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Abstract
We show that on every affine Weyl group natural random walks are noise sensitive in total variation.
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1. Introduction

Let I" be a countable group and u be a probability measure on it. A y-random walk {w;},cz,
starting from the identity id is defined by wy, := x; - - - x,, and wp := id for an independent, identi-
cally distributed sequence x1, x5, . . . with the common law p. The distribution of w;, is the n-fold
convolution p, := u*". The noise sensitivity problem for random walks on groups asks: Does
resampling a small fraction of increments x1, x3, . . . produce an almost independent copy of w,
or a highly correlated copy of w,?

The precise definition is as follows. For a real p € [0, 1], let

= p(u x u) + (1 = p)itdiag onT xT,
where p x 1 denotes the product measure and jidiag((x, y)) := p(x) if x = y and 0 otherwise. Let

us consider a 7”-random walk {w,},ez, starting from the identity on I' x I'. We say that the
-random walk is noise sensitive in total variation if

lim ||} — pn X pallty =0 forall p € (0, 1].
n—oo
In the above, the total variation distance coincides with the half of £1-norm,

1
v —vallry = max [vi(4) —va(A)l =2 D i) =),

xel'xI"

where v; are probability measures on I' x I', i = 1, 2. Since we use only total variation distance in
the definitions, let us simply say noise sensitive if there is no danger of confusion.

If a p-random walk on I' is noise sensitive, then informally speaking, the situation is as in
the following: For each fixed p € (0, 1] even though it is close to 0, resampling a p-portion of
increments produces an asymptotically independent copy of the original i-random walk.

The definition of noise sensitivity for random walks on groups was introduced by Benjamini
and Brieussel in [2, Definition 2.1]. In their paper, they discuss the notion and the variants not
only in total variation (there it is called £!-noise sensitivity) but also in other distances or in terms
of entropy. See also the related discussion in [4, Section 3.3.4]. It has been observed that on finite
groups random walks are noise sensitive in all natural definitions [2, Proposition 5.1]. This raises
a challenge to find finitely generated infinite groups on which random walks are noise sensitive.
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Further the problem becomes more restrictive by measuring the distance in total variation. A
simple observation using the central limit theorem shows that standard random walks on finite
rank free abelian groups Z™ are not noise sensitive [2, Theorem 1.1 (1)]. Benjamini and Brieussel
have shown that on the infinite dihedral group some lazy simple random walk is noise sensitive
[2, Theorem 1.4]. So far, this has been the only known random walk which is noise sensitive in
total variation on a finitely generated infinite group. We provide a class of such groups on which
natural random walks are noise sensitive.

Theorem 1.1. Let I be an affine Weyl group with the standard set of generators S, and |1 be a
probability measure on I' such that the support of i equals S U {id}. For all p € (0, 1],

lim ”77;2) — tn X ullTvy =0,
n—00

that is, the w-random walk on T is noise sensitive in total variation.
For the definition of affine Weyl groups, see Section 2.1. The infinite dihedral group
Doo = (51,52 | 53 =s3=id) with §={sy,s,}

is an example of affine Weyl group called type A;. See more examples of affine Weyl groups in
Section 4.2. In fact, there exist a constant C > 0 and an integer m > 0 such that for all integer
n>1,

C(logn)™
7 — tn X pallTy < %.

This strengthening of Theorem 1.1 is stated below as Theorem 4.1.

In Theorem 1.1, the laziness (i.e. u(id) > 0) is crucial since otherwise the random walk on
that group is not necessarily noise sensitive. This in particular shows that the noise sensitivity
is a property of the random walk rather than the group as was pointed out in [2]. Let us note
that the pu-random walk on the infinite dihedral group considered there has a particular form:
u(s1) = p(sz) = u(id) = 1/3. It is not clear from their proof whether changing the laziness (i.e.
the measure on the identity element) would still provide a noise sensitive random walk or not. We
show that this is indeed the case, furthermore, u is allowed to be a non-uniform distribution on
Su{id).

In general, the following is known for a finitely supported probability measure p: If either the
group I' admits a surjective homomorphism onto Z, or (I', ) is non-Liouville, that is, there
exists a non-constant bounded p-harmonic function on I', then a u-random walk on T is not
noise sensitive [2, Theorem 1.1 (2)]. In a more specific class of (I', u) (where possibly I" does or
does not admit a surjective homomorphism onto Z), a strong negation of noise sensitivity has
been shown for non-elementary word hyperbolic groups, for example, free groups of rank at least
2. If p is non-elementary and has a finite first moment, then there exists a py € (0, 1] such that
7f — pn X Ty = 1 as n— oo for all p € [0, pg) [11, Theorem 1.3]. In this generality, it is
not known as to whether pp =1 or not. Note that it is rather straightforward to check that pp =1
for simple random walks on free semi-groups of rank at least 2, cf. [11, Introduction].

1.1. Outline of the proof of Theorem 1.1

An affine Weyl group (', S) with the standard set of generators S is associated with some Euclidean
space R™. The group I acts on R” isometrically and generators act as reflections relative to hyper-
planes. The group I' has the form A x W where A is identified with a lattice in R™ and W is a
finite group (called a spherical Weyl group). There is a point o in R such that the orbit map
®:x — x.0 is injective. Taking a conjugate by a translation if necessary, we assume that o is the
origin in R™ (see Section 2.1 for the precise discussion). A main ingredient is to establish a local
central limit theorem (Theorem 3.6). We define a discrete normal distribution N, g: on I' induced
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from the normalised restriction on ®(I") of the m-dimensional Gaussian density function with
a covariance matrix nX. Further we show the following: The distribution p,, is approximated by

NE. uniformly on I" within an error of order n="7" as n tends to infinity. The local central limit
theorem itself follows from a classical argument based on characteristic functions. Some more
general results (other than the Cayley graphs of affine Weyl groups) have been proved, for exam-
ple, in [5,9,7, and [10]. We provide the proof of the local central limit theorem in our setting
with an error estimate. Furthermore, we use an explicit form of matrix ¥ in terms of harmonic
1-forms on a finite quotient graph of the Cayley graph by the lattice A. The matrix X is obtained
as some limiting form, which has previously appeared in the literature of symbolic dynamics, see
for example [9]; however, the explicit form in Theorem 3.6 plays an important role.

We apply this discussion to (I' x I', w”) for p € (0, 1]. The local central limit theorem enables
us to show that there exists a constant C > 0 such that for all large enough n,

C(logn)™

Voo
See Theorem 3.8. (For the discussion on the sharpness of this bound, see Remark 3.9.) If u has
support SU {id}, then 7” has support (S U {id})? consisting of elements of order at most 2. The
explicit formula of the covariance matrix implies that £ has a block diagonal form and £* = %!
for all p € (0, 1]. (This is the only part where we use the particular structure of the generating set).
Thus by the triangle inequality we conclude Theorem 1.1 (in Theorem 4.1). Let us note that if the

support of ;& does not contain id, then the support of 7# does not generate the group I' x I" (cf.
Section 4.1).

(O]
||7Tr7 _anp ltv <

1.2. Organisation

In Section 2, we introduce affine Weyl groups and discuss background. In Section 3, we show the
local central limit theorem in a slightly extended setting (Theorem 3.6). In Section 4, we deduce
noise sensitivity for affine Weyl groups (Theorem 4.1), presenting explicit examples (Section 4.2).
In Appendix A, we include the result (Theorem A.1) on Z™ for the sake of convenience.

1.3. Notations

For a constant C, we write C = Cyx to indicate its dependence on X. For non-negative real-valued
functions f and g on a common (sub-)set of non-negative integers Z.., we write f(n) = O(g(n))
or f K g if there exists a constant C such that f(n) < Cg(n) for all large enough n. We also write
f(n) =O0x(g(n)) if C= Cyx in the above notation. Further we write f(n) = Q(g(n)) if there exists
a constant ¢ > 0 such that f(n) > cg(n) for all large enough n, and f(n) = ©(g(n)) if f K g and
g < f.For aset A, we denote by |A| the cardinality.

2. Preliminaries

For a group I" and for a subset A in I', we write I' = (A) if " is generated by A as a semigroup,
that is, every element in I is obtained as a product of some finite sequence of elements from A.
Let ' be a finitely generated group with a finite symmetric set of generators S, that is, I' = (S)
and S is invariant under the map s+> s~ . It holds that, in fact, s=s"! for all s € S if S consists
of involutions. (This is the case of an (affine) Weyl group (T, S) in the following discussion.) Let
Cay(I', S) be the (right) Cayley graph of I" with respect to S, that is, the set of vertices is I" and an
edge {x, y} is defined if and only if x ™'y € S. Since S is invariant under s s~, the Cayley graph
is defined as an undirected graph. For x € I, let |x|s denote the word norm with respect to S, that
is, the graph distance between id and x in Cay(T’, S).

https://doi.org/10.1017/5S0963548325100126 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100126

Combinatorics, Probability and Computing 757

2.1 Affine Weyl groups

Let (I, S) be an affine Weyl group where S is a canonical finite set of generators, consisting of
involutions, that is, s> = id for every s € S. The group I' admits a semi-direct product structure
I' = A x W where the subgroup W called the spherical Weyl group is finite and the normal
subgroup A is isomorphic to a free abelian group of finite rank. For a thorough background on
the subject, we refer to [1]. We also refer to Section 4.2 for the examples most relevant to the
present discussion.

The group I is equipped with an isometric action on the standard Euclidean space R for
some m > 1, where each generator s € S acts as a reflection with respect to an affine hyper-
plane. The action is properly discontinuous and admits a relatively compact convex fundamental
domain with nonempty interior Cy called a chamber. The group I" acts on the set of chambers
C := {xCo}xer simply transitively, that is, for all C;, C, € C there exists x € I" such that C; = xC,,
and if xCy = Cp, then x = id. The normal subgroup A acts freely (i.e. without fixed points) as
translations on R™. The A-orbit of the origin is a lattice:

lavi+- -+ amvmar, ..., am € Z},

where vy, . . ., v, form a basis in R™. We identify A with the lattice in R™. Note that the action of
W preserves A.

The affine Weyl group (T', S) is called reducible if there exist nontrivial affine Weyl groups
generated by S; and S; respectively with S =S§; x {id} U {id} x S for which I = (S1) x (S5), and
irreducible otherwise. The group I" we consider is possibly (and basically) reducible. Irreducible
ones are completely classified in terms of root systems. For example, the affine Weyl group of type
Ay is the infinite dihedral group

<51>52 |5% =S§ =1d),

where s; and s, act as reflections with respect to 0 (the origin) and 1, respectively, in R. A chamber
has the form of interval [0, 1).
Let us fix a point o in the interior of a chamber and define

o:I' - R, x> x.0.

The map ® is injective since I acts on the set of chambers simply transitively, and is I"-equivariant,
that is, ®(xy) = x.®(y) for all x,y € I'. Let us call &:I" — R™ an associated equivariant embed-
ding. Since the generators act as reflections with respect to affine hyperplanes, it is illustrative to
consider that Cay(T", ) is realised in R" via the map ®. Namely, the vertices are placed inside of
the chambers as the orbit x.0 for x € I' and an edge is a line segment connecting two vertices for
which one is obtained from the other by a reflection of the form xsx~! fors € Sand x € I'.

The group A itself acts on Cay(I", S) from left freely as automorphisms of the graph. Let us
consider the quotient graph G = A\Cay(I', S). The graph G = (V(G), E¥*(G)) is finite, the set of
vertices V(G) is W and the set of edges E*"(G) consists of undirected edges. Note, however, that
G is not the right Cayley graph of W with respect to the image S of S under the quotient map
A x W — W. This is because the quotient map restricted on § is not bijective onto S. The graph
G has possibly multiple edges.

2.2 Pointed finite networks as quotients

The main interest is on an affine Weyl group I" and the canonical set of generators S. It is, however,
useful to discuss a slightly more general setting. Let I" be a virtually finite rank free abelian group,
that is, I' admits a finite rank free abelian group A as a finite index subgroup. We assume that
" acts on an R™ isometrically with a relatively compact fundamental domain with nonempty
interior, and that A acts as translations and is identified with a lattice in R™. Let us fix a point 0 in
the interior of such a fundamental domain of I' and define ®:I' — R™ by x — x.0. The map & is
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equivariant with I"-actions and injective. For a finite symmetric set of generators Sin I, let
G:= A\Cay(T, ).

The quotient G = (V(G), E**(G)) is a finite (undirected) graph possibly with multiple edges
(whence a multi-graph) and with loops. It holds that V(G) = A\I" and
E*"(G) = {{x,x.s} :x€ A\T', s€ S},

where {x, x.s} and {x.s, x} are identified. For the examples, see Section 4.2.

Let u be a probability measure on I" such that the support supp u of p is finite, that I' =
(supp 1), and that p is symmetric, that is, u(s) = u(s™!) for every s € supp . If we define S=
supp i, then S is a finite symmetric set of generators. Let

pUx, x.5}) == u(s) for {x, x.s} € E“"(G).
This defines a Markov chain on G = A\Cay(T", S) with transition probabilities
Z wu(s) forx,ye A\l
SeS,y=x.5

Note that this Markov chain is irreducible, that is, it visits every vertex from every other ver-
tex after some time since I' = (supp ). Furthermore, it is reversible with respect to the uniform
distribution 7 on the set of vertices V(G) = A\T'. Indeed, since p is symmetric, it holds that

7 (x)p({x, x.s}) = w (x.s)p({x.s,x})  for {x, x.s} € E¥*(G), (2.1)

where 7 (x) =1/|V(G)| for x € V(G). Note that if u(id) > 0, then p(x, x) > u(id) > 0 for every
x € V(G). For each {x, y} € E**(G), let us define the conductance by

c({x, y}) :== w()p(x, y}).

This is well-defined since c({x, y}) = c({y, x}) by (2.1). Note that c({x, y}) > 0 for all {x, y} € E¥*(G).
Let xo € A\I" denote the coset containing id. Let us call (G, ¢, xp) the pointed (finite) network as
the finite multi-graph G equipped with the conductance c:E**(G) — (0, 00) and the point xp.

3. Local central limit theorems
3.1 Harmonic 1-forms on finite graphs

Let (G, ¢, xp) be the pointed finite network. Henceforth it is convenient to consider G as a graph
with orientations where each edge (and loop) has both possible orientations. Let

E(G):= {(x), 0o %) : {x,y} € E*(G)}.

For e=(x, y), we write €= (y,x). The ‘reversing direction’ operation ~:E(G) — E(G), e+ &,
defines a bijection and e=-eforec E(G). Fore= (x, y) € E(G), let us denote by oe := x the origin
and by te:= y the terminus of e respectively. We have that oe = te for e € E(G). Let us also con-
sider Cay(I', S) as a graph with orientations, defining both possible orientations for each edge
and loop. Letting c(e) := c(x, y) and p(e) := p(x, y) for e=(x,y), we have that c(e) = c(e) and
c(e) = (oe)p(e) for e € E(G). It holds that by the definition of conductance,

w(x) = Z c(e), whereE, := {e € E(G) : oe = x} for x € V(G).

ecEy

Let us define the C-linear space of complex-valued functions on V(G) by

C’G,C):= {f:V(G)— C}
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equipped with the inner product (fi,f2)r := erV(G) fi(x)fa(x)m (x), where @ stands for the

complex-conjugate of a € C. Similarly, let C°(G,R) be the R-linear space of real-valued func-
tions on V(G) endowed with the inner product as the restriction of (-, -). Further let us define
the R-linear space of real-valued 1-forms on E(G) by

C'(G,R) == {w:E(G) > R : w(e) = —w(e) for e € E(G)}

equipped with the inner product (w1, ws)c:= (1/2) ) ,c E(G) wi(e)wr(e)c(e). The differential
d:C%(G,R) — C!(G, R) is the R-linear map defined by

df (e) := f(te) — f(oe) foree E(G).
Moreover, the adjoint d*:C'(G,R) — C°(G,R) with respect to the inner products is obtained

by
1
Fox)=—Y ——cewle) forxeV(G).
7 (x)
ecE,
It holds that for f € C°(G,R) and w € C}(G, R),
(df, w)e = (f, d*w)y. (3.1)

Note that if we define the transition operator P on C°(G, R) to itself by

Pf(x):= ) Lc(e)f(te) for x € V(G),

ecE, T (x)

then d*d = I — P where I is the identity operator. Let us define the space of harmonic 1-forms by

H!:= {a) e CHG,R): d*a):O}.

Note that H' = (Imd)* the orthogonal complement of the image Imd by (3.1). The fact that we
use in the sequel is that for every 1-form w € C}(G,R) there exists a unique harmonic 1-form
ue H'and some f € C%G, R) such that

u+df =o.

The u is obtained as the H'-part in the orthogonal decomposition C°(G, R) = H! @ Imd. Note
that f is not unique since every f added a constant function satisfies the relation.

Remark 3.1. If we endow G with a structure of 1-dimensional CW complex, then the 1-
cohomology group with real coefficient is defined as H!(G, R) := C!(G, R)/Imd. The fact men-
tioned above means that every 1-cohomology class is represented by a unique harmonic 1-form.
Although all these notions are not needed in our discussion, it might be useful to grasp an idea
behind some of our computations.

3.2 Perturbations of transfer operators
For each 1-form @ € C!(G, R), let us define the transfer operator on C°(G, C) by
Lof(x):= Z p(e)ezmw(z)f(te) for x € V(G).

e€E,

Here i =+/—1. In this particular setting where p is symmetric, the transfer operator is self-
adjoint on (C%(G, C), (-, -)x). Hence, it has real eigenvalues. Let A(w) be the largest eigenvalue
of £,. If w =0, then A(0) =1 and this is a simple eigenvalue by the Perron-Frobenius theorem
since Lo = P and P is irreducible. We apply to an analytic perturbation in w: for a small enough

https://doi.org/10.1017/5S0963548325100126 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100126

760 R. Tanaka

neighbourhood U of 0 in CY(G, R), the function U — R, w > A(w) is real analytic. Moreover, cor-
responding eigenvectors f,, depend analytically in w € U with fy = 1 (the constant vector with all
I’s). This follows from the implicit function theorem for det (¢ — £,,) = 0 around (¢, w) = (1, 0)
in this finite graph setting. Note that if we consider @ + dg for ¢ € C°(G, R) in place of w, then
Lyrdp = e~ 2oL e2Ti% where (e?f)(x) = e‘”(x)f(x) for x € V(G), and thus

Mo + dp) = Mw).
This shows that A(w) depends only on the harmonic H!-part of w. Let
B(w) := log AM(w).

Since Lo = P which has a simple eigenvalue A(0) = 1, there exists a small enough open neigh-
bourhood U of 0 in C!(G, R) such that A(w) is a simple eigenvalue of £, and B(w) =log A(w) is
well-defined for all w € U. It holds that 8(0) = 0 since A(0) = 1.

Lemma 3.2. Let A(w) = e#“) and f,, be the eigenvalue and the corresponding eigenvector of L,
such that fy =1 and (f,, 1), = 1 for v € U where U is a neighbourhood of 0 in C'(G, R). For all
harmonic 1-forms u, u; € H' on G and real parameters r, r; for i = 1,2, 3, the following holds:

=| _pw=0, (32)
d
7 ‘r—gf’”(x) =0 forallxe V(G), (3.3)
82
37197 | i) (0 O)ﬂ(nul +raup)=—41> > ur(e)uz(e)c(e), (3.4)
Here = ¢cE(G)
and
83
=0. 3.5
dr1012013 (rl,rz,rg,):(O,O,O)'B(rlul + otz +13u3) (3.5)

Proof. Let f,, be the eigenvector normalised as stated. Since Lf, = L£L_,f,» holds for all @ and
AMw) is real for all @ in a small enough neighbourhood of 0 in CY(G,R), it holds that A(—w) =
Aw) = Mw). Thus, B(—w) = B(w) for all w € U and all odd time derivatives of B at 0 vanish. This
in particular implies (3.2) and (3.5).

For every 1-form u, it holds that ru € U for all small enough real r and

d
(4] o) =0 »

T
Moreover, since P is self-adjoint with respect to (-, ) and P1 =1, by (3.6) it holds that

(L)) =[] ) <[4 ) =0

g T
We will also use the analogous identities to (3.6) and (3.7) for the second derivatives of the
normalisation: (f,,, 1)z =1 forw e U.
First differentiating L,fr, = = Plr) fru at r = 0 yields for each x € V(G),

Z(p(e)(zmu ) +per | Ufm<te))

ecE,

+ E r:ofm(x)’ (3.8)
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where we have used fy = 1. Let us note that (3.8) above yields by (3.2) which we have just shown
and by that d*u =0,

d d

P|— =—

<dr r=6fm> () dr

Since P has the simple eigenvalue 1, this implies that (d/dr)|,—qf, is constant. By (3.6), for every

harmonic 1-from u, it holds that (d/dr)|,=fru(x) = 0 for all x € V(G), showing (3.3).
For all 1-forms u; and u, and for all small enough reals 7; and r,, it holds that

Gfm(x) for each x € V(G).
r=

Lriu+ryurfrim = eﬁrl’yzfn,rz where By, , := B(riuy + rauz) and fr r, := friu+ryus-

Taking the second derivatives at (71, r2) = (0, 0) of both terms yields by (3.2), (3.3) and that fp =1,
for each x € V(G),

32
e)(—4m2uy(e)uy (e e te
> (p( A @) +pO | g ))
ecEy
82 82
- oo X).
ar10r; (rl,rz):(o,o)ﬂrl,rz + 9107 (rl,rz):(O,O)ﬂl’rZ( )
Evaluating the inner products of the above terms with 1 leads
2
_ 4712 Z c(e)ur(e)uy(e) + <P ( fr1,rz) ; 1>
ecE(G) dr 912 [(r,r2)=(0,0) .
32 32
N 1) .
dr19r2 (ﬁ)’z):(O,O)ﬂrl’72 +<8r18r2 (rl,rz)z(o,o)f”’r2 >ﬂ

The second terms in the left hand side and in the right hand side respectively are 0 since they are
the second derivatives on the normalisation (cf. (3.6) and (3.7)). This proves (3.4). O

3.3 An explicit Hessian formula in terms of harmonic 1-forms

Recall that ®:I' — R™, x — x.0. Taking a conjugate to the action of I" by a translation in R™, we
assume that o is the origin, whence ®(id) = 0. The function (x, y) — ®(y) — ®(x) for (oriented)
edges (x, ) in Cay(T’, S) is invariant under the action by A. Indeed, this follows since A is identi-
fied with a lattice and acts as translations in R™. Therefore this descends to an R™-valued function
on E(G), which we denote by e — &, for e € E(G). Note that s = — P, for each e € E(G). Let (-, )
be the standard inner product in R™. For each v € R™, let

We):= (v, ®,) forecE(G).

This 7 defines a 1-form on G. For v € R near 0, let B(v) := B(¥) where ¢*) is the largest eigen-
value of the transfer operator £5. Let us define the Hessian of 8 at 0 in R™ with the standard
coordinate (ry, . . ., ) by

32
Bf’ka T

Hessof := ( O),B(ﬁ, R T’m))

(o) =05 kil

For the pointed finite network (G, ¢, xo) and ®:I' — R", we compute Hess 8.

Lemma 3.3. The Hessian Hesso8 of B at 0 in R™ is non-degenerate and negative definite. Moreover,
it holds that

(v1, Hesso v2) = —4m> Z ui(e)uz(e)c(e), (3.9)
ecE(G)

where u; is defined as the harmonic part of v; for v e R™, i=1, 2.
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Proof. For every v € R™, we have ¥(e) = (v, ®,) for e € E(G), and u is the harmonic part of v, that
is, the unique u € H! such that u + df =7 for some f € C°(G, R). Note that the resulting map
v+ u is R-linear. Since S(v) depends only on the harmonic part of v, Lemma 3.2 (3.4) implies
that

82
31’181’2
82
- ar10r;

B(rivi +rv2)

v1, HessgB vp) =
(v 0B v2) (rr)(00)

Briuy + rawn) =—4> Y wi(e)ua(e)c(e).

e€E(G)

(Tl ,TZ)Z(O,O)

This shows (3.9).

Let vq, ..., v, be a basis of the lattice in R™: A = {a1v1 4+t amVm:al, ..., a4, € Z}. For
each vy = ®(v;) € A under the identification of A with the lattice, there exists a path (¢1, . . ., ¢y)
from id to v in Cay(I', S) since the Cayley graph is connected. Let (ey,. .., e,) be the image
in G of that path under the covering map from Cay(T',S). Note that the image is a cycle:
xo = oey, te; =oejy1 for i=1,...,n—1 and fe, =xo. Thus, Y |, df(e) =0 and Y ., u(e) =
Yoy (ule) + df (e))) = Y[, ¥(e). Furthermore,

D e) =) (1 D)= (v, B(£E) — D(07)) = <v, > (@) - <1>(oa>)> :

I=1 =1 =1 =1

The last term equals (v, vk) since Y |, (®(fg) — ®(0¢))) = (fe,) — ®(0€1) = vy. This shows the
following: For each k=1, ..., m there exists a cycle (ey, . . ., e,) in G with xgp = oe; and te, = x
such that

Z u(ep) = (v, vg). (3.10)
I=1

For v € R™, let us assume that (v, Hessg8 v) = 0. It holds that u = 0 by (3.9), and thus (v, v¢) =0
foreveryk=1,...,mby (3.10). Hence, v=0since vy, . . . , vy, form a basis of a lattice in R"™. This
shows that Hessp S is non-degenerate. Furthermore Hessg S is negative definite by (3.9). U

Remark 3.4. Let us consider the Hessian Hess1 8 of 8 at 0 on H', that is,
82

B(riuy + raup)  for uy, up € HY,
or1or;

(r1,72)=(0,0)

(ur, Hessgn B un) 7 =

where H' — H':u +> Hessy1 B u defines an R-linear map. Lemma 3.2 (3.4) implies that

(u1, Hessy1 B tp) r = —4m? Z uy (e)uz(e)c(e),
e€E(G)

which shows that Hessy;1 8 is non-degenerate and negative definite on H'. There exists a natural
inclusion R = H'(R™/A,R) — H'(G, R), represented by R”™ — H':v+> u in Lemma 3.3. In
this identification, HessoB is the restriction of Hessgi 8 to R™, and this implies that HessoS is
non-degenerate and negative definite. A thorough framework is found in [10]. We use the explicit
form of Hessg S later in our discussion.

3.4 Local central limit theorems
For every positive integer n € Z-., it holds that

L21(x) = Z p(el)...p(en)emi(v‘(el)+---+?(en))_ (3.11)
en)

(e15ee5
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In the above the summation runs over all directed paths (ey, . . ., e,) starting from xp in G, that s,
oe; = xp and feg = oeyy | for each k=1,...,n — 1. For each such path (ey, . . ., e,), there exists a
unique path (€1, . . . ,€,) which is a lift of the path, starting from id in Cay(T’, S). By a lift we mean
that the path (ej, . .., e,) is the image of (é;,. . .,¢,) under the covering map Cay(I',S) > G =
A\Cay(T', S). The definition of the 1-form v on G implies the following:
Vep) + - - +Ven) = (v, Dgy) + -+ - + (v, De,)
= (v, D(fer) — @(0e1)) + - - - + (v, D(te,) — P(0en)) = (v, D(ten)),

where ®(0¢;) = ®(id) = 0. Recall that p(e) = u(s) for e = (x, x.s) € E(G) and s € S in the pointed
finite network (G, ¢, xp). By (3.11), it holds that

L21(x0) = Z (1(s1) - - - plsy) 2T i) — Z 1 () 27O )
(€15.--08n) xel’
In the above, the (edge) path (€1, ...,€,) is represented as the (vertex) path on id, s1, s152, - . .,
s1 - - sy in Cay(T', S). Therefore, letting
O, ) = Z Un()2TIHPO) fory e RM,
xel

we have the following: For all ve R™ and all n € Z~,

L£21(x0) = 9, (). (3.12)
Let A* be the dual lattice of A, that is,
A* = {alv’f-l—---+amv*m:al,...,ameZ},
where v, ..., vy, form the dual basis of vi,..., vy in R™: (v, v)) =1if k=1and 0 else. The

fundamental parallelotope of A* in R™ is denoted by
D:= {rlvi"—i—---—i—rmv;eRm:lm <1/2, i:l,...,m}.

The volume of D is assumed to be 1 up to a homothety in R™. The Fourier inversion formula
shows that for all n € Z- ¢,

() :/ (pﬂn(v)e_zmw’q)(x» dv forxerl. (3.13)
D

For § > 0, let

DS:: {7’1VT+"'+rmV:;leRm:|ri|<8’ l:]_,,ﬂ’l}

Lemma 3.5. If u(id) > 0, then for all small enough § > 0, there exists a constant cs > 0 such that
foralln e Z~,

19, M| <VIV(G)| - e %" forallve D\ Ds.

Proof. This uses a standard perturbation argument; we provide a proof for the sake of complete-
ness. For v € R™, let || £5| := max s, =1 [[53f = where || - ||z is the associated norm in C%(G, Q).
Since L3 is self-adjoint, the eigenvalues are real and the operator norm || 3] is the spectral
radius |A(v)|, that is, the largest eigenvalue in absolute value. Note that |[A(v)| < 1. For ve D,
if |AM(v)] =1, then the condition p(id) > 0 implies that v =0 (in which case in fact A(0) # —1).
Indeed, for the maximal eigenvalue A(v) in absolute value and a corresponding eigenvector f,, we
have Lyf, = A(v)f,. Taking absolute values shows that |f,| < P|f,|, implying that |f,| is a non-zero
constant since P is irreducible. Further since f, is an eigenvector with the eigenvalue 1 in absolute
value, A(v)f,(x) and 2 iV Pe) 'f,(te) for e € E, are on a common circle in the complex plane for each
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x € V(G). Since L3f, = A(v)f,, it holds that for all x € V(G) and for all e € E,,
AW)fy(x) = TP £ (1), (3.14)

If ;1 (id) > 0, then for each v, € A there exists an edge path from id to v in Cay(T", S) of length with
a given (in particular, even) parity. Applying to (3.14) along the image of the path in G successively
yields (v, vx) € Z. This holds for a basis vy, . . ., v of A, implying that v € A*. Therefore if v € D,

then v =0.
We have shown that [A(v)| < 1 for all ve D\ {0}, and in this finite dimensional setting, v —
| Z5ll = |A(v)| is continuous. Thus for a small enough § > 0, there exists a constant ¢s > 0 such

that |[A(v)| < e~ on a compact set D \ Ds. Since

|L51(x0) v/ 7 (x0) < IL51I7 < [AW)|" 1115
11l =1and 7 (xp) = 1/|V(G)|, by (3.12), we conclude the claim. O

For an associated I"-equivariant embedding ®:I' - R™, x — x.0 and a non-degenerate posi-
tive definite matrix X, let

(P, 271(@(x)))

1
e 2 forxeT.

1
Snlx) = (27)% Jdet =

Theorem 3.6 (Local central limit theorem). Let I" be a virtually finite rank free abelian group acting
on R™ isometrically with a relatively compact fundamental domain which contains the origin in the
interior. Let ju be a probability measure on T' such that the support supp w is finite, ' = (supp )
and p is symmetric. If u(id) > 0, then the following holds: There exist a non-degenerate positive
definite matrix ¥ and a constant C > 0 such that

sup |iun(x) — Ens ()] < foralln e Z-,.

m+1
xel n 2

Moreover, the matrix ¥ is obtained by
(vi, Zva) = > ui(e)ua(e)cle), (3.15)
ecE(G)
where u; is the harmonic part of V; for vi e R™ fori=1, 2.

Proof. For all § > 0, the Fourier inversion formula (3.13) and the change of variables v+ v/\/n
yield the following: For n € Z.g and forx € T,

Mn(x)=/ O, (v) e 22 dv-i-/ O, (e TIEE) gy,
Ds D\Ds

=me P <L) o2V, (X)) //n dv+f Du (V)e72r[i(v,<l>(x)) dv.
n? Jo, s AV D\D;

Since p(id) > 0, Lemma 3.5 shows that for all small enough § > 0, there exists a constant ¢s > 0
such that for all n € Z-,

sup 9., (=0 (e7%").
veD\Ds
We will analyse the first integral in the last displayed equation. For v € R, let v=u+dgp
and u be the harmonic H!-part of ¥ for some ¢ € C°(G, R). There exists a constant C such that
such ¢ can be chosen to satisfy [|¢ ||« < C||v||. Indeed, letting v =>"}" ; a;v; for the standard basis
Vis..»vmsand o, . . ., oy € R, we choose @; such that ¥; = u; + dg;, and define 9 := Y"1 | ;.
This yields the inequality with C = \/m maxj—1, _m [|¢illco-
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We have L3 = e~ 2" L,,e™ % By (3.12), up to replacing cs by a smaller positive value,
0, (1) = PO (71, f) e 290, (x0) + O™"))  forve Dy,
where f; is the normalised eigenvector of £, of eigenvalue e#("). By Lemma 3.3, the Hessian of 8
at 0 on R™ is obtained by Hesso8 = —472%. Lemma 3.2 implies that by the Taylor theorem,
B(v) = =272 (v, =v) + O(||v||*) for v € Ds.
Therefore, for all n € Z.y and for all v € Dsﬁ,

v 2o (I
#( ) =-Twmmnro ().

Replacing by & a smaller positive constant if necessary, we have that for all v € D;
v 2 n
enﬂ(ﬁ) < <1 — n_w) Zv)) < efrﬂ(v,Ev).
n

Since |@,, (v//n)| < Cse™ 7Y forall v € Dy /> for all large enough n,

1 v C 2
— it (—> e = —i/ e dy
n2 JD; 7\D,1/s Jn n2 JD; ;\D,1/s

C; c1d/n 2 C, cé/n 2 1 2.1/4 1
e e lar< 2 re " dr=0—e " ) L —.
C nz

m
nz Jenl/s nz Jenl/s

n 2
In the above, Cs, C, ¢, co, ¢1, and & (where ¢ > @) are positive constants; we have used the polar

coordinate and the positive definiteness of X in the second inequality, and that e’ ym=1 < gmar’y
for all large r in the third inequality.
Furthermore, for all n € Z-¢ and for all v € D,1/s, since ||[v||*/n < 1/4/n,

Ou (%) = ORI Ry ) (2L Sy ) POV ) 0l

where R,(v) = O (||v||*/n). For the normalised eigenvector f, of e#") for u near 0, since fy = 1, by
Lemma 3.2 (3.3) the Taylor theorem shows the following: for each x € V(G),

B a2
fu/ﬁ(x)_wo( . )

Furthermore, since ||u|| < ||v|| and ||¢|lco < C||v||, for v € Ds />

(7 oy o) Oy ) = (1 +0 (l“f/"ﬁoo)) (1 +0 (||vn||2)>
eof)

Note that the change of variable v v//n yields u +> u//n and ¢ +> ¢/ /n. For each k > 0,

_271 (v VI ”V” dv <_/ ||V||k —27? W) g, _O< )
/Dnl/s NV NG

+1
Summarising the above estimates with e %" <« n yields for x € I' and for n € Z-.o,

1 1
n(x) = — / 7271 (nZv) p=2mi (v, ®(x))//n dv+0 ( — > . (3.16)
nz JD 18

n 2
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A direct computation on the Fourier transform yields for all n € Z- and forall x € T,
£5(x) = Lm / 2T /2 () g,
nz m

Abusing notations, we have a constant & > 0 such that for all n € Z.¢ and uniformly inx € T',

Enx(x) = Lm / e_2ﬂi<V,¢(X))/ﬁe—2ﬂ2<V,EV) dv+0 <Lme—anl/4> ) (3.17)
n2 JD s nz

Therefore by (3.16) and (3.17), for all n € Z~ ¢ and uniformly inx € T,

Mn(x)=€n2(x)+o( m1+1) :

n
Furthermore, the explicit form of ¥ is obtained by Lemma 3.3, as claimed. 0

Lemma 3.7. Let u be a probability measure on I such that supp  is finite and I' = (supp ), and
{(Wn}nez, be a p-random walk with wo = id. There exists a constant C > 0 such that for alln € Z~.o
and for all real r > 0,

2
P(|Wn|s > r) <Cexp (—&) .

Proof. The proof follows from the Gaussian estimates established in a more general setting ([3,
the proof of Theorem 9.1] and [12, Chapter 14]). We provide an alternative proof adapted to this
setting for the sake of completeness.

Note that if {®(w,)},cz, is a martingale with respect to the filtration associated with {w;,} ez, ,
then the proof follows from a concentration inequality. In general, {®(w})},ez, is not a martin-
gale. What we do below is to replace ® by another A-equivariant map which makes the images of
wy, form a martingale.

First we claim that there exists a A-equivariant harmonic map ®g:I" — R"™. This is a map sat-
isfying the following: ®x(gx) = ®y(x) + g for all x e I' and for all g € A under the identification
between A and a lattice in R™, and

Z (Py(xs) — Py(x)) u(s)=0 foreachxel.
sesupp

This map is obtained from a A-equivariant lift of a Dirichlet energy minimising map from
G = (V(G), E(G)) with weights on edges c(e) for e € E(G) into the flat torus R™ /A equipped with
metric as a quotient of the standard Euclidean space. The existence of such a map is shown by a
simple variational calculus [6, Theorem 2.3] (see also [10, Chapter 7]). (In general, ® is not nec-
essarily injective, but this does not affect the following discussion.) For a A-equivariant harmonic
map ®p, we have a martingale {®y(wy)} ez, with respect to the natural filtration.

Next note that the map ®g yields a quasi-isometry between Cay(I", S) and R™. In particular,
there exist constants cg, ¢; > 0 such that

IPH)|loo > colx|]s —c1 forallxeT. (3.18)

In the above, || - ||oo denotes the £4o-norm in R™.

Finally, each component of ®g(w,) in the coordinate of R™ is a martingale with a uniformly
bounded difference B for some B > 0. Hence a union bound and the Azuma-Hoeffding inequality
show that by (3.18), for all r € Z and for all n € Z-.,

2
P (Iwals = (r+c1)/co) =P (1PH(Wn)lloo = 1) < 2m exp (— 21;2;1) :

Therefore, taking a large enough constant C > 0 concludes the inequality as claimed. U
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For the &5 in Theorem 3.6, let us define a discrete normal distribution N/ on I" by

NP (x) = %%‘2 (x) whereZ:= ) éx(x)forxel.

Theorem 3.8. In the same setting and assumption as in Theorem 3.6, there exists a constant C > 0
such that for all integers n > 1,

m
2

C(logn)

Proof. The local central limit theorem (Theorem 3.6) implies that there exists a constant C > 0
such that for all n € Z~,

®
lin = Nyx v <

C

sup [un(x) — Enx ()] < . (3.19)

xel n

F
SlE

For a p1-random walk {wy,},ez, with wy =id on I', Lemma 3.7, there exists a constant C > 0 such
that for all n € Z- o and for all r > 0,

2
P(Iwnls > r) < Cexp <—&> . (3.20)

A direct computation on &,x yields for a (possibly different) constant C > 0, for all n > 0 and for

allr > Cy/n,

2
D Eus(x) < Cexp (—&) : (3.21)

[x[s>r

Indeed, this follows from an approximation by a Gaussian fy, on R for which 5 = fs o ®, and
that @ yields a quasi-isometry between Cay(I", S) and R™. Note that R” = [ J,.. xCy for the clo-

sure Cg of a relatively compact fundamental domain Cy of I'. For v; € R™, i = 1, 2, the following
holds:

1
d
(v, 27 1) — (vp, 271wy | = ‘/ E(Vl +t(vy — 1), T vy 4+ tvy — 1)) dt
0

1
< 2/ |(va — vi, 27 vy + vy — 1)) dt
0
<27 lve = vall max{[v I, lv2ll}-

Letting diam Cy denote the diameter of Cy, we have that by the above inequality, if v; € xCy and
l[vill = diam Co, i =1, 2, then [|vy — v|| < [|v2]l and

[(vi, 27 01) — (v2, 27 < 2127 Hlve = vall(Iv2ll + llvi — v2ll) < 4127 {[diam Co || v2 .
Thus, for all v; € xCy, i =1, 2,

fuz(v1) anz(vz)e%“”“, where ¢:= 2||=7!||diam Cj.

1

Since X! is positive definite, there exists a constant & > 0 such that (v, Z~!v) > a||v|| for v e

R™. Therefore, noting that ||®(x)|| > co|x|s — ¢; for all x € ', we estimate

1 1 o 12
£5(x) < L s,
Z " vol(Co) Jyv|>cor—c; (2mn)z +/det =

[x[s>7
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for r > (diam Cy + ¢1)/co, where vol(Cp) is the volume of Cy. By the change of variables v > /nv,
the right hand side equals the following:

1 1 — Lyl < vl
— gy
vol(Co) Jyvi=(cor—cr)/vm (2m)2 +/det T
0 a2, c
:cm,g./ e 2 TRl g,
(

cor—c1)//n
where ¢, 5 is a constant depending only on ¥ and m in the polar coordinate. Thus,

00 e V& 2 0o 5 c m—1
/ e 2 (5 aﬁ) +zomsmfl dS:erT" / 67%5 (S-l- ) ds,
(cor—c1)/v/n R ay/n

where R:= (cor — ¢1)/+/n — ¢/(a+/n) by change of variables. There exists a constant C > 0 such
that (s +c/ (cx\/ﬁ))m*1 < sei forall s> C. Hence, there exists a constant C > 0 such that for all
n> 0and r > C/n, the last term is at most

62 o0 o CZ o 72
e2an / se™ 55 ds = eran Eesz2 < Ce™ Cn,
R o
This shows (3.21).
Combining (3.19), (3.20), and (3.21) yields for all n > 0 and for all r > C/n,

lin —&nsli= Y 1) —Eas @+ Y 11alx) — Enx ()]

[x|s<r [x|s>r

C 7
< |Bs(r)| = +2Cexp “on )

n 2

In the above Bg(r) := {x € ' : |x|s < r}. Note that |Bs(r)| = O(r'™), in particular, |Bs(r)| < Cr™ for
all r € Z4 for a constant C > 0 independent of r since ® is a A-equivariant injective map from I'
into R™. Letting r = A,/n log n for a constant A > 0, we have r > C/n for all n € Z~, and

CZA™( log n)% 2C
lin = Enzlli = NG + e

Fixing a large enough constant A such that A%/C > 1/2 shows that there exists a constant C; such
that foralln > 1,

Ci(logn)?
lien —&nslh < % (3.22)
Note that there exists a constant ¢ > 0 such that for all n € Z. ,
Y Ex=1+ Y Ex®)=1+0(""). (3.23)
xel xel\{id}

Indeed, since Z™ is a finite index subgroup of I' and & is a Z™-equivariant embedding with a
discrete image in R™, the Poisson summation formula (cf. (A.1) in Appendix A) on finitely many
orbits of Z™ shows (3.23). This implies that for all n € Z~.,

1
s = Nl =3 [6n5() = ———— s ()] = O(™).
e Z; " Yeer Enz ()"
Therefore, this together with (3.22), adjusting a constant factor C yields the claim. U

Remark 3.9. The inequality (3.22) suffices for our purpose in Theorem 4.1 below. If & is u-
harmonic, then the estimate in Theorem 3.8 becomes O((log n)% /n). In this case, the estimate
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is sharp up the factor O((log )"/?). Indeed, the local central limit theorem provides an example
satisfying that ||, — N <1>2 v = 2(1/n), for example, a lazy simple random walk on Z'™.

n

4. Applications to noise sensitivity problem

4.1 Noise sensitivity on affine Weyl groups

Let (', S) be an affine Weyl group where S is a canonical set of generators consisting of invo-
lutions. We have I' = A x W as in Section 2.1. For a probability measure & on I' and for all
p € [0, 1], werecall that 7” = p(u x 1) + (1 — p)Ldiag, Where p x 11 denote the product measure
and ftdiag((x, y)) = pu(x) if x = y and 0 otherwise.

For each p € [0, 1], the measure 7° is defined on I' x I' = (A x A) x (W x W), for which
Ss:= (SU{id})? is a generating set of order at most 2. On the one hand, if supp u =S U {id},
then supp w” = S, for all p € (0, 1]. On the other hand, however, if p = 0 or supp 1 = S (in which
case, the support of  does not contain id), then supp 7w” never generate I' x I'. Indeed, every
affine Weyl group I" admits a surjective homomorphism onto {£1} through the determinant of
the isometry part in the natural affine representation. The product group I' x I" admits a surjec-
tive homomorphism onto {£1}2. If supp u does not contain id, then supp ” for p € (0, 1] only
generates a proper subgroup of I' x I' (of index 2). Furthermore, if p = 0, then supp 7” generates
the diagonal subgroup isomorphicto I'in I" x I

Theorem 4.1. Let (I', S) be an affine Weyl group, and . be a probability measure on I" such that
the support of u equals S U {id}. For all p € (0, 1], the w”-random walk on I" x I starting from the
identity satisfies the following: There exist a constant C > 0 and an integer m > 0 such that for all
integersn > 1,

C(logn)™
172 = i X nllTy < %

In particular, for all p € (0, 1],
lim ||7) — pn X pullry =0,
n—o0

that is, the w-random walk on T is noise sensitive in total variation.

Proof. Let us apply to I' x I" and 7” the discussion we have made so far. Fix a point o in the
interior of a chamber for I in the associated Euclidean space R™. We assume that o is the origin
after taking a conjugate by a translation for the action of I" if necessary. Let ® := &) x ®@.I" x
[ = R™ x R™, (x1,x2) — (x1.0, x3.0), where ®?(x) =x.0 for xe " and for i=1,2. Forall p €
(0, 1], the support of 7” is finite, I' x I' = (supp 7”), and 7” is symmetric since every element
in supp 7” = S, = (SU {id})? has the order at most 2. Further let G:= (A x A)\Cay(I" x T, S)
equipped with the conductance c(e) for e € E(G) induced from 7°. We consider the corresponding
pointed finite network (G, ¢, x9) where xj is the identity elementin W x W = (A x A)\(I' x I').
For all p € (0, 1], the corresponding Markov chain on G is irreducible and satisfies that p(x, x) > 0
for every x € V(G) since 7”(id) > 0.

Let X7 be the matrix for 7° in the local central limit theorem (Theorem 3.6), let us show that
* = X! forall p € (0, 1]. Namely, in the block diagonal form along the decomposition R™ x R™,
we prove the following: For all p € (0, 1],

0
0 X+

P =

where X# is the matrix X* for p in the local central limit theorem. Theorem 3.6 shows that X*
is obtained by
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(v, 2Pva) = D wi(eua(e)ele), (4.1)

e€E(G)

for vi, v, € R™ x R™ and u; is the harmonic part of the 1-form V; = ((vi, ®¢))eck(c) fori=1, 2.

First let us show that (v, °v,) =0 for all v; = (v, 0), v = (0, v2) € R™ x R™. For each edge
e = ((x1, x2), (x1.51, X2.52)) € E(G), we write e; = (x;, x;.5;) for x; € W and s; e SU {id} for i =1, 2.
For such v, v,, we have that

Vi(e) = (vi» @e) = (vi, ®P) =Viley) fori=1,2. (4.2)
Let u; be the harmonic part of ¥;, and u; be the harmonic part of v; for each i = 1, 2. It holds that
ui(e) = uj(e;) fori=1,2. (4.3)

Indeed, let %;(e) := u;(e;) for i =1, 2. These define harmonic 1-forms on G: This follows since
S¢ = (SU {id})? and each marginal of 7r” is j1. Furthermore by the definition of u;, it holds that
for some f;: W — R,

Vi(x, x.8) = u;(x, x.5) + dfi(x, x.s) forxe WandseS. (4.4)
Hence by (4.2) and (4.4), lettingﬁ:V(G) —-R by};((xl, x2)) := fi(x;) for (x1,x2) e V(G) =W x W
fori=1,2 yields
Vi(e) =Ti(e) + dfi(e) for e € E(G).

The uniqueness of harmonic part concludes (4.3).
The right hand side in (4.1) is computed as in the following: By (4.3), it holds that

Y wm@uale)ele) = Y wlen)ualer)cle)

ecE(G) ecE(G)
= Y D unlen xrs)ua (e, x2.52)7 (1, %2))7° (51, 52)).
(Xl,Xz)G WxW (31,32)65*

Note that the summation over (s1, s,) € Sy is restricted to S x S since u;(x, x) =0 for x € W and
for each i = 1, 2. Furthermore 7 ((x, y)) = 1/|W|? for all (x, y) € W x W. Hence the last term times
the factor |W|? leads the following:

Z uy (%1, X1.51) Z Uz (x2, x2.52)7° ((s1, 52))

x1€W,s1€S x2EW,52€S8

1
= > 1 (x1, X155 D (g, x2.50) + ta(x2.52, %)) (51, 52)) = 0.
x1€EW,51€8 xeW,55€S8

In the above, we have used that s, = 52_1 and 7°((s1,5)) = np((sl,sz_l)) for each (s1,$2) €S x S
in the first equality, and that u;(xy, x2.52) = —ua(x2.52, x2) for all x, € W and all s; € S in the last
equality. Therefore, for all v = (v1,0), v2 = (0, v2) € R™ x R™, it holds that (v;, X°v,) =0.

Next since each marginal of 7° is u, for vi = (v1,0), v2 = (v2,0) e R" x R™,

(v, ZPv2) = (v1, ZFny).
The same equality holds for v; = (0, 1), v2=(0,v2) € R™ x R™. Summarising all the above
discussion, we obtain £” = %! for all p € (0, 1].
Finally, Theorem 3.8 shows that for all p € (0, 1], there exists a constant C > 0 such that for all
n > 1, by the triangle inequality,
2C(log n)™
N

This concludes the first claim. The second claim follows from the first claim. O

(0} (o}
7y — i X pnllv < l72f = Nosolrv + e X pin = N gillTv <
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(s2,51) (s2:81) | (s1,51) (s1,81)
(s2,id) (s1,1d)
(s2,82) & (s2,82) | (s1,82) © (s1,82)

Figure 1. The Cayley graph of Do, x Do, With the set of generators S, (where loops corresponding to id are omitted) and the
group action on R,

4.2 Examples

Let us provide explicit examples of random walks on the affine Weyl groups of type A1 x Ay,
A, and C,. Figures 1, 3, and 4, respectively, describe the Cayley graphs of the groups with the
corresponding sets of generators (the solid lines with dots). The associated action of each group
on R? consists of reflections with respect to lines (indicated as dotted lines) with a fundamental
domain (coloured in dark grey). The lattice has a larger fundamental domain (coloured in light

grey).

4.2.1. Typezl X Zl
Let us consider the infinite dihedral group:

Do = (51,52 |s% =s% =id).

Let S:= {s1,5,}. The pair (Dso, S) is the affine Weyl group of type A;, and the product group
Doo X Do with the standard set of generators S x {id} U { id} x S is the affine Weyl group of type
Zl X Zl. The group Do X Dy is isomorphic to 72 % (Z/2)*. We define ® = oW x d@:.py, x
Do — R? in a way that the origin is the barycenter of a fundamental chamber (which is a square
of side length 1/2). The lattice is identified with the standard integer lattice (Figure 1).
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(id, id) (id, id)

(id, id) (id, id)

Figure 2. The quotient graph G = Z?\Cay(Dso X Do, Si) Where S, = (SU {id})? and S = {s1, 52}
Let 1 be a probability measure on Dy, such that supp u = SU {id}, and w” be the associated
probability measure on Dy, x Do for p € (0, 1]. The measure 7 has the support S, = (S U {id})2.

The quotient graph G = Z2 \ Cay(Doo X Doo, Sx) is described in Figure 2.
First, we consider the case when 4(s;) and u(s;) are equal, that is,

pls1) = pls2) = %(1 —u(id)) and 0<pu(id) <1.

In this case, for v; = (1, 0), v, = (0, 1) € R?, the 1-forms ((v;, ®,))eck(c) for i =1, 2 are harmonic.
A direct computation yields

1—pGd) o
0 11— n(id))

P = for p € (0, 1].

Next in the case when (s1) and p(sz) are not necessarily equal, the harmonic 1-forms
ui(e) = (vi, &) — dfi(e) foree E(G)andi=1,2,
are obtained by (possibly non-constant) functions f;:V(G) — R. For i =1, let

Mo g fil ) =((11) = 5 wls1)

fl((o)o)) =fl((0’1))= 2 (1_—“(1(1))

(1 — u(id))
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Figure 3. The Cayley graph of the affine Weyl group (T, S) of type A, and the action on R? (left), and the quotient graph
G =72\Cay(T', S) (right).

The values of the harmonic 1-form u; on the two oriented edges from (0, 0) to (1, 0) satisfy the
following:

u1((0,0), (0.51,0)) + f1((1,0)) — £1((0, 0)) = @V ((s1.0, 0)) — D ((0, 0)) = %

u1((0,0), (0.52,0)) + f1((1, 0)) — £1((0, 0)) = @V ((s5.0, 0)) — (0, 0)) = —é.

Similar identities hold on the four oriented edges from (0, 0) to (1, 1), from (0, 1) to (1, 0), respec-
tively, and on the two oriented edges from (0, 1) to (1, 1). The values of 4; on the two oriented
edges from (0, 0) to (0, 1), and from (1, 0) to (1, 1), respectively, are 0. The harmonic 1-form u; is
obtained analogously. A direct computation yields

M(ﬂ)l{(gz) 0
wp = | for p € (0, 1].
0 m(s)u(sz)
1—pu(id)

4.2.2. Type 74} N
Let us consider the affine Weyl group of type A;:

2 2 2 3 3 3
= (s1,52,53 | 5] =55 =53 =(5152)" = (5283)” = (s351)" = 1)

with S= {51, 53,s3}. The Cayley graph Cay(I',S) and the group action on R? is described in
Figure 3 (left). The group " is isomorphic to Z? x &3 where &3 is the symmetric group on the set
{1,2, 3}. The quotient graph G = Z2\Cay(T", S) is described in Figure 3 (right).

Let us consider ®:I"' — R? such that the origin is the barycenter of a fundamental chamber
(which is an equilateral triangle of side length (2+/3)1/2/3). A fundamental domain for the Z2-
action is a hexagon of unit area. Let ;1 be a probability measure on I' such that

ws1) = puls2) = u(s3) = %(1 —u(id)) and 0<p(id) <1.
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S1

S S2
53
S1 53 53 S1
S3
59 So

S1

Figure 4. The Cayley graph of the affine Weyl group (T, S) of type C, and the action on R2 (left), and the quotient graph
G =72\Cay(T, S) (right).

The matrix for p in the local central limit theorem (Theorem 3.6) is computed as
LA-pGd) 0
)

4.2.3. Type Ez -
Let us consider the affine Weyl group of type C;:
T = (s1,5, 53| st =3 =55 = (s152)" = (5253)* = (s351)* = 1)

with S = {51, 3, s3}. The Cayley graph Cay(T',S) and the group action on R? is described in
Figure 4 (left). The group I" is isomorphic to 72 x ((Z)2)* x &,) where (Z/2)? x &, is the signed
permutations on the set {1, 2}. The quotient graph G of the Cayley graph with the set of generators
S by the lattice Z? is described in Figure 4 (right).

Let us consider ®:I' — R? such that the origin is the barycenter of a square of side length
1/4 (where a fundamental chamber is an isosceles right triangle of equal side length 1/2). A
fundamental domain for the Z2-action has unit area. Let i be a probability measure on I" such
that

1
u(sy) = p(s2) = pu(s3) = 5(1 —wu(@d)) and 0<u(d) <1.
The matrix for u in the local central limit theorem (Theorem 3.6) is computed as
71 (1 — p(id)) 0

0 51(1 = u(id))
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Appendix A. Noise sensitivity problem on Z™

Theorem A.1. Let m be a positive integer and | be a probability measure on Z™. If (v has a finite
second moment and the support generates the group as a semigroup, then

lim lim sup [|7) — ptn X pnllTv=0 and lim liminf||7) — wy X wullrv =1.
=1 p—soo p—0 n—00

Let ¥ be a non-degenerate positive definite (covariance) matrix of size m and

1 1 -1
— = msnET ) m
fs(v):= T =" 2 for v e R™.

Let us define the function F(v) := Y .m fx (x + v) for v € R™. Note that since F is Z"-periodic
on R™, it is regarded as a function on [0, 1)". Let

Flx) :=/ F(v)e 2™ gy and ?z(x) ::/ fz(v)efzm("’x> dv forxeZ™.
[0,1)m Rm

Since fy, is in the Schwartz class on R™, we have ﬁ(x) 2_?2 (x) for x € Z™ and

F(v)= Y fo(x)e? i),

xezZm
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where the right hand side is absolutely convergent. In the case when v = 0, the Poisson summation
formula is obtained by a direct computation,

Z frx) = Z Fa(x) = Z g2 (R Bx)
xeZm xeZm xeZm
Thus, there exists a constant cx; > 0 such that for all n € Z- g,
3 fun@) = ) e FEE =1 4 Og (7). (A1)
xeZm xeZm

Let ¥; and X, be covariance matrices of size m. First, we consider the upper bound. For every
real A > 0 and for every n € Z-,

D s ) — fum, )]

llxl| <anl/?
det X2, det X,
< Y fm@- [ fm@+ Y |1 fas (). (A2)
llxll <Anl/2 det 2y llxl| <Anl/? det 2y

The first sum in (A.2) is estimated as follows: For x € Z™,

‘1_6 2 (=200 | < pal (B =B = (B =2 Dl

Since | (x, (2, ' — 27O < 1251 = =7 HIxII%, for x € Z™ with ||x|| < An'/?,

(2 =2 D)

1 22 1 a1 22
‘l—e = R BERE C Pr l:zsinh(7||2;1—zflll).

Therefore the first sum in the right hand side of (A.2) is at most

S [l HEE E s () <3212 - 7 (14 05, (7 )

llxll <an1/2

if ||232_1 — El_l | <2/A% for all n € Z-¢ and for all A > 0 by (A.1). The second sum in the right
hand side of (A.2) is at most, for all n € Z~(, by (A.1),

det X, det ) _
det Z Z fnzz(x) El (1 + Ozz(e ‘:Zzn)) .

Summarising the above estimates yields for every A > 0, there exist constants C; 5, = Cx,,5,1 > 0
and c;2 =c¢x,,x, > 0 such thatforall n € Z.,

det X,
det X

3 am®) = fum, ] <3272 = =7+ |1 -

llxll<Anl/2

Next let us consider the lower bound. Noting that \/fi — o > \/fi — \/f2 for fi > fo > 0, we have

by squaring both sides and summing over Z™",

oz, —fazaln = D fumi )+ D fusy () =2 Y (s, (0fus, ().

xezZm xeZm xeZm

+ Cl’z’)\efq,zn‘ (A.3)
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In the following, we assume that P LS Py 1 is invertible. In that case, by (A.1),
1

Z f"zl (x)fl’lzz (x) = Z = : e—ﬁ(x,(2;1+22*1)x)
xeZm rezm (2m)2(det (nX;) det (nX;))4

2% (det ((2;1 + 35! —1) )3

Z e in(x(E ) )
(det X det T,)1 o

Let us focus on the special case when m = 2, and

10 1 1-p

»l=¢2 and %P =02 foroc >0and0<p <1.
01 1—p 1
In this case,
_1  __l=p
(Zl)_l + (Ep)—l — L 1+ p(2—p) p(2—p)
0-2 __1-p 1+ 1
0(2—p) p(2—p)

Furthermore, det ! =04, det = = 64p(2 — p) and

2 2
det (517 +(2) ) = ((1 R p)) - (—p(lz__"p)) ) .

Hence one computes for all small enough p > 0,
3
2 _ 2(p(2 —p))t 1
Vo pr—ar "
L L \2 - \2\? - —(1-
(b2 — p))} ((1 )~ (752) )

Summarising the above computations and letting n — oo yield, for all small enough p > 0,

1
linrgggf Ifuze = fusilli > 2 —4p1. (A4)

Proof of Theorem A.1 Noting that E_»w,, is independent of p € [0, 1], we assume that ;2 has mean
zero up to shifting by the mean. Further, we assume that p is aperiodic (i.e. for each x € Z™ for
all large enough 7 one has 1, (x) > 0) and the general case is reduced to this case by dividing the
times according to the period. For 0 < p <1, we note that 7 is aperiodic since 7 and p x p
have the same support in Z>". Let £” and X! denote the covariance matrices of size 2m for 7*
and X u, respectively.

First let us show the upper bound in the claim. For all real A > 0 and integers n € Z-.,

1 2
> w1 @) =Pao (Iwall > an'/?) < P [wall® = EEMMZ,
el >An1/2
by the Chebyshev inequality. This shows that (recalling that 7! = 1 x )
4
D TR =t X (] = Bl (A5)
llx||>An1/2

Since 7” is aperiodic for p € (0, 1], then the local central limit theorem [8, Theorem 2.3.9] shows
the following: There exists a sequence §, > 0 such that §, — 0 as n — oo, for all n € Z- ¢ and for
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all x e Z*™,

Sn

On
|70 (x) — faze (0)| < s and [y X pp(x) = fus1(0)] < (A.6)

n_m.
Note that there exists a constant C,,, > 0 such that for all real A > 0 and all n € Z- o, the number
of x € Z*™ with ||x|| < An'/? is at most C,,A2"n™. Therefore it holds that
28
D 1) — s X (Ol < CudP™ - Y e () — fm (0l (A7)
llxl| <An!/? [l <An'/?
Hence by (A.3), (A.5), and (A.7), for every A > 0,

det X°
det X!

4
22

limsup [|7° — sy X palli <322 N(EP) = (EH T+ 1 - E, x|

n— 00

+

Since ° — X1 as p — 1, we obtain

. . 4
lim sup lim sup ||} — ptn X pally < 53 Eplxl?,
p—>1 n—oo

This holds for all A > 0, and thus we obtain in the total variation distance

lim lim sup |7 — pn X pnllTv =0.
=1 nsoo

This shows the upper bound in the claim.

Next, let us show the lower bound in the claim. The general case reduces to the case when m =1
since a projection Z™ — 7 (whence Z*™ — 7Z?) to a coordinate only decreases the total variation
distance. Let ¥ = X°. Forx; e R™,i=1, 2,

1
[(x1, £71x1) — (x2, 7)) | < 2/(; (2 — x1, 7 Ge1 + 102 — x1)))| dt

-1
<21Z7 [Hllxr — x2ll max{{lxa ], fIx21[}.

Thus, if || x; — x2]|cc < 1 (Where || - ||co denotes the supremum norm) and ||x;|| > A2,i=1,2,then
llx1 — x2ll < [|lx2]l and

[(xt, £70%1) — (x2, D7) < 2027 s — xall (12l + N1 — x2ll) < 4v2[ 7l -
This shows that for x; € R such that ||x; — x2lec < 1 and ||xi[| > v/2,i=1,2,
fux (1) < fux(r)e 7 21, where c5 = 24/2| =71
Therefore, we obtain
Z fax(x) < / : I S e R A E
1 IxlI=Anz —v2 v/ (2)% det (nX)

||x]|>AnZ

Since X! is positive definite, there exists a constant o > 0 such that (x, £ ~1x) > a||x||? for all
x € R™ and

1 _ cx o cx o N2
—— (6 57 + <~ el == (- =)+ 2
2n n 2n n 2n o 2an
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This shows that the last integral is at most, by the change of variables x > /nx,

52
/ e —— O SN
lxll=an2 —v2 /(2)% det (nX)
2
il s \2 ol
_ e2an 1 e_f(HxH_O(\Z/;) dx — €2 1 e_
2 /det Z Jx|=(n2 —/2)//n VdetE Jonz—v2)//n

In the above, the last equality has used the polar coordinate. There exists a constant Cx, > 0 such
that s + cx /(a+/n) < e for all s > Cyx and all n > 1. The last term above equals by the change
of variables, for R := ()m% —V2)/ /1 —cx /(o /n),

2

2

<S_%) s ds.

o0

IR

2 2 2

e o c e o° e 2

on 7&2 2 on 722 on 7& 2
e 2’ <5+—> ds < — e ¥ sds= Ze iR

Vdet T Jr ay/n JdetT Jr Vdets @

Note that for all n > (cx; /ar)? + 2,

R=(n? —v2)//n—cg/la/n) = A —V2//n—1>xr—2.

Hence, there exist constants c¢,, C, > 0 such that foralln > C, andall A > C,,

3 fun@) < Cpet

Il = n2
Therefore, together with (A.6), there exist (possibly different) constants c,, C, > 0 depending
only on p such that the following holds: For all n > C, and all A > C,,,

Il = o X pnly = D L) = n X ()]

llxl| <Anl/?
32
> Z [an/’(x) _fnzl(x)l - 2Cm)bszsn > ”fan _fn21 ”1 - che or 2kaszsn-
x|l <Anl/2

Thus by (A.4), letting n — o0, we obtain for all small enough p > 0,

1
liminf |7 — pn X wnll =2 —4p* — 2Cpe_c/’kz.
n—oo
In total variation distance, letting A — oo and then p — 0 yields
lim liminf |7 — pn X palltv =1,
p—)O n—o0
as required. O
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