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Abstract. In this paper we prove that permutations of even length with maximal entropy are
not unique. There are in fact two distinct permutations,θn andθ̃n, with maximal entropy,
both of which are self-dual and̃θn is the reverse ofθn.

1. Introduction and preliminaries
A finite, fully invariant set of a continuous map of the interval induces a permutation of the
invariant set. By calculating the entropy of a permutationθ , we obtain a lower bound for
the topological entropy of an interval mapf which exhibits a permutation of typeθ . It has
been shown by Block and Coppel [2] that any periodic orbit which is strongly simple has
minimal entropy. In contrast to this situation, Geller and Weiss [4] have shown that, ifn is
odd, the maximal entropy orbit types are unique (up to duality). In this paper we use the
methods of Geller and Weiss [4] to show that forn even there are exactly two distinct (up
to duality)n-permutations with maximal entropy inPn.

Let f be a continuous map of a compact intervalI into itself. The orbit of a
point x ∈ I is a fully invariant set forf which is defined as the sequence Orb(x) =
{x, f (x), f 2(x), . . . }. If x = f m(x) for somem ∈ N, then Orb(x) is finite and the orbit
is periodic. Recall that apermutationon n letters is a bijective mapθ : {1, . . . , n} →
{1, . . . , n}. If θ has the property that for 1≤ k ≤ n, θk(1) = 1 if and only if k = n, then
θ is acycle. If x has a periodic orbit of periodn we can write Orb(x) = {p1, . . . , pn} with
p1 < p2 < · · · < pn. This induces a cycleθ of lengthn in the following way:θ(i) = j

if and only if f (pi) = pj . The cycleθ is called theorbit typeof Orb(x). More generally,
if S = {p1, . . . , pn} ⊆ I with p1 < p2 < · · · < pn is any finite fully invariant set forf ,
we can define thetypeof S to be the permutationθ of lengthn with θ(i) = j if and only if
f (pi) = pj .

We definePn to be the set of all permutations onn letters andCn to be the set of all
cycles onn letters. We also letP = ∪n≥1Pn andC = ∪n≥1Cn. Thedualof a permutation
θ ∈ Pn is the permutationθ ∈ Pn whereθ(i) = n + 1 − θ(n + 1 − i) for i = 1, . . . , n.
Thereverseof a permutationθ ∈ Pn is the permutatioñθ ∈ Pn whereθ̃ (i) = θ(n + 1− i)

for i = 1, . . . , n.
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Definition 1. Theentropy of a permutationθ ∈ P is

h(θ) := inf{h(f ) : f is a map with an invariant set of typeθ},
whereh(f ) is the topological entropy of the mapf .

We note that for eachθ ∈ P , h(θ) = h(θ).

Notation 2. Fora, b ∈ R with a ≤ b

O[a, b] = {m ∈ N : m is odd anda ≤ m ≤ b};
E[a, b] = {m ∈ N : m is even anda ≤ m ≤ b}.

If S is an invariant set forf of typeθ ∈ Pn, then there is a unique mapfθ : [1, n] →
[1, n] satisfying
(i) fθ (i) = θ(i) for i ∈ {1, . . . , n},
(ii) fθ |[i,i+1] is linear fori ∈ {1, . . . , n − 1}.
The mapfθ is entirely determined byθ and is called thelinearisationof f with respect to
its invariant set of typeθ .

It is known that forθ ∈ P , h(θ) = h(fθ ) = logρ(M(θ)) (see [8] and [1] for proofs)
whereρ(M(θ)) is the spectral radius of theinduced matrixof θ , which is defined as
follows.

The induced matrixM(θ) of θ ∈ Pn is the(n − 1) × (n − 1) matrix with ij th entry
given by

aij =
{

1, if fθ ([i, i + 1]) ⊃ [j, j + 1];
0, otherwise.

It was shown in [6] that, for n even, the family of self-dual permutationsθn, defined
below, achieves maximal entropy amongst permutations of periodn. We now define a new
family of self-dual permutations,̃θn, which also achieves maximal entropy inPn.

Definition 3. Let n be even andk = n/2. We define the permutationθn of periodn by

θn : j 7→


k − j + 1, if j ∈ O[1, k],
j − k, if j ∈ O[k + 1, n],
k + j, if j ∈ E[1, k],
3k − j + 1, if j ∈ E[k + 1, n].

Definition 4. Let n be even andk = n/2. The permutatioñθn of periodn is defined by

θ̃n : j 7→


k + j, if j ∈ O[1, k],
3k − j + 1, if j ∈ O[k + 1, n],
k − j + 1, if j ∈ E[1, k],
j − k, if j ∈ E[k + 1, n].

It is easy to show that̃θn is the reverse ofθn. The mapfθn has a local minimum at one
whilst the mapfθ̃n

has a local maximum at one.
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For any permutationθ , we can define its induced matrixM(θ) by specifying each
column ofM(θ). To this end we introduce the following notation:

Given a, b ∈ R with 1 ≤ a ≤ b ≤ n − 1 we define〈a, b〉 to be a column of an
(n − 1) × (n − 1) matrix with ith element(1 ≤ i ≤ n − 1)

〈a, b〉i =
{

1, if a ≤ i ≤ b,

0, otherwise.

If column j of matrix M is equal to〈a, b〉 we call〈a, b〉 thecolumn supportof M(j) and
write 〈M(j)〉 = 〈a, b〉 or simplyM(j) = 〈a, b〉.

We can now determine the induced matricesA = M(θn) andÃ = M(θ̃n).

PROPOSITION5. For n ≡ 0 (mod 4) the columnA(j) is given by

〈k − j + 1, k + j 〉, whenj ∈ O[1, k − 1],
〈k − j, k + j − 1〉, whenj ∈ E[1, k − 1],
〈1, 2k − 1〉, whenj = k,

〈j − k, 3k − j − 1〉, whenj ∈ O[k + 1, n − 1],
〈j − k + 1, 3k − j 〉, whenj ∈ E[k + 1, n − 1].

Whenn ≡ 2 (mod 4) the columnA(j) is given by

〈k − j, k + j − 1〉, whenj ∈ O[1, k − 1],
〈k − j + 1, k + j 〉, whenj ∈ E[1, k − 1],
〈1, 2k − 1〉, whenj = k,

〈j − k + 1, 3k − j 〉, whenj ∈ O[k + 1, n − 1],
〈j − k, 3k − j − 1〉, whenj ∈ E[k + 1, n − 1].

PROPOSITION6. For n ≡ 0 (mod 4) the columnÃ(j) is given by

〈k − j, k + j − 1〉, whenj ∈ O[1, k − 1],
〈k − j + 1, k + j 〉, whenj ∈ E[1, k − 1],
〈1, 2k − 1〉, whenj = k,

〈j − k + 1, 3k − j 〉, whenj ∈ O[k + 1, n − 1],
〈j − k, 3k − j − 1〉, whenj ∈ E[k + 1, n − 1].

Whenn ≡ 2 (mod 4) the columnÃ(j) is given by

〈k − j + 1, k + j 〉, whenj ∈ O[1, k − 1],
〈k − j, k + j − 1〉, whenj ∈ E[1, k − 1],
〈1, 2k − 1〉, whenj = k,

〈j − k, 3k − j − 1〉, whenj ∈ O[k + 1, n − 1],
〈j − k + 1, 3k − j 〉, whenj ∈ E[k + 1, n − 1].

It is interesting to note that the formulae forA(j) andÃ(j) whenn ≡ 0 (mod 4) are the
same as those for̃A(j) andA(j), respectively, whenn ≡ 2 (mod 4).

https://doi.org/10.1017/S0143385700000420 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700000420


804 D. M. King

2. Proof of the theorem
It was shown in [6] that, for n even, the permutationθn has maximal entropy among all
n-permutations. In Theorem 7 we show that the permutationθ̃n also has maximal entropy
in Pn and in Theorem 14 we show these are the only two permutations with this property.
In the following proofs we will make use of theflip permutation,φ, defined as follows:
φ : {1, . . . , n} 7→ {1, . . . , n}, such that

φ(i) = n + 1 − i, for anyi ∈ {1, . . . , n}.
The induced matrix,8 = M(φ), is the(n−1)×(n−1) antidiagonal matrix; that is,8ij = 1
if and only if j = n − i. Note the following easily verifiable equations:θn = φ ◦ θn ◦ φ,
θ̃n = θn ◦ φ, 82 = I , A = 8A8 andÃ = 8A. Sinceθn is self-dual, which is equivalent
to A = 8A8 or 8A = A8, we seeÃ = 8A = A8. It immediately follows that8Ã = A

and Ã8 = A, which showsθ̃n is also self-dual. These properties make the following
results straightforward to prove.

THEOREM 7. For n even, the self-dual permutationsθn and θ̃n have maximal entropy
among all permutations of lengthn.

Proof. By the comments above it is enough to show thath(θ̃n) = h(θn). Let k = n/2. We
denote the vectoru ∈ R

n−1 by

u = (u1, u2, . . . , uk−1, uk, un−(k−1), . . . , un−2, un−1)

and define the coneP to be the set of all vectorsu ∈ R
n−1 such that

0 ≤ u1 = un−1 ≤ u2 = un−2 ≤ · · · ≤ uk−1 = un−(k−1) ≤ uk.

By the proof of Theorem 7 in [6], we need to show that for allu ∈ P , uÃ = uA (thusP is
invariant underÃ). Noting thatu8 = u for anyu ∈ P we have

uÃ = u8A (sinceÃ = 8A) = uA

as required. 2

We now have that the coneP is invariant under bothA andÃ. However, for the proofs
of Propositions 12 and 13 we need to define a new coneQ, which is a subcone ofP , with
strict inequalities.

Definition 8. Let n be even andk = n/2. We define the coneQ to be the set of all vectors
u ∈ R

n−1 such that

0 < u1 = un−1 < u2 = un−2 < · · · < uk−1 = un−(k−1) < uk.

PROPOSITION9. The coneQ is invariant underA andÃ.

Proof. For M = A or M = Ã we will show that ifu ∈ Q, thenx = uM ∈ Q. Firstly,
we note that for eachj < k, 〈M(j)〉 ⊂ 〈M(j+1)〉, M(1) is non-zero andu is positive. Thus
x = uM satisfies 0< x1 < x2 < · · · < xk. Now for anyu ∈ Q, u8 = u, hence

x8 = uM8 = u8M(sinceM8 = 8M) = uM(sinceu8 = u) = x,

and so for eachj < k, xj = xn−j . Thusx ∈ Q as required. 2
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Let λ be the spectral radius ofA andr a left Perron–Frobenius eigenvector forA such
thatrA = λr . Thenh(θn) = logλ.

An m × m square matrixD is said to bereducibleif there exist two complementary
subsets{i1, i2, . . . , iµ} and{j1, j2, . . . , jν} of {1, 2, . . . ,m} such thatµ + ν = m, is 6= jt

for any s ∈ U = {1, . . . , µ} and t ∈ V = {1, . . . , ν} anddisjt = 0 for s ∈ U and
t ∈ V . Otherwise the matrix is said to beirreducible. Therefore,A is irreducible since
aik = aki = 1 for all i ∈ {1, . . . , n − 1} and k = n/2. By the Perron–Frobenius
theorem, this impliesλ is positive andr is positive (rj > 0 for all j ). It is easy to
show by direct calculation that, forn = 4, λ = √

2 + 1. Thusλ > 1 for all n as
H(Pn) := max{h(θ) : θ ∈ Pn} is increasing withn (see [7, 11.7]).

PROPOSITION10. The eigenvectorr ∈ Q.

Proof. For eachi ∈ {1, . . . , n − 1}, λri = rA(i). Now, as in Proposition 9, for eachj < k,
〈A(j)〉 ⊂ 〈A(j+1)〉, A(1) is non-zero andr is positive, so 0< r1 < r2 < · · · < rk . Now as
λr = rA,

λr8 = rA8 = r8A,

sinceA8 = 8A. As λ has algebraic multiplicity one, we conclude thatr8 is a scalar
multiple of r . Sincer8(i) = rn−i , this is only possible ifr8 = r . Thus r ∈ Q as
required. 2

Remark 11.If we replaceÃ for A in the discussion above Proposition 10, so thatλ is the
spectral radius of̃A andr is a left Perron–Frobenius eigenvector forÃ, thenÃ is irreducible
and Proposition 10 is still true.

Let η be ann-permutation such thath(η) = h(θn) and letB = M(η) so thatλ is also the
spectral radius ofB. We may assume thatfη is maximodal and has all maximum values
above all minimum values (see [7]) and henceB(k) = 〈1, n − 1〉.

If θ is any maximodal permutation such thatfθ assumes a minimum at one andaij

(i, j ∈ {1, . . . , n − 1}) are the entries ofM(θ), then

aij = 1 ⇐⇒
{

θ(i) ≤ j ≤ θ(i + 1) − 1, if i is odd,

θ(i + 1) ≤ j ≤ θ(i) − 1, if i is even.

If fθ has a maximum at one, then

aij = 1 ⇐⇒
{

θ(i + 1) ≤ j ≤ θ(i) − 1, if i is odd,

θ(i) ≤ j ≤ θ(i + 1) − 1, if i is even.

From this we can deduce that8A(j) cannot be a column ofB.
Let ε > 0 and defineBε as follows:

bε
ij =

{
bij , if B(j) = A(j),

bij + ε, if B(j) 6= A(j).

ThenBε ≥ B; that is,bε
ij ≥ bij for all i, j ∈ {1, . . . , n − 1}, andBε is irreducible as

bε
ik > 0 andbε

ki > 0 for all i ∈ {1, . . . , n − 1} andk = n/2.
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PROPOSITION12. Let r , η, B, andBε be as above such thatfη has a minimum at one.
ThenrA ≥ rBε.

Proof. For anyj ∈ {1, . . . n − 1}, rA(j) ≥ rB(j) (see [6, Proposition 16]). Clearly, if
A(j) = B(j), rA(j) = rB(j). If A(j) 6= B(j), thenrA(j) > rB(j). To see this we note that
B(j) has at most the same number of non-zero entries asA(j) (see [6, Corollaries 10 and
12]) 〈A(j)〉 = 〈x, n− x ± 1〉 andr ∈ Q. Thus,rA(j) = rB(j) if and only if A(j) = B(j) or
8A(j) = B(j). However,fη has a minimum at one and so8A(j) 6= B(j). By definition:

(i) if Bε(j) = B(j) thenB(j) = A(j) and hencerA(j) = rBε(j);
(ii) if Bε(j) 6= B(j), thenB(j) 6= A(j) andbε

ij = bij + ε. HencerBε(j) = rB(j) + εr .
As rA(j) > rB(j), for sufficiently smallε, rA(j) > rB(j) + εr = rBε(j).

ThusrA ≥ rBε as required. 2

PROPOSITION13. Letη, B andBε be as above such thatfη has a maximum at one. Then
r Ã ≥ rBε.

Proof. The proof is analogous to the proof of Proposition 12 noting thatãij = an−ij for
all i, j ∈ {1, . . . , n − 1} and that8Ã(j) cannot beB(j). 2

THEOREM 14. For n even, ifη ∈ Pn andh(η) = max{h(θ) : θ ∈ Pn} thenη = θn if fη

has a minimum at one orη = θ̃n if fη has a maximum at one.

Proof. Let η ∈ Pn be such thath(η) = max{h(θ) : θ ∈ Pn} andfη has a minimum at one.
Let λε be the spectral radius ofBε andsε a right Perron–Frobenius eigenvector forBε; that
is,

Bεsε = λεsε.

Then

λ(r , sε) = (λr , sε) = (rA, sε) ≥ (rBε, sε) = (r , Bεsε) = λε(r , sε).

This implies thatλ ≥ λε asA andBε are irreducible and thereforer andsε are positive
by the Perron–Frobenius theorem. But asBε ≥ B andBε is irreducible we haveλε > λ

unlessBε = B (see [3, Lemma 2, p. 57]), and henceB = A. Thusη = θn.

If fη has a maximum at one, then we can replaceA by Ã above and conclude that
η = θ̃n. 2

Acknowledgements.The author would like to thank Professor Z. Nitecki for his many
helpful comments. In particular his suggestions concerning the flip permutation enhanced
the proofs of Theorem 7 and Proposition 9 considerably.

Note added in proof. We would like to note that since we first submitted this paper, we
have become aware of independent work by W. Geller and Z. Zhang [5] dealing with this
question.
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