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Abstract We develop a pluripotential theory for random iterationRfn We show the
existence of a positive closed, 1) current and a measure d which are invariant,

in a certain sense, and which attract all positive cloded) currents and all measures,
respectively, under normalized pull-back and averaging by the maps. Thus the concept of
an exceptional set disappears as soon as we allow a slight amount of randomness in our
system. We also consider the problem of push-forward of measures, and describe certain
limiting measures in this case also, supported near the attractors for the perturbed map.

1. Introduction

In this paper we consider a dynamical system formed by perturbations of a holomorphic
map fo : P — Pk, It is known that for 0< i < k there exists an invariant, closed,
positive, current of bidegre@, i) on P, which attracts most closed, positive bidegfiee)
currents under the operation of normalized pullbackfby Explaining what is meant by
‘most’ in this sentence gives rise to the study of the so-called exceptional get8ée for
example 8, 9. The success of this theory results from the fact thaeis generically many-
to-one, so that the operation of normalized pull-back has a good chance of stabilizing to
something which is independent of the initial current. Since points only have one forward
image, however, the operation of pushing forward converges to something which is highly
dependent on the initial current.

In 82 and 83 of this paper, we consider aweragepull-back of closed, positive
(1,1) currents and ofk, k) currents (or measures), respectively, over a certain family
of perturbations offp. We show that there exists a unique limit current in each case, with
no exceptional set. Moreover these limit currents converge to their usual counterparts for
the single mapfp as the family of perturbations degenerateggoln 84, we give a fuller
description of the limit(1, 1) current in terms of normality. In 85, we consider average
push-forwards of measures (a special case diffasion see B] and [4]), and show that
the limit measures obtained in this case are supported neattthetorsfor fy. We give
some quantitative description of these limit measures.
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Let
{filreB(0,9)

be a family of holomorphic maps of degrée> 1 onP* varying holomorphically in the
parametei. € B(0,8) c Ck. We also assume that the maps— f;(z) are finite (i.e.
finite-to-one) and hence open. Occasionally we will use the notgtianz) for fi(z).
Shrinkings if necessary, we may assume th#td is uniformly bounded irB(0, §) x PX,
and thus shrinking further, we may assume that for eache P¥, (-, z)(B(0,8)) is
relatively compact in some copy 6 c P*. We will denote byf; a holomorphic family
of homogeneous liftings of thg, to B(0, §) x CK*1,
Let v be normalized Lebesgue measureR10, §); then

Vi=VXV X XV X+

is a probability measure on
X :=n2,B(0,3).

We giveX the product topology. Note that open setithen have positive measure with
respect to. GivenA := (A1, A2,...) € X andx € B(0, §), define

AA = (A, A1, A2, ...) € X.

ForA = (A1, A2,...), set

Fapn= fa, 00 fi.
Let Fu , denote homogeneous polynomial Iiffs” o---o f1 of Fp,, respectively, to
Ck+1 \ {O}

2. Convergence of positive, closét 1) currents
For eachA € X, defineG,(A, -) : Ck1 — R by

1 -
Gn(A,2) = P log | Fan(2)l,

and let
G =1limG,.
n

Since the mapg) are homogeneous, there is a constamdependent of. such that

1 -
cll? = 1@l = Clal.
Thus
1 - d = = d
E|FA,n(Z)| S | Fan+1@)| = ClFA (D"
Taking logarithms, we get

logC
1Gnr1(A, 2) — Gu(A, 2)] < il

Thus
2logC

|Gpiqg(N,2) — Gp(A, 2)| < D
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S0G, — G uniformly. ThusG is plurisubharmonic and continuoushx C¥+1, More
precisely, letf; : A — B(0, ), ¢ : A — C¥*1 be holomorphic on the unit dists, then
G((fi(2)), ¢(2)) is a continuous subharmonic function anLet G, = G(A, -). Clearly
eachG , satisfies

Ga(cz) =loglc| + Ga(z)

forc € C, and
Gro fr=d -Gy,

whereA’ = AA.

It follows from Theorem 5.9 of 3] that there exists a unique positive closgd 1)
currentT in PX, of total mass one, such thatTx = dd°G » whererr : Ck+1\ {0} — Pk
is the canonical projection. Locally, if is a holomorphic section of, we haveT, =
dd®(G, o s). Ta depends continuously on in the weak topology of currents, since
G os andGys o s are locally uniformly close ifA and A’ are close in the topology on
X. Furthermore, by the Chern—Levine—Nirenberg (CLN) estim&tel[, puts no mass on
locally pluripolar sets, since it has a locally bounded potetiglo s.

Now, define

EG(Z)=/ Ga(2)dv(A).
X

PROPOSITIONL. EG is plurisubharmonic and continuous @f*1 \ {0}.

Proof. Givenz e CKt1\ {0}, let A be any small linear disk centeredzatSince eaclG
satisfies the sub-mean value property, we have

EG(z) = / GA(z)
X

1
—_— G
E/xlaAl » A(%)

1
- G
94| /aA/x a6
1

- — [ Eco,
oAl f, FC©

where we have applied Fubini’'s theorem to obtain the second-to-last equality. This is
justified, sinceG is continuous inX x (CK+1\ {0}), so that ifV is an open setiR, G~1(V)

is open and hence clearly measurable with respatkta. ThusEG is plurisubharmonic.

To obtain the continuity, note thatif, — z, then

/GA(Zn)%/GA(Z)
X X

by the Lebesgue convergence theorem. |

Note thatE G satisfiesE G(cz) = log|c| + EG(z) forc € C\ {0}. Let T be the unique
positive closed1, 1) current onP* satisfyingz*T = dd°(EG) (see B, Theorem 5.9]).
Again T has mass one, and puts no mass on locally pluripolar sets, since it has a locally
bounded potential.
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In general, given a currer, on P* varying continuously withA € X and with
uniformly bounded mass, we define the currgpts, by

<f SA,¢>=/<SA,¢>dv.
X X

Note that, if f is a submersion angl a test form,

<f*/XSA,¢> :=</XSA,f*¢>

=/(5A,f*¢)

X

=/(f*SA,¢)
X

:</;(f*SA:¢>,
T:ATA.

Proof. Since we may work locally, lep be a test form with support contained in an open
set where a sectianof = is defined. Then

(T, ¢) = (dd“(EG o), $)
= (EG os,dd"¢)

:/(GAos,ddcqﬁ)
X

so f* and [, commute.

PROPOSITIONZ2.

=/(ddC(GAOS),¢)
X

=/(TA,¢)

X

=</ TA,¢>. i
X

/ EG o f5,(z)dv(x) =d - EG(2).
B(0,8)

PROPOSITION3.

Proof. We have
Gpao fr=d-Gyp.

Integrating oveA € X and then ovek € B(0, §) gives the result. O

/ [T =d-T.
B(0,8)

PROPOSITION4.
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Remark.Since f; is not a submersion, we must take care in defiifig*S, S a positive,
closed(1, 1) current. Ifr*S = dd‘u, define(f,)*S by
TH(f)*S = dd (u o fr).
This agrees with calculated value of pullback whg&ris a submersion, since then
7SS = (f)*n*s
= (fu)*ddu
=dd“(uo fi).

Proof. It suffices to work locally. Let be a test form with support in an open set where a
local sectiors of 7 is defined. Then

(f)*T = dd°(EG o f; 0),

and

</ (fx)*T,¢>=/ (dd(EG o , o5). )
B(0,8) B(0,8)

= (EG o f 05,dd°¢)
B(O 38)

EGo f )Los dd ¢>
B(oa)

= (d-EG os,ddd)
d(dd“(EG os), ¢)

=d(T, ). 0

Remark 1.Actually, all of the observations so far hold if we repla#@, §) with any index

set/, equipped with a probability measure and a topology so that:

(1) the mapsf, vary continuously withh € I in the topology of uniform convergence
on compact sets;

(2) open sets id have positive measure.

Example 1.Let I = {0, 1}, give I the discrete topology, and letassign mass/P to each
pointof I. Let fo([z : t]) = [z? : ?] and f1([z : t]) = [2Z%, ). Then

G =maxlog|2'z|, log|t]),
where

r=r(A) =Y (/2.
i=1

In affine coordinates = 1, suppl'a = {|z| = 2"™}, and the support of is the closed
annulus{1/2 < |z| < 1}. This example was prompted by a question raised by Shishikura.

From now on we will make use of the assumption, made in the introduction, that
I = B(0,8) c Ckandx — fi(z) is afinite map for each € P*.
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LEMMA 1. For eachw € P,
U:={ft(w): » e B(O,8))
is open inP*.

Proof. Considerf : B(0,8) x P — Pk given by f(1,z) = fi(z). LetV = f~L(w).
ThenV is ak-dimensional branched cover ovB(O, §). Let = be the projection fronV
to PX. Note thatU = w(V). Pick azg € U, 1o € B(0,$), fi,(z0) = w. Since the map
A — fi(zo) is finite, (Ao, zo) is an isolated point iV N {z = zo}. Hencer is properin a
neighborhood ofg, zp). SinceV has dimensioi, it follows thatzg € intU. O

Let S be a positive, closed(1, 1) current onP* with ||S|| = 1. Then, as above,
there is a plurisubharmonic functianon C¥*+1 which satisfies the homogeneity condition
u(cz) = log|c| + u(z), c € C\ {0}, such thatr*S = ddu. Define the operata® on the
space of all such currents as follows. Let

1 *
o) =2 fS.
B(0,8)

Then clearly® (S) is again a positive, closedl, 1) current with mass one, and thus it has
a plurisubharmonic potentiah satisfying the same homogeneity conditionia¥Ve wish
to show thats1 is locally bounded.

LEMMA 2. Let S and® be as above. Then there is a locally bounded plurisubharmonic
functionu1 on CK+1\ {0} satisfyingui(cz) = log|c| + u1(z), ¢ € C \ {0} and

7*0(S) = ddCus.

Proof. Let U ¢ P* be an open set where a local sectioof 7 is defined. Lety be a test
form supported irU. Letu be a potential fofS. It is straightforward to verify that then

d

satisfies all of the conditions of the theorem except possibly the local boundedness. This we
now show. Since is upper semicontinuous, it suffices to show that it is locally bounded
from below.

Since u is plurisubharmonic andf is holomorphic, their composition is
plurisubharmonic or identically-oo in B(0, 8) x C¥*1\ {0}. Sincef varies openly in
1, howeverw := u o f(-, z) is not identically—oo for anyz. In particular, it is locally
integrable with respect to, and hence finite at every point. (Recall thai f is defined
on a slightly larger balk C**+1\ {0}.)

Fix z0 € CK*t1\ {0}, let U be a neighborhood af small enough thaf (B(0, §) x 7 (U))
is relatively compact in some copy 6f ¢ P¥, which we assume without loss of generality
to be{zo # O}, where[zo : --- : zx] are homogeneous coordinates Bh Then
200 f(B(0, 8) x U) is uniformly bounded away from & C. Let

p:C N\ {20 =0} — {70 =1} c CFL

(zo, ..., zx) = (L, z1/z0, - - -, 2k /20)-

1 ~
u1(z) = —/ uo fr(z)dv()
B(0,5)
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Thenpo f is uniformly boundedirB(0, §) x U, (in fact even on a slightly larger ball). The
mapp o f(-,z°% : B(0,8) — CKt1n {zg = 1} is finite. Hence we can find & = 1(z%)
wherepo (-, z) has rank andu(po f(1°, z%)) > —o0. By the implicit function theorem
there exists a holomorphic map : V(z%) — B(0, §) defined on a small neighborhood
V c U of 2% such thatp o f(®(z),2) = po f(A°,29).

By the subaveraging principle it follows that for some- 0 and any; € V,

1
®(2),2) £ ———— A, 2)dm()N).
@D =G0l henwme "

Since
V(@ (), 2) =uo f(P(2),2)
=uo[(zoo f(®().))(po f(@().2)]
=loglzo0 f(®(2), )| +u(po f.2,2%)
it follows that there exists a constafitso that

/ v(A,2)dm(A) = —C
AEB(P(2),€)
forallz e V.

Since averages of plurisubharmonic functions increase with the radius of the ball, we
may replace the domain of integration above B¢® (z), 8 — |®(z)|). Shrinking V' if
necessary, we may assume that

B(G.L, (1/2)(5 — 1A%)) € B(@(2),8 — |D(2)])

forall z € V. Note that: o f is uniformly bounded above o¥i x B(0, ), say byK. Thus
forany setsB’ ¢ B c B(0, 3),

/ v(A,2)dm(A) > —C
B

implies that
/ v(h,z)dm(L) > —C — K|B — B’
B/
> —C — K|B(0, 8)|.
Thus
/ v(A,z2)dm(A) > —C — K|B(0, §)|
B(\0,(1/2)(5—119))
forallz e V.

Now, by alternately expanding this ball and taking sub-balls, we may replace
B0, (1/2)(8 — |19))) with B(0, §) after a finite number of steps. Expanding leaves our
lower bound on the integral unchanged, while taking a sub-ball decreases it by at most
K|B(0, 8)|. Thus we arrive after a finite number of steps at an estimate of the form

/ uo f(x,z)dm() > —C’
A€B(0,8)

forall z € V. Sincev = m/|B(0, §)|, we complete the proof. m|
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LEMMA 3. Letu be a locally bounded plurisubharmonic functionGh™?1 \ {0} satisfying
u(cz) = log|c| + u(z), c € C\ {0}. Then for evenA € X,

1 -
d—nu o Fan— Ga
locally uniformly asn — oc.

Proof. Letu, = u o Fa_,/d". Note that

1 F
U, <L> L Ga(A, ).

:d—nu

Sinceu is bounded of||z|| = 1}, the first term on the right converges uniformly to zero as

n — o0o. Thus 1
d—nu o ﬁA)n — G

uniformly on{||z|| = 1}, and hence by homogeneity on compact subse®bt \ {0}. O

THEOREM1. Let S be any positive, closed(1, 1) current on P* of massl. Then
®"(S) — T in the weak topology on currents as— oc.

Proof. We have
(Fan)*S

e"(S) = /
s d"
Since we may work locally, suppose thyais a test form with support in an open géton
which a section of 7 is defined. Proving the convergence of the currents is equivalent to

showing that
(©"(S), ¢) — (T, ).

ReplacingS by ©(S), we may assume tha has a locally bounded potential by
Lemma 2. Then

T*(FaAn)*S _ dd®(uo Fp )

dr dn
so in the support o y
FX,nS _ dd(uo Fppos)
a0 dr '
Thus
F *S
(©"(S), $) =/ <%,¢>
B(0,5)" d"

[ (Fan)*S

‘/X< & ’¢>

. dd(u o ﬁA,,z 0s)

<[t
uoI}A,nos .

_/X<7dn ,dd¢>.
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Since for each\ € X we have

uo ﬁA,n oS
dn
uniformly in the support of, by Lemma 3, we have

—)GAOS

uokp,os

o ,ddc¢> — g(A) :=(Gp os,dd )

gn(N) = <

pointwise inX. Also, sinceu satisfies the homogeneity property
u(cz) = logle| + u(z),

itis clear thatu, := u o Fa_,/d" also satisfies
un(cz) =log|c| + un(z)

for eachn, sinceﬁ,\,n is homogeneous of degréé. Thus all currents have total mass one
(see B, Theorem 5.9]), and so the functiops are bounded by 1||¢||y. We may thus
apply the Lebesgue convergence theorem to conclude that

<®"<S),¢>=/gn—>fg
X X
_ / (dd(G x 5), )
X

=/(TA,¢)

X

=</ TA,¢>
X

= (T, ). O

Example 2.Forx = (11, A2) € B(0, 8), § small, let
Hlz:w ) =[ —an?: (w—r20)?: 1.

Let S be given byr*S = dd¢(log|z — t/2|). ®"(S) converges to a currefit’, invariant
under®, which is supported near the cylindgt| = 1} ¢ P?. ButT’ # T, since supf’
contains a neighborhood of

supplo = {|lw| = 1]} U{lz| = ]} U {lw| = |z]}.

Thus S is an exceptional current in this example (as is, more obviously, the current
[(¢ = 0)]), a consequence of the fact that fails to vary openly ink at a single point

of supps.

Remark 2.From the continuity offy in A, itis clear that if we take the limit of = T ()
asé — 0, we recoveflp, where 0 here denotes the sequefic®, ...) € X.
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3. Convergence of measures
SinceG, is locally bounded, the Monge—Ampere operdthi©)¥ is well-defined on it {].
Define the measure,, considered as &, k) current, orP*, by the equation

A = (dd°Gp)*.
Thenpu is locally defined by
fa = (@dd“(Ga 0 5)),

which is independent of the choice of local section
For f a holomorphic map oR* of degreel > 2 and any continuous functiahon P
we may define
fp) =Y O,
yef~1x)
where ifx is a critical value we take into account the multiplicity. Then given a measure
on P¥, we may define its pullback by

<f*va ¢> = (U’ f*¢)

Therefore, in the special case of pulling back a current which is a measure, this formula
makes sense even whe¢ris not a submersion. Lei be the standard Kahler form &,
W|th ka a)k = 1

PROPOSITIONS. .
*
FA 2@

)

= lim
Ha n—oo  dkn

Proof. We have
T*F} na)k FX nn*wk
dkn = dkn

_ pr (@dlog|z])"
A,n dkn

i . k
_ (da<log|| Faull
= (2529

= (dd°Gp(A, )k,

By the CLN estimate, sinc&,(A,-) — G, locally uniformly in C¥*+1\ {0}, we have
(dd°G (A, )* — (dd°Gp)* as currents. |

Note also that, by the CLN estimat@][ ua puts no mass on locally pluripolar sets,
sinceG 4 is locally bounded.

PROPOSITIONG.
fiua =d* .
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Proof. OnP* \ f[l(fA(Ck)), C, the critical set off;, f; is a submersion, and we have
T frua = firtua
= f¥(dd°Gp)
= (dd“(Gn o i)
= d"(dd“G;.n)"
=d*7T* .

Thus the result holds off \ f;l(fk(CA)), and sinces puts no mass on complex curves
forany A € X, it holds everywhere.

O
Defineu = [y pa.
PROPOSITIONTY.
/ F=dp
B(0,8)
Proof.
/ fflL:/ /f,\*lLA
B(0,9) B(0,6) /X
=/ /dkﬂm
B(0,8) JX
=dk/ HA
X
= dk,u. O

Given any probability measurgon P¥, let

aw==[ 5
n = n.
d* Jp.s) &

lim Q") = pu.

n—oo

THEOREM?2.

Proof. We have

F* of
" k ’ :/ A,n ’
(@ @), §) B<0,5>n< L ¢>
F* na)k
:];(< /(;kn ’¢>
Z/ gn(),
X

https://doi.org/10.1017/50143385700000602 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700000602

1102 J. E. Fornaess and B. Weickert

where

Fy o*
gn(A) = <TZH ¢>.
By Proposition 5g,(A) — (ua, @) for eachA € X. Since all currents have uniformly
bounded mass, we may apply the Lebesgue convergence theorem to conclude that

(Q" (), ¢) — fxm,«m = (i, $).
ThusQ"(»*) — p, as desired. O

LEMMA 4. For w € P¥, Q([w]) is absolutely continuous with respectab.

Proof. Let E C P¥, wk(E) = 0. DefineV := {(x, 2) : fo(z) = w}. Letwy andn, be the
projections fromV to B(0, §) andP* respectively. Let

W = m1 07, H(E).
Now, we may define

Q(wh(E) = (2w, xE)

- 1/dk/ (flw], xg)dv
B(0,%)

_ 14t / (Tl (f)exe) dv
B(0,%)

= 1/dk/ (f)sxew)dv
B(0,%)

=1/d* / ( X (y)) dv
B(0,8) yef[zl(w) E

=1/a* / g dv,
B(0,8)

whereg(}) = (#{f;l(w) N E}). Thusg(}) is an integer between 0 ad. It is supported
on W. Thus the final integral above is less than or equal to

1/dk-dk/ 1-dv=v(W).
w

Thus it suffices to show that(W) = 0. Let Z be the union of the branching loci of the
projections ofV to P* andB(0, §). Then clearlw (W) < v(W\m1(Z))+v(r1(Z)) = 0. O

LEMMA 5. Lety be any probability measure d?f. Then2(n) is absolutely continuous
with respect tav*.

Proof. Write
n= / [w]ldn(w).
Pk
Pulling this back byf," gives

ffn=/ filwldn(w).
pk
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Integrating with respect to, and changing the order of integration, we obtain
Q) = /Pk Q([w]) dn(w).
Suppose thak is a measurable subset®f with v (E) = 0. Then we have
QE) =(Q2), xE)

_ / (@ ([w). xz) dn(w)
pk

=/ Odn(w)
Pk
=0

where we have used Lemma 4 in the second-to-last equality. |
We cite the following result fromlQ]; see also 9.

THEOREM3. Let f, : P — P* be a sequence of holomorphic mags,of degreed”.
Then there exists a pluripolar subs®bf P* such that for all probability measureson P
with n(£) =0,
1
dnk
in the weak topology of currents as— oo.

(fin— ffo*) =0

THEOREM4. Let 5 be any probability measure of. ThenQ"(n) — u in the weak
topology of currents.

Proof. Replacingy by ©(n), if necessary, we may assume thas absolutely continuous
with respect tao¥, by Lemma 5, and thus that it has no mass on locally pluripolar sets. Fix
A € X. Then applying Theorem 3 witli, = Fa », we have that

1
Uy = dW(FX,n" — Fj{’na)k) -0
in the sense of measuresras> oo. Fix a test functionp, and letg, (A) = (u,, ¢). Then

gn — 0 pointwise onX. But

(Q"(n) — Q" (), $) = f 8n

B(0,6)"

Z/gn-
X

Since the measures have bounded mass, we may apply the Lebesgue convergence theorem
to conclude that the limit of this last quantity as— oo is zero. But we have also from
Theorem 2 that

Q" (") — 1

asn — o0. O

Remark 3.As in Remark 2, we note that the continuityof in A implies thatu = w(8)
converges tqug ass§ — 0, where again O here denotes the sequédd® ...) € X.
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4. Description ofsuppT
Let 75 c P* be the largest open set on which the fanfii ,},, is normal, and le/, be
its complement.

PROPOSITION8. The support of’, is equal to 7.

Proof. We have the estimate

C
1GA@) = Gn(A, ) = 5

for someC > 0. The rest of the proof is the same as thatflfheorem 6.2]. |

PROPOSITION9.
suppT” = |_J suppTa.

Proof. The inclusionc is obvious, sincd” = fX Ty . For the other inclusion, recall that
Ty varies continuously ilA. So if someT, has mass in an open sEt then so does
T =[yTa. O

PROPOSITION1O.
suppu = (_J suppua.

Proof. The proof is the same, singe, also varies continuously in. |

We now wish to show that the complement of sdpis relatively compact in the basins
of attraction to attracting periodic orbits f@g. If fo has no attracting periodic orbits, then
suppl’ = P*. We recall first some general notions from the theory of dynamical systems.
See RuelleT] for background.

Let (X, d) be a compact metric space affda continuous map fronX to X. The
Sequencex;)i< <, is ane-pseudo-orbit it/ (f (x;), xj+1) <eforj=1,...,n— 1. For
a,b € X, we writea > b if for everye > 0 there is are-pseudo-orbit fronu to b. We
also writea > a. We writea ~ b if a > b andb > a, and denote bya] the equivalence
class ofa under this relation. Define aattractorto be a minimal equivalence class for
The following proposition is an easy consequence of Zorn’s lemma.

PROPOSITION1]. Let f : X — X be a continuous map on a compact metric sp&Ece
Then given any € X, there is an attractofa] such thatc > a.

It is also easy to show (se@]] that an attractoK is compact and satisfie&(K) = K.
The following theorem is proved irb].

THEOREMS5. Let f : P* — P* be a holomorphic map of degree at least two. Suppose
that K is an attractor for f. Then eitherK is an attracting periodic orbit forf, or K
contains a nonconstant, entire image©f

COROLLARY 1. Let f : P - P* be a holomorphic map of degree at least two, andlet
be an attractor forf. Then eitherk is an attracting periodic orbit forf, or K N J # @,
whereJ is the Julia set forf.
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Proof. It is a result of Uedal]] that the Fatou set fof is Kobayashi hyperbolic. By the
theorem, ifK is not an attracting periodic orbit, it contains an entire nonconstant image of
C, in which case the hyperbolicity of the Fatou set implies tiat J # 0. m|

LEMMA 6. Let f; be the holomorphic family of maps &4 described in the introduction.
For the mapfo, suppose that > y. Then there existy, ..., A, such that

f)hno“'of)hl(‘x):y'

Proof. Let ¢ be so small thatf(-,z)(B(0,8)) > B(fo(z),€) for eachz € Pk,
Let (x1,...,x,+1) be ane-pseudo-orbit forfy with x; = x, x,41 = y. Since
d(fo(xj), xj+1) < rforeachj < n, there exists.; € B(0, §) such thatfy (x;) = x;41.0

LEMMA 7. Let V be the full basin of the attracting orbits fofp, and suppose that
z € P\ V. Then there exist and (A1, . .., A,) € B(0, §)" such that

San oo i (2) €4,

whereJ is the Julia set forfo. The same holds far € PX \ W, for someW cc V by
continuity.

Proof. We havez > A for at least one attractot. If A is nontrivial, we are done by the
previous two lemmas. I is an attracting periodic orbit, sincg, o --- o fi,(z) € V
for some(i1, ..., A,) € B(0,6)", but fi(z) ¢ V, and sincef;, o --- o fi,(z) varies
continuously in(A1, ..., A,) € B(0, )", there must exist somg.;, ..., 1,) € B(0, )"
suchthatf,\;o---ofk/l(z)eavCJ. |

THEOREM®G6. The support of" contains a neighborhood of the complemenvofvhere
V is the full basin of the attracting orbits faofy (possiblyV = ¢).

Proof. Givenz € P*\ V, there exisk and(A1, ..., A,) € B(0, §)" such that

Jan o0 fig(2) €,

whereJ is the Julia set forfy. (Again, note that by continuity this is true fetin an open
neighborhood oP* \ V.) But thenz € Ja, whereA = (A1,...,4,,0,0,...). Thus
z € suppT. O

Remark 4.In general, fo may have infinitely many attracting periodic orbits. But since
only finitely many have basins with diameter larger than some fixed real numberT supp
contains all but finitely many of these basins. How many escape depeids on

Example 3.Suppose thafy : P! — P! has a Siegel disk/. ThenU c supprl’. But
it follows from Remark 2 that the amount of mass whi€lyives toU depends o and
approaches zero ds— 0.

We can now give a characterization of suppn terms of normality. Let7 be the
complement of the largest open set on which the full family

G:= {FA,n}A,n

(that is, the family of all possible compositioifg, o - - - o f3,) is normal.
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COROLLARY 2. The support of” is equal to.7 .

Proof. By Propositions 8 and 9, it suffices to show thgt7, = 7. The inclusionc

is clear, sincej fails to be normal if the particular subfamifyFs .}, fails to be normal.

For the other inclusion, it suffices to note that the complement of the left-hand side is
Kobayashi hyperbolic, by Theorem 6 and by Ueda’s result on the hyperbolicity of Fatou
components]], and that it is invariant und&f. Thusg is normal there. a

5. Limit measures near attractors
We now wish to prove some results on forward iteration, and find some limiting measures
in this case.

The following theorem is a generalization &f [Theorem 0.1].

THEOREMT7. Fix § > 0. Let the familyf, be as described in the introduction. Then

there exist finitely many attractor; for fp, disjoint open set¥; > A;, and continuous

functionsg; such that:

(1) 0=<g=1>,&=1

(2) forz e P, there exist disjoint open sets , C X withv(U; ;) = gi(2) such that if
A € Ui, thenFy ,(z) € V; for all n sufficiently large.

Proof. By compactness, there exists> 0 such that for each € P, f(-, z)(B(0, §))
contains a ball of radius (as in the proof of Lemma 6). Since for eack P* there exists
an attractorA such that; > A, again by the compactness®f there exist finitely many
attractorsAy, . .., A; such that for each € P* there exists an orb{tfa x(2)};_o fromz to
someA;. LetV; = {fan(z) : A € X,n > 0,z € A;}. ThenV; is an open neighborhood
of A; and f;,.(V;) c V; forall » € B(0,§). Suppose thaV; > Ax. Then it follows that
Vi D V. If this happens for some # k, we removeA,. After finitely many steps we
can assume that ng > Ay if k # i. Suppose next that; N V; # @ for somei # j.
Pickz € V; N V;. Thenz > A, for somek. Sincek must be different froni or j we get
a contradiction. Henc& N'V; = ¢ if i # j. There exist for each € P* anN and a
(A, ..., An) C B(0,8)" such that

fivorofu@elJvi=v.

SinceP¥ is compactN may be chosen to be independent of
Define

E/@) ={(\.....2)) € BO.8 : fi, 00 f1,(2) € Vi,

and ‘ ‘
§7(2) = {(A1, ..., Aj) € B(0,8) : fi, 00 fi,(2) € V.

Let g j(z) = vj (E;/(z)), wherev; = v x --- x v is the product measure aB(0, 8)/
obtained fronmv. Clearlyvj(Sj (2)) and theg; ;(z) are lower semicontinuous a*f. Since
aV has zero volume ang, is a finite map im,

v (ST @)+ ) gij@) =1
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Thus

8 () =1-v;(8 @) =) g
k#i
is continuous. Hence so i§(Sf (2)).
By the choice ofV, there is a constant > 0 such that for alt € P%, 3", g; v (2) > 1.
Clearlyg; j+1(z) > g, j(z). Now,

Ve (S (2) = f N (SN (fa, 00 fi (@) dvn (it hn)
(A1, An)ES™(2)

< (1= v (8" (2)).
Thusv, (5" (z)) converges geometrically to zeroas> oo, uniformly in z. We also have

8in+N () = gin(2) +/ W(EN (fo, 00 f1,(2) dvp(h1, ..., An)
(AgseersAn) €S (2)

=< gi,n(Z) + Vn(Sn(Z))v
so theg; , converge uniformly to a continuous limg. O

Remark.Note that eaclV; is contained in the compact sgt = 1}. Thus the closures of
the V; are also pairwise disjoint.

Givenu € M, the space of probability measuresf let

ai(u) = / gi(2)du(z).
pk

(g; as in the previous theorerh= 1, ..., [, wherel is the number of attractors from the
previous theorem.) Say1 ~ w2 if (a1, ...,a)(u1) = (a1, ...,a))(u2). Let M4 be the
equivalence class under given by A := (a1,...,q;). LetT : M — M be given by
T(w) = fB(o,(S)(fk)*M- ThenT is ane o*-diffusion,with € as in the proof of Lemma 6.
See B for the definition of a diffusion.

THEOREMS8. T has a unique fixed point, in eachM4, A € [0, 1)}, and for each
w € My, T"(n) — ua strongly. Furthermore, ifA = (a1, ..., a), the limit measure
has a decomposition
l
A = Zaiﬂi,
i=1

where theu; have mass one and are independend pivith .; supported orv;.

Proof. Fix A, and letu € M 4. Write

M=/ 8z du(z).
=13

Let B = B(0,8) C C*. Let P, .(¢) be the density of *(8,) with respect tav* on P*. For
a test functiorg, we have

(T" (), 8) = /Pk(T"(rSz), 8)dn(z)

=/ ((fr 00 11082 8) dVn(hs s M) dis(2)
pk Bn
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:/ bz, 80 (fa, 0 -0 fa))dva(ha, ..., ) dp(z)
pk Jpn
= /Pk/)lg(?(fxn o---0 fi)@dva(rhe, ..., y) du(2)

=/ / 8Py, (0) do (¢) dpu(2).
pk pk

Now, the results of the previous theorem are equivalent to the following statements about
P, (8):

(1) P..— 0inLi(ve),

) [y, Pu(?)do®(&) = gin(z) — gi(z) uniformly in P.

From (1), we conclude that the massidf(u) in V¢ converges to zero. From (2), we have
that

/ </ Pn,z(s“)dwk(s“)) du(z)=/ gi,n(Z)dﬂ(Z)_)/ 8i(2)du(z) = a;.
Pk Vi Pk Pk

Thus the mass df " () in eachV; converges ta;. Thus we may assume thathas mass
a; on eachV;, and no mass elsewhere.

Note that the familyG leaves invariant eacki;, and therefore also eadh. We have
thus reduced the original problem to the problerf afcting on measures of magson the
compact spacé := V;, which contains a unique attractor. It was proved in Theorem 3.5
of [4] that in this case there is a unique measuydixed by T which attracts strongly all
measures of mass one &h SinceT is linear,aq; u; attracts all measures of masgs Thus

T has a fixed point
wa =i
in M 4, which attracts strongly all measureshify, . O
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