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ON EQUIVALENCE RELATIONS INDUCED BY POLISH GROUPS

LONGYUN DING AND YANG ZHENG

Abstract. The motivation of this article is to introduce a kind of orbit equivalence relations which
can well describe structures and properties of Polish groups from the perspective of Borel reducibility.
Given a Polish group G, let E(G) be the right coset equivalence relation G�/c(G), where c(G) is the
group of all convergent sequences in G. Let G be a Polish group. (1) G is a discrete countable group
containing at least two elements iff E(G) ∼B E0; (2) if G is TSI uncountable non-Archimedean, then
E(G) ∼B E�0 ; (3) G is non-Archimedean iff E(G) ≤B=+; (4) if H is a CLI Polish group but G is not,
thenE(G) �≤B E(H ); and (5) if H is a non-Archimedean Polish group but G is not, thenE(G) �≤B E(H ).
The notion of α-l.m.-unbalanced Polish group for α < �1 is introduced. Let G and H be Polish groups,
0 < α < �1. If G is α-l.m.-unbalanced but H is not, then E(G) �≤B E(H ). For TSI Polish groups, the
existence of Borel reduction is transformed into the existence of a well-behaved continuous mapping
between topological groups. As its applications, for any Polish group G, letG0 be the connected component
of the identity element 1G . Let G and H be two separable TSI Lie groups. If E(G) ≤B E(H ), then
there exists a continuous locally injective map S : G0 → H0. Moreover, if G0 and H0 are abelian, S is a
group homomorphism. In particular, for c0, e0, c1, e1 ∈ N, E(Rc0 × T

e0 ) ≤B E(Rc1 × T
e1 ) iff e0 ≤ e1

and c0 + e0 ≤ c1 + e1.

§1. Introduction. In recent years, a theory has been developed abundantly in
descriptive set theory: using Borel reducibility to investigate the complexity of
equivalence relations. Equivalence relations from different branches of mathematics
have been systematically studied, and a large number of results on Borel reducibility
or non-reducibility have been found. Polish groups are important tools in the study
of equivalence relations. The orbit equivalence relations generated by the continuous
(or Borel) group actions of Polish groups G on Polish spaces X (denoted by EXG )
account for most of the various equivalence relations concerned by various branches
of classical mathematics.

We let E be a Borel equivalence relation on a Polish space X. We say that E is
smooth if E is Borel reducible to the equality relation of some Polish space; and
say that E is countable if every E-class is countable. We call E essentially countable
if there is a countable Borel equivalence relation F such that E is Borel reducible
to F. Feldman–Moore Theorem [14, Theorem 7.1.4] asserts that, for every countable
Borel equivalence relation E on a Polish space X, there is a countable group Γ and
a Borel action of Γ on X such that E = EXΓ .

A very prevalent phenomenon is that the structural properties of a Polish group G
can affect the Borel complexity of the orbit equivalence relationsEXG . For instances,
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2 LONGYUN DING AND YANG ZHENG

Solecki [28] proved that a Polish group G is compact if and only if EXG is smooth
for any Polish G-space X ; Kechris [22] proved that if G is a locally compact Polish
group, then EXG is essentially countable for any Polish G-space X ; Gao and Jackson
[15] proved that if G is a countable discrete abelian group, thenEXG is Borel reducible
to E0 for any Polish G-space X ; Hjorth’s turbulence theory [17] asserts that orbit
equivalence relations induced by turbulent actions are not Borel reducible to EXS∞
for any Polish S∞-space X ; the orbit equivalence relation generated by a continuous
action of a CLI Polish group on a Polish space X is pinned, which implies that any
non-pinned Borel equivalence relation is not Borel reducible toEXG (see [21, Section
17]). Naturally, we ask the following problem.

Problem 1. Can we characterize structures and properties of Polish groups through
the study of equivalence relations?

Theoretically, this should be possible: for each kind of Polish groups, studying the
properties of all/part of their orbit equivalence relations will inevitably reflect the
properties of this kind of Polish groups. However, systematic research needs to find
a specific orbit equivalence relation that can well reflect the properties of a given
Polish group.

Given a countable discrete group Γ. There is a canonical continuous shift action
of Γ on {0, 1}Γ given by (gp)(h) = p(g–1h) for p ∈ {0, 1}Γ and g, h ∈ Γ. The free
part of the action is the set

(2)Γ = {p ∈ {0, 1}Γ : gp �= p for all 1Γ �= g ∈ Γ}.

We letEΓ be the corresponding orbit equivalence relation on (2)Γ. Indeed, the Borel
complexity of the relationEΓ can reflect the properties of the group Γ. For instance,
ifEΓ is Borel reducible toE0, then Γ is amenable, i.e., there is a left-invariant finitely
additive probability measure � on Γ (cf. [14, Section 7.4]). For a special case of Γ,
Thomas proved that EΓ is Borel reducible to EΛ if and only if Γ embeds into Λ
(cf. [29, Corollary 3.8]). So in this special case, we can think that the equivalence
relation EΓ captures the algebraic structure of Γ very well.

The main purpose of this article is to attempt to provide a possible answer to
Problem 1 for general Polish groups.

Given a Polish group G, we define an equivalence relation E(G) on G� as: for
x, y ∈ G� ,

xE(G)y ⇐⇒ lim
n
x(n)y(n)–1 converges in G.

We say that E(G) is the equivalence relation induced by G. Indeed, E(G) is the orbit
equivalence relation induced by the action of left multiplication of c(G) on G� ,
where c(G) is the Polish group consisting of all convergent sequences in G.

For all Polish groups G, equivalence relations E(G) are Π0
3.

The study of equivalence relations induced by Polish groups can distinguish Polish
groups very well. For instance, we can compare them with some benchmark equiv-
alence relations: E0, E

�
0 and =+ (the definitions of these benchmark equivalence

relations are left for the next section).
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ON EQUIVALENCE RELATIONS INDUCED BY POLISH GROUPS 3

Theorem 1.1. Let G be a Polish group, then we have:
(1) G is a discrete countable group containing at least two elements iffE(G) ∼B E0;
(2) if G is TSI uncountable non-Archimedean, then E(G) ∼B E�0 ;
(3) G is non-Archimedean iff E(G) ≤B=+.

Recently, the authors [10] use the Borel complexity of E(G) to characterize TSI
non-Archimedean Polish groups.

Theorem [10, Theorem 1.3]. Let G be a Polish group. Then the following are
equivalent:

(1) G is TSI non-Archimedean;
(2) E(G) ≤B E�0 ;
(3) E(G) ≤B R�/c0.

In particular, E(G) ∼B E�0 iff G is TSI uncountable non-Archimedean.

Many notions about Borel reductions can be applied in the research on
equivalence relations induced by Polish groups. For instance, using the notion
of right embedability introduced by Lupini and Panagiotopoulos [25], we get the
following.

Theorem 1.2. Let G be a non-CLI Polish group and H a CLI Polish group. Then
E(G) �≤B EYH for any Polish H-space Y.

In particular, since c(H ) is also CLI, we have E(G) �≤B E(H ).

Similarly, using the notion of turbulence introduced by Hjorth [17] and c0-equality
introduced by Farah [13], we get the following.

Theorem 1.3. Let G and H be two Polish groups. If H is non-Archimedean but G
is not, then E(G) �≤B EYH for any Polish H-space Y.

In particular, since c(H ) is also non-Archimedean, we have E(G) �≤B E(H ).

Recently, similar result concerning TSI Polish groups is obtained by the authors
[10].

Theorem [10, Theorem 1.2]. Let G,H be two Polish groups. If H is TSI but G is
not, then E(G) �≤B E(H ).

More attractive results appear in the study of CLI Polish groups. Using the
notion of α-unbalanced relations introduced by Allison and Panagiotopoulos [1],
we define the notion of α-l.m.-unbalanced Polish groups for α < �1 in Section 5.1
(“l.m.” stands for left multiplication.) and obtain the following.

Theorem 1.4. Let G,H be Polish groups, 0 < α < �1. If G is α-l.m.-unbalanced
but H is not, then E(G) �≤B E(H ).

We will also present examples of α-l.m.-unbalanced groups. Recall that a
topological group G is said to be distal if 1G /∈ {ghg–1 : g ∈ G} for all h �= 1G ∈ G .
It is known that all TSI Polish groups and all nilpotent Polish groups are distal (c.f.
[27]).

Theorem 1.5. Let G be a Polish group.
(1) If G is not distal, then G is 1-l.m.-unbalanced. In particular, if G is locally

compact, then G is not distal iff it is 1-l.m.-unbalanced.
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4 LONGYUN DING AND YANG ZHENG

(2) If G is locally compact, then G is not 2-l.m.-unbalanced.
(3) Let Λ be an infinite countable discrete group, and α < �1. Then G is α-l.m.-

unbalanced iff the wreath product Λ �G is (α + 1)-l.m.-unbalanced.

Therefore, we can find a sequence (Gn) of CLI Polish groups such that

E(G0) <B ··· <B E(Gn) <B E(Gn+1) <B ... .

Unfortunately, we have not found any �-l.m.-unbalanced CLI Polish group so far,
though we know that S∞ is α-l.m.-unbalanced for any ordinal α.

The most refined result appears in the study of TSI Polish groups. Applying
the tool of additive reduction and ultrafilter limit, the existence of Borel reduction
is transformed into the existence of a well-behaved continuous mapping between
Polish groups.

Let G be a Polish group. We define equivalence relation E∗(G) on G� as:

xE∗(G)y ⇐⇒ lim
n
x(0)x(1) ... x(n)y(n)–1 ... y(1)–1y(0)–1 converges

for x, y ∈ G� . It is clear that E(G) ∼B E∗(G) (cf. [9, Proposition 2.2]). It turns out
that, for TSI Polish groups, E∗(G) is a more convenient research object than E(G).

Theorem 1.6 (Pre-rigid Theorem). LetG,H be two TSI Polish groups. Suppose G
is connected, H is locally compact and the interval [0, 1] embeds in H. Then E(G) ≤B
E(H ) iff there exists a continuous map S : G → H with S(1G) = 1H such that, for
x, y ∈ G� , if limn dG(x(n), y(n)) = 0, then

xE∗(G)y ⇐⇒ S�(x)E∗(H )S�(y),

where the map S� : X� → Y� is defined as: for x ∈ X� and n ∈ �,

S�(x)(n) = S(x(n)).

To illustrate the strength of this theorem, we recall some notions. For any Polish
group G, let G0 be the connected component of the identity element 1G , which is a
closed normal subgroup of G. It is known that, if G is locally compact TSI, then G0

is the product of a compact connected Polish group and a group Rn. Now we apply
Pre-rigid Theorem on Lie groups as follows.

Theorem 1.7. Let G and H be two separable TSI Lie groups. If E(G) ≤B E(H ),
then there exists a continuous locally injective map S : G0 → H0.

In particular, if G0, H0 are abelian, then S is a group homomorphism.

As a corollary, we have dim(G) ≤ dim(H ). Furthermore, if dim(G) = dim(H )
and G0 is compact, then H0 is also compact and G0 is a covering space of H0, and
hence the corresponding Lie algebras of G0 and H0 are isomorphic. In particular,
we obtain a complete answer for abelian connected Lie groups. Recall that T is the
multiplicative group of all complex numbers with modulus 1.

Theorem 1.8. Let c0, e0, c1, e1 ∈ N, then E(Rc0 × Te0) ≤B E(Rc1 × Te1) iff e0 ≤
e1 and c0 + e0 ≤ c1 + e1.

Recently, the aforementioned results have been vigorously generalized by the
authors [10]. A completely metrizable topological group G is called a pro-Lie group
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if every open neighborhood of 1G contains a normal subgroup N such that G/N
is a Lie group (cf. [18, Definition 1]). By [20, Theorem 3.6], every locally compact
TSI Polish group is a pro-Lie group. The following is a Rigid Theorem concerning
locally compact connected TSI Polish groups and TSI pro-Lie groups.

Theorem [10, Theorem 6.9]. Let G be a locally compact connected TSI Polish
group, H a TSI pro-Lie Polish group. ThenE(G) ≤B E(H ) iff there exists a continuous
homomorphism S : G → H such that ker(S) is non-Archimedean.

We also get a few results for disconnected Lie groups. Let InnG(G0) be the group
of all �u : G0 → G0 with �u(g) = ugu–1 for u ∈ G .

Theorem 1.9. Let G be a separable TSI Lie group withG0 = R. Define �R : R → R
as �R(t) =– t. Then we have:

(1) E(G) ∼B E(R) ⇐⇒ InnG(G0) = {idR};
(2) E(G) ∼B E(Z2 �R) ⇐⇒ InnG(G0) = {idR, �R}.

Similar results of G0 = T in place of R are also valid.
In the end, the groups Tp of p-adic solenoids for all p ≥ 2 are considered. Let

N (p) be the set of all prime divisors of p.

Theorem 1.10. Let p, q ≥ 2 be natural numbers, then we have:

(1) E(Tp) ≤B E(Tq) ⇐⇒ N (p) ⊇ N (q);
(2) E(R) <B E(Tp) <B E(T).

The authors also generalized the above theorem to P-adic solenoids, where P
is a sequence of natural numbers ≥ 2 (see [9, Theorem 3.2]). Moreover, the Borel
reducibility among E(G)’s between E(R) and E(T) are extremely complicated that
the partial ordered set P(�)/Fin embeds into them (see [9, Theorem 3.6]).

This article is organized as follows. In Section 2, we recall some notions in
descriptive set theory and Polish groups. In Section 3, we define the equivalence
relations induced by Polish groups, and prove Theorem 1.1 and some basic facts.
In Section 4, we prove Theorems 1.2 and 1.3. In Section 5, we define the notion
of α-l.m.-unbalanced groups and prove Theorems 1.4 and 1.5. In Section 6, we
present many results on TSI Polish groups and prove Theorems 1.6–1.10. Finally,
in Section 7, we give some further open questions and additional remarks.

§2. Preliminaries. We say that a topological space is Polish if it is separable and
admits a compatible complete metric. Let X,Y be two Polish spaces, E and F
equivalence relations on X and Y, respectively. We say that a map � : X → Y is a
Borel reduction of E to F if � is Borel and for x, y ∈ X ,

xEy ⇐⇒ �(x)F�(y).

If such a Borel reduction exists, we say that E is Borel reducible to F, denoted
by E ≤B F . We also denote by E ∼B F for E ≤B F and F ≤B E; and denote
by E <B F for E ≤B F but F �≤B E. For more details on Borel reducibility and
descriptive set theory, we refer to [14, 21, 23].

The identity element of a group G is denoted by 1G . We say that a topological group
is a Polish group if its underlying topology is Polish. Given a Polish group G and a
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Polish space X, an action of G on X, denoted by G � X , is a map a : G × X → X
satisfying that a(1G, x) = x and a(gh, x) = a(g, a(h, x)) for g, h ∈ G and x ∈ X .
The pair (X, a) is called a Polish (Borel) G-space if a is a continuous (Borel) map.
Throughout this article, we write gx in place of a(g, x) for the sake of brevity.
For each x ∈ X , the G-orbit of x, denoted by [x] or Gx, is the set {gx : g ∈ G}.
A subset A of X is G-invariant if Gx ⊆ A for each x ∈ A. The orbit equivalence
relation, denoted by EXG , is defined as

xEXG y ⇐⇒ [x] = [y] ⇐⇒ ∃g ∈ G (gx = y).

Becker and Kechris proved that, for any Borel G-space (X, a), there is a Polish
topology � on X such that � generates the Borel structure of X and (X, a) is a Polish
G-space (cf. [14, Theorem 4.4.6]). This implies that EXG = E(X,�)

G . Therefore, the
concepts of Borel G-space and Polish G-space are equivalent under the perspective
of Borel reducibility.

Note that any discrete countable group is Polish. The infinite permutation group
S∞ is the group of all permutations of � equipped with the pointwise convergence
topology. A Polish group G is non-Archimedean if it has a neighborhood base of
1G consisting of open subgroups. Becker and Kechris proved that a Polish group is
non-Archimedean iff it is topologically isomorphic to a closed subgroup of S∞ (cf.
[4, Theorem 1.5.1] or [14, Theorem 2.4.1]). A metric d on a group G is left-invariant
if d (gh, gk) = d (h, k) for all g, h, k ∈ G . Similarly, we can define right-invariant
metric. We say that d is two-sided invariant if it is both left and right-invariant.
A compatible two-sided invariant metric on a Polish group is necessarily complete
(cf. [4, Corollary 1.2.2]). We say that a Polish group G is CLI if it admits a left-
invariant compatible complete metric, and that G is TSI if it admits a two-sided
invariant compatible metric.

Now we recall some benchmark equivalence relations in the research of Borel
reducibility. The equivalence relation E0 on 2� is defined as

xE0y ⇐⇒ ∃m ∀n > m (x(n) = y(n)).

If E is an equivalence relation on a Polish space X, then we define equivalence
relations E� and E+ on X� as

xE�y ⇐⇒ ∀n (x(n)Ey(n)),

xE+y ⇐⇒ ∀n ∃m (x(n)Ey(m)) ∧ ∀m ∃n (x(n)Ey(m)).

We pay special attention to E�0 and id(��)+ (denoted by =+ for brevity).
Let G and Λ be two groups, and φ a homomorphism from Λ to Aut(G), the

group of automorphisms on G. Recall that the semi product Λ �φ G is the set Λ ×G
equipped with group operation as: for (	1, g1), (	2, g2) ∈ Λ ×G ,

(	1, g1)(	2, g2) = (	1	2, g1φ(	1)(g2)).

Note that, if G is a Polish group, Λ is a countable discrete group, and φ(	) is a
continuous automorphism on G for each 	, then Λ �φ G equipped with the product
topology on Λ ×G is also a Polish group and G is topologically isomorphic to the
open normal subgroup {1Λ} ×G . We also recall that the wreath product Λ �G is the
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set Λ ×GΛ equipped with group operation as: for (	1, 
1), (	2, 
2) ∈ Λ ×GΛ,

(	1, 
1)(	2, 
2) = (	1	2, 
)

with 
(	) = 
1(	)
2(	–1
1 	) for 	 ∈ Λ. If Λ is countable and G is Polish, Λ �G

equipped the product topology of Λ ×GΛ is also a Polish group.
Given two sets X,Y and a map f : X → Y , we define a map f� : X� → Y� as:

for x ∈ X� and n ∈ �,

f�(x)(n) = f(x(n)).

§3. Equivalence relations induced by Polish groups.

Definition 3.1. Let G be a Polish group. We define an equivalence relationE(G)
on G� as

xE(G)y ⇐⇒ lim
n
x(n)y(n)–1 converges in G

for x, y ∈ G� . We say that E(G) is the equivalence relation induced by G. Moreover,
we define a subgroup of G� as

c(G) = {x ∈ G� : lim
n
x(n) converges in G}.

Then we have

xE(G)y ⇐⇒ xy–1 ∈ c(G) ⇐⇒ c(G)x = c(G)y.

It is easy to see that E(G) is a Π0
3 equivalence relation on G� .

Let d be a compatible metric on G. We define the supremum metric as du(x, y) =
sup{d (x(n), y(n)) : n ∈ �} for x, y ∈ G� . For any sequence (xk) in G� and any
x ∈ G� , we use xk ⇒ x to denote du(xk, x) → 0, i.e., (xk) converges to x uniformly
(respect to du).

Theorem 3.2. Let G be a Polish group, d a complete compatible metric on G, and
let du be the supremum metric on c(G). Then (c(G), du) is also a Polish group.

Furthermore, let d ′ be any compatible metric on G and d ′u the supremum metric of
d ′, then (c(G), du) and (c(G), d ′u) have the same topology.

Proof. (1) First, we prove that du is a Polish metric on c(G). Let (�m) be a du-
Cauchy sequence in c(G), and let gm = limn �m(n). Then for each n ∈ �, (�m(n))
is a d-Cauchy sequence. So there exists an x ∈ G� such that limm �m(n) = x(n) for
each n ∈ �. It is clear that (gm) is also a d-Cauchy sequence, so gm → g for some
g ∈ G . From the property of uniform convergence, we have

lim
n
x(n) = lim

n
lim
m
�m(n) = lim

m
lim
n
�m(n) = lim

m
gm = g.

So x ∈ c(G), and hence du is complete.
(2) Secondly, we prove that (c(G), du) is a topological group. Let �, � ∈ c(G)

and let (�m), (�m) be two sequences in c(G). Put g = limn �(n), h = limn �(n), gm =
limn �m(n), and hm = limn �m(n) for each m ∈ �. Now suppose du(�m, �) → 0 and
du(�m, �) → 0. We only need to show that du(�m�–1

m , ��
–1) → 0.
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For any ε > 0, there exists a �1 > 0 such that, for any g ′, h′ ∈ G , if d (g ′, g) < �1
and d (h′, h) < �1, then we have d (g ′(h′)–1, gh–1) < ε/2. For this �1 > 0, there exists
anN1 ∈ � such that, for n > N1, we have d (�(n), g) < �1/2 and d (�(n), h) < �1/2.
It follows that d (�(n)�(n)–1, gh–1) < ε/2. There also exists an M1 ∈ � such that,
for m > M1, we have du(�m, �) < �1/2 and du(�m, �) < �1/2. So

d (�m(n), g) ≤ d (�m(n), �(n)) + d (�(n), g) ≤ du(�m, �) + d (�(n), g) < �1,

and also d (�m(n), h) < �1. It follows that d (�m(n)�m(n)–1, gh–1) < ε/2. Then we
have

d (�m(n)�m(n)–1, �(n)�(n)–1) < ε (∀m > M1,∀n > N1).

For this ε > 0, there exists a �2 > 0 such that, for any g ′, h′ ∈ G and any n ≤ N1, if
d (g ′, �(n)) < �2 and d (h′, �(n)) < �2, then d (g ′(h′)–1, �(n)�(n)–1) < ε. Then there
exists anM2 ∈ � such that du(�m, �) < �2 and du(�m, �) < �2 form > M2. Thus we
have

d (�m(n)�m(n)–1, �(n)�(n)–1) < ε (∀m > M2,∀n ≤ N1).

Therefore, du(�m�–1
m , ��

–1) ≤ ε for all m > max{M1,M2}. It follows that
du(�m�–1

m , ��
–1) → 0.

It is trivial that (c(G), du) is separable, so it is a Polish group.
(3) Let d ′ be a compatible metric on G and d ′u the supremum metric (respect

to d ′) on c(G). Let � ∈ c(G) and let (�m) be a sequence in c(G), we only need to
show that: du(�m, �) → 0 iff d ′u(�m, �) → 0. Let limn �(n) = g and limn �m(n) = gm
for each m ∈ �. Suppose du(�m, �) → 0. Following similar arguments in the proof
of du(�m�–1

m , ��
–1) → 0 in (2), we can prove that d ′u(�m, �) → 0. And vice versa. �

Therefore, E(G) is the orbit equivalence relation induced by c(G) � G� , the
action of left multiplication of c(G) on G� .

Proposition 3.3. Let G be a Polish group. If G is CLI (TSI, or non-Archimedean),
so is c(G).

Proof. If G is CLI, let d be a left-invariant compatible complete metric on G.
Then it is trivial to check that the supremum metric du is also a left-invariant
compatible complete metric on c(G), so c(G) is CLI too.

If G is TSI, the same arguments show that c(G) is TSI.
If G is non-Archimedean, let (Gn) be a sequence of open subgroups of G which

forms a neighborhood base of 1G , and let d be a compatible metric on G and du the
supremum metric on c(G). Find an εn > 0 such that

{g ∈ G : d (g, 1G) < εn} ⊆ Gn.
Let Vn = {� ∈ c(G) : du(�, 1c(G)) < εn}. Then for any � ∈ G�n ∩ c(G), we have

� ∈ �Vn ⊆ G�n ∩ c(G).

So G�n ∩ c(G) is an open subgroup of c(G). It is clear that (G�n ∩ c(G)) is a
neighborhood base of 1c(G), so c(G) is non-Archimedean. �

Proposition 3.4. Let G,H be two Polish groups. If G is topologically isomorphic
to a closed subgroup of H, then E(G) ≤B E(H ).
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Proof. It follows from the definitions of E(G) and E(H ). �

Theorem 3.5.

(1) Let G be a discrete countable group containing at least two elements, then
E(G) ∼B E0.

(2) Let G be an uncountable Polish group, then E�0 ≤B E(G).
(3) Let G be a TSI non-Archimedean uncountable Polish group, thenE(G) ∼B E�0 .
(4) Let G be a non-Archimedean Polish group, then E(G) ≤B=+.
(5) E(S∞) ∼B=+.

Proof. (1) Let G be a discrete countable group containing at least two elements.
For x, y ∈ G� , we have

xE(G)y ⇐⇒ xy–1 ∈ c(G) ⇐⇒ ∃m ∃g ∈ G ∀n > m (x(n)y(n)–1 = g).

For all m ∈ �, we define

xFmy ⇐⇒ ∃g ∈ G ∀n > m (x(n)y(n)–1 = g)
⇐⇒ ∀n > m (x(n)y(n)–1 = x(n + 1)y(n + 1)–1).

Thus each Fm is a closed equivalence relation on G� , and hence is smooth (cf. [14,
Proposition 5.4.7]). Note that E(G) =

⋃
m Fm and Fm ⊆ Fm+1 for each m ∈ �. So

E(G) is hypersmooth (cf. [14, Definition 8.1.1]). It is clear that each orbit of E(G)
is countable. By Dougherty–Jackson–Kechris’ theorem (cf. [14, Theorem 8.1.5]), we
have E(G) ≤B E0.

Fix a g0 ∈ G with g0 �= 1G . For a ∈ 2� , we define �(a) ∈ G� as

�(a)(n) =
{
g0, n = 2k, a(k) = 1,
1G, otherwise.

Then � witnesses that E0 ≤B E(G). Therefore, we have E(G) ∼B E0.
(2) Let G be uncountable, then we can find a sequence (gi) in G such that

limi gi = 1G with all gi �= 1G for i ∈ �. Fix a bijection 〈·, ·〉 from � × � to �. For
α ∈ (2�)� , we define ϑ(α) ∈ G� as

ϑ(α)(〈i, j〉) =
{
gi , j = 2k, α(i)(k) = 1,
1G, otherwise.

Then ϑ witnesses that E�0 ≤B E(G).
(3) Let G be TSI non-Archimedean uncountable. By (2), we only need to show

E(G) ≤B E�0 . From [16, Theorem 1.1], G is isomorphic to a closed subgroup of a
product

∏
k Γk , where each Γk is a discrete countable group. So, by Proposition 3.4,

it suffices to prove E(
∏
k Γk) ≤B E�0 . For x, y ∈ (

∏
k Γk)� , we have

xE(
∏
k Γk)y ⇐⇒ xy–1 ∈ c(

∏
k Γk)

⇐⇒ ∀k (x(·)(k)y(·)(k)–1 ∈ c(Γk))
⇐⇒ ∀k (x(·)(k)E(Γk)y(·)(k)).

Then E(
∏
k Γk) ≤B E�0 follows from (1).
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(4) From [14, Theorem 2.4.1] and Proposition 3.4, it suffices to prove
E(S∞) ≤B=+. For x, y ∈ (S∞)� , we have

xE(S∞)y ⇐⇒ xy–1 ∈ c(S∞)
⇐⇒ ∃g ∈ S∞ ∀k ∃m ∀n > m ((x(n)y(n)–1)(k) = g(k))
⇐⇒ ∃g ∈ S∞ ∀k ∃m ∀n > m (x(n)–1(g(k)) = y(n)–1(k)).

We define � ′(x) ∈ (��)� as � ′(x)(k)(n) = x(n)–1(k) for n, k ∈ �. Then

xE(S∞)y ⇐⇒ ∃g ∈ S∞ ∀k (� ′(x)(g(k))E0�
′(y)(k)).

By [14, Exercise 8.3.4], this implies that E(S∞) ≤B E+
0 . It is well known that

E+
0 ≤B=+ (cf. [14, Theorem 7.4.10 and Exercise 8.3.3]), so we have E(S∞) ≤B=+.
(5) By [14, Lemma 10.3.4] and (4), we only need to show that =+� Y ≤B E(S∞),

where Y = {α ∈ (2�)� : ∀n,m (n �= m ⇒ α(n) �= α(m))}. Let (pi) be the strictly
increasing enumeration of all prime numbers. Define a map ϕ : Y → (��)� with

ϕ(α)(n)(k) =
{
pα(n)(0)

0 ... pα(n)(k)
k , k ≥ n,

0, otherwise,

for α ∈ Y and n, k ∈ �. It is clear that

ϕ(α)(n)E0ϕ(�)(m) ⇐⇒ α(n) = �(m).

Define a map � : (��)� → (��)� by induction on n as

�(x)(k)(n) =
{
x(n)(k), x(n)(k) /∈ {�(x)(k)(i) : i < n},
min� \ {�(x)(k)(i) : i < n}, otherwise,

for x ∈ (��)� and n, k ∈ �. Note that ϕ(α)(n)(k) = 0 for all n > k, so
�(ϕ(α))(k) ∈ S∞ for all α ∈ Y and k ∈ �. Furthermore, for any n ∈ �,
α(0), ... , α(n) are pairwise distinct elements in 2� , so for large enough k, we
have that ϕ(α)(0)(k), ... , ϕ(α)(n)(k) are pairwise distinct natural numbers. It
follows that

∀n ∀∞k (�(ϕ(α))(k)(n) = ϕ(α)(n)(k)).

Now we define a map ϑ′ : Y → (S∞)� as

ϑ′(α)(k) = �(ϕ(α))(k)–1 ∈ S∞
for x ∈ Y and k ∈ �. Then for any α, � ∈ Y , we have

ϑ′(α)E(S∞)ϑ′(�)

⇐⇒ ∃g ∈ S∞ ∀n ∀∞k ((�(ϕ(α))(k)–1�(ϕ(�))(k))(n) = g(n))

⇐⇒ ∃g ∈ S∞ ∀n ∀∞k (�(ϕ(α))(k)(g(n)) = �(ϕ(�))(k)(n))

⇐⇒ ∃g ∈ S∞ ∀n ∀∞k (ϕ(α)(g(n))(k) = ϕ(�)(n)(k))

⇐⇒ ∃g ∈ S∞ ∀n (ϕ(α)(g(n))E0ϕ(�)(n))

⇐⇒ ∃g ∈ S∞ ∀n (α(g(n)) = �(n))

⇐⇒ α =+ �.

Thus =+� Y ≤B E(S∞). So E(S∞) ∼B=+. �
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Furthermore, the authors [10] get the following stronger result.

Theorem 3.6 [10, Theorem 1.3]. Let G be a Polish group. Then the following are
equivalent:

(1) G is TSI non-Archimedean;
(2) E(G) ≤B E�0 ;
(3) E(G) ≤B R�/c0.

In particular, E(G) ∼B E�0 iff G is TSI uncountable non-Archimedean.

Corollary 3.7. Let Λ be a discrete countable group, G a Polish group containing
an element h0 with 1G /∈ {gh0g–1 : g ∈ G}. Then E(G × Λ) ∼B E(G).

Proof. Proposition 3.4 givesE(G) ≤B E(G × Λ). It is trivial thatE(G × Λ) ∼B
E(G) × E(Λ). By Theorem 3.5(1), E(Λ) ≤B E0, so we only need to show that
E(G) × E0 ≤B E(G). For x ∈ G� and a ∈ 2� , define �(x, a) ∈ G� as

�(x, a)(n) =
{
x(k)h0, n = 2k, a(k) = 1,
x(k), n = 2k, a(k) = 0 or n = 2k + 1.

It is trivial to check that � is a Borel reduction of E(G) × E0 to E(G). �

§4. Non-CLI Polish groups and non non-Archimedean Polish groups.

4.1. Non-CLI Polish groups. Lupini and Panagiotopoulos introduced a notion
of right embedability for proving that an orbit equivalence relation is not Borel
reducible to any EYH , where H is a CLI Polish group.

Definition 4.1 (Becker [3], Lupini–Panagiotopoulos [25]). Let G be a Polish
group, (gn) a sequence in G. We say that (gn) is left Cauchy if limm,n g–1

m gn = 1G , and
say that (gn) is right Cauchy if limm,n gmg–1

n = 1G .
Let X be a Polish G-space and x, y ∈ X . We say that x is left embeddable into

y, denoted by x l→ y, if there exists a left Cauchy sequence (gn) in G such that
gnx → y, and say that x is right embeddable into y, denoted by x r→ y, if there exists
a right Cauchy sequence (hn) in G such that hny → x.

Clearly, (gn) is right Cauchy iff (g–1
n ) is left Cauchy. Let d be a left-invariant

compatible metric on G, (gn) a sequence in G. It is worth noting that (gn) is
left Cauchy iff it is d-Cauchy. It was proved by Becker that the relation of left
embeddability is a preorder, and is invariant (cf. [3]). Similar arguments show that
the relation of right embeddability is a preorder, and is invariant too. So we can

write [x] l→ [y] and [x] r→ [y] in place of x l→ y and x r→ y, respectively.

Theorem 4.2. Let X be a Polish G-space andx, y ∈ X . Thenx l→ y impliesx r→ y.

Proof. Suppose x l→ y. Then there exists a left Cauchy sequence (gn) in G such
that gnx → y. Let d be a compatible metric on G and � a compatible metric on X.

By the continuity of the action of G on X, for any k ∈ �, there exists a � > 0
such that, for any g ∈ G , if d (g, 1G) < �, then �(gx, x) < 2–(k+1). Since (gn) is
left Cauchy, for this � > 0, there exists an mk ∈ � such that, for any n > mk , we
have d (g–1

mk
gn, 1G ) < �, and hence �(g–1

mk
gnx, x) < 2–(k+1). By gnx → y, we have
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g–1
mk
gnx → g–1

mk
y. There exists an n > mk such that �(g–1

mk
gnx, g

–1
mk
y) < 2–(k+1). So

we have �(g–1
mk
y, x) < 2–k . Without loss of generality, we can assume that (mk) is

strictly increasing. Let hk = g–1
mk

for each k. Then (hk) witnesses that x r→ y. �

Suppose that X is a Polish G-space, and x, y ∈ X . Lupini and Panagiotopoulos
defined a Becker-embedding game Emb(x, y) (see [25, Definition 2.2]). We say
that x is Becker embeddable into y and write x �B y if Player II has a winning
strategy for the game Emb(x, y). They showed the notion of Becker-embeddability
is actually equivalent to the notion of right embedability, i.e., x �B y iff x r→ y [25,
Lemma 2.4].

Theorem 4.3. Let G be a non-CLI Polish group and H a CLI Polish group. Then
for any Polish H-space Y, we have E(G) �≤B EYH .

Proof. Let d be a left-invariant compatible metric on G, and let du be the
supremum metric on c(G). Since G is not CLI, d is not complete. So there exists a d-
Cauchy sequence (gn) in G such that (gn) diverges. Form ∈ �, we define �m ∈ c(G)
as

�m(n) =
{
gn, n < m,
gm, n ≥ m.

For m < k, we have du(�–1
m �k, 1c(G)) = max{d (gm, gn) : m ≤ n ≤ k}. So (�m) is left

Cauchy, and hence (�–1
m ) is right Cauchy.

We define z ∈ G� as z(n) = gn for each n ∈ �. Then z /∈ c(G). We claim that
for any c(G)-invariant dense G� subset C of G� there exist x, y ∈ C with different
orbits such that x �B y. Then by [25, Theorem 2.9] we have E(G) �≤B EYH .

Fix a c(G)-invariant dense G� subset C of G� . Since z–1C is also dense G� ,
C ∩ z–1C �= ∅. Let x ∈ C ∩ z–1C and y = zx, then x, y ∈ C and [x] �= [y]. Note
that �–1

m y → z–1y = x, so x r→ y. Thus x �B y. �

Corollary 4.4. Let H be a CLI Polish group, then E(S∞) �≤B E(H ).

Proof. It well known that S∞ is not CLI (cf. [14, Example 2.2.7]). And by
Proposition 3.3, c(H ) is CLI. �

4.2. Non non-Archimedean Polish groups. Hjorth founded the theory of turbu-
lence for proving that an orbit equivalence relation is not Borel reducible toEYS∞ for
any Polish S∞-space Y. We omit the definition of turbulent actions since it is very
complicated and is not used in this article, one can find it in [14, Section 10].

Definition 4.5 (Farah [13, Definition 3.1]). If (Xn, dn), n ∈ � is a sequence
of finite metric spaces, let D = D(〈Xn, dn〉) be the equivalence relation on

∏
n Xn

defined as

xDy ⇐⇒ lim
n
dn(x(n), y(n)) = 0.

The equivalence relations of this form are called c0-equalities.

By [13, Lemma 3.4], every c0-equality is an orbit equivalence relation induced by
a continuous Polish group action on

∏
n Xn.
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For a finite metric space (X, d ) and ε ∈ R+, we define

�(ε, X ) = min{� : ∃x0, x1, ... , xn (d (x0, xn) ≥ ε ∧ ∀i < n (d (xi , xi+1) < �))}.

Lemma 4.6. Let G be a Polish group. If G is not non-Archimedean, then there exists
a turbulent c0-equality D such that D ≤B E(G).

Proof. Let d be a left-invariant compatible metric on G. Since G is not non-
Archimedean, there exists an ε0 > 0 such that no open subgroup of G is contained in
V = {g ∈ G : d (1G, g) < ε0}. For each n ∈ �, we defineVn = {g ∈ G : d (1G, g) <
2–n}. Then V –1

n = Vn and Gn =
⋃
m V

m
n is an open subgroup of G. Thus Gn �⊆ V

for each n ∈ �, and hence there is an integer mn > 0 such that Vmnn �⊆ V . So we
can find 1G = gn,0, gn,1, ... , gn,mn ∈ G such that g–1

n,ign,i+1 ∈ Vn for each i < mn and
gn,mn /∈ V .

LetXn = {gn,i : 0 ≤ i ≤ mn} for each n ∈ �. Then (Xn, d ) is a finite metric space.
We define � :

∏
n Xn → G� as, for x ∈

∏
n Xn and each k ∈ �,

�(x)(k) =
{
x(n)–1, k = 2n,
1G, k = 2n + 1.

It is trivial to check that � is a Borel reduction of D(Xn, d ) to E(G).
Note that �(ε0, Xn) ≤ 2–n → 0 as n → ∞. By [13, Theorem 3.7(a)], there exists a

turbulent c0-equality D such that D ≤B D(Xn, d ) ≤B E(G). �

Hjorth proved that orbit equivalence relations from turbulent actions are not
Borel reducible to any S∞ orbit equivalence relation (see [14, Corollary 10.4.3]).
Using this result, we can prove the following theorem.

Theorem 4.7. Let G and H be two Polish groups. If H is non-Archimedean but G
is not, then E(G) �≤B EYH for any Polish H-space Y.

In particular, we have E(G) �≤B E(S∞).

Proof. Since H is topologically isomorphic to a closed subgroup of S∞, by
[14, Theorem 3.5.2], we only need to consider the case ofH = S∞.

Then the result follows from the preceding lemma.
By Proposition 3.3, c(S∞) is non-Archimedean, so E(G) �≤B E(S∞). �

Corollary 4.8. Let G be a Polish group, then E(G) ≤B=+ iff G is non-
Archimedean.

Proof. It follows from Theorem 3.5(4) and the preceding theorem. �

§5. Non-TSI Polish groups and α-unbalanced relations.

5.1. Unbalanced relations.

Definition 5.1 (Allison–Panagiotopoulos [1, Definition 1.1]). Let X be a Polish
G-space and let x, y ∈ X . We write x� y provided that, for any open V � 1G and
open set U of X withU ∩ ([x] ∪ [y]) �= ∅, there exist gx, gy ∈ G with gxx, gyy ∈ U ,
so that

gyy ∈ V (gxx) and gxx ∈ V (gyy).
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It is clear that � is symmetric, and for any g, h ∈ G , we have that x� y ⇐⇒
gx� hy. So we can write [x] � [y] whenever x� y.

Lemma 5.2. Let G be a Polish group and c(G) � G� the action of left
multiplication. For x, y ∈ G� we have

x� y ⇐⇒ ∃(�m), (�m) ∈ c(G)� (�mxy–1�m ⇒ 1G� ).

Proof. Let d be a compatible metric on G and du the supremum metric on
G� . Note that 1c(G)(n) = 1G� (n) = 1G for each n ∈ �. Let Vm = {� ∈ c(G) :
du(�, 1c(G)) < 2–m} for m ∈ �. Then (Vm) is a neighborhood basis of 1c(G). Note
that Vm is dense in {x ∈ G� : du(x, 1G� ) < 2–m} under the topology of G� . For
x, y ∈ G� , we have x ∈ Vmy ⇐⇒ xy–1 ∈ Vm, so

du(xy–1, 1G� ) < 2–m ⇒ x ∈ Vmy ⇒ du(xy–1, 1G� ) ≤ 2–m.

(⇒). Let x� y. Then for each m ∈ �, there exist �xm, �
y
m ∈ c(G) such that

�xmx ∈ Vm(�ymy). So du(�xmxy
–1(�ym)–1, 1G� ) ≤ 2–m. Let �m = �xm and �m = (�ym)–1,

then �mxy–1�m ⇒ 1G� .
(⇐). Let (�m), (�m) ∈ c(G)� with �mxy–1�m ⇒ 1G� . It is easy to check that

�–1
m yx

–1�–1
m ⇒ 1G� . For any open V � 1c(G) and open set U of G� with U ∩ ([x] ∪

[y]) �= ∅, there exists k ∈ � withVk ⊆ V . Without loss of generality, we may assume
that U ∩ [x] �= ∅ and U = U0 × ··· ×Ul ×G� with U0, ... , Ul open in G. So there
exists � ∈ c(G) with �x ∈ U , i.e., �(n)x(n) ∈ Un for each n ≤ l .

Fix a large enough m such that

du(�mxy–1�m, 1G� ) < 2–k, du(�–1
m yx

–1�–1
m , 1G� ) < 2–k.

Now we define

�x(n) =
{
�(n), n ≤ l,
�m(n), n > l,

�y(n) =
{
�(n)x(n)y(n)–1, n ≤ l,
�m(n)–1, n > l.

Then we have �x, �y ∈ c(G) and �xx, �yy ∈ U . Note that

�x(n)x(n)y(n)–1(�y(n))–1 =
{

1G, n ≤ l,
�m(n)x(n)y(n)–1�m(n), n > l.

It is easy to see that

du(�xxy–1(�y)–1, 1G� ) ≤ du(�mxy–1�m, 1G� ) < 2–k,

du(�yyx–1(�x)–1, 1G� ) ≤ du(�–1
m yx

–1�–1
m , 1G� ) < 2–k.

It gives that �xx ∈ Vk(�yy) ⊆ V (�yy) and �yy ∈ Vk(�xx) ⊆ V (�xx). Thus we have
x� y. �

Definition 5.3. Let G be a Polish group and c(G) � G� the action of left
multiplication. We say that G is l.m.-unbalanced if there exist x, y ∈ G� such that
x� y and [x] �= [y], where l.m. stands for left multiplication.

Theorem 5.4. Any TSI Polish group is not l.m.-unbalanced.

Proof. Let G be a Polish group and c(G) � G� the action of left multiplication.
Assume that x� y for some x, y ∈ G� . From Lemma 5.2, there exist (�m), (�m) ∈
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c(G)� with �mxy–1�m ⇒ 1G� . Let d be a two-sided invariant compatible metric on
G and du the supremum metric on G� . Then du is also two-sided invariant, so

du(�m�mxy–1, 1G� ) = du(�mxy–1�m, 1G� ) → 0,

thus we have �m�mxy–1 ⇒ 1G� . It follows that �m�m ⇒ yx–1. Since c(G) is closed
under uniform convergence, yx–1 ∈ c(G). So [x] = [y]. �

As an application of the notion of l.m.-unbalanced groups, we present the
following theorem. Since it is a special case of Theorem 5.15, we omit the proof
at this moment.

Theorem 5.5. LetG,H be Polish groups. If G is l.m.-unbalanced but H is not, then
E(G) �≤B E(H ).

Corollary 5.6. Let G be a Polish group. If G is l.m.-unbalanced, then E�0 <B
E(G).

Proof. It follows from Theorems 3.5(2) and 5.5. �

5.2. α-unbalanced relations.

Definition 5.7 (Allison–Panagiotopoulos [1, Definition 7.1]). Let X be a Polish
G-space, V an open neighborhood of 1G , and let α < �1. We define �α

V by
induction. We say:

(1) x�0
V y, if y ∈ Vx and x ∈ Vy;

(2) x�α
V y for α > 0, if for any open neighborhood W � 1G and any open

neighborhood U ⊆ X of x or y, there exist gx, gy ∈ V with gxx, gyy ∈ U ,
so that gxx��

W g
yy for all � < α.

Remark 5.8. This definition appeared in an old version of [1]. It is slightly
different with which in new version of [1] that the requirement of U has been
modified toU ∩ ([x] ∪ [y]) �= ∅. It should be noted that the definitions of these two
versions are not equivalent for V �= G or α > 1.

It is trivial that, if x�α
V y, then we have x�α′

V y for 0 < α′ ≤ α. Note that
gxx ∈ U ∩ Vx for any open neighborhood U of y, so U ∩ Vx �= ∅, and hence
y ∈ Vx. Similarly, x ∈ Vy. Therefore, x�α

V y implies x�0
V y too.

Lemma 5.9. Let V and V ′ be two open neighborhoods of 1G and g, h ∈ G with
(gVg–1 ∪ gVh–1 ∪ hVh–1 ∪ hVg–1) ⊆ V ′, and letα < �1,x, y ∈ X . Ifx�α

V y, then
gx�α

V ′ hy. In particular, we have gx�α
gVg–1 gy.

Proof. We prove by induction on α. If α = 0, since x�0
V y means x ∈

Vy and y ∈ Vx, we have gx ∈ gVy = (gVh–1)(hy) ⊆ V ′(hy) and hy ∈ hVx =
(hVg–1)(gx) ⊆ V ′(gx), so gx�0

V ′ hy.
Assume that the result holds for all � < α. If x�α

V y, then for any openW � 1G
and any open set U ⊆ X such that U contains gx or hy. Without loss of generality,
suppose gx ∈ U , i.e., x ∈ g–1U . Then there exist gx, gy ∈ V with gxx, gyy ∈ g–1U ,
so that gxx��

g–1Wg
gyy for all � < α. By the inductive hypothesis, (ggxg–1)(gx) =

ggxx��
W gg

yy = (ggyh–1)(hy) for all � < α. It is trivial to check that ggxg–1 and
ggyh–1 witnesses that gx�α

V ′ hy. �
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16 LONGYUN DING AND YANG ZHENG

Lemma 5.10. For all α < �1, the relation �α
G is G-invariant. Moreover, x� y

iff x�1
G y for x, y ∈ X .

Proof. For any x, y ∈ X and g, h ∈ G , by Lemma 5.9, x�α
G y implies gx�α

G

hy. So �α
G is G-invariant.

By their definitions, it is trivial that x� y implies x�1
G y.

On the other hand, if x�1
G y, we will show x� y. For any open V � 1G

and any open set U ⊆ X with U ∩ ([x] ∪ [y]) �= ∅, without loss of generality, we
can assume that U ∩ [x] �= ∅. There exists g ∈ G with gx ∈ U , i.e., x ∈ g–1U . So
there are gx, gy ∈ G such that gxx, gyy ∈ g–1U , gxx ∈ (g–1Vg)gyy, and gyy ∈
(g–1Vg)gxx. Then ggx and ggy witness that x� y. �

Lemma 5.11. Let 0 < α < �1, V an open neighborhood of 1G . If x�α
V y, then

for any open setW � 1G and any open set U of X such that U contains x or y, there
exist nonempty open setsVx,V y ⊆ V such that, whenever gx ∈ Vx and gy ∈ V y , we
have gxx, gyy ∈ U and gxx��

W g
yy for all � < α.

Proof. Given an open setW � 1G and an open set U of X with x ∈ U or y ∈ U .
We can find an open W0 � 1G with W –1

0 =W0 and W 3
0 ⊆W . Then there exist

hx, hy ∈ V such that hxx, hyy ∈ U and hxx��
W0
hyy for all � < α. We can find

an open V0 � 1G such that (V0h
xx ∪ V0h

yy) ⊆ U . By Lemma 5.9, wxhxx��
W

wyhyy holds for all wx,wy ∈W0. Then we can put Vx =W0h
x ∩ V0h

x ∩ V and
V y =W0h

y ∩ V0h
y ∩ V as desired. �

Theorem 5.12. Let G,H be two Polish groups, X a Polish G-space, and Y a Polish
H-space, and letf : X → Y be a Baire measurable homomorphism, i.e.,xEXG y implies
f(x)EYHf(y) for any x, y ∈ X . Then there exists a dense G� subset C ⊆ X such that
x�α

G y implies f(x) �α
H f(y) for any x, y ∈ C and 0 < α < �1.

Proof. Let C be the dense G� subset of X in [25, Lemma 2.5].

Claim. Let 0 < α < �1, x0, y0 ∈ C , and let V � 1G open in G,W � 1H open in
H, and U open in X with x0, y0 ∈ U . Suppose:

(1) ∀x ∈ (U ∩ C )∀∗g ∈ V (f(gx) ∈Wf(x));
(2) x0 �α

V y0.

Then we have f(x0) �α
W f(y0).

Proof of Claim. By [25, Lemma 2.5], the following conditions hold:

(i) f � C is continuous;
(ii) ∀x ∈ C ∀∗g ∈ G (gx ∈ C );

(iii) for any open W ′ � 1H , there exist an open set V ′ � 1G and an open
neighborhood U ′ of x0 such that

∀x ∈ (U ′ ∩ C )∀∗g ∈ V ′ (f(gx) ∈W ′f(x)).

LetW ′ � 1H be any open subset of H. Then we find two open sets V ′ � 1G and
U ′ � x0 satisfying (iii). Given any open set O ⊆ Y with f(x0) ∈ O or f(y0) ∈ O,
without loss of generality, we can assume that f(x0) ∈ O. Since f is continuous
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on C and x0 ∈ U ′ ∩ C , by shrinking, we can assume that f(U ′ ∩ C ) ⊆ O. Since
x0 �α

V y0, by Lemma 5.11, we have

∃∗gx ∈ V ∃∗gy ∈ V (gxx0, g
yy0 ∈ U ′ ∧ ∀� < α (gxx0 ��

V ′ g
yy0)).

Moveover, since x0, y0 ∈ U ∩ C , by (1) and (ii), we can find gx, gy ∈ V such
that gxx0, g

yy0 ∈ (U ′ ∩ C ), gxx0 ��
V ′ g

yy0 (∀� < α), f(gxx0) ∈Wf(x0) and
f(gyy0) ∈Wf(y0). Thus there exist hx, hy ∈W so that f(gxx0) = hxf(x0) and
f(gyy0) = hyf(y0).

Now we prove f(x0) �α
W f(y0) by induction on α. Since gxx0, g

yy0 ∈ (U ′ ∩
C ), we have hxf(x0), hyf(y0) ∈ O. Thus we only need to show that hxf(x0) ��

W ′
hyf(y0) for � < α.

For any open neighborhood N of hxf(x0) = f(gxx0), we have gxx0 ∈ f–1(N ).
By the continuity of f � C , there is an open set V0 � 1G such that (V0g

xx0 ∩
C ) ⊆ f–1(N ). Since gyy0 ∈ (U ′ ∩ C ), we can find v ∈ V0 ∩ V ′ such that vgyy0 ∈ C
and f(vgyy0) ∈W ′f(gyy0) =W ′hyf(y0). So N ∩ (W ′hyf(y0)) �= ∅. It follows
that hxf(x0) ∈W ′hyf(y0). Similarly, we have hyf(y0) ∈W ′hxf(x0). Therefore,
hxf(x0) �0

W ′ h
yf(y0).

If α = 1, we have already proved f(x0) �1
W f(y0).

If α > 1, then for all 0 < � < α, by inductive hypothesis, gxx0 ��
V ′ g

yy0 implies

hxf(x0) = f(gxx0) ��
W ′ f(gyy0) = hyf(y0). This completes the proof. �

PutV = G,W = H , andU = X , then the proceeding Claim gives that, x�α
G y

implies f(x) �α
H f(y) for x, y ∈ C and 0 < α < �1. �

Now we return to E(G) and the left multiplication action c(G) � G� .

Lemma 5.13. Let G be a Polish group, V ⊆ c(G) an open neighborhood of 1c(G),
α < �1, and x, y, z ∈ G� . If x�α

V y, then xz�α
V yz.

Proof. We prove by induction on α.
If α = 0, then we have x ∈ Vy and y ∈ Vx. So xz ∈ Vyz and yz ∈ Vxz, i.e.,

xz�0
V yz.

If α > 0, then for any open W � 1c(G) and any open U ⊆ G� with xz ∈ U
or yz ∈ U , we have x ∈ Uz–1 or y ∈ Uz–1, so there exist gx, gy ∈ V such that
gxx, gyy ∈ Uz–1 and gxx��

W g
yy for � < α. Then we have gxxz, gyyz ∈ U , and

by induction hypothesis, gxxz��
W g

yyz for � < α. Therefore, xz�α
V yz. �

Definition 5.14. Let G be a Polish group, 0 < α < �1. We say that G is α-
l.m.-unbalanced if there exist x, y ∈ G� such that x�α

c(G) y and [x] �= [y], or
equivalently, there exists z ∈ G� \ c(G) such that z�α

c(G) 1G� .

It is clear that G is 0-l.m.-unbalanced if G contains at least two elements. And
Lemma 5.10 gives that G is l.m.-unbalanced iff it is 1-l.m.-unbalanced.

Theorem 5.15. Let G,H be Polish groups, 0 < α < �1. If G is α-l.m.-unbalanced
but H is not, then E(G) �≤B E(H ).

Proof. Assume for contradiction that there is a Borel reduction � of E(G)
to E(H ). From Theorem 5.12, there is a comeager set C ⊆ G� such that for any
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x, y ∈ C , if x�α
c(G) y, then �(x) �α

c(H ) �(y). Since G isα-l.m.-unbalanced, there
exists z ∈ G� \ c(G) such that z�α

c(G) 1G� . Since C ∩ zC �= ∅, we can find an

x ∈ (C ∩ zC ) and put x = zy. Then x, y ∈ C and xy–1 = z �∈ c(G), so [x] �= [y].
By Lemma 5.13, x�α

c(G) y. It follows that �(x) �α
c(H ) �(y) and [�(x)] �= [�(y)],

contradicting that H is not α-l.m.-unbalanced. �

5.3. Examples of α-l.m.-unbalanced groups. Let G be a topological group, recall
that G is said to be distal provided that 1G /∈ {ghg–1 : g ∈ G} for all h �= 1G ∈ G
(cf. [27]). It is trivial that all TSI Polish groups are distal. Moveover, if H is a closed
normal nilpotent subgroup of G and G/H is compact, then G is distal (cf. [27,
Section 3. Proposition]). In particular, all nilpotent topological groups are distal.

Theorem 5.16. Let G be a Polish group. If G is not distal, then G is l.m.-unbalanced.

Proof. Since G is not distal, there exist h �= 1G in G and a sequence (gm) in
G with gmhg–1

m → 1G . For each m, n ∈ �, let �m(n) = gm and �m(n) = g–1
m . Then

�m, �m ∈ c(G). We define z ∈ G� as

z(n) =
{

1G, n = 2k,
h, n = 2k + 1.

It is clear that �mz�m ⇒ 1G� . From Lemma 5.2, for any x, y ∈ G� , if xy–1 = z, we
have x� y. But it is trivial that [x] �= [y]. �

Theorem 5.17. Let G be a locally compact Polish group. Then G is not distal iff it
is l.m.-unbalanced.

Proof. From Theorem 5.16, we only need to prove that if G is l.m.-unbalanced
then it is not distal.

Letx, y ∈ G� withx� y but [x] �= [y]. By Lemma 5.2, there exist two sequences
(�m), (�m) in c(G) such that �mxy–1�m ⇒ 1G� . Since �m, �m ∈ c(G) for each m, we
can find gm, vm ∈ G such that gm = limn �m(n) and vm = limn �m(n).

Let B ⊆ G be an open neighborhood of 1G with B compact. There is a
large enough k ∈ � such that �k(n)x(n)y(n)–1�k(n) ∈ B ⊆ B for all n ∈ �. Thus
there exist a p ∈ B and a strictly increasing natural numbers n0 < n1 < ··· such
that limi �k(ni)x(ni)y(ni)–1�k(ni) = p. By [x] �= [y], we have xy–1 /∈ c(G), thus
�kxy

–1�k /∈ c(G). So there exist a q ∈ B with q �= p and another strictly increasing
natural numbers l0 < l1 < ··· such that limi �k(li)x(li)y(li)–1�k(li) = q. Therefore,
we have

lim
i
x(ni)y(ni)–1 = g–1

k pv
–1
k , lim

i
x(li)y(li)–1 = g–1

k qv
–1
k .

By the property of uniformly convergence of �mxy–1�m ⇒ 1G� , we have

limm gmg–1
k pv

–1
k vm = limm limi �m(ni)x(ni)y(ni)–1�m(ni)

= limi limm �m(ni)x(ni)y(ni)–1�m(ni)
= limi 1G = 1G.
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Similarly, we have limm gmg–1
k qv

–1
k vm = 1G . In the end, we set h = g–1

k pq
–1gk �= 1G .

It follows that

lim
m
gmhg

–1
m = lim

m
(gmg–1

k pv
–1
k vm)(gmg–1

k qv
–1
k vm)–1 = 1G.

So G is not distal. �

Corollary 5.18. Let G,H be two Polish groups. If G is not distal, and H is TSI,
or locally compact and distal, then E(G) �≤B E(H ).

Proof. It follows from Theorems 5.4, 5.5, 5.16, and 5.17. �

Example 5.19. Let G be the group of all 2 × 2 real upper triangular matrices

whose determinant = 1, equipped with the usual topology. Then h =
(

1 1
0 1

)

and gm =
(

1/m 0
0 m

)
witness that G is not distal.

Example 5.20. Let Λ be an infinite countable discrete group, G a Polish group
containing at least two elements, then the wreath product Λ �G is not distal. To see

this, fix an a ∈ G with a �= 1G . We define 
 : Λ → G as 
(	) =
{
a, 	 = 1Λ,
1G, 	 �= 1Λ.

and let Λ = {	m : m ∈ �}. Then h = (1Λ, 
) and gm = (	m, 1GΛ ) witness that Λ �G
is not distal.

Theorem 5.21. Let G be a locally compact Polish group. Then G is not 2-l.m.-
unbalanced.

Proof. Let d be a compatible metric on G and du the supremum metric on G� .
Since G is locally compact, we can find an r > 0 with B(1G, r) is compact. Let
V = {� ∈ c(G) : du(1c(G), �) < r}.

Assume for contradiction that there existx, y ∈ G� withx�2
c(G) y but [x] �= [y],

then there exist gx, gy ∈ c(G) such that gxx�1
V g

yy. Following the arguments of
⇒ part in the proof of Lemma 5.2, we can find two sequences (�m) and (�m) in V
such that �mgxxy–1(gy)–1�m ⇒ 1G� . Let gm = limn �m(n). Following the arguments
in the proof of Theorem 5.17, there exists h �= 1G such that gmhg–1

m → 1G .
Since �m ∈ V , we have gm ∈ B(1G, r). There exists a subsequence of (gm)

converging to some g ∈ G , so ghg–1 = 1G , i.e., h = 1G . A contradiction! �

For c(G) � G� , Lemma 5.2 can simplify arguments concerning �. Following
the same spirit, we define a notion ↔αV to simplify arguments concerning �α

V .

Definition 5.22. Let X be a Polish G-space, V an open neighborhood of 1G ,
and let α < �1. We define ↔α

V by induction. We say:

(1) x ↔0
V y, if y ∈ Vx and x ∈ Vy;

(2) x ↔αV y for α > 0, if for any openW � 1G , there exist gx, gy ∈ V such that
gxx ↔�

W g
yy for all � < α.

From their definitions, it is trivial to see that x�α
V y implies x ↔αV y. Moreover,

if x ↔αV y, then we have x ↔α′
V y for 0 < α′ ≤ α, but x ↔0

V y may fail.
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Lemma 5.23. Let G be a Polish group, c(G) � G� the left multiplication action.
Then x ↔α

c(G) y implies x�α
c(G) y for all x, y ∈ G� and α < �1.

Proof. Let d ≤ 1 be a compatible metric on G and du the supremum metric on
G� . For ε > 0, we define Vε = {� ∈ c(G) : du(1c(G), �) < ε}.

Let x, y, x′, y′ ∈ G� , m ∈ �, and α < �1. If

(1) x ↔αVε y,
(2) x(n) = x′(n), y(n) = y′(n) for n ≥ m, and
(3) x′(y′)–1, y′(x′)–1 ∈ Vε/2,

then we claim that x′ �α
Vε
y′.

To see this, we prove by induction onα. It is trivial that (3) impliesx′ �0
Vε
y′. For

any � > 0 and any openU ⊆ G� with x′ ∈ U or y′ ∈ U , without loss of generality,
we can assume that x′ ∈ U , andU = U0 × ··· ×Ul ×G� with l ≥ m andU0, ... , Ul
open in G. By x ↔α

Vε
y, there exist �x, �y ∈ Vε such that �xx ↔�

V�/2
�yy for � < α.

We put

(�x)′(n) =
{

1G, n ≤ l,
�x(n), n > l,

(�y)′(n) =
{
x′(n)y′(n)–1, n ≤ l,
�y(n), n > l.

Then we have (�x)′, (�y)′ ∈ Vε and (�x)′x′, (�y)′y′ ∈ U . Note that �xx ↔0
V�/2
�yy

gives �xx(�yy)–1, �yy(�xx)–1 ∈ V�/2. Since

(�x)′(n)x′(n)((�y)′(n)y′(n))–1 =
{

1G, n ≤ l,
�x(n)x(n)(�y(n)y(n))–1, n > l,

we have (�x)′x′((�y)′y′)–1 ∈ V�/2. Similarly, (�y)′y′((�x)′x′)–1 ∈ V�/2. Since

�xx ↔�
V�/2
�yy implies �xx ↔�

V�
�yy for � < α. By the induction hypothesis,

(�x)′x′ ��
V�

(�y)′y′ for � < α. Thus (�x)′ and (�y)′ witness that x′ �α
Vε
y′.

In the end, by setting Vε/2 = c(G), it follows that x ↔α
c(G) y implies

x�α
c(G) y. �

Given two sets X,Y and a map f : X → Y , recall that the map f� : X� → Y�
is defined as: f�(x)(n) = f(x(n)) for x ∈ X� and n ∈ �.

Lemma 5.24. Let G,H be two Polish groups, φ : G → H a continuous homomor-
phism. Then for any x, y ∈ G� , α < �1, open neighborhood W ⊆ c(H ) of 1c(H ),
and any open neighborhood V ⊆ c(G) of 1c(G) with φ�(V ) ⊆W , we have x ↔αV y
implies φ�(x) ↔αW φ�(y).

Proof. Let d be a compatible metric on G, and let du be the supremum metric
on G� . By the continuity of φ, we can see that φ� : G� → H� is continuous, and
φ� � c(G) is also continuous from c(G) to c(H ).

We prove by induction on α. If α = 0, note that x ↔0
V y iff xy–1, yx–1 ∈

V . It follows from the continuity of φ� that φ�(x)φ�(y)–1 = φ�(xy–1) ∈W
and φ�(y)φ�(x)–1 = φ�(yx–1) ∈W , and hence φ�(x) ∈Wφ�(y) and φ�(y) ∈
Wφ�(x), i.e., φ�(x) ↔0

W φ
�(y).
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Forα > 0, we letW ′ ⊆ c(H ) be an open neighborhood of 1c(H ). By the continuity
of φ� � c(G), we can find an open neighborhood V ′ of 1c(G) such that φ�(V ′) ⊆
W ′. Note that x ↔α

V y, so there exist �x, �y ∈ V such that �xx ↔�
V ′ �

yy for

� < α. By induction hypothesis, we haveφ�(�x)φ�(x) = φ�(�xx) ↔�
W ′ φ

�(�yy) =
φ�(�y)φ�(y). Therefore, φ�(�x) and φ�(�y) witness that φ�(x) ↔αW φ�(y). �

Theorem 5.25. Let G be a Polish group, Λ an infinite countable discrete group, and
α < �1. Then G is α-l.m.-unbalanced iff Λ �G is (α + 1)-l.m.-unbalanced.

Proof. Let � be a compatible metric on Λ �G , �u the supremum metric on
(Λ �G)� . For any ε > 0, we define

Vε = {� ∈ c(Λ �G) : �u(1c(Λ
G), �) < ε}.
(⇒). Suppose G is α-l.m.-unbalanced. Then there exists an a ∈ G� \ c(G) such

that a�α
c(G) 1G� , and hence a ↔α

c(G) 1G� . For any n ∈ �, let


n(	) =
{
a(n), 	 = 1Λ,
1G, 	 �= 1Λ.

We define z ∈ (Λ �G)� as z(n) = (1Λ, 
n) for n ∈ �. It is trivial that z /∈ c(Λ �G).
To see that Λ �G is (α + 1)-l.m.-unbalanced, by Lemma 5.23, we only need to show
that z ↔α+1

c(Λ
G) 1(Λ
G)� .

Note that the underlying topology of Λ �G is the product topology on Λ ×GΛ.
Thus for any given ε > 0, there exists a 	0 ∈ Λ such that, for any 
 ∈ GΛ, if 
(	) =
1G for all 	 �= 	0, then �(1Λ
G, (1Λ, 
)) < ε/2. Define

H = {(1Λ, 
) ∈ Λ �G : ∀	 ∈ Λ (	 �= 	0 ⇒ 
(	) = 1G)}.
It is clear that H is a closed subgroup of 	 �G . Because �u(1(Λ
G)� , x) ≤ ε/2 < ε for
all x ∈ H� , we have

c(H ) = (c(Λ �G) ∩H�) ⊆ Vε.
We define f : G → H as: for g ∈ G , f(g) = (1Λ, 


g) with


g(	) =
{
g, 	 = 	0,
1G, 	 �= 	0.

It is easy to see that f is a topological isomorphism from G to H, and hence a
continuous homomorphism from G to Λ �G . Note that f�(c(G)) ⊆ c(H ) ⊆ Vε .
Then Lemma 5.24 gives f�(a) ↔αVε 1(Λ
G)� .

In Λ �G , for n ∈ �, we have

(	0, 1GΛ )z(n)(	0, 1GΛ )–1 = (1Λ, 

a(n)) = f(a(n)).

Define �0 ∈ c(Λ �G) as �0(n) = (	0, 1GΛ ) for n ∈ �, then �0z�–1
0 = f�(a). It follows

that �0z = f�(a)�0 ↔α
Vε
�0. From Definition 5.22, we can see that �0z ↔�

Vε
�0

for 0 < � ≤ α. To prove for � = 0, because f�(a), f�(a)–1 ∈ H� , we have
�u(1(Λ
G)� , f

�(a)) < ε and �u(1(Λ
G)� , f
�(a)–1) < ε. So f�(a), f�(a)–1 ∈ Vε ,

then we have f�(a)�0 ∈ Vε�0 and �0 ∈ Vεf�(a)�0, and hence �0z = f�(a)�0 ↔0
Vε

�0. It follows that z ↔α+1
c(Λ
G) 1(Λ
G)� .
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(⇐). On the other hand, suppose Λ �G is (α + 1)-l.m.-unbalanced. Then there
exists z ∈ (Λ �G)� \ c(Λ �G) such that z ↔α+1

c(Λ
G) 1(Λ
G)� . Thus for any ε > 0,

there exist �zε , �ε ∈ c(Λ �G) such that �zε z ↔α
Vε
�ε and �zε z ↔0

Vε
�ε . Then we have

�zε z�
–1
ε ↔α

Vε
1(Λ
G)� and �zε z�

–1
ε ∈ Vε .

Fix a small enough ε0 > 0 such that, for any � ∈ Vε0 and anyn ∈ �, �(n) = (1Λ, 
)
for some 
 ∈ GΛ, i.e.,Vε0 is a subset of the subgroup ({1Λ} ×GΛ)� of (Λ �G)� . So
we can write �zε0(n)z(n)�ε0 (n)–1 = (1Λ, �n) with �n ∈ GΛ for each n ∈ �. Note that
�zε0z�

–1
ε0
/∈ c(Λ �G), we can find a 	0 ∈ Λ such that limn �n(	0) diverges.

Now we define � : ({1Λ} ×GΛ) → G as �(1Λ, 
) = 
(	0) for 
 ∈ GΛ. It is
clear that � is a continuous homomorphism. Note that �zε0z�

–1
ε0

∈ Vε0 ⊆ ({1Λ} ×
GΛ)� . Then �((�zε0z�

–1
ε0

)(n)) = �n(	0) for all n ∈ �, so ��(�zε0z�
–1
ε0

) /∈ c(G). By the
continuity of � : ({1Λ} ×GΛ) → G , we have ��(c({1Λ} ×GΛ)) ⊆ c(G), and hence
��(Vε0) ⊆ c(G). Then Lemma 5.24 gives ��(�zε0z�

–1
ε0

) ↔α
c(G) 1G� . Therefore, G is α-

l.m.-unbalanced. �
Corollary 5.26. Let G be a Polish group, Λ an infinite countable discrete

group, and α < �1. If G is α-l.m.-unbalanced but not (α + 1)-l.m.-unbalanced, then
E(G) <B E(Λ �G).

Proof. It is trivial that G is topologically isomorphic to a closed subgroup of
Λ �G , so E(G) ≤B E(Λ �G). It follows from Theorems 5.15 and 5.25 that E(Λ �
G) �≤B E(G). �

Let G0 be a TSI Polish group containing at least two elements, and let Λ be an
infinite countable discrete group. We define Gn+1 = Λ �Gn for n < �. Then Gn is
n-l.m.-unbalanced but not (n + 1)-l.m.-unbalanced. Therefore,

E(G0) <B ··· <B E(Gn) <B E(Gn+1) <B ... .

From [14, Theorem 2.2.11], all these Gn are CLI. So far, we have not found any
example of �-l.m.-unbalanced CLI Polish group.

On the other hand, if G is a non-CLI Polish group, let z ∈ G� and (�m) ∈ c(G)�

be which defined in the proof of Theorem 4.3. We can inductively prove that, for any
V � 1c(G), there exists m large enough, such that �–1

m z ↔α
V 1G� . So z ↔α

c(G) 1G� ,
and hence G is α-l.m.-unbalanced for all ordinal α (even if α ≥ �1).

§6. On TSI Polish groups.

Definition 6.1. Let G be a Polish group. We define equivalence relation E∗(G)
on G� as: for x, y ∈ G� ,

xE∗(G)y ⇐⇒ lim
n
x(0)x(1) ... x(n)y(n)–1 ... y(1)–1y(0)–1 converges.

It is clear that E(G) ∼B E∗(G) (cf. [9, Proposition 2.2]).
In this section, we focus on TSI Polish groups. It turns out that, for TSI Polish

groups, E∗(G) is a more convenient research object than E(G).

Lemma 6.2. Let G be a TSI Polish group, d a complete compatible two-sided
invariant metric on G.
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(1) For g0, ... , gn, h0, ... , hn ∈ G , we have

d (g0 ... gn, h0 ... hn) = d (g0 ... gnh
–1
n ... h

–1
0 , 1G) ≤

n∑
k=0

d (gk, hk).

(2) For x, y ∈ G� , we have

xE∗(G)y ⇐⇒ lim
n

sup
n≤m
d (x(n) ... x(m), y(n) ... y(m)) = 0.

(3) For x, y ∈ G� , if xE∗(G)y, then limn d (x(n), y(n)) = 0.

Proof. (1) Since d is two-sided invariant, we have

d (g0g1, h0h1) = d (g0g1h
–1
1 h

–1
0 , 1G) = d (g1h

–1
1 , g

–1
0 h0)

≤ d (g1h
–1
1 , 1G) + d (1G, g–1

0 h0) = d (g0, h0) + d (g1, h1).

Then we can easily complete the proof of (1) by induction on n.
(2) By Cauchy criterion, limn x(0)x(1) ... x(n)y(n)–1 ... y(1)–1y(0)–1 converges iff

for any ε > 0, there exists N ∈ � such that, for m > n > N , we have

ε > d (x(0) ... x(n)y(n)–1 ... y(0)–1, x(0) ... x(m)y(m)–1 ... y(0)–1)
= d (1G, x(n + 1) ... x(m)y(m)–1 ... y(n + 1)–1)
= d (x(n + 1) ... x(m), y(n + 1) ... y(m)).

It follows that

xE∗y ⇐⇒ lim
n

sup
n≤m
d (x(n) ... x(m), y(n) ... y(m)) = 0.

(3) It is an easy corollary of (2). �

For the sake of brevity, we write

d (x, y)|[n,m+1) = d (x, y)|[n,m] = d (x(n) ... x(m), y(n) ... y(m)).

6.1. Borel reducibility. For any given metric space (M,d ), recall that E(M ; 0) is
an equivalence relation onM� (cf. [7, Definition 3.2]) defined as

xE(M ; 0)y ⇐⇒ lim
n
d (x(n), y(n)) = 0

for x, y ∈M� . If G is a Polish group, then E(G ; 0) is independent of the
choice of left-invariant compatible metric d on G, since d (x(n), y(n)) → 0 iff
x(n)–1y(n) → 1G .

Lemma 6.3. Let G be a TSI Polish group, then we have

E(G) × E(G ; 0) ≤B E(G).

Proof. We define � : G� ×G� → G� as

�(x, x′)(n) =
{
x(k), n = 2k,
x(k)x′(k), n = 2k + 1.

Then � witnesses that E(G) × E(G ; 0) ≤B E(G). �
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Lemma 6.4. Let G,H,K be three TSI Polish groups. Suppose � : G → H and
ϕ : H → K are continuous homomorphisms with ϕ(�(G)) = K such that ker(ϕ ◦ �)
is non-Archimedean. Then E(G) ≤B E(H ) × E(G ; 0).

Proof. By [14, Corollary 2.3.4], K ∼= G/ ker(ϕ ◦ �). Without loss of generality
we may assume that K = G/ ker(ϕ ◦ �). Let φ = ϕ ◦ �. Then φ : G → G/ ker(ϕ ◦
�) is a continuous surjective homomorphism. Let dG, dH be two-sided invariant
complete compatible metrics on G and H, respectively. Let

dφ(φ(g), φ(g ′)) = inf{dG(hg, h′g ′) : h, h′ ∈ ker(ϕ ◦ �)}
= inf{dG(hg, g ′) : h ∈ ker(ϕ ◦ �)}.

Then dφ is a two-sided invariant complete compatible metric on G/ ker(ϕ ◦ �) (c.f.
[14, Exercise 2.2.7]). It is clear that dφ(φ(g), φ(g ′)) ≤ dG(g, g ′) for g, g ′ ∈ G .

We only need to prove thatE∗(G) ≤B E∗(H ) × E(G ; 0). Define ϑ : G� → H� ×
G� as, for x ∈ G� and n ∈ �,

ϑ(x)(n) = (�(x(n)), x(n)).

For x, y ∈ G� , if xE∗(G)y, then limk supk≤m dG(x, y)|[k,m] = 0. So
limn dG(x(n), y(n)) = 0. Since dG, dH are two-sided invariant and� is a continuous
homomorphism, we have

lim
k

sup
k≤m
dH (�(x(·)), �(y(·)))|[k,m] = 0.

Thus we have (ϑ(x), ϑ(y)) ∈ E∗(H ) × E(G ; 0).
On the other hand, if (ϑ(x), ϑ(y)) ∈ E∗(H ) × E(G ; 0), then we have

limn dG(x(n), y(n)) = 0, and there exists h0 ∈ H such that

limn �(x(0) ... x(n)y(n)–1 ... y(0)–1)
= limn �(x(0)) ... �(x(n))�(y(n))–1 ... �(y(0))–1

= h0.

From ϕ(h0) ∈ K = ϕ(�(G)) = φ(G), there exists g0 ∈ G with ϕ(h0) = φ(g0). By
continuity of ϕ and φ = ϕ ◦ �, we have

lim
n
φ(x(0) ... x(n)y(n)–1 ... y(0)–1) = ϕ(h0) = φ(g0).

Since ker(ϕ ◦ �) is non-Archimedean, there exists a sequence of open subgroups
(Ml ) of ker(ϕ ◦ �) which forms a neighborhood base of 1G in ker(ϕ ◦ �). For any
ε > 0, there exist l ∈ � and 0 < ε′ < ε such that

{h ∈ ker(ϕ ◦ �) : dG(1G, h) < 3ε′} ⊆Ml ⊆ {h ∈ ker(ϕ ◦ �) : dG(1G, h) < ε}.
Then there is an N ∈ � such that

dG(x(n), y(n)) < ε′,

dφ(φ(x(0) ... x(n)y(n)–1 ... y(0)–1), φ(g0)) < ε′

for n > N . By the definition of dφ , there exist hn ∈ ker(ϕ ◦ �) for each n > N such
that

dG(x(0) ... x(n)y(n)–1 ... y(0)–1, hng0) < ε′.
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Note that

dG(x(0) ... x(n)x(n + 1)y(n + 1)–1y(n)–1 ... y(0)–1,
x(0) ... x(n)y(n)–1 ... y(0)–1)

= dG(x(n + 1), y(n + 1)) < ε′.

Then dG(1G, h–1
n hn+1) = dG(hng0, hn+1g0) < 3ε′. So h–1

n hn+1 ∈Ml . It follows that
h–1
n hm is in the open subgroupMl for m ≥ n > N . Thus dG(hn, hm) < ε, and hence

dG(x(0) ... x(n)y(n)–1 ... y(0)–1, x(0) ... x(m)y(m)–1 ... y(0)–1)
< 2ε′ + dG(hng0, hmg0) < 3ε.

This gives xE∗(G)y.
Therefore, ϑ witnesses that E∗(G) ≤B E∗(H ) × E(G ; 0). �

Theorem 6.5. Let G,H,K be three TSI Polish groups. Suppose � : G → H and
ϕ : H → K are continuous homomorphisms with ϕ(�(G)) = K such that ker(ϕ ◦ �)
is non-Archimedean. If the interval [0, 1] embeds into H, then E(G) ≤B E(H ).

Proof. By [7, Theorem 3.4(ii)], we have E(G ; 0) ≤B E([0, 1]; 0).
Let f : [0, 1] → H be an embedding. By the uniformly continuity of f and f–1 :

f([0, 1]) → [0, 1], it is trivial that E([0, 1]; 0) ∼B E(f([0, 1]); 0) ≤B E(H ; 0).
Then Lemmas 6.3 and 6.4 give E(G) ≤B E(H ). �

Lemma 6.6. LetG,H be two TSI Polish groups,Gc andHc open normal subgroups
of G and H, respectively, and let TG meets each coset of Gc at exact one point.
Let φ : Gc → Hc be a topological group isomorphism, and � : G → H such that, for
u, v ∈ TG and g ∈ Gc ,

(1) φ(ugu–1) = �(u)φ(g)�(u)–1;
(2) �(ug) = �(u)φ(g);
(3) if u �= v, then �(u)Hc �= �(v)Hc .

Then �� is a continuous reduction of E∗(G) to E∗(H ).

Proof. From (2), it is trivial to see that � : G → H is continuous, so �� is also
continuous. we only need to check that �� is a reduction.

Let x, y ∈ G� . We write, for brevity, x(n) = ungn and y(n) = vnhn such that
un, vn ∈ TG and gn, hn ∈ Gc for each n. Let dG and dH be two-sided invariant
complete compatible metrics on G and H, respectively.

If xE∗(G)y, then we have limk supk≤m dG(x, y)|[k,m] = 0. In particular, we have
limn dG(x(n), y(n)) = 0. Since Gc is open, there exists an N ∈ � such that, for
n > N , x(n) and y(n) are in the same coset ofGc , i.e., un = vn. Now letm ≥ k > N ,
we have

x(k)x(k + 1) ... x(m)
= ukgkuk+1gk+1 ... umgm
= (ukgku–1

k )(ukuk+1gk+1u
–1
k+1u

–1
k ) ... (uk ... umgmu–1

m ... u
–1
k )uk ... um

Def= g ′kg
′
k+1 ... g

′
muk ... um,

y(k)y(k + 1) ... y(m)
= ukhkuk+1hk+1 ... umhm
= (ukhku–1

k )(ukuk+1hk+1u
–1
k+1u

–1
k ) ... (uk ... umhmu–1

m ... u
–1
k )uk ... um

Def= h′kh
′
k+1 ... h

′
muk ... um.
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Note that

φ(g ′k) = φ(ukgku–1
k ) = �(uk)φ(gk)�(uk)–1,

φ(g ′k+1) = φ(ukuk+1gk+1u
–1
k+1u

–1
k )

= �(uk)φ(uk+1gk+1u
–1
k+1)�(u–1

k )

= �(uk)�(uk+1)φ(gk+1)�(uk+1)–1�(uk)–1,

φ(g ′m) = φ(uk ... umgmu–1
m ... u

–1
k )

= �(uk)φ(uk+1 ... umgmu
–1
m ... u

–1
k+1)�(u–1

k )

= ...

= �(uk) ... �(um)φ(gm)�(um)–1 ... �(uk)–1.

Therefore, we have

�(x(k))�(x(k + 1)) ... �(x(m))
= �(uk)φ(gk)�(uk+1)φ(gk+1) ... �(um)φ(gm)
= φ(g ′k)φ(g ′k+1) ... φ(g ′m)�(uk) ... �(um).

Similarly, we have

�(y(k))�(y(k + 1)) ... �(y(m))
= �(uk)φ(hk)�(uk+1)φ(hk+1) ... �(um)φ(hm)
= φ(h′k)φ(h′k+1) ... φ(h′m)�(uk) ... �(um).

It follows that from limk supk≤m dG(x, y)|[k,m] = 0 that

dG(g ′k ... g
′
m, h

′
k ... h

′
m) = dG(x(k) ... x(m), y(k) ... y(m)) → 0.

Since φ is a topological group isomorphism, we have

dH (��(x), ��(y))|[k,m] = dH (φ(g ′k) ... φ(g ′m), φ(h′k) ... φ(h′m)) → 0.

And hence ��(x)E∗(H )��(y).
On the other hand, if ��(x)E∗(H )��(y), we have limn dH (�(x(n)), �(y(n))) = 0.

By �(x(n)) = �(un)φ(gn) and �(y(n)) = �(vn)φ(hn), we have �(un)Hc = �(vn)Hc ,
i.e., un = vn, for n large enough. Then the similar arguments give xE∗(G)y. �

For u ∈ G , define a topological group automorphism �u : Gc → Gc as �u(g) =
ugu–1. We define

InnG(Gc) = {�u : u ∈ G}.

Theorem 6.7. LetG,H be two TSI Polish groups containing at least two elements,
Gc and Hc open normal subgroups of G and H, respectively. If there exists a
topological group isomorphism φ : Gc → Hc such that φInnG(Gc)φ–1 ⊆ InnH (Hc),
then E∗(G) ≤B E∗(H ).

Proof. Corollary 3.7 gives E∗(H × Z) ∼B E∗(H ), so we only need to show that
E∗(G) ≤B E∗(H × Z). Define a topological group isomorphism φ0 from Gc to the
open normal subgroup Hc × {0} of H × Z as φ0(g) = (φ(g), 0) for g ∈ Gc .

Fix a TG ⊆ G such that TG meats each coset of Gc at exact one point. For each
u ∈ TG , since φ�uφ–1 ∈ InnH (Hc), there exists some w ∈ H such that φ�uφ–1 = �w .
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Thus φ0�uφ
–1
0 = �(w,n) for all n ∈ Z. Therefore, we can find � : TG → (H × Z) such

that, for u, v ∈ TG ,

(i) φ0�uφ
–1
0 = ��(u);

(ii) if u �= v, then �(u)(Hc × {0}) �= �(v)(Hc × {0}).

Then we can extend � to a map G → H satisfying clauses (1)–(3) in the proceeding
lemma. �

6.2. Borel irreducibility.

Definition 6.8 (Farah [13]).

(1) A map� :
∏
n Xn →

∏
n X

′
n is additive if there exist 0 = l0 < l1 < ··· < lj < ···

and maps Tj : Xj →
∏
n∈[lj ,lj+1)X

′
n such that, for x ∈

∏
n Xn,

�(x) = T0(x(0))�T1(x(1))�T2(x(2))� ... .

(2) Let E and F be equivalence relations on
∏
n Xn and

∏
n X

′
n, respectively, we

say that E is additive reducible to F, denoted by E ≤A F , if there exists an
additive reduction of E to F.

Let E be an equivalence relation on
∏
n Xn, and let I ⊆ � be infinite. Fix an

element w ∈
∏
n /∈I Xn. For x ∈

∏
n∈I Xn, define x ⊕ w ∈

∏
n Xn as: (x ⊕ w)(n) =

x(n) for n ∈ I and (x ⊕ w)(n) = w(n) for n /∈ I . We define E|wI on
∏
n∈I Xn as: for

x, y ∈
∏
n∈I Xn,

xE|wI y ⇐⇒ (x ⊕ w)E(y ⊕ w).

Let (Fn) be a sequence of finite sets. A special equivalence relation E0(
∏
n Fn)

defined as: for x, y ∈
∏
n Fn,

xE0(
∏
n

Fn)y ⇐⇒ ∃m ∀n > m (x(n) = y(n)).

The following lemma converts a Borel reduction to an additive reduction. This
turns out to be a powerful tool to prove Borel irreducibility.

Lemma 6.9. Suppose G is a TSI Polish group. Let (Fn) be a sequence of finite sets,
E a Borel equivalence relation on

∏
n Fn with E0(

∏
n Fn) ⊆ E. If E ≤B E∗(G), then

there exist an infinite I ⊆ � and a w ∈
∏
n /∈I Fn such that E|wI ≤A E∗(G).

Proof. The following proof is a modification of the proof of [12, Theorem 2.2],
claims (i)–(iii). We omit some similar arguments.

Assume that � is a Borel reduction of E to E∗(G). Let d be a two-sided invariant
complete compatible metric on G. Following claims (i), (ii), and the arguments
after Claim (ii) in the proof of [12, Theorem 2.2], we construct two sequences of
natural numbers 0 = n0 < n1 < n2 < ··· and 0 = l0 < l1 < l2 < ··· , a sequence (sj)
with sj ∈

∏
nj<n<nj+1

Fn for each j ∈ �. Put I = {nj : j ∈ �}, and putw =
⋃
j sj ∈∏

n /∈I Fn. Our construction confirms that, for any x, y ∈
∏
n∈I Fn, we have:

(a) if x(n) = y(n) for n > nj , then for lj+1 ≤ k ≤ m,

d (�(x ⊕ w), �(y ⊕ w))|[k,m] < 2–j ;
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(b) if x(n) = y(n) for n ≤ nj , then for k ≤ m < lj+1,

d (�(x ⊕ w), �(y ⊕ w))|[k,m] < 2–j .

For each n ∈ I , fix an a#
n ∈ Fn. Define pj : Fnj →

∏
n∈I Fn for each j ∈ � as

pj(a)(n) =
{
a, n = nj,
a#
n , n �= nj

for a ∈ Fnj and n ∈ �. Then we define Tnj : Fnj →

Glj+1–lj as: for a ∈ Fnj and i < lj+1 – lj ,

Tnj (a)(i) = �(pj(a) ⊕ w)(lj + i).

The additive mapping � :
∏
n∈I Fn → G� is defined as: for x ∈

∏
n∈I Fn,

�(x) = Tn0(x(n0))�Tn1(x(n1))�Tn2(x(n2))� ... .

Now we will show that � is a reduction of E|wI to E∗(G).
For any x ∈

∏
n∈I Fn and j ∈ �, define ej(x), e′j(x) ∈

∏
n∈I Fn as

ej(x)(n) =
{
x(n), n = nj,
a#
n , n �= nj,

e′j(x)(n) =
{
x(n), n ≤ nj,
a#
n , n > nj.

Applying (a) for lj ≤ k ≤ m, we have

d (�(ej(x) ⊕ w), �(e′j(x) ⊕ w))|[k,m] < 2–(j–1)

and applying (b) for k ≤ m < lj+1, we have

d (�(x ⊕ w)), �(e′j(x) ⊕ w))|[k,m] < 2–j .

Claim. �(x ⊕ w)E∗(G)�(x).

Proof of Claim. Since d is complete and two-sided invariant, by Cauchy
criterion, we only need to show that

lim
k

sup
k≤m
d (�(x ⊕ w), �(x))|[k,m] → 0.

For any k ≤ m, there exists j ≤ j′ with lj ≤ k < lj+1 and lj′ ≤ m < lj′+1. If j = j′,
note that pj(x(nj)) = ej(x), so we have

�(x) � [lj , lj+1) = �(ej(x) ⊕ w) � [lj , lj+1),

and hence

d (�(x ⊕ w), �(x))|[k,m]

≤ d (�(x ⊕ w), �(e′j(x) ⊕ w))|[k,m] + d (�(e′j(x) ⊕ w), �(ej(x) ⊕ w))|[k,m]

< 2–j + 2–(j–1) = 3 · 2–j ;

otherwise, j < j′, we have

d (�(x ⊕ w), �(x))|[k,m]

≤ d (�(x ⊕ w), �(x))|[k,lj+1) +
∑j′–1
i=j+1 d (�(x ⊕ w), �(x))|[li ,li+1)

+d (�(x ⊕ w), �(x))|[lj′ ,m]

< 3 ·
∑j′

i=j 2–i < 3 · 2–(j–1).

This gives �(x ⊕ w)E∗(G)�(x). �
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In the end, for x, y ∈
∏
n∈I Fn, xE|wI y means (x ⊕ w)E(y ⊕ w), so

xE|wI y ⇐⇒ �(x ⊕ w)E∗(G)�(y ⊕ w) ⇐⇒ �(x)E∗(G)�(y).

This competes the proof. �

Let G,H be two TSI Polish groups, and let dG and dH be complete compatible
two-sided invariant metrics on G and H, respectively. Assume that � is a Borel
reduction of E∗(G) to E∗(H ). Let (Fn) be a sequence of finite subsets of G such
that:

(i) 1G ∈ Fn = F –1
n ,

(ii) F 3n+2
n–1 ⊆ Fn, and

(iii)
⋃
n Fn is dense in G.

Let E be the restriction of E∗(G) on
∏
n Fn. There exist an infinite I ⊆ � and a

w ∈
∏
n /∈I Fn such thatE|wI ≤A E∗(H ). So there are natural numbers 0 = n0 < n1 <

n2 < ··· with I = {nj : j ∈ �}, 0 = l0 < l1 < l2 < ··· , Tnj : Fnj → Hlj+1–lj , and � :∏
n∈I Fn → H� with

�(x) = Tn0(x(n0))�Tn1(x(n1))�Tn2(x(n2))� ... ,

such that � is an additive reduction of E|wI to E∗(H ).
For s = (h0, ... , hl–1) and t = (h′0, ... , h

′
l–1) in Hl , let

d∞H (s, t) = max
0≤k≤m<l

dH (hk ... hm, h′k ... h
′
m).

Lemma 6.10. For any q ∈ �, there exists a �q > 0 such that

∀∞n ∈ I ∀g, g ′ ∈ Fn (dG(g, g ′) < �q ⇒ d∞H (Tn(g), Tn(g ′)) < 2–q).

Proof. If not, then there exist an ε0 > 0, a strictly increasing sequence (jp), and
gp, g

′
p ∈ Fnjp for each p, such that

dG(gp, g ′p) < 2–p, d∞H (Tnjp (gp), Tnjp (g ′p)) ≥ ε0.

For each n ∈ I , put

x(n) =
{
gp, n = njp ,
1G, otherwise,

y(n) =
{
g ′p, n = njp ,
1G, otherwise.

Then for any k ≤ m, letting njp ≤ k < njp+1 , we have

dG(x ⊕ w, y ⊕ w)|[k,m]

≤
∑
k≤n≤m dG((x ⊕ w)(n), (y ⊕ w)(n))

≤
∑
r≥p dG(gr, g ′r) <

∑
r≥p 2–r = 2–(p–1).

It follows that (x ⊕ w)E∗(G)(y ⊕ w). But for any p ∈ �,

max
ljp≤k≤m<ljp+1

dH (�(x), �(y))|[k,m] = d∞H (Tnjp (gp), Tnjp (g ′p)) ≥ ε0.

So (�(x), �(y)) /∈ E∗(H ), contradicting that � is a reduction. �

In the rest of this section, we assume that H is locally compact.
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Then there exists a qc ∈ � such that the closure ofWc = {h ∈ H : dH (1H , h) <
2–qc} is compact. Note that Wc =W –1

c and hWch–1 =Wc for all h ∈ H . Define
Hc =

⋃
m W

m
c . Then Hc is an open normal subgroup of H. Let Vc = {g ∈ G :

dG(1G, g) < �qc} and Gc =
⋃
m V

m
c . Note that Vc = V –1

c and gVcg–1 = Vc for all
g ∈ G . So Gc is an open normal subgroup of G.

For j > 0, we define

unj = w(nj–1 + 1) ... w(nj – 1),

and un0 = u0 = 1G . For any g ∈
⋃
n Fn, if g ∈ Fn for some n < nj , we have u–1

nj
g ∈

F
nj
nj–1 ⊆ Fnj . We define

Snj (g) = Tnj (u
–1
nj
g)(0) ... Tnj (u

–1
nj
g)(lj+1 – lj – 1).

Note that dG(u–1
nj
g, u–1

nj
g ′) = dG(g, g ′). From the preceding lemma, we have

∀q ∀∞j ∀g, g ′ ∈ Fnj (dG(g, g ′) < �q ⇒ dH (Snj (g), Snj (g
′)) < 2–q).

Fix a coset C of Gc , note that C is open, we can fix a v ∈ C ∩
⋃
n Fn. For

g ∈ Gc ∩
⋃
n Fn, there exists an m > 0 such that g ∈ Vmc . So we can find 1G =

g ′0, g
′
1, ... , g

′
m = g ∈ Gc such that (g ′i )

–1g ′i+1 ∈ Vc . Put g0 = g ′0 and gm = g ′m. For
1 ≤ i < m, we can also find gi in some small enough neighborhood of g ′i such
that gi ∈ Gc ∩

⋃
n Fn and g–1

i gi+1 ∈ Vc . Then dG(gi , gi+1) = dG(1G, gig–1
i+1) < �qc

for i < m. Moveover, dG(v–jgiv
j+1, v–jgi+1v

j+1) = dG(gi , gi+1) < �qc for all j ∈ �.
For j large enough, we have v, gi ∈ Fnj–1, and hence v–jgiv

j+1 ∈ F 2j+2
nj–1 ⊆ Fnj . So,

for i < m,

dH (Snj (v
–jgiv

j+1), Snj (v
–jgi+1v

j+1)) < 2–qc .

Thus Snj (v
–jgvj+1)Snj (v)

–1 ∈Wm
c ⊆Wm

c . We define

SCnj (g) = Sn0(v) ... Snj–1 (v)Snj (v
–jgvj+1)Snj (v)

–1Snj–1 (v)–1 ... Sn0 (v)–1.

Then SCnj (g) ∈Wm
c ⊆Wm

c and SCnj (1G ) = 1H . Fix an ultrafilter A on � such that

A does not contain any finite set. Note thatWm
c =W

m

c is compact. We now define

SC (g) = lim
j∈A
SCnj (g) ∈Wm

c .

For the definition and the existence of the ultrafilter limit limj∈A, one can see [5,
Section 1.5]. SinceWm

c ⊆Wm+1
c ⊆ Hc for eachm ∈ �, we have SC (g) ∈ Hc . Note

that

∀q ∀g, g ′ ∈ Gc ∩
⋃
n

Fn (dG(g, g ′) < �q ⇒ dH (SC (g), SC (g ′)) ≤ 2–q).

So SC is uniformly continuous on Gc ∩
⋃
n Fn. Therefore, we can extend SC to a

uniformly continuous map from Gc toHc , which is still denoted as SC for brevity.
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It is worth noting that SC (1G) = 1H .
For x ∈ G�c , recall that (SC )�(x) ∈ H�c is defined as

(SC )�(x)(p) = SC (x(p)) (∀p ∈ �).

Lemma 6.11. For x, y ∈ G�c , if limp dG(x(p), y(p)) = 0, then

xE∗(G)y ⇐⇒ (SC )�(x)E∗(H )(SC )�(y).

Proof. For each p ∈ �, we can find gp, g ′p ∈ Gc ∩
⋃
n Fn such that

dG(gp, x(p)) < 2–p, dG(g ′p, y(p)) < 2–p,

dH (SC (gp), SC (x(p))) < 2–p, dH (SC (g ′p), SC (y(p))) < 2–p.

We can find a large enough j(p) ∈ � for p ∈ � such that:

(0) j(0) < j(1) < j(2) < ··· ;
(1) v ∈ Fn for some n < nj(0);
(2) gp, g ′p ∈ Fn for some n < nj(p);
(3) for brevity, we write n(p) = nj(p), then

dH (SC (gp), SCn(p)(gp)) < 2–p, dH (SC (g ′p), SCn(p)(g
′
p)) < 2–p.

For n ∈ I , we define

x̂(n) =

{
u–1
n(p)v

–j(p)gpv
j(p)+1, n = n(p),

u–1
n v, otherwise,

ŷ(n) =

{
u–1
n(p)v

–j(p)g ′pv
j(p)+1, n = n(p),

u–1
n v, otherwise.

Note that x̂(n), ŷ(n) ∈ F 3n+2
n–1 ⊆ Fn for each n ∈ I .

Then for k ≤ m, if n(q – 1) < k ≤ m ≤ n(q), we have

dG(x̂ ⊕ w, ŷ ⊕ w)|[k,m]

≤ dG(u–1
n(q)v

–j(q)gqv
j(q)+1, u–1

n(q)v
–j(q)g ′qv

j(q)+1)
= dG(gq, g ′q) → 0 (q → ∞).

If n(q – 1) < k ≤ n(q) and n(r) ≤ m < n(r + 1) (q ≤ r), we have

dG(x̂ ⊕ w, ŷ ⊕ w)|[k,m]

= dG(u–1
n(q)v

–j(q)gq ... grv
j(r)+1, u–1

n(q)v
–j(q)g ′q ... g

′
rv
j(r)+1)

= dG(gq ... gr , g ′q ... g
′
r).

Thus we have ∣∣dG(x̂ ⊕ w, ŷ ⊕ w)|[k,m] – dG(x, y)|[q,r]
∣∣

=
∣∣dG(gq ... gr , g ′q ... g

′
r) – dG(x(q) ... x(r), y(q) ... y(r))

∣∣
≤ dG(gq ... gr , x(q) ... x(r)) + dG(g ′q ... g

′
r , y(q) ... y(r))

≤
∑
q≤p≤r(dG(gp, x(p)) + dG(g ′p, y(p)))

< 2 ·
∑
q≤p 2–p = 2–(q–2) → 0 (q → ∞).
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This implies that

xE∗(G)y ⇐⇒ (x̂ ⊕ w)E∗(G)(ŷ ⊕ w).

Since � is an additive reduction, we have

(x̂ ⊕ w)E∗(G)(ŷ ⊕ w) ⇐⇒ x̂E|wI ŷ ⇐⇒ �(x̂)E∗(H )�(ŷ).

On the other hand, for k ≤ m, if lj ≤ k < lj+1 and ls ≤ m < ls+1, then j ≤ s , so
there exist q and r such that n(q) ≤ nj < n(q + 1) and n(r) < ns ≤ n(r + 1). Then

dH (�(x̂), �(ŷ))|[k,m]

≤ dH (�(x̂), �(ŷ))|[k,lj+1) + dH (�(x̂), �(ŷ))|[lj+1,ls ) + dH (�(x̂), �(ŷ))|[ls ,m].

Note that

dH (�(x̂), �(ŷ))|[k,lj+1) ≤ d∞H (Tnj (x̂(nj)), Tnj (ŷ(nj))).

If nj �= n(q), then x̂(nj) = ŷ(nj); if nj = n(q), since

dG(x̂(n(q)), ŷ(n(q))) = dG(gq, g ′q)
≤ dG(x(q), y(q)) + 2–q + 2–q → 0 (q → ∞),

we have

d∞H (Tn(q)(x̂(n(q))), Tn(q)(ŷ(n(q)))) → 0 (q → ∞).

Therefore, dH (�(x̂), �(ŷ))|[k,lj+1) → 0 as k → ∞.
Similarly, we also have dH (�(x̂), �(ŷ))|[ls ,m] → 0 as m → ∞.
In the end, we have

�(x̂)(lj+1) ... �(x̂)(ls – 1) = Snj+1 (unj+1 x̂(nj+1)) ... Sns–1 (uns–1 x̂(ns–1)).

For ni ∈ I with j + 1 ≤ i ≤ s – 1, if ni = n(p) for some q + 1 ≤ p ≤ r, then

Sni (uni x̂(ni)) = Sni–1 (v)–1 ... Sn0 (v)–1SCn(p)(gp)Sn0 (v) ... Sni (v);

and if ni �= n(p) for all q + 1 ≤ p ≤ r, then

Sni (uni x̂(ni)) = Sni (v).

This gives that

�(x̂)(lj+1) ... �(x̂)(ls – 1)
= Snj (v)

–1 ... Sn0(v)–1SC
n(q+1)(gq+1) ... SC

n(r)(gr)Sn0(v) ... Sns–1 (v).

Similarly, we have

�(ŷ)(lj+1) ... �(ŷ)(ls – 1)
= Snj (v)

–1 ... Sn0(v)–1SC
n(q+1)(g

′
q+1) ... SC

n(r)(g
′
r)Sn0(v) ... Sns–1 (v).

Thus we have

dH (�(x̂), �(ŷ))|[lj+1,ls )

= dH (SC
n(q+1)(gq+1) ... SC

n(r)(gr), S
C
n(q+1)(g

′
q+1) ... SC

n(r)(g
′
r)).
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Note that

dH (SC
n(q+1)(gq+1) ... SC

n(r)(gr), S
C (x(q + 1)) ... SC (x(r)))

≤
∑
q+1≤p≤r dH (SC

n(p)(gp), SC (x(p)))
≤

∑
q+1≤p≤r(dH (SC

n(p)(gp), SC (gp)) + dH (SC (gp), SC (x(p))))

< 2 ·
∑
q+1≤p≤r 2–p < 2–(q–1) → 0 (q → ∞).

Similarly, we also have

dH (SCn(q+1)(g
′
q+1) ... SCn(r)(g

′
r), S

C (y(q + 1)) ... SC (y(r))) → 0 (q → ∞).

To sum up, we have

limk dH (�(x̂), �(ŷ))|[k,m] = 0
⇐⇒ limj dH (�(x̂), �(ŷ))|[lj+1,ls ) = 0
⇐⇒ limq dH ((SC )�(x), (SC )�(y))|[q+1,r] = 0.

It follows that

�(x̂)E∗(H )�(ŷ) ⇐⇒ (SC )�(x)E∗(H )(SC )�(y),

and hence xE∗(G)y ⇐⇒ (SC )�(x)E∗(H )(SC )�(y). �

Recall that a topological group G is said to have no small subgroups if there exists
an open set U � 1G such that {1G} is the only subgroup of G contained in U (cf.
[18, Definition 2.16]).

Lemma 6.12. Suppose G has no small subgroups. Then there is a D > 0 such that,
for all 1G �= h ∈ Gc , if dG(1G, h) ≤ D, then

inf
g∈Gc

dH (SC (g), SC (hg)) > 0.

In particular, for g, g ′ ∈ Gc , if 0 < dG(g, g ′) ≤ D, then SC (g) �= SC (g ′).

Proof. If not, there exists a sequence (hq) in Gc such that hq �= 1G and
infg∈Gc dH (SC (g), SC (hqg)) = 0 for each q ∈ �, and limq dG(1G, hq) = 0.

Since G has no small subgroups, there exists some D0 > 0 such that, for each
q ∈ �, we can find an mq > 0 such that dG(1G, h

mq
q ) ≥ D0. And for i < mq , we can

find an element gq,i ∈ Gc such that

dH (SC (gq,i), SC (hqgq,i)) < 2–(q+i+3).

LetM–1 = 0 andMq = m0 + ···mq for q ∈ �.
Now for p ∈ �, define

x(p) =
{
gq,i , p = 2(Mq–1 + i), i < mq,
g–1
q,i , p = 2(Mq–1 + i) + 1, i < mq,

y(p) =
{
hqgq,i , p = 2(Mq–1 + i), i < mq,
g–1
q,i , p = 2(Mq–1 + i) + 1, i < mq.

By limq dG(1G, hq) = 0, we have limp dG(x(p), y(p)) = 0, then it follows from
Lemma 6.11 that

xE∗(G)y ⇐⇒ (SC )�(x)E∗(H )(SC )�(y).
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Note that dG(x, y)|[2Mq–1,2Mq ) = dG(1G, h
mq
q ) ≥ D0, so xE∗(G)y fails.

On the other hand, for k ≤ k′, if 2Mr–1 ≤ k < 2Mr and 2Mr′–1 ≤ k′ < 2Mr′ ,
then

dH ((SC )�(x), (SC )�(y))|[k,k′]
≤

∑2Mr′–1
p=2Mr–1

dH (SC (x(p)), SC (y(p)))

=
∑r′–1
q=r–1

∑mq–1
i=0 dH (SC (gq,i), SC (hqgq,i))

<
∑r′–1
q=r–1

∑mq–1
i=0 2–(q+i+3) <

∑r′–1
q=r–1 2–(q+2) < 2–r .

This gives (SC )�(x)E∗(H )(SC )�(y). A contradiction! �

We conclude this section by the following theorem.

Theorem 6.13 (Pre-rigid Theorem). Let G,H be two TSI Polish groups such that
H is locally compact. If E(G) ≤B E(H ), then there exists an open normal subgroups
Gc of G and a continuous mapS : Gc → H withS(1G ) = 1H such that, for x, y ∈ G�c ,
if limn dG(x(n), y(n)) = 0, then

xE∗(Gc)y ⇐⇒ S�(x)E∗(H )S�(y).

In particular, ifG = Gc and the interval [0, 1] embeds in H, then the converse is also
true.

Proof. Suppose E(G) ≤B E(H ), then Lemma 6.11 gives the desired results.
Conversely, if G = Gc , from such an S : G → H we can define a continuous map

� : G� → H� ×G� as: for x ∈ G� and n ∈ �,

�(x(n)) = (S(x(n)), x(n)).

It is clear that S is a Borel reduction ofE∗(G) toE∗(H ) × E(G ; 0). Since the interval
[0, 1] embeds in H, following the arguments in the proof of Theorem 6.5, we can see
that E(G) ≤B E(H ). �

Under the assumption in Pre-rigid Theorem, the existence of Borel reduction
is transformed into the existence of a well-behaved continuous mapping between
topological groups.

6.3. Applications on Lie groups. A Lie group is a group which is also a smooth
manifold such that the group operations are smooth functions. A Lie group is Polish
iff it is separable iff it has only countably many connected components. Let G be
a Lie group, we denote by G0 the connected component of 1G , then G0 is an open
normal subgroup of G. For more details on Lie groups, we refer to [24, 30].

Theorem 6.14. Let G and H be two separable TSI Lie groups. If E(G) ≤B E(H ),
then there exists a continuous locally injective map S : G0 → H0.

Proof. If E(G) ≤B E(H ), then E∗(G) ≤B E∗(H ). The open normal subgroup
Gc of G defined in the arguments before Lemma 6.11 is clopen, so Gc contains the
connected componentG0. By continuity of S, we haveS(G0) ⊆ H0. LetSC be which
appeared in Lemma 6.12. Note that any Lie group is locally compact and has no
small subgroups (cf. [18, Proposition 2.17]). So the restriction of SC on G0 is the
desired continuous locally injective map. �
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Let f : X̃ → X be a continuous surjection between two topological spaces. We
say that f is a covering map provided that, for any x ∈ X , there exists an openV � x
such thatf–1(V ) is the disjoint union of open subsets of X̃ each of which is mapped
homeomorphically onto V under f. Then X̃ is said to be a covering space of X.

Theorem 6.15. Let G and H be two separable TSI Lie groups withE(G) ≤B E(H ).
Then we have:

(1) dim(G) ≤ dim(H );
(2) if dim(G) = dim(H ) ≥ 2 and G0 is compact, then H0 is also compact and G0

is a covering space of H0.

Proof. Clause (1) follows from Theorem 6.14 trivially.
If dim(G) = dim(H ) ≥ 2 and G0 is compact, by Theorem 6.14, there exists a

continuous locally injective map S : G0 → H0. It follows from [26, Lemma 1] that S
is an open map, soS(G0) is an open subset ofH0. SinceG0 is compact, we haveS(G0)
is closed, and hence clopen in H0. So S(G0) = H0, thus H0 is compact. Moreover,
since S is an open continuous locally injective map, it is a locally homeomorphism.
Then by [6, Proposition 1], S is a covering map. �

Clause (2) is also valid for dim(G) = dim(H ) = 1. We will show it later as a
special case of that G0 and H0 are abelian.

Remark 6.16. Lemma 5.8 of [8] concerning finite-dimensional Banach spaces
is a special case of the preceding theorem. Indeed, it was this lemma from [8] that
served as the inspiration for our definition of the equivalence relations induced by
Polish groups.

It is well known that all abelian Polish groups and compact Polish groups are TSI
(cf. [14, Exercise 2.1.5]). On the other hand, a connected locally compact Polish
group is TSI iff it is the product of a compact Polish group and a group Rn (cf.
[14, Exercise 2.1.4] and [11, Theorem 16.4.6]). Let G be a connected TSI Lie group.
Since any closed subgroup of a Lie group is also a Lie group (cf. [2, Theorem 1.4]),
we can write G = Rn ×GK , where GK is a compact connected Lie group.

Now we focus on the case that G0 andH0 are abelian. It is well known that every
connected abelian Lie group is of the form Rc × Te (cf. [2, Proposition 1.12]). We
can write

G0 = Rc0 × Te0 , H0 = Rc1 × Te1 .

Suppose E(G) ≤B E(H ), we will show that SC : G0 → H0 is a group homomor-
phism for each coset C of G0. Note that T = {exp(it) : t ∈ R}.

Given g0, g1 ∈ G0 and fix their expressions as

g0 = (�0
0 , ... , �

c0–1
0 , exp(i�c00 ), ... , exp(i�c0+e0–1

0 )),

g1 = (�0
1 , ... , �

c0–1
1 , exp(i�c01 ), ... , exp(i�c0+e0–1

1 )).
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For t ∈ [0, 1], define g(t) ∈ G0 such that

proji(g(t)) =
{
�i0 + t(�i1 – �i0), 0 ≤ i < c0,
exp(i(�i0 + t(�i1 – �i0))), c0 ≤ i < c0 + e0.

Then g(0) = g0 and g(1) = g1.
Fix an i0 < c1 + e1. If i0 < c1, we define Fi0 : [0, 1] → R as Fi0 (t) =

proji0 (SC (g(t))). Note that [0, 1] is simply connected. If c1 ≤ i0 < c1 + e1, by
[19, Definition A2.6], we can also find a continuous function Fi0 : [0, 1] → R such
that exp(iFi0 (t)) = proji0 (SC (g(t))).

Lemma 6.17. Fi0(t) = Fi0 (0) + t(Fi0 (1) – Fi0 (0)) for t ∈ [0, 1].

Proof. Definef : [0, 1] → R asf(t) = Fi0(t) – Fi0 (0) – t(Fi0 (1) – Fi0 (0)). Note
that f is continuous and f(0) = f(1) = 0. We only need to prove that f(t) = 0 for
all t ∈ (0, 1).

If not, there exists t0 ∈ (0, 1) such that f(t0) �= 0. Without loss of generality,
assume that f(t0) > 0. Let

� = inf{t ≤ t0 : f(t) ≥ f(t0)}, � = sup{t ≥ t0 : f(t) ≥ f(t0)}.

By the continuity, we have f(�) = f(�) = f(t0). Again by the continuity, we can
find 0 < �0 < �1 < �2 < ··· < � such thatf(�l ) = l+1

l+2f(t0) for each l ∈ �. Let �′ =
liml �l , then �′ ≤ � and f(�′) = liml f(�l ) = f(t0). By the definition of �, we have
� = �′. There existsL ∈ � such that � – �L < 1 – � . Thus we can find 1 > �0 > �1 >
�2 > ··· > � such that, for l ≥ L, we have

� – �l > �l – � > � – �l+1.

This gives � = liml �l .
For p ∈ �, we set

x(p) =
{
g(�), p = 2l,
g(�), p = 2l + 1,

y(p) =
{
g(�l ), p = 2l,
g(�l ), p = 2l + 1.

It is clear that limp dG(x(p), y(p)) = 0, so Lemma 6.11 gives

xE∗(G)y ⇐⇒ (SC )�(x)E∗(H )(SC )�(y).

From the alternating series test, the following series

(� – �0) + (� – �0) + ··· + (� – �l ) + (� – �l ) + ···

is convergent. We also note that

proji(g(�)g(�l )–1) =
{

(� – �l )(�i1 – �i0), 0 ≤ i < c0,
exp(i(� – �l )(�i1 – �i0)), c0 ≤ i < c0 + e0,

proji(g(�)g(�l )–1) =
{

(� – �l )(�i1 – �i0), 0 ≤ i < c0,
exp(i(� – �l )(�i1 – �i0)), c0 ≤ i < c0 + e0.
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It follows that, for all i < c0 + e0, the following are convergent:∑
p

proji(x(p)y(p)–1) =
∑
l

proji(g(�)g(�)g(�l )–1g(�l )–1) (0 ≤ i < c0),

∏
p

proji(x(p)y(p)–1) =
∏
l

proji(g(�)g(�)g(�l )–1g(�l )–1) (c0 ≤ i < c0 + e0).

So we have xE∗(G)y.
On the other hand, we have

∑
l

(f(�) – f(�l ) + f(�) – f(�l )) ≥
∑
l

(f(�) – f(�l )) =
∑
l

f(t0)
l + 2

= ∞.

Since

Fi0 (�) – Fi0 (�l ) + Fi0 (�) – Fi0 (�l )
= (f(�) – f(�l ) + f(�) – f(�l )) + (� – �l + � – �l )(Fi0 (1) – Fi0 (0)),

and
∑
l (� – �l + � – �l ) converges, we have∑

l

(Fi0 (�) – Fi0 (�l ) + Fi0(�) – Fi0(�l )) = ∞.

If i0 < c1, we have∑
l

proji0 (SC (g(�))SC (g(�l ))–1SC (g(�))SC (g(�l ))–1) = ∞;

if c1 ≤ i0 < c1 + e1, since (Fi0 (�) – Fi0 (�l ) + Fi0(�) – Fi0(�l )) → 0,∏
l

proji0(SC (g(�))SC (g(�l ))–1SC (g(�))SC (g(�l ))–1)

=
∏
l

exp(i(Fi0 (�) – Fi0(�l ) + Fi0(�) – Fi0 (�l ))) diverges.

Therefore,
∏
p S
C (x(p))SC (y(p))–1 diverges. In other words, we have

(SC )�(x)E∗(H )(SC )�(y) fails. A contradiction! �

Lemma 6.18. SC : G0 → H0 is a group homomorphism.

Proof. For any i0 < c1 + e1, Lemma 6.17 gives Fi0(1/2) = Fi0(0) + (Fi0 (1) –
Fi0(0))/2, i.e., Fi0 (0) + Fi0(1) = 2Fi0 (1/2). It follows that

SC (g(0))SC (g(1)) = SC (g(1/2))2.

For t ∈ [0, 1], define g∗(t) ∈ G0 as

proji(g
∗(t)) =

{
t(�i0 + �i1), 0 ≤ i < c0,
exp(i(t(�i0 + �i1))), c0 ≤ i < c0 + e0.

Similarly, we have

SC (g∗(0))SC (g∗(1)) = SC (g∗(1/2))2.
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From the definition ofSC , we haveSC (1G ) = 1H . Note that g(0) = g0 and g(1) =
g1, also note that g∗(0) = 1G, g∗(1) = g0g1, and g∗(1/2) = g(1/2). So we have

SC (g0g1) = SC (g∗(1)) = SC (g∗(1/2))2 = SC (g(1/2))2 = SC (g0)SC (g1).

Therefore, SC is a group homomorphism. �

Theorem 6.19. E(Rc0 × Te0) ≤B E(Rc1 × Te1) iff e0 ≤ e1 and c0 + e0 ≤ c1 + e1.

Proof. The (⇐) part follows form Theorem 6.5 and Proposition 3.4.
Now supposeE(Rc0 × Te0) ≤B E(Rc1 × Te1). Theorem 6.15 gives c0 + e0 ≤ c1 +

e1. Since E(Te0) ≤B E(Rc0 × Te0) ≤B E(Rc1 × Te1), by Theorem 6.14 and Lemma
6.18, there exists a continuous locally injective homomorphismS : Te0 → Rc1 × Te1 .
Then there are continuous homomorphisms R : Te0 → Rc1 and T : Te0 → Te1 such
thatS(g) = (R(g), T (g)) for g ∈ Te0 . It is trivial to see thatR(g) = 0 for all g ∈ Te0 .
So T should be locally injective, and hence e0 ≤ e1. �

Generalizing the results above, the authors [10] proved a Rigid Theorem
concerning TSI Lie groups as following.

Theorem [10, Theorem 1.8]. Let G,H be two separable TSI Lie groups such that
G is connected. Then E(G) ≤B E(H ) iff there exists a continuous locally injective
homomorphism S : G → H .

Next we provide an example of a disconnected Lie group. Let Z2 = {0, 1} and
denote by Z2 �R the semi product Z2 �φ R with φ(0) = idR and φ(1)(t) =– t for
t ∈ R. Then we have (1, 0)(0, t)(1, 0) = (0, – t) for t ∈ R. In the following, we write
v = (1, 0) for brevity. Note that v–1 = v and v(0, t)v–1 = (0, – t).

Lemma 6.20. E(Z2 �R) �≤B E(T).

Proof. We use notions defined in the arguments before Lemma 6.11. We can
assume v ∈ F0. In order to write succinctly, we identify {0} × R with R.

Assume for contradiction thatE(Z2 �R) ≤B E(T). LetG = Z2 �R andH = T.
Since T is compact, we can putHc =Wc = T. Then we can putGc = Vc to be either
R or G.

First, forGc = R, there are two cosets R and Rv. By Lemma 6.18, SR, SRv : R →
T are continuous locally injective homomorphisms. Thus there exist a, b ∈ R \ {0}
such that, for t ∈ R,

SR((0, t)) = exp(iat), SRv((0, t)) = exp(ibt).

Secondly, for Gc = G , there is only one coset G. Since H = T is abelian and
v2 = 1G , we have

SRv
n2j

(g) = Sn2j (gv)Sn2j (v)
–1, SGn2j

(h) = Sn2j (h)Sn2j (1G)–1

for g = (0, t) ∈ R ∩ Fn2j–2, v ∈ Fn2j–2 and any h ∈ Fn2j–1, so

SRv
n2j

((0, t)) = Sn2j ((0, t)v)Sn2j (v)
–1 = SGn2j

((0, t)v)SGn2j
(v)–1.
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Assume that the ultrafilter A � {2j : j ∈ �}, then we have

SRv((0, t)) = SG((0, t)v)SG (v)–1.

So SG((0, t)v) = exp(ibt)SG (v) for t ∈ R.
Now define x, y ∈ G� as x(p) = v and y(p) = (0, 1

p+1 )v forp ∈ �. Then we have
limp dG(x(p), y(p)) = 0, and hence by Lemma 6.11,

xE∗(G)y ⇐⇒ (SG)�(x)E∗(H )(SG )�(y).

For p ∈ �, we have x(0) ... x(p) = vp+1 and

y(0) ... y(p) = (0, 1)v ... (0, 1
p+1 )v

= (0, 1)(v(0, 1
2 )v–1) ... (vp(0, 1

p+1 )v–p)vp+1

= (0, 1 + –1
2 ··· + (–1)p

p+1 )vp+1.

Since
∑
p

(–1)p

p+1 converges, we have xE∗(G)y.
On the other hand, we have SG(x(0)) ... SG(x(p)) = SG(v)p+1 and

SG(y(0)) ... SG(y(p)) = exp(ib)SG (v) ... exp( ib
p+1 )SG(v)

= exp(ib) exp( ib
2 ) ... exp( ib

p+1 )SG(v)p+1.

Since
∑
p

1
p+1 = ∞ and 1

p+1 → 0, we have
∏
p exp( ib

p+1 ) diverges, and hence
(SG)�(x)E∗(H )(SG )�(y) fails. A contradiction! �

We also denote by Z2 � T the semi product Z2 �φ T with φ(0) = idT and
φ(1)(exp(it)) = exp(– it) for t ∈ [0, 2�).

Corollary 6.21.

(1) E(T) and E(Z2 �R) are Borel incomparable;
(2) E(R) <B E(T) <B E(Z2 � T);
(3) E(R) <B E(Z2 �R) <B E(Z2 � T).

Proof. Clause (1) follows from Lemmas 6.18 and 6.20. By Proposition 3.4 and
Theorem 6.5, we have E(R) ≤B E(T) ≤B E(Z2 � T) and E(R) ≤B E(Z2 �R) ≤B
E(Z2 � T). Then (2) and (3) follow from (1). �

Corollary 6.22. Let G be a separable TSI Lie group with G0 = R. Define �R :
R → R as �R(t) =– t. Then we have:

(1) E(G) ∼B E(R) ⇐⇒ InnG(G0) = {idR};
(2) E(G) ∼B E(Z2 �R) ⇐⇒ InnG(G0) = {idR, �R}.

Proof. Suppose that there are u ∈ G and b ∈ Rwith b �= ±1 such that utu–1 = bt
for all t ∈ R = G0. Without loss of generality, we can assume that |b| < 1. Then
untu–n = bnt → 0, contradicting that G is TSI. So InnG(G0) ⊆ {idR, �R}.

By Theorem 6.7 and E(Z2 �R) �≤B E(R), we complete the proof. �
By similar arguments, we can prove the following corollary.

Corollary 6.23. Let G be a separable TSI Lie group with G0 = T. Define �T :
T → T as �T(exp(it)) = exp(– it). Then we have:

(1) E(G) ∼B E(T) ⇐⇒ InnG(G0) = {idT};
(2) E(G) ∼B E(Z2 � T) ⇐⇒ InnG(G0) = {idT, �T}.
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6.4. Applications on p-adic solenoids. Let p ≥ 2 be a natural number. Recall that
the p-adic solenoid Tp is the closed subgroup of T� as follows:

Tp = {(gl ) ∈ T� : ∀l (gl = gpl+1)}.

Then Tp is a compact connected abelian Polish group, but not arcwise connected.
The arc component of 1Tp in Tp is

Rp = {(exp(it/pl )) : t ∈ R}

(cf. [19, Exercise E1.11(iv)]). For more on p-adic solenoids, we refer to [19].
Given p ≥ 2, let N (p) be the set of all prime divisors of p.

Theorem 6.24. Let p, q ≥ 2 be natural numbers, then we have:

(1) E(Tp) ≤B E(Tq) ⇐⇒ N (p) ⊇ N (q);
(2) E(R) <B E(Tp) <B E(T).

Proof. For p ≥ 2, let φp : Tp → T as φp((gl )) = g0 for (gl ) ∈ Tp. Then φp is a
closed continuous surjective group homomorphism, so T ∼= Tp/ ker(φp). Let �p :
R → Tp as �p(t) = (exp(it/pl )) for t ∈ R. Then �p is a continuous injective group
homomorphism with Rp = �p(R).

(1) First, if q|p, there is d ∈ N with p = qd . Let φp,q : Tp → Tq as φp,q((gl )) =

(gd
l

l ) for (gl ) ∈ Tp. Then φp,q is a closed continuous surjective group homomor-
phism with

ker(φp,q) = Tp ∩ {(gl ) ∈ T� : ∀l ∃k < d l (gl = exp(2k�i/d l ))}.

It is clear that ker(φp,q) is non-Archimedean and Tq ∼= Tp/ ker(φp,q). By Theorem
6.5, we have E(Tp) ≤B E(Tq).

Secondly, ifN (p) ⊇ N (q), there is e ∈ Nwith q|pe . Letφ : Tp → Tpe asφ((gl )) =
(gel ) for (gl ) ∈ Tp. Then φ is a topological group isomorphism. So Tp ∼= Tpe , and
hence E(Tp) ∼B E(Tpe ) ≤B E(Tq).

On the other hand, ifE(Tp) ≤B E(Tq), sinceTq is compact, by Lemma 6.11, there
exists a continuous map S : Tp → Tq with S(1Tp ) = 1Tq such that, for x, y ∈ T�p , if
limi dTp (x(i), y(i)) = 0, then

xE∗(Tp)y ⇐⇒ S�(x)E∗(Tq)S�(y).

Moreover, since φq is a continuous homomorphism, we have

S�(x)E∗(Tq)S�(y) ⇒ φ�q (S�(x))E∗(T)φ�q (S�(y)).

Given � ∈ R, without loss of generality, assume that � > 0. For 0 ≤ t ≤ �, �p(t)
is in the arc componentRp of 1Tp , thus S(�p(t)) is in the arc componentRq of 1Tq .
Let F : [0, �] → R be a continuous function such that exp(iF (t)) = φq(S(�p(t))))
with F (0) = 0. Following the arguments in the proof of Lemma 6.17, we have
F (t) = tF (�)/�. Due to the arbitrariness of �, there is a ∈ R such that a = F (t)/t
for all t �= 0, so S(�p(t)) = �q(at). It is clear that a �= 0.

Note that limm �p(pm) = 1Tp . By the continuity of S, limm �q(apm) = 1Tq . For

each l ∈ �, we have limm exp(iapm/ql ) = 1 and hence ap
m

2�ql
∈ Z for m large enough.

Thus N (p) ⊇ N (q).
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(2) By (1) we only need to show E(R) ≤B E(Tp) ≤B E(T). Note that

ker(φp) = Tp ∩ {(gl ) ∈ T� : ∀l ∃k < pl (gl = exp(2k�i/pl ))}.
It is clear that ker(φp) is non-Archimedean. Thus by Theorem 6.5, we haveE(Tp) ≤B
E(T).

Note that φp(�p(R)) = T and ker(φp ◦ �p) = {2k� : k ∈ Z} is discrete. Since
[0, 1] embeds into Tp, by Theorem 6.5, we have E(R) ≤B E(Tp). �

Remark 6.25. The authors also generalized the above theorem to P-adic
solenoids, where P is a sequence of natural numbers ≥ 2 (see [9, Theorem 3.2]).
Furthermore, the Borel reducibility among E(G)’s between E(R) and E(T) are
extremely complicated that the partial ordered set P(�)/Fin embeds into them (see
[9, Theorem 3.6]).

§7. Further remarks. Although we have already presented many results concern-
ing equivalence relations E(G)’s, more interesting questions remaind unanswered.
For instance, Theorem 3.5(5) gives E(S∞) ∼B=+. And we already obtained a
sequence of CLI non-Archimedean Polish groups (Gn) so that

E0 ∼B E(G0) <B ··· <B E(Gn) <B E(Gn+1) <B ··· <B E(S∞) ∼B=+ .

However, we do not know:

Question 7.1. Is there a sequence of non-Archimedean Polish groups (Gn)n∈� such
that these E(Gn)’s are pairwise Borel incomparable?

In Section 5, we use the notion of l.m.-unbalanced groups to prove some E(G)
are not Borel reducible to E(H ) for any TSI Polish group H. As mentioned
in the first paragraph of Section 5.3, all nilpotent topological groups are distal.
And by Theorem 5.17, we know all nilpotent locally compact Polish groups are
not l.m.-unbalanced. For instance, let Tu(3) be the group of all real matrices as⎛
⎝ 1 a b

0 1 c
0 0 1

⎞
⎠. It is clear that Tu(3) is nilpotent locally compact, but not TSI. It

follows from [10, Theorem 1.2] that E(Tu(3)) �B E(H ) for any TSI Polish group
H. In particular, we have E(Tu(3)) �B E(R3). So far, we do not know:

Question 7.2. Does E(R3) ≤B E(Tu(3))?

As mentioned at the end of Section 5, we do not know any example of �-l.m.-
unbalanced CLI Polish group. So perhaps the most noteworthy problem is:

Question 7.3. Does α-l.m.-unbalanced CLI Polish groups exist for each α < �1?
If not, can we find more sophisticated tools to form a hierarchy of length�1 for all CLI
Polish groups under Borel reducibility among equivalence relations induced by them?

Some questions asked in earlier versions of this article have been answered in
[9, 10]. For instance, Theorem 1.8 of [10] is a positive answer for the following
question.

Question 7.4. Let G,H be two connected TSI Lie groups, does E(G) ≤B E(H )
iff there exists a continuous locally injective homomorphism from G to H?
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Question 7.5. Let G,H be two separable TSI Lie groups such that their identity
components G0 and H0 are topologically isomorphic, does E(G) ≤B E(H ) iff
there exists an topological isomorphism φ : G0 → H0 such that φInnG(G0)φ–1 ⊆
InnH (H0)?

Theorem 6.18 confirms the special case ofG,H are abelian for Question 7.4. And
Corollaries 6.22 and 6.23 confirm the very special case ofG0 andH0 are topologically
isomorphic to either R or T for Question 7.5.

The authors [10] considered equivalence relations induced by separable strongly
NSS Fréchet spaces. So far, we know almost nothing about Borel reducibility among
equivalence relations induced by non-strongly NSS infinitely dimensional Polish
groups.
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