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Abstract

We analyze the discounted probability of exponential Parisian ruin for the so-called
scaled classical Cramér—Lundberg risk model. As in Cohen and Young (2020), we use
the comparison method from differential equations to prove that the discounted proba-
bility of exponential Parisian ruin for the scaled classical risk model converges to the
corresponding discounted probability for its diffusion approximation, and we derive the
rate of convergence.
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1. Introduction

The main goal of this paper is to analyze the discounted probability of exponential Parisian
ruin for the scaled classical Cramér-Lundberg risk model and its corresponding diffusion
approximation. The scaling system is obtained by multiplying the Poisson rate A by n, dividing
the claim severity by /7, and adjusting the premium rate so that net premium income remains
constant. We use comparison to prove that the discounted probability of exponential Parisian
ruin for the scaled classical risk model converges to that of its diffusion approximation. We
also show that the rate of convergence for the discounted probability of exponential Parisian
ruin is of order O(n_l/ 2), uniformly with respect to the surplus. These results form the main
theorem of our paper.

Iglehart [10] used probabilistic techniques to prove that the probability of ruin for the scaled
model converges to that of its corresponding diffusion approximation. See also Grandell [7],
Asmussen [3], and Biuerle [4]. More recently, Cohen and Young [6] used comparison to bound
the probability of ruin and prove that the probability of ruin for the scaled CL process converges
to the probability of ordinary ruin for the corresponding diffusion approximation. This paper
extends Cohen and Young [6] to a generalization of ordinary ruin called exponential Parisian
ruin.

(Ordinary) Parisian ruin occurs if an excursion below zero of surplus is longer than a deter-
ministic time, whereas exponential Parisian ruin occurs if the excursion below zero is longer
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18 X. LIANG AND V. R. YOUNG

than an independent exponentially distributed random variable. Landriault, Renaud, and Zhou
[12], Baurdoux et al. [5], and Landriault, Li, and Lkabous [11], who studied exponential
Parisian ruin, relied on probabilistic analysis of the so-called scale functions. Lkabous and
Renaud [14] also relied on scale functions to analyze a model that combines deterministic and
exponential Parisian ruin. Instead, we use comparison methods in integro-differential equations
to study the (discounted) probability of exponential Parisian ruin.

We define exponential Parisian ruin by starting the ‘exponential clock’ at the time of ordi-
nary ruin. Equivalently, because of the memoryless property of the exponential, one could
randomly observe the surplus processes, with the waiting times between observations dis-
tributed exponentially, and declare that exponential Parisian ruin has occurred if the observed
surplus is negative. For example, Albrecher, Cheung, and Thonhauser [1] computed the
Gerber—Shiu penalty function for the classical risk model with i.i.d. inter-observation times
distributed according to an Erlang(n) random variable, which reduces to the exponential when
n = 1. Also, Albrecher, Ivanovs, and Zhou [2] computed exit quantities for a Lévy risk model
with i.i.d. inter-observation times distributed exponentially.

The remainder of this paper is organized as follows. In Section 2.1 we define the discounted
probability of exponential Parisian ruin for the classical risk process and derive its integro-
differential equation (IDE), and in Section 2.2 we define the scaled model and extend the IDE
to this model. Furthermore, we provide a comparison lemma that forms the backbone of the
proofs in Section 4.1. Section 2.3 provides an explicit expression for the discounted probability
of exponential Parisian ruin for the diffusion approximation of the classical risk model, and
Section 2.4 gives an outline of the remainder of the paper.

In Sections 3.1 and 3.2, we define analogs of the adjustment coefficient for the scaled clas-
sical risk model and for its diffusion approximation, respectively, and in Section 3.3 we prove
four lemmas that show how these adjustment coefficients are related. In Section 4.1 we use
the comparison lemma from Section 2.2 to modify the discounted probability of exponential
Parisian ruin for the diffusion approximation by functions of order O(n_l/ 2) to obtain upper
and lower bounds of the corresponding discounted probability for the scaled classical risk
model. Finally, in Section 4.2, we use these bounds to prove that the discounted probability of
exponential Parisian ruin for the scaled classical risk model converges to that of its diffusion
approximation. We also show that the rate of convergence is of order O(n_l/ 2), uniformly with
respect to the surplus.

2. Scaled Cramér-Lundberg model and its diffusion approximation

2.1. Cramér-Lundberg model

We assume the insurer’s surplus process X = {X;};>0 is described by the classical Cramér—
Lundberg model defined on a filtered probability space (2, F, {F:}s>0, P), that is, the insurer
receives premium income at a constant rate ¢ and pays claims according to a compound Poisson
process. Specifically,

N;
Xi=x+ct— Z Yi,
i=1
in which x is the initial surplus, the claim severities Y1, Y3, ... are independent and identically
distributed according to a common cumulative distribution function Fy, with Fy(0) =0, and
the claim frequency N = {N;};>¢ follows a Poisson process with parameter A > 0. Let Sy =
1 — Fy denote the survival function of Y, and assume that there exists an £ > 0 such that Y’s
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moment generating function My(y) = E(e”?) exists for any y < &. In particular, EY < oo and
E(Y?) < 0o. Also, assume that the Poisson process N is independent of the claim severity
process {Y;i}ien. Finally, assume that the premium rate ¢ > AEY, and write ¢ = (1 + 0)AEY,
with a positive risk loading 6 > 0.

By following Landriault et al. [12] and Baurdoux et al. [5], we define the sequence
{(T(; e 'L’&_ n) }n eN recursively. First, let

.1 =inf{r>0: X, <0}
be the first time that the process X enters (—o0, 0), and let
f(fl :inf{t>r(;1: X; > 0}
be the first time after t(; | that the process X enters (0, 00). Then, forn=2, 3, ..., define
Ton =inf{r > r&’n_l : X, <0}

and
+

Ton= inf{z > Tyt Xi > 0}.
By exponential Parisian ruin we mean an excursion of surplus below zero in excess of an
exponentially distributed random length of time. Specifically, we define the time of exponential
Parisian ruin x by
/
R n
K_TO,n/ +7,, 2.1)
in which {r7},en is a sequence of i.i.d. copies of an exponential random variable 7, with
hazard rate p, independent of the claim process, and in which r’ is defined by

/o R n +
n —mf{neN. Ton T Tp <10!n].

Define the exponential Parisian ruin process K = {K;}~0 by K; = 1< for all £ > 0; thus
K jumps from O to 1 when exponential Parisian ruin occurs. Then we define the filtration
H= {Ht}tzo by
H;=F;Vvo(K,: 0<u<t) forallz>0.

We wish to analyze the discounted probability of exponential Parisian ruin, with value function

() =E (e Lecony), (2.2)

in which E* denotes expectation conditional on Xp = x, and B > 0 measures the insurer’s time
value of exponential Parisian ruin.

Note that we start the ‘exponential clock’ 7, at the time of ordinary ruin. Instead, we could
have created an independent Poisson process N° = {N/ }r=0 with hazard rate p, in which the
time that N jumps marks a time that the surplus process X is observed. Then exponential
Parisian ruin occurs the first time X is negative at a time of observation. The memoryless
property of the exponential tells us that this definition of exponential Parisian ruin is equivalent
to the one in (2.1).

Albrecher et al. [1] derived the integro-differential equation (IDE) for the Gerber—Shiu
penalty function when inter-observational times are distributed exponentially, as they are in
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this paper. We derive the IDE for i defined in (2.2) by following the method in Section 5.3
of [15]. Let & > 0 be small, and consider the following possible events related to the interval
(0, h]: (1) neither a claim nor an observation occurs, with probability e~ (2) a claim
occurs at time ¢ < h before an observation occurs, with probability (density) e3P and (3)
an observation occurs at time ¢ < & before a claim occurs, with probability (density) pe_()““’)’ .
As an aside, note that

h h
e Ot / e~ ROy 4 / pe”CPldr=1.
0 0

This partition of the event space gives us the following expansion of y:
h oo
Y(x)=e MO e=Phy (x 4 ch) + f re~ ok / e Py (x + et — y) dFy(y) dt
0 0

h
+/ pei()Ler)t (eiﬁt‘/f(x + Ct)l{x+cle} + e7ﬂt1{x+ct<0}) de.
0

As Schmidli [15] notes, by letting & — 0T in the above expression, we deduce that v is right-
continuous. Then the right derivative of ¥ (times c¢) equals
Y(x+ch) — )

cYa(x) = hl_i>r(1)1+ — (2.3)

=B +r+p)¥(x) -2 /o ¥ (x =) dFy(y) — p (V)1 p=0) + Lix<o}),

and a similar argument starting at the point x — ch for 2 > 0 small, allows us to conclude that
¥ is left continuous and gives us the expression in (2.3) for the left derivative of ¥ (x) if x # 0.
Thus we have the following IDE for ¢ on R, in which we use the right derivative of ¥ at x = 0:

BY @) + p(Y(x) — Do) = c¥a(x) + AEY (x — Y) — ¢ (x)), 2.4)

with ¢ € CI(R\{O}), Y continuous at x = 0, and c¢(¥,(07) — ¥(07)) = p(1 — 1 (0)). To obtain
boundary conditions for i, we argue as follows. As surplus becomes arbitrarily large negative,
then « approaches t, with probability 1, and

o0
1 =F —B7p ): _'Bt~ —pt :—p
x_l}r_noo Y =E (e I{:, <o) fo e pe” Phde e
Similarly, as surplus becomes arbitrarily large positive, then « approaches oo with probability

1, and
lim ()= lim E (e 7“1 <00)) =0.
X—> 00 X—> 00

For later convenience, use the IDE in (2.4) to define the operator F by

F(x, u(x), uy(x), u(x — ) = Bu(x) + p(u(x) — D<oy — cuy(x) — A(Eu(x — Y) — u(x)),
2.5)

in which we use the right derivative at x = 0. Then the IDE for ¢ is F =0, with boundary
conditions

. P . _
x_l)lr_noo u(x) = _,o yy Xlirgo u(x) =0. (2.6)
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Landriault et al. [12] (semi-)explicitly computed v in Proposition 2.1 and Corollaries 3.1 and
3.2; they referred to ¥ as the Laplace transform of the time of Parisian ruin with exponen-
tially distributed implementation delays. Also, Albrecher et al. [1,2] provided semi-explicit
expressions for .

2.2. Scaled Cramér-Lundberg model

To obtain the scaled classical risk model, multiply the Poisson rate A by n, divide the claim
severity by ./n, and adjust the premium rate so that net premium income remains constant.
Specifically, define 1, = nA, so n large is equivalent to A, large. Scale the claim severity by
defining Y, = Y//n. Also, define 6, =60//n and ¢, = (1 + 6,)A\,EY,, =c + (/n— DAEY,
which implies ¢, — A, EY,, = c — AEY =0AEY, independent of n. The parameters p and S
remain unchanged. Let X" = {X}'};>( denote the resulting scaled process. Note that our original
model, the one described in Section 2.1, corresponds to n = 1.

Let ¢, denote the discounted probability of exponential Parisian ruin in the scaled system.
Then the IDE for ¥, is F,, =0, in which F), is a modification of the operator in (2.5) for the
scaled model, that is,

Fu(x, u(x), ux(x), u(x — ) = Bu(x) + p(u(x) — Dl <o) — (v/n + O)AEYuy(x)
— nA(Eu(x — Y/ﬁ) — u(x)), 2.7

in which we use the right derivative at x = 0.

Liang and Young [13] analyzed the problem of minimizing the discounted probability
of exponential Parisian ruin via per-loss reinsurance. One of the main results in that paper,
Theorem 3.3, a comparison theorem for viscosity sub- and supersolutions, is readily adaptable
to the problem in this paper; therefore we state Lemma 2.1 below without proof, after we define
sub- and supersolutions of F;,, = 0. For this paper, we do not need the machinery of viscosity
sub- and supersolutions, so we define sub- and supersolutions more narrowly.

Definition 2.1. Suppose u is a continuously differentiable function on its domain, except
possibly at x = 0, at which it is continuous with left and right derivatives.

(a) We say that u is a subsolution of the integro-differential equation F,, =0 on R (or R™
or RY) if F,(x, u(x), ux(x), u(-)) <0 for all x € R (or x < 0 or x > 0, respectively), in
which we use the right derivative at x = 0, as necessary.

(b) We say that u is a supersolution of the integro-differential equation F,, =0 on R (or R™
or RY) if F,(x, u(x), ux(x), u(-)) >0 for all x € R (or x < 0 or x > 0, respectively), in
which we use the right derivative at x = 0, as necessary.

In Section 4.1 we use the following lemma to find bounds for ¥,,. One can also use the
lemma to prove that v, is the unique solution of F;,, = 0 on R subject to the boundary conditions
in (2.6). As an aside, the proof of Lemma 2.1 of [6] can also be used to prove this lemma.

Lemma 2.1. (Comparison principle.)

(a) Ifu and v are sub- and supersolutions, respectively, of F,, =0 on R with
Iim u(x)< lim v(x) and lim u(x) < lim v(x),
X——00 X——00 X—> 00 X—> 00

then u <vonR.
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(b) If u and v are sub- and supersolutions, respectively, of F, =0 on R~ with

Iim wu(x)< lim vx) and u(0")=<v(07),
X—>—00 X—>—00

thenu<vonR™.
(c) If uand v are sub- and supersolutions, respectively, of F,, =0 on R™ with

u(x) <v(x) forallx <0and lim u(x) < lim v(x),
X—> 00 X—> 00
then u <vonRT.

2.3. Diffusion approximation

In this section we introduce the diffusion approximation of the classical risk process.
To obtain this approximation, we match the first two moments at all times 7> 0, as in [8].
Specifically, forn =1,

Y dN, ~ AEYdt — v/ AE(Y?) dB;,
in which B={B;};>0 is a standard Brownian motion on the filtered probability space
(2, F, F, P). Thus, under the diffusion approximation, the surplus X = {X;};>0 equals
§t=X+Mt+O'B[,
in which . = @AEY and o = /AE(Y?). For the scaled process, note that
O Ay E(Y,) =O00MEY = 1
and
A,,]E(Y,%) =E(¥?) =o?,

so the diffusion approximation for the scaled process is independent of the scaling factor n.

Letk and w denote the time of exponential Parisian ruin of X and the discounted probability
thereof, respectively. In general we will notate quantities related to the diffusion approxima-
tion by a tilde. We next state a relevant verification lemma without proof because its proof is
standard in the actuarial and financial mathematics literature; see e.g. the proof of Theorem 3.1
of [9].

Lemma 2.2. Suppose u:R — [0, p/(p + B)] is a function that satisfies the following condi-
tions.

1. wis decreasing and lies in C*(R), except at 0, where it is C' and has left and right second
derivatives.

2. X_l)ir_noo u(x)=p/(p+ B).
3. 11111 u(x)=0

4. u solves the following differential equation on R:

1
Bu) + pu(x) = D<oy = pit(0) + 5 0 (), 2.8)
in which we use the right second derivative of u at x = 0.

Then the discounted probability of exponential Parisian ruin 1; for the diffusion X equals u.
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Note the parallel between the left-hand sides of (2.8) and (2.4). The term p(u(x) — 1)1y <0}
arises from the exponential clock that runs when the surplus is below zero; the clock’s alarm
‘rings’ at rate p, and if it does, then 1/~f(x) jumps to 1 because exponential Parisian ruin has
occurred.

The only dependence of the differential equation in (2.8) upon the state variable x is whether
x <0 or x> 0; otherwise the coefficients are constant. Thus the solution will be piecewise
exponential, and we give that solution in the following proposition.

Proposition 2.1. The discounted probability of exponential Parisian ruin under the diffusion
approximation equals

p (1—~y1~ 6’72)‘), x <0,
~ p+B Vi+ 9
Yx)= ~ (2.9)
L Ny—2~ e ¥, x>0,
ptB Vit

in which ¥, > 0 and y, > 0, respectively, are given by

1
iy 219842 2.10
Vi 02[\/“ +2po +u} (2.10)
and

- 1
Y e i

with uw = OAEY and 0% = XE(Yz).

Remark 2.1. Corollary 1.1 of [5] gives us the discounted probability of exponential Parisian
ruin in terms of scale functions for a general Lévy insurance model. In our work, we instead
solve J’s differential equation to explicitly obtain the value of discounted probability of expo-
nential Parisian ruin for the diffusion approximation, a special case of their Lévy insurance
model.

2.4. Outline of paper

To make it easier to follow the material in Sections 3 and 4, we outline our steps in those
sections, as follows.

1. In Section 3 we define analogs of the so-called adjustment coefficient from risk theory;
for background on the adjustment coefficient see e.g. Section 5.4 of [15].

(a) In Section 3.1 we define analogs of the adjustment coefficient for the scaled
Cramér—Lundberg model. Denote them by y; , and y2 ,, in which they are based
on the problem when x > 0 and x < 0, respectively.

(b) In Section 3.2 we show that y; and 7 from Section 2.3 are the analogs of the
adjustment coefficient for the diffusion approximation.

(c) In Section 3.3 we prove four lemmas that relate (yi, ns ya.n) to (¥1,92). In
particular, we show lim,,_, oo y1.» = %1 and lim,— o Y2.n = 2.
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2. In Section 4 we justify using the diffusion approximation for the classical risk process
when analyzing the discounted probability of exponential Parisian ruin.

(a) In Section 4.1 we modify ¥ by functions of order O(n_l/ 2) to obtain upper and
lower bounds of ,; denote those bounds by u, and ¢,, respectively. We use
Lemma 2.1 to prove that, indeed, ¢, < v, <u, on R. Propositions 4.2 and 4.1
prove these two inequalities, respectively.

(b) Finally, in Section 4.2, we use Propositions 4.1 and 4.2 to prove Theorem 4.1, the
main result of our paper, which states that, as n goes to infinity, ¥, converges to
Y uniformly with respect to x and with rate of convergence of order O(n_l/ 2).

3. Analogs of the adjustment coefficient

3.1. Scaled Cramér-Lundberg model

In this section we define analogs of the adjustment coefficient for the scaled Cramér—
Lundberg model for the discounted probability of exponential Parisian ruin ¥,,. We will use
those analogs to create an exponential upper bound of ¥,,.

To define the analogs of the adjustment coefficient, we split the problem according to
whether x > 0 and x < 0. We begin with x > 0 because that is familiar to most readers. A formal
way of obtaining the adjustment coefficient is to substitute Ae™* for u in F,, =0, including
when x — Y//n < 0. Recall that F,, is given in (2.7). By doing so, we obtain the following
equation for the adjustment coefficient y; , > 0:

B=A~(/n+OEYy +nMy(y/v/n) = D], (3.1

in which My is the moment generating function of Y. Let ¢,, denote the Laplace exponent of
X" ={X]"}>0, that is,

¢u(y) =InE[e I | = A[(Vn+ OEYy +nMy(—y/Vi) =Dl (32)

Then y; , > 0 solves

B = bu(=v1.n) (3.3)

and, for the remainder of this paper, we assume that My is such that y; , exists.
Next, for x < 0, formally substitute p/(p + B) — Ae¥* for u in F,, = 0 to obtain the following
equation for y» , > 0:

p+B=AKn+0EYy +nMy(—y//n)— 1), (3.4)

thatis, y2,, > 0 solves p + B = ¢, (y2,,). Thus, if we define @, to equal the right inverse of ¢,
that is, ®,(s) =sup{y > 0: ¢,(y) = s}, then

Y2.n = CDn(,O + ,3) (35)

Note that ¢, is non-negative and strictly increasing on R™; thus ®,, is well-defined on R™.

3.2. Diffusion approximation

In this section we show that | and 7,, defined in (2.10) and (2.11), respectively, are the
analogs of the adjustment coefficient for the diffusion approximation.
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As in Section 3.1, for x > 0, substitute Ae~”* for u in (2.8) to obtain the following equation:

1 2.2
ﬂ=—w+§0y- (3.6)

It is straightforward to see that 1 in (2. 10) is the unique positive root of this quadratic equation.
Let q) denote the Laplace exponent of X= {Xt}t207 that is,

3 x 1
o(y)=Ink [eV(X] _x)] =ny+; o2y2,

then Y1 > 0 solves

B=d(—7). (3.7)

Next, for x < 0, substitute p/(p 4+ ) — Ae?* for u in (2.8) to obtain the following equation:
1 55

p+/3=w+§0y. (3.3)

Note that ;772 in (2.11) is the unique positive root of this quadratic equation, that is, ¥ > 0 solves
0+ B =¢(). Thus, if we let ® denote the inverse of ¢, then

P =d(p + ). 3.9)

Note the parallel between equations (3.3) and (3.5) and equations (3.7) and (3.9).
As one might expect from their derivations, the adjustment coefficients (v, ¥2.,) and
(%1, 72) are related, which we prove in the next section.

3.3. Relationship between (y1,,, y2,,) and (¥1, y2)

In this section we prove four~lemmas that relate (¥1., ¥2.,) and (¥, ¥2). We use these
lemmas in Section 4.1 to modify ¥ by functions of order O(n~!/?) to bound .

Lemma 3.1. 5
~ 12 ~
Vin <P <®uB)+ =5 and <y
in which u = 0\EY and 0% = AE(YZ).

Proof. To prove this lemma, we first show y; , < 1. Recall that y; , > 0 solves (3.1), and
y1 > 0 solves (3.6). The right-hand side of (3.1) is convex with respect to y > 0 and increasing
for ¥ > yj ,. Therefore, to prove y; , < %1, it is enough to prove that the right-hand side of
(3.1) is greater than 8 when evaluated at 1, that is,

B <M—~(/n+OEYY +nMy1//n) — 1],

or equivalently, after substituting for 8 from (3.6),

—OEY7) + = IE(YZ) <—(J/n +9)EYy1+n(1E(e71Y/ﬁ)—1)
or

JREY 7 + % E(Y2> 72 <n (]E (em/ﬁ) - 1),

which is true because ¥ — 1 > x + %xz for all x > 0.
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Next, we show 77 < ®,(8) 4+ 2/1/0%. Rewrite 7’s quadratic equation, namely (3.6), as

1
O:—E—,u—l——ozy, (3.10)
y 2

and note that the right-hand side of (3.10) is increasing with respect to y > 0. Thus, to prove
Y1 < ®n(B) + 21 /02, it is enough to prove that the right-hand side of (3.10) is positive when
evaluated at ®,(8) + 21 /02, that is,

IB 1 2 2/,L
—W—M+§U (¢n(ﬂ)+§>>0,

or equivalently
1
5 T PLB) + nPu(B) > B.

If we substitute for B via the equation 8 = ¢,,(®,(8)), in which ¢, is given in (3.2), and if we
simplify the result, then we obtain the equivalent inequality

VREY ®,(8) — % E(Y2> ®2(B) <n (1 _ E(e—%(ﬁ)wﬁ))’

which is true because x — %xz <1l —e*forall x> 0.

Finally we show ¥ < y2,,. Recall that y» , > 0 solves (3.4), and 9 > 0 solves (3.8). It is
straightforward to show that the right-hand side of (3.4) is increasing with respect to y > 0.
Therefore, to prove that > < 25, it is enough to prove that the right-hand side of (3.4) is less
than p + B when evaluated at }5, that is,

p+ B> M(/n+OEY P +n(My(—72/v/n) — 1],

or equivalently, after substituting for p + 8 from (3.8),

OEY7 + % E(Yz) P2 > (Jn+0EYD +n (E (e*sz/ﬁ) - 1),
) VREY 5 LE(17) 7 <n (1 ~E(eFE)),

which is true because x — %xz <1 —e " for all x> 0, and we have finished the proof of the

lemma. O

We present the following lemma, which relates ] and y; ,. In Section 4.1 we use this
lemma and the following one to find an upper bound for .

Lemma 3.2. Choose C so that

in which u = OAEY and ol= AIE(YZ). Then there exists N > 0 such that, for alln > N,

~ C _
0<V1——n<yl,n<m, 3.1

7
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from which it follows that
lim 31, =7, (3.12)
n—0oo

with rate of convergence of order O(n_l/ 2).

Proof. First, note that the limit in (3.12) follows directly from the bounds in (3.11). Second,
note that the last inequality in (3.11) follows from Lemma 3.3. Third, for a fixed value of C,
it is straightforward to find N so that the first inequality holds for n > N. Thus, to prove this
lemma it is enough to prove the middle inequality for n large enough.

The adjustment coefficient y , > 0 solves (3.1) or equivalently

E-}-M—nk Ee(y/ﬁ)y—l—(y/ﬁ)EYz
4 14

0. (3.13)

The left-hand side of (3.13) decreases with respect to y; thus, to show that ¥ — C//n < y1.,
for some C > 0, it is enough to show that the left-hand side of (3.13) is positive at y =y} —
C//n > 0, or equivalently

~ C v —C Y —C

By using the equation for 7|, namely g = —u9 + 20272, and by expanding the exponential,
we see that this inequality is equivalent to

(o271 - ) e 2 (r*) 5 ) + 0(u2) =0,

in which the O(n’l/ 2) term is finite for n large enough because of the assumption that My(y)
is finite for y < ¢, for some ¢ > 0. Also, the coefficient of C is positive because 7] > 21 /0'2,
which is easy to see from (2.10). So, if we choose C so that

A E(Y3) 93

-2 B )
6 o2y —p

then there exists N > 0 such that n > N implies

0<y —

C
— < .
\/ﬁ yl,n
Thus we have completed the proof of the lemma. U
We present the following lemma, which relates 7 and y» .

Lemma 3.3. Choose C' so that
A E(Y3) 95
>,
6 oip+u
in which u = OAEY and o> = AE(Y?). Then there exists N' > 0 such that, for alln > N’,

C/

'/

R<ren<i+ T (3.14)
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from which it follows that
lim y2, = )2, (3.15)

n— o0

with rate of convergence of order O(n='/?).

Proof. First, note that the limit in (3.15) follows directly from the bounds in (3.14). Next,
note that the first inequality in (3.14) follows from Lemma 3.1. Thus, to prove this lemma it is
enough to prove the second inequality in (3.14).

The adjustment coefficient y» , > 0 solves (3.4), or equivalently

p+B=puy+m(Ee Vi 14 Y Ey). (3.16)
NG

The right-hand side of (3.16) increases with respect to y > 0; thus, to show that y» , < %2 +
C’'//n for some C’' > 0, it is enough to show that the right-hand side of (3.16) is greater than
o + B when evaluated at y =y + C'/+/n, that is,

-  C n+C Y n+C
p+B <u(y2+%> +nk(Eexp(—%) —1 —i—W]EY).

By using the equation for 7, namely p + B = uy + 30277, and by expanding the exponen-
tial, we see that this inequality is equivalent to

((02172 + M) C - % E<Y3) 1723> -I-O(n_l/z) >0,

in which the O(n~'/?) term is finite. So, if we choose C’ such that

3733
C/>&M,
6 o2p+u

then there exists N’ > 0 such that n > N” implies

C/
<P+ —.
V2.n <V2 «/ﬁ

Thus we have completed the proof of the lemma. 0

Lemmas 3.2 and 3.3 show that the adjustment coefficients (¥1, 2) and (1 n, Y2.n), respec-
tively, are approximately equal to order O(n~!/?), which is an interesting result in itself,
separate from their use in Section 4 in bounding .

We present the following lemma, which relates 97 with ®,,, the right inverse of the Laplace
exponent ¢,. We use this lemma in Section 4.1 to find a lower bound for v,,.

Lemma 3.4. Choose C" so that
A E(Y) /o 2’
ok B0 (5 2y
6 o2y1 — 1 o?
in which u = OAEY and o> = AE(Y?). Then there exists N'' > 0 such that, for alln > N,

- 2“ C//

21 ~
Vl_ﬁ<q)n(ﬂ)<yl—;+\/ﬁ, (3.17)
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from which it follows that

. - 2u
lim ®,(8) =71 — 5. (3.18)
n—00 o

with rate of convergence of order O(nfl/ 2).

Proof. First, note that the limit in (3.18) follows directly from the bounds in (3.17). Next,
note that the first inequality in (3.17) follows from Lemma 3.1. Thus, to prove this lemma it is
enough to prove the second inequality in (3.17).

From the discussion in Section 3.1 we know that ®,(8) > 0 solves

B=uy+nmi|Ee YV _14+ X Ry). (3.19)
Jn

The right-hand side of (3.19) increases with respect to y > 0; thus, to show that

- 2 C//
D,(B) <y — G—‘; + W for some C" > 0,
it is enough to show that the right-hand side of (3.19) is greater than j at
- 2/’L C//
= —_—— + _—,
r=n-3t g
that is,
B 5 — 2 + <
< - R
mn-2+ 7
A 2 c’ Y yA) 2 old
i (Eexp (3 —2u/o”+C"/ ) _H_(m w/o?+C"/n) ey,
Vn Jn

By using the equation for 7|, namely g = —u + 30272, and by expanding the exponential,
we see that this inequality is equivalent to

A 20\
((027] —wC" =% E(Y%(? - 0—@) ) +o(n—1/2) >0,

in which the O(n~'/?) term is finite. Recall that % > 2u/o2. So, if we choose C’ such that

3 3
o B0 (o
6 0P — 1 " o2 )’

then there exists N > 0 such that n > N” implies
~ 2
(bn(:B) <Y1 - p +

Thus we have completed the proof of the lemma. U
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4. Justifying the diffusion approximation

4.1. Bounds for ¢,

In this section we modify » by functions of order O(n_l/ 2) to obtain upper and lower
bounds of ¥,,. In the process of finding an upper bound of ¥, we prove a Lundberg-type
bound for . To that end, by analogy with the expression for ¥ in (2.9), define vr,, on R by

(). e
_ P Yin T V2n
wn(-x) =
1Y Y2.n
P+ /3 Yin+ Von

e VX, x>0.

In the following lemma we use comparison to prove that v, is an upper bound of the scaled
discounted probability of exponential Parisian ruin v,.

Lemma 4.1. B
Yn(x) < ¥, (x), 4.1
forall x e R.

Proof. To prove inequality (4.1) we use Lemma 2.1(a). First note that

Jim V0=t = lim

and o
lim ¥,(x)=0= lim ¥,(x).
X—> 00 X—> 00

Thus it remains to show that Wn is a supersolution of F;,, = 0 because 1, is a solution of F,, = 0.
For x < 0, from the definition of y» , in (3.4), it is straightforward to verify that

F(X, Y0, Y0, Yyx — ) =0.
For x > 0, from the definition of y; , in (3.1), we obtain
F(X, Y00, Uy (0), Yy — )
o0
% / {& eVl,n(Y/\/ﬁ—X) + L e_V2,n(Y/\/ﬁ_X) _ 1} dFy(y)

Jx \Y1n+ V20 Yin+ V2n
> 0.

The last inequality is obtained from the following inequality:

Y2.n eVt 4 Yin

—=r — N eTaix ], 20, (4.2)
Y1.n + V2.n Y1.n + Y2.n

which holds because the function on the left of inequality (4.2) increases with z and
equals 1 at z=0. Thus ¥, is a supersolution of F;, =0, and inequality (4.1) follows from
Lemma 2.1(a). O

Remark 4.1. Inequality (4.1) is a generalization of the Lundberg bound, which states that
(ordinary) probability of ruin on R* is bounded above by e ®*, in which the adjustment
coefficient R > 0 solves

—(1+6EY -R+My(R) —1)=0.

https://doi.org/10.1017/jpr.2021.36 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.36

Discounted probability of exponential Parisian ruin 31

The equation for R shows us that R = y1 »|4=1,=0. See Sections 5.3 and 5.4 of [15] for more
information about the adjustment coefficient R and the Lundberg bound.

We readily obtain the following proposition from Lemmas 3.2, 3.3, and 4.1, in which we
modify ¥ in (2.9) by a function of order O(n~!/?) to obtain an upper bound of v, so we state
it without proof.

Proposition 4.1. Let C and N be as in the statement of Lemma 3.2, let C' and N' be as in the
statement of Lemma 3.3, and for n > max (N, N'), define u, by

> ~ /
p (1 __h- C/\//ﬁ e(yz-i-C/«/ﬁ)X)’ X<,
p+B Vi+7m+C/yn

o '/
p__NtCINIGicrgin,
p+B I+ —C/yn

Up(x) =

x>0.

Then
Yn(X) < 1y (x)

forall x e R.

In Proposition 4.1 we modified {l; by a function of order O(n_l/ 2) to obtain an upper bound
of ¥,,. In the next proposition we modify 1; by a function of order O(n_l/ 2) to obtain a lower
bound of ,,. Because the domain of our problem lies on the whole real axis, it is difficult
to find a subsolution of the discounted probability of exponential Parisian ruin directly. To
overcome this difficulty we first analyze v,,(0) in Lemma 4.2, so that we can apply comparison
on the negative and positive reals separately in Proposition 4.2.

Lemma 4.2. There exist D > 0 and M > 0 such that, for alln > M,

J«»(l - 3) <U(0) < $<0>(1 + 3),
NG vn

Jfrom which it follows that
lim ¥,(0) = v(0),
n—oo
with rate of convergence of order O(n_l/ 2).

Proof. From Corollary 3.2 of [12] we deduce the following expression for 1,,(0):

.3 V2.n
V) =1——7 - ——.
! p+B Pu(B)
Then, by applying Lemmas 3.3 and 3.4, we can find D >0 and M > 0 such that, for all

n>M,
(1_ B V2 ><1_£)<<1_ B 'V2,n>
p+B Y1—2u/o? NG p+B PupB)
B ) D
- : 1+—=).
<( P+ B 371—2u/02>< +ﬁ>
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It is straightforward, but tedious, to show that

B 72 __ P
p+B Vi-2n/cr p+B Vi+R
which equals J(O), and the lemma follows. O

Proposition 4.2. Formally, define the random variable Zy; = (Y — d)|(Y > d) for d >0, and
suppose m exists such that both My(y1//m) < oo and

sup IE(Z§ e(Vl/ﬂ)Zd) < 0. 4.3)
d>0
Choose ¢ > 0, and define § by
8 = max |:sup (MEZ; + ¢), D:|, 4.4
d>0

in which D is given in Lemma 4.2, and choose M’ > max (482, m, M), in which M is given in
Lemma 4.2 and M is large enough so that

~

2l <~ /«/V)Z
sup / (1-wE| 2\ N do <e. (4.5)
a=0 vM' Jo

Define the function £, on R by

<1—j%>Jux x <0,

1_28 ~ ~0
(- 2)fon o

£n(x) =

Then, for alln > M’ and x € R, we have
£n(x) < Yu(x).
Proof. We begin by using Lemma 2.1(b) to show ¢, <, on R™. For x <0, it is

straightforward to show that

Fu(x, £n(x), £5(x), £y(x — ) = (1 - %)Fnoc, V() Yr(x), Y(x — ) — % o,

and
Fax, Y00, Y00, ¥ =) ¢ —(p + B) + ALV + OEY P2 + n(My(=72//n) — D] <0,
in which the inequality follows from the proof of Lemma 3.1. It follows that
Fi(x, €3(x), £,(x), €a(x =) < 0= Fy(x, Yu(x), ¥,(x), Yu(x —-))
for x < 0. Also,

. N 9 L L T
x_I}r_HOOEn(x)— (1 ﬁ)ﬂ‘f‘ﬂ < o+ B _x—1>H—noo Yn(x)
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and

8\~
€n(07) = (1 - ﬁ>w(0> <Y (0),

by Lemma 4.2 and § > D. Thus Lemma 2.1(b) implies £, < ¢, on R™.
Next, we use Lemma 2.1(c) to show that £, <, on RT. For x > 0,

F(x, £n(x), £,,(x), £u(x — )
= BLy(x) — (V1 + OAEY L, (x) — nA(Ely(x — Y //n) — £y(x))

28 % ~ 28 % -
—ﬁ< ) — e—m+<1 ) A NN O T

vn)o+B i+ 9 vn)p+B )/1+V2
—n)»(l 28 ) p 72 e?ﬁx{/ﬁx e@/vmy dFy(y) — 1
n)p+B i+ 0
g dFY(Y)}
— )’ —
1 28/\/_ Jnx 71T272'e rix
o B+ (Vn+0)rIEY Y,
ﬁx - 8 eVZ(x y/f)
—ni / /vy dFy(y)+ [\n dFy(y) — 1}.
0 _28/\/_ Jnx n e yix

Vi+»2

Recall that 9 solves B = —uP + 302772; thus Fy(x, £,(x), €,(x), £y(x — ) <0 if

cof y2
/0 {e(m/«/@y_]_j;“l/\/ﬁy_jyz}dFy(y)

1= eyz(x =y/</n)
+/ R xS
1-28/n ,Q_,Q.yz_ e—Vix
1

e /ﬁ)y} dFy(y) > 0. (4.6)
%

The first integral in (4.6) is non-negative because e* > 1 4+ x + % X2 for all x > 0; thus it suffices
to show that the second integral is non-negative. To that end, note that, for n > 82,

1 -8/ n 1
1—28/Jn  1—68/Jn’

and for y > /nx,
1 — )/1 eP2(x=y//n) > L
Y+ Y1+

Thus F,,(x, £,(x), £,(x), £,(x — -)) <0 if the following inequality holds:

9] 6)71): _
T /Yy
[l = a0
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This inequality is automatic if Sy(y/nx) =0, in which Sy = 1 — Fy is the survival function of
Y; therefore, without loss of generality, assume Sy(y/nx) > 0. After replacing /nx by d and
dividing by e"*Sy(d), the above inequality becomes

/ w{; _ e(%/\/ﬁ)@@} dFy(y) >0,
a \1=8/\/n Sy(d)

or equivalently

/ Oo{e(%/mwcz) B 1]dFY(y) N
a Syid) = T—3/n

Formally, define Z; = (Y — d)|(Y > d); then this inequality becomes
8//n
1—s/n

If we find ¢ that satisfies the following even stronger inequality, then the above sequence of
inequalities holds:

m ~
/0 (V1) dF, () <

o 5
/0 (7 1) A 0 = - 47

Rewrite the integrand from the left-hand side of inequality (4.7) as follows:

~ 522 pl
67711/‘/’;—1=¥+—ylZ f (1 — w)eN1#/Vmegq,
n n 0

Thus inequality (4.7) is equivalent to

oo (5 ~2.2 1
Nz | viz f Giz/ymw 8
e A2 | (1 —w)e® dot dFyz,(2) < —
/0 {«/ﬁ n 0 ¢ \/ﬁ

or, after multiplying both side by /7 and switching the order of integration,

~2 1
PEZs+ Ll [ (1 = w)B(Z2 ePe/NDZ) oy < 5. (4.8)
vnJo

Note that the left-hand side decreases with increasing n. It follows that if we define § and M’ as
in (4.4) and (4.5), respectively, then inequality (4.8) holds for all d > 0 and all n > M’, which
implies that F,, evaluated at £, is non-positive for all x > 0 and all n > M’. In words, we have
shown that £, is a subsolution of F,, = 0 on R". From our earlier work in this proof, we know
that, for x <0,

£(x) < I/fn(x)y
and we also have
lim £,(x)=0= lim ¥,(x).
X—> 00

X—>00

Thus Lemma 2.1(c) implies £, < ¥, on R™, and we have finished proving this proposition. []
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4.2. Convergence of ¥, to 1;

In this section we prove our main result, namely that as n goes to infinity, 1, converges to
1; uniformly with respect to x and with rate of convergence of order O(n’l/ 2). In words, this
theorem justifies using the diffusion approximation when computing the discounted probability
of exponential Parisian ruin for the classical risk process.

Theorem 4.1. If (4.3) holds, then there exist D'’ > 0 and M"" > 0 such that, for all n > M"" and
xeR,

/!

~ D
Y (0) = Y ()| < 7

Proof. From Propositions 4.1 and 4.2, we have, for n > max (N, N', M’) and x < 0,

_ S \z p __n=C/yn <?z+C’/ﬁ>x>
(1 ﬁ>w<x><wn(x)<p+ﬂ(1 I e .

By subtracting J(x) from each side, we obtain

2 N 1— =< ,
0 V() < Yn(x) — P (x) < VI g — # e(c /ﬁ)x
Vi + B M+ 14 C
V1+y2)/n

The left-hand side is bounded below by —8/4/n - p/(p + B), and the expression in parentheses
on the right-hand side is bounded above by

1 c 1
- # <1+7x) <m0/
n n
R e AN ()’1+V2)f

for some constants 8’ > 0 and 8"’ > 0. Define the function f on R~ by
Fx) = (8" — §"x) e,
By differentiating f, we obtain

f'(x) o< =8" 4 72 (8" — 8" ),
J(0) 0 =28" + (8" — "),

which implies that f has a unique critical point x. = (358" — §"")/928", with f"'(x.) < 0. Thus
the maximum of f equals f(x.) = §" g2 /7 > 0, which we denote by §. If we set

Sp P 7 }
p+B p+B i+ |

D = max|:
then

~ D
[Yn(x) — ¥ ()| < 7

for n > max (N, N', M’) and x < 0.
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From Propositions 4.1 and 4.2, we have, for n > max (N, N, M) and x > 0,

28\ ~ o n+C/Jn _Gicium
1—-— n R 4 wx
< ﬁ)w(X)<w(X)<P+ﬁ V1+V2—C/ﬁe

By subtracting @(x) from each side, we obtain

C/
28 ~ ~ y3 - 1+ =+~
~ VW <@ = P < L e TR evmr g
! prp TR SRS

The left-hand side is bounded below by —(2§/ ﬁ) J (0), and one can show that the expression
in parentheses on the right-hand side times e ~”1* is bounded above by

/
<1 n 57 ) e~ (I=CIVmx _ o=Fix _ o=Pix(o(C/Vmx _ 1y 4 j_/ﬁ e~ i=C/Vmx, (4.9)

n
for some 8’ > 0 and for n > (C/%)?. Define
glx) = 6_7'X(e(c/«/ﬁ)x _ 1)’
then we have
gx) = —(771 — %) N

which gives us the unique critical point

C
Xe = —ﬁ lfl(l - —~>,
c NGY
with g"”’(x.) < 0. Hence g(x.) is the maximum of g; thus, for all x > 0,

c \"nvn/c C/Jn
71ﬁ> (71—C/«/ﬁ)'
By substituting (4.10) into (4.9), we obtain

Vivn/C
e (/YT 1) 1 LA N (1 ¢ )y‘ ! <~ C/y/n >+ L
NG B yivn yi—C/yn Vn
The factor (1 — C/ (¥ «/ﬁ))J71 Vin/€ converges to e !, and the factor
(52%)
Y1 —C/Jn

is of order O(n~!/2). Thus there exist 8" > 0 and m" > 0 such that

g(x) = glxe) = <1 - (4.10)

26
N

forall n > m'" and x > 0.

P o8

1#(0)<1ﬁn()C)—1ﬂ(X)</OJ”3 S T
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Thus, if we set

D= maX[D’, 27(0), 2. 12 _. 3”}
o+B it+w
and
M" =max (N, N', M', m""),
then
- D//
[V (x) — Y (x)| < NG
for all n > M" and x € R. O

In future work we hope to extend Theorem 4.1 when the surplus process is controlled,
say, via reinsurance as in Liang and Young [13]. The difficulty lies in modifying ¥ to find a
subsolution of v,. In this paper, we overcame that difficulty by finding separate subsolutions
on R~ and R in Proposition 4.2, which required estimating v/, (0) in Lemma 4.2.
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