) that £ and & induce on the corresponding Tate modules. To ease the notation,
we set J:=Js and J = Jgy11, Ag:= A and Agyq = A, £:=& and £ := &1 and also set
a2(r—s) = 4 and Q>r—s)—1 = q/'

We have induced maps ' : Tap((A’)d)m,o — Ta,(J )mo and & : Ta,(J )mo — Tap(A)mo
(injective and surjective respectively by optimality and their analogs for &), where for instance
Tay((A) ) mo = (Tay((A)?) ®z, O)m is the localization at m of p-adic Tate module of the dual
abelian variety (A’)? := Pic®(A’) of A’ tensored with O and the other symbols are defined anal-
ogously. Observe that Ta,((A')%)m o is free of rank 2 over O. The module Ta,((A")?)no is
(non-canonically) isomorphic to Ta, (A )m o as a O[Gq| module by [Car94] using the irreducibil-
ity of the residual representation p. We identify these by choosing any such isomorphism: the
ambiguity is only up to elements of O*, which is immaterial in the calculations below. Anal-
ogously, we have the maps induced by ¢ involving a choice of a O[Gq]-isomorphism between
localizations at m of the Tate module of A and its dual. The maps £, and &.£* of Tay(A )mo
and Ta,(A)me commute with the O[Gql-action and by the irreducibility of this action can be
regarded as given by multiplication by elements of 0. We denote the corresponding ideals of O
by (£.6™) and (£.£7).

The method of [RT97] and [Kha03, Theorem 4] gives the key relation

(€)= (wmar o) (6.67)

for 0 < s <r—1, where recall from Definition 7.7 that for ¢ € @, m, is defined to be the
largest integer such that pf|;, is the identity mod w™4. We justify how this result follows from
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our hypotheses. Lemma 2 and Corollary on page 11113 of [RT97], and [Kha03, Proposition 3],
using the vanishing of ®;(A)p, the component group at t of A which is a consequence of t|N(p),
and the fact that ¢ divides the discriminant of the quaternion algebra from which J arises, imply
that the map & : ¢g (J)mo — ¢¢ (A)mo induced by &, with ¢y (J)mo, dg(A)mo component
groups at ¢’ of J and A localized at m, is surjective. Using this and Ribet exact sequences
[Kha03, Equation (2), p. 209], the asserted relation is deduced in [Kha03, Theorem 4].

This relation may be applied to compute change of congruence modules as follows. Let A, Bj
be a basis of the free O-module H'(X;, O)n[ker ] of rank 2 for 0 < s < r. Then ((As, By)s) =
(§5.€5) as ((63(2), &5 ())s) = (2, €565 (y))), where {z,y} is an O-basis of Tap(A)me and ((z,y))
is O, where we use the perfect pairing on Tay,(A)m e induced by the perfect pairings above.
Using [Kha03, Theorem 4], applied successively for 0 < s < r — 1, we deduce that ((4,, B,),) =
(w¥e=™a)((Ao, Bo)o)-

Step 2. Let ¢ € @ and consider the usual degeneracy map
(60,01) : HY(Xo(NQ), 0)* — H(Xo(NQq), 0),

where 6; is induced by the map of the upper half plane which sends z — ¢z. Wiles’s result [Wil95,
Lemma 2.5] shows that the torsion in the cokernel of (dp,d1) is supported only at Eisenstein
maximal ideals (i.e. the corresponding residual Galois representations are reducible) of the Hecke
algebra acting on H'(Xo(NQq), O).

We claim that the map §: HY(Xo(NQ),0) — HY(Xo(NQq),O) given by &y —q U0
induces an isomorphism (that we denote by the same symbol) 3: H'(Xo(NQ),O)ker(Af)] —
HY(Xo(NQq),O)[ker(Afq)] (see [DR97, §4] for related arguments in a similar situation).
Here Afq is the homomorphism of the full Hecke algebra acting on S»(I'g(NQgq),O) asso-
ciated to an oldform f?¢ in it with associated newform f such that f?¢ has the same
eigenvalues as f for Hecke operators T, (or U, for r|NQ) for positive integers r that are
prime to ¢ and f?U,; =0. To see the claim, we first note that as f is a newform of
level NQ, the map 3: H (Xo(NQ),O)[ker(\s)] = HY(Xo(NQq),O) is injective (using an
easy implication of [Wil95, Lemma 2.5] that can be seen by considering the map induced
by B on H'(Xo(NQ),O)lker(Af)]® E) and hence its image is a free O-module of rank
2. Then the fact that 8: H'(Xo(NQ),O)ker(As)] — HY(X(To(NQq),O)ker(Aq)] is actu-
ally an isomorphism follows from [Wil95, Lemma 2.5] and the fact that p; is residually
irreducible.

Let 8 be the map H'(Xy(NQq),0) — H(Xo(NQ),O) dual to 3. Then we see that
the induced map (that we denote by the same symbol) 33 : H'(Xo(NQ),O)ker(\s)] —
HY(Xo(NQ),O)ker(\f)] is (up to a unit) given by multiplication by ¢ — 1 (see also [DR97,
§41).

Thus, if A,,B, as above is a basis of the free O-module H'(X(NQ),O)[ker(A\s)] of
rank 2, then ({(3(A,), 3(B,))) = (A, 3B(B,))) = ((¢> — 1)(A,, B,)), where the first pairing is
the twisted Poincaré pairing on the cohomology of Xo(NQq). Iterating this argument 2r times,
using the degeneracy maps H'(Xo(NQq1 ...q),0)? — HY(Xo(NQqi ... qqs+1), O), yields the
equality of ideals ((A, B)) = (quQ(q2 —1))((Ar, By)r) of O, finishing Step 2.

Now, using S(NQQ);;Q = M(NQ?)®? and invoking Lemmas 3.5, 3.6 and 3.7 finishes the proof
of Proposition 9.1. O

COROLLARY 9.2. Assume that @) contains a prime that divides N(p) and that @Q is of even
cardinality. We have the equality n\(T) = (quQ(q2 — D)™y (TS).
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Proof. The result follows from Proposition 9.1, on using Corollary 8.3 (which gives that
| W5 (TSY)| = [Wy(MS(N))|) and Theorem 5.2 (which gives that M(NQ?) is free of rank 1 over
T and hence |U,(T)| = |U\(M(NQ?))|). O

COROLLARY 9.3.

1. Assume that we are in the definite case (i.e. that |Q| is odd) and in the case that N =1
assume that N(p) is divisible by at least two primes. We have the equality

i) = (TL@ - D" ia (1)

q€Q

2. Assume that we are in the indefinite case (i.e. that |Q| is even) and in the case that
(Q,N(p)) =1 that N(p) is divisible by at least two primes. We have the equality

i) = (TL@ - D" (1)

qeQ
Proof. Just for this proof, in which we vary @ and N, we denote by T%t’ n the Hecke algebra

previously denoted TSt that acts faithfully on H 1(XOQ (N), O)mb . We reduce to the case proved
in Corollary 9.2 by using the Jacquet—Langlands correspondence as follows.

1. Assume that |Q)| is odd.
o If N=1 and t[(Q,N(p)), by the Jacquet-Langlands isomorphism, we have that
T%ﬁl = T(S;\{t}’t, and (N(p),Q/t) > 1 by assumption.
e If N #1 and t|N for a prime ¢, by the Jacquet—Langlands isomorphism, we have that
S _mS
Ton = Taupne
2. Assume that @ is of even cardinality and that @ is coprime to N(p) (as the case when
@@ and N(p) are not coprime and @ is of even order is covered by Proposition 9.1).
Thus, N = N(p), by assumption N is divisible by two primes t1,t3 and the

Jacquet-Langlands isomorphism gives that T(S’?t’ N= T%tu (t1t2} Nt ta” O
Remark 9.4.

e We see from Corollary 9.2 that the change of the congruence module when dropping trivial
primes from the discriminant is qualitatively the same as when dropping primes that are
non-trivial, in contrast to the change of cotangent spaces in Corollary 7.15.

e One expects the general case of Proposition 9.1, without assuming that () contains a prime ¢
that divides N(p) and @ is of even cardinality, to be true, but we do not know how to modify
its proof to yield this. One may remark (at least in the indefinite case, i.e. that @ is of even
cardinality), that Corollary 9.3 can be established without the conditions assumed in it if we
knew that the top exact sequence

0 —— Hom(X(J,¢)mo,0(1)) —— Ta,(J)mo —— X(J,d)mo —— 0
| | | (9.1)
0 —— Hom(X(A, ¢ )mo,0(1)) —— Tap(A)mo —— X(4,¢)mo —— 0

splits. This would imply that the map of component groups at ¢(J, ¢ )m — ¢(A, ¢')m is sur-
jective. Further, if ¢/ is not 1 mod p, it is easy to see that the top exact sequence indeed
splits. On the other hand, if ¢’ is a trivial prime, then, not knowing this, we instead rely on
the trick in [RT97], which uses the assumption that there is a prime ¢ at which A has trivial
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component group and which furthermore divides the discriminant of the quaternion algebra
which gives rise to J.

e In forthcoming work we hope to be able to compute the change in congruence modules as in
Proposition 9.1 without its superfluous assumptions, by computing the Wiles defect without
using the work of [RT97].

10. Computing the Wiles defect
We can now prove our main theorem.

THEOREM 10.1. Let N and @ be relatively prime squarefree integers. Let p > 2 be a prime
not dividing NQ and let E/Q, be a finite extension with ring of integers O, uniformizer w
and residue field k. Let py : Gq — GL2(O) be a Galois representation arising from a newform
[ € S5(T0(NQ)) and let py : Gq — GLa(k) be the residual representation. Assume that py is
irreducible and N|N(py).

Let RS be the Galois deformation ring of p ¢ defined in § 4, parameterizing lifts of py of fixed
determinant which are Steinberg at each prime dividing @), finite flat at p and minimal at all
other primes.

Let D be the quaternion algebra with discriminant () and let I‘(? (N) be the congruence sub-
group for D defined in §5. Let T¢(N) and SQ(FOQ(N)) be the Hecke algebra and cohomological
Hecke module at level FOQ(N) and let m C T?(N) be the maximal ideal corresponding to m. Let
TS = TQ(N)y, and let X : TSt — O be the augmentation corresponding to f.

Assume that at least one of the following holds:

1. @ is a product of an even number of primes (i.e. D is indefinite) and (N (p), Q) > 1;
2. Q is a product of an odd number of primes (i.e. D is definite) and N > 1;
3. N(p) is divisible by at least two primes.

Then the Wiles defects (defined in Definition 3.10) of T and SQ(F(?(N)) with respect to the
map RS — TS and the augmentation \ are

S\T) = 03(SOTF(N)) ) = SA(MF(N) = 3 222,
qlQ

where e is the ramification index of O and, for each q|Q, n, is the largest integer for which p f|qu
(mod w"™) is unramified and py(Frob,) = +Id (mod w").

Proof. The first two equalities dy(TSt) = (5>\(SQ(FOQ(N))m/Q) = 0\(MSt(N)) follow from
Corollary 8.3. For the remaining equality

2n
AT =D =,
qlQ

we study the map RS — TS, with augmentation A = Ay, in relation to the isomorphism R — T
of complete intersections of Theorem 5.2, which arises when we relax the ramification conditions
at @, and the induced augmentation A : T — O as in §5. From Theorems 5.2 and 1.1, we deduce
that |PA(R)| = |PA(T)| = |O/nx(T)|. Combining this with:

e Corollary 7.15, which gives

Lo(®yp/rst) = Y (mg +ordo(q? — 1) — 2ny);
q€Q
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e Corollary 9.3, which gives ny(T) = ([T,co(¢* — @™ )na(T)
proves our theorem. O

Remark 10.2. The Wiles defect in the situation studied in this paper (say when O =7Z,) is
always an even number. It would be interesting to have a conceptual explanation for this. We
hope to return to this question in a future work which will give a computation of the Wiles defect
that has a stronger local-global flavor.

11. Wiles defect for semistable elliptic curves and tame regulators

The Wiles defect associated to an augmentation Ay : TSt — O is a global invariant and as defined
seems hard to compute (it is an ‘f-extrinsic’ invariant in Mazur’s suggestive terminology, see
[Maz12]), while the ng, which our theorem relates to the Wiles defect of A, are local invariants
of the local Galois representation py|q, (and are ‘f-intrinsic’ in the sense of Mazur).

In this section, we illustrate how Theorem 10.1 makes the Wiles defect rather easily com-
putable in many examples. Let £ be a semistable elliptic curve over Q of conductor N. Let p
be a prime such that the mod p representation p arising from £ is irreducible and assume that
(N7 p) =1L

11.1 Inertial invariants ng4 for Tate elliptic curves over Qq

Let pg, : Gq — GL2(Zy) be the representation on the p-adic Tate module of €. Then the local
invariant n, at g|/V is the maximal integer such that pg , mod p™¢ is unramified and sends Frob,
to £Id. The quantity n, may be computed using Tate’s uniformization of £q, and Kummer
theory.

Write vg: QF — Z and |- g Q; — ¢% for the normalized valuation and absolute value at q.
Let g, € Q' be the Tate period of £q,, define my and ¢, so that pquvq(qng) and ple||q — 1,
set kg = min(my, tq) and write geq = qeq, - |deq, lq for the unit part of the Tate period. Consider
the map log, », : (Z/qZ)" — Z/p*1Z and denote for an element € (Z/qZ)* by ind, k() the
index of the subgroup generated by log, «,(z) in Z/ pFaZ (tame regulator & la [MTS8T]).

PROPOSITION 11.1. We have the formula n, = log, (indwkq (q?(;q))
Proof. This follows from Kummer theory and Tate’s uniformization of £ at q. O

By the modularity theorem, we know that £ arises from f € S3(T'o(NN)). Assume that N(p)
is not prime. Let @ be a set of primes which divide N, such that N factors as N = N'Q
with N’|N(p), let TS' = T¢(N’) and consider the augmentation g : TS' — Z,, arising from
f. (Our future work will address removing the condition that N(p) is not prime, as it will avoid
dependence on the results of [RT97].)

COROLLARY 11.2.
b1 (TS) = Syeq2log, (ind, 1, (455 ).
Proof. This follows from Theorem 10.1. O

Remark 11.3. Let q¢ be a prime of multiplicative reduction of £ with Tate period deq,
and let je denote the j-invariant of &£. It takes some effort to compute eq, to some
non-trivial precision. However, it is rather elementary to compute its unit part from
je- For this, recall from [Sil94, Theorem V.3.1(b)] that vg(geq,) = —v4(je) >0 and that
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je =1/qeq, + 744 + O(q). Hence, je|je| = |jel(1/qeq,) + O(g) is a unit and we deduce that
Q/SEI Ejgl|j5|;1 € (Zq/q2,)" = FqX-

11.2 Numerical computations

It seemed natural to carry out computations for the example given in the introduction, where the
initial level is T'g(11), the prime is p = 3 and a trivial prime mod p occurs at ¢ = 193. However,
as indicated in Remark 1.3, this leads to a form f in level 11193 with [K;: Q] = 46.° Even
if in principle one can compute n193 using Mumford-Raynaud uniformization of Ay at 193 and
Kummer theory, as in Proposition 11.1, to us the condition [K; : Q] = 46 made computations
impossible.

The importance of Proposition 11.1 is that it allows practical computations for a different
class of examples. Namely, one starts with an elliptic curve £ of a ‘large’ squarefree level N with
associated cusp form f; think of = NQ@Q with N,Q as in Theorem 10.1. Then one searches
for prime divisors ¢ of N at which py, admits level lowering modulo a prime p. Proposition
11.1 allows one to then compute the local invariant attached to (£, q,p). We eliminate cases
where p|N, so that py, is finite at p, and we check that gy, is irreducible, so that level-lowering
results apply. We also ensure that the minimal conductor N(py,) of the reduction p¢,, has at
least two prime divisors, so that Theorem 10.1 is applicable unconditionally for any @) > 1. Using
the data in [LMF19], it is also often possible to determine the form g in level N(p¢,). This is
not needed though to compute the invariant n, or the Wiles defect for Q.

Concretely, we did an incremental search through all elliptic curves of squarefree conductor
N < 400000 in the Cremona tables. For each prime divisor g of N/, we make a list of all odd primes
p that divide ¢ — 1 but not N. Next we compute for each elliptic curve £ of conductor N the
g-valuation Uq(Qng) and the unit part q/g& of its Tate period at ¢. Finally, we compute the quan-
tities tq = val, (¢ — 1), mq = vp(vq(geq,)) and uq = vp(|F3/(geq, )|)- Then ng = min{ty, mq, uq} is
the local invariant from Proposition 11.1 (it also depends on p and £). For all primes p in our list,
found for £ and some ¢, we determine if the Galois representation pg , on the p-torsion points
of £ is absolutely irreducible. Then level lowering is possible if and only if m, > 0. Using this,
we can compute N(py,) and single out those with at least two prime divisors. The Wiles defect
can then be computed as 2} . ng over the local invariants. All computations were carried out
using SageMath.

For the primes p =3,5,7,11, the smallest examples (£,q,p), small in terms of size of
conductor N, with n, > 1, are the following:

(805b1,7,3), (5673al,61,5), (4171al,43,7), (27186m1,23,11),

where we use Cremona notation for the labeling of elliptic curves &£; the number to the left of
the letter is the conductor of £. For ' < 400000, we found the following;:

Prime p 3 |5 7|11
#{(£,q) | ng >0} | 8346 | 950 | 43 | 3

6 There are eight eigenspaces (over Q) in level 2123. Two of them have the same Atkin-Lehner sign at 11 as the
unique eigenform in level 11. The eigenspaces have dimension 33 and 46, and we call representing forms f33 and
fa6. The eigenspace in level 11 is Q-rational. Hence, the mod 3 reduction of the Hecke algebra of the wanted form
in level 2123 needs to have a factor F3. By [Edi92, Theorem 2.5], this implies for the mod 3 Hecke eigenvalue as
that ag 4+ 1 lies in F3. It turns out that no such root exists for the mod 3 reduction of T3 for fs3; for fas, exactly
one such root (with multiplicity 7) lies in F3.
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For p = 5,7,11, we found no example where n, > 2 and no example with n, = 1 at two prime
divisors ¢ of N (for a fixed &). For 13 < p < 61, we found no (€, ¢q) with n, > 0. From this, we
suspect that for N/ < 400000 and p > 5 the Wiles defect of £ is either 0 or 2.

For p =3, we also found pairs (£,q) with ny =2 (none with n, > 2); there were 25 such
examples with A/ < 400 000; they all had a single prime divisor ¢|N at which the local invariant
was non-zero. Hence, for Q) D {q}, the Wiles defect is 4 in these cases. The two examples (&, q)
of smallest conductor and with n, = 2 are

(36613a1,19), (10471011,37).

They have N(pg q) = 1927 = 41 - 47 and N(pg 4) = 2830 = 2 - 5 - 283, respectively.

For p = 3 only, we also found elliptic curves & which at two primes q # ¢’ dividing A/ had
invariants nq = ny = 1. There were 15 of these. For these and for @ D {¢,¢'}, the Wiles defect is
again 4. In all other cases the Wiles defect was 2 when it is non-zero. The two examples (&, ¢, ')
of smallest conductor and with ny, = ny =1 are

(149149b1,7,13), (149149¢1,7,13)

with N(pg.q) = 1639 = 11 - 149,

We also determined in many of the above cases the form ¢ congruent to f mod p of min-
imal level using the database [LMF19]. One very helpful invariant when determining g were
the Atkin—Lehner signs. The following table displays our findings. In the second row we use
the labeling of forms given in [LMF19]; note that as in the case of elliptic forms, the label of the
cusp form ¢ contains its level as the left-hand number.

Triple (€,¢,p) | (805b1,7,3) | (5673a1,61,5) | (4171.a1,43,7) | (27186.m1,23,11) | (1047101,37,3) |

Labelofg | 115a | 932aa | 173lLaf |  11822ad |  2830g1 |
The last example gives a rare example of a congruence of elliptic curves, since also g is
Q-rational.
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