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ABSTRACT 

In the present paper, we investigate the hydrodynamic instability of Dean flow under different Dean 
numbers ranging from 1 to 2500, curvature ratios from 0.0001 up to 1000 and temperatures ranging from 
273.15 K to 373.15 K.  To study of fluid flow instability, analytical velocity profiles under intended 
conditions and energy gradient function K in the energy gradient method are evaluated.  The results of 
present study show that, as the curvature ratio increases the flow becomes more stable.  Moreover, no 
regular and significant effects on the energy gradient function K were achieved by increasing of tempera-
tures.  We found that, the origin of instability in the entire flow field is located on the inner wall of the 
parallel curved walls, especially for larger curvature ratios.  We also reported the critical value of the 
energy gradient function K for the onset of instability corresponding to the critical Dean number. 
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1.  INTRODUCTION 

Dean fluid flow in curved paths is a prevalent phe-
nomenon in macro-scale mechanical systems and micro- 
nano electromechanical systems (MEMS/NEMS).  Dean 
flow refers to the problem of incompressible viscous 
fluid flow between two parallel curved walls as shown in 
Fig. 1 [1].  This appellation is related to study of Dean 
in 1928 [2].  In Dean flow, centrifugal forces lead to 
counter-rotating vortex motion mounted on the axial 
flow which is known as the secondary flow [1].  Under 
specific critical Dean flow condition, due to imbalance 
among radial centrifugal forces and pressure gradient, 
hydrodynamic instability will be occurred in form of 
additional pairs of counter-rotating vortices.  This flow 
hydrodynamic instability refers to Dean hydrodynamic 
instability and additional vortices are called Dean vorti-
ces.  Dean [2] presented the equations of motion and 
continuity for incompressible viscous fluid flow between 
two parallel curved walls with small curvature, mathe-
matically.  Afterward, he added infinite axially periodic 
small disturbance to axisymmetry basic flow under 
regardless of gravitational effects.  Then, linearized  

 

Fig. 1 A schematic of the problem; r is cross-stream 
direction and θ is stream-wise direction. 

 
 
characteristics equation for the eigenvalue problem 
according to the growth rate of the disturbance is solved 
by Dean and he determined the critical condition for 
onset of flow instability.  Dean’s flow pioneering study 
for this problem has been considered as a classical 
example in field of flow stability analysis.  Until now, 
Dean flow is comprehensively investigated by many 
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researchers via experimental, numerical and mathemati-
cal models [3-10].  For example, Reid [11] studied the 
stability of viscous flow in a curved channel by using 
two method of approximated solution.  Reid and Harris 
[12] investigated the stability of a viscous fluid contained 
between two rigid walls and heated from below by using 
exact solution of the sixth-order differential equation.  
They presented the detailed results on the curve of 
neutral stability and the cell pattern at the onset of insta-
bility.  The eigenvalue problem arising from linear hy-
drodynamic instability of Dean flow is also studied by 
Bahl [13] and Chandrasekhar’s [14] with Fourier expan-
sion technique.  However, despite of comprehensive 
study on Dean hydrodynamic instability [15-24], this 
problem isn’t well-known.  Because, cited works dealing 
with limiting cases of Dean flow when the ratio of the 
gap width to the radii tends to zero, where radius is infi-
nite or gap width is very small.  Moreover, up to now, 
the local positions in a Dean flow where the instability is 
originated from there, is not well specified under differ-
ent Dean numbers, curvature ratios and temperatures. 

Recently, Dou [25, 26] proposed the energy gradient 
method to investigate of fluid flow field instability and 
determination of local positions with the highest proba-
bility of instability occurrence.  Therefore, our goal in 
the present paper is to study the instability (i.e. onset of 
instability) of Dean flow under comprehensive different 
Dean numbers, curvature ratios and temperatures by 
using the energy gradient method.  To this accomplish-
ment, different Dean numbers ranging from 1 to 2500, 
temperatures ranging from 273.15 K to 373.15 K and 
curvature ratios of very low value of 0.0001 up to very 
high quantity of 1000 are considered.  The results of our 
investigation show that by increasing of the curvature 
ratios and decreasing of Dean number, maximum of en-
ergy gradient function K is diminished and the flow be-
comes more stable. 

2.  PHYSICAL MODEL 

Figure 1 shows the schematic of fluids flow between 
two parallel curved walls which is known as Dean Flow.  
As may be seen in Fig. 1, z axis coincides by the axis of 
cylinder and R1, R2 are inner and outer radii, respectively. 

In cylindrical coordinates (r, θ, z) and velocity com-
ponents of U = (ur, uθ, uz), the Navier-Stokes equations 
for laminar, viscous and incompressible flow are ex-
pressed as: 
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and continuity equation is 
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By assuming the unidirectional flow, velocity compo-
nents in basic flow have form of ur = uz = 0 and uθ = V(r).  
In this case, the Navier–Stokes equations in radial and 
circumferential directions for steady flows will be 
reduced to 
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with no-slip boundary conditions as follows: 
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are density, kinematic viscosity 

and constant azimuthal pressure gradient, respectively.  
Integrating Eq. (8) and using the boundary conditions 
Eq. (9) give the solution of velocity distribution as, 
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where, the constant of A and B are given by: 
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Dean number (Dn) may be defined as [12 or 27]: 

  0.5
1Re /Dn d R  (13) 

here, δ = d/R1 is the curvature ratio, d = R2 – R1 is gap 
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width and Re is Reynolds number as follows: 

 Re mV d


  (14) 

where, Vm as an average velocity is: 
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3.  ENERGY GRADIENT METHOD 

To investigate of flow instability and transition from 
laminar to turbulence, energy gradient method is proposed 
by Dou [25] in 2004.  The basic definitions and the 
detail of fundamental concepts of the energy gradient 
method may be found in Refs. [26, 28-31].  For the 
convenience of the readers and without loss of the gener-
ality, the basic concepts of energy gradient method is 
described in the following. 

According to energy gradient method, flow field is 
considered as an energy field.  Energy gradient method 
is expressing that, the gradient of total mechanical ener-
gy in the cross-stream direction (i.e. transverse direction) 
of the main flow and the total mechanical energy loss 
from viscous friction in the stream-wise direction gov-
erns fluid flow instability for a given disturbance.  It is 
proposed that the velocity disturbance will be amplified 
by energy gradient in cross-stream direction, whereas 
this disturbance will be decayed by viscous friction loss 
in the stream-wise direction.  Indeed, the relative mag-
nitude of energy gradient amplification in the cross- 
stream direction compared to viscous friction damping in 
the stream-wise direction is a stability criterion as fol-
lows [28, 29]: 
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here, ∆E and ∆H are the gradient of total mechanical 
energy of unit volumetric fluid in the cross-stream 
direction and the loss of total mechanical energy of unit 
volumetric fluid in the stream-wise direction, respectively.  

21

2
E p V   is total mechanical energy (where, p is 

fluid pressure ) and H is the energy loss per unit volu-
metric fluid.  Further, n, s, Ā, ω and mv  are along the 

cross-stream direction, along the stream-wise direction, 
amplitude of the disturbance distance, frequency of the 
disturbance and amplitude of the disturbance of velocity 

 0cosmv v t    , respectively.  In addition, K as 

dimensionless field variable that represents the ratio of 
the cross-stream energy gradient and the rate of the 
energy loss along the stream-wise direction.  According 
to Eq. (16), one can be concluded that, the fluid flow 
become unstable with increasing of the value of F and 
we may find a constant value of F that flow will be 
stable below this value.  On the other hands, the insta-
bility of fluid flow is depended on the value of K and the 

amplitude of the relative disturbance velocity ( mv

V


).  For 

given disturbance velocity, the maximum of K (Kmax) as 
stability parameter determines the flow stability.  So 
that, if Kmax < Kc, the flow is stable and in case of Kmax > 
Kc, flow will be unstable, where, Kc is representative of 
the critical value of Kmax. 

3.1  Energy Gradient Method Applied to Dean Flow 

The gradient of the total mechanical energy in the 
cross-stream (i.e. as may be seen in Fig. 1, n ≈ r) direc-
tion is: 
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According to Eq. (7), we can redefine the Eq. (18) as 
follows: 
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By substituting the Eq. (11) into Eq. (19), the energy 
gradient in the cross-stream direction is expressed as 
follows: 
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For pressure driven flow to calculate of energy loss 
along the stream-wise direction in the curved path, we 
have [29]: 
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where, τ is a shear stress and according to the velocity 
gradient obtained from Eq. (11), the shear stress has the 
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following form: 
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here, μ is the dynamic viscosity.  Thus, energy loss may be redefined as: 
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By substituting the Eq. (11) into Eq. (23), the energy loss in the stream-wise direction is expressed as follows: 
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Now, by substituting the Eqs. (20) and (23) into Eq. (17), the energy gradient function K (i.e. stability parameter) is 
defined by: 
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Introducing Eq. (12) into Eq. (25), and by simplifying and rearranging, the final form of the dimensionless parameter 
of energy gradient function (K) for Dean flow is found as follows: 
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Fig. 2 Normalized axial velocity profiles calculated from the analytical solutions (present study) compared to Topa-
koglu [32] and Siggers and Waters [33] results for (a) Dn = 1, (b) Dn = 10, (c) Dn = 25 and (d) Dn = 50 under 
δ = 0.01. 

 
 

Continued, the results of velocity profile and energy 
gradient function K for Dean flow under different Dean 
numbers, temperatures and curvature ratios are presented. 

4.  RESULTS AND DISCUSSION 

In this section, we preliminary compare the obtained 
analytical normalized velocity profile of the present 
study with Topakoglu [32] and Siggers and Waters [33] 
results.  These existing normalized velocity profile in 
Refs. [32, 33] which is obtained by using a series expan-
sion method are valid for Dn < 96.  Therefore, our 
result compared with existing numerical normalized 
velocity profile [32, 33] for Dn = 1, 10, 25 and 50 under 
δ = 0.01 and 0.16 in Figs. 2 and 3, respectively.  As may 
be seen in Figs. 2 and 3, an acceptable accordance with 
the maximum error below the 2.12% is achieved between 
our results compared to archival data [32, 33].  In addi-
tion, it is observed that in the narrow gap condition (i.e. 
very small curvatures δ << 1), velocity profiles have the 
form of the parabolic plane Poiseuille flow. 

Continued, the results of the effects of different Dean 
numbers, curvature ratios and temperatures on analytical 
velocity profile and energy gradient function K as a 
hydrodynamic stability criteria, are presented. 

4.1  Effects of Dean Number 

Figures 4, 5 and 6 show the velocity profile for 
different Dean number (Dn) ranging from 1 to 2500 
under the small curvature ratio δ = 0.1 at T = 293.15 K, 
T = 298.15 K and T = 303.15 K, respectively.  As may 
be seen in Figs. 4, 5 and 6, by increase of Dean flow, the 
peak of velocity profile is increased.  In addition, same 
trend in analytical velocity profile is evident under dif-
ferent Dean numbers, for all three considered tempera-
tures.  The reason for forming the parabolic velocity 
profile under different Dean number is related to consid-
ered small curvature of our geometry (e.g. δ = 0.1 in case 
of R1 = 1 and R2 = 1.1).  Indeed, under the condition of 
small curvature, the Eqs. (11-15) for velocity profiles 
lead to the parabolic plane Poiseuille flow.  Moreover, 
comparing between Figs. 3, 4 and 5 show that the dif-
ferent temperatures have an insignificant effect on the 
peak of the velocity profile under different Dean 
numbers. 

It’s notable that, in the present study, the temperature 
effects are introduced to our current analyses by consider-
ing the temperature impression via the variation of water 
properties such as its viscosity.  Indeed, according to 
Eqs. (11) and (26), thermophysical properties of consid-
ered fluid (i.e. water in the present study) are impressive 
on velocity profile and energy gradient function K.  As a 
result, change of the thermophysical properties of liquid 
water by varying the temperatures lead to change the ve-
locity profile and the energy gradient function K.  More 
details are presented in subsection 4.2. 
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Fig. 3 Normalized axial velocity profiles calculated from the analytical solutions (present study) compared to Topa-
koglu [32] and Siggers and Waters [33] results for (a) Dn = 1, (b) Dn = 10, (c) Dn = 25 and (d) Dn = 50 under 
δ = 0.16. 

 
 
 
 

 

Fig. 4 Velocity profile at different Dean numbers under δ = 0.1 and T = 293.15 K; (a) Dn = 1 to Dn = 100; (b) Dn = 
100 to 2500. 
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Fig. 5 Velocity profile at different Dean numbers under δ = 0.1 and T = 298.15 K; (a) Dn = 1 to Dn = 100; (b) Dn = 
100 to 2500. 

 
 

 

Fig. 6 Velocity profile at different Dean numbers under δ = 0.1 and T = 303.15 K; (a) Dn = 1 to Dn = 100; (b) Dn = 
100 to 2500. 

 
 

For investigation of the effects of Dean number on the 
Dean flow instability, we present the distribution of ab-
solute value of the dimensionless parameter of energy 
gradient function K for Dean numbers ranging from 1 to 

2500 under small curvature δ = 0.1 at T = 293.15 K, 
T = 298.15 K and T =303.15 K in Figs. 7, 8 and 9, re-
spectively.  As may be seen in Figs. 7, 8 and 9, by in-
crease of Dean numbers, the value of K is increased, for 

0.0E+00

5.0E-04

1.0E-03

1.5E-03

2.0E-03

2.5E-03

3.0E-03

3.5E-03

4.0E-03

4.5E-03

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V 
(m

/s
)

Dn = 1
Dn = 10
Dn = 15
Dn = 20
Dn = 25
Dn = 30
Dn = 35
Dn = 40
Dn = 45
Dn = 50
Dn = 100

0.0E+00

2.0E-02

4.0E-02

6.0E-02

8.0E-02

1.0E-01

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
V 

(m
/s

)

Dn = 100
Dn = 200
Dn = 300
Dn = 400
Dn = 500
Dn = 600
Dn = 700
Dn = 800
Dn = 900
Dn = 1000
Dn = 1200
Dn = 1500
Dn = 1800
Dn = 2000
Dn = 2200
Dn = 2500

(a)
(r-R1)/d

(b)
(r-R1)/d

0.0E+00

5.0E-04

1.0E-03

1.5E-03

2.0E-03

2.5E-03

3.0E-03

3.5E-03

4.0E-03

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V 
(m

/s
)

Dn = 1
Dn = 10
Dn = 15
Dn = 20
Dn = 25
Dn = 30
Dn = 35
Dn = 40
Dn = 45
Dn = 50
Dn = 100

0.0E+00

1.0E-02

2.0E-02

3.0E-02

4.0E-02

5.0E-02

6.0E-02

7.0E-02

8.0E-02

9.0E-02

1.0E-01

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V 
(m

/s
)

Dn = 100
Dn = 200
Dn = 300
Dn = 400
Dn = 500
Dn = 600
Dn = 700
Dn = 800
Dn = 900
Dn = 1000
Dn = 1200
Dn = 1500
Dn = 1800
Dn = 2000
Dn = 2200
Dn = 2500

(a)
(r-R1)/d

(b)
(r-R1)/d

https://doi.org/10.1017/jmech.2017.112 Published online by Cambridge University Press

https://doi.org/10.1017/jmech.2017.112


412   Journal of Mechanics Vol. 35, No 3, June 2019 
 

 

Fig. 7 Distribution of dimensionless parameter of energy gradient function K at different Dean numbers under δ = 0.1 
and T = 293.15 K; (a) Dn = 1 to Dn = 100; (b) Dn =100 to 2500. 

 
 

 

Fig. 8 Distribution of dimensionless parameter of energy gradient function K at different Dean numbers under δ = 0.1 
and T = 298.15 K; (a) Dn = 1 to Dn = 100; (b) Dn = 100 to 2500. 
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Fig. 9 Distribution of dimensionless parameter of energy gradient function K at different Dean numbers under δ = 0.1 
and T = 303.15 K; (a) Dn = 1 to Dn = 100; (b) Dn = 100 to 2500. 

 
 
of the gap to the outer wall.  Indeed, the minimum of 
K is occurred at the peak of the velocity profile (see 
Figs. 4, 5 and 6) which is in accordance with Dou and 
Ben study [34].  Therefore, the stability of the flow is 
dominated by the Kmax at the inner wall and the onset of 
flow instability will be predicted in the proximity of 
inner wall in the tested conditions. 

Comparing between Figs. 7, 8 and 9 show that the 
different temperatures have a negligible impression on 
the maximum of K value and its distribution under dif-
ferent Dean numbers.  However, in section 4.2, we fo-
cus a detail study on the effects of temperatures on the 
velocity profile and energy gradient function K in Dean 
flow. 

4.2  Effects of Temperature 

As may be found in literature [2, 11, 16, 24], the critical 
Dean number for onset of instability is equal to 35.92.  
So, at this critical Dean number, we investigate the effects 
of different temperatures on the velocity profile and 
dimensionless energy gradient function K at small cur-
vature δ = 0.1 under different temperatures in Figs. 10 and 11, 
respectively.  As may be seen in Fig. 10, at the fixed 
critical Dean number 35.92, as the temperature increases, 
the peak of velocity profile is decreased.  In addition, 
corresponding to Fig. 11, we deduced that different tem-
peratures have an insignificant effect on the K value and 
consequently on the fluid flow instability.  Regarding to 
Fig. 11(b), irregular behavior and difference is detectable 
for K value under different temperatures at critical Dean 
number 35.92.  The reason of this fact may be related to 
change of dynamic viscosity, kinematic viscosity and 

density of considered fluid (i.e. water) under different 
temperatures.  Indeed, on one hand, as temperature in-
creases, dynamic viscosity, kinematic viscosity and den-
sity of water will be decreased.  On the other hands, for 
fixing the Dean number, azimuthal pressure gradient 
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
  is increased when the temperature increases.  

Consequently, regarding to this reasons, irregular chang-
es are obtained for K value by increase of fluid flow 
temperature. 

It should also be noted that our considered viscous 
incompressible fluid (i.e. water) having temperature- 
dependent viscosity and density.  Therefore, changing 
the temperature will vary the thermophysical properties 
of density and viscosity of considered incompressible 
fluid, however, the change of density is small [35-37].  
For more details about the values of water density and 
viscosity under different temperature, we can refer to Ref. 
[38]. 

4.3  Effects of Curvature Ratio 

One of the effective geometrical factors on hydrody-
namic instability of Dean flow is curvature ratio.  For 
study on the effects of different curvature ratios on the 
behavior of fluid flow, velocity profile and dimensionless 
energy gradient function K at T = 298.15 K and critical 
Dean number 35.92 are presented in Figs. 12 and 13, 
respectively.  As may be seen in Figs. 12 and 13, due to 
great changes of velocity value and K under different 
curvature ratios, we presented these diagrams in the log-
arithmic scale.  Moreover, to change of curvature ratio, 
we change the value of R2 at the fixed R1 = 1.  Accord- 
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Fig. 10 Velocity profile at different temperature under δ = 0.1 and Dn = 35.92. 

 
 

 

Fig. 11 (a) Distribution of dimensionless parameter of energy gradient function K at different temperatures under 
δ = 0.1 and Dn = 35.92, (b) Enlarged diagram. 

 
 
ing to Fig. 12, it is visible that, larger curvature ratio 
leads to lower value in velocity profile.  As may be seen 
in Fig. 13, by decrease of curvature ratios, the K value is 
increased.  As a result, with decrease of curvature ratio, 
the probability of onset of instability will be increased 
that is in accordance with Walowit et al. [16].  Indeed, 
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energy gradient in cross-stream direction is significantly 
decreased compared to energy gradient in stream-wise 
direction (i.e. viscosity friction).  In addition, at lower 
curvature ratios, maximum of K value is evident on both 
sides of inner and outer walls, where we expect that the  
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Fig. 12 Velocity profile at different curvature ratio un-
der T = 298.15 K and Dn = 35.92. 

 

 

Fig. 13 Distribution of parameter of energy gradient 
function K at different curvature ratio under T = 
298.15 K and Dn = 35.92. 

 

instability will be originated from these local regions.  
However, at large curvature ratio, especially after δ > 5, 
the maximum of K value is observable on the inner wall, 
and the value of K on the outer wall is insignificant.  So, 
we expect that the onset of instability at large curvature 
ratio will be originated near the inner wall. 

To comprehensively investigate on the critical condi-
tion for flow instability in Dean flow under different 
curvature ratios, the maximum value of energy gradient 
function Kmax versus the Dean numbers at room temper-
ature of T = 298.15 K is depicted in Fig. 14.  According 
to Fig. 14, the maximum values of energy gradient func-
tion Kmax are increased by decrease of curvature ratios.  
Moreover, at each curvature ratio, the Kmax is linearly 
increased by increasing of Dean number under logarith-
mic scale. 

By using energy gradient method, we calculate the 
critical energy gradient function Kc at the critical Dean 
numbers reported in literature (i.e. archival studies [2, 16 
and 24]) as may be seen in Table 1.  It’s notable that, in 
the archival studies [2, 16 and 24] that reported the criti-
cal Dean numbers, the curvature ratio and inner radius R1 
aren’t determined precisely and they have only referred 
to expression of “the very small curvature”.  Therefore, 
in Table 1, calculated critical energy gradient function 
Kc corresponds to archival critical Dean numbers are 
reported under four small curvatures of δ = 0.1, δ = 0.01, 
δ = 0.001 and δ = 0.0001, where we assumed R1 = 1. 

 

5.  CONCLUSIONS 

We investigated the hydrodynamic instability of Dean 
flow at comprehensive different Dean numbers ranging 
from 1 to 2500, different curvature ratios in range of 
0.0001 to 1000 and temperatures ranging from 273.15 K 
to 373.15 K by using energy gradient method.  We 
compared our normalized analytical velocity profile with 
existing archival data and acceptable agreement is ob-
tained.  Four main conclusions of the present study are 
deduced as follows: 

(1) Under different temperatures, by increase of Dean 
number at fixed small curvature ratio, the value of 
K increases and it causes to destabilizing of Dean 
fluid flow. 

(2) At critical Dean number, increase of the curvature 
ratio is resulted to reduce of the energy gradient 
function K in the whole flow field.  Thus, it leads 
to the flow becomes more stable. 

(3) Increase of the fluid flow temperatures leads to 
decrease of the peak of velocity profile, however, 
at given critical Dean number, we can’t find any 
regular and significant effects of temperature on 
the energy gradient function K. 

(4) We found that the values of Kmax occur respective-
ly on the inner and outer walls of the Dean flow 
geometry and therefore, the origin of instability in 
the entire flow field of a Dean flow is located on 
vicinity of these walls.  Moreover, by increase of  
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Fig. 14 Maximum of energy gradient function Kmax vs Dean numbers at room temperature of T = 298.15 K under dif-
ferent curvature ratios. 

 

Table 1 Critical energy gradient function Kc at four different assumed curvature ratios (δ) under critical Dean numbers 
extracted from archival data [2, 16 and 24] (at room temperature T = 298.15 K). 

Dnc reported in archival studies 
Calculated Kc at the present Study 

δ = 0.1 & 
R1/R2 = 0.9090 

δ = 0.01 & 
R1/R2 = 0.9900 

δ = 0.001 & 
R1/R2 = 0.9990 

δ = 0.0001 & 
R1/R2 = 0.9999 Ref. Dnc 

Dean [2]  35.95 19351.59 5466429 1708146703 539542811524.25 

Walowit et al.[16]  35.90 19324.67 5458826 1705770977 538792404275.53 

Deka and Paul [24] 35.922 19336.52 5462171 1706816296 539122583465.41 

 
 

the curvature ratios, the probability of onset of insta-
bility near the inner walls will be increased. 
Finally, it can be concluded that the energy gradient 

method is capable theory to investigate of flow field sta-
bility and the current research merits further study in 
future including study on the effects of different fluids 
types in Dean flow. 
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