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ABSTRACT

We introduce and investigate new invariants of pairs of modules M and N over
quantum affine algebras Ué(g) by analyzing their associated R-matrices. Using these
new invariants, we provide a criterion for a monoidal category of finite-dimensional
integrable Ué(g)—modules to become a monoidal categorification of a cluster algebra.
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1. Introduction

For an affine Kac-Moody algebra g, let U, é(g) be the corresponding quantum affine algebra. Since
the category %y of finite-dimensional integrable representations over Ué(g) has a rich structure
including rigidity, it has been intensively studied in various fields of mathematics and physics
(see for example [AK97, CP94, FR99, GV93, KS95, Nak01]). In particular, the representation
theory for ‘55[2 is well understood: every simple module in ¢7; is isomorphic to a tensor product
S1® 5 ®---® S, of simple modules, called Kirillov-Reshetikhin modules, satisfying that 5;
and S; are in general position [CP91]. A simple object S of a monoidal category is said to be
real if S ® S is simple, and to be prime if there exists no non-trivial factorization S ~ 51 ® Ss.
Since Kirillov—Reshetikhin modules over Ué (slz) are prime and real, every simple module in %;[2
is real and can be expressed as a tensor monomial of prime real simple modules. However, these
phenomena cannot be expected for general g. In fact, there exist g such that ¢ contains non-real
simple modules [Lec03].
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The cluster algebras were introduced by Fomin and Zelevinsky in [FZ02] for studying the
upper global bases of quantum groups and total positivity [Kas90, Lus90] in the viewpoint
of combinatorics. Since their introduction, numerous connections and applications have been
discovered in diverse fields of mathematics including representation theory, tropical geometry,
integrable system and Poisson geometry (see [BM06, FG06, FZ03, FR05, GSV03]).

The representation theory of quantum affine algebras and the cluster algebras are connected
by the notion of monoidal categorification, introduced by Hernandez and Leclerc in [HL10].
A monoidal category C is called a monoidal categorification of a cluster algebra o7 if it satisfies:

(a) the Grothendieck ring K (C) of C is isomorphic to «/; and
(b) each cluster monomial of &7 corresponds to a real simple object in C, under the isomorphism.

(This definition is weaker than the original one.) Note that, by the Laurent phenomenon of <
[FZ02], the Laurent positivity (proved by [LS15] in a general setting) follows immediately, if C is
a monoidal categorification of <.

The notion of a monoidal categorification is extended in [KKKOI18] to quantum cluster
algebras, a g-analogue of cluster algebras, which were introduced by Berenstein and Zelevinsky
in [BZ05]. Unlike cluster algebras, cluster variables are not commutative but g-commutative,
where the g-commutation relation is controlled by a skew-symmetric matrix L. In [GLS13a], Geif3,
Leclerc and Schréer showed that the quantum unipotent coordinate algebra A, (n(w)), associated
with a symmetric quantum group U,(g) and its Weyl group element w, has a skew-symmetric
quantum cluster algebra structure (see [GY16] for the non-symmetric case). Using the quiver
Hecke algebras R introduced by Khovanov and Lauda [KL09, KL11] and Rouquier [Rou08,
Roul2] independently, the authors in [KKKO18] introduced certain monoidal subcategory C,, of
the category R-gmod of finite-dimensional graded modules over R and proved that C, gives a
monoidal categorification for A,(n(w)) in the following sense:

(i) Z[gF"?] @gg1) K(Co) = Apjz(n(w)) = Z[gF 2] @gpq1) Ag(n(w));
(ii) there exists a quantum monoidal seed . = ({Vi}iek, L, B, D) in Cy,, consisting of
a strongly commuting family {V;},cx of real simple modules in C,,, the K x K Z-
valued matrix L = (=A(V;,V}))i jek, an exchange matrix B and a set D of weights (1.1)
of the modules V; in the root lattice of g, such that [.%] := ({¢™[Vi]}ick, L, B) is
a quantum seed of A 12 (n(w)) for some m; € YA

(iii) . admits successive mutations in all directions in K.

Here A(V,W) denotes the degree of the R-matrix ryy, constructed in [KKK18], which is a
distinguished homomorphism from VoW to WoV, where VoW denotes the convolution product
of Vand W (see [KKKO18] for notations). Note that the condition (iii) in (1.1) is not easy to
check since it is concerned with infinitely many mutations. In the first part of [KKKO18], it was
proved that the conditions (ii) and (iii) in (1.1) are a consequence of the following condition:

(ii’) there exists an admissible monoidal seed .7 = ({ViYiex,B) in C, such that [%] :=
({g™ Vil tiek, (=A(Vi, V)))ijek, B) is a quantum seed of Aql/z(n(w)) for some m; € %Z
(see Definition 6.3).

Here, the admissibility means that the monoidal seed admits the first step mutations. Thus, (ii’)
implies that, to achieve a monoidal categorification, it suffices to check the existence of such M;,
only at the first mutation in each direction k. N

On the whole flow of [KKKO18], the integer-valued invariants A(V, W), A(V, W) and o(V, W),
arising from the Z-grading structure of R and defined in [KKK18, KKKO18], provide important
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information in the representation theory of quiver Hecke algebra R. To name a few: (i) A provides
information about whether the restriction of R-matrix ryy to V' o W’ vanishes or not for
subquotients V' and W’ of V and W respectively; (ii) A indicates the head and socle in the
constituent of V o W (iii) A(V, W) := S(A(V, W) + (wt(V),wt(W))) measures the degree shifts
of Vo W from the self-duality; (iv) the non-negative integer 3(V, W) := $(A(V, W) + A(W,V))
tells whether V oW is simple or not, corresponding to d(V, W) = 0 or 9(V, W) > 0, under suitable
assumptions on V and W. However, in general, computing those values are quite difficult, and
the second half of [KKKO18] is devoted to investigating several properties of those invariants.
After the success in the quiver Hecke algebras setting, it is natural to ask a criterion
for monoidal categorification for subcategories of %;. There are monoidal subcategories €y
(N € Zz1), 6; and €, of €, introduced by Hernandez and Leclerc in [HL10, HL16] (see
also [KKOP19b] for Cﬁgo), whose Grothendieck rings K(C) have cluster algebra structures, and
which are conjectured to be monoidal categorifications of K(C). The conjecture for ‘590 of affine

types Ag) (t =1,2) and B,(ll) is proved in [KKOP19b] indirectly by using generalized quantum

Schur-Weyl duality constructed in [KKK18, KKKO15b, KKO19], and for 1 and €n (N € Z>)
of untwisted affine types ADE are proved in [HL10, HL13, Nak11] and [Qinl7] respectively, by
approaches different from [KKOP19b]. However, by the lack of Z-grading structure on Ug(g),
one can not apply the framework in [KKKO18] to those categories for monoidal categorifications
directly (see also [CW19, §4]).

The aim of this paper is to give a criterion for a monoidal subcategory C of € to become a
monoidal categorification of K(C). We first introduce new invariants, denoted also by A(M, N),
A(M,N), A>°(M,N) and d(M, N), for a pair of modules M and N in €, by analyzing R-matrices
associated to M ® N,.

We say that the universal R-matrix

MN. : k((2)) @it (M ® N2) — k((2)) @) (N2 @ M)

is rationally renormalizable if there exists ey n(2) € k((2))*

such that Ry = CM,N(Z)R‘]{/I[lf]‘(,Z
sends M®N, to N,®@M. In such a case, we can normalize cy n(z) € k((2))* (up to

multiplication by an element of k[2*1]*) such that Ry, li=e: M®N, — N,®M does not vanish

at any x € k™. We call ¢y, n(2) the renormalizing coefficient of M and N. We define A(M,N) as
the order of zero of cps n(2) at z = 1. We then define A(M, N), A*°(M, N) and d(M, N) similarly
to A(M, N) (see Definition 3.6 for new invariants). Note that A (M, N') = 2A(M, N)—A(M, N)
can be understood as a quantum affine analogue of (wt(V'), wt(W)).

When M and N are simple modules in €y, car,n(z) is the ratio dyrn(z) to anr,n(z), where
dn,n(2) (respectively apr,n(z)) denotes the denominator (respectively universal coefficient) of
the normalized R-matriz Rﬁfﬁz(zz) of M and N, computed in [AK97, DO94, KKK15, Ohl5,
0OS19] for fundamental representations. Thus 9(M, N) can be interpreted as the degree of zero
of dprn(2)dn a(271) at 2 = 1 with the results in [AK97] (see §2.2).

We next investigate several properties of the new invariants by using R-matrices and their
coefficients, and prove that they play the same role in the representation theory for quantum
affine algebras as the ones for quiver Hecke algebras do. Furthermore, new invariants provide
more information arising from taking duals in €, which cannot be obtained in the quiver Hecke
algebra setting (see Remark 3.21). For instances, we have that:

e A(M,N) and A®(M, N) can be expressed in terms of 9(M, Z*N) for k € Z;
o A®(M,N)=A®(N,M)=—-A®(M*N)=—A>®(M,N);
o A®(M,N)=—A(M,2?"N) =AM, P ?"N) for n > 0;
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e A(M,N)=A(N*,M)=A(N,*M) and hence d(M,N)=%(A(M,N) + A(N,M))
N)+ A(M*,N)),
where N* (respectively *N and 2*N) denotes the left (respectively right and kth left) dual of
N (see §3).

With the new invariants at hand, we introduce the following notions: (a) a A-seed Sh, a
triple SA = ({ X biek, L, E) consisting of a cluster {X;};ck, a skew-symmetric K x K-matrix L
and a K x K®-matrix B = (bjk) such that (Lé)ij = 20;;; and (b) a cluster algebra associated
to Sx. Here the mutation rule for the pair (L,E) associated to Sy is the same as the ones for
quantum cluster algebras.

5 (A(M,

Finally, we introduce the notion of a A-admissible monoidal seed in a monoidal subcategory
C of €, by using the new invariants as follows. A monoidal seed . = ({M; }ick, B) is said to be
A-admissible if it satisfies:

(a) (Ayé)ﬂc = _25jk where Ay; = (A(Mian))i,jeKQ
(b) for each k € K, there exists a real simple module M;, in C, corresponding to the mutated
cluster variable X, satisfying 0(M;, M}) = d;; and the short exact sequence

0— ® Ml@b“c — My @ M, — ® Mi®(_b““) — 0.
bir>0 b, <0

By employing the framework of [KKKO18, §7] with new invariants and notions, we prove
the main result of this paper.

MAIN THEOREM (Theorem 6.10). For a monoidal seed . = ({M;}icx, B) in a monoidal sub-
category C of ¢y, assume the following conditions.
e The Grothendieck ring K (C) of C is isomorphic to the cluster algebra <7 associated to the
initial seed [.#] := ({[Mi]}icx, B).
e The monoidal seed . is A-admissible.
Then the category C is a monoidal categorification of the cluster algebra <7 .

As consequences, we can obtain the following applications (Corollary 6.11).

(i) For k € K and the kth cluster variable module M, of a monoidal seed . obtained by
successive mutations from the initial monoidal seed ., we have D(Mk,, M/ p) =1

(ii) Any monoidal cluster {Mz}ze K 1s a maximal real commuting family in C (see Definition 6.8).

In the forthcoming paper, we will apply the main theorem to certain monoidal subcategories
C of ¢, for providing monoidal categorifications.

This paper is organized as follows. We give the necessary background on quantum affine
algebras, their representations, and R-matrices, their related coefficients in §2. In §§3 and 4,
we introduce new invariants for pairs of Ué(g)—modules by using R-matrices and investigate
their properties. Especially, we will show the similarities of new invariants with the ones for
quiver Hecke algebras in §4. In §5, we briefly recall the definition of cluster algebras with the
consideration on A-seeds. In §6, we prove our main result with newly introduced invariants and
notions.
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2. Preliminaries
CONVENTION 2.1.

(i) For a statement P, 6(P) is 1 or 0 according to whether P is true or not.

(ii) For a field k, a € k and f(z) € k(z), we denote by zero,—,f(z) the order of zero of f(z) at
z = a. In particular, zero,—,f(z) = —k for k € Z~; implies that f(z) has a pole of order k
at z = a.

2.1 Quantum affine algebras
Let (A, P, II, PV, IIV) be an affine Cartan datum. It consists of an affine Cartan matrix A =
(aij)ijer with a finite index set I, a free abelian group P of rank |I| 4+ 1, called the weight
lattice, a set Il = {a; € P | i € I} of linearly independent elements called simple roots, the group
PV := Homg(P,Z) called the coweight lattice, and a set IIV = {h; | i € [} C PY of simple coroots.
Note that the pairing ( , ) between PV and P satisfies (h;, a;) = a;; for all i, j € I, and for each
i € I, there exists A; € P such that (h;, A;) = 6;; for all j € I. We choose such elements A; and
call them the fundamental weights. The free abelian group Q := @,.; Za; C P is called the root
lattice. Set Q- =Y ,c; Z>oa; C Q. Similarly we set Q” := @,c; Zh; C PY and QY =3, ; Zxoh,.

We choose the imaginary root & = Zie[ a;; € Q4 and the center ¢ = Zid c;h; € Qi such
that {\ € P | (h;j;\) =0 for every i € [} = Z5 and {h € PV | (h,;) = 0 for every i € I} = Zc
(see [Kac90, ch. 4]). We set Pq := P/(P N Q%) ~ Hom(QY,Z) and call it the classical weight
lattice. We choose p € P (respectively p¥ € PY) such that (h;, p) = 1 (respectively (p¥,a;) = 1)
forall i € 1.

Set b := Q ®z PY. Then there exists a symmetric bilinear form (, ) on h* satisfying

2(&,‘, )\)

(aia Oéi)

We normalize the bilinear form ( , ) by
(e, A) = (8,\) for any A € h*. (2.1)

We denote by g the affine Kac—Moody algebra associated with (A, P,II, PV, IIV) and by W :=
(ri |1 € I) C GL(b*) the Weyl group of g, where r;(A) := X\ — (h;, \yay; for A € h*. We will use
the standard convention in [Kac90] to choose 0 € I except Agi)—case, in which case we take the
longest simple root as «g. In particular, we have always ag = 1, while cg = 2 or 1 according to
whether g = Agi) or not.

We define gy to be the subalgebra of g generated by the Chevalley generators e;, f; and h;
for i € Iy := I\ {0} and Wy to be the subgroup of W generated by r; for i € Iy. Note that go is
a finite-dimensional simple Lie algebra and Wy contains the longest element wy.

Let ¢ be an indeterminate and k be the algebraic closure of the subfield C(gq) in the
algebraically closed field k := Um0 C((¢g"/™)). When we deal with quantum affine algebras,
we regard k as the base field.

For m,n € Z>o and ¢ € I, we define ¢; = ql@-2i)/2 and

= =% [n]”:;i[l[k]“ [mFW

qi — q; ny,

(hi, \) = for any ¢ € I and X € h*.

DEFINITION 2.2. The quantum affine algebra Uy(g) associated with an affine Cartan datum
(A,P,II,PY,TIV) is the associative algebra over k with 1 generated by e;, f; (i € I) and ¢"
(h € v PY) satisfying the following relations:
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) ¢° = hqh’ = ¢"*" for h,W € v PY;

) q"eiq" = ¢Miley, thzq‘h =g el f for h e y7IPY i € I
) eifi — fiei = 6ij (K — K )/( - qz_1>) where K; = qzhi;
)

(iv) Yo (~1)kef™ “”“’“)ejeE’“) = s (kT 1 f 8 = 0 for i # 5,
where egk) =€ /[k] ! and f fik/[k]i!.

(i
(ii

(iii

Let us denote by U, (g) (respectively U, (g)) the subalgebra of U,(g) generated by e;
(respectively f;) for i € I. We denote by Uy (g) the subalgebra of U,(g) generated by e;, f;, K ;:1
(i € I) and we call it also the quantum affine algebra. Throughout this paper, we mainly deal
with Uy (g).

We use the coproduct A of U(g) given by

A =d"@qd", Ale)=e@K '+10e, A(fi)=fi®l+K o f (2.2)
Let us denote by ~ the bar involution of U (g) defined as follows:

ql/m - q_l/m7 €; > €4, fl = fia Kz = Kl_l
We denote by %, the category of finite-dimensional integrable Ué(g)—modules; i.e., finite-
dimensional modules M with a weight decomposition

M = @MA where My ={ue M | Kju = <h’\>}
AEP

Note that %, is a monoidal category with the coproduct in (2.2). It is known that the
Grothendieck ring K (%;) is a commutative ring. A simple module M in %, contains a non-zero
vector u of weight A € P such that: (i) (h;, A\) > 0 for all i € Iy; (ii) all the weights of M are
contained in A — Zie Io Z>ocl(a;), where cl: P — P denotes the canonical projection. Such a A
is unique and w is unique up to a constant multiple. We call A the dominant extremal weight of
M and u a dominant extremal weight vector of M.

For an integrable U, (g)-module M, the affinization M, of M is the U,(g)-module

M, = (M) with (M.)x = M.
AeP

Here the actions e; and f; are defined in a way that they commute with the canonical projection
c: M, - M.
We denote by zp: M, — M, the Ué(g)—module automorphism of weight & defined by

M)y — (M.)x,s. For x € k*, we define
(M) (Mz)x+
M, := M, /(zp — )M,

We call = a spectral parameter. Note that, for a module M in ¢ and x € k*, M, is also contained
in €. The functor T, defined by T,,(M) = M, is an endofunctor of ¢y which commutes with
tensor products.

Let us take a section ¢: P> P of cl: P — P such that ccl(a;) = «; for all i € Iy. For
u € My (A € Py) and an indeterminate z, let us denote by u. € (M.),(\) the element such that
cl(u,) = u. With this notation, we have

ei(uz) = 2% (eu).,  filus) = 2700 (fiu).,  Ki(uz) = (Kiu)..
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Then we have M, ~ k[z*'] ® M, and the automorphism zp; on M, corresponds to the
multiplication of z on k[z*'] ® M. Thus u, is the element 1 ® u € k[z*'] ® M for u € M.
We also use M;,, instead of M, to emphasize z as the automorphism on M, of weight 5.

For each i € Iy, we set

w; = ng(Co,Ci)flcl(CoAz‘ - CiAo) € Pg.

Then PP := {A € Py | (¢, \) = 0} is equal to @), ;, Zw;. Moreover, for any i € Iy, there exists
a unique simple module V' (w;) in %, satisfying certain conditions (see [Kas02, §5.2]), which is
called the fundamental module of weight w;. The dominant extremal weight of V (tw;) is w;.

For a U} (g)-module M, we denote by M = {@ | u € M} the U}(g)-module defined by =@ := Tu
for 2 € U;(g). Then we have

M, ~(M)g, M®N~N®®M. (2.3)

Note that V (w;) is bar-invariant; i.e., V(w;) ~ V(w;) (see [AK9I7, Appendix A)).
Remark 2.3 [AK97, §1.3]. Let m; be a positive integer such that
Wr; 0 (m; + Z28) = m; + Zm;,

where 7; is an element of P such that cl(m;) = w;. We have m; = (a;, ®;)/2 in the case when g
is the dual of an untwisted affine algebra, and m; = 1 otherwise. Then, for z,y € k*, we have

V(@i)z ~ V(wz)y if and only if "™ = ¢,

For a module M in %, let us denote the right and the left dual of M by *M and M,
respectively. That is, we have isomorphisms

HomUé(g)(M ®RX,Y) ~ Homy, q) (X,"M ®Y), Homy, (q) (X®*™M,Y) ~ Homyj, g) (X, Yo M),
HomUé(g)(M* ®X,Y) ~ HomUé(g)(X, M®Y), HomUé(g)(X QR M,Y) ~ HomUé(g)(X, Y ® M*),

which are functorial in Uy (g)-modules X and Y.
Hence, we have the evaluation morphisms

M@M—1, M'@M-—1
and the co-evaluation morphisms
1-"MM, 1—->MQM".

Note the following (see [AK97, Appendix A)).

(i) For any module M in %y, we have
M* ~ quz(a,p) and "M ~ qu(a,p).
(ii) The duals of V(w;), (z € k*) satisfy

(V(@i)e)™ = V(wi) *(V(wi)z) = V(@i ) pras (2.4)

p*) "1z

where p* := (—1)" ¥ ¢{eP) and i* € I is defined by a;+ = —wp a;.
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We say that a U,(g)-module M is good if it has a bar involution, a crystal basis with simple
crystal graph, and a global basis (see [Kas02] for the precise definition). It is known that the
fundamental representations are good modules.

DEFINITION 2.4. We say that a U;(g) module M is quasi-good if
M ~V,
for some good module V' and ¢ € k*.

Note that every quasi-good module is a simple U, (g)-module. Moreover the tensor product
M®k .= M ® ---® M for a quasi-good module M and k € Z>; is again quasi-good.

For simp]fet 1rnrllecs)dules M and N in €, we say that M and N commute or M commutes with
Nif M® N ~ N ® M. We say that M and N strongly commute or M strongly commutes with
N if M ® N is simple. When simple modules M and N strongly commute, they commute. Note
that M @ N is simple if and only if N ® M is simple, since K (%) is a commutative ring.

Also, when the simple modules M; (1 < t < m) strongly commute with each other, it is
proved in [Her10] that

M@ @ My, ~ My1y ® - - @ My, is simple

for every element o in the symmetric group &,, on m-letters. We say that a simple module L
in ¢y is real if L strongly commutes with itself, i.e., if L ® L is simple. Note that quasi-good
modules are real.

2.2 R-matrices, universal and renormalizing coefficients
In this subsection, we review the notion of R-matrices on Ué(g)—modules and their coefficients
by following mainly [Kas02, §8] and [AK97, Appendices A and B]. Let us choose the universal
R-matriz in the following way. Take a basis { P, }, of U} (g) and a basis {Q, }, of U, (g) dual to
each other with respect to a suitable coupling between Uqu (g) and U, (g). Then for U, (g)-modules
M and N define

ﬁj}(f(u ® v) = (W W) Z P,u® Quu, (2.5)

12

so that Rﬁ“}{, gives a Uc’l(g)—linear homomorphism from M ® N to N ® M provided that the
infinite sum has a meaning.

For modules M and N in %y, it is known that RuMan,Z converges in the z-adic topology. Hence,
it induces a morphism of k((z)) ® U, (g)-modules

1]{;[1}]\([22 k((z)) ®k[zi1] (M & Nz) — k((Z)) ®k[zil] (NZ & M) (26)
Moreover, R}\l}‘ifvz is an isomorphism.
It is known that R"™V satisfies the following properties: the following diagram commutes

univ
RIW(X)N,LZ

k((2)) O [%1] (M®N®L,) k((2)) Rk[z1] (L@ M ®N)

]\/I®Runiv M (2-7)
N,Ls M,L.

k((2)) @41 (M @ L, ® N)

for L, M, N in €.
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Let M and N be non-zero modules in %;. If there exists a(z) € k((2)) such that
(RPN, (M® N.) € N. @ M,

then we say that Ry}Yis rationally renormalizable. In this case, we can choose car, v (z) € k((2))*
as a(z) such that, for any = € k*, the specialization of RyJ'y = cym,n(2) ﬁl}(,z M ® N, —
N, QM at z==x

M, |z=2: M @ Ny — N @ M

does not vanish. Such Ryy'y and cy, ~N(z) are unique up to multiplication by an element of
k[ =],z k2" We call cprn(2) the renormalizing coefficient.
We write
ry N = 5\(/3[{1Nz|211: M®N—> N®M,

univ

and call it R-matriz. The R-matrix rjs,y is well defined up to a constant multiple when RM7 N.
is rationally renormalizable. By the definition, rjs x never vanishes.

Now assume that M and N are simple U,(g)-modules in €. Then k(z) ®yp,+1) (M ® N) is
a simple k(z) ® U, (g)-module [Kas02, Proposition 9.5].

Furthermore, we have the following. Let u© and v be dominant extremal weight vectors of M
and N, respectively. Then there exists apr n(z) € k[[z]]* such that

univ

N, (U ®v) = ap n(2)(v: ® u).

Then RyFN. = aM7N(Z)71RuMn,i]\</Z‘k(z)®k[zi1](M®Nz) induces a unique k(z) ® Uj(g)-module
isomorphism

Rrﬁfﬁz . (Z) ®k[zi1} (M & NZ) = k(Z) ®k[zil] (Nz & M)
satisfying
RN, (u®v,) = v, @u.

We call apr,n(2) the universal coefficient of M and N, and Ryp'N. the normalized R-matriz.
Similarly there exists a unique k(z) ® U, (g)-module isomorphism

Iﬁ:f?v: k(z) Ok[z+1] (M, ® N) AN k(z) Ok[2£1) (N ® M,)

satisfying

RPN (v, ®v) = v ® us.
Note that Ry = T,o R’y with w = 1/z. Here, for z € k(z), the functor T}, is the endofunctor
of the category of k(z) ® U (g)-modules L given by T,(L) = L.

Let dy,n(2) € k[z] be a monic polynomial of the smallest degree such that the image of
du,N(2) RN (M ® N) is contained in N; @ M. We call dys,n(2) the denominator of RN .
Then we have

N, =dun(Z)RyN.: M®N, — N, @ M (2.8)
up to multiplication by an element of k[z*!]*.
Hence, the universal R-matrix R‘]}}[f]‘(,z is rationally renormalizable and we have

dyn(2)

ren —1 univ
M,N, am,n(z) M.N(2) M,N, an em,N (2) anr N (2)

1047

https://doi.org/10.1112/50010437X20007137 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007137

M. KASHIWARA ET AL.

up to multiplication by an element of k[z*1]* (see [KKK18, Example 2.3] and [DO94] for
instances of R-matrices).

Since k(z) ®y[+1) (M @ N) is a simple k(z) ® U;(g)-module [Kas02, Proposition 9.5], we
have

Homk[zﬂ]@(]é(g)(M N, N, @ M) = k[zil] g\?lr,lNz‘ (2.10)

Similarly there exists a k[2*!] ® U/(g)-linear homomorphism Mont M. ®N — N®@ M, such
that

Homk[zﬂ]@Ué(g)(Mz ®@N,N®M,) = k[zil] IAEJI:,N' (2.11)

The homomorphism 5\'}2 n 1s unique up to multiplication by an element of k[zil] *. We have

ey =dun(z7h) Ry mod k[zF]X (2.12)
In particular, we have
RE pp o RiPy. = dun(2)dy (271 idyen,  mod k[251)% (2.13)

THEOREM 2.5 ([AK97, Chal0, Kas02, KKKO15a]; see also [KKK18, Theorem 2.2]).

(i) For good modules M and N, the zeroes of dys n(z) belong to C[[¢*/™]]¢"/™ for some m €
Z~q.

(ii) For simple modules M and N such that one of them is real, M, and N, strongly commute
to each other if and only if dys n(2)dn,a(1/2) does not vanish at z = y/x.

(iii) Let My be a good module with a dominant extremal vector uy of weight A\, and aj € k*
for k =1,...,t. Assume that a;/a; is not a zero of dyy, p;(2) for any 1 < i < j <t. Then
the following statements hold.

(a) (M1)a, ® -+ ® (My)q, is generated by u; ® -+ ® .
(b) The head of (Mj)q, @ -+ & (My)q, is simple.

(¢) Any non-zero submodule of (My),, ® -+ ® (M), contains the vector u; @ -+ ® uj.

(d) The socle of (My)a, ® -+ ® (M), is simple.

(e) Letr:(M1)g® - ®(Mt)a, = (Mt)a,®- - -®(M1)a, be the specialization of Ryp™ /. =

H1<j<k<t RHMO;ank at zi = ap. Then the image of r is simple and it coincides with the
head of (M1)a, @ - -+ ® (My)a, and also with the socle of (My)g, ® -+ & (Mi)q, -

(iv) For a simple integrable U;(g)-module M, there exists a finite sequence
((il,al),...,(it,at)) € Iy x k* (2.14)
which satisfies the following condition: for any o € &; such that
dv(wia(k))’v(wia(k/))(ag(k/)/ag(k)) #0 forl<k< K < t,
M is isomorphic to the head of V (@i, )a,) @ = @ V(@i )ay -
Moreover, such a sequence ((i1,a4), ..., (it, ar)) is unique up to permutation. In particular,
M has the dominant extremal weight Zzzl Wi, -
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From the above theorem, for each simple module M in %, we can associate a multiset
of pairs {(ix,ar) € lo x k*}, 4, satisfying the conditions in Theorem 2.5(iv). We call
{(ik, a) € Lo x kK™ }y<pcp of M the multipair associated to M, and write

M = S((’il,al), ey (it, at)).

PROPOSITION 2.6. Let M and N be non-zero modules in %y, and a € k* such that Rﬁf}(,z is
rationally renormalizable. Then we have

cm N (2) = eps N+ (2) = e v (2),

emN(2) = cun(a™'2), e, (2) = carn(az).

Proof. The first assertion follows from (RuMm]‘(,Z)* = Rﬁi‘jN*: that is,

(N. @ M)* : (M@ N)*
(RRfN, )"
{ !
M* ® NZ* univ (NZ)* ® M*
RM*,N;
commutes [FR92]. The second follows from the first and the others are trivial. O
PRrOPOSITION 2.7 [AK97, (A14), (A15), Proposition A.1, Lemma C.15]. Let M and N be
simple modules in 6.
(i) We have

aM,N(Z) = QM+, N* (Z) = a=)p, *N(Z)7

du,n(2) = da, N+ (2) = doear, N (2),

aMyN(z) = GM,, N, (2:), dM7N(Z) = sz,Nz (Z) for any r k*. (2.15)
(ii) We have apy n(2)asy n(2) = dyn(2)/dy a(271) mod k[zF1]%.

We set

[e.9]

p(z) = [[(1 - p*2) € K[[2]] C K[[2]]- (2.16)

s=0
Here p := p*2 = ¢¥or) = (?2Lier . We have

0 ~m(m—1)/2

= ym T m
P2 = 2 (V" 5w

m=0

For i, j € Iy, set
aij(2) = Ay (w;),V(w;) (%)
diyj(z) = dV(wi),V(w]')(z)- (2.17)
Then the universal coefficient a; j(z) is obtained as follows (see [AK97, Appendix A]):
[T, e yu2)e(p*ypuz)
[L, e(zv2)e(p™m.2)

a;j(z) mod k[zF1]*, (2.18)

where

dij(z) =[[(z =) and di j(2) = [](z = vu)-

v M
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Ezample 2.8. For the fundamental representations V (w;) over

UlAY) (iely={1,...,n—1}),

the denominators d;;(z) = dy(w,)v(w,)(¢) and the universal coefficients of a;;(z) =
AV (w;),V(w,)(2) are given as follows:

min(%,j,n—i,n—j)

dig(z) = ]I G- (@) and ai(z) ['Zii_+jj'-}][[§§if—_ﬁ'] mod k[z*1],

s=1

where [a] := ¢((—¢)?2). Note that p* = (—¢)" in this case.

Remark 2.9. The denominators of the normalized R-matrices d; ;(2) and hence the universal
coefficients a; ;j(z) were calculated in [AK97, DO94, KKK15, Oh15] for the classical affine types
and in [OS19] for the exceptional affine types (see also [FH15, Fuj18, KKMM*92, KMOY07,
Yam98]).

LEMMA 2.10 [KKKO15a, Lemma 3.10]. Let M) be a module in 6y (k = 1,2,3). Let X be a
U, (g)-submodule of My ® M and Y a U, (g)-submodule of My ® M3 such that X @ M3 C M1 ®Y
as submodules of M7 ® My ® Ms. Then there exists a Ué(g)—submodu]e N of My such that
XCM @Nand NQMsCY.

ProposiTION 2.11 [KKKO15a, Corollary 3.11].

(i) Let My be a module in 6y (k =1,2,3), and let ¢1: L — My ® M3 and pa: My @ My — L'
be non-zero morphisms. Assume further that M, is a simple module. Then the composition

M1 ®p1 p2@M3
—_— _—

M, ® L My @ My @ Ms L' ® M3

does not vanish.
ii) Let M, N; and Ny be non-zero modules in %,, and assume that R is rationall
g Nk,Mz y
renormalizable for k = 1,2. Then R“Nrfé N, 1s rationally renormalizable, and we have

ey M (2)en, v (2)
CN1®N2,M(2)

€ k[z*1).

If we assume further that M is simple, then we have
Ny N, M (2) = eng m(2)eny m(2)  mod [z
and the following diagram commutes up to a constant multiple.

/ \

N1 Q@ No® M N1 ® M ® No M ® N1 ® Ny (2.19)

N1®rNy, M Ny, M® N2

rN1®N2, M

(i) Let M, Ny and Ny be non-zero modules in ¢, and assume that Rﬁi‘(’Nk)z is rationally

renormalizable for k = 1,2. Then Rﬁi‘(’Nl ©N)s is rationally renormalizable, and we have

ey, (2)en N, (2)

c k[z*1].
CM,N N, (2) =]
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If we assume further that M is simple, then we have

eNioNa, M (2) = ey (2)eny v (2)  mod k[

and the following diagram commutes up to a constant multiple.

/\

M & N1 ® N T2, ON: N1 ® M ® Noy WQ@J\H@NQ@M (2.20)

I'M, N{®No

Proof. Part (i) and the commutativity of (2.19) are nothing but [KKKO15a, Corollary 3.11].
Since

univ
RNl ®No, M

k((Z)) ®k[zi1] (Nl ® No ® Mz) k((Z)) ®k[zi1] (Mz RN ® NQ)

k((2)) ®k[z+1] (N1 ®@ M, @ Na)

commutes, the diagram

CNQ,M(Z)CNI,M(Z)RuN"l%NQ, M,

/ \

N1 ® Ny @ M, N1 ® M, ® Na M, ® N1 ® Na

univ univ
N1®cNy, M (2) R, "y, oy, M (2) RNy, ® N2

commutes. Hence R“N‘féNQ a7, is rationally renormalizable, and we have cn, a(2)en, nm(2) €

k[zHen, ong,ar(2). _
If M is simple, then (i) implies that cn, ar(2)eny m(2) RN gy, 2. never vanishes at any

z = a € k*. Hence cn, m(2)en, m(2) uNIiigg’)N% v = RNign,, v, mod k[z*!]*, which implies
CNy@N2, M (2) = eNy M (2)en;,m(2) mod k[zil]x'
The proof of (iii) is similar. O

PROPOSITION 2.12. Let M and N be modules in 6y, and let M" and N’ be a non-zero subquotient
univ univ

of M and N, respectively. Assume that Ryj'\ Is rationally renormalizable. Then RyYy, Is
rationally renormalizable, and cpy n(2)/car n(2) € k[zF1].

Proof. We shall show that R}}}"y is rationally renormalizable and cas,n(2)/car.n(2) € k[t
for a non-zero quotient M’ of M. We have a commutative diagram

e N (2) RPN,

k((2)) @kzx1) (M @ N2) k((2)) @kpz21) (N> © M)

i e N (2) Ry i
k((z)) ®k[zi1] (M’ ® NZ) k((Z)) ®k[zi1} (Nz ® M/)

which induces the following.

M ® N, N, M
i C]\/[7]\7(2)]%unliv i
M'® N, M N, @ M
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Hence R}y is rationally renormalizable and car,n(2) € earr, ~N(2)k[zF1].

Similarly Rﬁ}:’Nz is rationally renormalizable and cps v (2)/car v (2) € k[zF!] for any non-zero
submodule of M’ of M, and hence for any non-zero subquotient of M’ of M.

We can argue similarly for non-zero subquotients N’ of N. O

THEOREM 2.13 [KKKO15a]. Let M and N be simple modules in 6, and assume that one of
them is real. Then we have that:

(i) Hom(M ® N,N @ M) = kryn;

(il) M ® N and N ® M have simple socles and simple heads;
(ili) moreover, Im(rys,n) is isomorphic to the head of M @ N and the socle of N ® M;
(iv) M ® N is simple whenever its head and its socle are isomorphic to each other.

Note that (i) is not proved in [KKKO15a] but it can be proved similarly to the quiver Hecke
algebra case given in [KKKO18, Theorem 2.11].

For modules M and N in %, we denote by M V N and M A N the head and the socle of
M ® N, respectively.

3. New invariants for pairs of modules

In this section, we introduce new invariants for pairs of Ué(g)—modules by using R-matrices and
investigate their properties. These invariants have similar properties to those in the quiver Hecke
algebra case.
Recall that
Pi=p? =g and p(z)= [] (1-5%) ekl
56220
We set
p%:={p* | ke S} forasubset S of Z.

DEFINITION 3.1. We define the subset G of k((z))* as follows:

G:= {czm H p(az)me c€k*m ez, }

i Ny € 7Z vanishes except finitely many a

(3.1)

Note that G forms a group with respect to the multiplication. We have k(z)* C G. Note also
that for f(z) = 2™ [[,cix ©(az)™, {Na}aeckx is determined by f(z) since

f(Z)) _ (ﬁ)fm H (1 _ az)na‘

f(p=z ek

PROPOSITION 3.2. Let M and N be modules in 6. If R‘]{}lifvz is rationally renormalizable, then
the renormalizing coefficient cjrn(z) belongs to G.

Proof. Let us take a simple submodule M’ of M and a simple submodule N’ of N. Then,
Proposition 2.12 implies that carn(2)/cprn(2) € k(2)* C G. Hence the assertion follows from
the following lemma. |

LEMMA 3.3. For simple modules M and N in €, the universal coefficient an, n(2) as well as the
renormalizing coefficient cy; n(z) is contained in G.
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Proof. Let us write M = S((i1,a1),. .., (it,ar)) and N = S((j1,b1),..., (Jo,br)). When t+t' =2,
an,n(z) is nothing but a; ;(bi1/a12) in (2.18), and our assertion holds. Then the induction on
t + t' proceeds by Propositions 2.11 and 2.12. O

For each subset S of Z, we can construct a group homomorphism from G to the additive
group Z by associating the sum of exponents 7, such that a € p°. For instance, by taking S as
Z or Zgo, we define the group homomorphisms

I%g: G—7 and Deg™:G— Z,

by
Deg(f(2) Z Ne and Deg™ Z Na,
a€p Z<o acp’
for f(z) = cz™[[p(az)™ € G. As their linear combination, we introduce the group homo-
morphism
Deg: G — Z by Deg = 2lf)\ég — Deg™
namely,

Deg Z Na — Z Na- (32)

aEpZ<O aep?>0

Recall Convention 2.1(ii).

LEMMA 3.4. Let f(z) €
(i) If f(2) € k(z), then we have

Deg(f(2)) = zero.—1 f(z), Deg®(f(2)) =0, and Deg(f(z)) = 2zero.— f(z).

(ii) If g(2), h(z) € G satisfy g(z)/h(z) € k[zF!], then Deg(h(z)) < Deg(g(z)).
(iii) We have Deg™ f(z) = —Deg(f(p"z)) = Deg(f(p~"2)) for n > 0.
(iv) If Deg™(f(cz)) =0 for any c € k*, then f(z) € k(z).

Proof. We may assume f(z) = [],cix ¢(az)".
(i) For a ¢ p”, it is obvious. For a € p%, we have

Deg(1 — az) = Deg(y(az)/¢(paz))
=6(a € pP<%) — §(pa € p=<Y) = §(a = 1) = zero,—1 (1 — az)

and
Deg™ (1 — az) = Deg™(¢(az)/¢(paz)) =1—1=0.

(ii) This follows from (i).

(iii) We have
Deg(f("2)= Y. Na— D, T

apnep’so apnEpL>0

Hence we have Deg(f(p"2)) = —>_,cpzMa if n >0 and Deg(f(p"z)) = >_ 5z ma if n < 0.
(iv) By the assumption, we can easily see that f(z) is a product of functions of the form
plaz)/e(p™az) (a € k*, m € Z). Then the result follows from ¢(az)/p(p™az) € k(z). O
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Remark 3.5. Any f(z) € G extends to a meromorphic function on
{(z,¢"") e Cx C;|g"*| < e}

for some £ € Z~¢ and € > 0. Hence zero,_;x f(2), the order of zero of f(2) at z = p*, makes
sense for any k € Z. Then one has DNeg(f(z)) = zero,—1 f(2).

Using the homomorphisms Deg, ]3veg and Deg™, we define the new invariants for a pair of
modules M, N in € such that Rﬁj]‘(fz is rationally renormalizable.

DEFINITION 3.6. For non-zero modules M and N in % such that Rﬁij‘(,z is rationally

renormalizable, we define the integers A(M, N), A(M, N) and A*°(M, N) as follows:
A(M,N) = Deg(ca,n(2)), A(M,N) = f)ég(cM,N(z)), A (M, N) = Deg™(ca,n(2)).
Hence, we have
A(M,N) = L(A(M, N) + A=(M, N)). (3.3)
LEMMA 3.7. For any simple modules M, N in ¢y and x € k*, we have

AM,N)=AM*,N*)=A("M,*"N) = A(M,, N,),
A(M,N) = A(M*,N*) = A("M,*N) = A(M,, N,),
A¥(M,N) = A*(M*,N*) = A*("M,"N) = A>(My, Ny).
Proof. These assertions follow from Proposition 2.6. |

LEMMA 3.8. Let M and N be non-zero modules in ;.

(i) If M and N are simple, then we have A*°(M, N) = Deg™(cp,n(2)) = —Deg™(an,n(2)).
(i) If Rﬁli]‘(,z is rationally renormalizable, then

A®(M,N) = —=A(M, Ny»n) = A(M, N5 ) forn >0,

Proof. (i) This follows from ay n(2)car,n(2) € k(2) and Lemma 3.4(ii).
(ii) This follows from cps Nz, (2) = ey N (p"2) and Lemma 3.4(iii). O

PROPOSITION 3.9. Let M and N be modules in 6y, and let M’ and N’ be a non-zero subquotient
of M and N, respectively. Assume that Ry'N, Is rationally renormalizable. Then Rﬁ}?’]\@ is
rationally renormalizable, and

AM',N')y < A(M,N) and A>®(M’',N')= A>®(M,N).
Proof. These assertions follow from Proposition 2.12 and Lemma 3.4. O

LeEMMA 3.10. Let M, N and L be non-zero modules in 6.

(i) If R‘ﬁ,ﬁ‘iz and RuNnizz are rationally renormalizable, then Ry} 1. is rationally renormal-
izable and ’

AM ®N,L) < A(M,L) + A(N,L) and A®(M ® N, L) = A®(M, L)+ A®(N, L).

If we assume further that L is simple, then the equality holds instead of the inequality.
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niv

(i) If RE“}\}Z and an}\‘,’z are rationally renormalizable, then Rp™f o n
renormalizable and

is rationally

AL, M & N)<AL,M)+A(L,N) and A*(L,M @ N)=A>*(L,M)+ A>(L,N).
If we assume further that L is simple, then the equality holds instead of the inequality.
Proof. These assertions follow from Proposition 2.11. O

ProrosiTiON 3.11. Let M, N and L be non-zero modules in 6y, and let S be a non-zero
subquotient of M ® N.

(i) Assume that RY}Y and R\ are rationally renormalizable. Then R}" is rationally

renormalizable and

A(S,L) < A(M,L) + A(N,L) and A™®(S,L) = A®(M,L)+ A®(N,L).

(ii) Assume that R%n]i\‘/}z and R%n]i\‘,’z are rationally renormalizable. Then Eng‘; is rationally

renormalizable and
AL, S) < AL,M)+A(L,N) and A>(L,S)=A>(L,M)+ A°°(L,N).
Proof. These assertions follow from Propositions 3.9 and 3.8. O

COROLLARY 3.12. For simple modules
M = S((il, al), ey (ig, ag)) and N = S((]l, bl), ceey (jg/, bg/)) in %g,

we have
AXMN) = > A(V(@i,)a, V(5)0,)

1<w <L, 1<usl

Ezample 3.13. Take L = M =V (w1)(_qg)—2 and N = V(wy) over Ué(Agl)) where p* = (—¢)3 and

p = ¢%. Then we have

_ [0]=4
[—2][4]

On the other hand, we have M VN =V (w2)_y-1 and

e n(z) = cn,L(2) and hence ¢y 1 (2)en () =

)= ol

Thus we have B B
AM,L)+A(N,L)=(-1)+1=0, A(MVN,L)=-1

and hence
AM,L)+A(N,L) =AMV N,L)y=2 and cyvnr(z) X (1—2)=cur(z)enn(2).
DEFINITION 3.14 (see Corollary 3.19). For simple modules M and N in %, we define d(M, N)

b
’ o(M,N) = (A(M,N) + A(M*,N)).
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Now we will prove that 9(M, N) is non-negative integer. In order to do that, we need some
preparation.

LEMMA 3.15. For simple modules M and N in 6y, we have

CM7N(Z)CM*7N(Z) = dM7N(Z)dN7M(Z_1)

and
CM7N(Z) dM7N(Z)dN’M(Z_1)

eunN(Dz)  dae N (2)dnar(27h)

up to multiplication by an element of k[z*1]*.

Proof. By Proposition 2.7(ii), we have

dy+ N(2)
dN7M(Z_1)

Recall that ¢y n(2) = darn(2)/an,n(z). Then we have

am= N(z)apmn(z) = mod k[zF1]*.

cmN(2)en N (2) = Zﬁgg; Zﬁi 8
dyu (=)
dar N (%)

= dM7N<Z) X dM* ( ) X
=dy N(Z) X dNM( 1) mod k[zil]x.

Thus we have

CM’N(Z) o CM’N(Z)CM*’N(Z) dM,N(Z)deM(Z_l)

— = = mod k[zF1]*. O
emn(Pz)  em n(2)ems N(2)  da N(2)dN e (271) =
PROPOSITION 3.16. For simple modules M and N in ¢, we have
O(M, N) = zerozzl(dMVN(z)dNVM(z_l)). (3.4)
In particular,
(M, N) € Zzo,
and
(M, N) =0(N,M). (3.5)

Proof. By the preceding lemma,

20(M, N) = Deg(capr v (2)en n(2)) = Deg(darn(2)dnar(271))
= 2Z€I‘Oz:1(dM7N(Z)dN7M(271)).

Here the last equality follows from Lemma 3.4(ii). The other assertions follow from (3.4). O

COROLLARY 3.17. Let M and N be simple modules in €. Assume that one of them is real.
Then M and N strongly commute if and only if 9(M,N) = 0.

Proof. The corollary follows from Proposition 3.16 and Theorem 2.5(ii). O
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For k € Z and a module M in %, we define

(- (M) ) ifk <O,
——
@k(M) — (—k)-times
o (M) ) it k>0
~——
k-times
PRroprosITION 3.18. For simples M and N in ¢, we have
A(M,N)=A(N*,M)=A(N,"M).
Proof. We shall prove A(M,N) = A(N*, M). The other equality follows from Lemma 3.7.
By (3.5), we have
AM,N)+ A(M*,N) = A(N,M) + A(N*, M)
< AM,N)—AN*,M)=A(N,M)—A(M*,N).

Set
K(M,N) := A(M,N) — A(N*, M).

Then we have K(M,N) = K(N, M) and
K(M*,N) = A(M*,N) — A(N*, M*) = A(M*,N) — AN, M) = —~K(N, M) = —K(M, N),

(*)
where () follows from Lemma 3.7. Hence we have
K(M,N) = K(2*"(M),N) for any n € Z.
Note that, for n > 0, we have

A®(M,N) ifn>>0,

—A®(M,N) ifn <0, (3.62)

A(Z*"(M),N) = A(Mn, N) = A(M, Ny ) = {

—A®(N*, M) ifn>0
* 2n _ * = _ y N
A(N*, 2°"(M)) = A(N ,Mpn) AS(N*, M) i1 < 0. (3.6b)

Thus, for n > 0, we have K(2?"(M),N) = —K(272"(M), N), which implies K(M,N) =
—K (M, N). Finally, we conclude that

K(M,N)=0. O
COROLLARY 3.19. For any simple modules M and N in €4, we have
O3(M,N) = 3(A(M,N) + A(N, M)).
COROLLARY 3.20. For any real simple M in ¢y, we have
A(M,M) = 0.
Proof. By Corollaries 3.17, 3.19 and the assumption that M is real simple, we have
0=20(M,M)=AM,M)+ ANM,M),

which implies our assertion. O
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Remark 3.21. The formula in Proposition 3.18 holds also for objects in the rigid monoidal
category Cy, (see [KKOP19a]). Indeed, we have
HoM(N* ®@ M., M, ® N*) ~ HoM(M, @ N,N @ M,)

and hence their generators R\, and R}y have the same homogeneous degree.
K

PROPOSITION 3.22. For simple modules M and N in 6y, we have:

(i) A(M’ N) = ZkeZ(_l)k+§(k<0)a(M7 ‘@kN)’
(i) A(M,N) = Sgen(—1)0(M, Z¥N).

Proof. Write cpr n(2) = [[ p(az)™ mod k[zF1]*. Then we have

L]V(f) = H(l —az)".

e, N (P?)
and hence
B cmnN(z) cun(pz)

(*:) (M, N’ﬁ—k) —o(M™, Nﬁ—k)
= (M, 27*N) —o(M,77***'N).
Here (x) follows from Lemma 3.15 and Proposition 3.16.
Thus we have

AM,N) =Y (-1)°¢<0g,
keZ
_ Z k:<0 M @sz) (M*, QQkN))
kEZ

_ Z k<0 M @2]{?]\7) (M, @2k+1N))
kEZ

_ Z k+5 k<0)0(M Qk )
kEZ
which imply the first assertion. Similarly, we have

A®(M,N) =Y (0(M, 27 *N) —o(M, 272 N)) = > " (-1)*a(M, Z*N). O
kEZ kEZ

The following corollary is a direct consequence of Proposition 3.22 and (3.5).
COROLLARY 3.23. For simple modules M and N in 6y, we have:

(1) A®(M,N) = A%(N, M);
(2) A®(M,N) = —A®(M*, N) = —A®(*M, N).

Proof. Sine 0(M, N) = o(2*M, P*N), we have
A®(M,N) = Z(—l)ka(M, 7*N) =Y (-1 (2" M, N)

keZ kEZ
= (-DM(N, 2" M) = A®(N, M).
keZ
Hence the first assertion follows. The second assertion follows similarly. |
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4. Further properties of the invariants
We start this section with the following proposition, which can be understood as a quantum
affine analogue of [KKKO18, Proposition 3.2.8].
PROPOSITION 4.1. Let N1, No and M be non-zero modules in 6y and let f: Ny — Na be a
morphism. We assume that Ry, Is rationally renormalizable for k =1, 2.

(i) If f does not vanish, then cn, v (z)/cny,m(2) € k(z) and
A(Ny, M) — A(Na, M) = 2zer0,_ (CMJ‘”(Z)) .
CNy, M (2)

(ii) If A(M,Ny) = A(M, N3), then the following diagram is commutative.

Ny, M

N1 QM M®N1
f®Mi iM@f
No®@M—2" Mo N,

(iii) If A(Ny, M) > A(Na, M), then the composition

Ny, M

Ny @M 2 vr e N ML e N

vanishes.

(iv) If A(Ny,M) < A(Na, M), then the composition

TNy, M

MmoM I Nyo M 22 e N,
vanishes.
Although we do not write them, similar statements hold for cys n, (2) and M ® Nj.

Proof. Without loss of generality, we may assume that f is non-zero.
(i) Proposition 2.12 implies that ¢y, am(2)/cn,, m(2) € k(2). Hence we have by Lemma 3.4

that
2261051 (CNlM(Z)> - Deg(ch’M(z)> — A(N1, M) — A(Na, M).
Ny, (2) CNg, M (2)

Set t = zero,—1(cn, M (2)/cny 01 (2)). Then we can write g(2)en, v (2) = h(2)(z — 1)ten, m(2)
for some t € Z and ¢(z), h(z) € k[z] which do not vanish at z = 1.
If ¢t > 0, then we have the following commutative diagram.

()RR o

N1 ® M, M, ® Ny
f®wai lk@@f (4.1)
h(2)(z—1)t REen ;
No ® M, i M. @ Ny

(ii) Since t = 0, by specializing z = 1 in the above diagram, we obtain the commutativity
of (4.1).
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(iii) Since ¢ > 0, the homomorphism h(z)(z — 1)*RR",, vanishes at z = 1. Hence we have

(M ® f)orn,m = (2= 1) Ry} . l=10 (f @ M) =0,

as desired.
(iv) Since ¢t < 0, we have the following commutative diagram.

9(2) (D) TR

N1 @ M, M, ® Ny
f®le J{Mz@)f (4.2)
Ny ® M, ) s M, ® No
Since g(z)(z — 1)_tR§\e,i a7, Vanishes at z = 1, we obtain the desired result. O

From the above proposition, we can show that the new invariants share similar properties
with the one for quiver Hecke algebras studied in [KKKO18, § 3.2]. We will collect such properties.
Since the proofs are similar, we sometimes omit the proofs.

PROPOSITION 4.2. Let L, M and N be simple modules. Then we have
(S, L) <o(M,L)+d(N, L) (4.3)

for any simple subquotient S of M @ N. Moreover, when L is real, the following conditions are
equivalent.

(a) L strongly commutes with M and N.
(b) Any simple subquotient S of M ® N commutes with L and satisfies

A(S,L) = A(M,L)+ A(N, L).
(¢) Any simple subquotient S of M @ N commutes with L and satisfies
A(L,S)=A(L,M)+ A(L,N).
LEMMA 4.3. Let L, M and N be simple modules in ¢y, and assume that L is real.

(i) If L strongly commutes with N, then the diagram

rM®N,L

(M®N)® L L®(M®N)
(MVN)o L2 [ & (MVN)

commutes and

AMV N,L) = A(M,L) + A(N, L).
(ii) If L strongly commutes with M, then the diagram

L MoN

L®(M®N) (M@ N)® L
Le(MVN)—2"Y (MVN)® L

commutes and

AL, MV N) = A(L, M) + A(L,N).
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COROLLARY 4.4. Let L, M N be non-zero modules in 6. Assume that L is real. Then we have
the following.

(i) If L* and M strongly commute, then
AMV N,L) = A(M,L) + A(N, L).
(ii) If L and N* strongly commute, then
AL, MV N) = A(L, M) + A(L, N).
Proof. (i) We have

AMYV N, L) 5 AL* MV N) = AL*, M)+ A(L*,N) = A(M, L) + A(N, L),

(%)
where (x) follows from Proposition 3.18 and (%) from Lemma 4.3. The proof of (ii) is similar.
AL, MV N) =AMV N,*L) = A(M,*L) + A(N,*L) = A(L, M) + A(L, N). O
PROPOSITION 4.5. Let M and N be non-zero modules in ¢ and assume that M is real.
(i) Assume that N has a simple socle, R“Nm]\‘} is rationally renormalizable and the diagram

Tsoc(N),M

soc(N) ® M M ® soc(N)

N®M : M&® N

commutes up to a non-zero constant multiple. Then M Asoc(N) is isomorphic to the socle
of M ® N. In particular, M ® N has a simple socle.

(ii) Assume that N has a simple head, Rﬁifv is rationally renormalizable and the diagram

T'M,N

M &N N®M

M, hd(N)

M ® hd(N) hd(N) @ M

commutes up to a non-zero constant multiple. Then M V hd(N) is equal to the simple head
of M ® N.

Proof. Let S be an arbitrary simple submodule of M ® N. Then we have the following
commutative diagram

F@)GE=D)"RSG ),

S® M, M.® S
Bifon I
M® N ® M, M.®M®N
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for some f(z) € k(z) which is regular and does not vanish at z = 1 and m € Z. By specializing
at z = 1, we have a commutative diagram (up to a constant multiple).

Se M M®S
) I
MoN®M-——2NM _ vre Mo N

Here, we use the fact that ryen v = (rarm @ N)o (M @ry ) and ra s is equal to idygns
up to a non-zero constant multiple, because M is real.

It follows that S ® M C M ® (ry.a) '(S). Hence there exists a submodule K of N such
that S C M ® K and K ® M C (ryn) '(S) by Lemma 2.10. Hence K # 0 and soc(N) C K
by the assumption. Hence ry ps(soc(N) @ M) C rya (K @ M) C S. Since ry pr(soc(N) ® M) is
non-zero by the assumption, we have ry pr(soc(N) ® M) = S. Thus we obtain the desired result
for the first assertion.

The second assertion can be proved similarly. O

PROPOSITION 4.6. Let L, M and N be simple modules. We assume that L is real and one of M
and N is real.

(i) AL, MV N)=A(L,M)+A(L,N), then L& M ® N has a simple head and N @ M & L
has a simple socle.
(ii) FA(MV N,L)=A(M,L)+ A(N,L), then M ® N ® L has a simple head and L ® N @ M
has a simple socle.
(iii) Ifo(L,MV N)=20(L,M)+d(L,N), then L& M ® N and M ® N ® L have simple heads,
and N ® M ® L and L ® N ® M have simple socles.

PROPOSITION 4.7. Let M and N be simple modules. Assume that one of them is real and
(M, N) = 1. Then we have an exact sequence

0= MAN-—->MXN—-> MVN — 0.

In particular, M @ N has length 2.

Proof. By Theorem 2.13, Proposition 3.16 and (2.13), we can apply the same argument in the
proof of [KO19, Lemma 7.3]. O

DEFINITION 4.8. For simple modules M and M’ in 6, we say that they are simply linked if
oM, M) =1.

PROPOSITION 4.9. Let X,Y, M and N be simple modules in €. Assume that there is an exact
sequence
0> X—->M&N-—->Y — 0,

and X ® N and Y ® N are simple.

(i) fX®N #2Y ® N, then N is a real simple module.
(ii) If M is real, then N is a real simple module.

LEMMA 4.10. Let {M;}1<i<n and {N;}1<i<n be a pair of commuting families of real simple
modules in €. We assume that:
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(a) {M;V N;}ici<n Is a commuting family of real simple modules;
(b) M;V N; commutes with N; for any 1 <i,j <n

Then we have

( & Mi> v ( (09 Nj> ~ ) (M; VN).

1<i<n 1<g<n 1<i<n

THEOREM 4.11. Let M and N be simple modules. We assume that M is real. Then we have the
equalities in the Grothendieck group K(%6y):

(i) [M®N]=[MV NJ]+3,[Sk] with simple modules Sy, such that A(M, Si) < A(M,MV N) =

A(M, N);
(ii) [M ® N] = [M AN]+ > ,.[Sk] with simple modules Sy, such that A(Sy, M) < A(M AN,
M) = A(N, M);

(iii) [N ® M] =[NV ,M]+ > ,[Sk| with simple modules Sy, such that A(Sy, M) < A(NV M,
M) = A(N, M);
(iv) [N®M] =[N A M]+3",[Sk] with simple modules Sy, such that A(M, Sy) < A(M,N A M) =
A(M,N).
In particular, MV N as well as M A N appears only once in the Jordan—Hélder series of M @ N
in 6.

Proof. We shall prove only statement (iii). The other statements are proved similarly. First
remark that A(N'V M, M) = A(N,M)+A(M, M) =A(N, M) by Lemma 4.3 and Corollary 3.20.
Let

N®M:K()DK13--'DK£DK“_1:O

be a Jordan-Hoélder series of N ® M. Then we have Ko/K; ~ NV M. Let us consider the
renormalized R-matrix Ri(% /1y, = (RN, ® M)o (N ® ﬁ\ZI,IMz)

N® ren ren

QM
M, M N M &M N,M,

NQM®®M, M,®N® M.

Then Ryg 0y, sends K @ M, to M, ® Ky, for any k. By evaluating the above diagram at
z=1, we obtam the following.

rN,M&

M
NOMOM———MeNM

J ]

Ki@M M ® K;

Since Im(ryp: N ®@ M — M ® N) ~ (N ® M)/K;, we have ry,n(Ki) = 0. Hence,
Nearas, sends Ky @ M, to (M, ® K1) N (z — 1)(M, ® (N ® M)) = (2 — 1)(M, ® K1). Thus
(z = 1) RN% v ar. [ K @, 1 well defined. Hence, we have

A(Ky, M) < A(N® M,M) —1=A(N,M) —

Hence we have A(Ky/Kgi1, M) < A(Kq1, M) < A(N, M) for k > 1 by Proposition 3.9. a
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COROLLARY 4.12. Let M and N be simple modules in 3. We assume that one of them is real
and M ® N is not simple. We write

[M®N]=[MVN]+[MAN]+ > [S]
k

with simple modules Sy, in the Grothendieck ring K(%¢y). Then we have the following.

(i) If M is real, then we have A(M, M AN) < A(M,N), A(MV N,M) < A(N,M) and A(M,
Sk) < A(M,N), A(Sk, M) < A(N,M).

(ii) If N is real, then we have A(N,MV N) < A(N,M), AAM AN,N) < A(M,N) and A(N,
Si) < A(N, M), A(Sk, N) < A(M,N).

The following theorem is a Uy (g)-analogue of [KK19, Theorem 4.1].

THEOREM 4.13. Let X be a simple module and M a real simple module in €. If [X] = [M]¢ for
some ¢ in K(%;), then X ~ M @Y for some simple module Y in €y which strongly commutes
with M.

Proof. We may assume that

o= [Vl-> (2]

i€K JEK'
where Y; and Z; are simple modules in % and there is no pair (¢, j) € K x K’ such that Y; ~ Z;.
It follows that

(X]+ > MeZz]=) [MeY] and [X]+ > [Z@M =) [Yie M|
jEK' ieK jeK! ieK

in K(%,). Take 79 such that A(M,Y;,) = max{A(M,Y;) | i € K}. For any j € K', the head
MV Z; appears as a subquotient of some M ® Y;. Since M'V Z; % M V'Y;, we have

AM,Z;)) =AM, MV Z;) < A(M,MVY;) =AM,Y;) < A(M,Y;).
Since any simple subquotient S of M ® Z; satisfies
AM,S) < AM, Z;) < A(M,Y;,) = A(M,MVY;,),
we conclude that M VY, does not appear in M ® Z; for any j € K'. Hence
X >MVY,.
In particular, we have
AM,Y;) < A(M,Y;,) =AM, MVY;,) =AM, X) foranyicK.

Take 71 such that A(Y;,, M) = max{A(Y;,M) | i€ K}. For any j € K', the head Z; VM
appears as a subquotient of some Y; ® M. Since Z; V.M % Y; V M, we have

ANZj,M)=ANZ;VM,M) <AY;VM,M)=ADMY;) <AY;,M).
Thus, by the same reasoning as above, we have
X~Y, VM ~MAY;.
In particular, we have
AYi,, M) < AY;,, M) =AY, VM,M)=AX,M)=AMVY,;,, M).

Hence, if M and Y;, do not strongly commute, the inequality A(Y;,,M) < A(MVY,,, M)
contradicts Corollary 4.12(i). Thus M and Y;, strongly commute and hence X M ®Y;,. O
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DEFINITION 4.14 (Cf. [KK19, Definition 2.5]). A sequence (Ly,..., L,) of real simple modules
in 6 is called a normal sequence if the composition of the R-matrices

rL17~~~7Lr = H rLiaLk:

1<i<k<r
= (rp,_y,0,)0 0(rryp, 0 0rr, 1) o (rr, L, 0 0L, 1,)
T ® QL — L@ ®L

does not vanish.

The following two lemmas can be proved by the same arguments in [KK19, §2.3] with A.

LEMMA 4.15. If (L1, ..., L,) is a normal sequence of real simple modules in 6y, then the image
of vy, . 1, Is simple and coincides with the head of Ly o --- o L, and also with the socle of
Lyo---olLy,

LEMMA 4.16. Let (L1,...,L,) be a sequence of real simple modules in ¢y. Then the following
three conditions are equivalent:

(a) (L1,...,L,) is a normal sequence;
(b) (Lg,...,L,) is a normal sequence and

ALy, hd(Ly® -+ @ Ly)) = Y ALy, Lj);

(¢) (L1,...,Ly—1) is a normal sequence and

A(hd(Ly ® -+ ® Ly_1), Ly)

I
(]
-
&
IS

LEMMA 4.17. For real simple modules L, M and N in %, (L, M, N) is a normal sequence if
either L and M strongly commute or L and N* strongly commute.

Proof. The first case follows from Lemma 4.3, and the second case from Corollary 4.4. O

COROLLARY 4.18. For real simple modules L, M and N in %y, (L*, M, N) is a normal sequence
if and only if (M, N, L) is a normal sequence.

Proof. Proposition 3.18 implies that
AL, M)+ A(L*,N) = A(L* MV N)=A(M,L)+ A(N,L) — A(MV N.L).

Then our assertion follows from Lemma 4.16 since (M, N) is a normal sequence. O

5. Cluster algebras

In this section, we briefly recall the definition of cluster algebra with little modifications. For
more detail, we refer the reader to [BZ05, FZ02]. Fix a countable index set K = K1 K which
decomposes into subset K of exchangeable indices and a subset K™ of frozen indices.
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Let B = (bij)(i,j)ek x k< be an integer-valued matrix such that the following hold.

(a) For each j € K, there exist finitely many ¢ € K such that b;; # 0.
(b) The principal part B := (bi;); jekxex is skew-symmetric.

We extend the definition of b;; for (i,7) € K x K by
bij=—bj ific K andj€ K and by =0 fori,je K",

so that (bij)ijex is skew-symmetric.
To the matrix B, we associate the quiver Qg such that the set of vertices is K and the
number of arrows from i € K to j € K is max(0,b;;). Then, Qg satisfies the following.

(a) The set of vertices of Q5 are labeled by K.

(b) The quiver Qz does not have any loop, any 2-cycle nor arrow between frozen
vertices. (5.2)

(c) Each exchangeable vertex v of Qg has finite degree; that is, the number of arrows
incident with v is finite.

Conversely, for a given quiver satisfying (5.2), we can associate a matrix B by
bij := (the number of arrows from i to j) — (the number of arrows from j to 7). (5.3)

Then B satisfies (5.1).
Let L = (Nij)ijex be a skew-symmetric integer-valued K x K-matrix. We say that L is

compatible with B with a positive integer d € Z>1, if

Z Aikbrj = 0; jd  for each i € K and j € K.
keK

Let {X;} be the set of mutually commuting indeterminates.

DEFINITION 5.1. For a commutative ring A, we say that a triple S, = ({z; }ick, L, B) is a A-seed
in A if we have the following.

(a) There exists an injective algebra homomorphism Z[X;];cx into A such that X; — z;.
(b) The pair (L,E) is a compatible pair with respect to d € Z=1. In this paper, we always
assume that d = 2.

For a A-seed Sy = ({z;}ick, L, B), we call the set {z;}icx the cluster of Sy and its elements
the cluster variables. An element of the form z?(a € Z;B(If ) is called a cluster monomial, where

c._ Cig — (). OK
x€ = H z, " forc=(¢;)iex € Z7".
keK
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Let Sp = ({zi}iex, L, B) be a A-seed in a field & of characteristic 0. For each k € K, we define:

—Akj + Z max(0, —by)Aj if i =k, j # Fk,
teK

(@) pk(L)ij = —Xig + Y max(0, =by) N\ if i #k,j =k,
teK
Aij otherwise;
b ifi=korj=k 54
b EZ: —0ij I 7 = or ) =~R,
(B) 1ux(B)sg {bij+(—1)5(bik<0) max(b;,by;,0) otherwise;

2 422 ifi=k,
(© o) = {m i

where a’ := (a})icx and a” := (af))icix € Z®K are defined as

L[ =k, o, [-1 if i = k,
© 0 max(0,by) ifi#k, ' | max(0,—by) ifi# k.

Then the triple

1k (SA) = ({un(@)itkerc; pe(L), pr(B))
becomes a new A-seed in & and we call it the mutation of Sx at k.

The cluster algebra </ (Sp) associated to the A-seed Sp is the Z -subalgebra of the field &
generated by all the cluster variables in the A-seeds obtained from Sa by all possible successive
mutations.

A cluster algebra structure associated to a A-seed Sp on a Z-algebra A is a family .# of
A-seeds in A such that we have the following.

(a) For any A-seed Sp in .#, the cluster algebra 27 (Sx) is isomorphic to A.

(b) Any mutation of a A-seed in .% is in .Z.

(c) For any pair Sp, S) of A-seeds in .#, S) can be obtained from Sp by a finite sequence of
mutations.

Note that the definition of cluster algebra associated to a A-seed is designed for the
Grothendieck ring K (%) of ¢ and can be understood as an intermediate one between a cluster
algebra and a quantum cluster algebra. When we ignore L in each A-seed Sp, we recover the
definition of cluster algebra.

6. Monoidal categorification

In this section, we construct a U,(g)-analogue of [KKKO18, §7]. From now on, C is a full
subcategory of 6y stable under taking tensor products, subquotients and extensions. Note that
K(C) has a Z-basis consisting of the isomorphism classes of simple modules.

DEFINITION 6.1. A monoidal seed in C is a pair .¥ = ({M;}icx, B) consisting of a strongly
commuting family {M;}ick of real simple modules in C and an integer-valued K x K®*-matrix

B = (bij) (i,j)e Kk x k< satisfying the conditions in (5.1).
For ¢ € K, we call M; the ith cluster variable module of 7.
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For a monoidal seed . = ({M; }icx, B), let A7 = (Ag)i,jeK be the skew-symmetric matrix
given by A;j” = A(M;, M;).

)

DEFINITION 6.2. For k € K°*, we say that a monoidal seed .7 = ({M;}, B) admits a mutation
in direction k if there exists a simple object M} € C such that we have the following.

(a) There exist exact sequences in C

0 & M — Mo M, - & M o,

b >0 b, <0
—b; )
0— ®Ml®( W o ML & My — ®Ml®b“€—>0.
bir<0 b >0

(b) The pair p(”) == ({M;}izr U {M,;},,uk(é)) is a monoidal seed in C.

Condition (b) is equivalent to saying that M) is real and strongly commuting with M; for
any i € K\ {k}.

DEFINITION 6.3. A monoidal seed .7 = ({M, }ick, E) is called admissible if, for each k € K,
there exists a simple object Mj, of C such that there is an exact sequence in C

0> & M - Mo M, - & M o, (6.1)
bir>0 b <0

and M commutes with M; for any ¢ # k.

Note that M, is uniquely determined by k and .. Indeed, it follows from M}V M| ~

®p,, <0 M7 and [KKKO15a, Corollary 3.7].
It is evident that a monoidal seed which admits a mutation at all £ € K is admissible.
Indeed, the converse is true.

PROPOSITION 6.4. Let .¥ = ({M;}ick, B) be an admissible monoidal seed in C and k € K,
Let M, be as in Definition 6.3. Then we have the following properties.

(i) The monoidal seed . admits a mutation in direction k. In particular, M, is a real simple
object.
(ii) For any j € K, we have (A" B);, = —26;,,0(Mg, M}).
(iii) For any j € K, we have

A(M;, M) = —A(Mj, My) = > A(Mj, My)bi, (6.2)
b¢k<0

A(My, My) = =A(My, M) + > A(M;, M;)bi. (6.3)
bir>0

Proof. (i) The reality of M, follows from the exact sequence (6.1) by applying Proposition 4.9(ii)
to the case

M = My, N:Mllc, X = ® M’L@bik and Y = ® MZ®(7b’ik).

bik >0 bik <0
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Note that N ® M has the same length as the one of M ® NV, that is 2. Since NAM >~ MV N ~Y
and NVM ~ M AN ~ X, we have an exact sequence 0 > Y - N@ M — X — 0.
Property (iii) follows from

A(M;, My) + A(M;, ML) = A(M;, My V M}) = < R M bm)
bir<0

= Z A(Mj, M;)(—bik)

bk <0
and

A(My, M;) + A(M}, M;) = A(MLV My, M;) = A( R Mg@bik,Mj>
bir>0

— Z A(M;, M;)big.
bix>0

Property (ii) follows from property (iii) as follows:

20,0 (M, My) = 20(M;, M) = A(Mj;, M,;) + A(Mj,, M. -)

= —A(Mj, My,) — MMy, M) = > A(M;, Mi)bir + > A(M;, M;)bi,
b <0 b >0
= —20(M;, My,) — ZA ZA
'Lk<0 'Lk>0
= — ZA Mj,MZ‘)bik. O
ieK

DEFINITION 6.5. We say that a monoidal seed .7 = ({M;}icx, B) is A-admissible if . is an
admissible monoidal seed and (—Ay , B) is compatible with 2; i.e.,

(A7 B)j, = =285, for (j, k) € K x K.

Note that the compatibility condition is equivalent to saying that d(Mjy, M}) = 1 for any
ke K.
For a monoidal seed . = ({M;}icx, B) in C, we define the triple [.#]x in K(C) by

(71 = {[Mil}iex, =N, B).

If . is a A-admissible monoidal seed, then [.]A is a A-seed.
The following lemma immediately follows from Proposition 6.4.

LEMMA 6.6. Let .7 = ({M;}icx, B) be a A-admissible monoidal seed, and k € K®. Then we
have

(7 1a) = [ () A
In particular, (—A***) 4. (B)) is compatible with 2.

DEFINITION 6.7. A category C is called a A-monoidal categorification of a cluster algebra A if:

(1) the Grothendieck ring K (C) is isomorphic to A;
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(2) there exists a monoidal seed . = ({ M, }iek, B) in C such that
(71 = ({[Mil}iex, =27, B)
is the initial A-seed of A and .¥ admits successive mutations in all possible directions.

DEFINITION 6.8. A family of real simple modules {M;};cx in C is called a maximal real
commuting family in C if it satisfies both the following.

(a) The modules {M;};cx are mutually strongly commuting.

(b) If a simple module X strongly commutes with all the A, then X is isomorphic to
Qe M®% for some a € ZEF.

The following theorem can be proved similarly to its quiver Hecke algebra version [KK19,
Theorem 2.4].

THEOREM 6.9. If . = ({M;}icx, B) is a monoidal seed of C and induces a A-seed of A, then
{M,;}icKk Is a maximal real commuting family in C.

After the introduction of new invariants for pairs of modules in %j, the following theorem
can be proved similarly to the one in [KKKO18, Theorem 7.1.3] with a small modification. Since
it is one of the principal results of this paper, we repeat its proof.

THEOREM 6.10. Let . = ({M;}ick, B) be a A-admissible monoidal seed in C, and set
(#1a = {[Mil}iex, —A7 B).

We assume that
the algebra K (C) is isomorphic to < ([.|). (6.4)

Then, for each v € K, the monoidal seed ji5(.7) is A-admissible in C.
Proof. Set N; := p,(M); and b;j = ,uz(é)l-j fori € K and j € K, i.e.,

pe(-7) = ({Ni}icre, (b j) ) e xiex)-

By Definition 6.3, it is enough to show that, for any y € K, there exists a simple module
M, € C such that there is a short exact sequence

A —b
0— N2 — =N, ® M) — ) Nf@( w g (6.5)
b}, >0 b}, <0

and
O(N;, M) =0 fori#y.

If z =y, then b;y = —b;, and hence Mé’ = M, satisfies the desired condition.

Assume that  # y and b,y = 0. Then bgy = b;y for any ¢ and IN; = M; for any i # x. Hence
M, = i, (M), satisfies the desired condition.

We will show the assertion in the case b;, > 0. We omit the proof of the case b,, < 0 because
it can be shown in a similar way.

1070

https://doi.org/10.1112/50010437X20007137 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007137

MONOIDAL CATEGORIFICATION AND QUANTUM AFFINE ALGEBRAS

Recall that we have

Yo — biy + b’iajb];y if bz > 0, (6 6)
! biy if i <0 '
for ¢ € K different from x and y.
Set
My = pia(M)e, My = py(M)y,
® M®b217 S = ® M/L@_biz,
b;z>0 bix <0, i#y
. b,
P= & M Q= & M
biy >0,i#x b, <0, iFz
b;ygo biz>0 b;y <0, bw>0 biz>0
~ ® M® min(bizbay,—biy)
~ ; ,
biy<0, biac>0
. %
biy>0: bie>0 bféy>07 biy<0, bie>0
Set
L= (ML)®b=r V= M
and
biy>0 biy<0
Then (6.5) reads as
0—=B®P—=M;®M] —L®Q—=0. (6.7)
Note that we have
0—>C—> My M, > M &5 — 0, (6.8)
0—X—> MM, —-Y —0. (6.9)

Taking the tensor products of L = (M.)®%sv and (6.9), we obtain
0—=L@®X —L®MeM)—LxY —0,
0—=X®L—(MyeoM)®L—>Y ®L—0.

Since L commutes with M,, we have

A(L,Y) = A(L, M, V M)
= A(L, My) + A(L, M}) = A(L, My ® M}).

On the other hand, we have

(M}, X) = A(ML, Y ( R M®b”’> _A<M;, ® M?—bw)

biy>0 by <0
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= D MM, Mibiy — Y AM;, Mi)(~biy)

biy >0 biy <0
= Z A(Mé, z @y - ZA bly + A( m)bxy
€K i#x
= ZA 5(bzz > O)bszxy) + A( x)bxy
i#£T
= Z A(M:;, Z A bsz:cy + A( x)bl‘y
iFT biz>0
(*) b/L'g:>0
- <_A(Mf/v’ ® M=) + A(M;,Mm)) by
biz>0

- (_A(Mg/m M; \% Mx) + A(Mo/ca Mﬂﬂ))bﬂfy
= (=AM, My) — MMy, M) + A(My, My))bsy = 0.

Note that we have used the compatibility of (A(pue(M);, u(M);))i; and p,(B) when we derive
the equality (x).
Since L = (M.)®bv the equality A(M., X) = A(M.,Y) implies
AL, X) = A(L,Y) = AL, My @ M,).

Hence the following diagram is commutative by Proposition 4.1(ii).

0—L®X—LeMeM)—LoY —0

lrL,X \LrL,My@)]V[Z’/ I‘L,le

0—>X®L—>(My®M)®L—>Y&L—>0

Note that since L = (Mg'c)®bxy commutes with ¢ and A, ry y is an isomorphism. Hence we have
Im(rpy) ~LQY.
Therefore we obtain an exact sequence

0 ——Im(rg,x) —Im(rp,myemy) —=LoY —=0. (6.10)

On the other hand, ry, s oar decomposes by Proposition 2.11 as follows.
k] y® y

YL, My@M;,
/ ~ / /
Lo My e M, T,y ®My My @ Lo M, My®rp \py My @ My @ L

Since L = (M},)®»v commutes with M,,, the homomorphisms ry, 57, ® My is an isomorphism and
hence we have

Im(rp, m,eumy) = My @ (L'V My).
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Similarly, r7, x decomposes as follows.

ry x
/’/\
_—
LeVP Y VRLRP Varry VeoPRL

Since L commutes with P, the homomorphism V ® ry, p is an isomorphism and hence we have
Im(rp x) ~ (LVV)® P ~ (M, vV MZ"")  P.
On the other hand, Lemma 4.10 implies that
(M;)@bzy VMg@bxy ~ (M:QVMx)e@bzy ~ %y ~ B ® A,
and hence we obtain
Im(ry x) ~ (B® P)® A.

Thus the exact sequence (6.10) becomes the exact sequence in C:

0—=(B®P)®A—M,®(LVM;) —= (L®Q)® A——=0. (6.11)

Thus we obtain the identity in K(%y):
[My] [LV My = ([B® P]+[L & Q))A].

On the other hand, the hypothesis (6.4) implies that there exists ¢ € K(C) corresponding to
oy btz ([M]) so that it satisfies

[M,)¢ = [B® P] +[L® Q). (6.12)
Hence, in K(C), we have
[My)¢[A] = ([B @ P]+ [L ® Q])[A] = [M,][L ® M,].
Since K (C) is an integral domain, we conclude that
¢[A] = [LV M.

By Theorem 4.13, there exists a simple module M, such that ¢ = [M,]], since A is real
simple.
Now (6.12) implies
(M, ® M/] = [B® P]+[L® Q).

Hence there exists an exact sequence

0— W — M,® M, — Z —0,

where W =B®@Pand Z=LRQorW=L®Q and Z=B® P.
Since A(My, L ® Q) — A(My,B® P) = —Zb;y A(My, M;)b;, = 20(My, M) > 0, we have

0—B®P— M,®M, — L®Q — 0,

by Corollary 4.12.
Now it remains to prove that:
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(a) M, strongly commutes with M; (i # x,y) and My;
(b) M, is real simple.

Take M as one of M; (i # z,y) and M. Then M;/® M is of length less than or equal to 2, since
My ® M,/ @ M is of length 2:

0—HOM — My@M,)@M — G M — 0,

I
where H:=B®Q~®, oM, ™ and G :=L® Q.
iy

Assume that M,/ ® M is of length 2:
0—U— M/®&M —V —0. (6.13)

By taking tensor M,;® to (6.13), we have

b
Note that [H @ M| = [@Qy oM Z.® Y][M]. Since K(C) has a cluster algebra structure, the cluster
iy

variables [M,] and [M] are prime [GLS13b]. However, [M,] does not divide either [H] nor [M]
which contradicts [M,|[U] = [H]|[M]. Thus we obtain (a).

By (a), M,/ strongly commute with L ® @ and B ® P, and hence M,/ is real simple by
Proposition 4.9. It completes the proof of Theorem 6.9. a

COROLLARY 6.11. Let . = ({M;},ck» B) be a A-admissible monoidal seed in C. Under
the assumption (6.4), C is a A-monoidal categorification of the cluster algebra 7 ([.%]A).
Furthermore, the following statements hold.

(i) The monoidal seed .7 = ({M;}icx, B) admits successive mutations in all directions.

(ii) Any cluster monomial in K (C) is the isomorphism class of a real simple object in C.

(iii) Any cluster monomial in K (C) is a Laurent polynomial of the initial cluster variables with
coefficient in Zxg.

(iv) For k € K and the kth cluster variable module M, of a monoidal seed . obtained by
successive mutations from the initial monoidal seed ., we have

Here M,’C is the kth cluster variable module of uk(ﬁ/)
(v) Any monoidal cluster {M; };cx is a maximal real commuting family.
Remark 6.12. In [KKO19, KKOP19b], we constructed several examples of monoidal subcategories
C of €, such that C is a A-monoidal categorification of K (C). In those papers, we employed the

method of generalized Schur—Weyl duality functors. Namely, we constructed a monoidal functor
F: Cqua — C such that:

(a) Cqua is a certain monoidal category related with a quiver Hecke algebra;
(b) Cqmua is a monoidal categorification of the cluster algebra K(Cqma);
(c) F induces an isomorphism K (Cqua) — K(C).

Further examples of monoidal categorifications obtained from Theorem 6.10 will be given in
a forthcoming paper.
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