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Interest in structural change over time has created a demand for analytical tools that can
assist in exploiting trends and uncover tendencies in individual sectors or parts of sectors
within the context of an economywide system of accounts. This paper offers an alternative
approach and is designed to be used with annual input-output or social accounting
systems. To date, analysts have been faced with the prospect of conducting simple
comparative static approaches or the enormity of the task involved in constructing
dynamic models with complex lead and lag structures. The temporal Leontief inverse,
introduced in this paper, offers a less complex, more tractable method for examining
structural change when a time series of input-output tables is available. The method
draws upon some earlier work that proposed the notion of a field of influence of change
and explored alternative methods of decomposition of change.
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1. INTRODUCTION

In the input-output literature, there has been a great deal of debate about the
appropriateness of input-output systems for forecasting over periods longer than
three to five years. The issue of coefficient stability has attracted a great deal of
attention and, for detractors, the problem of constant coefficients is seen as one of
the major drawbacks to the use of input-output models. However, some analysts
have ventured opinions based on research that suggest that over a short time period,
the problem may not be as severe as once thought. For example, Carter (1970) has
ventured the proposition that structural change is a moving-average process, with
new firms entering and older ones leaving in any given time interval, such that the
technology changes slowly and, perhaps, predictably. However, when the forecast
horizon extends over a decade or more, alternative approaches are required.

The predictability issue, as well as the time horizon for structural change, has
generated some very different responses. The best-known response centers on
Leontief’s (1970) dynamic system and the associated dynamic inverse matrix.
However, few models of this type have been built; the data requirements and
estimating procedures have proven to be formidable. An alternative, and more
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data-parsimonious model, was proposed by Miernyk et al. (1970); one of the
attractive features of their approach was the identificatiobest-practicefirms
whose technology it was thought would become the average technology in 10-15
years. Few have taken up Miernyk’s challenge.

New methods of analysis, focusing on price- and quantity-clearing computable
general equilibrium models have directed attention once again to the issue of
structural change. In the case of a quantity-adjustment general equilibrium model
developed for Chicago [see Israilevich et al. (1997)], it has proven possible to
extract forecasted input-output tables from the economywide model and to use
the same methodology to backcast the input-output tables for earlier years. The
result is a set of input-output tables in which coefficients have been adjusted (in
lieu of prices) to ensure market clearing. Almost 40 tables are available for the
period 1970-2018 at the level of 36 sectors. The major economic content of this
paper is to provide a vehicle to transfer from the static description of economic
interdependencies to a discrete time version that handles the dynamics of these
interdependencies. The central issue of this paper is the sensitivity analysis or
comparative statics of the Leontief inverse matrix so that it will be possible to
interpret the structure of annual changes in a quantity-adjusted equilibrium model
of the kind developed for Chicago.

The challenge for exploring the comparative statics presents a problem for con-
structing a new perturbation theory of matrix inversion under conditions of all
possible changes in the direct coefficients matrix. Inverse matrix perturbation the-
ories based on small changes in the eigenvalues of the matrices are not applicable
here. The initial explorations in this field were provided by Sherman and Morrison
(1949, 1950); the mathematical content of the present paper provides the elab-
oration of this initial theory specifically tailored to the economic content of the
structural changes observed in the temporal Leontief inverse. The main compo-
nents of this perturbation theory are the matrix fields of influence of change and
the decomposition of the perturbed Leontief inverse into the sum of the nonper-
turbed Leontief inverse and the superimposition of the fields of influence of change
weighted by the products of the perturbations in direct inputs.

In Section 2, a brief review of time-based Leontief systems is provided. There-
after, in Section 3, the notion of temporal multipliers and temporal increments are
illustrated. Section 4 describes the multiplicative and additive forms of the temporal
Leontief inverse; its fine structure is discussed in Sections 5 and 6. The fine struc-
ture of temporal multipliers occupies Section 7, and applications to structural-path
analysis are revealed in Sections 8 and 9. A further application, to temporal changes
in the Miyazawa partitioned matrix multipliers, is the subject of Section 10. The
paper concludes with some observations and remarks about the methodology.

2. THE LEGACY: COMPARATIVE STATICS AND LEONTIEF DYNAMICS

Some of the earlier approaches to problems of structural change can be divided
into two categories: those who use a comparative static approach like Tiebout
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(1969), and others, who attempt to form a discrete-time, dynamic system, such
as Leontief (1970) and Miernyk et al. (1970). Because Miernyk’s scheme is a
derivative (although with some important differences) from Leontief’s, only the
latter are presented. Tiebout’s approach was ingenious, involving comparison of
the structure of a regional econondyat timet + n with another econom at
the present timé¢. He assumed that the regional econofessentially would
look like economyB in n years, and thus borrowed the structure fr8mas a
first estimator of the future structure of regiérs economy. The method suffers
most from a dearth of comparative data and has even less information about the
evolution of the structures of economies.

Leontief’'s (1970) dynamic approach adopted the following procedure:

Xt — A Xy — Cpa(Xiqp1 — Xp) = fi, 1

where A andC are the matrices of current and capital inputs Zhendf are

the vectors of output and final demand, all subscripted by time. This summary
then sets off a chain of demands from present production for capital that is used
in productive activity the following year. Through a process of substitution, the
solution can be summarized as

X _m Gl.--Rp---R3R G} R---R3R,R1GTE] [fm

Xo| = R_2G7% R 2R 1

- G| | 2|
X_1 G} R1G5| | fu
Xo G5l L fo
@

whereR; = G *Ciy1 = (I — At + Cy1) *Cya.

Two major problems surround this formulation: The first centers on the estima-
tion of the capital coefficients matri® and the attendant problems of distinguish-
ing between expansion and replacement capital. The second problem addresses the
changes in thé\ matrix. In Leontief’s system, there is no mechanism for change.

In this paper, an alternative vision is illustrated. The procedure includes consid-
eration only of the sequend®), Aq, ..., A, Ai11, .. . of direct input matrices for
differenttime periods, exploits the notions of discrete time changes and correspond-
ing temporal multipliers, and proposes temporal Leontief inverse discrete dynam-
ics in lieu of the complexities underlying the formal structure of dynamic inverses
described in (1) and (2). As noted above, the time series of input-output matrices
have been derived from a comprehensive general equilibrium system that operates
to change the input-output coefficients as part of the market-clearing process. Be-
cause computable general equilibrium models are becoming more widespread in
their use, it would appear that, in comparison to the usual dynamic inverse, the
temporal inverse does offer some enhanced prospect for empirical implementation.
The proposed temporal Leontief inverse formulation is comprehensive because it
is possible to trace the impact of each change in each time period to the final state
of the economy.
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3. TEMPORAL MULTIPLIERS AND TEMPORAL INCREMENTS

Let A = |la; || be ann x n matrix of direct input coefficientsE = |g;|| be a
matrix of the incremental changes in the direct input coefficients betweert time
andto, B = (I — A)~! = ||| andB(E) = (I — A— E)™! = ||b;(E)| be

the Leontief inverse matrices before and after changes. Hence, it is easy to see
that

BEE)=( —A—E)1=[(1 —A( —BE)] = ( —BE)'B

3
B(E)=( —A—E)*=[(I —EB)(I — A)]'=B(l —EB). 3

The matriceg, = M (B, E) = (I —BE)™}, Mg = Mr(B,E) = (I —EB)!
are called théeft andright temporal multipliers. Obviously,
B(E) = M_.B = BMR; ML = B(E)(I — A); Mg = (I — A)B(E).
4

The multiplicative representations (4) of the Leontief inveBg&) can be con-
verted into the following additive decompositions:

B(E) =M B=B+(M_-1)B

)
B(E) = BMgr =B + B(Mg — I).
Using the relations
M (I —=BE)=(I —BE)M_ = I|; Mr(l —EB)= (1 —EB)Mr =1,
one obtains
M-I =M_BE=BEM; Mg — | = MREB = EBMg. (6)
Therefore,
B(E) = B+ D(B, E), (7)
where

D(B,E)=B(E)—B=(M_—1)B=M_BEB=BEBMz. (8

The termD (B, E) can be referred to as the temporal increment.

4. MULTIPLICATIVE AND ADDITIVE FORMS OF THE TEMPORAL
LEONTIEF INVERSE

A definition of the temporal Leontief inverse can be introduced in the following
form: Consider a sequence of time periotdsiy, ..., tt such that, in the initial
periodty, there exists a matriy = ||aﬁ | of direct input coefficients, and an
associated Leontief inverse mati = (I — Ag) L. In each time period, there
are matrices of changes in direct coefficieris,= ||e;3j I, such that the matrices
As = ||ai5j | of direct inputs and Leontief inverseBs = (I — As) ™ = ||bi5j II, will
have the form

https://doi.org/10.1017/51365100598006051 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100598006051

TEMPORAL LEONTIEF INVERSE 93

AS:A571+E5:A0+E1+E2+"'+E5, S:1,2,...,T,
Bs=( —As1—E)'=(-A—E—Ey—---—Ey) ™.

The sequential application of (4) provides the followingltiplicativedecompo-
sition of the temporal Leontief inverse:

BS = M58571
= MMS 1B,

©)

= MEMZ - MEM{Bo, (10)
where temporal multiplierd? are defined as
M? = (I — Bs_1E¢) 71, s=1,2...,T. (11)

In turn, the sequential application of (6) provides #uglitivedecomposition of
the temporal Leontief inverse:

Bs = Bs—1+ Ds
= Bs_2+ Ds_1+ Ds

=By +Dz2+---+ Ds_1+ Ds
=Bo+ D1+ Dz+ -+ Ds_1+ Ds, (12
where the temporal incremenis are defined as

Ds = D(Bs_1, Es) = Bs—Bs_1 = (M?—1)Bs_1, s=12,...,T. (13
Using (11) one can obtain from (12) the following:
Bs=1+Bo—1) +(M! = 1)Bo+ (MZ = I )M{!Bg + - --
+(ME = 1)ME - MEM{ By
= Bo +(M!—1)Bo+(MZ=1)M{Bg +:--

+ (Mg —1)MZ - MZM! By
= B: +(MZ = 1)M{Bo+ -

+ (Mg = 1)MZ - MZM! By

= Bs1 + (M{ — )Mt MZM{ B
(14
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This representation provides for an interpretation of the temporal Leontief in-
verse that shares a common feature with its dynamic cousin: the inverse depends
on itsevolutionary tailof changes and this dependence is highly nonlinear. Equa-
tions (11) and (13) can serve as the bases for temporal analysis of an evolving
input-output system. For examplefifis the final demand vector in trsth time
period, then the corresponding gross output vexies B fs can be decomposed
into a sum of the effects of the first time period, the second time period through to
the sth time-period increments

Xs = Bsfs = fg
+(BO_|)fs
+ (ML = 1)Bofs

+ (MZ = 1)M[Bo fs

+(ME = 1)MF - MZM! By fs. (15

5. FINE STRUCTURE OF TEMPORAL INCREMENTS D(B, E)

This section addresses the possibilities of tracing the impact of each change in
the individual direct inputs in each time period through to the final state of the
economy. The analytical technique that is used uncovers the fine structure of the
temporal multipliers and temporal increments. This analytical technique represents
the basics of the perturbation theory for matrix inversion. The fine structure of the
increment,D(B, E), is revealed through the following decomposition (see Sonis
and Hewings, 1989):

1 n VN S .
D(B7 E) Il Z Z F(|17|27 "'vlk; Jla J25 LI Jk)ejlilejziz"'ejkik )
Q(E) k=1 irA<irA+1

Ir#ls
(16)
where
detB
Q(E) = W(E) =1- %bjlilaljl
n
+ Z(—l)k Z/Bor(jlv J2, oo ki iz, )88, - B an
k=2 ir <irs1
Jr#is
and whereBy(j1, j2, ..., Jk;i1,i2,...,ik) IS @ determinant of ordek that in-
cludes the components of the Leontief inveBs&om the ordered set of columns
i1,i2,...,ik and rowsji, ja, ..., jk; further, in the sumy>_’, the products of
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changes®,j,&,j, - - - &,j, that differ only by the order of multiplication are counted
only once. Furthermoré;, the matrix field of influence of the incremental changes
€.0:6,j, - * - Bjc iNclude the components

LT PR P I P RPN [
- (_1)k[BOI’(Il5 i25 LICICN ) Iks I; jla j25 LI ) Jka J)
—bij Bor(i1, iz, .. .o ks j1, J2, o5 K]

bij, By, - bij b
bizil bizjz bigjk bizj
==D* ] =120 (19
bikh bika e bikjk bikj
bijl bijz - bijk 0

Remark 1. Itis easy to see, from (18), that the fields of influence and the deter-
minantBy (i1, 12, ..., 1k; j1, J2, - - -, jk) are identical with the accuracy of sign for
all possible products, j,&,j, - - - €. OF €},i,€j,i, - - - €jix- 1NESE elements belong
to the same determinant,

€ii G Gk
a?h a%iz a:'zjk . (19
€ir Gz " G
Therefore, it is possible to write (16) and (17) in the form
1
D(B,E) = ——
Q(E)
G Qi 0 G
n . ; .
o N S PYR P PO Y
X ZZF(|1»|2,~-~a|k;]l’JZw-wlk) oo >, (20
k=1 ir_<ir_+1 . . .
Ir#ls Cir Gz Sk
where
QE)=1- Z bjlileljl
i1j1
€11 Qi 0 G
n
Lo o |82 G2 Gy
3 EDE S B doe iz | .
k=2 i <ire : : :
ir#ls Cir Gz 7 Gk
(21
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Further, equation (18) provides for the following description of the structure of the
fields of influence:

(1) The first-order field of influencés (i1, j1), associated with the incremeey,;, is the
matrix generated by the multiplication of tiegth column of the Leontief inversB
with its i1 th row:

blil

L. b2j2
Flinjd=| .7 | (b bz - bin). (22

bﬂh
This means that if the changeoccurs in only one placei,, j1), then the Leontief
inverseB(e) has the form

Be) =B+ Flis, ja] (23

e
1- bjlile

or, in the original Sherman and Morrison (1949, 1950) coordinate form,

bijlk)'lje (24)

bij (e) = by +1—b -

jai1

(2) In the case in which changes occur in thth row of the A matrix, (&,1, €,2,
.., 8,n), then

22:1 € 18 F [Ss i l]

B(E) =B+ : (25
1- 22=1 b5i1e|15
or, in the original Sherman and Morrison (1949) coordinate form,
bi, o by
bij (E) = byj + M (26)

1- ZT:]_ bSilels '

(8) The second-order synergism between two incremental chaagesand ej,,, is
reduced to the following linear combination of four first-order fields of influence:

Fi1,i2; 1, J2) = =0y, F (2, j2) + bij2F iz, jo)
+ 0,5, F(i1, jo) — bi,j, F i, jo)- 27

(4) The following recurrent formula provides the possibility of presenting the field of
influence of ordek through the use of fields of influence of lesser orders, 1, 2,

Lo, k=1:
L
Fis, ..o ik ju, s i) = k-1 Z Z(—l)SJrHlbisjr
s=1 r=1
XFGig, .oty ispas ooy ik J1 oo v Jrets Jrads ooy JK)- (29

The proofs are provided in Section 6.
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Remark 2. The Sherman-Morrison formula (23) can be generalized to the case
of the multiregional input-output system using the block matrix of direct inputs,

Air A - Agg
Aot Axp - Ay

A= . ) s (30
Anl Ann e Ann

and a block matrixg, of incremental changes represented, in this case, irthhe

row:
0 o .- 0 O
E = Eiol Eloi L. Eion . (31)
0 o --- 0 O

Matrix E represents changes in the forward linkages fori theegion; the case
for backward linkage changes can be treated in a similar fashion. The generalized
Sherman-Morrison formula has a form (Sonis and Hewings, 1995),

Bui,
Bai, n

B(E)=B+ | . [A(E))  Eis[Bsi, B, ..., B, (32

. s=1
Bnio
where
Bii,
Bai,
. and [Bsi, Bs, ..., Bsyl, s=12,...,n
Bnio

are the rectangular matrices representing gtreblock column and block rows of
the Leontief inverseB, and

n -1
A(E) = <| -3 Eiosssio> . (33
s=1

Comparison of the Sherman-Morrison form (25) with its generalized block form
(32) indicates that the transfer from the single-region to the multiregional economy
leads to the separation of the column and row blocks in the block fields of influence.
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6. PROOFS
6.1. Auxiliary Propositions

For the proofs, we need three general properties for an arbitrary nGatexci;)
and its determinant d&. The first property is:

o detC
=G, (39
3Cij

whereC;; are the cofactors of the elemewnis This property follows immediately
from the well-known Laplace decomposition for the determinar@ of

detC =¢1Ci1+---+GjCij +--- + GnCin

by differentiating deC by ¢;;.
The property (34) may be generalized by induction:

ok detC
acilhaciziz T acikjk

N {(_1)ZM[(|1’ jl)’ (i29 j2)’ ey (ik’ Jk)] ir # iSv jl’ # jS
N 0 otherwise

(39

wherez =iy +ip+---+ik+ji+j2+- -+ jk+d(giz---ik) +d(jijz2- - - jk) and
whereM[(iy, j1), (i2, j2), ..., (ik, jx)]isaminor derived from def by removal of
rows (i1 - - -ix) and columngjijo - - - jx) andd(lqlz - - - l)(Is = isorls = js, S =
1,2, ...,k) is the disorder of the sequendg, I,, ..., lx) which is equal to the
number of inversions, i.e., to the number of pairwise transpositions of integers,
(1,12, ..., ly), that converts this sequence into a totally ordered sequghce
15 < <1)).

The conditions (34) and (35) can be simplified in the case of an invertible matrix
C by using the following relationships [see, for example, Gantmacher (1966)]:

O R e N V| (PR EV N (PR P N (PR %)
= detC e B[(i1, j1), (i2, j2), - - -, (i, J0)], (36)

whereB[(i1, j1), (i2, j2), ..., (i, jx)] are the minors of the matri® = C~1, in-
cluding components from the columfisgi, - - - i) and rows(jq jo - - - jk) of matrix
B.

Then, the property (34) can be written in the following form:

o detC
aCij

= detC o bj;, (37)
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and the property (35) can be presented in the form
ok detC
9Ciyj,9Ciyj, - - - ICij

_ {(—1)ddetC o B[(i1, ju), (i2, j2), ..., (i, jK)] ir #ls, Jr # Js

, (38
0 otherwise (38)
whered = d(i1iz- i) + d(jij2- - jk)-

In (38), the minorB[ (i1, j1), (i2, j2), - - ., (ik, jk)] includes the components of
columnsiy, iy, ..., ik and rowsjy, j2, ..., jk in their natural order as in matriz.
The change in this natural order into the order corresponding to the ordey; of

in the derivative
9k detC

9Ci, j, 0Ci,j, - - - ACiyji

implies the disappearance of the multiplier1)?. Therefore, instead of the ex-
pression(—1)9B[(i1, j1), (i2, j2), ..., (i, jx)], one can use the determinant of
Bor[ (i1, j1), (i2, J2), ..., (ik, jx)] that includes the rows and columns from
B[(i1, j1), (i2, j2), ..., (ik, jx)] in their order in the derivative

gk detC

aciljlacizjz T acikjk .
Moreover, if the determinarB[ (i1, j1), (i2, j2), - .., (ik, jx)] includes two iden-
tical rows and columnsj; = jsori, = is, then it is equal to zero. Therefore, the
property (33) can be rewritten in the form
ok detC
9Giyj,9Ciyj, - - - ICi

=detCe BOF[(iL jl)v (i27 jZ)s e (ik7 ]k)] (39)

Further, each componeit of the inverse matrixB = C~1can be considered as a
scalar function of the matri& = (cpq), where the matri is considered as a point
in n?-dimensional space. Therefore, the gradient of this function, 5@y, is
ann?-dimensional vector with components

9l (C)
dCpq

The properties (34) and (38) imply that

3bij(C) _ d |:3detC/detC:|

92 detC ddetC 9detC
_ Dde / detc — 295 0de / (detC)?
bqp bq-

'| = bijbpg = —biphy;.

_ q i
_Bor(p J) b.,bpq_bp y

https://doi.org/10.1017/51365100598006051 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100598006051

100 MICHAEL SONIS AND GEOFFREY J.D. HEWINGS

Let us construct the matrix, including all components of the vector grad],
according to the following rule:
For the pg-coordinate of the gradient,

ab;i (C

[gradby; (C)] pg = 8”( ) p.g=12....n

Cpq
Then,

bilblj bizblj . binblj
bitbzj biob; ... binby;

gradb; (C) = - . . (40)
b|1bn] b|2an “e b|nan

Itis easy to see that the grédxj[(C)] is the product of thg th column of the matrix
B and itsi th row:

by
by
gradb;j(C) =—| . |(bia bz -+ bin). (41
bnj
ForC = | — A, the gradient oby;, considered to be scalar function Af has the
components
abij (A) 3bij acpq
= = biphyg
and
by;
sz
gradb (A) = —[ .~ |(bia biz -+ bin). (42
bnj

6.2. Proof of equation (17)

It is possible to see, from the definition of the determinant, that th@ detA —
E) = detC(E) = D(E) is a polynomial of degres in the incrementsg; (i, j =
1,2,...,n):

n
/
DE)=ao+ D i€+ D D Firjiohs-ici@1is€i Gy (43
i1)1 k=2 ir<irj1

ir#s

where, ind_’, the product®,,&,;, - - - &,j. appear only once.
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Consider the polynomial

D(E) " /
(XE)Z-T;—=ﬁ0+§:ﬂuﬁuy+§: > Biioioicic@1is8oi - i

i1j1 k=2 i <iry1

jf#jS

(44)

whereD = det(l — A andﬁilhiziz...ikjk ES ailjli2j2“'ikjk/D' Obviously, forE =0,
oo = D(0) = D andBo = 1. For the evaluation of the coefficiest j,i,j, i j., ON€
can take the partial derivative of the ordefrom D(E) by de,j,06,j, - - - 96, j,

and putE = 0:
oD(E)
iy iz ik = : 4
rtzlz 8aljlaa2j2 T aakjk E=0 49
Then, (43) implies that
1 oD(E) 0c,j,(BE)  9cj (E)
Bisitiziz ikik = T 7o — i — )
D d¢i,j,(E) - - - dci,, (E) 0e,j, 98, i le-o
(—1)K oD
= [ ]
D 3G, -+ 9Ci
= (=D*Burl(i1, j1), (2, j2)s - - - » (ks [)]- (46)

Therefore, (41) implies that

_ D(B)
Q(E) = D

=1- Z bjlilaljl

i1j1

n

/ . . . . . .

+ Z(_l)k Z BOI’[(Ila Jl)a (|2a 12)7 ) (Ika Jk)]eljl e akjk- (47)
R i

6.3. Proof of (16)

The property (34) provides that

dD(E)  aD(E) ac;i(E)
aeji B 8Cji(E) 8e,-i

= —Cji(E), (48

whereC;j; (E) is the cofactor of the elemen}; (E) = cji — &;i. Therefore, from
(48) and (44),
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Cji(E) _ 19D(E) _ 9Q(E)

D a D 8e,-i a Beji
= bI] - Z BOI’[(ils jl)v (Ia J)]ejlll
i1j1

n-1
+ 3D Y Bol(in . - (ke 0L Dle, - €,
k=2

i
Jr#ira
= b + Rj(E),
where
Rj ==Y Bal(is, j0), G, Dley,
i1j1
n-1 ,
+Z(_1)k Z BOT[(ilv jl)s R (ik7 ]k)(lv J)]ejlll o 'ejkik- (49)
k=2 i ir
Jr#ir
Further,
Ci(E) Cji(E) /D(E) bj+R;(E)
bij (E) = = =
D(E) D D Q(E)
and
CEv_b — L e BB _b. _Ri®)
bl](E) bl] = Q(E)[blj + Ru(E) le Q(E)] = Q(E) ,

where, from (49),
Pj(E) = bjj + Rj(E) — bi; Q(E)
=by — Z Bor[(i1, j1), (i, j)]€ji,

i1ja

n—-1
+ Z(_l)k Z/BOT[(ila jl)v RN (ika Jk)(|7 j)]ej1i1 e ejkik
=2 A

Jr<lJr+1

n-1
—bj 41— Zbiljlejlil +Z(_1)k
k=2

i1)1

X Z/BOI’[(ils jl)v ceey (ika Jk)(lf J)]e]1I1 et ejkik + (_1)ndetB detE
dr e

Ir<lr41
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n-1
= Z{blj bi1j1 - BOT[(ilv jl)r (Iv J)]}ehll + Z(_l)k
i1j1 k=2
/ . S
x> {Bol(is. jo). - (ks i€ )]
irr
Jr<lrt1
—bij Bor[ (i1, jo)s -+ (ks JOIY€)uiy - - - iy + (—1)n+1bij detB detE.
(50)
Let us denote foreadh j andk =1, 2, ..., n,

fij [(il’ jl)9 B (ikv Jk)]
= (_1)k{BOI'[(i1’ jl)v ey (ik’ Jk)(lv J)] - blj BOT[(il’ jl)v ey (ik’ Jk)]} (51)
Then, (50) becomes

n-1
Ri(E)=>_ fiyl(ninlen, + > > fijllis jo). - (ke j0l€%, - - €y

i1j1 k=2 ]_ir?éjjr
' (52
and
Pij (E)
bii (E) = by + ] . 53
AT 3

The condition (53) provides the coordinate form of the matrix condition (16); if
the matrix fields of influence of changes,,, . . ., &;,i,, are constructed,

FI(1, j1), ..., Uk jol =1 fijld1, jo, ..., (k. JIII, k=12..., n,
(54)
then the fine structure of the fields of influence will be revealed.

6.4. Proofs for (22), (27), and (28)

From (51), the coefficient of the incremest;, is

Lo bi.i, b
fi[n 1] = byjbygj, — | 2 = by b (59)
1)1 1]
In matrix form,
baj,
L. szl
Flinid =] . [ G bz - b =hy,bi;. (56)
bnjl
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Analogously, the coefficient of the produst;, j,i, in (51) is of the form

fii[(j1, 11, (j2, 12)] = Bor[(j1, 11), (j2, 12), (i, )] = bij Bor[(j1,11), (J2,12)]

bij, bij, biyj
= |Mizjs Mizjz Migj
bijl biiz 0

= bi,j,bij, bi,j + by, 05,00, — biyj b, bisj — i, bij, b
= by, j, fij [(J1, i2)] + by, fij [G2, i0] — by, fij [, 10)]
— by, fij[Gi2, 12)],

which is the coordinate form of (35). Further, the difference of the determinants in
the definition of the components; from (43) can be presented in an alternative
form:

Det = BOT[(jl’ i1)7 R ] (jk’ ik)7 (J’ I)] - bl] BOI’[(j17 il)’ R (jk9 Ik)]

bij, -+ b bigj

—| : S (57
Bijy - B Bigj
bijl bijk 0

Let Ass = (DS Mg, s,r = 1,2,...,k + 1, represent the cofactors of the
elements of the determinant in (57). Using the Laplace decomposition of Det
corresponding to columjp, the following can be developed:

k
Det = > bij Asks. (58)
Decomposing Det with the help of rows 1,2, , k,
k+1

Det = > by, As. s=12....k (59

then, (43) and (44) imply that

k k+1 k  k+1 k
kDet = Zzblsjr Agr = ZZbIS]r ASI’+ZbISJASk+l Z bisjr As+D
s=1r=1 s=1r=1 sr=1
and
1 k
Det = — > (=D¥by,j Mg, (60)
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where the minordg, correspond to the cofactols,. The minorsMg, have the
same structure as the determinant Det, and thus it is easy to see that

fij [(jls il)v e (jS—lv iS—l)! (jS+ls iS+l)v R (jkv Ik)] = (_1)k71MSI’~ (61)

Thus, the relationships (51) and (60) provide,Kos 1, that

k
(a0, G il = (-DFD = 20 3™ (1h, M
k
Z )S+r+lbl J
X [(jlv i1)7 ) (jS*ls iS*l)ﬂ (jS+lv iS+l)v cees (jka Ik)]
(62)
or, in matrix form, the following familiar presentation can be provided:
FI(1 110, -+ (ks 16)]
1 k
Tk O DT
X I:Ij [(jlv i]_), e (jS*ls iS*l)v (jS+lv iS+l)7 ) (jkv ik)]v k 2 2
(63

7. FINE STRUCTURE OF TEMPORAL MULTIPLIERS

The fine structure of temporal multipliedd_ and Mg can be obtained easily
from the properties of the fine structure of the temporal increment. Consider, for
example, the left temporal multipliel]_ (consideration of the right multiplier is
similar). Formulas (2), (5), (7), and (8) imply that

ML (B, E) = B(E)(I — A)=[B+ D(B,E)](I — A) =1 + D(B, E)(I — A)

Q(E) Z Z F(I1?|27 U] Ik; j17 j27 K] Jk)ejlllejzlz "'ejkik (I - A)

k=1i;<irs1

Ir#ls

n
' L .
=1+ Z Z Gy, iz, ... ik 1, J2, -+ o5 JK) @i his * - - Cii | (64

k=1 iy <ir41

jr#s
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where
detB

and

Gy, 2, ... ks J1, J2o oo o0 J) = Flin, i, ik 1, 2, -0 JOU = A)
(66)

are the multiplier fields of influence. Equation (61) immediately implies that

bljl
o o b2j,
Gl jo =F(5 jo(l =A =] . b,y b - b = A
bnjl
0 - 0 by 0 - 0
0 - 0 by, O -+ 0
by, ) o )
by;, S
= . @,...,1,0,....,00= | : : : : 2. (67)
bﬂil
0 - 0 by O - 0

This matrix includes only one nonzeirgh column,

bnh

Further, the components (i1, i2, ..., ik j1, J2, . - ., Jx) of the multiplier fields of
influenceGy (i1, i2,...,ik; j1, j2, ..., jk) can be calculated using the following
expression:

K
Gij (i1, 02, ... 0k J1, 2, oo -0 W) = Z fis(1, 02, ..oy iks J1s J2s -+ -5 JK)Csks
=1

(68)
wherefis(iy, ia, ..., 0k j1, j2, - - ., jk) @re the components of the field of influence
F(iv,i2, ..., 0Kk j1, jo. - .., Jx) andcsj are the components of the matidix— A.
Therefore,
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Gij (i1, 02, ... 0k 1, 2, oo -5 )

biljl bi1j2 biljk bllJ
K Bij, bij, - by biyj
=3 EDf ey
=t b Bije o+ g Big
bij, b, bij, 0
b, bij, biyj D biyjCsj
i2j1 i2]2 i2jk ZbileSJ
= (-D" :
Bivj,  Biyj, Bivj > bijCsj
ij1 ij2 ik
bl111 biljZ blle dllJ
i2]1 i2])2 i2jk i2]
= (=D : :
b'k]l bika bikjk dlkJ
ij1 ijok - biik 0

k
= (_1)k+1zdisj BOI‘(ils i21 e isfly i, iS+l7 DR ikjls j29 e jk)v (69)
s=1
where d;;; are Kronecker's symbols. Thus, the multiplier field of influence
GrL(ig,i2, ..., ik 1, j2, - -+, Jx) includes onlyk nonzeroiy, iy, ..., ik columns.
Moreover, the following recurrent formula holds:

k k
o L . 1
Guliniz. ik o oo B0 = (=7 D D (Db
T Ts=lr=l
XGL(Ils |21 IO ) iS*lv iS+17 LECIC ) Ik! jl? ]27 ey jr—l» jI’Jrls ceey Jk)' (70)

8. APPLICATION TO STRUCTURAL-PATH ANALYSIS

The field-of-influence approach provides a way to obtain the matrix form of
structural-path analysis elaborated for economic systems several decades ago [see
Defourny and Thorbecke (1984)], Structural-path analysis operates on the basis
of the identification of annfluence graptihe elements of which are the vertices

that comprise the set of sectors in the social accounting system. Interpretation
of the associated coefficients in this system, such as the direct coefficignts,

is different from that usually associated with interindustry and social accounting
matrices. The influence in a graph is the strength of the connection; the magnitude
of the direct influence] P (j, i), transmitted from vertex (i.e., sectgro vertexi

through the ar¢j — i) is equal tog;; . In a fashion analogous to the ripple effects
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associated with a multiplier, the flow-on effects of individual transactions can be
identified by defining an appropriate path (a sequence of arcs). An elementary path
p(j, i) from vertexj to vertexi might appear as

(j!kl)s(klakz)""’(kr’i)9 k|’7ék5

fromwhich the totalinfluencé"p(j, i ) of vertexj on vertex along the elementary
pathp(j,i) is given by

IR = B a0 )
whereay; € A (the matrix of direct inputs)A = det(l — A); andM[p(j, i)] de-
notes the minor of the matri® — A) by removing rows and columrjsky, ko, . . .,
k- andi; M(p)/A is the path multiplier. Theglobal influenceof the vertexj
on the vertex, J¢(j, i), is the componenty; of the associated inverse matrix
B = (I — A)~L. Thus, the Leontief inverse of an interindustry, or the correspond-
ing matrix in the social accounting system, can be considered as a matrix of global
influences.

Because, for most interindustry and social accounting sytems, the flows exhibit
complex patterns, the global influence of verjesn vertexi can be considered
equal to the sum of the total influences of verieon vertexi along all elementary
paths,p(j, i) joining j toi:

b =3%G.i)="Y_ 3"p(j. ). (72
p(j.i)

Thus, unlike the usual inverse matrix, which only summarizes the paths ffrom
toi in terms of a scalabyj, structural-path analysis provides the analyst with the
opportunity to view the myriad pattern of linkages or ripple effects—essentially,
unraveling the inverse matrix and decomposing it into a set of elementary paths.
The spatial dimension appears to be important when the elementary path connects
the origin from one region with a destination in another region.

The matrix form of structural-path analysis can be presented as follows: If, in
(64) and (65), the matriB is replaced by the unit matrik, and the matrixe by

A, then
B=(1-A"1
del(l Z ZG (S PRPUIR SN T PR 9 L TR THPRRRE- T
k=1i; <irs1
ir#is
(73
where matriceSB'L(il, i2,...,0k j1, J2, - - -» J) @re the multiplier fields of influ-

ence of the unit matrix and can be computed through the use of (26) and (27).
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It can be shown that the fields of influen&®, (i; j), of the first order for the unit
matrix are equal to the matriR; with the only nonzero-unit component in the
jth row and theth column. Therefore,

> GG Daj, =A

i1j1

and
B=(-A"1
=1+ !
- det(l — A)
n ’
x | A+ Z Z Gl (2. .niki J1o J2o - -0 J0B0 G0, - Alyiy |- (74)
k=2 i <ir 41
ir#ls
Further, (70) implies that the multiplier fields of influen& (i1, iz, ..., ik;
j1, j2. - .., J) are linear combinations of the matrix of the forRy; with the

coefficients ¥(k — D!, —[1/(k — D], 0.

9. PROCESS OF COMPLICATION OF STRUCTURAL PATHS

Structural-path analysis represents, in a highly disaggregated form, the complexity
of multisectoral economic interdependencies; by employing a block generalization
formulation, itis possible to view these interdependencies in a hierarchical fashion.
A typical application would be to the case of a multiregional system of economies.
Consider, for example, a two-region system represented by the following block
matrix, A, of direct inputs:

Al A
A= , 7
<A21 Azz) (79
from which it is possible to derive the well-known Schur (1917) formula,

i _ av-1_ (B B2\ _ B11 B11A12B1
B=U-A7= <|321 B/ \B2Ax1B; B2 ’ (79)

whereB; = (I — A1) ™% Bo= (1 — Ayp) 1 are the internal multipliers anh; =
(I —A11—Ap BzA21)_l; Boo= (1 — Axo— Ax1By Alz)_l are the extended Leontief
multipliers for the first and second region. The expressions

S = A+ ABoAy; S = A+ AnBiAp (77)

were introduced by Schur (1917) and usually are referred to as Schur comple-
ments. They can be interpreted as agumented inputs for the first and second region
[Yamada and Ihara (1969); see Figure 1].
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A12

Ist 2nd
4, Region |—— | Region B,
4,

Ficure 1. Augmentation of inputs into the first region of a two-region economy.

The relationship to the temporal Leontief inverse can be revealed by considering
the extended Leontief inversed, 1, By, in the form

Bir= (I — A1 — ApBoAo) b= (1 — A — Eap ™,

L L (78
Boo= (I — Ao — Ao1B1A) " = (I — A — E20) 7,
WhereEll = A12B2 A1, Exo = Ax1B1 A, Therefore,
B11 = By + D(By, E1),
(79

By, = By + D(By, Ez),

whereB; = (I — A%, By = (I — Ay)~t are the internal (domestic) Leontief
inverses and the incremeriy B;, E;;), D(B;, Ezp) represent the self-influence

of regions caused by their own economic interaction. The decomposition (79)
offers additional content to the description of the structural path of transfer of
influence from region 2 to region 1. This influence is presented by the components

Bio = B11A12By = [By 4+ D(By, E11)] A12By
= B1A12By 4+ D(By, E11) A2Bs.

Therefore, the total transfer of influence includes the direct transfer of influences,
B; A12B,, and the augmented, indirect transfer of influem2€B;, E11) A12B> (see
Figure 2).

Further extensions to the case of three angkgions can be found in Sonis
and Hewings (1996); in these more complicated cases, the increments have both
a temporal and a spatial manifestation. [See Sonis and Hewings (1995) for a
presentation of the block matrix fields of influence.]

10. APPLICATIONS TO TEMPORAL CHANGES IN MIYAZAWA
PARTITIONED MATRIX MULTIPLIERS

In this section, attention is directed to the case of temporal changes in a partitioned
input-output system. The partitioning enables explicit recognition of hierarchical
structures; Miyazawa (1976) exploited this formalism in the two-region case and
introduced the notions of internal and external multipliers. The following presenta-
tion moves this consideration to issues of temporal changes. Consider a two-region
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Al2

Ist — 2nd
B, Region Region B,

A) Network of the direct transfer of influence
Al2

1st ——————— 2nd
D(B,,E,) Region Region B,

B) Augmented transfer of influence

Ficure 2. Transfer of influence (direct and augmented) from the second region to the first.

(or the case of a region versus the rest of the economy) system, represented by the
block matrix A, of direct inputs shown in (75). Then, the following decomposition

of the Leontief inverseB = (I — A)~1, holds [see Miyazawa (1966), Sonis and
Hewings (1993)]:

A1Br  |AuBiAp Bz)
A2B2A21By ‘ AzoB;

A 0 | B A B.| O
_ ( 11 >< |B1 12)( 1| )’ (80)
0 [Az) \BoAn| | 0B,
whereB; = (I — Aj1)~ %, andB; = (I — Ayy) ! are the Miyazawa internal matrix
multipliers for the first and second regions, and

B:(I—A)‘lz(

A1 = (I — BiA1B A 2,
L (81)
Az = (I — BoA21B1Ago)™

are the Miyazawa external matrix multipliers for the first and second regions.
Let
E_ Eun Er
Ex1 E2
be the block matrix of the incremental changes in direct inputs. From (80), the

following representation of the Leontief invers®(E) = (I — A— E)~1, can be
provided:

Aun(E)| 0O }{ | |B1(E11)(A12 + E1p)
0 |A2(E)] |Ba(E2)(Ao1 + Ea)| l

Bi(E1p)| O
82
X[ 0 Bz(Ezz)]’ (62

B(E) = [
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where
Bi(E11) = (I — A — Exp) ™,
B2(Ez2) = (I — Az — Ez) ™,
A11(E) = [I — By(E11) (A2 + E12) Bo(E22) (Aos + Eap)] 7%
Az2(E) = [ — B2(E22)(Ao1 + E21) B1(Er) (A2 + E1)]
It is easy to see that
B1(E11) = BiMg(By, E1),
B2(E22) = BoMg(Bz, Ez2).
Let us introduce the following increments:
El1 = B1(E1)(A12 + E12) Ba(E2) (Aor + Ez1) — B1A1oBo Agy,
EJ, = B2(E22)(A21 + E21)B1(E11) (A12 + E12) — B2A21B1Ago.
Then, the external multipliera1:(E) and Ax»(E) have the form
A11(E) = ML (A11, EfpD AL
A(E) = ML (A, E5)) As.
Let us introduce the increments
El, = Bi(E11) (A2 + E1) — B1Ago,
EZ» = Ba(E22) (A1 + E21) — B As.

Then, using (84), we have

0

(83

(84

(89

(86)

87

B(E) — [A11(E)| 0 ] ( | |B1A12 + EIz) {Bl(Ell)|

0 |A22(E) By Azt + Eé‘l‘ I
A1 0
0 Ax»

(' _[BiAw) (B 0 [Ma(By E1p)| 0
BoAxt| | 0 B 0  |Mr(B Ez)

[An(E) 0 ](0 EI2> {511(E11)| 0 }
0 |Ax(BE)] \E3 O 0 ‘Bzz(Ezz)

_ |:ML(A11, EI1)| 0 :| B |:MR(B]_, E11)| 0 :|
0 ‘ML(AZZ’ E3,) 0 |MR(BL Ez»)

" [ 0 A11(E) Eszz(Ezz)]
A2 (E)E3B1(E11) 0 ’

My (A1, Efy)| 0
0 IML (A2, E3)
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Here, the diagonal matrix

Mll_ntra _ M. (All’ Eiﬁl) | 0 - (89)
0 IML (222, E3,)
represents the left external intraregional temporal multiplier, and the diagonal
matrix
Mlntra — [MR(BL E11)| 0 :| (90)
R 0 lMR(Bz, Ez2)
represents the right diagonal intraregional temporal multiplier, whereas the matrix
0 A11(E)Ef,Ba(E22)
Alnter — 11 12 o1
{AQZ(E)EaBl(EM) 0 1)

represents the interregional temporal increment of change in the Leontief inverse.
Hence, in abbreviated form, we have

B(E) — M|I_ntraB M:—Qtra—i- Alnter. (92)

11. CONCLUSIONS

Although the temporal Leontief inverse and associated properties do not provide
the rich theoretical foundations that the Leontief dynamic system and some of its
derivatives offer [see Xia and Yang (1991) for examples], the methodology pro-
vides the capability forimplementation and for exploration of the role of structural
changes in a time series of input-output tables. Furthermore, as noted earlier, the
issue of changes in the current account matrices within the Leontief dynamic sys-
tem has not been explored fully; hence, the methodology described in this paper
also may provide for applications within a fully specified dynamic system. As the
development of time-based and dynamic computable general equilibrium models
proceeds, the opportunities to extract input-output tables will increase. The tem-
poral Leontief inverse methodology will provide a set of techniques to explore the
nature of these time series and assist in the extraction of important insights about
the nature of technological change or changes in trading patterns (in the case of
regional and interregional systems). As noted by Takayama (1994), input-output
analysis and the study of the stability of the competitive market were developed in
parallel. It is expected, therefore, that the new inverse-matrix perturbation theory
also will find a suitable parallel development in other economic analyses.
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