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Abstract In this paper we prove that permutations of even length with maximal entropy are
not unique. There are in fact two distinct permutatighsandé,, with maximal entropy,
both of which are self-dual arft} is the reverse of,,.

1. Introduction and preliminaries
A finite, fully invariant set of a continuous map of the interval induces a permutation of the
invariant set. By calculating the entropy of a permutatiopmve obtain a lower bound for
the topological entropy of an interval mgpwhich exhibits a permutation of tyge It has
been shown by Block and Coppé] that any periodic orbit which is strongly simple has
minimal entropy. In contrast to this situation, Geller and We§sfve shown that, if is
odd, the maximal entropy orbit types are unique (up to duality). In this paper we use the
methods of Geller and Weiséd][to show that fom even there are exactly two distinct (up
to duality)n-permutations with maximal entropy iB, .

Let f be a continuous map of a compact intervainto itself. The orbit of a
pointx € [ is a fully invariant set forf which is defined as the sequence Gnb =
(x, f(xX), f2(x),...}. If x = f™(x) for somem e N, then Orlgx) is finite and the orbit
is periodic. Recall that goermutationon n letters is a bijective map : {1,...,n} —
{1,...,n}. If 6 has the property that for £ k < n, 6¥(1) = 1 if and only ifk = n, then
6 is acycle If x has a periodic orbit of periodwe can write Orlix) = {p1, ..., p,} with
p1 < p2 < --- < py. Thisinduces a cyclé of lengthn in the following way:6(i) = j
if and only if f(p;) = p;. The cycled is called theorbit typeof Orb(x). More generally,

if $={p1,...,pu} € Iwith p1 < p2 <--- < p, is any finite fully invariant set forf,
we can define thiypeof S to be the permutatiof of lengthr with (i) = j if and only if
f(pi) = p;j.

We defineP, to be the set of all permutations anletters andC,, to be the set of all
cycles om letters. We also leP = U,,>1P, andC = U,>1C,. Thedualof a permutation
0 € P, is the permutatiod € P, whered(i) =n+1—-60m+1—i)fori =1,...,n.
Thereverseof a permutatiom € P, is the permutatiof € P, whered (i) = 0(n +1—i)
fori=1,...,n.
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Definition 1. Theentropy of a permutatiofi € P is
h(0) :=inf{h(f) : f is a map with an invariant set of type,
whereh(f) is the topological entropy of the maf
We note that for each € P, h(6) = h(6).
Notation 2. Fora, b € Rwitha < b

Ola,bl={m e N:misoddand: <m < b};
Ela,b]={m e N:misevenand <m < b}.

If S is an invariant set foyf' of type® € P,, then there is a unique map : [1,n] —
[1, n] satisfying
(i) feG)=6G)forie{l, ..., n},

(i)  folpit1 islinearfori € {1,...,n — 1}.
The mapfy is entirely determined bg and is called théinearisationof f with respect to
its invariant set of typé.

It is known that foré € P, h(0) = h(fy) = logp(M(0)) (see B] and [1] for proofs)
where p(M (9)) is the spectral radius of theduced matrixof 6, which is defined as
follows.

Theinduced matrixM (6) of &6 € P, isthe(n — 1) x (n — 1) matrix with ijth entry
given by

1, if foli,i +1D) D [j,j +1I;
0, otherwise.

a” ==

It was shown in §] that, for n even, the family of self-dual permutatiofis, defined
below, achieves maximal entropy amongst permutations of peri@ée now define a new
family of self-dual permutation®,,, which also achieves maximal entropyM.

Definition 3. Letn be even and = n/2. We define the permutatia@y of periodn by

k—j+1, if j € O[L, k],
) j—k, if j € Olk+1,n],
Op @ j .
k+ 7, if j e E[L, k],
3k—j+1, ifjeEk+1n]

Definition 4. Letn be even and = n/2. The permutatioHN,, of periodn is defined by

k+j, if j € O[L, k],
~ 3k—j+1, ifjeOlk+1,n],
On:J > .
k—j+1, if j € E[1, k],
Jj—k, if j € E[k+1,n].

It is easy to show theé;, is the reverse of,,. The mapfy, has a local minimum at one
whilst the mapf; has a local maximum at one.
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For any permutatio, we can define its induced matrid (9) by specifying each
column of M (9). To this end we introduce the following notation:

Givena,b € Rwith1l < a < b < n — 1 we define(a, b) to be a column of an
(n —1) x (n — 1) matrix withithelemeni{l <i <n -—1)

1, fa<i<b,
{a,b); = )
0, otherwise.

If column j of matrix M is equal to(a, b) we call (a, b) the column supporbf M) and
write (MDY = (a, b) or simply M) = (a, b).
We can now determine the induced matrides: M (6,) andA = M (6,).

PROPOSITION5S. Forn = 0 (mod 4 the colummA ) is given by

(k—j+1,k+j), whenjeO[lk—1],
(k—j,k+j—1), whenjeE[lk—1],

1, 2k — 1), whenj =k,
(j—k,3k—j—1), whenj e Olk+1n—1],
(j—k+1,3k—j), whenje E[k+1n—1].

Whem: = 2 (mod 4 the columna/) is given by

(k—j.k+j—1), whenjeO[Lk—1],
(k—j+1,k+j), whenje E[1k—1],
1, 2k — 1), whenj =k,
(j—k+1,3k—j), whenjeOlk+1n-—1],
(j—k,3k—j—1), whenje E[k+1,n—1].

PROPOSITIONG6. Forn = 0 (mod 4 the columnA/) is given by

(k—j,k+j—1), whenjeO[1k—1],
(k—j+1,k+j), whenjeE[lk-—1],

1, 2k — 1), whenj =k,
(j—k+1,3k—j), whenjeOlk+1n-—1],
(j—k,3k—j—1), whenj e E[k+1n—1].

Whenn = 2 (mod 4 the columnA‘/) is given by

k—j+1Lk+j), whenj € O[1, k — 1],
(k—j, k+j—1), whenj € E[1, k — 1],

(1, 2k — 1), whenj =k,
(j—k,3k—j—1), whenj € Olk +1,n — 1],
(j—k+1,3k—j), whenj € E[k+ 1,n — 1].

It is interesting to note that the formulae faf) andA") whenn = 0 (mod 4 are the
same as those fot/) andA"), respectively, when = 2 (mod 4.
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2. Proof of the theorem

It was shown in §] that, forn even, the permutatiof), has maximal entropy among all
n-permutations. In Theorem 7 we show that the permut@ic&lso has maximal entropy

in P, and in Theorem 14 we show these are the only two permutations with this property.
In the following proofs we will make use of thiip permutationg, defined as follows:
¢:{1,...,n} — {1,...,n}, suchthat

¢(@)=n+1—1i, foranyie{l, ..., n}

The induced matrixp = M(¢), is the(n—1) x (n—1) antidiagonal matrix; that isp;; = 1

if and only if j = n — i. Note the following easily verifiable equatior; = ¢ o 6, o ¢,

5;, =0,0¢, P2 =1,A=DAD andA = ®A. Sinced, is self-dual, which is equivalent
t0A = PAD Or®A = AD, we seed = ®A = Ad. Itimmediately follows thatbA = A
andA® = A, which showsd, is also self-dual. These properties make the following
results straightforward to prove.

THEOREM7. For n even, the self-dual permutatiofg andé;, have maximal entropy
among all permutations of length

Proof. By the comments above it is enough to show Wt‘(@) = h(6,). Letk =n/2. We
denote the vectar € R*~1 by

u= (uls U, ..., U1, Ug, ul‘l—(k—l)s cees Un-2, ul’l*l)
and define the con® to be the set of all vectors € R"~1 such that
O<ui=up1<up=up 2= <Up_1=up_(h—=1) < Ug.

By the proof of Theorem 7 in], we need to show that for all € P, uA = uA (thusP is
invariant underd). Noting thatu® = u for anyu € P we have

UA = UDPA (sinced = ®A) = uA
as required. |

We now have that the core is invariant under bottA andA. However, for the proofs
of Propositions 12 and 13 we need to define a new €dnehich is a subcone dP, with
strict inequalities.

Definition 8. Letn be even and = n/2. We define the con@ to be the set of all vectors
u € R*~1 such that

O<ui=up_1<up=up_2 <+ <Ug—1=Up—(k—1) < Ug.
PROPOSITIONS. The coneQ is invariant underA and A.

Proof. ForM = A or M = A we will show that ifu € Q, thenx = uM € Q. Firstly,
we note that for each < k, (M) c (MU+D), MD is non-zero andi is positive. Thus
X = UM satisfies O< x1 < x2 < -+ < x¢. Now foranyu € Q, u® = u, hence

XO =uM® = udM(sinceMd = ®M) = uM(sinceud® = u) = Xx,

and so for eachi < k, x; = x,—;. Thusx € Q as required. O
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Let A be the spectral radius of andr a left Perron—Frobenius eigenvector foisuch
thatrA = Ar. Thenh(6,) = logA.

An m x m square matrixD is said to bereducibleif there exist two complementary
subsetdiy, io, ..., i} and{j1, j2, ..., jy} 0f {1,2, ..., m} such thaw + v = m, is # j;
foranys e U = {1,...,u}andt € V = {1,...,v} andd;;j, = Ofors € U and
t € V. Otherwise the matrix is said to leeducible Therefore,A is irreducible since
ajp = ay; = 1lforalli € {1,...,n — 1} andk = n/2. By the Perron—Frobenius
theorem, this implies. is positive andr is positive ¢; > O for all j). It is easy to
show by direct calculation that, for = 4, . = +/2+ 1. Thusi > 1 for all n as
H(P,) := maxXh(0) : 6 € P,}is increasing withz (see |7, 11.7]).

PROPOSITION10. The eigenvectar € Q.

Proof. Foreachi € {1,...,n — 1}, Ar; = r A%, Now, as in Proposition 9, for eagh< «,
(ADy ¢ (AUTDY AW js non-zero and is positive, S0 O< 1 < rp < --- < ry. Now as
Ar =TA,

MO=rAd =rdA,

sinceA® = ®A. As A has algebraic multiplicity one, we conclude thdt is a scalar
multiple of r. Sincer®®) = r,_;, this is only possible it® = r. Thusr € Q as
required. m|

Remark 11.If we replaceA for A in the discussion above Proposition 10, so thit the
spectral radius ofl andr is a left Perron—Frobenius eigenvector forthenA is irreducible
and Proposition 10 is still true.

Letn be am-permutation such that(n) = k(6,)) and letB = M (n) so thati is also the
spectral radius oB. We may assume thgf, is maximodal and has all maximum values
above all minimum values (se@]] and hence8® = (1, n — 1).

If 6 is any maximodal permutation such that assumes a minimum at one ang
(i,je{l,...,n—1}) are the entries a1 (0), then

a,'j=1

Pi)<j<6@(+1—1, ifiisodd
PG +1) <j<6@G()—1, ifiiseven

If fo has a maximum at one, then

ajj = 1

0 +1) <j<06@G)—1, ifiisodd
0i)<j<0@(+1)—1, Iifiiseven

From this we can deduce th@&A ) cannot be a column 8.
Lete > 0 and defina3® as follows:

T L B = AV,
Yoo | bij+e, if BY £ AV,

Then B¢ > B; that is,bf,. > b foralli,j € {1,...,n — 1}, andB® is irreducible as
bt > 0andpf, > Oforalli € {1,...,n — 1} andk = n/2.

https://doi.org/10.1017/50143385700000420 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000420

806 D. M. King

ProPOSITION12. Letr, 5, B, and B® be as above such that, has a minimum at one.
Thenr A > r B®.

Proof. For anyj € {1,...n — 1}, rAY) > rBU) (see B, Proposition 16]). Clearly, if

AV = BU) rAD) =rBW If AU £ BU) thenrAY) > r BY), To see this we note that

BY) has at most the same number of non-zero entriesds(see p, Corollaries 10 and

12) (AD) = (x,n —x £ 1) andr € Q. ThusrAY) =rBW ifand only if AY) = BY) or

®AY) = BY). However,f, has a minimum at one and deA) £ B\). By definition:

() if B = BY) thenBY) = AU) and henceA) =r B\,

@iy if B*Y) % BU) thenBY) # AU andb®;; = b;; + ¢. Hencer B*Y) = rBU) 4 er.
AsrAY) > rBW for sufficiently smalls, rAY) > rBY) 4 gr = r B¢V,

Thusr A > r B® as required. m|

PROPOSITION13. Letn, B and B® be as above such thg} has a maximum at one. Then
rA > rB¢,

Proof. The proof is analogous to the proof of Proposition 12 noting dhat= a,—_;; for
alli,j e{1,...,n—1}and thatb AY) cannot beB/). ]

THEOREM 14. For n even, ify € P, andh(n) = maxh(®) : 6 € P,} thenn = 6, if f,
has a minimum at one or = 6, if f; has a maximum at one.

Proof. Letn € P, be such thak(n) = maxh(6) : 6 € P,} and f,, has a minimum at one.
Let A, be the spectral radius & ands; a right Perron—Frobenius eigenvector 85, that
is,

Bfs; = AcS:.
Then
Ar,s) = (r,s) =(A,s) > (B, s) = (I, B's:) = A (1, S).

This implies that, > A, asA and B¢ are irreducible and thereforeands, are positive
by the Perron—Frobenius theorem. ButBis> B and B¢ is irreducible we have, > i
unlessB® = B (see B, Lemma 2, p. 57]), and hen@& = A. Thusn = 6,.

If~f,, has a maximum at one, then we can replacby A above and conclude that
n =06y. O
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Note added in proof. We would like to note that since we first submitted this paper, we
have become aware of independent work by W. Geller and Z. Zr@nphling with this
question.
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