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Abstract We study certain metrics on subshifts of finite type for which we define the
discrete analogs of Lyapunov exponents. We prove Young’s formulafBiausdorff
dimension. We give sufficient conditions on the above metrics for which the Hausdorff
dimension is given by thermodynamic formalism. We apply these results to the Hausdorff
dimension of the limit sets of geometrically finite, purely loxodromic, Kleinian groups.

0. Introduction
A major concept in differentiable dynamics is the Lyapunov exponents of a giverymap
It combines the results of ergodic theory with differential propertieg ofConsider the
following two closely related examples which motivate our paper. Mebe a compact
surface and lef : M — M be a smooth diffeomorphism. Létdenote the set of Borel
f-invariant ergodic measures dd. Assume thajxw € £. Let h(un) be theu-entropy
of f and letAi1(n) > A2(u) be the Lyapunov exponents ¢gf Suppose thak(u) > 0.
The well-known result of Youngyou] yields thati () /A1(w) is the Hausdorff dimension
of © unstable manifoldV* () associated with.1 (). Suppose furthermore thdtis an
Axiom A diffeomorphism. Then for each in the non-wandering s&2 (f) one has the
unstable manifoldV*(x). The result of McCluskey and ManninyiM ] yields that the
Hausdorff dimension of anW* (x) N2 (f) is equal to SUp.  h(w)/A1(n). The supremum
is achieved for a unique Gibbs measure

Let f : CP — CP be a rational map of the Riemann sphéf of degree at least two.
Denote byJ (f) the Julia set off. Let& be all f-invariant ergodic measures supported on
J(f). Foru € &, f has two equal Lyapunov exponentsit) = A2(u) > 0. Assume that
h(u) > 0. Then theu-Hausdorff dimension of ( f), given by infy(f), ucx)=1 dimy X,
is equal toh(w)/A(u). Suppose, furthermore, th#tis hyperbolic. Thatis|(£°") (z)| >
1, z € J(f), forsomeintegem > 1. Then diny J(f) = SUR,eg M) /A(w). The above
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supremum is achieved for a unique Gibbs meagtin@hich is equivalent to the Hausdorff
measure o/ (f) [Rue]. In these two examples the proof of the variational formula for
the Hausdorff dimension is based on the notion of the topological pressure and the Bowen
equation Bowl, Bowd.

In this paper we generalize these results to a discrete setting as followgn)Let
{1,...,n} be an alphabet om symbols. Denote bl and(n)N the set of natural numbers
and the space of all infinite sequences (@h symbols, equipped with the Tychonoff
topology, respectively. Let : (n)N — (n)N be the (one sided) shift map. Therva
invariant closed se§ ¢ (m)N,0S = S, is called a subshift. A subshif is called a
subshift of finite type (SFT) ifS can be described by a finite number of conditions. A
standard representation of a SFT is given by a digiagh (n) x (n) as follows:

= {@)emV:(@,a41)eli=1...,}

It is well known that any SF c (n)N can be represented in the above way by enlarging
the given alphabet. Recall that jf is an Axiom A diffeomorphism (hyperbolic rational
map) then th& () (J(f)) has a Markov partition (se&hu, Theorem 10.28] andju€]).

The actionf onQ(f) (J(f)) induces a SFT, such that the mApn Q (f) (J(f)) induces

the shift map on a SFT. I2(f) (J(f)) is totally disconnected thef (f) (J(f)) is
homeomorphic to a SFT. ©2(f) (J(f)) is not totally disconnected then all the points
of Q(f) (J(f)), whose orbit stays in the interior of the Markov partition, are in one-to-
one correspondance with a ‘big’ subset of a SFT.

Let S ¢ (m)N be a subshift. Then every poiat = (a; {° € S corresponds to an
infinite walk on the digraphin) x (n). For convenience, we view our walk starting from
0.0 —ai1—ap—---. To each finite pat —ay — - - - — a,, viewed as(al-)‘l’, we assign a
positive weight, (ax, ..., ap). Assume that

¢p+q(al, uwap+q) = ¢p(alv -'-:ap) +¢q(ap+lv -'-:aerq), V(ai)io eS. (Ol)

$plai, ..., ap) can be viewed as the distance of the end of the patH{ to 0. Then
(0.1) is equivalent to the triangle inequality. For egch> 1 lety, : S — R, be the
random variable such thet, ((¢;)§°) = ¢, (ax, . .., ap). Denote byp andy the sequences
{#15° and{y}5° respectively. Lej be ao-invariant ergodic measure @i Kingman'’s
subadditive ergodic theorem yields that that the sequénge, p = 1,..., converges:
a.e. toa(u). We show thate(u) is the discrete version of the Lyapunov exponent of the
distance function induced ly. Assume, furthermore, that for eack- 0 there existsi(z)

so that

¢play,...,ap) >t, p>A), acs. (0.2)
Letd : S — Ry be the following metric ots:
d(a,a) =0, acsS,
da,b)=1, a= @)y, b=0b), a,beS, a1+#b,
d(a,b) = e @) g = (@), b=b)L, a,beS, a =bh,

i:1,...,p, ap+17ébp+1.

(0.3)
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Condition (0.2) yields tha$ is a complete metric space. FErC S denote by dim X
the Hausdorff dimension oX with respect to the metric (0.3). Sé&tp) := dimyS. In
[Fri] we give an explicit formula foB(¢) for certain sequenceson a SFT. The purpose
of this paper is to treat a much broader class of sequepa@@ss than in [Fri] (e.g. S
does not have to be a SFT) and to relét¢) to the Hausdorff dimension ef invariant
probability measures afi.

Let u be a probability measure @h Then

(o, n) = inf
XcS,u(

dimy (X)
1

is called the Hausdorff dimension pf Assume thaj is ao-invariant ergodic measure.
Denote byi () the u entropy of the shift. We prove that

_hw
a(w)’
if either h(uw) or a(u) are positive. Compare this equality with the formulas for the

Hausdorff dimension o* (1) and theu Hausdorff dimension off (f) to deduce that
a(p) is the analog of the Lyapunov exponent. $gt(n) = [(¥m/m)du. Then

8(¢, 1) (0.4)

am > a(pn),m=1,.... Moreover, lim,_ - o = a(u). Hence,
h
sz 05)
am ()

For certain SFTs and corresponding Markov chains one can compute explicitly the right-
hand side of (0.5). Thus we can obtain explicit lower bounds ¢t ). Set

h

8(¢) == .
@) we€ h()>0 A1)

(0.6)
Thens(¢) > 5(¢). We give a condition og for which§(¢) = §(¢). Under this condition
the subshiftS, which does not have be a SFT, behaves as a rationalfnaypits Julia set.

The main motiviation of this paper is the Hausdorff dimension of a Kleinian group
F < PSL2, C). (See MaskitMas] for a reference on the Kleinian groups.) Lebe a
point in three-dimensional hyperbolic spadé on which F acts as a group of hyperbolic
isometries. TherFo, the F orbit of o, accumulates ta\ (F), the limit set of F. Here
A(F) is located on the Riemann sphé&Z®. We want to give computablewer bounds
on dimy A(F), which can be arbitrary close to diym\(F), using only the hyperbolic
distances between the pointsfiln. We do this for geometrically finite, purely loxodromic,
Kleinian groups.

Suppose thafF is a Schottky group. TheR is a free group om generators. The orbit
of F is a 2 regular tree which correspond to a standard $FT, wherel' C (2r) x (2r)
is the graph induced by a free groupogenerators. Then the sequecis the sequence
induced by the hyperbolic distances betweend other points of the orbit. We show that

dimy A(F) = 8(¢p) = 8(¢). (0.7)

Hence we can use lower bounds (0.5) to get lower bounds op diGf’). Moreover, we
show that these lower bounds are arbitrarily close todingF). Our results complement
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the results of Bowergow?2], who showed how to apply the thermodynamics formalism to
the action ofF on CP to find dimy A(F).

In the last section we show how to apply our results to a geometrically finite, purely
loxodromic, Kleinian grougF’. We construct a subshiff corresponding ta\ (F). We do
not know if S is a SFT. (For certain Fuchsian grodip A(F) has a coding as a SFT, see,
for example, BS].) We prove (0.7) in this case.

We now survey briefly the contents of the paper. In 81 we discuss examplesrof
subshifts. We define(¢)—an analog of the Poincaxponent. We show the inequality
3(¢) < k(¢). (Itis an opposite to the inequality dgm\ (F)) > « (F) for Kleinian groups
[BJ].) In 82 we prove the characterization (0.4). We also show that for topologically
transitive SFTs the inequality (0.5) gives computational lower boundi#, which
can be arbitrary close té(q&). Section 3 is devoted to the non-additive topological
pressure, sed-pl] and Bar]. We give a sufficient condition which ensures the variational
characterization of the topological pressure. This condition generalizes a condition of
Barreira Bar]. This condition onp implies the equality(¢) = §(¢). We show that this
condition is satisfied in the context of geometrically finite, purely loxodromic, Kleinian
groups. In 84 and 85 we apply our results to the Hausdorff dimension of the limit sets of
Schottky groups and geometrically finite, purely loxodromic, Kleinian groups respectively.

1. Metrics on subshifs

LetS c (n)N be a subshift. Associate with the infinite tree7 (S) := T = (V, E). Let

o be the root of the tree. Then eagh= (a;)]° € S represents a chain (geodesic)in
starting fromo. The vertices of this chain areand(a;)}', m = 1, .... The chain is given
byo—(a1) —---— (@)} —---. Let

a:(ai)iov b:(bl)ioesv ai:bi7 i=la"'7p7 ap+1?ébp+1'

Then the two chains induced by b have a common chain—a; — --- —ap. If ay # by
(p = 0), then the two induced chains by b have only a common vertex Thus

V={:iv=0v=(>)].m=1...,a= ()] €S}
Letdist: V x V — R, be a metric orf¥” which satisfies the following conditions. First,
0 < dist((a)T,0) = ¢pm(az,...,am), m=1,.... 1.1
Second,
dist((a)] ™, (@)]) = dist(@)h 11, 0) = ¢g(@ps1, ..., aprg), 1< p.g.  (1.2)
Then the triangle inequality
dist((a))] ™, 0) < dist((a)] ™, (@)]) + dist((a;)}, 0)
is equivalent to

Oprglas, ..., apyq) < @play,...,ap) +Pq(aps1, ..., ap1q), p.g=1.... (1.3)
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Third,

a1 = by = dist((a;)], (b))]) = dist((@))5, (b)), (1.4)
a1 # b1 = dist((a))], (b))]) = ¢p(ar, ..., ap) + ¢g(b1, ..., by). (1.5)

It is straightforward to show that (0.3) defines a mettion S. Assume, furthermore,
that (0.2) holds. The8& is a compact metric with respect to the metric (0.3). Furthermore,
the Tychonoff (coordinatewise) topology is induced by the metriéve lets(¢) to be the
Hausdorff dimension af with respect to the metrid.

We discuss a few examples that motivate the above definitions. Assume that
¢p(ay, ..., ap) = p. Then the induced metric is the standard graph mefgic, -) on
7. Thatis,dg(u, v) is the number of edges in the chain connecting. Lets > 0 and
assume thap,(ay, ...,a,) = ph. Then the induced metric idg;, the weighted graph
metric. The distance between the adjacent verticés ii®. the weight of each edge ih
is h. The choiceh = log 2 in (0.3) gives the standard metric ¢nN and on any of its
subshifts.

We now consider examples related to SFTs. Cet= (c;;)] € M,(Ry) be a non-
negativen x n matrix. Denote byI"(C) C (n) x (n) the digraph induced b¢. That
is,

i, j)elC) <— Cij > 0.

Denote byp (C) the spectral radius & . Foranyl” C (n) x (n), letA(I") € M,,(R) denote
the 0— 1 matrix such thal' (A(I")) = T'. Setp(I') = p(A(T)).
LetI" C (n) x (n) be a digraph which has a cycle, i®I") > 0. Set
r‘=m), ré=r,
rk ={a:a= (a,')]{,ai en),i=1,...,n,(a,a+1)el,i=1...,k—1},
k=3,...,
r*={a:a=@)aien),i=1...,(a,a41)eli=1...}.

ThenI'* is a non-empty SFT induced iy, Let~ > 0 and consider the weighted graph
metricdgy. Itis well known (see, for examplek-fi]) that

| r
5(¢) = 092( ). (1.6)

LetC = (cij)] € Mny(Ry). Suppose thah C I'(C), p(A) > 0. OnT (A°) we define
a metric using the following functions:

p—1
¢1(i)=1t, i€ (n), maxc; <t, o¢pla1,...,a,)=1t+ Cajair1s
1<ij b b ; i (1.7)

(ai)i7 eANl, p=2,....
In [Fri] we give the following formula foB(¢). Let

B(x) = (bjj(x))], px)=p(Bkx)), x>0,
bij(x) =e ", (i, j)) eT(C), bijj(x)=0, (i, j) ¢TI ().
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Thens(¢) > 0 is the unique non-negative number so that

p@B@) =1 pkx) <1l forx>3@).

This characterization oB(¢) appears in Mauldin and WiliamsMW] for certain
geometrical constructions R™. If C/h is a matrix with rational entries for sonte> 0
then (1.6) holds for an appropriate[Fri].

Consider the special linear grouf.(N,C) of N x N complex valued matrices.
Let I denote the identity matrix. FoA € SL(N,C) let A* € SL(N,C) denote the
conjugate transpose of. Recall that the spectral norffd|| is given by the formula
IA]I%2 = p(AA*) = p(A*A), wherep(B) is the spectral radius @& € SL(N, C). Note
thatA € SL(N,C) = ||A] > 1. LetSU(N, C) c SL(N, C) be the special unitary group,
i.e. the maximal compact subgroup$£ (N, C). Itis easy to show that

B e SL(N,C), |Bll=1 <= BeSUN,C).

Assumethatty, ..., A, € SL(N, C). Suppose, furthermore, that the following conditions
are satisfied:

A ¢ SUN,C), i=1,....n, Agq-- A €SUWN,C),

(1.8)
(@) el’™, m=1,....
The above conditions hold id1, ..., A, generate a torsion free and discrete semigroup
(in the standard topology). Set
¢plar,....ap) =210g||As, -+ Ag,ll, (a)] €TP, p=1,.... (1.9)

Then(1.1) holds. Furthermore, the submultiplicativity of the norm yie{ds3). If (1.8)
does not hold, replacd.1) by

0<¢mlat,...,an), m=1.... 1.1y

Then the conditionsl.1)” and (1.2)—(1.5) yield that digt -) is a semimetric off (I'™°®) =
(V, E). Set
V) ={u:ueV,dist(u, v) = 0}.

For eachw € V we identify the verticed/ (v) with one vertexo’. We thus obtain a new
graph7’ with the metric dist, -).

The following inverse problem arises naturally. l¢ebe defined as above and assume
that(1.1)’ and(1.3) hold. Does there exist a separable Hilbert sfd@nd bounded linear
operatorsd; : H — H with the operator normjA; || fori = 1, ..., n, so that(1.9) holds?

LetF = (f1,..., fr) be afree group on generators. We identify;, ffl with i, i +r
fori = 1,...,r. Thatis,g; = fi,gitr = f; i =1,....r. Aword gi,gi, - &, iS
called a reduced word if; — i; 41| # r, j = 1,...,m — 1. ThenF induces the graph
['= (2r) x (2r)\U/_; (i, i +r)U(i+r,i)). Thatis,I'" gives the set of all reduced words
in F of lengthm. Furthermorel"* corresponds to all (half) infinite reduced words, which
are identified with the limit sed (F) of F (see, for exampleHri]). For eachi € (2r) let
i € (2r) be the unique number so that—i| = r.

Assume thal” c (2r) x (2r) is the graph induced by a free group omgenerators.
Consider the SFT*°. Suppose that we have a sequence of functgpsatisfying (1.3).
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We then define the distance function dist x V — R using (1.1), (1.2) and (1.4). We
replace the conditiofil.5) by

a1 # b1 = dist((ai)], b)) = ¢pyq(bg. bg-1, ..., b1,a1, ..., ap). (1.5f)
To ensure the equality digt, v) = dist(v, u) we assume
bplar,....ap) = ¢pap,....,a0), p=1.... (1.10)

We give a natural set of examples of metrics satisfying (1.1)—(1.4), (1.5f) and (1.10).
LetF = (A1,...,A;), A1,..., A, € SL(N, C) be a free discrete group. Recall that for
i€(r),i=i+randA; = A7 L Set

dist((@)f, 5)]) =10glIA, " - Ay Aay - Aa, I +10G 1AL} - AT Ap, - - Ap, |
=logllAz, -+ Aj Aay - Ag,ll +10911Az, - - - Aay Apy - - - Ap, I,
0<p.q. (1.11)

The above definition implies (1.1)—(1.4), (1.5f) and (1.10). Consider the special case
N = 2. AsforanyB € SL(2, C) we have the equalityB—1| = || B||, and we deduce that
for SL(2, C), (1.9) is equivalent tq1.11).

We now show that the action of a free grokip= (f1, ..., f) of hyperbolic isometries
onn-dimensional hyperbolic spad&”, induces a metric (1.11) on the corresponding orbit
of F. For simplicity we consider the cases= 2, 3. Let

H?=SL(2,R)/SO(2,R), PSL(2,R) = SL(2,R)/{£I},
H3=SL(2,C)/SU(2,C), PSL(2,C)=SL(2, C)/{£I}.

ThenPSL>(R) (PSL2(C)) is the group of orientation-preserving isometries actingién
(H3) by left multiplication. Assume thak = (A1, ..., A,) < PSL2(R) (PSL2(C))is a
discrete free group. Theh acts onH? (H3). Leto € H? (H®) be the point corresponding
tothecosef0(2, R) (SU (2, C)). ThenFo, the F-orbit of o, corresponds to the vertices of
the tree7 (I'*°). The hyperbolic distancé, (u, v), u, v € Fo, coincides with the distance
given by (1.11). Moreover, it is a Schottky group thel® is isomorphic toA (F), the
limit set of F. Furthermore, the metri¢ on '™ is Lipschitz equivalent to the metric on
A(F) viewed as a subset of the sphéte(this point is discussed in detail in 84). In this
caseg(¢) is the the Hausdorff dimension of(F).

Assume thatS ¢ (n)N is a subshift and suppose that we have a sequence of positive
functions¢ satisfying (1.3). Let dist, -) be the distance function defined by (1.1), (1.2),
(1.4) and either (1.5) or (1.5f) on the induced tfe€S) = (V, E). For anyr > 0O let

B(o,t) ={v:v e V, dist(v, 0) < t}.

Assume condition (0.2). TheB(o, t) is a finite set and letB(o, t)| be the number of
vertices inB(o, t). |B(o,t)| can be considered as the ‘volume’ Bfo, r). The volume
growth of the metric dist is given by

k(¢) = limsup

t—>0o0

log|B(0, 1) (1.12)
— :
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It is straightforward to show that the volume growth of dist is independent of the choice of
the root, i.e. in (1.12) we can replagéy anyo’ € V. In the context of discrete groups of
hyperbolic motionsg (¢) is identified with the Poincaréxponent of the Poinaaseries:

Z o disto.v) (1.13)

veV

It is straightforward to show that the above series converge forx (¢) and diverge for
s < k(¢) (see, for example, the argumentsMid]).

LetG < PSL(2, C) be a discrete group of hyperbolic isometries. Denote {fy) and
dimy A(G) the Poincag’exponent oG and the Hausdorff dimension of the limit set@f
respectively. Thenitis known that{G) is the Hausdorff dimension of the conical limit set
of G [BJ]. Hence diny A(G) > «(G). If G is finitely generated and the area®tG) is
zero then dim A(G) = «(G). In our context we have the opposite inequality as follows.

THEOREM1.14. LetS c (n)N be a subshift. Assume that a positive sequence of functions
¢ satisfies (0.1)—(0.2). Then

8(p) = k().

Proof. LetI" = (n) x (n) be the complete graph envertices. Foia;)] € I'" let
Cllap]) ={x:x=x)7 el xi=a,i=1...,m,} (1.15)

be the cylindrical set corresponding()?'. Note thatC((a;)7') is an open and closed set
in the product topology ofi® = (n)N. ThenC((a;)7') NS is an open and closed set®f
(and may b&). Fort > 0O set

S,y ={v:v=(a)] € Blo,t),p(ax,...,amsp) >t,p=1,..., (@) €S},
(1.16)

to be the ‘boundary sphere’ of the b&lo, ¢). Clearly,|S(o, t)| < |B(o, t)|. Suppose that
(@) € S(o,1). ThendianiC((¢;)]") N S), the diameter o€ ((a;)7) NS, is less thar ™.
Fix1> e > 0. Then
Ulayesio.—log CUa)T) NS

is a closed cover af with sets of diameters less thanHence

diam(C((ai)7) N S)* < |S(o, —loge)|e® < |B(o, —loge)|e*, x > 0.

(a,-)’l”eS(o,— loge)

Fixa > 0. From the definition of (¢) it follows that we have a positive constakita) > 0
so that
|B(o, —loge)| < K(a)e *@~4 0<e<1

Then
Iina+ |B(o, —loge)|e* =0, forx > «(p) +a.
€e—

Henced (¢) < «(¢) +a. Asa was an arbitrary positive number we deduce the theorem.
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2. Hausdorff dimension of the invariant measures
Let B be the Borel sigma-algebra gm)N generated by cylindrical sets (1.15). Denote by
I1 the set of probability measures ¢n)N which are invariant under the shift We view
()N as a compact metric space equipped with the standard metric (induced by the graph
metricdg on 7 ((n)N) as in §1). Let§ c II be the set of ergodic measures. It is well
known that€ is the set of the extreme points Bf in the w* topology (see, for example,
[Wal, 86.2]). For eaclu € I leth(u) denote the measure entropysafAs o is expansive
it follows that/ () is an upper semicontinuous function BnfWal, §8.2].

Assume thaS ¢ (n)N is a subshift. Let

[(S) :={pn:pnell, u(S =1}
be the set of alb-invariant probability measures supported®nLet £(S) = £ N T1(S)

be the set of the extreme pointsidfS). Assume that the non-negative functignsatisfy
the assumptions (0.1) and (0.2). leebe the metric (0.3) 05. Set

S, 9) = inf dimy X, puell(S),
XcS,u(X)=1

to be theu-Hausdorff dimension of with respect tal. Lety, : S - Ry, p=0,...,
be defined as follows:

Yo((ai)1”) =0,

Vp(@)7’) = ¢plar, ....ap), p=1..., (a)]° €S.
That is,y, is the random variable which describes the length of the path@), of the
random variableX, travelled inp units of time starting ab so thatX(p) = (a,»)’l’. As

¥, is a continuous function it follows thag, is u measurable for any € I1(S) and
p =0,.... From the inequality0.1) we deduce that

(2.1)

0<Ypiqg <Vp+ygo0?, pg=0 xe8.

Assume thapt € T1(S). Kingman'’s subadditive ergodic theorem claims that the sequence
Ym/m,m =1, ..., converges-a.e. toa(x, u) > 0. Furthermorey (o (x), u) = a(x, 1)
u-a.e. and

o (1) ::/I/fm—(x)d,u(x), m=1,...,
" (2.2)

im () = /a(x, W) dp(x).
The above inequality ot implies thato, (1) < o (n), k =1, .... Hence
/oc(x, wdux) <op(p), m=1....

If w € £(S) thena(x, n) is a constant functioa () p-a.e. (see, for exampleWal,
§10.2)]). In that case we have:

() >a(uw), m=1...,

. 2.3
mll_r)noo am(n) =a(u), unecs). 23)

We will show thatu(x, ) is the discrete analog of the Lyapunov exponent for the family
Y with respect tqu. We will only consider ergodig:.
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THEOREM2.4. Let S ¢ (n)N be a subshift. Assume that the sequence of positive
functionsp satisfies conditions (0.1) and (0.2). Suppose tligtiis the distance function on
the vertices of the induced tr&&(S) given by (1.1), (1.2), (1.4) and either (1.5) or (1.5f).
Letd be the metric or§ given by (0.3). Suppose thétis given by (2.1). Lei € £(S)
and assume thahax(a(u), h(i)) > 0. Then

h(w)

5(M,¢)=m'

Proof. Assume first thate(u) > 0. LetB(x,r) = {y : d(x, y) < r} be the closed ball of
radiusr > 0 centered at € S. Assume tha¥ C S is a Borel setang (Y) > 0. Suppose,
furthermore, that for each € Y the following inequality holds:

I B I B _
r—0 logr r—0 logr
Thens < dimy Y < 8, where diny Y is the Hausdorff dimension df with respect to the

metricd (see, for exampleMou, Proposition 2.1]). Then our theorem is implied by

lim log i (B(y, rm(y))) _ h(w) ’ lim ru(y) =0, (2.5)
nm—>00 logrm (y) o) m—0o0

for u-almost ally € S and a corresponding sequenggy), m =1, ... (see, for example,
the Remark after Proposition 2.1 ivdu]).

We prove (2.5). Assume that= (y;)]° € S. Let B,,(y) be the cylindeC((y;)7'). The
Shannon—-McMilan—Breiman theorem (see, for exampl&l]) claims that

jim 1094 Bn )
m— 00 m

for u-almost ally € (n)N. (Here we may assume that the finite partitipis given by
{C(D),....C(n)})

The Kingman subadditive ergodic theorem claims tha{(y)/m converges:-almost
everywhere irS to a(u). Hence

im P9LBu ) h(w)
m—00 Ym (y) a(u)

u-almost everywhere. The assumption thgt) > 0 and the definition of the metrit by
(0.3) means that

Bu(y) = B(y,rm), rm=e Ym0 xemlm

for u-almost ally. Combine the above equalities to deduce (2.5). This proves the theorem
fora(u) > 0.
Assume thate(i) = 0, h(u) > 0. Itis left to show thab(u, ¢) = co. Fixe > 0 and
let
bpc(@)]) = ¢p(a)]) + pe, (@) eS, m=1,....

Clearly, the functionsp. satisfy (0.1) and (0.2). Denote by,.,p = 1,..., the
corresponding functions ofi. Letd,. be the induced metric of. Ase > O it follows
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thatde(a, b) < d(a,b),a,b € S. Then for anyX c S the Hausdorff dimension of
with respect tal. does not exceed the Hausdorff dimensiorko#ith respect tal. Hence
S(, @) = 3(u, ¢e). Clearly,

m—> 00

ae(pn) = lim /%duzk(u)—ke:e.
m

The previous arguments show thdfe, ¢.) = h(n)/e. Hences(u, ¢) > h(u)/e for any
€ > 0. Thuss(u, ¢) = oo and the proof of the theorem is complete. m]

Comparing the formula fo8 (¢, 1) in (2.4) with the the formula for the-Hausdorff
dimension ofJ(f) discussed in 80, we realize thatu) is a discrete analog of the
Lyapunov exponent for the family satisfying assumptions (0.1)—-(0.2). One can also
view a(u) as an average weight of an edge in the f&¢).

COROLLARY 2.6. Under the assumptions of Theorem 2.4,

Sy > W1
O‘m(ﬂ)
S(u,¢) = lim U

00 a (1)

LetI" C (n) x (n) be a strongly connected graph arvertices. That is, the 6- 1
matrix A(T") is irreducible. Assume thaf = (s;;)] is a stochastic matrix whose graph
r'(S) =T. Letr = (71, ..., m,) be the unique probability left eigenvector &f That is,

7 is a positive vector whose coordinates add to onesasid= 7. Define the probability
measurevs on (n)N by its value on the cylindrical sets:

vs(C(() =mi, i€ (n), VS(C((ai)T)) = TaySazay * " Say_1am»

” m (2.7)
(@)y eI, m>1

It is well known thatvg is shift invariant. Asl” was assumed to be strongly connected, we
deduce that the shift is ergodic with respect{dsee, for exampleWal, Theorem 1.13]).
Recall that JVal, §4.8]

h(vg) = — Z T Sij |Ogs,‘j, (2.8)

1<i,j<n

and the topological entrop¥iiop Of the shift restricted tol'* is equal to log(T").
Furthermore, our assumption tHats strongly connected implies that there exists a unique
ergodic invariant measuge so that the Kolmogorov—Sinai measure entrapy) is equal

to hiop. This is the so-called Parry measuRaf]. This measure isp, whereP is the
unique stochastic matrix of the form

P=p@) D'AM)D, D =diagus, ..., un),

2.9
u= @1 ....,un)t >0, ADu = p)u. 29)

See, for example\al, Theorem 8.10].
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COROLLARY 2.10. LetI" C (n)x(n) be a strongly connected graph awertices. Assume
that the sequence of positive functiansatisfies conditions (0.1) and (0.2) f6r= '*°.
Suppose thatg is an ergodic measure given by (2.7). Then

1
a(vs) < — Z TaySarap ** 'Sam,lamd’m (ai, ..., am) = oy (vs)
(a;)ferm

n
<Y mignl) = aa(vs), m=2,...,
i=1
h(vg)
o (vs) '
Suppose, furthermore, that = 2r and I" is the graph induced by a free group @n
generators. Then for the Parry measure we have the following:

Z(a[)’fel"" o(a,...,am)

5(vs, ¢) =

PP

a(vp) < 22—l =a,(p), m=1,...,
sop.gy > 092 =D g
am(Vp)

Let the assumption of Theorems 2.4 hold. Set

a h
S@y=  sup W
1€ (S).h()>0 & (W)

As §(¢p) > 6&(u,¢) we obtain thats(¢) > 3(¢). Combine this observation with

Theorem 1.14 to obtain

(2.11)

Kk($) > 8(¢) > 8(¢h). (2.12)

We now show how to use Corollary 2.10 to obtain lower bounds forsitge which
converge toS(qb). LetI" C (n) x (n) be a strongly connected digraph. $&tl) := T
and defind™ (/) c I'! x I'! for ! > 1 as follows:

() ={(a,b):a= (@), b= ) el (@, b)el}), 1=2....

Suppose tha# (I")? is a positive matrix for somg > 1. Itis straightforward to show that
there existyy > 1 so thatA(I"(1))? is a positive matrix. HencE (/) is strongly connected
forl = 1,.... Assume thatA(T")? is never positive. Then there existsd p < n so
that A(T") has exactlyp distinct eigenvalues of modulygI") (see, for exampleMin]).

It is straightforward to show that ifand p are coprime thai'(/) is strongly connected.
(For anyl > 1, T'(I) is a disjoint union of strongly connected graphs.) Denotély’)
andX(I'(/)) the space of probability measures Bhand the space of stochastic matrices
induced byl"(1):

nr := {n LT = ()it 2 0, ) Wi = 1},

ier!

I = {B = (bij)i,jer‘l B >0,b;; =0V, j) €T (), Z bijj=11i¢€ Fl},
jer!

[=1,....
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For eachB € X(I'(0)) let
I[(B) :={r:7m € H(Fl),JTB =}
Note that if B is irreducible therT1(B) consists of a unique probability eigenvectorif

THEOREM2.13. LetI" C (n) x (n) be a strongly connected graph arvertices. Assume
that the sequence of positive functiahsatisfies conditions (0.1) and (0.2) f6r= '*°.
Fix! > 1and let

51(¢) = max Lijer Tibylo8hy

(1) cr1 €T1(B), Yiert widi (@)
B=(bij); jer1 €X' 1)

Then

S() = 8i(p), 1=1,...,
. . (2.14)
Jim 81(9) = 5(9).

Proof. Let 7(I'(1)) = (V;, E;) be the tree induced by(!). ThenV;, is a subset of/ with
the same roat and the vertices induced By, p = 1,.... Any metricdist: V x V : Ry
restricts to a metric of;. In particular, a sequence of positive functignsatisfying (0.1)
and (0.2) will restrict to a metric ol satisfying the finiteness assumption. Cleall,)>°

is equal tor'* for/ = 1, .... Furthermore, the action of the shift : ['(/)>*° — T'(/)*° is
identical too! : T'® — I'®. Letu € £('™). We viewu as a measurg € E(()%).
Then

h(in) = Lh(u),

oy () = lapy(n), m=1,...,
a(f) = mlmoam(ﬁ) = la(u),
W) _ hao
a(i)  a(p)’
h(n) su h(w)

- = —— =5(@).
aee () @) peers) a(p)

Fix I > 1 and choos& = (bij)i jert € Z(I'()). Suppose first tha® is irreducible.
ThenIl(B) = {n}. Letvg € E("()*) be given by (2.7). According to Corollary 2.10

(with m = 1),
5. vg) > > jer Tibij .9 ij = 5 > > jer Tibij .9 ij (2.15)
Ziel’" iy (i) Ziel"/ i (i)
Assume thaB is reducible. Thelil(B) is a convex hull of its extreme points', . . ., 7% €

I1(B). Eachr/ induces an ergodic measuréonI'(1)*®. Set

8(p, vg) = 1@}@5{8(4&, /).
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It is straightforward to show that for any € T1(B), (2.15) holds. Hencé(¢>) > 5;(¢9),
[=1,....

We now show the second part of (2.14). Assume firstdlo@j < oo. Fix1> ¢ > 0
and assume that

A h
3(9) < kG 1+¢), pe&T*®), hu) >o0.
a(u)
Sinceo : I'* — I'*® is expansivel(u) can be computed with respect to the partition
C(i),i = 1,...,n. Recall that the sequenc&/m) Y ; .rn —(C (@) logu(C@@)), m =
1,..., decreases th(u). There existsV(¢) so that

B h(w)
1 ! =
I+e) " = > ierm —i(C (i) logu(C (i) =

a(u) <op(p) <a(w)(d+e€), m=N(e).

)

Fixm > N(¢). Letm; = u(C(@i)),i € I'". Thenm = (w;)ierm € II(I'). Assume first
thatr is a positive vector. Set

B = (bij)ijerm, bij = u(C(G, j)), (G, j)eT®, b;j=0, @ j)¢r>.

Since u is a probability measure ofi*°, it follows that B is a stochastic matrix, i.e.
B € Z(I™). As u is o invariant we deduce that € T1(B). Letv be aoc-invariant
measure o’ (m)>° given by (2.7). Use (2.8) and the above inequalities to obtain

hw)=— Y mbijloghj=— Y w(C(G, )))logu(C, )+ Y milogm
i.jer (i.j)er?” e
> 2mh(pn) —mh(u)(1+¢€) = (1 —e)mh(u),

moy, (k) < ma(u)(l+e€), m> N(e).

Hence

— Zi,jer'” mib;jlogb;; - (1—e)h(n)
> icrm Tidm () T A+ e)aw)
These inequalities remain valid for a non-negative probability vecidtence the second

part of (2.14) follows. In a similar way one shows the second part of (2.14) when
8(¢) = oo. O

> 1—-e)35(¢p), m> N(e).

8(p) = Sm(g) =

3. Topological pressure
In this section we give sufficient conditions for the equality) = 3(¢) by using the
topological pressure. We state our results for subshiftsSLet (n)N. Let C(S) denote
the Banach space of real continuous functionsamith the max norm| - ||. Assume that
[

m

Y € C(S), <K, m=1,.... (3.1)
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Set
M@m) = {(a))] : C(a)])NS #0}, n=1...,
P, = max e m=1,...,
(a[)TeM(m)xec((a[)l)mS (3.2)

. 1
P :=limsup— log Py,.

m—oo M

Use (3.1) to deduce thatk < P <logn + K. Letg : S — R be a continuous function.
Set

m—1
Su@®) =Y q'(x), m=1,...,
i=0

Then for the sequenag,, = S, (¢),m = 1, ..., P is the topological pressure associated
with ¢ (see, for exampleWal, Ch. 9]). (We use here the fact thatis expansive o15.)
SetP(q) := P. Recall that in this case one has the maximal characterization

P(g) = sup <h(u)+/qdu)- (3.3)
ne&(S)

As o is expansiveh(u) is upper semicontinuous (see, for exampWa[, Theorem 8.2,
p. 184]). Hence the supremum in (3.3) is achieved for at least one ergodic measure

P(q) = h(v) + /qdv, ve&S). (3.4)

If Sis atopologically transitive SFT angis Holder continuous, thenis a unique (Gibbs)
measureBowl]. We call P the topological pressure ¢f/,,}7°. See Fal] and [Bar] for
similar definitions.

THEOREM3.5. LetS ¢ (n)N be a subshift and assume that, € C(S),m = 1,...,
satisfy the following condition. There exigtss C(S) so that

lim

m—00

—0. (3.6)

1
m

Then the topological pressui® associated with) is equal toP(g). For anyo-invariant

probability measure sei(1) = [ g di. Then

lim /@du =a(u),
m

m—00

P = sup (h(u) + a(w)).
ne&(S)

(3.7)

The supremum is achieved for someatisfying (3.4)

Proof. Let P,, P,(q) be defined by (3.2) fory,, and S, (g) respectively. Set
11/ m)(Ym — Sm(g)|| = €m. Then

1 1 1
_|Ong(Q) —€n = _|Ong =< _IOQPm(‘])_’_Em-
m m m

HenceP = P(g). Condition (3.6) implies thad, (1) := [ (Ym/m)du,m = 1, ...,
convergetof g dpu = a(u). m|
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Let ¢ be given by (1.7). Defing € C(A) to be a piecewise constant function on the
cylinders of length two:
q(x) =cij, x€C((j) @}J)eA.
It is straighforward to show that the induced sequeticgatisfies (3.6). Ag is Holder
continuous, we deduce thatis a unique Gibbs measurBgw1]. We will show in the
next sections that condition (3.6) is satisfied for Schottky groups and geometrically finite,
purely loxodromic, Kleinian groups. Recall Bareira’s conditi@&af, Theorem 1.7]:
M [ +100) = Y (0 (x) = q(x)) ]| =0 (3.8)
for someg € C(S). It is straightfoward to show that the above condition implies (3.6).
However, (3.6) does not have to imply (3.8). Indeed, (3.6) is equivalent to
Ym = Sn(q) +mep, em € C(S),  lIm flen|l = 0. (3.9)

Clearly, one can chooge;, }{° such that (3.8) does not hold. We give a simple intrinsic
condition for a subadditive sequenfag, }7° which yields (3.7).

LEMMA 3.10. Let{y,,}7° C C(S) and assume that (3.6) holds for some C(S). Then
for eache > 0there existdV(¢) so that

[ (v =5 (%))

wherep(l) = I2.

<e€, [>N(), m> p()), (3.11)

Proof. Letqg € C(S). Then

Sm(S1(q)) =1Sm(q) +rm1(q),  Nrmi(@)ll =1d = Dligll.
Condition (3.6) is equivalent to (3.9). Hence

Sn(W1) = Sm(S1(q) +ler) = Su(Si(q)) + Smler) = 1Su(q) + rm,1(q) + 1Sm(er),

1 m m
Ly s () 2 Pt Sule)
m l ml m

1 [ -1
H— (wm S (ﬂ» C=Dlal ey,
m [ m

ChooseN(¢) > 3|gll/e so that|e,| < €/3 form > N(¢). Then (3.11) holds for
p() =12 0

< llemll +

THEOREM3.12. Let {v,,}° C C(S). Assume that for each > 0 there existsV(¢) > 0
such that condition (3.11) holds for an increasing sequence of positive intggeén$;°.
Let u be ac-invariant probability measure of. Then the sequence

(1) :=/@du, m=1...,
m
converges to a limit denoted loy(x). The topological pressur® associated withy has

the variational characterization (3.7). Moreover,

P = lim sup (h(n)+oy(p)) = (™) + a(n™), (3.13)

for someu™ € £(S).
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Proof. The variational characterization &(v; /1) gives

P (%) = sup (h(w) +ar(u)), [=1,.... (3.14)
ne&(S)

Assume thaj: is an invariant probablity measure. Then (3.11) implies
lom (1) —ou(u)l <€, [ >N(e), m> p(). (3.15)

Fix e and! > N(¢). Then
lotm () — auc ()| < 26, k,m > p(l).
Hence{a,, (1)}{° is a Cauchy sequence which converges(e). Furthermore,
la(u) —ar ()| <€, 1> N(e). (3.16)

Inview of (3.11),|P — P(y;/1)| <€, I > N(¢). Let Q denote the right-hand side of the
second equality in (3.7). Use (3.14) and (3.16) to obtain

P<%)—6§Q§P<?>+6, |l > N(¢).

Then P = Q and let P have the characterization (3.7). It is left to show that the
supremum in (3.7) is achieved. Lgi be an ergodic measure which maximizes (3.14).
Pick up a weakly convergent subsequeficg} which converges to a probability measure
v. Since the shift is expansive orf, the Kolmogorov—Sinai measure 6fS is upper
semicontinuous (see, for examplé/dl, Ch.8]). Hence, for each > 0 there existaVi(¢)

so thath(v) > h(uy) — €, k > N1(e). Use (3.15) to deduce that

h(v) + otm () > k() + oy () — 26, k> max(N(e), Ni(€)), m > p(l).

Let k — oo and use the assumption that;, } converges weakly to deduce that) +
oy (v) > P —2¢. Letm — oo to obtaink(v) +a(v) > P — 2¢. Henceh(v) +a(v) > P.
Use the ergodic decomposition ofand (3.7) to obtain that(v) + a(v) = P. Moreover,
almost all ergodic components’ of v satisfy the equalitys (u*) + o (t*). ]

THEOREM3.17. Let S ¢ (n)N be a subshift. Assume that the sequence of positive
functionsg satisfies conditions (0.1) and (0.2). Suppose thsttis the distance function

on the vertices of the induced tr&&S) given by (1.1), (1.2), (1.4) and either (1.5) or
(1.5f). Letd be the metric o given by (0.3) and let(¢) denote the Hausdorff dimension
of S with respect tad. Suppose that/ is given by (2.1). Assume that for each> 0
there existsN(¢) > 0 such that condition (3.11) holds for an increasing sequence of
positive integergp()}3°. Let P, (¢) := P(—tym/m),t € R, be the topological pressure
corresponding to-tv,, /m,m = 1,.... ThenP(t) = lim,,_« P (¢) is the topological
pressure associated with-1,,,}°. Assume that the topological entropydf is positive,

i.e. P(0) > 0. If P(¢) > 0,Vr > 0thend(¢) = co. Assume that there exists> 0 so that
P(t) < 0. Thenoo > §(¢) > 0is the unique solution of the Bowen equatiBtr) = 0.
Furthermore,s(¢) = §(¢), whered(¢) is given by (2.11). There exists' € £(S) such
thaté(¢) = (¢, u*).
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Proof. Clearly, for eachr € R the sequencé-1v,,}7° satisfies condition (3.11). Hence
P() =lim,,_ o Py (t). Use Theorem (3.12) to get

P@) = sup (h(u) —ta(w)) = lim P, (). (3.18)
ne&(S) m—00
As h(n) — ta(u) is an affine decreasing functionirwe deduce thaP (¢) is a decreasing
continuous convex function oR. HenceP(t) > P(0) > 0 fort < 0. Suppose first
that P(r) > 0 fort > 0. Then there existg € £(S) so thath(u) — ra(un) > 0. Use
Theorem 2.4 to obtain

8(¢) = 8(p. ) = 1.

Henced(¢) = oo if P(t) > Oforallt > 0. Assume now thaP(z) < O for somer > O.
Hencex(u) > 0 foranyu € £(S),i.e.a(n) > a > 0, u € £(S). Let P(t9) = 0,79 > O.
Use (3.7) to deduce thag = S(qb). Hence, forP(r) < 0,t > fo. We now show that
3(¢) <t foranyt > 9. Recall thatP(r) is the topological pressure associated with the
sequencé—1y,}7°. The equalityy,, ((a:)7°) = ¢ ((a;)7]") and the inequality(r) < 0
yield

lim Z e~ tom((@)]) _ Q.

m—>00
(ai)] €M (m)

Lete > 0. Then condition (0.2) yields that
diam(C((a;))])NS) <€, m > A(e).

The definition of the Hausdorff dimension implies thiéb) < ¢. Hences(¢) < 10 = S(qb).
Use (2.12) to deduct(¢) = (). o

4. Schottky groups

LetF ={(f1,..., fr) < PSL(2,C),r > 1, be a discrete free group. Vietvas a discrete
group of Mobius transformations of the extended complex plaRgcomplex projective
line) which acts as the group of isometries Hi. As F is free it follows thatF acts
freely on H3. Fix a pointo € H?2 and consider the orbifo. LetI" C (2r) x (2r) be the
F-induced graph. TheRo are the vertices in the tréB(I"*°). Set

dp(ar,....ap) =dp(foy - fa,0.0), (a)] TP, p=1..,
ﬁ‘i‘r:‘fiil’ i=l,...,r.
Hered, (x, y) is the hyperbolic distance betweeny e H3. If F is a Fuchsian group,
choosew € H? so thatFo Cc H?. Letx (F) be the Poincarexponent of*. Comparing

the standard definition of (F) [Nic], and the definition (1.12) o (¢) we deduce that
Kk (F) = k(¢). Use the inequality of Bishop and Jon®&J] and (2.12) to obtain

dimy(A(F)) > k(F) = k() = 8(¢) > (). (4.1)

Theorem 2.13 (when applicable) gives non-trivial lower bounds on any quantity appearing
in (4.1). Itis known that dim A(G) = «(G) for the following discreteG < PSL(2,C)
such thatG is a lattice, i.e. the volume of the fundamental domain is finitg;is
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geometrically finite or convex cocompact (see, for examphi¢c]); A(G) has zero
Lebesgue areaBjs]. It seems that one has equality signs in (4.1) in many cases. We
show the equality dim(A(F)) = 8(¢) for a finitely generated, free Kleinian group
(A(F) # CP) without parabolic elements.

A finitely generated free group = (f1,..., f;) < PSL(2,C) is called a classical
Schottky group of rank if the following conditions hold: there exists 2lisjoint circles
C1, ..., Co in CP with a common exterior ang; maps the inside of; onto the outside
of Cry; fori = 1,...,r. Itis well known thatF is discrete. Furthermord; is purely
loxodromic, i.e. does not contain parabolic elements (see, for exanMée])l View F
as the group of hyperbolic isometries®f. ThenF has a following fundamental domain
D(F). Assume for simplicity that eacti; is a standard Euclidean circle @ with the
centero; and radius;. Let B; be the open three-dimensional ball centered;atvith
radiusr;. ThenD(F) = H3\ Ul.z;l B;. Denote byD; = B; N C the open disk centered at
o with radiusr;. ThenA(F) C UZ  D;.

A finitely generated free group = (f1,..., f;) C PSL(2,C) is called a Schottky
group if we replace in the above definition the disjoint circ@s . .., C2- by simple
closed curves iiCP. Let T be the closed connected component bounde@y. ., Ca..
Let D; denote the open connected component of the complemebt lmdunded byC;
fori = 1,...,2r. ThenF is discrete;F does not have parabolic elemenf;is the
fundamental domain for the action Bfon CP; F (viewed as a discrete group of isometries
of H3) is geometrically finite;A (F) C Ul?;lDl-. Vice versaassume thar' is a finitely
generated, free, purely loxodromic Kleinian group. Theis a Schottky group (sed/fas,
X.H]).

We now recall the results of BoweB¢§w2], who applies the tools of thermodynamic
formalism to compute dim A (F) for a Schottky groupF’. For convenience, we assume
that the curveg’y, ..., Co lie in C. Then diny A(F) is computed with respect to the

Euclidean metric oi€. The setsD; N A(F),i =1, ..., 2r, form a Markov partition for
A(F). Letf: A(F) - A(F) be
fINF)ND; := filA(F)ND;, i=1,...,2r. (4.2)

There is a natural homeomorphigin ' — A(F), wherel’ C (2r) x (2r) is the digraph
induced by the free group ongenerators. Furthermor®,~1 7 © is a shifto onI"®. Set

q(2)=q(f)2) :=log|fl (), ze A(F)ND;, i=1,...,2r

Then f expands uniformly onA(F). That is, ¢(fX)(z) = a > 0,z € A(F), for
somek > 1. LetII(A(F)) be the set off-invariant measures supported an(F)
and let€(A(F)) denote the subset of ergodic measures. Retzq) be the topological
pressure associated withrg as defined in 83. Then dnA (F) is the unique solution
of P(—tq) = 0. Furthermore, the uniqgue maximal Gibbs meagstireorresponding to

t = dimy A(F) is equivalent to a dim A (F)-Hausdorff measure. From the definition of
g it follows that [ ¢ d is the Lyapunov exponent() of f. As f expands uniformly it
follows thatA () > a > 0. Thus

; h(u) — h(u*)
dmg A(F)= su — = .
HA) /teg(A?F)) Alp)  A(u*)

(4.3)
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THEOREM4.4. Let F = (f1,..., f;) be a finitely generated, free, purely loxodromic
Kleinian group. Assume that € H* and let7 be the induced tree whose vertices are
the elements of th&-orbit of 0. Define a metric or¥ using the hyperbolic metric on the
F-orbitofo. LetT" C (2r) x (2r) be the graph induced b¥. Defineg,,, ¥, m =1, ...,

by (1.1) and (2.1) respectively. Suppose that the métdn I"*° is given by (0.3). Then

dimy A(F) = 8(¢) = 5(6h).

Proof. As F is a finitely generated, free, purely loxodromic Kleinian group, it follows
that F is Schottky Mas, X.H.]. Without loss of generality we assume tl@t D; c C,
i=1...,2r.

We first consider the case wheFeis a classical Schottky group. It is more convenient
to consider the open baB® c RS2 of radius one centered at the origin 0 as a model
for three-dimensional hyperbolic space. Recall that the hyperbolic matrie given by
2ldx|/(1— |x|?), x € B3, where|dx| is the Euclidean metric. For, y € B2 we denote
by dj(x, y) the hyperbolic distance betweeny. Let $? = 3 B2 and we identifyS? with
the Riemann sphere using the stereographic projection. The fundamental do(#gin
for the action ofF is given by B3\ U?Ll B;, whereB; are open balls centered @&t and
9B, NS2 = D;fori =1,...,2r. Assume, furthermore, thatis in the interior of D(F).
Theno € T ando is connected to vertice§o € f;D(F) C Bjir, j € (2r) = 'L, (Here
j + r is taken modulo 2) Note thatA(F) N B; = A(F)ND;,i = 1,...,2r. Other
vertices of theF'-orbit of o are of the form

Xk = falfaz e fako S falfaz e fakD(F) C falfaz e fak_lBak+r C Ba1+ra (4 5)
@k erk k=2... '

It is straightforward to show that there exists<Op < 1 andK > 0 so that the diameter

of the ball fu; fup -+ far_1 Bay+r 1S l€Ss thankp*, k = 2,.... Observe that the balls
fayfap - fau_1Basr, k = 1,..., form a sequence of nested balls. Hence there exists a
unique pointx so that

lxk —x| < Kp*, x € A(F)N Dgyyr, k=0,.... (4.6)
Let
O: T = A(F), O(a)]) = lemoo farfap -+ fao. (@) € T

Then® is a homeomorphism arél=1 f® = o. Forl > k let
y(@)) = fufay - fu. 1<k=<Il (a)Fel™
X =y ((@h)o) € B3,
Xkoo = liM x 1 € A(F) N Dyyyr-
[—00

Thatis,® Lx; 0 = (@;)3° € T'™, while the pointx ; is the vertex inZ” given by (a;)}.
The inequality (4.6) yields

|Xk.1 — Xk.00l < Kp' 7,
= 4.7)

Xkt — Xpm| < 2K pMiNEm=k,
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Assume that is a Mébius transformation which mag® onto itself. Conjugating”
with an appropriate we will assume that the reference painfthe root of the tred’) is
the origin Oe B3. Recall that

1+ |al

, e BS.
1-—al

dn(0,a) = log

Furthermore, any Mbius transformatiom : B3 — BS satisfies

1-|ox)?

5> x e B3
1— x|

o (x)| =
Fora = w(0) we get
dn (0, w(0)) = —log e’ (0)] +210g(1+ [w(0)]) = — log|o' (0)| + (), le(w)] < log 4.
Letx € A(F) and assume th&® 1x = (4;){° € I'™°. Then
Y (@ x) = di(0, xp) = di (0, y (@) (0) = —log |y ((a;)}) (0)] + ey ((@n}).
Observe next that & y ((a;)%)~1(xx). Hence
—logly (@)} (0] = log |(¥ ((a)}) Y (x|
Recall thatf, ' = f,,4r,i = 1,.... Hence
log (¥ ((a)§) ™' (x)| = _Xk;Iog Varir @il k=1,
Note that l_‘
Xjttoo =y (@) rx), j=1....

Let B2 be the closed unit ball. Ag;(B% = B3, j = 1,...,2r, we deduce that each
log |fjf| is Lipschitz onB3. Hence

llog] f})| —log| £ < Kalu —vl. wve B3 j=1....2n

for some positiveK1. Using (4.7), we obtain

k k k
> 10gl £ 4, il = D log| £y, 4, (xioo)l| < K1Y 1Xik — Xi.col
i=1 i=1 i=1

< KlKépk_i < filj)
Observe next that
Xit1o0 = fartr (Kio) = f(Xi00) = f' (%),
log | f, 1 (Xi.co)| = 10g| f(xi.00)| = log|f'(f )l i=1....
Combine all the above estimates to obtain
Yal®70) _1 ; 0911/ el + -2(x, m) (4.9)
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Heree(x, m) is an error term whose absolute value is bounded by logs K /(1 — p).

Letg € C(I'™) be given byg = g o ®. Then the sequengg satisfies the assumptions

of Theorem 3.5. Combine Theorem 3.17 with (4.3) and (4.1) to deduce the theorem in the
casen € D(F). Leto’ be any pointind3. As F is a group of isometries o 3, we obtain

dn (0, y ((a*))0') < dn(0', 0) + dn(o, y ((@i)5)0) + du(y ((ai)5))o, ¥ ((a)h)o")
= dj(0, v ((@)5)0) + 2dy(0, o).

Similarly,
di(0, ¥ ((@)%)0) < di (0, ¥ ((@)5)0") + 2d4 (0, o).

Hence, for anyu € £(I'*), the valuexa(u) is independent of the choice of. This
concludes the proof of the theorem for the classical Schottky group.

Assume thatF is a Schottky group, i.eC1, ..., Ca, disjoint Jordan curves o@. By
a quasi-conformal change of variabléscan be conjugated to a classical Schottky group
(see, for exampleMas]). Hence eaclt; has a finite length. It is straightforward to show

that eachD;, i = 1,...,r, can be covered by an open union of digks := U;f"lei,j,

i =1,...,r, with the following properties. Each;, i = 1,...,r is simply connected,
C1 := 9D1,...,C, := 9D, are disjoint Jordan curves which do not intersect any of
Crt1,...,Co. ThenCiyr == fi(C;) C Dijtr, i = 1,...,r. HenceF is Schottky
with respect toC1, ..., Co. Let B;; be the open ball centered at; € C so that
B;;NC=0D;;,j=1...,n;,i=1,...,r. Thenf;(dD; ;) is another circle o€ which

bounds a dislD; ,, ; centered ab; 1, ;. Let B, ; be the open ball centeredan, ., ; such
thatBi+r,j NC = Di+r,j, ] =1 ...,n,i=1...,r. Note thatfl-(aBl-,j) = aBiJrr,j,
j=1...,n;,i=1...,r. Set

D(F) = H®\ U_; U}_ (B j U Bi)).
ThenD(F) c H2is a fundamental domain for the action Bf Repeat the arguments for
the classical Schottky group to deduce the theorem in this case. |

COROLLARY 4.9. Let the assumption of Theorem 4.4 hold. Assumesthat, [ =1, ...,
are given as in Theorem 2.13. Then

dimy A(F) > 68(p), 1=1,...,
dimyg A(F) = llim 81(¢).

5. Geometrically finite Kleinian groups
LetF = (f1,..., fr) be afinitely generated infinite group. As in the case of a free group,
we setfiy, = ffl,i =1,...,r. LetT C (2r) x (2r) be the graph induced by a free group

onr generators. Fofa;)% € T* we lety ((@)%) = fu, -+ far. We viewg € PSL(2,C) as
a Mdbbius transformation

_az+b
T cez+d’

a,b,c,deC, ad—-—bc=1
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of CP. Assume thag(co) # oo, i.e.c # 0. Recall thatg/(z)| = 1, i.e.|cz +d|?> =1, is
called the isometric circle of. Let I, R, be the inside and the outside of the isometric
circle of g:

I ={zeC:l|g'(@|>1},
Ry :={z€C:|g'(2)] <1} U {o0}.

Theng(Ry) = I,-1. Let Iy, R, denote the closure af, R,. Letg : H® — H? be the
induced isometry of73 by g. Call the upper part of the sphere centered-af/c with
radius ¥|c| (located inH 3) the isometric sphere . Let Jg, Dg C H?® denote the inside
and the outside of the isometric sphergofrheng(D,) = Jz-1. In what follows we shall
identify g with ¢ and no ambiguity will arise.

Let F < PSL(2, C) be a finitely generated Kleinian group with the limit se{F).
Then Selberg’s theorem claims th&thas a torsion free subgroup < F of a finite
index. Itis well known thatA (G) = A(F). In what follows we shall assume thatis
torsion free. By conjugating’ with someg € PSL(2, C) we can assume that(F) c C.
Then the Ford fundamental regidt(F) is ﬁRf, f € F\{e}. Similarly, if we view F
as a group of discrete isometries B, then the Ford domai®(F) of F is given by
ﬂ[)f, f € F\{e} (see, for exampleMas]). F is called geometrically finite if there exists
a finite setS ¢ F\{e}, $~1 = § so thatR(F) = nfesléf. ThenF is generated bys.
In what follows we assume thédt is a geometrically finite, torsion free, Kleinian grofp
satisfying

F=(ft,.o. fr)s S=Uf it o 7,

andS is a minimal set with respect tB(F) = nfESRf.

We now construct a subshift &f(F) c I'*° to which we can apply the results of the
previous sections. We will assume in addition tiais purely loxodromic (PL). Some of
the results will apply taF which are not PL. Fog € PSL(2, C) and 0< ¢ set

I,(e)={z€C:|g'(2) > 1+e€).

Let Ty, ..., T, be given sets in a fixed space. For any non-\@id- (m) let Y (U) :=
NicuT;. Y(U) is called a maximal intersection set @f,...,T,, if Y(U) # ¢ and
Y (U') = @, foranyU’ c (m) which strictly containg/.

Let Ai(e), ..., Ape)(€) be the partition on’Iﬁ (e) induced byl (e),i =1,...,2r
as follows. First,

A1(€) = Y(U1(€)), ..., Apye)(€) = Y(Upye)(€)), Uile) C(2r), i=1,...,pi(e),
are the maximal intersection sets correspondingst¢e), i = 1,...,2r. Let 1}/ () =
If,()\ UMY A;(e). Then
Ap 4+1(6) = Y (Upy+1(€)), - . ., Apy(e)(€) = Y(Upy(e) (€)),
Ui(e) C(2r), i=pi(e)+1,...,pae),

are the maximal intersection sets correspondim_}it(&), i=1,...,2r. Repeatthe above
procedure a finite number of times to obtain the partitiaie), . .., A ) (¢) of Uff Iy (e)
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to a finite number of pairwise disjoint non-empty sets. &x> 0 so that all the indices

p(e), pi(e), ..., and the subséf; (¢) do not depend oafor 0 < € < ¢p. We assume that
€ € (0, eg) and we drop the dependenceefor all the indices.
Set

Ai(e) = AF)Nif(e), i=1,...,2r
We assume thap > 0 is small enough so that
A(F) = U Ai(eo) = U7 Ai(e), O<e<eo.

Let A(e) be thedisjointunion of A1(e), ..., Ao-(€), 0 < € < €. We define a metrid on
A(e) as follows:

c?(x,y): lx—yl, x,yeAi(e), i=1...,2r
ﬁ(x, y)=2diamA(F), x e Ai(e), yeAjle), 1l<i<j<2n
ThenA (¢) is a compact metric space and
dimy A(€) = dimy A(F).

Forx,y € A(e) we let|x — y| be the Euclidean distance between the two points
viewed as two points i\ (F). Thusjx — y| < d(x, y) <= d(x,y) = 2diamA(F). Let

B; j(e) = (ﬁ(Ai(e))\I_ﬁ(e))ﬂAj(e) CAF), j=1...,p, i=1...2r

If B; j(e) is non-empty, choosg. (i, j) € (2r) so thatB; j(¢) C A, j(e). Note that
in certain cases. (i, j) € (2r) is notuniquely defined, and we make an arbitrary choice.
Then

filthi(e)) = (Ai(e) N fi(Ai(e))) Ur<j<p Bij(e), j=1,...,2r

We now define a measurable dynamical sysp%mf\(e) — A(e) as follows. Assume
thatx isinthe component; (¢) forsome 1< i < 2r. If fi(x) € A;(€) thenf(x) = fi(x)
stays in the componemt; (¢). If fi(x) & A;(e) then f;(x) € B; ;(e) for exactly one
1 <j < p. Wethen viewf(x) = fi(x) as a point in the componet,_, ;)(e).
We claim thatf : A(e) — Af(e) is a measurable map with respect to its Borel sigma
algebra. LetX C [\(e). ThenX = Ui<i<2-Xi, whereX; is a measurable subset of
A;i(e) and X; is the A;(¢) component ofX fori = 1,...,2r. Itis enough to show that
f~X(X,) is a measurable set. Léf;; be theAy(e) component off~1(X;). Clearly,
Xii = f7HX) N Xi = f1(X;) asf; expands om\; (¢). HenceX; ; is a measurable set.
Observe next that

Xik = Ui<j<pnek,j)=i fk_l(Xi N By, j(€)).
HenceX; i is measurable. Therefopéis a measurable map. /-y$‘1(A,~ (€)) C Aj(e) we
deduce thaf (A(e)) = A(e).
For eachr € A(e) let

a(x,€) = (ai(x, N, Flx) e Agpole), i=1,...,

be the component coordinates of the forward orbit ahder the magf. Then f induces
the set
Uo(e) :={a(x,€):x € f\(e)}.
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Clearly, a(f(x),e) = o(a(x,€)). Henceollo(e) C Up(e). As fAi(€) D Aj(e),
i =1,...,2r, it follows thatolfp(e) = Uy(e). As f is measurable but not necessarily
continuous,oclUp(e) may not be a closed set, i.blp(¢) is not a subshift. However,
U(e) = Up(e) is a subshift.

Letg : A(e) — R be given by

GIAi(e) =log|f/||Ai(e), i=1,...,2r (5.1)

Sinceco € R(F) we deduce thaj is Lipschitz onA (¢). We will show thatg induces
a Holder continuous function onlfp(e). That is, there exists & p < 1,0 < K so that

lg(a) —q®)] < Kp", (a7, (bi)T° € Uo(e),

5.2
a=b;, i=1....,n, n=1.... (®-2)

Hencey extends to a ldider continuoug : U(e) — R. Seta(n) = [gdu, u € EU(e)),
and letP (—rq) denote the topological pressure defined in 83.

THEOREMS5.3. Let F < PSL(2,C) be a non-elementary, torsion free, geometrically
finite, purely loxodromic Kleinian group. Let(F) be the limit set of* and assume that

€ € (0, ¢o) satisfies the assumptions above. Then there is an injective, surjective map
L Uo(e) :— Ale) satisfying

@) — 1) < CA+ €)™, a= (@) b= b)T € Uo(e),

ai:biv i:l,...,n, (54)
C = max diam/y..
1<i<2r

Letg := § o . Then (5.2) holds fop = (1+ €)~1. Extendg to a Holder continuous
function ori{(¢). The equatiorP(—t¢) = 0 has a unique positive solution which is equal
dimy A(F). Furthermore,

dimy A(F) = sup M:h(“),
neEUE) @) au®)

w* e EUCE)). (5.5)

Proof. Assume thak, y € Aj(e). Then|f;(x) — f;(3)| = (L +€)|x — y|. Hence
a(x,e)=(a))7°, aly.e) =BT, x,y€ Ate), ai=bji=1....n+1 =
C > |ly((an—iv1+7)Dx — Yy ((@n—i+1+7)Dyl = L+ €)"|x — y|.

Therefore eaclr € A () induces a unique sequenceéx, €) = (a;)7° € Uo(e), a1 = j.
Seti(a(x,€)) = x € Aj(e) C A(e). Then (5.4) holds. Fox € Aj(e) we let
gla(x,€)) = Iog|f]f(x)|. As A(F) is a compact set irC and flfl(oo) g A(F),
i=1,...,2r, itfollows that there exist&; > 0 so that

llog f; (x) —log f{(»)| < K1lx — y|, x,y € A(F).
Combine (5.4) with the above inequality to deduce (5.2) with

p=0+e7L K=CKi(l+e)
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anda, b € Up(e). Theng has a unique extension #(¢) satisfying (5.2). Note that from
the definition ofl, (¢) it follows that

log|f/(2)| = log(l+¢€), zelple), i=1,....,2r, =
qgla)=log(l+¢€), acl(e)= a(n) >log(l+e), wnelUl).

Use the arguments of the proof of Theorem 3.17 to deduce that &il@r= hyp =
0,70 = 0 orhyop > 0 andP(—zg) = 0 has a unique positive solutian We will show
to > 0.

Sety,, = —tS,(¢q) and letP,,(—tq) be given by (3.2) forn = 1, .... Then

1
P(—tg) = limsup—log P, (—tq). (5.6)
n—oo N
Assume that > 7. Following Bowen Bow?2] we show that dim A(F) < t. (Sinceld(¢)
may not be a SFT we use (5.6) instead of using Gibbs measuresimag][) From (5.4)
it follows that eachC ((a;)i ™) NU(e), (a;)i™ € M(n + 1) corresponds to a set

O (@)t := closurer(C((a)™) NUo(€)) C Agy(€)

of diameterC(1 + €)" at most. Furthermore,l(a_)m (H)((al-)Tl) O A(F). We
i)1

claim that there exist&»> > 0 so that

eM(n+1)

n—1
diam® (@)™ < Kk min ex —q(aix)]. 5.7
(@4 <ky  min p[; q(o x)] (5.7)

Let

X, y € Aal(é), a(x, 6) = (bl)ioﬂ a(yﬂ 6) = (Ci)ioﬂ
a=b;=c¢;, i=1...,n+1,

_1 giu + g2

= oo S U = ——

8= JfayJay1 - farn & () o+ 24

r=g), w=gWl), zwely (€.

€ PSL(2,C), giga—gogz=1,

Then
|z — w]
|g3z + g4l |g3w + g4
1 g™ @1+ 1g7Y w)
Slz—wl( + )zlz—wl
2|g3z + gal®  2|g3w + gal? 2

(wor won)
<Cmax|{ ——, —— .
g’ 1g'(y)]

Observe next that

Ix —yl=1g ) — gt w)| =

n—1 n—1

Ig’(X)|=EXIO[ q(oia(x,e))}, Ig/(y)|=exp[ q(aia(y,e))}.

i=0 i=0

https://doi.org/10.1017/50143385700000080 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000080

Discrete Lyapunov exponents and Hausdorff dimension 171

Hence

n—1
diame((a);™) < € max exp[z —q(o’u)]
ueC((a)r™Hnl(e) =0

Ascla(x,€),o'a(y, €) agreeinthe places 1..,n +1—1i, (5.2) yields
lg(a’a(x, ) —q(o'a(y, )] < K(1+e) " 1.
Hence

n—1 n—1
Y q@lalx,e) —gq(o'aly, )| <KDY (1+e) " < §
i=0 i=0

Thus ¥[g'(y)| < K /elg'(x)|. Hence
n—1 i K n—1 )
max exp[z —q(aju)i| <= min exp[z —q(oju)i|,
ueC(@)™Hnt(e) =0 € ueC((@)i™nt(e) =0

and (5.7) follows. Let > 1o > 0. Then

Y. (diamO(@)})’ < K20,(1g), n=1,....

(@) teMn+1)
As limsup,,,(1/n) log P,(—tq) = P(—tq) < P(—toq) = 0 we deduce that both sides
of the above inequality tend to zero. Use the definition of @it(F) to deduce that
dimy A(F) < t. Sincer was an arbitrary number greater thgndimy A (F) < tg. Recall
that any non-elementary Kleinian group has a positive Hausdorff dimerBeah [Thus
to > dimy A(F) > 0.
We now prove that dim A(F) > tp. Recall that the Borel sigma algebraigte) is

generated by the sets

C(a)}) NUE), (a)ieMm), n=1....
Set

V(@) =0_y f7 Agi(e), ()i € M(n).
Note that¥ ((4;)]) is in the Borel sigma algebi of A(e). LetB' C Bbe the sub-sigma
algebra generated by ((a,)}). (a;)] € M(n),n =1, .... Note thaw(a[)geM(n)‘I‘((ai)’{),
n=1,...,form an increasing sequence of measurable partitiods of such that

lim  max diamW¥((a;)]) =0.
n—>00 (a;)}eM(n)

Therefore3’ = B. Hence any: € £(U(¢)) induces arf ergodic measurg onB. Clearly,
h(w) = h(i1). Then thei-Lyapunov exponent of is given by the formula

) =/|Og|f’|dﬁ=a(u).

According to Young You], A(@)/A(t) = dimy . In particular, ding o <
dimy A (€) = dimy A(F). Choosex to be a maximal measure féY(—1oq) to deduce
h(ii) ,
o= ——— <dimyg A(F).
7 ) "
Hencerg = dimyg A(F). O
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THEOREMS5.8. Let F < PSL(2,C) be a non-elementary, torsion free, geometrically
finite, purely loxodromic Kleinian group. Let(F) be the limit set of* and assume that

€ € (0, ¢g) satisfies the assumptions above. Te&t) = (V (¢), E(¢)) be the induced tree
by (e). Identify the roob € V (¢) with a pointo € H3. Set

dm((@)]) = dn((y(ai)])o,0), (a7 € V(e),
Um (@) = dn((y(@)])o,0), m=1 ...

Then
dimy A(F) = §(¢).

Proof. Without loss of generality we assume thate D(F). The arguments of the
proof of Theorem 4.4 yield (4.8), wherg := f,©® := .. Theorem 5.3 yields that
dimy A(F) = §(¢). 0

Assume that the conditions of Theorem 5.8 hold. et £/ (¢)). Then Corollary 2.6
implies a lower bound

Sy > W g
A (1)
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