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ON EQUIVALENCE RELATIONS INDUCED BY POLISH GROUPS

LONGYUN DING*“* AND YANG ZHENG

Abstract. The motivation of this article is to introduce a kind of orbit equivalence relations which
can well describe structures and properties of Polish groups from the perspective of Borel reducibility.
Given a Polish group G, let E£(G) be the right coset equivalence relation G* /c(G), where ¢(G) is the
group of all convergent sequences in G. Let G be a Polish group. (1) G is a discrete countable group
containing at least two elements iff E(G) ~p Ep: (2) if G is TSI uncountable non-Archimedean, then
E(G) ~p E{: (3) G is non-Archimedean iff £(G) <p=": (4) if H is a CLI Polish group but G is not.
then E(G) £ E(H):and (5) if H is a non-Archimedean Polish group but G is not, then E(G) £ E(H).
The notion of a-l.m.-unbalanced Polish group for oo < w is introduced. Let G and H be Polish groups,
0 < a < w;. If G is a-l.m.-unbalanced but H is not, then E(G) £p E(H). For TSI Polish groups, the
existence of Borel reduction is transformed into the existence of a well-behaved continuous mapping
between topological groups. As its applications, for any Polish group G, let Gy be the connected component
of the identity element 1. Let G and H be two separable TSI Lie groups. If E(G) <p E(H). then
there exists a continuous locally injective map S : Gy — Hy. Moreover, if Gy and H, are abelian, S is a
group homomorphism. In particular, for cg. ey. c1.e; € N, E(R® x T%) <p E(R x T°) iff ¢y < e;
and cp +ep < ¢] +eg.

§1. Introduction. In recent years, a theory has been developed abundantly in
descriptive set theory: using Borel reducibility to investigate the complexity of
equivalence relations. Equivalence relations from different branches of mathematics
have been systematically studied, and a large number of results on Borel reducibility
or non-reducibility have been found. Polish groups are important tools in the study
of equivalence relations. The orbit equivalence relations generated by the continuous
(or Borel) group actions of Polish groups G on Polish spaces X (denoted by E{)
account for most of the various equivalence relations concerned by various branches
of classical mathematics.

We let E be a Borel equivalence relation on a Polish space X. We say that E is
smooth if E is Borel reducible to the equality relation of some Polish space; and
say that E is countable if every E-class is countable. We call E essentially countable
if there is a countable Borel equivalence relation F such that E is Borel reducible
to F. Feldman—Moore Theorem [14, Theorem 7.1.4] asserts that, for every countable
Borel equivalence relation E on a Polish space X, there is a countable group I" and
a Borel action of I' on X such that £ = E.

A very prevalent phenomenon is that the structural properties of a Polish group G
can affect the Borel complexity of the orbit equivalence relations EJ . For instances,
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Solecki [28] proved that a Polish group G is compact if and only if E£{ is smooth
for any Polish G-space X; Kechris [22] proved that if G is a locally compact Polish
group, then E} is essentially countable for any Polish G-space X: Gao and Jackson
[15] proved that if G is a countable discrete abelian group, then EJ is Borel reducible
to Ey for any Polish G-space X; Hjorth’s turbulence theory [17] asserts that orbit
equivalence relations induced by turbulent actions are not Borel reducible to £ é‘oo
for any Polish S..-space X; the orbit equivalence relation generated by a continuous
action of a CLI Polish group on a Polish space X is pinned, which implies that any
non-pinned Borel equivalence relation is not Borel reducible to EX (see [21, Section
17]). Naturally, we ask the following problem.

PrOBLEM 1. Can we characterize structures and properties of Polish groups through
the study of equivalence relations?

Theoretically, this should be possible: for each kind of Polish groups, studying the
properties of all/part of their orbit equivalence relations will inevitably reflect the
properties of this kind of Polish groups. However, systematic research needs to find
a specific orbit equivalence relation that can well reflect the properties of a given
Polish group.

Given a countable discrete group I'. There is a canonical continuous shift action
of T on {0, 1} given by (gp)(h) = p(g~'h) for p € {0.1}' and g.h € . The fiee
part of the action is the set

Q) ={pe{0.1}V :gp#pforalllr #g € T}.

We let Et be the corresponding orbit equivalence relation on (2)'. Indeed. the Borel
complexity of the relation Er can reflect the properties of the group I'. For instance,
if Er is Borel reducible to Ey, then I' is amenable, i.e., there is a left-invariant finitely
additive probability measure u on I" (cf. [14, Section 7.4]). For a special case of T,
Thomas proved that Er is Borel reducible to E, if and only if I' embeds into A
(cf. [29, Corollary 3.8]). So in this special case, we can think that the equivalence
relation ET captures the algebraic structure of " very well.

The main purpose of this article is to attempt to provide a possible answer to
Problem 1 for general Polish groups.

Given a Polish group G, we define an equivalence relation E(G) on G as: for
x.y € G?,

xE(G)y <= limx(n)y(n)"! convergesin G.

We say that E(G) is the equivalence relation induced by G. Indeed. E(G) is the orbit
equivalence relation induced by the action of left multiplication of ¢(G) on G,
where ¢(G) is the Polish group consisting of all convergent sequences in G.

For all Polish groups G, equivalence relations E (G) are l'[g.

The study of equivalence relations induced by Polish groups can distinguish Polish
groups very well. For instance, we can compare them with some benchmark equiv-
alence relations: Ey, E{ and =" (the definitions of these benchmark equivalence
relations are left for the next section).
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THEOREM 1.1. Let G be a Polish group, then we have:

(1) Gisadiscrete countable group containing at least two elements iff E(G) ~p Ey:
(2) if G is TSI uncountable non-Archimedean, then E(G) ~p E{:

(3) G is non-Archimedean iff E(G) <p="*.

Recently, the authors [10] use the Borel complexity of E(G) to characterize TSI
non-Archimedean Polish groups.

THEOREM [10, Theorem 1.3]. Let G be a Polish group. Then the following are
equivalent:

(1) Gis TSI non-Archimedean;

(2) E(G) <p Ef:

(3) E(G) <p R?/cy.
In particular, E(G) ~g EQ iff G is TSI uncountable non-Archimedean.

Many notions about Borel reductions can be applied in the research on
equivalence relations induced by Polish groups. For instance, using the notion
of right embedability introduced by Lupini and Panagiotopoulos [25], we get the
following.

THEOREM 1.2. Let G be a non-CLI Polish group and H a CLI Polish group. Then
E(G) %p E}; for any Polish H-space Y.
In particular, since ¢c(H) is also CLI, we have E(G) %p E(H ).

Similarly, using the notion of turbulence introduced by Hjorth [17] and ¢p-equality
introduced by Farah [13], we get the following.

THEOREM 1.3. Let G and H be two Polish groups. If H is non-Archimedean but G
is not, then E(G) £p E}; for any Polish H-space Y.
In particular, since c(H) is also non-Archimedean, we have E(G) £p E(H).

Recently, similar result concerning TSI Polish groups is obtained by the authors
[10].

THEOREM [10, Theorem 1.2]. Let G, H be two Polish groups. If H is TSI but G is
not, then E(G) <5 E(H).

More attractive results appear in the study of CLI Polish groups. Using the
notion of a-unbalanced relations introduced by Allison and Panagiotopoulos [1],
we define the notion of a-l.m.-unbalanced Polish groups for o < w; in Section 5.1
(“L.m.” stands for left multiplication.) and obtain the following.

THEOREM 1.4. Let G, H be Polish groups, 0 < o < wy. If G is a-l.m.-unbalanced
but H is not, then E(G) £p E(H).

We will also present examples of «-l.m.-unbalanced groups. Recall that a
topological group G is said to be distal if 15 ¢ {ghg! : g € G} forallh # 15 € G.
It is known that all TSI Polish groups and all nilpotent Polish groups are distal (c.f.
[271).

THEOREM 1.5. Let G be a Polish group.

(1) If G is not distal, then G is 1-lL.m.-unbalanced. In particular, if G is locally
compact, then G is not distal iff it is 1-l.m.-unbalanced.
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(2) If Gis locally compact, then G is not 2-l.m.-unbalanced.
(3) Let A be an infinite countable discrete group, and o < wy. Then G is a-1.m.-
unbalanced iff the wreath product A G is (o + 1)-I.m.-unbalanced.

Therefore, we can find a sequence (G,,) of CLI Polish groups such that
E(Gy) <p - <p E(G,) <p E(Gp11) <p ....

Unfortunately, we have not found any w-l.m.-unbalanced CLI Polish group so far,
though we know that S is a-l.m.-unbalanced for any ordinal «.

The most refined result appears in the study of TSI Polish groups. Applying
the tool of additive reduction and ultrafilter limit, the existence of Borel reduction
is transformed into the existence of a well-behaved continuous mapping between
Polish groups.

Let G be a Polish group. We define equivalence relation E,(G) on G® as:

xE.(G)y +<— liznx(O)x(l) Lx(m)y(n) . y(1) 7 y(0)! converges

for x,y € G®. Itisclear that E(G) ~3 E.(G) (cf. [9, Proposition 2.2]). It turns out
that, for TSI Polish groups, E. (G ) is a more convenient research object than E(G).

THEOREM 1.6 (Pre-rigid Theorem). Let G, H be two TSI Polish groups. Suppose G
is connected, H is locally compact and the interval [0, 1] embeds in H. Then E(G) <p
E(H) iff there exists a continuous map S : G — H with S(1g) = 1y such that, for
x.y € G, iflim, dg(x(n). y(n)) = 0, then

xE(G)y <= S”(x)E.(H)S”(y).
where the map S : X® — Y is defined as: for x € X® and n € w,
8(x)(n) = S(x(n)).

To illustrate the strength of this theorem, we recall some notions. For any Polish
group G, let Gy be the connected component of the identity element 15, which is a
closed normal subgroup of G. It is known that, if G is locally compact TSI, then Gy
is the product of a compact connected Polish group and a group R”. Now we apply
Pre-rigid Theorem on Lie groups as follows.

THEOREM 1.7. Let G and H be two separable TSI Lie groups. If E(G) <p E(H).
then there exists a continuous locally injective map S : Gy — Hy.
In particular, if Go. Hy are abelian, then S is a group homomorphism.

As a corollary, we have dim(G) < dim(H ). Furthermore, if dim(G) = dim(H)
and Gy is compact, then H, is also compact and G is a covering space of Hy, and
hence the corresponding Lie algebras of Gy and H, are isomorphic. In particular,
we obtain a complete answer for abelian connected Lie groups. Recall that T is the
multiplicative group of all complex numbers with modulus 1.

THEOREM 1.8. Let cy.ep.c1.e1 €N, then E(R x T%) <p E(Rl x T) iff eg <
erandcy+ ey < ¢y +ey.

Recently, the aforementioned results have been vigorously generalized by the
authors [10]. A completely metrizable topological group G is called a pro-Lie group
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if every open neighborhood of 14 contains a normal subgroup N such that G/N
is a Lie group (cf. [18, Definition 1]). By [20, Theorem 3.6], every locally compact
TSI Polish group is a pro-Lie group. The following is a Rigid Theorem concerning
locally compact connected TSI Polish groups and TSI pro-Lie groups.

THEOREM [10, Theorem 6.9]. Let G be a locally compact connected TSI Polish
group, H a TSI pro-Lie Polish group. Then E(G) <p E(H ) iff there exists a continuous
homomorphism S : G — H such that ker(S) is non-Archimedean.

We also get a few results for disconnected Lie groups. Let Inng (Gy) be the group
ofall 1, : Gy — Go with 1,(g) = ugu ' foru € G.

THEOREM 1.9. Let G be a separable TSI Lie group with Gy = R. Defineig : R — R
as (1) =— t. Then we have:

(1) E(G) ~p E(R) <= Inng(Go) = {idr}:

(2) E(G) ~B E(Zz X R) <~ Inng(Go) = {idR, lR}.

Similar results of Gy = T in place of R are also valid.
In the end, the groups T, of p-adic solenoids for all p > 2 are considered. Let
N (p) be the set of all prime divisors of p.

THEOREM 1.10. Let p,q > 2 be natural numbers, then we have:

(1) E(T,) <p E(T,) <= N(p) 2 N(q):
(2) E(R) <B E(Tp) <B E(T)

The authors also generalized the above theorem to P-adic solenoids, where P
is a sequence of natural numbers > 2 (see [9, Theorem 3.2]). Moreover, the Borel
reducibility among E(G)’s between E (R) and E (T) are extremely complicated that
the partial ordered set P(w)/Fin embeds into them (see [9, Theorem 3.6]).

This article is organized as follows. In Section 2, we recall some notions in
descriptive set theory and Polish groups. In Section 3, we define the equivalence
relations induced by Polish groups, and prove Theorem 1.1 and some basic facts.
In Section 4, we prove Theorems 1.2 and 1.3. In Section 5, we define the notion
of a-l.m.-unbalanced groups and prove Theorems 1.4 and 1.5. In Section 6, we
present many results on TSI Polish groups and prove Theorems 1.6-1.10. Finally,
in Section 7, we give some further open questions and additional remarks.

§2. Preliminaries. We say that a topological space is Polish if it is separable and
admits a compatible complete metric. Let X, Y be two Polish spaces, E and F
equivalence relations on X and Y, respectively. We say thatamap 6 : X — Y isa
Borel reduction of E to F if 6 is Borel and for x,y € X,

xEy <= 0(x)F0(y).

If such a Borel reduction exists, we say that E is Borel reducible to F, denoted
by E < F. We also denote by E ~3 F for E <p F and F <p E: and denote
by E <p F for E < F but F £ E. For more details on Borel reducibility and
descriptive set theory, we refer to [14, 21, 23].

The identity element of a group G is denoted by 1. We say that a topological group
is a Polish group if its underlying topology is Polish. Given a Polish group G and a
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Polish space X, an action of G on X, denoted by G ~ X.,isamapa:G x X — X
satisfying that a(lg.x) = x and a(gh. x) = a(g,a(h, x)) for g.h € G and x € X.
The pair (X, a) is called a Polish (Borel) G-space if a is a continuous (Borel) map.
Throughout this article, we write gx in place of a(g, x) for the sake of brevity.
For each x € X, the G-orbit of x, denoted by [x] or Gx, is the set {gx : g € G}.
A subset 4 of X is G-invariant if Gx C A for each x € A. The orbit equivalence
relation, denoted by EX | is defined as

XE}y <= [x]=[y] <= Jg € G(gx=y).

Becker and Kechris proved that, for any Borel G-space (X, a), there is a Polish
topology 7 on X such that T generates the Borel structure of X and (X, a) is a Polish
G-space (cf. [14, Theorem 4.4.6]). This implies that E} = E<GX"). Therefore, the
concepts of Borel G-space and Polish G-space are equivalent under the perspective
of Borel reducibility.

Note that any discrete countable group is Polish. The infinite permutation group
S 18 the group of all permutations of @ equipped with the pointwise convergence
topology. A Polish group G is non-Archimedean if it has a neighborhood base of
1 consisting of open subgroups. Becker and Kechris proved that a Polish group is
non-Archimedean iff it is topologically isomorphic to a closed subgroup of S, (cf.
[4. Theorem 1.5.1] or [14, Theorem 2.4.1]). A metric d on a group G is left-invariant
if d(gh.gk)=d(h.k) for all g.h.k € G. Similarly, we can define right-invariant
metric. We say that d is two-sided invariant if it is both left and right-invariant.
A compatible two-sided invariant metric on a Polish group is necessarily complete
(cf. [4, Corollary 1.2.2]). We say that a Polish group G is CLI if it admits a left-
invariant compatible complete metric, and that G is TSI if it admits a two-sided
invariant compatible metric.

Now we recall some benchmark equivalence relations in the research of Borel
reducibility. The equivalence relation £y on 2% is defined as

xEyy < ImVn>m(x(n) = y(n)).

If E is an equivalence relation on a Polish space X, then we define equivalence
relations £ and E* on X as

XE®y <= Vn(x(n)Ey(n)).
XETy <= Vndm (x(m)Ey(m)) AVm3n (x(n)Ey(m)).

We pay special attention to E; and id(w®)" (denoted by =" for brevity).

Let G and A be two groups, and ¢ a homomorphism from A to Aut(G), the
group of automorphisms on G. Recall that the semi product A x4 G istheset A x G
equipped with group operation as: for (11, 1), (12.22) €A X G,

(41.81)(42.22) = (h1d2. §19(A1)(g2)).

Note that, if G is a Polish group, A is a countable discrete group, and ¢(4) is a
continuous automorphism on G for each 4, then A x4 G equipped with the product
topology on A x G is also a Polish group and G is topologically isomorphic to the
open normal subgroup {15} x G. We also recall that the wreath product A G is the
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set A x G equipped with group operation as: for (41, y1). (2. x2) € A x G»,
(A1, 1) (A2, x2) = (A122. 1)

with x(4) = y1(2)x2(4;'2) for 2 € A. If A is countable and G is Polish, A1 G
equipped the product topology of A x G is also a Polish group.

Giventwosets X, Y andamap f : X — Y, wedefineamap f*: X® — Y as:
forx € X¥ and n € w,

§3. Equivalence relations induced by Polish groups.

DEFINITION 3.1.  Let G be a Polish group. We define an equivalence relation E (G)
on G“ as

! converges in G

xE(G)y <= limx(n)y(n)
n
for x, y € G®. We say that E(G) is the equivalence relation induced by G. Moreover,
we define a subgroup of G as

¢(G) = {x € G* : lim x(n) converges in G }.
n

Then we have
XE(G)y <= xy'lec(G) = c(G)x =c(G)y.

It is easy to see that E(G) is a Hg equivalence relation on G*.

Let d be a compatible metric on G. We define the supremum metric as d,,(x, y) =
sup{d(x(n),y(n)) : n € w} for x,y € G®. For any sequence (x;) in G® and any
x € G?, weuse x; = x to denote d, (x;, x) — 0, i.e., (x;) converges to x uniformly
(respect to d,).

THEOREM 3.2. Let G be a Polish group, d a complete compatible metric on G, and
let d,, be the supremum metric on ¢(G). Then (c¢(G). d,) is also a Polish group.

Furthermore, let d' be any compatible metric on G and d|, the supremum metric of
d’, then (¢(G).d,) and (¢(G), d)) have the same topology.

Proor. (1) First, we prove that d,, is a Polish metric on ¢(G). Let (y,,) be a d,-
Cauchy sequence in ¢(G), and let g,, = lim, y,,(n). Then for each n € w, (y,,(n))
is a d-Cauchy sequence. So there exists an x € G such that lim,, y,,(n) = x(n) for
each n € w. It is clear that (g,,) is also a d-Cauchy sequence, so g,, — g for some
g € G. From the property of uniform convergence, we have

lim x(n) = limlim y,,,(n) = limlim y,,(n) = limg,, = g.

So x € ¢(G). and hence d,, is complete.

(2) Secondly, we prove that (¢(G).d,) is a topological group. Let 7.5 € ¢(G)
and let (y,,). (n,,) be two sequencesin ¢(G). Put g = lim, y(n). & = lim, n(n), g, =
lim,, y,,(n), and h,, = lim,, ,,(n) for each m € w. Now suppose d,(y,,.y) — 0 and
d, (7. 1) — 0. We only need to show that d,, (y,.77,}. y77') — 0.
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For any € > 0, there exists a d; > 0 such that, for any g’.h’ € G.if d(g’.g) < 1
and d (h'.h) < 6,. then we have d (g’ (h’)',gh™') < /2. For this §; > 0, there exists
an N € o such that, forn > Ny, we have d(y(n).g) < 61/2and d(n(n). h) < 6,/2.
It follows that d(y(n)n(n)'. gh™') < €/2. There also exists an M; € w such that,
for m > M;, we have d,,(y,,.y) < 01/2 and d,, (11, 17) < 61/2. So

d(ym(n).g) < d(ym(n).y(n)) +d(y(n).g) < du(ym.7) +d(y(n).g) <or.

and also d(y,,(n), h) < J;. It follows that d(y,,(n)n,(n)™", gh™') < /2. Then we
have

d () (n) "y (mn(n)™") <e (Vm > M. ¥n > Ny).

For this € > 0, there exists a d, > 0 such that, for any g/, 4’ € G and any n < Ny, if
d(g'.y(n)) <y and d(h’.n(n)) < d,. thend(g’(h')'.y(n)y(n)"') < €. Then there
exists an M, € w such that d,(y,,.7) < > and d,,(#,,.%) < &> for m > M,. Thus we
have

d (g () () 1y () (n) ™) <& (Vm > Mz, ¥n < Ny).

Therefore, d,(yun,l.yn7") <e for all m>max{M,.M,}. It follows that
Ayt s y") = 0.

It is trivial that (¢(G). d,,) is separable, so it is a Polish group.

(3) Let d’ be a compatible metric on G and d, the supremum metric (respect
tod’) on c(G). Let y € ¢(G) and let (y,,) be a sequence in ¢(G). we only need to
show that: d, (y,.y) — 0iff d)(ym.7) — 0. Let lim, y(n) = g and lim,, y,,(n) = g,
for each m € w. Suppose d, (., 7) — 0. Following similar arguments in the proof
of d,(ymm,l. yn") — 0in (2), we can prove that d/(y,,.7) — 0. And vice versa.

Therefore, E(G) is the orbit equivalence relation induced by ¢(G) ~ G®, the
action of left multiplication of ¢(G) on G®.

PROPOSITION 3.3.  Let G be a Polish group. If G is CLI (TSI, or non-Archimedean).
soisc(G).

Proor. If G is CLI, let d be a left-invariant compatible complete metric on G.
Then it is trivial to check that the supremum metric d, is also a left-invariant
compatible complete metric on ¢(G), so ¢(G) is CLI too.

If G is TSI, the same arguments show that ¢(G) is TSI.

If G is non-Archimedean, let (G,) be a sequence of open subgroups of G which
forms a neighborhood base of 14, and let d be a compatible metric on G and d,, the
supremum metric on ¢(G). Find an &, > 0 such that

{g€G:d(g.1g) <e,} C G,.
Let V, = {y € ¢(G) : dy(y.1.(6)) < €n}. Then forany n € Gy N¢c(G). we have
nenV, CGYNc(G).

So G¢Nc(G) is an open subgroup of ¢(G). It is clear that (G Nc(G)) is a
neighborhood base of 1.(g). so ¢(G) is non-Archimedean. —

ProposITION 3.4. Let G, H be two Polish groups. If G is topologically isomorphic
to a closed subgroup of H, then E(G) <p E(H).
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Proor. It follows from the definitions of E(G) and E(H ). -

THEOREM 3.5.

(1) Let G be a discrete countable group containing at least two elements. then
E(G) ~p Ej.

(2) Let G be an uncountable Polish group. then E{’ <g E(G).

(3) Let G be a TSI non-Archimedean uncountable Polzsh group, then E(G) ~p E§.

(4) Let Gbea non -Archimedean Polish group, then E(G) <g=".

(5) E(Seo) ~p=".

ProoF. (1) Let G be a discrete countable group containing at least two elements.
For x,y € G“, we have

XE(G)y < xy'ec(G) < ImIge GV¥n>m(x(n)yn)"' =g).
For all m € w, we define

XF,y <= 3geGVn>m(xn)yn)'=g)
— Vn>mx(n)yn)'=x(mn+1)yn+1)").

Thus each F,, is a closed equivalence relation on G, and hence is smooth (cf. [14,
Proposition 5.4.7]). Note that E(G) = {J,, F;» and F,, C F,,; for each m € w. So
E(G) is hypersmooth (cf. [14, Definition 8.1.1]). It is clear that each orbit of E(G)
is countable. By Dougherty—Jackson—Kechris’ theorem (cf. [14, Theorem 8.1.5]), we
have E(G) <3 Ej.

Fix a gy € G with gy # 1. For a € 2%, we define 6(a) € G® as

_ | &. n=2kalk)=1
0(a)(n) _{ lg. otherwise.

Then 6 witnesses that Ey <z E(G). Therefore, we have E(G) ~p Ej.
(2) Let G be uncountable, then we can find a sequence (g;) in G such that
lim; g; = lg with all g; # 1¢ for i € w. Fix a bijection (-, -) from w x w to w. For
€ (22)®, we define ¥(a) € G? as

s = £ e

Then ¢ witnesses that Ef < E(G).

(3) Let G be TSI non-Archimedean uncountable. By (2), we only need to show
E(G) <p E{. From [16, Theorem 1.1], G is isomorphic to a closed subgroup of a
product [ [, T'x, where each Iy is a discrete countable group. So, by Proposition 3.4,
it suffices to prove E ([, T'x) <z E§. For x,y € ([], T'x)”. we have

E([L,Tw)y < xy'ecdl,Tw)
= Yk (x(:)(k)y()(k)" € c(T))
> Vk (x(-)(k)E(Ty)y()(k)).

Then E([], T'x) < E{ follows from (1).
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(4) From [14, Theorem 2.4.1]1 and Proposition 3.4, it suffices to prove
E(S.) <p=".Forx.y € (S4)®. we have

XE(Sw)y = xy ' €c(Sx)
< g € S VkImVn > m ((x(n)y(n) ") (k) = g(k))
= 3g € S VkImVn > m(x(n) ' (gk)) = y(n)(k)).

We define 0’ (x) € (w0®)” as 0'(x)(k)(n) = x(n) (k) for n.k € . Then
XE(Sw)y <= 3g € Soo Vk (0'(x)(g(k))Eo0' (y)(k)).

(
By [14. Exercise 8.3.4], this implies that E(S.) <z E; . It is well known that
E; <p=" (cf. [14, Theorem 7.4.10 and Exercise 8.3.3]). so we have E(S,) <p=".
(5) By [14, Lemma 10.3.4] and (4), we only need to show that =*| ¥ <p E(S..).
where Y = {a € (22)? : Vn.m (n # m = a(n) # a(m))}. Let (p;) be the strictly

increasing enumeration of all prime numbers. Define a map ¢ : ¥ — (w®)® with
n a(n)(k
o)) { PO pe) s,

0, otherwise,

fora € Y and n. k € w. It is clear that
pla)(n)Eyp(p)(m) <= aln) = p(m).
Define a map p : (w®)? — (w®)® by induction on 7 as

p(x) () (n) = { x(m) (k). x(m)(k) & {p(x)(k)(0) =i < n}

minw \ {p(x)(k)(i) :i < n}, otherwise,

for x € (w®)” and n.k € w. Note that ¢(a)(n)(k) =0 for all n>k, so
plo(a))(k) € So for all a €Y and k € w. Furthermore, for any » € w.
a(0),...,a(n) are pairwise distinct elements in 2¢, so for large enough k, we
have that o(a)(0)(k).....p(a)(n)(k) are pairwise distinct natural numbers. It
follows that

VnV>k (p(p(a))(k)(n) = () (n)(k)).
)

Now we defineamap ¥ : ¥ — (Soo

¥ () (k) = p(p(@) (k)" € Se
for x € Y and k € w. Then for any o, f € Y, we have

() E(Soo)¥' ()
<= g € S VnV2%k ( )
= g € Soc VnV?k (p(p(a))
= Jg € S VnV¥k (p (
< g € S Vn (p(a)
= g € S, Vn (alg(n
= a="4.

<
—
S
Q
—
=
|
)
AS)
—~
=
N—
N—

Thus =] Y <p E(Sx). S0 E(Sw) ~p=". N
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Furthermore, the authors [10] get the following stronger result.
THEOREM 3.6 [10, Theorem 1.3]. Let G be a Polish group. Then the following are

equivalent:

(1) Gis TSI non-Archimedean;
(2) E(G) <p Ep:
(3) E(G) <p R?/cy.
In particular, E(G) ~g EQ iff G is TSI uncountable non-Archimedean.

COROLLARY 3.7. Let A be a discrete countable group, G a Polish group containing
an element hy with 16 ¢ {ghog™' : g € G}. Then E(G x A) ~p E(G).

ProoF. Proposition 3.4 gives E(G) < E(G x A).Itistrivialthat E(G x A) ~p
E(G) x E(A). By Theorem 3.5(1), E(A) <p Ej. so we only need to show that
E(G) x Ey <p E(G).For x € G” and a € 2%, define 0(x.a) € G? as

| x(k)hy, n=2k.a(k)=1,
0(x.a)n) = { x(k). n=2kalk)=0o0rn=2k+1.

It is trivial to check that 0 is a Borel reduction of E(G) x Ej to E(G). 4

§4. Non-CLI Polish groups and non non-Archimedean Polish groups.

4.1. Non-CLI Polish groups. Lupini and Panagiotopoulos introduced a notion
of right embedability for proving that an orbit equivalence relation is not Borel
reducible to any E}. where H is a CLI Polish group.

DErFINITION 4.1 (Becker [3]., Lupini-Panagiotopoulos [25]). Let G be a Polish
group, (g,) a sequence in G. We say that (g, ) is left Cauchy if lim,, , g,' g, = 1, and
say that (g,) is right Cauchy if lim,, , g,.g,' = lg.

Let X be a Polish G-space and x, y € X. We say that x is left embeddable into

y, denoted by x N y. if there exists a left Cauchy sequence (g,) in G such that

gnXx — v, and say that x is right embeddable into y, denoted by x — y, if there exists
a right Cauchy sequence (4,) in G such that /1,y — x.

Clearly, (g,) is right Cauchy iff (g,') is left Cauchy. Let d be a left-invariant
compatible metric on G, (g,) a sequence in G. It is worth noting that (g,) is
left Cauchy iff it is d-Cauchy. It was proved by Becker that the relation of left
embeddability is a preorder, and is invariant (cf. [3]). Similar arguments show that
the relation of right embeddability is a preorder, and is invariant too. So we can

write [x] KN [¥] and [x] = [y] in place of x LN y and x = y, respectively.
THEOREM4.2. Let X be a Polish G-spaceand x,y € X. Then x N y implies x = y.

PrOOF. Suppose x AN y. Then there exists a left Cauchy sequence (g,) in G such
that g,x — y. Let d be a compatible metric on G and p a compatible metric on X.
By the continuity of the action of G on X, for any k € w, there exists a d > 0
such that, for any g € G. if d(g.1¢) <. then p(gx.x) <2 **V_ Since (g,) is
left Cauchy, for this 6 > 0, there exists an my € w such that, for any n > my, we
have d(g,, g..1¢) <. and hence p(g,, g.x. x) < 2+ By g,x — y. we have
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Sy X = &, V- There exists an n > my such that p(g,, g.x.g,, ¥) < 2-k+D) S0
we have p(g;nﬁc y.x) < 27%. Without loss of generality, we can assume that (n;) is

strictly increasing. Let &, = g,;}k for each k. Then () witnesses that x — . .

Suppose that X is a Polish G-space, and x, y € X. Lupini and Panagiotopoulos
defined a Becker-embedding game Emb(x,y) (see [25, Definition 2.2]). We say
that x is Becker embeddable into y and write x <p y if Player II has a winning
strategy for the game Emb(x, y). They showed the notion of Becker-embeddability
is actually equivalent to the notion of right embedability, i.e., x <z y iff x = y [25.
Lemma 2.4].

THEOREM 4.3. Let G be a non-CLI Polish group and H a CLI Polish group. Then
for any Polish H-space Y. we have E(G) €5 E}.

ProoF. Let d be a left-invariant compatible metric on G, and let d, be the
supremum metric on ¢(G). Since G isnot CLI, d is not complete. So there exists a d-
Cauchy sequence (g,) in G such that (g,) diverges. For m € w, we define y,, € ¢(G)
as

| g, n<m,
y'”(n)_{ gm. n>m.

For m < k. we have d,, (7, 7. 1.(6)) = max{d(gm.gx) : m < n < k}.So (yy) is left
Cauchy, and hence (y,) is right Cauchy.

We define z € G® as z(n) = g, for each n € w. Then z ¢ ¢(G). We claim that
for any ¢(G)-invariant dense G; subset C of G there exist x, y € C with different
orbits such that x < y. Then by [25, Theorem 2.9] we have E(G) £5 E},.

Fix a ¢(G)-invariant dense G5 subset C of G®. Since z'C is also dense Gj.
CNnz!C#0. Let x € CNz'C and y = zx, then x,y € C and [x] # [y]. Note
that .1y — z7'y = x,so x = y. Thus x <z y. %

COROLLARY 4.4. Let H be a CLI Polish group, then E(S.) <5 E(H).
ProoF. It well known that S, is not CLI (cf. [14, Example 2.2.7]). And by
Proposition 3.3, ¢(H) is CLL. .

4.2. Non non-Archimedean Polish groups. Hjorth founded the theory of turbu-
lence for proving that an orbit equivalence relation is not Borel reducible to £ SYOO for
any Polish S,-space Y. We omit the definition of turbulent actions since it is very
complicated and is not used in this article, one can find it in [14, Section 10].

DErFINITION 4.5 (Farah [13, Definition 3.1]). If (X,.d,). n € @ is a sequence
of finite metric spaces, let D = D((X,.d,)) be the equivalence relation on [], X,
defined as

xDy <= lirrlnd,,(x(n),y(n)) =0.

The equivalence relations of this form are called cy-equalities.

By [13. Lemma 3.4], every c¢p-equality is an orbit equivalence relation induced by
a continuous Polish group action on [, X,,.
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For a finite metric space (X, d) and e € R, we define
d(e. X) = min{d : Ix¢. x1, ..., X, (d(x0,x,) > e AVi < n(d(x;. xi41) <95))}.

LemmA 4.6. Let G be a Polish group. If G is not non-Archimedean, then there exists
a turbulent co-equality D such that D <p E(G).

ProoF. Let d be a left-invariant compatible metric on G. Since G is not non-
Archimedean, there exists an gp > 0 such that no open subgroup of G is contained in
V={geG:d(lg.g) <eo}. Foreachn € w,wedefine V,, = {g € G : d(15.g) <
27}, Then V,;' = V, and G, = |J,, V,"* is an open subgroup of G. Thus G,  V
for each n € w, and hence there is an integer m, > 0 such that V,”” Z V. So we
can find 16 = gn0.8n1:--» &um, € G such that g;_'ign,,»ﬂ € V, for each i < m, and
Enmy E V.

Let X, = {gn;:0<i <m,}foreachn € w. Then (X,.d) is a finite metric space.
We define 0 : [, X, — G as. for x € [, X,, and each k € w,

| x(n), k=2n
9(")(")—{ lg.  k=2n+1.
It is trivial to check that 0 is a Borel reduction of D(X,,.d) to E(G).
Note that 6(gg, X,,) <27 — 0asn — oo. By [13, Theorem 3.7(a)], there exists a
turbulent co-equality D such that D < D(X,.d) < E(G). -

Hjorth proved that orbit equivalence relations from turbulent actions are not
Borel reducible to any S, orbit equivalence relation (see [14, Corollary 10.4.3]).
Using this result, we can prove the following theorem.

THEOREM 4.7. Let G and H be two Polish groups. If H is non-Archimedean but G
is not, then E(G) £p E}; for any Polish H-space Y.
In particular, we have E(G) £p E(Ss).

Proor. Since H is topologically isomorphic to a closed subgroup of S, by
[14, Theorem 3.5.2], we only need to consider the case of H = S,.
Then the result follows from the preceding lemma.

By Proposition 3.3, ¢(S4) is non-Archimedean, so E(G) £5 E(Ss). 4

COROLLARY 4.8. Let G be a Polish group, then E(G) <p=" iff G is non-
Archimedean.

Proor. It follows from Theorem 3.5(4) and the preceding theorem. -

§5. Non-TSI Polish groups and a-unbalanced relations.
5.1. Unbalanced relations.

DEFINITION 5.1 (Allison-Panagiotopoulos [1, Definition 1.1]). Let X be a Polish
G-space and let x, y € X. We write x «~ y provided that, for any open ' 3 15 and
openset U of X with U N ([x]U[y]) # 0, thereexist g™, g” € G withg*x. g’y € U,
so that

g’y € V(g¥x)and g*x € V(gVy).
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It is clear that «~ is symmetric, and for any g, € G, we have that x «~ y <=
gx «~ hy.So we can write [x] «~ [y] whenever x « y.

LemMA 5.2. Let G be a Polish group and ¢(G) ~ G® the action of left
multiplication. For x, y € G® we have

x ey = 3(m). (1n) € ¢(G)” (mxy 'nm = 1go).
PROOE. Let d be a compatible metric on G and d, the supremum metric on
G?. Note that 1. (n) = lgo(n) = 1g for each n € w. Let V,, = {y € ¢(G):
dy(y.1,G)) <2} for m € w. Then (V,,) is a neighborhood basis of 1,). Note

that 1, is dense in {x € G* : d,(x, 1) <_2’”’} under the topology of G®. For
X,y € G?, wehavex € V,,y <= xy ' € V,.s0

dy(xy ' 1ge) <2 = x € Vpy = d(xy ™ 1go) <27,

(=). Let x «~ y. Then for each m € w, there exist ;.75 € ¢(G) such that

ymX € Vin(yiny). So dy(yxy ' (yin) . 1go) <27 Let py = ypy and 7, = (7).
then me)flnm = 1G“’-

(<). Let (). (7m) € c(G)” with y,,xy 'n,, = lgo. It is easy to check that
Ny ¥x 9,1 = 1go. For any open V' 5 1,5y and open set U of G* with U N ([x]U
[y]) # 0, there exists k € w with V;, C V. Without loss of generality, we may assume
that UN[x]# @ and U = Uy x - x U; x G with Uy, .... U; open in G. So there
exists y € ¢(G) withyx € U, i.e.. y(n)x(n) € U, foreachn < /.

Fix a large enough m such that

du(ymxy . 1go) <275, d, (gl yx 'y,  1g0) < 275,
Now we define

e O R F I

Then we have y~,y” € ¢(G) and y*x,y”y € U. Note that

y*(n)x(n)y(n)™ (¥ (n)) ! :{ ijgn)x(n)y(m—lnm(”), Zif

It is easy to see that
d (7 xy ' () 1Go) < du(mxy m. 160) <27,

d (7 yx 1) Lge) < dy Gl yx 1yt 1g0) < 278,

It givesthaty*x € Vi (y?y) C V(p?y)andy’y € Vi(y*x) C V (p*x). Thus we have
X e . 4

DEFINITION 5.3. Let G be a Polish group and ¢(G) ~ G® the action of left
multiplication. We say that G is [.m.-unbalanced if there exist x, y € G” such that
x «w y and [x] # [y]. where L.m. stands for left multiplication.

THEOREM 5.4. Any TSI Polish group is not l.m.-unbalanced.

PrOOF. Let G be a Polish group and ¢(G) ~ G the action of left multiplication.
Assume that x «~ y for some x, y € G®. From Lemma 5.2, there exist (y,,), (#,,) €
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c(G)® with y,,xy '5,, = 1. Let d be a two-sided invariant compatible metric on
G and d,, the supremum metric on G®. Then d,, is also two-sided invariant, so

du(ﬂmymx)f]» IG‘”) = du(ymxyflﬂm-, le) — 0,

thus we have 7,,7,xy"' = 1. It follows that #,,7,, = yx!. Since ¢(G) is closed
under uniform convergence, yx ! € ¢(G). So [x] = [y]. -

As an application of the notion of lL.m.-unbalanced groups, we present the
following theorem. Since it is a special case of Theorem 5.15, we omit the proof
at this moment.

THEOREM 5.5. Let G, H be Polish groups. If G is . m.-unbalanced but H is not, then
E(G) £ E(H).

COROLLARY 5.6. Let G be a Polish group. If G is l.m.-unbalanced, then Ef <p
E(G).

ProOF. It follows from Theorems 3.5(2) and 5.5. -

5.2. a-unbalanced relations.

DEFINITION 5.7 (Allison—Panagiotopoulos [1, Definition 7.1]). Let X be a Polish
G-space, V' an open neighborhood of 15, and let o < w;. We define «~% by
induction. We say:

(1) x e~9 y.ify € Vx and x € Vy:

(2) x ev% y for a > 0, if for any open neighborhood W > 1 and any open

neighborhood U C X of x or y, there exist g¥, g” € V with g*x, g’y € U,

so that g*x wfV g’y forall f < a.

REMARK 5.8. This definition appeared in an old version of [1]. It is slightly
different with which in new version of [1] that the requirement of U has been
modified to U N ([x] U [y]) # 0. It should be noted that the definitions of these two
versions are not equivalent for V' # G or a > 1.

It is trivial that, if x «~% y, then we have x «~2 y for 0 < o/ < a. Note that
g*x € UN Vx for any open neighborhood U of y, so U N Vx # (), and hence
y € Vx. Similarly. x € Vy. Therefore. x % p implies x «vY, y too.

LEMMA 5.9. Let V and V' be two open neighborhoods of 1¢ and g.h € G with
(gVg 'UgVh " UhVR'URVg) C V' andleta < w1.x.y € X. If x ey, then
gx %, hy. In particular, we have gx ngg—l gy.

PrOOF. We prove by induction on a. If a =0, since x «~Y y means x €
Vy and y € Vx. we have gx € gVy = (gVh1)(hy) C V'(hy) and hy € hVx =
(hVg1)(gx) C V'(gx). s0 gx &=, hy.

Assume that the result holds for all f < a. If x «~$, y, then for any open W > 1¢
and any open set U C X such that U contains gx or 4y. Without loss of generality,
suppose gx € U.ie..x € g 'U. Then thereexistg*. g’ € V withg*x.g’y € g ' U.
so that g¥x e’ g’y forall § < a. By the inductive hypothesis. (gg¥g ") (gx) =

g lwe
gg¥x wfV gg’y = (gg’h ™) (hy) for all f < a. It is trivial to check that gg*g ! and
gg”h! witnesses that gx «~%, hy. .
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Lemma 5.10. For all a < wy, the relation «~¢ is G-invariant. Moreover, x «~s y
iff x el y forx,y € X.

Proor. Foranyx,y € Xandg.h € G.by Lemma 5.9, x «~¢ y implies gx «~¢
hy.So «~¢ is G-invariant.

By their definitions, it is trivial that x «~ y implies x s’ p.

On the other hand, if x «~ y. we will show x «~ y. For any open V > lg
and any open set U C X with U N ([x]U[y]) # 0. without loss of generality, we
can assume that U N [x] # ). There exists g € G with gx € U.i.e.. x € g'U. So

there are g¥.g” € G such that g¥x.g¥y € g 'U. g*x € (g 1Vg)g’y. and g’y €
(g'Vg)g*x. Then gg* and gg” witness that x «~ y. =

LemMA 5.11. Let 0 < o < wy. V an open neighborhood of 1. If x «~%, y, then
for any open set W 3 1 and any open set U of X such that U contains x or y, there
exist nonempty open sets V*, VY C V such that, whenever g* € V* and g’ € V7, we
have g*x, g’y € U and g*x wg,, gry forall p < a.

ProoOF. Given anopenset W > 15 and an openset U of X withx € Uory € U.
We can find an open Wy > 1g with W' = W, and W C W. Then there exist

h*,h? € V such that h*x,h’y € U and h*x w[;VO h?y for all f < a. We can find
an open Vy > 1g such that (Voh*x U Voh?y) C U. By Lemma 5.9, w¥h*x WI;V
w”h?y holds for all w*, w” € Wy. Then we can put V* = Wyh* N Voh* NV and
VY = Woh? N Voh? NV as desired. =

THEOREM 5.12. Let G, H be two Polish groups, X a Polish G-space, and Y a Polish
H-space. andlet f : X — Y be a Baire measurable homomorphism, i.e.. xE} y implies
S(X)E} f(y)forany x. y € X. Then there exists a dense G5 subset C C X such that
x ey implies f(x) «~% f(y) forany x.y € C and 0 < o < wy.

Proor. Let C be the dense G subset of X in [25, Lemma 2.5].

Cram. Let0<a<wy, xo, 0 € C,andlet V > 1g openin G, W > 1y open in
H, and U open in X with xo, yo € U. Suppose:

(1) Vx e (UNC) Vg e V(f(gx) € Wf(x)):

(2) xo «~% yo.
Then we have f(xq) «~%, f (o).

ProoF oF CLamM. By [25, Lemma 2.5], the following conditions hold:

(i) f I C is continuous;
(i) Vx € CV*g € G (gx € C):
(iii) for any open W' > l1g, there exist an open set V' 3 15 and an open
neighborhood U’ of x( such that

Vx c (U NC)Y'ge V' (f(gx) e W f(x)).

Let W’ 5 14 be any open subset of H. Then we find two open sets V' 3 15 and
U’ > xo satisfying (iii). Given any open set O C Y with f(xy) € O or f(y) € O.
without loss of generality, we can assume that f(xy) € O. Since f is continuous
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on C and xo € U’ N C, by shrinking, we can assume that /' (U’ N C) C O. Since
Xo «~% yo. by Lemma 5.11, we have

gt e VIgh e Vi(gtxng.g¥ v € U AVB < alg®xo «~h, g¥n)).

Moveover, since xp.yo € UN C, by (1) and (ii), we can find g*.g” € V such
that g*x.g”y0 € (U'NC). g¥xg «~h, g7v0 (Vf < a). f(g*x0) € W[ (xo) and
f(g¥y0) € W[ (»o). Thus there exist 2*, h¥ € W so that f(g¥x) = h* f(x0) and
£ (g¥0) =" f ().

Now we prove f(xg) «~%, f(y9) by induction on a. Since g*x¢.g”yo € (U’ N
C).wehave 1* £ (xg). h” f(39) € O. Thus we only need to show that 2* £ (xg) «wsgV,
hY £ (yo) for B < a.

For any open neighborhood N of 7~ f (xg) = f(g*x,). we have g*xo € f~'(N).
By the continuity of f | C, there is an open set Vg 3 lg such that (Vog¥xo N
C) C fY(N).Sinceg?yy € (U'n C).wecanfindv € V5 N V' such thatvg?yy € C
and f(vg¥yo) € W'f(g”y0) = W' f(y0). So N 0 (W'hY f(y0)) # 0. It follows
that 2~ f (xo) € W’'h? f (o). Similarly, we have h” f (yo) € W'h* f (xo). Therefore,
h* f (x0) «~9,, 1Y f (yo).

If a = 1, we have already proved f'(xg) «~1, f (o).

Ifa > 1, thenforall 0 < § < «, by inductive hypothesis, g*x <~v~>/:/, g7 yo implies
h* f(x0) = f(g*x0) M’;V, f(g”v0) = 1’ f (o). This completes the proof.

_|
Put V= G. W = H.and U = X, then the proceeding Claim gives that, x «~¢ y
implies f(x) «»% f(y)forx,y € Cand 0 < a < w). 4

Now we return to E(G) and the left multiplication action ¢(G) ~ G®.

LEMMA 5.13. Let G be a Polish group. V' C ¢(G) an open neighborhood of 1,(g).
a<wpandx,y,z € G If x «~% y, then xz «~$, yz.

PrOOF. We prove by induction on a. L L L

If @« =0, then we have x € Vy and y € Vx. So xz € Vyz and yz € Vxz, ie.,
xz el yz.

If a >0, then for any open W > 1, and any open U C G* with xz € U
or yz € U, we have x € Uz ! or y € Uz !, so there exist g*.g” € V such that
g¥x.g’y € Uz 'and g¥x «w»/;, g’y for f < . Then we have g¥xz, g¥yz € U, and

by induction hypothesis, g~¥xz MI;V g’ yz for f < a. Therefore, xz «~9, yz. -

DErFINITION 5.14. Let G be a Polish group, 0 < a < w;. We say that G is a-
L m.-unbalanced if there exist x,y € G® such that x «vv»j((;) y and [x] # [y], or

equivalently, there exists z € G \ ¢(G) such that z «w»f( G) lgo.

It is clear that G is 0-l.m.-unbalanced if G contains at least two elements. And
Lemma 5.10 gives that G is l.m.-unbalanced iff it is 1-l.m.-unbalanced.

THEOREM 5.15. Let G, H be Polish groups, 0 < a < w;. If G is a-l.m.-unbalanced
but H is not, then E(G) £p E(H).

PrOOF. Assume for contradiction that there is a Borel reduction 0 of E(G)
to E(H). From Theorem 5.12, there is a comeager set C C G such that for any
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x.yeC.ifx ) V- then 0(x) ) 0(y). Since G is a-1.m.-unbalanced, there
exists z € G? \c(G) such that z w?‘(G) lgo. Since C NzC # (), we can find an
x € (CNzC)and put x = zy. Then x,y € C and xy ' =z € ¢(G). so [x] # [y].
By Lemma 5.13, x e~ o ». It follows that 0(x) ) 0(y) and [0(x)] # [0(»)].
contradicting that H is not a-l.m.-unbalanced. -

5.3. Examples of a-l.m.-unbalanced groups. Let G be a topological group, recall
that G is said to be distal provided that 15 ¢ {ghg!: g€ G} forallh#15€ G
(cf. [27]). It is trivial that all TSI Polish groups are distal. Moveover, if H is a closed
normal nilpotent subgroup of G and G/H is compact, then G is distal (cf. [27,
Section 3. Proposition]). In particular, all nilpotent topological groups are distal.

THEOREM 5.16. Let G be a Polish group. If G is not distal, then G is . m.-unbalanced.

Proor. Since G is not distal, there exist 4 # 1 in G and a sequence (g,,) in
G with g,hg,! — 1. For each m,n € w, let y,,(n) = g,, and #,,(n) = g,!. Then
Vs Im € ¢(G). We define z € G® as

[ le. n=2k
Z(”){h, n=2k+1.

It is clear that y,,z7,, = lgo. From Lemma 5.2, for any x, y € G®.if xy ! =z, we
have x «~ y. But it is trivial that [x] # [y]. =

THEOREM 5.17. Let G be a locally compact Polish group. Then G is not distal iff it
is L. m.-unbalanced.

PrOOF. From Theorem 5.16, we only need to prove that if G is l.m.-unbalanced
then it is not distal.

Letx, y € G®” with x «~ y but[x] # [y]. By Lemma 5.2, there exist two sequences
(ym). (1) in ¢(G) such that y,,xy 'y, = 1go. Since y,,. 7, € c(G) for each m, we
can find g,,. v,, € G such that g,, = lim,, y,,(n) and v,,, = lim,, ,,(n).

Let B C G be an open neighborhood of 1; with B compact. There is a
large enough k € w such that y,(n)x(n)y(n) ' (n) € B C B for all n € w. Thus
there exist a p € B and a strictly increasing natural numbers ny < n; < --- such
that lim; yg (n;)x(n;)y (n;)'nic(n;) = p. By [x]# [y]. we have xy ' ¢ ¢(G). thus
Xy i ¢ ¢(G). So there exist a ¢ € B with ¢ # p and another strictly increasing
natural numbers /y < /; < --- such that lim; y (£;)x(%;) y (1;) ' (I;) = q. Therefore,
we have

limx(n)y(n) " =g poits limx()y ()™ = g’ quy’.
1 1
By the property of uniformly convergence of y,,xy '%,, = 1g. we have
lim,, gmg,' pvtvm = limy, lim; p,, (n;)x () y (n:) ', (1)

-1
= hml limm Vm (ni)x(ni)y(ni)ilrlm (ni)
= hm, 1G = 1(,‘.
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Similarly, we have lim,, gng;'qv;'vm = lg. In the end, we set 1 = g;' pg g # l¢.
It follows that

lim g,uhg,) = lim(gmg;' pui'vm)(gmgi ' qvi vm) ' = 1o
So G is not distal. -

COROLLARY 5.18. Let G, H be two Polish groups. If G is not distal, and H is TSI,
or locally compact and distal, then E(G) £ E(H).

Proor. It follows from Theorems 5.4, 5.5, 5.16, and 5.17. -
EXAMPLE 5.19. Let G be the group of all 2 x 2 real upper triangular matrices
whose determinant = 1, equipped with the usual topology. Then 4 = < Ll >

0 1
and g,, = ( lém ]?1 ) witness that G is not distal.

ExampLE 5.20. Let A be an infinite countable discrete group, G a Polish group
containing at least two elements, then the wreath product A ¢ G is not distal. To see

this, fix an ¢ € G with a # 1g. We define y : A — G as x(4) = { il’ ﬁ; }A’
G- A-

andlet A = {4, : m € w}. Thenh = (15, x) and g, = (4. 15a) witness that A2 G
is not distal.

THEOREM 5.21. Let G be a locally compact Polish group. Then G is not 2-l.m.-
unbalanced.

ProoF. Let d be a compatible metric on G and d,, the supremum metric on G®.
Since G is locally compact, we can find an r > 0 with B(1g,r) is compact. Let
V={yec(G):d,(1l.).7) <r}.

Assume for contradiction that thereexist x, y € G with x «wf( ¢ Y but[x] # [»].
then there exist g%, g’ € ¢(G) such that g*x «~!, g”y. Following the arguments of
= part in the proof of Lemma 5.2, we can find two sequences (,,) and (#,,) in V
such that y,,g*xy ' (g”) 'n,, = lgo. Let g,, = lim, y,,(n). Following the arguments
in the proof of Theorem 5.17, there exists 2 # 1 such that gmhg,;1 — 1g.

Since y,, € V., we have g,, € B(1g.r). There exists a subsequence of (g,)
converging to some g € G.so ghg! = 1¢g.i.e.. h = 1. A contradiction! -

For ¢(G) ~ G®, Lemma 5.2 can simplify arguments concerning «~. Following
the same spirit, we define a notion <+$, to simplify arguments concerning «~% .

DErFINITION 5.22. Let X be a Polish G-space, V' an open neighborhood of 1,
and let o < w;. We define <+$, by induction. We say:

(1) x <% y.ify € Vxand x € Vy;
(2) x <% y for a > 0, if for any open W > 1g. there exist g*., g7 € V such that
g¥x <—>/;:V gy forall f < a.

From their definitions, it is trivial to see that x «~¢, y implies x <> y. Moreover,
if x <% y, then we have x <2 y for 0 < o/ < ., but x 9, y may fail.
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LeMMA 5.23. Let G be a Polish group, c(G) ~ G® the left multiplication action.
Then x <—>?(G) y implies x M?(G) yforallx,y € G® and a < w;.

Proor. Let d < 1 be a compatible metric on G and d,, the supremum metric on
G®.Fore > 0, we define V. = {y € ¢(G) : d\(1,(6).7) <e}.
Letx,y,x'.y € G®. m € w, and a < wy. If
(1) x &%y,
(2) x(n) = x'(n), y(n) = y'(n) forn > m, and
7y
!/

3) X))t e Va/2,

then we claim that x” «~§ )",

To see this, we prove by induction on «. It is trivial that (3) implies x’ W?/E y'. For
anyJ > 0 and any open U C G® with x’ € U or y’ € U, without loss of generality,
we can assume that x’ € U,and U = Uy x --- x U; x G® with [ > mand Uy, ..., U;
openin G. By x <7, y. there exist y*.»” € V. such that y*x <—> y*y for ﬁ < a.

We put

(Vx)/(l’l) _ { lg, n<l, (yy)’(n) _ { X’(")y/(n)fls n<lI,

y¥(n), n>1 y7(n), n>l

Then we have (7). (y¥)' € V. and (y*)'x’, (y*)'y" € U. Note that y*x <—>?/é/2 7y
gives p*x(p¥y) 1. y(y*x)! € V5. Since

lg. n<l,

O (n)x (G )y () = { P (m)x(m) (2 )y (). n> 1

we have (p¥)'x’((»?)y')" € Vp. Similarly, (7)) y'((3*)'x')" € V5. Since
P¥x <—>€5/2 y¥y implies y*x <—>€6 ¥y for f < a. By the induction hypothesis,
(y*)'x’ «w»f,é (»¥)'y" for f < c. Thus (y*)" and (")’ witness that x’ e~ y’.

In the end. by setting V., =c(G). it follows that x %)y implies
_{

X en®

6y V-

Given two sets X, Y and amap f : X — Y, recall that the map f* : X® — Y®
is defined as: f*(x)(n) = f(x(n)) for x € X* and n € w.

LEmMMA 5.24. Let G, H be two Polish groups, ¢ : G — H a continuous homomor-
phism. Then for any x.y € G, a < 1. open neighborhood W C c(H) of 1.y
and any open neighborhood V C ¢(G) of 1,.g) with $” (V) C W . we have x <%y
implies ¢ (x) <, ¢ ().

ProoF. Let d be a compatible metric on G, and let d, be the supremum metric
on G”. By the continuity of ¢, we can see that ¢“ : G® — H® is continuous, and
¢ | ¢(G) is also continuous from ¢(G) to ¢(H ).

We prove by induction on a. If @ =0. note that x «9 y iff xy !l yx!te
V. It follows from the continuity of ¢” that ¢®(x)¢?(y) ! = ¢®(xy ') e W
and ¢ (y)¢”(x)"' = ¢“(yx') € W. and hence ¢“(x) € Wg(y) and ¢“(y) €
W67 (x). ie.. 6°(x) < ¢°(»).
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Fora > 0.welet W’ C ¢(H) bean open neighborhood of 1. By the continuity
of ¢ | ¢(G). we can find an open neighborhood ¥’ of 1. such that ¢ (V') C

W’. Note that x <$ y. so there exist y*.y” € V' such that y*x <—>/I'7/, yYy for

B < a.Byinduction hypothesis, we have ¢© (y¥)¢® (x) = ¢ (y*x) <—>€V, P°(yYy) =
¢ (y?)¢* (). Therefore. ¢ (y*) and ¢ (y?) witness that ¢ (x) <>, ¢ (»). -

THEOREM 5.25. Let G be a Polish group, A an infinite countable discrete group, and
o < 1. Then G is a-L.m.-unbalanced iff A G is (o + 1)-I.m.-unbalanced.

ProOOF. Let p be a compatible metric on A G, p, the supremum metric on
(A2 G)®. For any £ > 0, we define

Ve={y € c(A1G) : pu(1,(n6).7) <€}

(=). Suppose G is a-l.m.-unbalanced. Then there exists an a € G \ ¢(G) such
that a WS(G) 1g», and hence a <—>ff(G) lgo. Forany n € w, let
N | oaln), 2=14.
Xn(/“) - { IG= A 75 lAc

We define z € (A1 G)? as z(n) = (14, y,) for n € w. It is trivial that z ¢ ¢(A1 G).
To see that A G is (o + 1)-L.m.-unbalanced, by Lemma 5.23, we only need to show

a+1
that z Hc‘(j\lG) 1(AZG)‘“'

Note that the underlying topology of A G is the product topology on A x G,
Thus for any given € > 0, there exists a 4y € A such that, for any y € G if (1) =
1 for all 4 # 2. then p(1a6. (14, ) < /2. Define

H:{(lA,)() e\ G V;LEA(i#ioé){(/l): 1(,‘)}

It is clear that H is a closed subgroup of 4! G. Because pu(l(mc)w, x) <g/2 <efor
all x € H®, we have

c(H)=(c(AM1G)NH®)C V..
We define / : G — H as:forg € G, f(g) = (1a. x¢) with

g7\ _ g, ;» = /10,
25(4) = { lg. 4% .
It is easy to see that f is a topological isomorphism from G to H, and hence a
continuous homomorphism from G to A G. Note that f“(c(G)) C ¢(H) C V..
Then Lemma 5.24 gives f“(a) <% 1ip6)0-
In A2 G, for n € w, we have

(Z0. 1ga)z(n)(Go. 1ga) ™" = (1a. 2*™) = f(a(n)).

Define o € ¢(A1G)asyo(n) = (Ao. I ga) forn € w. thenyozy,! = @ (a). It follows
that yoz = f“(a)yo 9. 70. From Definition 5.22, we can see that yoz <—>/f,€ 70
for 0 < B <a. To prove for g =0. because f“(a). f“(a)' € H”, we have
Pl f2(@) <& and (Lo, f7(@) ) <e. So f(a). f2(a) ' € T
then we have £ (a)yy € V.yo and y9 € V. f®(a)yo. and hence 7oz = 1 (a)yo <—>?/E

70. It follows that z (_)?(4;\120) 1(AzG)w-

https://doi.org/10.1017/js1.2025.10177 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10177

22 LONGYUN DING AND YANG ZHENG

(«=). On the other hand, suppose A G is (a + 1)-1.m.-unbalanced. Then there
exists z € (A1 G)? \ ¢(A?G) such that z H?(T\lzG) (a6~ Thus for any € > 0.
there exist 77, 7. € ¢c(A ! G) such that yZz <. 7e and y7z <—>0V6 ye. Then we have
vizyt &%, Lneyw and yZzy;' € Ve. o

Fix asmallenoughey > Osuchthat.foranyy € V, andanyn € w,y(n) = (14, x)
for some y € G*,i.e., V,, is a subset of the subgroup ({1x} x G*)® of (A1 G)®. So
we can write 2 (n)z(n)ye, ()™ = (1. &,) with &, € G* for each n € . Note that
Ve, zygo1 ¢ ¢(A1G), we can find a 4y € A such that lim, &,(4o) diverges.

Now we define 7 : ({1x} x G*) = G as n(la, y) = x(4) for y € GA. 1t is
clear that 7 is a continuous homomorphism. Note that yg’ozygol € Ve, € ({14} x
G™)®. Then n((yZ z7.])(n)) = &4 (4o) for all n € . so n°(yZ zy.)) ¢ ¢(G). By the
continuity of 7 : ({15} x G*) — G.wehave n°(c({15} x G*)) C ¢(G). and hence
n”(Ve,) C ¢(G). Then Lemma 5.24 gives 7 (yZ 2y, ) ¢ lgo. Therefore. Gis a-
l.m.-unbalanced. -

COROLLARY 5.26. Let G be a Polish group, A an infinite countable discrete
group, and oo < w1. If G is a-l.m.-unbalanced but not (o + 1)-I.m.-unbalanced, then
E(G) <3 E(AG).

Proor. 1t is trivial that G is topologically isomorphic to a closed subgroup of
A1G,s0o E(G) <p E(A1G). It follows from Theorems 5.15 and 5.25 that E (A}
G) £p E(G). =

Let Gy be a TSI Polish group containing at least two elements, and let A be an
infinite countable discrete group. We define G, = A1 G, for n < w. Then G, is
n-l.m.-unbalanced but not (n + 1)-l.m.-unbalanced. Therefore,

E(Gy) <p - <p E(G,) <p E(Gny1) < ...

From [14, Theorem 2.2.11], all these G, are CLI. So far, we have not found any
example of w-1.m.-unbalanced CLI Polish group.

On the other hand, if G is a non-CLI Polish group. let z € G® and (y,,) € ¢(G)?
be which defined in the proof of Theorem 4.3. We can inductively prove that, for any
V' > 1,(6). there exists m large enough, such that iz % 1go. So z <—>S‘(G> lgo,

and hence G is a-1.m.-unbalanced for all ordinal o (even if & > ;).

§6. On TSI Polish groups.

DEFINITION 6.1. Let G be a Polish group. We define equivalence relation E,(G)

on G% as: for x,y € G?,
XE.(G)y <= limx(0)x(1)...x(n)y(n)™"...p(1)'y(0)™" converges.
n

It is clear that E(G) ~p E.(G) (cf. [9, Proposition 2.2]).
In this section, we focus on TSI Polish groups. It turns out that, for TSI Polish
groups, E,(G) is a more convenient research object than E(G).

LemMmA 6.2. Let G be a TSI Polish group, d a complete compatible two-sided
invariant metric on G.
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(1) Forgy.....gn. ho..... h, € G.we have

n

d(go .. gn hohy) = d(go... gy’ .y 1) <Y d(gi. hy).
—

(=1

(2) For x,y € G, we have
xE,.(G)y <= limsupd(x(n)...x(m),y(n)...y(m)) =0.

n<m
(3) For x.y € G®,if xE.(G)y, thenlim, d(x(n), y(n)) = 0.
Proor. (1) Since d is two-sided invariant, we have

d(gogi. hoh) = d(gogih'hy'. 16) = d(g1hy". g5 ho)
<d(gih'. 16) +d(1g. gy ho) = d(go. ho) + d(g1. ).

Then we can easily complete the proof of (1) by induction on n.
(2) By Cauchy criterion, lim,, x(0)x(1) ... x(n)y(n) ' ... »(1)"'»(0)"! converges iff
for any € > 0, there exists N € w such that, for m > n > N, we have

e>d(x(0)...x(n)y(n)"...y0) 1. x(0)...x(m)y(m) " ...y(0) ")
=d(lg.x(n+1)...x(m)y(m)'...y(n+1)1)
=d(x(n+1)...x(m).y(n+1)...y(m)).

It follows that

xE,y <= limsupd(x(n)...x(m),y(n)...y(m)) = 0.

n p<m
(3) It is an easy corollary of (2). 4

For the sake of brevity, we write

d(x, y)|[n.m+l) = d(x, y)l[n.,m] = d(x(n) x(m)» y(n) y(m))
6.1. Borel reducibility. For any given metric space (M, d ). recall that E(M:0) is
an equivalence relation on M® (cf. [7, Definition 3.2]) defined as
xE(M:0)y <= limd(x(n).y(n)) =0
for x,y e M®. If G is a Polish group, then E(G;0) is independent of the

choice of left-invariant compatible metric d on G, since d(x(n).y(n)) — 0 iff
x(n)y(n) = 1.

LemmA 6.3. Let G be a TSI Polish group, then we have
E(G) x E(G:0) <p E(G).
ProOOF. We define 0 : G® x G® — G? as

, | x(k), n =2k,
00x. x)n) = { YN (K). n =2k 4+ 1.
Then 0 witnesses that E(G) x E(G;0) <z E(G). -
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LemMA 6.4. Let G. H,K be three TSI Polish groups. Suppose v : G — H and
¢ : H — K are continuous homomorphisms with o(w(G)) = K such that ker(y o )
is non-Archimedean. Then E(G) <z E(H) x E(G:0).

PrOOF. By [14, Corollary 2.3.4], K = G/ ker(p o y). Without loss of generality
we may assume that K = G/ ker(poy). Let ¢ = poy. Then ¢ : G — G/ ker(p o
w) is a continuous surjective homomorphism. Let dg,dy be two-sided invariant
complete compatible metrics on G and H, respectively. Let

ds(¢(g).¢(g")) = inf{dg(hg. h'g’) : h.h' € ker(p o y)}
= inf{dg(hg.g’') : h € ker(p o w)}.

Then dy is a two-sided invariant complete compatible metric on G/ ker(¢ o y) (c.f.
[14, Exercise 2.2.7]). It is clear that dy(¢(g). ¢(g’)) < dg(g.g’) forg.g’ € G.

We only need to prove that E,.(G) <z E.(H) x E(G;0). Defined : G® — H?® x
G® as, forx € G® and n € w,

F(x)(n) = (y(x(n)). x(n)).

For x.y e G®. if xE.(G)y. then limysup,.,, do(x.y)lxm =0. So
lim, dg(x(n). y(n)) = 0. Since dg. dy are two-sided invariant and v is a continuous
homomorphism, we have

lilzn sup dH(l//(X(')), V/(Y(')))|[/c.l71] =0.

k<m

Thus we have (9(x).9(y)) € E.(H) x E(G;0).
On the other hand, if (¥(x).9(y)) € E.(H) x E(G;0), then we have
lim,, dg(x(n). y(n)) = 0, and there exists iy € H such that

lim,, (x(0) ... x(n)y(n)'...p(0))
= I}jmn w(x(0)) ... (x(n)w(y(n)" ...y (y(0))"
= hp.

From ¢(hy) € K = ¢(w(G)) = ¢(G). there exists go € G with p(hy) = ¢(go). By
continuity of ¢ and ¢ = ¢ o w, we have

lim ¢(x(0) .. x(n) y(n) ... »(0)") = @ (ko) = ¢(g0)-

Since ker(¢p o ) is non-Archimedean, there exists a sequence of open subgroups
(M) of ker(y o y) which forms a neighborhood base of 1 in ker(p o y). For any
€ > 0, there exist / € w and 0 < €’ < € such that

{heker(poy):ds(lg.h) <3e'} CM; C{heker(poy):ds(lg.h) <e}.
Then there is an N € w such that
dg(x(n),y(n)) <€,

dg(@(x(0) ... x(n)y(n) ... p(0)™). p(g0)) < €’

for n > N. By the definition of d,, there exist /1, € ker(¢ o y) for each n > N such
that

dg(x(0) ...x(n)y(n) ™" ... y(0)", hgo) < €.
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Note that

de(x(0) ... x(n)x(
x(0)...x(n)y(n)"
1

Then dc;(lc;,/’l;,l/’ln+1) =dg (/’lngo,hn+1g0) < 3¢’. So /’l,;lh,hq € M;. It follows that
h,;lhm is in the open subgroup M; for m > n > N. Thus dg(h,, h,,) < €. and hence

dg(x(0)...x(n)y(n) ' ...y(0) ", x(0)...x(m)y(m) ' ...y(0)")
< 2e’" 4+ dg(h,g0. hmgo) < 3e.

This gives xE,(G)y.
Therefore, ¥ witnesses that E,(G) <p E.(H) x E(G:0). -

THEOREM 6.5. Let G, H, K be three TSI Polish groups. Suppose w : G — H and
@ : H — K are continuous homomorphisms with ¢ (w(G)) = K such that ker(y o )
is non-Archimedean. If the interval [0, 1] embeds into H, then E(G) <p E(H ).

PrOOF. By [7. Theorem 3.4(ii)]. we have E(G:0) <p E([0.1]:0).

Let f :[0.1] — H be an embedding. By the uniformly continuity of / and f ! :
£([0.1]) — [0, 1], it is trivial that £([0,1]:0) ~p E(f([0.1]):0) < E(H:0).

Then Lemmas 6.3 and 6.4 give E(G) <p E(H). 4

LEMMA 6.6. Let G, H be two TSI Polish groups, G. and H, open normal subgroups
of G and H, respectively, and let Tg meets each coset of G, at exact one point.
Let ¢ : G, — H,. be a topological group isomorphism, and 0 : G — H such that, for
u,v € Tgand g € G,

(1) ¢lugu™) = 0(u)p(g)0(u)™";
(2) O(ug) = 0(u)p(g):
(3) ifu #v. then 0(u)H, # 0(v)H..

Then 0? is a continuous reduction of E,(G) to E,.(H).

ProoF. From (2), it is trivial to see that @ : G — H is continuous, so 0 is also
continuous. we only need to check that % is a reduction.

Let x,y € G”. We write, for brevity, x(n) = u,g, and y(n) = v,h, such that
uy,, v, € Tg and g,. h, € G. for each n. Let dg and dy be two-sided invariant
complete compatible metrics on G and H, respectively.

If xE,(G)y. then we have limy sup; ., dG(x. y)|pk.m = 0. In particular, we have
lim, d(x(n).y(n)) = 0. Since G, is open, there exists an N € w such that, for
n > N, x(n) and y(n) are in the same coset of G, i.e., u, = v,. Nowletm >k > N,

we have
x()x(k+1)...x(m)
= UkZkUk+18k+1 -+- Um8m
= (ukgku];l)(ukukJrlngrlu];Erlu];l) (uk umgmu;;zl u,;l)uk < U
Def

= g,ig,’{+1 e G Ul o Uy
y(k)y(k +1)...y(m)
= wphttgrhigy ..o umhy,
= (urhpu) gt hien ) o (e e, g oy,

Def ;, ., ’
= Wl bty
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Note that

/

b(gh) = o(uegru') = 0(ui)p ()0 (uye) "
#(gr11) = o(ur uk+lgk+1“k+1”k1)
(i) (g1 rer1a )0 ()
(
(
(

wie )0 (upei1) @ (gk+1)9(uk+1) 0 (ug) .
-1
u;)

( ) = ¢(up ... upgmit,, m .
1

= 0(ue) (s ... gt ...ukH)H(uk )

= H(uk) H(um)(b(gm)g(um)il H(Uk)il-

Therefore, we have

0(x(k))0(x(k +1))...0(x(m))
= 0(us)p(g1) 0 (r 1) (giv1) .. 0 ()b (gm)
= ¢(g1) (g 1) - d(gn)0ug) ... O(u).

Similarly, we have

O(y(k)O(y(k +1))...0(y(m))
= 0 () (hic) 0 (gei1) P (hysr) .. 0 (1) (i)
= () ) .. d(hy,)0(ui) ... O(um).

It follows that from limy sup, ., d¢ (x.y) |ty = O that
de(gp ... g hy o hy,) = dg(x(k)...x(m), y(k)...y(m)) = 0.

Since ¢ is a topological group isomorphism, we have

dp (07(x). 0% ()l = du (D(g) - #(gp). S(i) ... p(hy,)) — 0

And hence 0¢ (x)E.(H)0“(y).

On the other hand, if 0 (x) E.(H )0®(y), we have lim,, d (0(x(n)). 0(y(n))) = 0.
By B(x(n)) = 9(”n)¢(gn) and 9()}(”)) = H(Un)(vb(hn): we have H(uﬂ)HC = e(vn)H
i.e., u, = v, for n large enough. Then the similar arguments give xE.(G)y. -

For u € G. define a topological group automorphism 1, : G. — G, as 1,(g) =
ugu'. We define

Inng(G.) = {1, :u € G}.

THEOREM 6.7. Let G. H be two TSI Polish groups containing at least two elements,
G. and H. open normal subgroups of G and H, respectively. If there exists a
topological group isomorphism ¢ : G. — H, such that ¢$Inng(G.)¢ ' C Inngy (H.).
then E.(G) <z E.(H).

Proor. Corollary 3.7 gives E,.(H x Z) ~p E,(H), so we only need to show that
E.(G) <p E.(H x 7). Define a topological group isomorphism ¢, from G. to the
open normal subgroup H. x {0} of H x Z as ¢(g) = (¢(g).0) for g € G..

Fix a T¢ C G such that T; meats each coset of G, at exact one point. For each
u € Tg. since ¢1,¢ ' € Inny (H.). there exists some w € H such that ¢1,¢ ! = 1,,.
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Thus ot Py = 1(,) for all n € Z. Therefore, we can find 0 : T¢ — (H x Z) such
that, for u.v € Tg,

(i) Pordy' = to(w)
(ii) if u # v, then 0( J(H, x {0}) # 0(v)(H, x {0}).

Then we can extend 6 to a map G — H satisfying clauses (1)—(3) in the proceeding
lemma. n

6.2. Borel irreducibility.

DEFINITION 6.8 (Farah [13]).

(1) Amapy : [, X» — [1, X, isadditiveifthereexist0 = lp < [} < - < [; < -
and maps T : X; — ]_[ne[,film) X, such that, for x € [, X,.

w(x) = To(x(0))"T1(x(1))" T2 (x(2))"

(2) Let E and F be equivalence relations on [], X, and [], X,. respectively, we
say that E is additive reducible to F, denoted by E <4 F, if there exists an
additive reduction of E to F.

Let E be an equivalence relation on [], X, and let / C w be infinite. Fix an
element w € [[,,; X,. For x € [],o; X, define x ®w € [], X, as: (x ®w)(n) =
x(n) forn € I and (x ® w)(n) = w(n) forn ¢ I. We define E|¥ on [],.,; X, as: for
X,y e nnel X”’

nel

xElfy <= (x®w)E(y & w).

Let (F,) be a sequence of finite sets. A special equivalence relation Eo([], Fy)
defined as: for x, y € [], Fu.

xEo(l_[Fn)y < ImVn>m(x(n) =yn)).

n

The following lemma converts a Borel reduction to an additive reduction. This
turns out to be a powerful tool to prove Borel irreducibility.

LEMMA 6.9. Suppose G is a TSI Polish group. Let (F,,) be a sequence of finite sets,
E a Borel equivalence relation on [, F, with Eo([], F,) C E. If E <g E.(G), then
there exist an infinite I C o and a w € [],4; Fy such that E|}f <4 E.(G).

Proor. The following proof is a modification of the proof of [12, Theorem 2.2],
claims (i)—(iii). We omit some similar arguments.

Assume that 0 is a Borel reduction of E to E,(G). Let d be a two-sided invariant
complete compatible metric on G. Following claims (i), (ii), and the arguments
after Claim (ii) in the proof of [12, Theorem 2.2]. we construct two sequences of
natural numbers 0 = nyp <n; <nmy < - and0 =1, </} </l < -, asequence (sj)
withs; € [],,. j<n<n;,, Fnforeachj € . Putl = {nj:j€ow}landputw =J;s; €
[Tgr Fn- Our construction confirms that, for any x, y € []

(a) if x(n) = y(n) for n > n;, then for /; ;1 <k <m,
d(0(x ®w),0(y ®w))|pm <27

ner Fn. we have:
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(b) if x(n) = y(n) forn < n;. thenfork <m <.

d0(xdow).0(y @ w))|[k7m] <27,

For each n € I, fix an a € F,. Define Dj :F”j — ]_[ne, F, for each j € w as

_la n=mn; :
pila)(n) = { . ntn, for a € F,; and n € o. Then we define 7}, : F,,; —

Gli+17 as: fora € Fy and i <l -1,

T,,(a)(i) = 0(p;(a) ®w)(l; +i).
The additive mapping v : [[,.; F, — G is defined as: for x € [, ; Fa.
w(x) = Ty (x(10)) ™ Ty (x (1)) ™ Ty (x (1)) ...

Now we will show that y is a reduction of E|¥ to E.(G).
Forany x € [, F, and j € o, define ¢;(x), e(x) € [],¢; Fa as

x(n), n=n;,
e ={ 2
Applying (a) for I; < k < m, we have

x(n)’ n S nja
af. n>n;.

d(0(e;(x) ®w). 0(e}(x) ® w))|pm < 27U
and applying (b) for k < m < [;;1. we have

d(@(x SP) w)), 0(6;(3() S5 w))‘[k.m] < 27j-
Cramm. 0(x ®w)E.(G)y(x).

Proor ofF Cram. Since d is complete and two-sided invariant, by Cauchy
criterion, we only need to show that

lim sup (0 (x © w). ()l — 0.

k<m

Forany k < m. thereexists j < j'with/; <k <ljyand/y <m <Ij . If j = j'.
note that p;(x(n;)) = e;(x). so we have

w(x) [l ) = 0(e;(x) ®w) [ [1;.1j41).
and hence

d(0<x @w)sW(x))|[k,n1]
<d(0(x ®w).0(ej(x) ®w))|pm +d(0(ef(x) ®w).0(e;(x) S w))lpgm
<27 420D =3.27;
otherwise, j < j’, we have

d(e(x S3) w)= '//(x))‘[k.m]

<d(0(x & w). y())ls,, ) + L1 A0 & w), ()l
+d (0(x & w). W(X))hlj,,m]

N i (-1
<3320 <32V
This gives 0(x ® w)E.(G)y(x).
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In the end. for x.y € [],¢; Fu. xE[}y means (x @ w)E(y & w). so
XEfy <= 0(x 9 w)E.(G)0(y dw) <= y(x)E.(G)y(y).
This competes the proof. -

Let G, H be two TSI Polish groups, and let dg and dy be complete compatible
two-sided invariant metrics on G and H, respectively. Assume that 6 is a Borel
reduction of E,(G) to E,(H). Let (F,) be a sequence of finite subsets of G such
that:

(1) 1G GEZ :F,fl,
(ii) F"** C F,.and
(iii) |, Fy isdensein G.

Let E be the restriction of E,(G) on [, . There exist an infinite / C w and a
w € [[,¢; Fnsuchthat E|7 <4 E.(H).So there are natural numbers 0 = ny < n; <

n<--withl ={n;:jewl.0=h<h<h<--, Ty, @ Fy, — Hli+1" and y :
[1,e; Fr — H® with S

w(x) = Ty (x(10)) " T, (x(11)) " Ty (x(12)) ™ ...

such that y is an additive reduction of E|¥ to E.(H).
For s = (ho..... 1) and t = (h{.....h] ) in H', let

diy (s, 1) = ,Jnax dy (b .. hy y, .. By,

LEMMA 6.10. For any q € w, there exists a d, > 0 such that
V¥n € IVg.g' € Fy(dg(g.g') <04 = dif (Tu(g). Tu(g")) < 277).

PrOOF. If not, then there exist an ¢y > 0, a strictly increasing sequence (j,). and
2.8, € F, for each p. such that

dG(gpvg]ly) < 2*[77 d}—)]o(Tn

Foreachn € I, put

_ | & n=ny,. _ | & n=mny,
x(n) {lg, otherwise, y(n) {1g, otherwise.

(8)). Ty, (€))) = .

Jp

Then for any k < m, letting nj, < k< nj, . .we have

do(x @ w,y ®w)|pm
<Y hcnem de((x @ w)(n). (y © w)(n))
<5, delgrg) <X,s, 27 =2,

It follows that (x ® w)E.(G)(y ® w). Butfor any p € w,

— oo !
1y 2%, du(w (). (V) = dif (T, (g). Tuy, (g,)) = eo.
So (w(x),w(y)) ¢ E.(H), contradicting that w is a reduction. 4

In the rest of this section, we assume that H is locally compact.
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Then there exists a ¢, € w such that the closure of W, ={h € H :dy(1y.h) <
274} is compact. Note that W, = W, ! and hW.h! = W, for all h € H. Define
H.=J, W!. Then H, is an open normal subgroup of H. Let V. = {g € G :
d¢(1g.g) <d,.} and G. = J,, V/". Note that V. = V! and gV.g! = V. for all
g € G. So G, is an open normal subgroup of G.

For j > 0, we define

up, =w(n; 1 +1)...wln; - 1),

J

and u,, = up = 1. For any g € |J, F,.. if g € F, for some n < n;, we have u,jjl,g S
an;’;l C F,.. We define
j J

1y (&) = T (1,10 0) . T, (') Ly — 1y — D).
Note that dg (u;}l_g, u;}l_g’) = d;(g.g'). From the preceding lemma, we have

VgV jVe.g' € Fy, (dg(g.8") <9y = du(S,,;(g). Su;(g") < 277).

Fix a coset C of G.., note that C is open. we can fix a v € C N, F,. For
g € G.NlY, Fy. there exists an m > 0 such that g € V". So we can find 15 =
g-81.....&, = g € G. such that (g/)'g/., € V.. Put go = g and g, = g,,. For
1 <i< m, we can also find g; in some small enough neighborhood of g/ such
that g; € G N, F, and g;'g; 1 € V.. Then dg(gi. giv1) = do(16.8ig;},) < 4.
fori < m. Moveover, dg (v giv/ ™ v g v/ tY) = dg(gi. giv1) <6, forall j € w.
For j large enough, we have v, g; € F,, 1, and hence vigitl e Ffjjz C Fy,. So.
fori < m, ‘

du (S, (v/gi/™). 8, (v giv/ ™)) < 279,
Thus S, (v/gv/*)S, (v)! € W C W We define
SE(g) = Sug(0) o Suy ()80, (0707 )8, (0) 1S, (0] S,y (0).
Then Sncj (g) e W C WM and Sncj (1) = 1y. Fix an ultrafilter 2 on o such that
20 does not contain any finite set. Note that W = W:,n is compact. We now define

S€(g) = lim Sy (g) € W
jex

For the definition and the existence of the ultrafilter limit lim <o, one can see [5,
Section 1.5]. Since W C W+l C H, for each m € w, we have S€(g) € H,.. Note
that

VqVg.g' € Gen|JFu(do(g.8') <8, = du(S(g). S (") <277).

So S¢ is uniformly continuous on G. N U, Fu. Therefore, we can extend S Ctoa
uniformly continuous map from G, to H,, which is still denoted as S for brevity.
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It is worth noting that S€ (15) = 1y.
For x € G2, recall that (S€)”(x) € H? is defined as
(S)?(x)(p) = S (x(p) (Vp € ).
LEMMA 6.11. For x.y € G2, iflim, dg(x(p).y(p)) = 0, then
XE.(G)y <= (S)”(x)E.(H)(S)”(»).

Proor. For each p € w, we can find g,,,gl’, € G. N Y, F, such that
dg(gp.x(p)) <27, dg(g,. y(p)) <27,

du(S€(g,). S (x(p)) <27, du(S(g). S (y(p))) <27
We can find a large enough j(p) € w for p € w such that:

(0) j(0) < /(1) <j(2) <

(1) v € F, for some n < n;():

(2) gp-8) E.Fn for some 11 < 7,);

(3) for brevity. we write n(p) = n;(,). then

du(S(gp). Sy, (gp)) <27, du(S(g,). Sy, (g,) <27,

For n € I, we define

1 -i(p) J(p)+1 —
S(n) = (07 gpv . on= n(p)
u, v, otherwise,
) i u (lmv—j(p)g;)vj(p)ﬂ’ n=n(p).
n)=
u

n
LU, otherwise.

Note that £(n), (n) € F""2 C F, foreachn € I.
Thenfork < m,ifn(qg - 1) < k < m < n(q). we have

d (% ®w. & w)|gm ‘ ‘
gdg(u;(lq)vi’(q)gqv'@ +oy- (q) f/(q>gévj<q)+l)
=dg(gg.g)) =0 (g — o0).

Ifn(g—1) <k <n(g)and n(r) <m < n(r+1) (g < r), we have
dg (% @w P D W) |pem | |
gl g0l g
= dG(gq gr,gé gr)
Thus we have

dG()eEBw yAQBw)hkm dG(xy |q;]|
= |d(gg ... 8.8} &) —da(x(q) ... x(r). y(q) ... (
<dg(gy...g.x (q) wx(r) +de(gy gl y(q) ... y(r))
< qupgr(dG(gpa ( )) +dG(gp ( )))
<2-3,.,27 =262 50 (¢ 00).

~
~—
~—
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This implies that
XE.(G)y <= Row)E. () dw).
Since y is an additive reduction, we have
R Bw)E.(G)(§ @w) < RE]) = yR)E.(H)y(P).

On the other hand, for k < m.if[; <k <l;;;and [y <m < g4y, then j <5, 50
there exist ¢ and r such that n(q) < n; < n(q+ 1) and n(r) < ny < n(r + 1). Then

dH(l//()e) l//(j}))hk.m]
<du(y(®). y Oty +duw(E). w0 + di (W (R). w ()l m-

Note that
dn W),y Pl < A (T (£ 00). T, (1),
If n; # n(q). then X(n;) = p(n;):if n; = n(q). since

=de(gy.2,)
<dc(x(q).y(g) +294+27 =0 (g — o0).

we have
dif (T, (X(n(g))). Tyiy)(P(n(q)))) = 0 (g = 00).

Therefore, dy (y(X). z,y()?))|[k‘,j+l> — 0ask — oo.

Similarly, we also have dy (y (). w(9))|y,.m — 0as m — oco.
In the end, we have

) Lt) o w(E) U~ 1) = S Gty 501550)) S (i, R01).
Forn; ¢ I'withj+1<i<s-1,ifn; =n(p)forsomeq+1< p <r,then
Sy (1, 2 (1)) = Sy ()10 Sy (0) 'S ) (€5) Sy (V) ... Sy (0):
and if n; # n(p) forallg +1 < p <r, then
S (1, £ 11)) = Sy, (0).
This gives that

y(£)Ui) w () - 1)
= Sn/- ('U)il oo Sy (U)71S2q+1)(gq+l) S,ﬁ,,)(gr‘>Sn0 (v) ... AYR l(v)-

Similarly, we have

w(P) 1) e w ()~ 1)
— S,,j (v)—l S”O (v)—lS&qH)(g;H) Slﬁr)(gr')S,,o (v) ... Su, | (v).

Thus we have

du(w(2). w )
= dH(SnCEqul)(qurl) Sncgr)(gr)a S,,C<q+1)(g(;+1) Sncg,)(g;{))
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Note that

(S5, g0.1) (8,5 (300 + 1) S50
< Zq+1<[,<, dH( n( )(gp) S¢ ( ( ) )
< Zq+1gp§,~(dH( n(p)(gp)ssc(gp)) + dH(SC(gp),SC(x(p))))
<2 ey 27 <2V 50 (g 00).

Similarly, we also have
A (Syigin)(&git) Sy (&), S (g + 1)) .. SC(¥(r)) = 0 (g — o0).

To sum up, we have

limy dg (w(2). w(5)|ikm =0
= lim; dy (y (). w(P))ly,. 1) =
> lim, dy ((S€)?(x). (SE)* (V) |ig+1,1 =0

It follows that
p(R)E(H)y(9) <= (S)(x)E(H)(S)(p).
and hence xE,(G)y <= (S)“(x)E.(H)(S)*(y). =

Recall that a topological group G is said to have no small subgroups if there exists
an open set U 5 l¢ such that {15} is the only subgroup of G contained in U (cf.
[18. Definition 2.16]).

LEmMMA 6.12. Suppose G has no small subgroups. Then there is a D > 0 such that,
Joralllg #h € G, ifdg(lg.h) < D, then

inf dy; (S€(g). S (hg)) >0
g€G,

In particular, for g.g' € G..if0 < dg(g.g') < D.then S€(g) # S¢(g’).

Proor. If not, there exists a sequence (/,) in G, such that h, # lg and
infeeg, du(S€(g).S€(hyg)) = 0 for each ¢ € w, and lim, dg (1. h,) = 0.

Since G has no small subgroups, there exists some Dy > 0 such that, for each
q € w, we can find an m, > 0 such that dg(1g.h,") > Do. And for i < m,, we can
find an element g,; € G. such that

du(S€(g.i). S (hyg.:)) < 7-(g+i+3)

Let My = 0and M, = mo + ---m, for g € w.
Now for p € w, define

8q.is 2( q1+ )i<mq,
x(p) = {ngs —2( 1)+ Li<mg,
(p) = heggi. p=2(My 1 +1i).i<my.
P g5 =2(My 1 +1i)+1.i<m,.

By lim, dg(1g.h,) = 0. we have lim, dg(x(p), y(p)) = 0. then it follows from
Lemma 6.11 that

XE(G)y <= (SO)(x)E.(H)(S)”(»).
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Note that dG(x-,y)thq,,_qu) =dg(1g.hy") > Dy, so xE..(G)y fails.
On the other hand, for k <k’ if 2M,_; <k <2M, and 2M,, | < k' <2M,,,

then
dH((*ZS;;) 1( x). () (y ))|[kk']
<Z,,2'MldH( “(x(p).S(y(p)))
Zq r— 12 dH(SC(ng) ( ngz))
<Zq rlZ 2(q+1+3)<2' 1 q+2)<2r
This gives (S€)*(x)E,.(H)(S¢)*(y). A contradiction! .

We conclude this section by the following theorem.

THEOREM 6.13 (Pre-rigid Theorem). Let G, H be two TSI Polish groups such that
H is locally compact. If E(G) <p E(H), then there exists an open normal subgroups
G, of Gand a continuousmap S : G. — H withS(1g) = ly such that, for x,y € G2,
iflim, dg(x(n), y(n)) =0, then

XE*(GC),V — Sw(x)E*(H)Sw(y)~

In particular, if G = G, and the interval [0, 1] embeds in H, then the converse is also
true.

ProOF. Suppose E(G) <p E(H), then Lemma 6.11 gives the desired results.
Conversely, if G = G, from such an S : G — H we can define a continuous map
0:G”— H® x G”as:forx € G and n € o,

0(x(n)) = (S(x(n)). x(n)).

Itis clear that Sis a Borel reduction of E..(G) to E.(H) x E(G:0). Since the interval
[0, 1] embeds in H, following the arguments in the proof of Theorem 6.5, we can see
that E(G) <p E(H). 4

Under the assumption in Pre-rigid Theorem, the existence of Borel reduction
is transformed into the existence of a well-behaved continuous mapping between
topological groups.

6.3. Applications on Lie groups. A Lie group is a group which is also a smooth
manifold such that the group operations are smooth functions. A Lie group is Polish
iff it is separable iff it has only countably many connected components. Let G be
a Lie group, we denote by Gy the connected component of 14, then Gy is an open
normal subgroup of G. For more details on Lie groups, we refer to [24, 30].

THEOREM 6.14. Let G and H be two separable TSI Lie groups. If E(G) <p E(H),
then there exists a continuous locally injective map S : Gy — H).

Proor. If E(G) <p E(H), then E,(G) <p E.(H). The open normal subgroup
G, of G defined in the arguments before Lemma 6.11 is clopen, so G, contains the
connected component Gy. By continuity of S, we have S(Gy) C Hy. Let S¢ be which
appeared in Lemma 6.12. Note that any Lie group is locally compact and has no
small subgroups (cf. [18, Proposition 2.17]). So the restriction of S¢ on G is the
desired continuous locally injective map. o
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Let f : X — X be a continuous surjection between two topological spaces. We
say that f is a covering map provided that, for any x € X, there exists an open V' > x
such that ~!'(1/) is the disjoint union of open subsets of X each of which is mapped
homeomorphically onto ¥ under /. Then X is said to be a covering space of X.

THEOREM 6.15. Let Gand H be two separable TSI Lie groups with E(G) <p E(H).
Then we have:

(1) dim(G) < dim(H);
(2) if dim(G) = dim(H) > 2 and Gy is compact, then Hy is also compact and Gy
is a covering space of Hy.

ProoF. Clause (1) follows from Theorem 6.14 trivially.

If dim(G) = dim(H) > 2 and G is compact. by Theorem 6.14, there exists a
continuous locally injective map S : Gy — H,. It follows from [26, Lemma 1] that S
isan open map, so S (Gy) is an open subset of Hy. Since Gy is compact, we have S(Gy)
is closed, and hence clopen in Hy. So S(Gy) = Hy. thus Hy is compact. Moreover,
since S is an open continuous locally injective map, it is a locally homeomorphism.
Then by [6, Proposition 1], S is a covering map. -

Clause (2) is also valid for dim(G) = dim(H) = 1. We will show it later as a
special case of that Gy and H are abelian.

REMARK 6.16. Lemma 5.8 of [8] concerning finite-dimensional Banach spaces
is a special case of the preceding theorem. Indeed, it was this lemma from [8] that
served as the inspiration for our definition of the equivalence relations induced by
Polish groups.

It is well known that all abelian Polish groups and compact Polish groups are TSI
(cf. [14, Exercise 2.1.5]). On the other hand, a connected locally compact Polish
group is TSI iff it is the product of a compact Polish group and a group R” (cf.
[14, Exercise 2.1.4] and [11, Theorem 16.4.6]). Let G be a connected TSI Lie group.
Since any closed subgroup of a Lie group is also a Lie group (cf. [2, Theorem 1.4]),
we can write G = R” x Gk, where Gk is a compact connected Lie group.

Now we focus on the case that Gy and H are abelian. It is well known that every
connected abelian Lie group is of the form R¢ x T¢ (cf. [2, Proposition 1.12]). We
can write

Gp =R x T%, Hy=RD x T,

Suppose E(G) <p E(H), we will show that S¢ : Gy — H, is a group homomor-
phism for each coset C of Gy. Note that T = {exp(it) : 7 € R}.
Given gy, g1 € Gy and fix their expressions as

g0 = (... réofl .exp(ity?). ... ,exp(irgﬁeofl)),

g = (). ... ,Tfoil, exp(it}°). ... ,exp(irfoﬂo*l)).
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For ¢ € [0, 1]. define g(¢) € Gy such that

. _ [ e - 1) 0si<c.
prox(g(f)){ expli(zi + t(xi — 1)), co<i<co+ e

Then g(0) = go and g(1) = g1.

Fix an iy <ci+e. If ig<c;, we define F; :[0,1] =R as F;(¢)=
proj,-O(SC(g(t))). Note that [0,1] is simply connected. If ¢; < iy < c; + e, by
[19. Definition A2.6]. we can also find a continuous function Fj; : [0, 1] — R such
that exp(iF;, (1)) = proj; (S (g(7))).

LEMMA 6.17. F; (1) = F;,(0) 4 1(F; (1) — F;,(0)) for t € [0, 1].

Fiy (1) = F;y(0) — t(F, (1) - F;,(0)). Note

Proor. Define f :[0,1] — Ras f(¢) =
= 0. We only need to prove that f(¢) = 0 for

that 1 is continuous and £(0) = f(1)
all 7 € (0, 1).

If not, there exists 7o € (0.1) such that f(zy) # 0. Without loss of generality,
assume that f(¢g) > 0. Let

E=inf{r <t: f(1)> ft0)}. (=sup{t>1:f(1) > f(r)}.

By the continuity, we have (&) = f({) = f(ty). Again by the continuity, we can
find0 < & < & < & < -+ < Esuchthat £(&) = %f(to) foreach! € w.Let&' =
lim; &, then &’ < & and f(&') = lim; £ (&) = f(ty). By the definition of &, we have
¢ =& . Thereexists L € wsuchthaté — &, < 1—{.Thuswecanfind1 > {y > (| >
{5 > --- > { such that, for / > L, we have

E-&>0-0>¢8-&4.

This gives { = lim; ;.
For p € w, we set

_ | g&). p=21L _ | e&). p=2L
x(p){g(i)-, p=2+1, y(){g(éz), p=2+1.

It is clear that lim, dg (x(p). y(p)) = 0. so Lemma 6.11 gives
XE(G)y <= (SO)°(X)E.(H)(S)”(»).
From the alternating series test, the following series
E-&)+(C-L)++E&-&)+{-0)+
is convergent. We also note that

i | E=E) - 7). 0<i<co.
proj,(g(&)g (&) ") = { exp(i(’é 71@)&0{ ), asic 20 v

. | €=)E 1), 0<i<c,
proj; (g(£)g (&) )= { eXp(i(l(: 71&)(,?; 7,[6))} 0 <i< 20 + e
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It follows that, for all i < ¢y + ep. the following are convergent:

Y proj; (x(p)y(p) ") = D proj;(g(&)eg(O)e (&) 'g(&)") (0<i<co),

P 1
[ Tproi: (x(p)y(p) ") = [ [ proii(g(£)g (g (&) g &)™) (eo < i< eo+ e).
P !

So we have xE,(G)y.
On the other hand, we have

S - FE)+ FO- )= Y@ - 1E) =%
1 !

/

Since

F; (&) - Fi, (&) + F;, () = Fi, (&)
=(f(&)-fE&)+ 1O - 1)+ (&E=&+-0)(F, (1) - Fy(0)).

and Z,(é — & + ¢ —{) converges, we have
D (Fiy(&) = Fiy (&) + Fiy(O) = Fiy (&) = oo

/

If iy < ¢1, we have

> proj, (S (g(€)S (g(¢) 'S (2(0)) S (g(&) ) = oo:
/

if ¢; < iy < c1 + ey, since (F (&) — Fi) (&) + Fi,(() — Fiy (&) — 0.
[ [ proj;, (S€(g(£)SC (g(¢) 'S (2(0))S (&)™)
!
= Jexp(i(F;y (&) = Fiy (&) + Fiy (O) = Fiy (&) diverges.
I
Therefore, [],S(x(p))SC(y(p))" diverges. In other words, we have
(SO (x)E,.(H)(SC)”(y) fails. A contradiction! .

LEMMA 6.18. S€ : Gy — H, is a group homomorphism.

PrOOF. For any iy < ¢; + ¢, Lemma 6.17 gives F; (1/2) = F;,(0) + (F;, (1) -
F;,(0))/2.1.e. F;,(0) + F;, (1) = 2F;,(1/2). It follows that

S(2(0))S(2(1)) = $(g(1/2))*.
For ¢ € [0, 1], define g* () € Gy as

L. ez + 7). 0<i<cy,
proji(g (f))—{ expli(t(zh + <)), o <i<coten

Similarly, we have

SC(g*(0))S(g*(1)) = S€(g"(1/2))™.
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From the definition of S€, we have S€ (1) = 1. Note that g(0) = ggpand g(1) =
21, also note that g*(0) = 15.¢*(1) = gog1. and g*(1/2) = g(1/2). So we have

S(g0g1) = S(g"(1)) = S°(g*(1/2))* = S ((1/2))* = S (20)S (g1).
Therefore, S€ is a group homomorphism. o
THEOREM 6.19. E(R% x T%) <p E(R1 x T%) iff eg < e and co + ey < ¢1 + ey.

Proor. The (<) part follows form Theorem 6.5 and Proposition 3.4.

Now suppose E (R x T%) <p E(R‘l x T¢). Theorem 6.15 gives ¢y + ey < ¢1 +
ey. Since E(T%) <p E(R% x T%) <z E(R x T°), by Theorem 6.14 and Lemma
6.18, there exists a continuous locally injective homomorphism S : T — R¢ x T¢I,
Then there are continuous homomorphisms R : T — R and T : T — T¢I such
that S(g) = (R(g), T (g)) forg € T%. Itis trivial to see that R(g) = Oforallg € T,
So T should be locally injective, and hence ¢y < e. !

Generalizing the results above, the authors [10] proved a Rigid Theorem
concerning TSI Lie groups as following.

THeOREM [10, Theorem 1.8]. Let G, H be two separable TSI Lie groups such that
G is connected. Then E(G) <p E(H) iff there exists a continuous locally injective
homomorphism S : G — H.

Next we provide an example of a disconnected Lie group. Let Z, = {0, 1} and
denote by Z, x R the semi product Z, x4 R with ¢(0) = idg and ¢(1)(z) = ¢ for
t € R. Then we have (1,0)(0, ¢)(1,0) = (0,— ¢) for ¢ € R. In the following, we write
v = (1,0) for brevity. Note that v' = v and v(0,#)v! = (0.— 7).

LemMma 6.20. E(Z, x R) £ E(T).

PrOOF. We use notions defined in the arguments before Lemma 6.11. We can
assume v € Fy. In order to write succinctly, we identify {0} x R with R.

Assume for contradiction that E(Z, x R) < E(T).LetG = Zy x Rand H = T.
Since T is compact, we can put H. = W, = T. Then we can put G. = V.. to be either
Ror G.

First, for G, = R, there are two cosets R and Rv. By Lemma 6.18, S®, S® : R —
T are continuous locally injective homomorphisms. Thus there exist a.b € R\ {0}
such that, for r € R,

S®((0.1)) = expliat), S®((0.1)) = exp(ibz).

Secondly, for G. = G, there is only one coset G. Since H = T is abelian and
v? = 14, we have

SE(€) = Suy (g0)Sny) (0) 1SS (h) = Sy (0)Sy (1)
forg =(0.71) €RN Fuy;0. v € Fyypandany h € Fy,, 1. 50

i ((0.2)) = iy, ((0.0)0) Sy, (0) ™! = S5 ((0.0)0) 8,7 (v) ™
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Assume that the ultrafilter A 5 {2/ : j € w}. then we have
S5((0.1)) = 8((0.1)v)S % (v) !
So S¢((0.¢)v) = exp(ibt)SY (v) for t € R.
Now define x, y € G® asx(p) = vand y(p) = (0,
lim, dg(x(p).y(p)) = 0. and hence by Lemma 6.11,

YE(G)y <= (S (x)E.(H)(S)”(y).

pH)v for p € w. Then we have

For p € w, we have x(0) ... x(p) = v*! and

YO y() = 0.10... 0.4
= (0.0 10 1) . (0?0, 5y )u P)or

_ P
— (0,14 --+%)w+l.

Since Z s 1 converges, we have xE,(G)y.
On the other hand, we have S¢(x(0)) ... S%(x(p)) = S (v)?*! and

) ...
S¢((0) ... 59(y(p)) = exp(ib) S (v) . eXp(pH)SG()
= exp(ib) exp() ... exp(527) S (v)7 .
ib

Since Zp pl = oo and +1 — 0, we have H exp(pﬂ) diverges, and hence
(SO (x)E.(H)(S9)*(y )falls A contradiction! .

We also denote by Z, x T the semi product Z; x4 T with ¢(0) =idy and
o (1)(exp(iz)) = exp(~—it) for ¢ € [0, 2x).

COROLLARY 6.21.

(1) E(T) and E(Z, x R) are Borel incomparable:

(2) E(R) <p E(T) <p E(Zy x T);

(3) E(R) <p E(Zy x R) <p E(Zy x T).

Proor. Clause (1) follows from Lemmas 6.18 and 6.20. By Proposition 3.4 and
Theorem 6.5, we have E(R) <p E(T) <p E(Zo x T) and E(R) <p E(Z> x R) <p
E(Z> x T). Then (2) and (3) follow from (1). =

COROLLARY 6.22. Let G be a separable TSI Lie group with Gy = R. Define 1 :
R — R as ig(t) = t. Then we have:

(1) E(G) ~p E(R) < Inng(Gp) = {idgr}:

(2) E(G) ~pB E(Zz X R) — Inng(Go) = {idR, l]R}.

PROOF. Suppose that thereareu € G and b € Rwithb # +1such that utu™' = bt
for all r € R = Gy. Without loss of generality, we can assume that |»| < 1. Then
u"tu™ = b"t — 0, contradicting that G is TSI. So Inng (Gp) C {idg. R }.

By Theorem 6.7 and E(Z, x R) £5 E(R), we complete the proof. -

By similar arguments, we can prove the following corollary.

COROLLARY 6.23. Let G be a separable TSI Lie group with Gy = T. Define 17 :
T — T as ir(exp(it)) = exp(- it). Then we have:

(1) E(G) ~B E(T) < Inng(GO) = {ld’ﬂ‘},

(2) E(G) ~B E(Zz X T) — Inng(Go) = {id']r., l’[}.
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6.4. Applications on p-adic solenoids. Let p > 2 be a natural number. Recall that
the p-adic solenoid T, is the closed subgroup of T* as follows:

T, = (g) €T : V(g = g1p+1)}~

Then T, is a compact connected abelian Polish group. but not arcwise connected.
The arc component of 1, in T, is

R, = {(exp(it/p')) : 1 € R}

(cf. [19, Exercise E1.11(iv)]). For more on p-adic solenoids, we refer to [19].
Given p > 2, let N(p) be the set of all prime divisors of p.

THEOREM 6.24. Let p,q > 2 be natural numbers, then we have:

(1) E(T,) <3 E(T,) < N(p) 2 N(q):
(2) E(R) <p E(T),) <z E(T).

Proor. For p>2.let¢,: T, — Tas ¢,((g)) = go for (g/) € T,. Then ¢, is a
closed continuous surjective group homomorphism, so T = T,/ ker(¢,). Let v,
R — T, as w,(t) = (exp(it/p')) for t € R. Then y, is a continuous injective group
homomorphism with R, = y,(R).

(1) First, if ¢|p. thereis d € Nwith p = qd. Let ¢, , : T, — T, as ¢,,((g;)) =
(gld[) for (g;) € T,. Then ¢,, is a closed continuous surjective group homomor-
phism with

ker(¢,,) =T, N{(g) € T :VI3k < d' (g = exp(2kni/d'))}.

It is clear that ker(¢,,) is non-Archimedean and T, = T,/ ker(¢, ). By Theorem
6.5, we have E(T,) <g E(T,).

Secondly, if N(p) D N(g).thereise € Nwithg|p®. Let¢ : T, — Tpe as¢((g;)) =
(ge) for (g7) € T,. Then ¢ is a topological group isomorphism. So T, = T, and
hence E(T,) ~p E(T,) <g E(T,).

On the other hand, if E(T ,,) <p E (Tq), since T, is compact, by Lemma 6.11, there
exists a continuous map S : T, — T, with S(It,) = Ig, such that, for x, y € T, if
lim; dr,(x(i). y(i)) = 0. then

XE*(Tp)y — Sw(x)E*(Tq)Sw(y)~
Moreover, since ¢, is a continuous homomorphism, we have
S0 EL(T,)S”(3) = 67 (5 (x)) E (D) (7 (7).

Given 7 € R, without loss of generality, assume that 7 > 0. For 0 <7 < 7, y,,(¢)
is in the arc component R, of Ir,. thus S(w (7)) is in the arc component R, of I, .
Let F : [0,7] — R be a continuous function such that exp(iF (¢)) = ¢,(S(y,(¢))))
with F(0) = 0. Following the arguments in the proof of Lemma 6.17, we have
F(t) = tF(t)/t. Due to the arbitrariness of 7, there is @ € R such that a = F(¢)/¢
forall 1 # 0,50 S(y, (1)) = w,(at). It is clear that a # 0.

Note that lim,, w,(p™) = 1r,. By the continuity of S, lim,, w,(ap™) = 1r,. For

apm
2nq!

each / € w, we have lim,, exp(iap™/q') = 1 and hence € Z for m large enough.

Thus N(p) 2 N(q).
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(2) By (1) we only need to show E(R) <g E(T,) < E(T). Note that
ker(¢,) =T, N {(g)) € T : VI 3k < p' (g/ = exp(2k=i/p"))}.

Itisclear thatker(¢,) is non-Archimedean. Thus by Theorem 6.5, we have E (T,) <p

E(T).
Note that ¢,(y,(R)) =T and ker(¢, o y,) = {2kn : k € Z} is discrete. Since
[0, 1] embeds into T ,, by Theorem 6.5, we have E(R) <z E(T,). =

REMARK 6.25. The authors also generalized the above theorem to P-adic
solenoids, where P is a sequence of natural numbers > 2 (see [9, Theorem 3.2]).
Furthermore, the Borel reducibility among E(G)’s between E(R) and E(T) are
extremely complicated that the partial ordered set P(w)/Fin embeds into them (see
[9. Theorem 3.6]).

§7. Further remarks. Although we have already presented many results concern-
ing equivalence relations E(G)’s, more interesting questions remaind unanswered.
For instance, Theorem 3.5(5) gives E(Ss) ~p=". And we already obtained a
sequence of CLI non-Archimedean Polish groups (G, ) so that

Ey~g E(Gy) <p - <p E(G,) <p E(Gyy1) <p - <p E(Sx) ~p="".
However, we do not know:

QUESTION 7.1. Is there a sequence of non-Archimedean Polish groups (G,)nce Such
that these E(G,)’s are pairwise Borel incomparable?

In Section 5, we use the notion of L.Lm.-unbalanced groups to prove some E(G)
are not Borel reducible to E(H) for any TSI Polish group H. As mentioned
in the first paragraph of Section 5.3, all nilpotent topological groups are distal.
And by Theorem 5.17, we know all nilpotent locally compact Polish groups are
not 1.m.-unbalanced. For instance, let T%(3) be the group of all real matrices as

1 a b
0 1 ¢ |.Itis clear that T%(3) is nilpotent locally compact, but not TSI. It
0 0 1

follows from [10, Theorem 1.2] that E(T“(3)) £ E(H) for any TSI Polish group
H. In particular, we have E(T"(3)) £5 E(R?). So far, we do not know:

QUESTION 7.2. Does E(R?) <z E(T“(3))?

As mentioned at the end of Section 5, we do not know any example of w-l.m.-
unbalanced CLI Polish group. So perhaps the most noteworthy problem is:

QUESTION 7.3. Does a-l.m.-unbalanced CLI Polish groups exist for each o < w1?
If not, can we find more sophisticated tools to form a hierarchy of length w, for all CLI
Polish groups under Borel reducibility among equivalence relations induced by them?

Some questions asked in earlier versions of this article have been answered in
[9, 10]. For instance. Theorem 1.8 of [10] is a positive answer for the following
question.

QUESTION 7.4. Let G, H be two connected TSI Lie groups, does E(G) <p E(H)
iff there exists a continuous locally injective homomorphism from G to H?
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QUESTION 7.5. Let G, H be two separable TSI Lie groups such that their identity
components Gy and Hy are topologically isomorphic, does E(G) <p E(H) iff
there exists an topological isomorphism ¢ : Gy — Hy such that ¢Inng(Go)é ' C
Inng (Hy)?

Theorem 6.18 confirms the special case of G, H are abelian for Question 7.4. And
Corollaries 6.22 and 6.23 confirm the very special case of Gy and H are topologically
isomorphic to either R or T for Question 7.5.

The authors [10] considered equivalence relations induced by separable strongly
NSS Fréchet spaces. So far, we know almost nothing about Borel reducibility among
equivalence relations induced by non-strongly NSS infinitely dimensional Polish
groups.
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