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In this paper, we conclude the construction of all the matroids having circumference at
most five. We use this result to prove a conjecture of Hochstéttler and Jackson, in a special
case.

1. Introduction

In this paper, we assume familiarity with matroid theory. The notation and terminology
used in this article follow Oxley [22]. For a matroid M that is not free, circ(M) denotes the
circumference of M, that is, the maximum cardinality of a circuit of M. In recent years, the
circumference of a matroid has appeared in some bounds, for example, in an upper bound
for the size of a minimally n-connected matroid and in a lower bound for the size of an
n-connected matroid having a circuit whose deletion is also n-connected, for n € {2,3}
(see [11, 12, 13]). Using these bounds and results on matroids with small circumference, it
is possible to improve some bounds found in the literature. Lemos and Oxley [12] proved
that a connected matroid M has a circuit C such that M\C is connected provided that
|E(M)| = 3r(M). This bound is sharp, but it can be improved provided that some other
conditions are imposed on the matroid M. To improve it, Junior [7] needed to know all
the matroids that have circumference at most five. These matroids are constructed in [7]
and in this paper. Here, we deal with the most difficult case: the 3-connected matroids
having both rank and circumference equal to five.

Dirac proved that a graph G has a Hamiltonian circuit provided 2d(v) = |V(G)|, for
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every vertex v of G. Clearly, this condition is satisfied by a d-connected graph, when
2d = |V (G)|. As a consequence of Dirac’s theorem, we have that every d-connected graph,
for 2d = |V (G)|, has a Hamiltonian circuit. In the submitted version of [4], Hochstattler
and Jackson conjectured that the same result would hold for binary matroids; that is, if
2d = r(M)+1, then a d-connected binary matroid M has a Hamiltonian circuit, which is a
circuit with cardinality (M) + 1, unless r(M) and all the circuits of M are even. Since the
referee provided a counter-example, Hochstéttler and Jackson then made the following
conjecture.

Conjecture 1.1. Let M be a d-connected binary matroid for some integer d where

d>r(M)—|—1

Then M has a circuit of size at least r(M).

With the main result of this paper, we prove this conjecture for d = 3. Moreover, we
prove a strong result, where we drop the binary hypothesis from the matroid, as suggested
by Hochstittler and Jackson, and we list all the matroids satisfying the hypotheses without
a Hamiltonian circuit.

Let Jjp be the matroid whose representation over GF(2) is given by the following

matrix:
1 0 0 0 0 01 1 1 1
0O 1 0 0 0 1 0 1 1 1
0O 01 00 1 1 0 1 1
0O 0 01 01 1 1 01
o 0 0 01 1 1 1 1 0

This matroid was considered by Oxley [18] when he characterized binary matroids with
no four-wheel as a minor. The matroid J;y is 3-connected and has both rank and
circumference equal to five. Now, we describe the circuits of Jyo. Label the columns of
this matrix by by, by, b3, by, bs, a1, ay, as, ag, as, respectively. A subset C of E(Jyp) is a circuit
of Jyo if and only if:

(1) when |C N {ay, as, as,as, as}| is even, there is a 2-subset {i, j} of {1,2,3,4,5} such that
C = {a,aj,b;,bj}, or

(2) when |C N{ay,as,as,as,as}| is odd, there is d; € {a;, b;}, for each i € {1,2,3,4,5}, such
that C = {dl,dz,d3,d4, ds}

Let Jo be the matroid obtained from Jjy by deleting bs. In the main result of this
paper, Theorem 1.2, we prove that a 3-connected matroid having rank at most five is
Hamiltonian, unless it is isomorphic to Ui, F;,AG(3,2),J9, or Jio. (The existence of
Hamiltonian circuits in a matroid is very important: nice applications can be found in [2]
and [3].)

Theorem 1.2. Suppose that M is a 3-connected matroid non-isomorphic to Uy, Fj,
AG(3,2),J9, or Jyo. If r(M) < 5, then circ(M) =r(M) + 1.
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We say that a matroid M is a book when there are 3-connected rank-2 matroids
Mi,...,M,, for n > 1, and an element e such that E(M;) N E(M;) = {e}, when i # j and
M = P, (M,,...,M,). Junior [7] constructs all the matroids with circumference at most
five that are not 3-connected. It is not difficult to see that we need only list the matroids
that are connected and simple. Now, we state Junior’s theorem [7].

Theorem 1.3. Suppose that M is a simple connected matroid that is not 3-connected. If
circ(M) < 5, then there exist matroids N, By and B, such that N is 3-connected, By and B,
are books, E(B1) N E(By) =0, E(B;)NE(N) = {e}, E(B,)NE(N) = {f}, and

(i) #(N) € {2,3} and M = P,(N, B)\X, for some X < {e}, or
(i) N is isomorphic to F; and M = P,(N, By)\X, for some X < {e}, or
(iii) r(N) =2 and M = P¢(P,(N, By), B,)\X, for some X < {e, f}.

With the next result of Lemos and Oxley [13], we have the complete picture of the
circumference for 3-connected matroids because M(Ks,_,), for r > 5, is a 3-connected
matroid having circumference six and rank r.

Theorem 1.4. Let M be a 3-connected matroid. If r(M) = 6, then circ(M) = 6.

With the construction of the matroids that have circumference at most five, which is
completed in this paper, one can calculate the matroid Ramsey numbers n(s, t), for every
s < 6. Some of these numbers have been found in [1], [5], [6] and [25]. We do not compute
them here, since Lemos and Oxley obtained all of them in [14]. Non-binary matroids with
small circumference are also related to matroids having the k-elimination property for
circuits, considered in [8] and [20].

2. Known results

We need the following result from Junior [7].

Proposition 2.1.  Suppose that M is a 3-connected matroid non-isomorphic to Uy, F;, or
AG(3,2). If (M) < 4, then circ(M) = r(M) + 1. Moreover, if r(M) =5, then circ(M) = 5.

For a matroid M, a subset L of E(M) is said to be a Tutte-line of M when (M|L)" is a
loopless matroid having rank equal to two. Observe that L has a partition {L;, Lo, .., Ly},
for some k > 2, which is called canonical, such that a subset C of L is a circuit of M if
and only if C = L\ L;, for some i € {1,2...,k}. This Tutte-line is said to be connected
when k > 3. From Lemos and Oxley [13], we need the following result.

Lemma 2.2. If L is a Tutte-line of a matroid M, and T is a triad of M such that TNL # 0,
then T meets an odd number of sets in the canonical partition of L.
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The next two lemmas follow by the elimination axiom for circuits, and orthogonality,
which is the property that a circuit and a cocircuit of a matroid cannot have exactly one
common element.

Lemma 2.3. Suppose that C is a circuit of a matroid M. If Ty and T, are different triads
of M such that TINC = T>NC # 0, then (T; U T>) \ C is a 2-cocircuit.

Lemma 2.4. Suppose that S is a series class of a matroid M. If S U Xy and S U X, are
circuits of M for different subsets X1 and X, of E(M)\ S, then X; U X, is a dependent set
of M.

3. Some lemmas
In this section, we assume that M is a 3-connected matroid such that
r(M) = circ(M) = 5.

We also assume that C is a circuit of M such that |C| = circ(M). In this section, we prove
that M is isomorphic to Jg or Jyo. Since C spans a hyperplane of M, the contraction
M/C has rank equal to one. Thus, M/C consists of loops and a single parallel class K.
Observe that K is a cocircuit of M, being the complement of the hyperplane cly(C);
since M is 3-connected, K has at least three elements. Let &),(C) be the set of circuits of
M /C other than loops. Thus, Z,,(C) is precisely the set of 2-subsets of K ; also, since M
is 3-connected, no member of Z,(C) is a circuit of M. The next lemma is fundamental.

Lemma 3.1. If D € 2)(C), then L = D U C is a connected Tutte-line having canonical
partition {D,Xp, Yp}, where {Xp, Yp} is a partition of C such that | Xp| =2 and |Yp| = 3.
Moreover, D U Xp and DU Yp are circuits of M.

Proof. It is not difficult to see that L is a connected Tutte-line of M. Suppose that
{Po, P1,..., Py} is the canonical partition of L, for some integer k > 2. We may suppose
that Py = D because D = L\ C. We have

5 =circ(M) = |L\ Pi,
for every i € {1,...,k}. So, |P;| = 2. As {Py,..., P} is a partition of C, it follows that
k = 2. Moreover, {|Pi|,|P2|} = {2,3}. The result follows. U
As M is 3-connected, it follows that r(E(K)) = 3. Let
Z ={X : X is a 3-subset of E(K) that is independent in M}.
Thus, 2 # 0.

Lemma 3.2. If X € &, then M|(C U X) has at most one 2-cocircuit contained in C.

Proof. Suppose that C; and C; are different 2-cocircuits of M|(C UX) that are contained
in C. We have two cases to deal with:
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(1) [C;NC}| =1, or
2) C;NC; =0.

In both cases, we prove that there is a series class S of M|(X U C) such that S U Dy and
S U D, are circuits of M, for different 2-subsets D; and D, of X. By Lemma 2.4, X is
dependent in M and we arrive at a contradiction.

In this paragraph, we assume that (1) occurs. So, C; U C; is contained in a series class
S of M|(C UX). As |S| = 3, it follows that S = Yp, for every 2-subset D of X, because,
by Lemma 3.1, Xp and Yp are the series class of M|(C U D) contained in C. Again, by
Lemma 3.1, S UD is a circuit of M.

Suppose that (2) occurs. For every 2-subset D of X, there is an i € {1,2} such that
Xp =C; and C;_; < Yp, by Lemma 3.1. Thus, there are different 2-subsets D; and D, of
X and i € {1,2} such that Xp, = Xp, = C;. Hence D; US and D, U S are circuits of M,
where S = C;, in this case. 0

Lemma 3.3. If D is a 2-subset of X, where X € Z, then Xp U (X \ D) is a triad of
M|(CUX).

Proof. Suppose that Xp U (X \ D) is not a triad of M|(C U X). As Xp is a 2-cocircuit of
M]|(C U D), it follows that Xp is a 2-cocircuit of M|(C U X). So, for every 2-subset D’ of
X such that D # D/,

(1) XD = XD/, or

(2) XD (e YDf.

We prove that (2) holds. If (1) occurs, then D U Xp and D’ U X are both circuits of M,
by Lemma 3.1. As Xp is a series class of M|(C U X), it follows that X is dependent in
M, by Lemma 2.4. We arrive at a contradiction and (2) occurs. By Lemma 3.2, X is not
a 2-cocircuit of M|(C U X). Hence T* = Xp U (X \ D’) is a triad of M|(C U X). By (2),
Xp = Yp. We arrive at a contradiction, by Lemma 2.2, because T* meets two sets in the
canonical partition of the Tutte-line C U D. The result follows. ]

Suppose that Dy, D,, D3 are 2-subsets of a set W. Then, D; A Dy A D3 = () if and only
if Dy, D,, D, are pairwise different and |D; U D, U D3| = 3.

Lemma 3.4. Suppose that X € Z. If D1, Dy, D3 are 2-subsets of X such that Dy AD,/AD3 =
0, then Xp, A Xp, A Xp, = 0. Moreover, S = C \ (Xp, U Xp, U Xp,) is a 2-cocircuit of
M|(CUX) and M|(C U X)/e is isomorphic to F;, for both elements e € S. Moreover, every
circuit of M|(C U X)) that meets X has an even number of elements.

Proof. By Lemma 3.3, for every i € {1,2,3}, T, = Xp, U(X \ D;) is a triad of M|(C UX).
When {i, j} is a 2-subset of {1,2,3}, by Lemma 2.2, T;" meets all the sets in the canonical
partition of the Tutte-line C U D;. In particular,

XD,- 7é XDj and XD,- ﬂXDj # @ (31)
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By the elimination axiom for circuits, there is a circuit of M contained in
(D1 U Xp,) U (D2U Xp,)] \ {ej = D3 U (Xp, U Xp,),
where e € Dy N D,. By Lemma 3.1,
Xp, = Xp, UXp, or Yp, = Xp, UXp,. (3.2)
So, by equations (3.1) and (3.2), Xp, = Xp, U Xp,, and so
Xp, A Xp, A Xp, =0,

and the first part of the lemma follows. By the paragraph preceding the statement of this
lemma, |S| = 2.

Next, we prove that M|(C U X) does not have a circuit that contains X. Suppose that
X = C' € ¥(M|(C U X)). By orthogonality, C'N T # X \ D;, for every i € {1,2,3}. Thus,
C’ meets C \ S in at least two elements. As |C'| < circ(M) = 5, it follows that |C'| = 5
and |C' N (C \ S)| = 2. Without loss of generality, we may suppose that C' = X U Xp,
because Xp,, Xp, and Xp, are all the 2-subsets of C\ S. We arrive at a contradiction, since
Dy U Xp, is a circuit of M which is properly contained in C’. So, C’ does not exist. Thus,

E(M|(C U X)) =E(M|(CUD,)UBM|(CU D,))UEM|(CU D;)).

In particular, S is a series class of M|(C U X). Moreover, all seven circuits of M|(CUX)/e
have four elements and the symmetric difference of any two of them is a circuit of M. So,
M|(C U X)/e is isomorphic to F;. ]

We define
% ={Y :Y is a 4-subset of E(K) such that every 3-subset of Y belongs to .#(M)}.

Note that this set may be empty. The next lemma is similar to Lemma 3.3.

Lemma 3.5. If D is a 2-subset of Y, where Y € %, then Xp U (Y \ D) is a cocircuit of
M|(CUY).

Proof. Suppose that Y \ D = {a,b}. For z € {a,b}, taking X equal to D U {z} in
Lemma 3.3, we obtain that T, = Xp U {z} is a triad of M|(C U X). Suppose that T, and
T, are both triads of M|(C U Y). By Lemma 2.3, Y \ D is a 2-cocircuit of M|(CUY)
because CN T, = CN T, = Xp. We arrive at a contradiction because Y is a cocircuit of
M|(CUY). Thus, Xp U(Y \ D) is a cocircuit of M|(CUY). |

For a set Z, let K; be the complete graph having Z as vertex-set. We can view a 2-
subset of Z as an edge of K. If Dy, D,, D3 are 2-subsets of Z such that D; A D, A D3 = 0,
then Dy, D,, D3 are edges of a triangle of K. In the next lemma, it is convenient to regard
a triangle of a graph simply as a set of edges rather than as a subgraph.

Lemma 3.6. Suppose that Y € %.
(1) If' Y is independent in M, then M|(C U Y) is isomorphic to Jy.
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(i1) If'Y is a circuit of M, then C contains a nontrivial series class S of M|(CUY ), and
M|(C U Y)/e is isomorphic to AG(3,2), for both elements e € S.

Proof. Consider the function ¢ : E(Ky) — E(K¢) such that ¢(D) = Xp. This function
can be extended to a subset T of E(Ky) by setting ¢(T) = {¢(D) : D € T}. By Lemma 3.4
and the comments before this lemma, this function takes a triangle of Ky into a triangle
of K¢. We prove that either

(1) there exists an injective function v : Y — C such that ¢(D) = {y(d) : d € D}, or
(2) there exists a triangle T’ of K¢ such that ¢(T) = T’, for every triangle T of Ky.

Suppose that there exist different triangles Ty and T, of Ky such that ¢(Ty) = ¢(T>). Let
T3 be another triangle of Ky. As T3 meets Ty and T, on different edges, it follows that
¢(T3) meets ¢(Ty) on at least two edges. Thus, ¢(T3) = ¢(Ty). In this case, we have (2).
So, we may suppose that ¢(Ty) = ¢(T2), when Ty and T, are different triangles of Ky.
In this case, it is easy to see that we have (1).

Suppose that (1) occurs. In this case, we can label the elements of C by ay, ay, a3, as, as
and the elements of Y by by, by, b3, bs, such that w(b;) = a;, for every i € {1,2,3,4}. We
prove that ¥(M|(CUY)) = €4 U G5 U {{b1, b2, b3,bs,as}}, where

€4 = {{ai,a;,bi,b;} : {i,j} is a 2-subset of {1,2,3,4}}

and C' € @5 if and only if as € C' = CUY,|C' N {a;, b;}| = 1, for every i € {1,2,3,4}, and
|C’" N {by,ba,b3,bs}| € {0,2}. By Lemma 3.1, 4 U s is the set of circuits of M|(CUY)
that intersects Y in at most two elements.

In this paragraph, we prove that C' =Y U {as}, when C’ € €(M|(CUY))\ (¥4 U E5s).
By Lemma 3.4, every circuit of M|(C U Y) intersects Y in an even number of elements.
Thus, C' must contain Y because C' ¢ %4 U %s. There is an i € {1,2,3,4,5} such that
C’' = Y U{a;}, since circ(M) = 5. We prove that i ¢ {1,2,3,4}. Suppose that i € {1,2,3,4}.
By symmetry, we do not lose generality by supposing i = 1. There is a circuit C” of M
such that

C" = (C'U{ai,az,by,ba}) \ {b1} = {ai,a2,bs,b3,bs}.

By Lemma 3.5, {by,b3,a3,a4} is a cocircuit of M|(C U Y). By orthogonality, we have that
by ¢ C". Hence C" < {ay,ay, b3,bs} is a proper subset of the circuit {h3,bs} U Yy, =
{ay,az,b3,bs,as}. We arrive at a contradiction. Hence i ¢ {1,2,3,4}. Thus, C' =Y U {as}.

To conclude that M|(C U Y) is isomorphic to Jg, we need only prove that Y U {as}
is a circuit of M. If Y U {as} is not a circuit of M, then, by the previous paragraph,
Y U {as} is an independent set of M. As r(M) = 5, it follows that Y U {as} is a basis of
M. So, there exists a circuit C” of M such that a4 € C” = Y U {a4, as}. By the previous
paragraph, C" € ¥4 U %s. Hence |C"NY| =2 and C” € ¥4. We arrive at a contradiction
and M|(C U Y) is isomorphic to Jy.

Now, suppose that (2) holds. It is not difficult to see that Xp = Xy, for every 2-subsets
D of Y. Consider

S =(Yo.
D
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where the intersection is taken over all 2-subsets D of Y. So, |S| = 2. To conclude that S is
a series class of M|(C U Y) we need only prove that Y is a circuit of M, since S is a series
class of M|(CU(Y \ {y})), by Lemma 3.4, for every y € Y. Suppose that Y is not a circuit
of M. First, we prove that Y U {b} is a circuit of M, for every b € C\ S. Choose a 2-subset
D of Y such that b € Xp, say Xp = {a,b}. Hence DUX) and (Y \D)UXy p = (Y \D)UX)p
are circuits of M. So, there exists a circuit C’ of M such that

C' S [(DUXp)U((Y \D)UXp)]\ {a} =Y U {b}.

Now, we prove that C' =Y U {b}. If C’' # Y U {b}, then there isa y € Y \ C’. Hence C’
is a circuit of M|(C U (Y \ {y})) such that C' N C = {b}. We arrive at a contradiction by
Lemma 3.4. Thus, C' = Y U {b}. Next, we prove that Y U {e} is a circuit of M, for both
elements e € S. Let D' be a 2-subset of Y. Suppose that Yp = S U {b}. So, there exists a
circuit C” of M such that

ecC"c[(YU{b)HUD UYp)]\{b} =Y US.

Observe that Y <= C” because, for every y € Y, every circuit of M|(C U (Y \ {y})) that
meets S must intersect C in three elements, by Lemma 3.4. As circ(M) = 5, it follows that
C" =Y U {e}. In summary, Y U {f} is a circuit of M, for every f € C. Thus, Y spans
CUY in M. We arrive at a contradiction because r(Y UC) =r(C)+1=5. Hence Y is a
circuit of M and S is a series class of M|(CUY). It is not difficult to see that M|(CUY)/e
is isomorphic to AG(3,2), for both elements e € S. |

Lemma 3.7. The matroid M\cly(C) is triangle-free.

Proof. Suppose that T is a triangle of M such that T Ncly(C) = §. Choose X € 2 such
that [ XN T| =2.Set Z =X UT. Let D be a 2-subset of X such that D # T N X. By
Lemma 3.3, (X\D)UXp is a triad of M|(CUX). By orthogonality with T, C* = (Z\D)UX)p
is a cocircuit of M|(C U Z). Consider the circuit C' = D U Yp of M. By Lemma 3.4,
clyicux)(C) = C". If T\ X < clyycuz)(C'), then there exists a circuit C” of M such
that T\ X = C”" = C'U(T \ X). We arrive at a contradiction, by orthogonality, because
C"'NC" =T\ X. So, clyycuz)(C’) = C'. We define %' by replacing C with C’ in the
definition of %, that is,

%' ={Y :Y is a 4-subset of E(K') such that every 3-subset of Y belongs to .#(M)},
where K’ denotes the connected component of M /C’ having rank equal to one. If
(CuZ)\C'=XpuU(Z\D)=C"

belongs to %', then M|(C' U C”) is isomorphic to Jy or is a series extension of AG(3,2), by
applying Lemma 3.6, taking C’ instead of C. In both cases, we arrive at a contradiction
because T is a triangle of M|(C' U C™). So, C* € #' and C* contains a triangle T’ of M.
We arrive at a contradiction, by Lemma 3.1, because T’ is a circuit of M|(C U (Z \ D)).
Thus, T does not exist and the result follows. ]

Lemma 3.8. cly(C)=_C.
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Proof. Suppose that g € cly/(C) \ C. Choose X € 2. We prove that (X \ D)U Xp is a
triad of M|(C U X U {g}), for every 2-subset D of X. If (X \ D) U Xp is not a triad of
M|(CUX U{g}), for some 2-subset D of X, then, by Lemma 3.3, C* = (X \ D)U Xp U {g}
is a cocircuit of M|(C UX U {g}). As C' =D U Y) is a circuit of M with cardinality five
and C'NC* =), it follows that M|(C" U C") is isomorphic to Jg or is a series extension of
AG(3,2), by Lemmas 3.6 and 3.7 applied to C’ instead of C. We arrive at a contradiction
because these two matroids do not have a circuit spanning any element that does not
belong to it. Hence (X \ D) U Xp is a triad of M|(C U X U {g}), for every 2-subset D of X.

Observe that § = NYp, where the intersection is taken over the 2-subsets D of X, is
a series class of M|(C U X), by Lemma 3.4. Let B be a basis of C such that S = B. As
g € cly(B), there exists a circuit C” of M such that g € C”" = BU {g}. If D is a 2-subset
of X such that Xp & B, then Xp N C” = 0, by orthogonality with the triad (X \ D) U Xp
of M|(CUX U {g}). Hence C" = S U{g}. Thus, cly(S)\ S = cly(C) \ C.

In this paragraph, we prove that r(E(M)\ cly(C)) = 4. Suppose that r(E(M)\cly(C)) =
3. So, E(M) \ clpy(C) = clp(X). As S is a series class of M|(C U X), it follows that

1+r(M)=r(XU(C\S))+r(S).
As S spans cly(C)\ C and X spans E(M) \ cly(C) in M, we have that
L+ r(M) =r((E(M) \ clu(C)) U(C\ S)) + (S U (clu(C) \ C)).

We arrive at a contradiction because M is 3-connected and {(E(M)\ cly(C))U(C\ S),SU
(clp(C)\ C)} is a partition of E(M). Hence r(E(M) \ cly(C)) = 4.

Suppose that Y is a 4-subset of E(M) \ cly(C) and that r(Y) = 4. By Lemma 3.6,
M]|(C U YY) is isomorphic to Jy. So, for each 3-subset X of Y, there exists Sy, which is the
nontrivial series class of M|(C U X), such that Sy U {g} is a circuit of M, by the second
paragraph. Hence Sy U Sy contains a circuit of M, when X # X', which is properly
contained in C. We arrive at a contradiction and g does not exist. ]

Corollary 3.9. E(M)\ C is a cocircuit of M.

Proof. By Lemma 3.8, cly(C) = C. As r(M) = r(C)+1, it follows that C is a hyperplane
of M. Thus, E(M)\ C is a cocircuit of M. Ul

Lemma 3.10. [IfY < E(M)\ C is a 4-circuit of M, then EIM)=CUY.

Proof. Suppose that Y #* E(M)\ C. By Lemma 3.6(ii), there exists a 2-subset S of C
such that S is a series class of M|(C U Y ). We prove that »(E(M) \ C) > 3. Suppose that
r(E(M)\ C) = 3. By Lemmas 3.7 and 3.8, we have that M|(E(M) \ C) is isomorphic to
Usempcp- Thus, S is a series class of M because Y spans E(M)\ C. We arrive at a
contradiction because M is 3-connected. Hence r(E(M) \ C) > 4.

Let Z be a 4-element subset of E(M) \ C such that r(Z) =4 and |Z N Y| = 3. Choose
a 2-subset D of Z such that Z\'Y = D. As DU Y}, is a circuit of M having five elements,
it follows, by Corollary 3.9, that

C*=(CUYUZ)\(DUYp)=XpU(Y \D)
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is a cocircuit of M|(CUY UZ). By Lemma 3.6(i) applied to M|(C U Z), we have that
|XpNS|=1. By Lemma 3.6(ii) applied to M|(C U Y), for each 2-subset W of C \ S, there
is a partition {Dy,D,} of Y such that X, = Xp, = W. Choose W and D; such that
WNXp=0and |(Y \D)NnD;| = 1. So,

(D1 UXp,)NC" = (DU Xp,)N[XpU(Y \D)
=[(Y \D)NDy)]U(Xp, N Xp)=(Y \D)NDy.

We arrive at a contradiction, by orthogonality, because D; U Xp, is a circuit of M. UJ
Corollary 3.11. IfY € %, then Y is independent in M.

Proof. Suppose that Y is a circuit of M. Thus, by Lemma 3.10, E(M) = CUY. We
arrive at a contradiction to the fact that M is 3-connected because, by Lemma 3.6(ii), M
is a nontrivial series extension of AG(3,2). Ul

Lemma 3.12. Suppose that Z is a 5-subset of E(M)\ C such that Z \ {f} is independent in
M, for every f € Z. Then M|(CUZ) is isomorphic to Jyg. In particular, Z is an independent
set of M.

Proof. For each f € Z, by Lemma 3.6(i), there is a function y; : Z \ {f} — C such that
if D = {a,b} is a 2-subset of Z \ {f}, then Xp = {ys(a), ps(b)}. (3.3)

When f and g are different elements of Z, then the restrictions of y; and y, to Z \ {f, g}
agree, by equation (3.3). Hence there is a function v : Z — C such that y; is the
restriction of v to Z \ {f}, for every f € Z.

By Lemma 3.6(i), when C' # Z and C' = CUZ, then C' is a circuit of M|(CUZ) if and
only if there is a 2-subset {a,b} of Z such that C" = {a, b, y(a), w(b)} or |C'N{a,p(a)}| =1,
for every a € Z, and |C’' N Z| is even. Moreover, these are the circuits of M|(C U Z) that
have at most four elements in common with Z. Hence M|(C U Z) is isomorphic to Jy
unless Z is a circuit of M. Suppose that Z is a circuit of M. Thus, Z U {a} is a Tutte-line
of M, for every a € C, since (Z \ {yp~'(a)} U {a} is a circuit of M. So, (Z \ {b}) U {a}
contains a circuit of M, for every a € C and b € Z. We arrive at a contradiction by
Lemma 3.6(i). 0

Proposition 3.13. Suppose that M is a 3-connected matroid. If r(M) = circ(M) = 5, then
M is isomorphic to Jy or Jyg.

Proof. From Lemma 3.8, we have cly(C) = C. By Lemma 3.7 and Corollary 3.11,
every circuit of M\C has five elements because circ(M) = 5. If |[E(M) \ C| < 5, then the
result follows from Lemmas 3.4, 3.6 and 3.12. So, we may suppose that |[E(M) \ C| = 6.
By Lemma 3.12, every 5-subset of E(M)\ C is independent in M. Hence E(M) \ C is
independent in M ; otherwise it contains a circuit with at least six elements. We have a
contradiction because r(M) = 5, and the result follows. |
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4. The main results

Note that Theorem 1.2 is a consequence of Propositions 2.1 and 3.13. In this section, we
prove a result that is stronger than Conjecture 1.1 when d = 3.

Theorem 4.1. Suppose that d = 3. Let M be a d-connected matroid non-isomorphic to
Ul’l,F;,AG(3, 2),.]9, or J10. If
g M+1
2
then M has a circuit of size r(M) + 1.

Proof. As d = 3, it follows that r(M) < 5. Thus the result follows from Theorem 1.2. []

When M is isomorphic to F;, AG(3,2),Jy, or Jyo, then M has a circuit of size equal to
r(M). Moreover, every circuit of M having size equal to (M) is a circuit-hyperplane of
M. To see the relevance of circuits that are also hyperplanes we refer, for example, to [9],
[10], [15], [16], [17], [19], [21], [23] and [24].
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