
Commun. Comput. Phys.
doi: 10.4208/cicp.OA-2016-0173

Vol. 22, No. 5, pp. 1224-1257
November 2017

A Second-Order Cell-Centered Lagrangian Method

for Two-Dimensional Elastic-Plastic Flows

Jun-Bo Cheng1, Yueling Jia1,∗, Song Jiang1, Eleuterio F. Toro2 and
Ming Yu1

1 Laboratory of Computational Physics, Institute of Applied Physics and
Computational Mathematics, Beijing, 100094, China.
2 Laboratory of Applied Mathematics, University of Trento, Trento, Italy.

Received 8 October 2016; Accepted (in revised version) 29 March 2017

Abstract. For 2D elastic-plastic flows with the hypo-elastic constitutive model and von
Mises’ yielding condition, the non-conservative character of the hypo-elastic constitu-
tive model and the von Mises’ yielding condition make the construction of the solu-
tion to the Riemann problem a challenging task. In this paper, we first analyze the
wave structure of the Riemann problem and develop accordingly a Four-Rarefaction
wave approximate Riemann Solver with Elastic waves (FRRSE). In the construction
of FRRSE one needs to use an iterative method. A direct iteration procedure for four
variables is complex and computationally expensive. In order to simplify the solution
procedure we develop an iteration based on two nested iterations upon two variables,
and our iteration method is simple in implementation and efficient. Based on FRRSE as
a building block, we propose a 2nd-order cell-centered Lagrangian numerical scheme.
Numerical results with smooth solutions show that the scheme is of second-order accu-
racy. Moreover, a number of numerical experiments with shock and rarefaction waves
demonstrate the scheme is essentially non-oscillatory and appears to be convergent.
For shock waves the present scheme has comparable accuracy to that of the scheme
developed by Maire et al., while it is more accurate in resolving rarefaction waves.

AMS subject classifications: 35L50, 35Q74, 74C05, 74F10, 74M20
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1 Introduction

This paper aims at the construction of a high-order cell-centered Lagrangian scheme for
elastic-plastic flows in two-spatial dimensions with the isotropic elastic-plastic model,
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initially developed by Wilkins [1]. The scheme is constructed based on an approximate
Riemann solver for the equations of the elastic-plastic solids. In Wilkins’ model, a per-
fectly elastic material is characterized by Hooke’s law in terms of an incremental strain
resulting in an incremental stress and Von Mises’ yielding condition is used to describe
the elastic limit. The earliest simulation for elastic-plastic hydrodynamic equations with
Wilkins’ model was developed by Wilkins in 1962 [1], in which the equations of mo-
mentum and specific internal energy are discretized on a staggered grid and artificial
viscosity is employed to simulate moving shocks in order to damp spurious numerical
oscillations. Besides the staggered Lagrangian approach, Eulerian and cell-centered La-
grangian schemes have also been used in the simulation of elastic-plastic flows.

Eulerian methods [8]- [12] are suitable for problems involving discontinuous waves
and large deformations. However, most of them are for problems with the hyper-
elastic model for isotropic materials. Compared with staggered Lagrangian schemes,
cell-centered Lagrangian schemes have their own advantages. For the cell-centered La-
grangian scheme it is not necessary to use artificial viscosity and the scheme is conserva-
tive because the equation for total energy conservation, not the specific internal energy,
is discretised. In recent years, the cell-centered Lagrangian scheme has attracted much
attention [2]- [5], where cell-centered Lagrangian schemes are not only constructed for
the hyper-elastic models, but also for hypo-elastic models. In these papers, a nodal Rie-
mann solver is deduced from conservation of the total energy, but the structure of the
Riemann solution is not fully exploited. Some authors, such as in [6] and [7], have uti-
lized the structure of the solution of the Riemann problem to construct Riemann solvers
for the governing equations with hypo-elastic models. Gavrilyuk et al. [7] analyzed the
structure of the solution to the Riemann problem and developed a Riemann solver for
the hyperbolic nonconservative model with a system of linear elasticity for transverse
waves. Besides, the elastic energy is included in the total energy and an extra evolu-
tion equation is added in order to make the elastic transform reversible in the absence
of shock waves. Després [6] constructed a shock solution to the non-conservative equa-
tions with the hypo-elasticity model and found that a sonic point was necessary to give
a compression solution that begins at a constrained compressed state.

In this paper, we first analyze the structure of the solution of the Riemann problem for
the governing equations with hypo-elastic models in the normal direction to a generic cell
edge in two-spatial dimensions, then construct a four-rarefaction approximate Riemann
solver with elastic waves (FRRSE) for the non-conservative equations of Wilkins’ model
with von Mises’ yielding condition. Moreover, we use our FRRSE to define a numerical
flux to construct a high-order cell-centered Lagrangian scheme.

The paper is organized as follows. We describe the governing equations in two-spatial
dimensions in Section 2, our FRRSE is introduced in Section 3 and an associated high or-
der cell-centered Lagrangian scheme for non-conservative elastic-plastic flows is devel-
oped in Section 4. A number of numerical examples are presented in Section 5 to validate
our scheme, and conclusions follow in Section 6.
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2 Governing equations in two-spatial dimensions

The equations of motion describing the dynamics of a two-dimensional homogeneous
solid are

∂tU+∂xF(U)+∂yG(U)=0, x,y∈Ω⊂R
2, t>0. (2.1)

Here

U =




ρ
ρu
ρv
ρE


, F =




ρu
ρu2−σx

ρuv−sxy

(ρE−σx)u−sxyv


, G =




ρv
ρuv−sxy

ρv2−σy(
ρE−σy

)
v−sxyu


;

ρ is the density, u and v are the velocities in the x- and y-directions respectively, E =
e+ 1

2 (u
2+v2) with e being the specific internal energy denotes the total energy per unit

mass, p is the hydrostatic pressure, σx =−p+sxx and σy=−p+syy are the components of
the Cauchy stress. sxx, syy and sxy are the deviatoric stresses.

In this paper we consider the Mie-Grüneisen equation of state:

p(ρ,e)=ρ0a2
0 f (η)+ρ0Γ0e, f (η)=

(η−1)
[
η− 1

2 Γ0(η−1)
]

[η−s(η−1)]2
, η=

ρ

ρ0
.

The incremental constitutive law is given by

dS

dt
=2µD0−(SW−WS), S=

[
sxx sxy

sxy syy

]
, (2.2)

where µ is the shear modulus, S is the deviatoric stress, D0=D− 1
3 tr(D)Id, D is the strain

rate tensor and

D=
1

2

[
∇v+(∇v)T

]
, W=

1

2

[
∇v−(∇v)T

]
,v=(u,v)T.

The von Mises’ yielding condition is used to describe the elastic limit. In two-

dimensional spaces, it is given by S=S×min
(
1,Y0/

√
3
2 (S : S)

)
, where Y0 is the yielding

strength of the material in simple tension.

3 FRRSE: approximate Riemann solver

We consider the Riemann problem of the elastic-plastic equations in the y-direction:
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∂tU+∂yG(U)=0,

∂tsxx+v∂ysxx+
2
3 µ∂yv−sxy∂yu=0,

∂tsyy+v∂ysyy− 4
3 µ∂yv+sxy∂yu=0,

∂tsxy+v∂ysxy−
(

µ+
syy−sxx

2

)
∂yu=0,

S=S×min

(
1, Y0√

3
2 (S:S)

)
, Q=[ρ,ρu,ρv,ρE,sxx ,syy,sxy]T,

Q(x,y,t=0)=

{
QL if x<0,

QR if x≥0.





(3.1)

The genuinely nonlinear waves in the solution of the Riemann problem (3.1) are either
shock or rarefaction waves. Our aim is to build four-rarefaction approximate Riemann
solver with elastic waves (FRRSE). A Riemann solver based on the assumption that all
four genuinely nonlinear waves are rarefaction waves is in fact exact when four genuinely
nonlinear waves are actually rarefaction waves. Otherwise it is an approximate solver,
that is when one or more genuinely nonlinear waves are shock waves. Just like a two-
rarefaction Riemann solver (TRRS) in conventional gas dynamics [18], FRRSE is very
robust.

3.1 Analysis of the Jacobian matrix

For the Mie-Grüneisen EOS, (3.1) can be written in terms of the primitive variables as

∂tW+B(W)∂yW=0, (3.2)

where W=(ρ,u,v,p,sxx,syy,sxy)T, with Γ= ρ0Γ0

ρ , B(W) is given by

B(W)=




v 0 ρ 0 0 0 0

0 v 0 0 0 0 − 1
ρ

0 0 v 1
ρ 0 − 1

ρ 0

0 −Γsxy ρa2−Γsyy v 0 0 0

0 −sxy
2
3 µ 0 v 0 0

0 sxy − 4
3 µ 0 0 v 0

0 −µ− syy−sxx

2 0 0 0 0 v




, (3.3)

a2 =
∂p

∂ρ
+

p

ρ2

∂p

∂e
= a2

0

∂ f

∂η
+

p

ρ2
ρ0Γ0. (3.4)

The eigenvalues of (3.3) are given by

λ1=λ2=λ3=v, λ4=v−s1, λ5=v+s1, λ6=v−s2, λ7=v+s2, (3.5)
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where

s1=

√
1

ρ

(
µ+

syy−sxx

2

)
, s2=

√
a2− ρ0

ρ2
Γ0syy+

4

3

µ

ρ
. (3.6)

From the above equations, we can see that if

µ>

∣∣∣
syy−sxx

2

∣∣∣ and
4

3
µ>

∣∣∣ρ0

ρ
Γ0syy

∣∣∣, (3.7)

the system (3.2) is hyperbolic. For real materials, because the shear modulus µ is much
greater than Y0, the use of von Mises’ yielding condition makes µ much greater than sxx

and syy, which means (3.7) is always satisfied for real materials.
The corresponding right eigenvectors are given by

r1=(0,0,0,1,0,1,0)T , r2=(0,0,0,0,1,0,0)T , r3=(1,0,0,0,0,0,0)T , (3.8)

r4=

(
w1w2,

1

ρs1
,−w0w2,w1

(
w3−

4µ

3ρ
w2

)
,w1

(
1+

2µ

3ρ
w2

)
,−w1

(
1+

4µ

3ρ
w2

)
,1

)T

,

r5=

(
w1w2,− 1

ρs1
,w0w2,w1

(
w3−

4µ

3ρ
w2

)
,w1

(
1+

2µ

3ρ
w2

)
,−w1

(
1+

4µ

3ρ
w2

)
,1

)T

,

r6=

(−3ρ

4µ
,0,

3s2

4µ
,1− 3ρs2

2

4µ
,−1

2
,1,0

)T

, r7 =

(−3ρ

4µ
,0,

−3s2

4µ
,1− 3ρs2

2

4µ
,−1

2
,1,0

)T

,

where

w0=
sxy

ρ2s1
, w1=

sxy

ρs2
1

, w2=
1+Γ

s2
1−s2

2

, w3=
s2

2+s2
1Γ

s2
1−s2

2

. (3.9)

3.2 Wave structure of the Riemann problem

Theoretically, based on the assumption that all non-linear waves are rarefaction, accord-
ing to the different characteristic velocities of the left and right torsional and longitudinal
stress waves, there are four kinds of structures in the solution to the Riemann problem
(3.2) in the x-t plane. It consists of 7 waves emanating from the origin, one for each
eigenvalue λi in (3.5): λ1 =λ2 =λ3 = v mean three linearly degenerate waves with same
characteristic velocity, thus we regards them as ONE in the structure waves; λ4 and λ5

are two Torsional Stress Waves (TSWs), while λ6 and λ7 are two Longitudinal Stress
Waves (LSWs).

While for real materials, since the shear modulus µ is much greater than Y0, i.e., µ
is much greater than sxx and syy, this means that s1 is always less than s2. Therefore,
vL−s2L <vL−s1L <vR+s1R <vR+s2R, which is shown in Fig. 1.

Besides the above case in Fig. 1, there are other possible cases: if both states ahead of
and behind a shear wave are all in the plastic field, then the shear wave does not exist.
In other words, the state ahead of the shear wave is NOT equal to that behind the shear
wave. So, there are other possible three cases in the full waves structure of the Riemann
problem here. We shall show how to deal with these cases in the following.
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x

t

λ1=λ2=λ3= v

λ4=
λ5=

λ6= λ7=

v-s1

v+s1

v-s2 v+s2

WL WR

WL1
*

WL2
* WR2

*

WR1
*

b

Figure 1: Possible wave patterns in the solution of the Riemann problem.

Linearly degenerate waves

Using the eigenvectors (3.8) of the primitive variable formulation, for the λ1 wave we
have

dρ

0
=

du

0
=

dv

0
=

dp

1
=

dsxx

0
=

dsyy

1
=

dsxy

0
, (3.10)

which means that

ρ∗L2=ρ∗R2, u∗
L2=u∗

R2, v∗L2=v∗R2, s∗xx,L2= s∗xx,R2, s∗xy,L2= s∗xy,R2, (3.11)

where ()∗Lk and ()∗Rk(k=1,2) mean () in the region of W∗
Lk and W∗

Rk(k=1,2) respectively.
Besides, from (3.10) we can see that

d(syy)

1
=

dp

1
=

d(syy−p)

1−1
=

dσy

0
,

which means that
σ∗

y,L2=σ∗
y,R2. (3.12)

Using the same method, for the λ2 wave we have

dρ

0
=

du

0
=

dv

0
=

dp

0
=

dsxx

1
=

dsyy

0
=

dsxy

0
,

then we can get

ρ∗L2=ρ∗R2, u∗
L2=u∗

R2, v∗L2=v∗R2, p∗L2= p∗R2, s∗yy,L2= s∗yy,R2, s∗xy,L2= s∗xy,R2. (3.13)

Combining the forth and fifth equations in (3.14) yields

σ∗
y,L2=σ∗

y,R2. (3.14)
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In the same way, for the λ3 wave we have

dρ

1
=

du

0
=

dv

0
=

dp

0
=

dsxx

0
=

dsyy

0
=

dsxy

0
,

which means that

u∗
L2=u∗

R2, v∗L2=v∗R2, p∗L2= p∗R2, s∗xx,L2= s∗xx,R2, s∗yy,L2= s∗yy,R2, s∗xy,L2= s∗xy,R2. (3.15)

From the above third and fifth equations, we can see

σ∗
y,L2=σ∗

y,R2. (3.16)

From the eigenvector analysis above, for all the linearly degenerate waves (λ1, λ2 and
λ3), it holds that

u∗
L2=u∗

R2, v∗L2=v∗R2, σ∗
y,L2=σ∗

y,R2, s∗xy,L2= s∗xy,R2. (3.17)

Here we do not show the details of analysis for the simplicity of presentation.

TSWs which are along
dy
dt =v±s1

Across two TSWs associated with λ4,5=v∓s1, one has

dρ=
1+Γ

(s2
1−s2

2)ρs2
1

d
( s2

xy

2

)
, dp=

(w3− 4µ
3ρ w2)

ρs2
1

d
( s2

xy

2

)
, (3.18)

dsxx =
(1+ 2µ

3ρ w2)

ρs2
1

d
( s2

xy

2

)
, dsyy =

−(1+ 4µ
3ρ w2)

ρs2
1

d
( s2

xy

2

)
, (3.19)

dv=
∓w2

ρ2s1
d
( s2

xy

2

)
, du=

±dsxy

ρs1
. (3.20)

LSWs which are along
dy
dt =v±s2

Across two LSWs associated with λ6,7=v∓s2, one has





du=dsxy =0, dv± s2
ρ dρ=0,

dp+
(

4µ
3ρ −s2

2

)
dρ=0, dsxx =

2µ
3ρ dρ, dsyy =

−4µdρ
3ρ .

(3.21)

We use the subscript ’a’ or ’b’ to denote the state ahead of or behind a wave. In
order to evaluate the states in the central star regions clearly and legibly, the procedure
of evaluating the states behind the LSWs and TSWs are introduced in Appendixes A, B
and C.
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3.3 Equations in the central star regions

The central star regions states around the linearly degenerate wave are called W∗
L2 and

W∗
R2 depicted in Fig. 1. From (A.1) and (C.1)-(C.4), we know there are four unknown vari-

ables: sT∗
xy,L, sT∗

xy,R, ρL∗
L , ρL∗

R , where the subscripts L and R denote the left and right states,
the superscripts T∗ and L∗ denote the states behind a TSW and a LSW, respectively.

Basic analysis: Just like the case of a fluid, the normal velocity v and the normal stress
σy are always continuous across the linearly degenerate wave, while the tangential veloc-
ity u and the tangential stress sxy may not be continuous when the stress(stresses) is

(are) in the plastic regime. If one of two states behind two TSWs is in the plastic regime,
sxy is no longer continuous across the linearly degenerate wave, but the tangential ve-
locity u may be continuous and we need to solve the following half Riemann problem
uT∗

L/R(s
T∗
xy,L/R)=uE

R/L. After obtaining the solution, von Mises’ yielding condition is used.

If the evaluated state is in the plastic regime, one needs to evaluate the state of elastic
limit. The detailed evaluation method is given in Appendix B.

According to the above analysis, there are four cases needed to be considered.

Case 1: If any state behind every wave is not in the plastic regime, then according to
(3.17), one can get the following four equations:

{
(u∗

L2,v∗L2,σ∗
y,L2)

T(ρL∗
L ,sT∗

xy,L)=(u∗
R2,v∗R2,σ∗

y,R2)
T(ρL∗

R ,sT∗
xy,R),

sT∗
xy,L= sT∗

xy,R.
(3.22)

Case 2: Assume the stress behind the left TSW is in the plastic regime, while that
behind the right TSW is not, then one can get the following relations:

{
(v∗L2,σ∗

y,L2)
T(ρL∗

L ,sT∗
xy,L)=(v∗R2,σ∗

y,R2)
T(ρL∗

R ,sT∗
xy,R),

u∗
L2=uE

L2, sT∗
xy,L = sE

xy,L2, u∗
R2(ρ

L∗
R ,sT∗

xy,R)=uE
L2,

(3.23)

where the superscript E means the elastic limit. At last, the above equations can be sim-
plified as {

(v∗L2,σ∗
y,L2)

T(ρL∗
L ,sE

xy,L2)=(v∗R2,σ∗
y,R2)

T(ρL∗
R ,sT∗

xy,R),

u∗
L2=uE

L2, sT∗
xy,L= sE

xy,L2, u∗
R2(ρ

L∗
R ,sT∗

xy,R)=uE
L2.

(3.24)

Case 3: Assume the stress behind the right TSW is in the plastic regime, while that
behind the left TSW is not, then using the same method as that in Case 2, one can get the
following relations:

{
(v∗L2,σ∗

y,L2)
T(ρL∗

L ,sT∗
xy,L)=(v∗R2,σ∗

y,R2)
T(ρL∗

R ,sE
xy,R2),

u∗
R2=uE

R2, sT∗
xy,R= sE

xy,R2, u∗
L2(ρ

L∗
L ,sT∗

xy,L)=uE
R2,

(3.25)

Case 4: Assume both stresses behind two TSWs are all in the plastic regime, one can
get the following relations:

{
(v∗L2,σ∗

y,L2)
T(ρL∗

L ,sE
xy,L2)=(v∗R2,σ∗

y,R2)
T(ρL∗

R ,sE
xy,R2),

u∗
L2=uE

L2, u∗
R2=uE

R2, sT∗
xy,R= sE

xy,R2, sT∗
xy,L= sE

xy,L2.
(3.26)
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3.4 Main ideas of solving the main equations

First solve (3.22) and obtain its solutions without considering elastic limit. If any state
behind two TSWs is not in the plastic regime, then the evaluation is stopped. If two
states are in the plastic regime, we have to evaluate elastic limits of two states. If only
one state is in the plastic regime, we need to compute the half Riemann problem, and
then use von Mises’ yielding condition.

Two nested iterations: There are four variables and four equations, this means the
above equations are solvable. On the other hand, it is difficult to directly solve (3.22)
because the above equations are strongly nonlinear. Hence, it is necessary to use an
iteration method to solve it. But the iteration of four variables is difficult and expensive.
Instead, we use here two small nested iterations of two variables to replace the above
iteration of four variables. Obviously, comparing with the iteration of four variables, our
two nested iterations of two variables are simple and computationally cheap.

The two nested iterations include an outer iteration and an inner iteration. The outer

iteration is to solve the following equations:

v∗L2(ρ
L∗
xy,L)=v∗R2(ρ

L∗
xy,R), σ∗

y,L2(ρ
L∗
xy,L)=σ∗

y,R2(ρ
L∗
xy,R). (3.27)

The inner iteration is to solve the equations in the tangential direction of a cell inter-
face. These equations have four cases:





Case a : u∗
L2(s

T∗
xy,L)=u∗

R2(s
T∗
xy,R), sT∗

xy,L = sT∗
xy,R;

Case b : u∗
L2(s

T∗
xy,L)=uE

R2, sT∗
xy,R = sE

xy,R2;

Case c : u∗
R2(s

T∗
xy,R)=uE

L2, sT∗
xy,L = sE

xy,L2;

Case d : u∗
L2=uE

L2, u∗
R2=uE

R2, sT∗
xy,L= sE

xy,L2, sT∗
xy,R = sE

xy,R2.

(3.28)

The problem (3.28) is called the problem of two TSWs. The detailed procedure of solving
this problem is introduced in Appendix D.

The main procedure of two nested iterations is summarized below.

Main procedure:

Define G(ρL∗
L ,ρL∗

R )=−(p∗R2−p∗L2)+s∗yy,R2−s∗yy,L2 and F(ρL∗
L ,ρL∗

R )=v∗R2−v∗L2. By virtue
of v∗L2=v∗R2 and σ∗

y,L2=σ∗
y,R2,

F(ρL∗
L ,ρL∗

R )=0, G(ρL∗
L ,ρL∗

R )=0. (3.29)

We shall use the Newton iteration method to solve (3.29) as follows.

Step 1: Guess ρL∗
L,(k) and ρL∗

R,(k) behind the left and right LSWs, where k means the k-th

iteration. For k=1, we take ρL∗
L,(1)=ρL∗

R,(1)=
ρL+ρR

2 .

Step 2: Evaluate WL∗
L1,(k) and WL∗

R1,(k).
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Step 3: Solve (3.28) with the known initial states ahead of two TSWs to give WT∗
L2,(k)

and WT∗
R2,(k). The detailed procedure is shown in Appendix D.

Step 4: Evaluate F(k)=vR2,(k)−vL2,(k) and G(k)=(syy,R2,(k)−pR2,(k))−(syy,L2,(k)−pL2,(k));

Step 5: Evaluate the derivatives of F(k)(G(k)) with respect to ρL∗
L,(k)(ρ

L∗
R,(k));

Step 6: Evaluate the values of ρL∗
L,(k+1) and ρL∗

R,(k+1)

[
ρL∗

R,(k+1)

ρL∗
L,(k+1)

]
=

[
ρL∗

R,(k)

ρL∗
L,(k)

]
−
[

F(k)
G(k)

]


∂F(k)
∂ρL∗

R

∂F(k)
∂ρL∗

L
∂G(k)

∂ρL∗
R

∂G(k)

∂ρL∗
L



−1

. (3.30)

Step 7: Evaluate the errors of the iteration:

CHA=max




∣∣∣ρL∗
L,(k+1)−ρL∗

L,(k)

∣∣∣
1
2

∣∣∣ρL∗
L,(k+1)

+ρ∗
L,(k)

∣∣∣
,

∣∣∣ρL∗
R,(k+1)−ρL∗

R,(k))
∣∣∣

1
2

∣∣∣ρL∗
R,(k+1)

+ρL∗
R,(k)

∣∣∣
,|F(k)|,|G(k)|


.

If CHA<10−6, then stop the iteraton. Otherwise, go to Step 2 with K :=K+1.
In the following, we give the derivatives of F(k) and G(k) with respect to ρL∗

L,(k) and

ρL∗
R,(k). 




∂F(k)
∂ρL∗

L,(k)

=
s2

(
ρL∗

L,(k)

)

ρ∗
L,(k)

−△vtL
△ρtL

,
∂F(k)

∂ρL∗
R,(k)

=
s2

(
ρL∗

R,(k)

)

ρ∗
R,(k)

+△vtR
△ρtR

,

∂G(k)

∂ρL∗
L,(k)

= s2
2

(
ρL∗

L,(k)

)
−△syy,L,(k)

△ρL,(k)
+

△PtL−△syy,tL

△ρtL
− 4µ

3ρ∗
L,(k)

,

∂G(k)

∂ρL∗
R,(k)

=−s2
2

(
ρL∗

R,(k)

)
+

△syy,R,(k)

△ρR,(k)
−△PtR−△syy,tR

△ρtR
+ 4µ

3ρ∗
R,(k)

,

where △ιtm = ιT∗
m,(k)− ιL∗

m,(k), ι=ρ,v,p,syy and m= L,R. We compute the derivative of syy in

the density by the finite difference method. In the numerical tests below we find that this
method is very efficient.

In the above iteration, Step 3 is an inner iteration, the iteration of evaluating ρL∗
L and

ρL∗
R is an outer iteration.

4 A second-order cell-centered Lagrangian scheme

We consider an initial boundary value problem for (2.1). For a Lagrangian scheme, the
governing equations also include the equations of moving coordinates at vertices of grids:

dx(t)

dt
=u(x,y,t),

dy(t)

dt
=v(x,y,t). (4.1)

In this paper we use the second-order predictor-corrector method to discretize all the
equations.
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4.1 Predictor step

4.1.1 Second-order reconstruction method

In this paper, we use a simple WENO reconstruction approach to perform the reconstruc-
tion procedure. Define

W=
(
ρ,u,v,p,sxx,syy,sxy

)T
. (4.2)

Given the spatial averages of W(x,y) in N×M cells:

W i,j=
1

Vi,j

∫

Ii,j

W(x,y)dxdy, i=1,··· ,N, j=1,··· ,M, (4.3)

where N and M are the numbers of cells in x- and y-directions respectively, Ii,j denotes
the cell C0. We reconstruct the point-wise values of W at the mid point of four cell edges
and require the reconstructed values to be of second-order accuracy.

We apply the second-order WENO reconstruction approach to approximate the value
of W at the mid point of four cell edges, with the approximation essentially non-
oscillatory (ENO).

In our second-order WENO reconstruction, eight stencils are used (eight cells around
C0, see Fig. 4). Let us denote these eight stencils by sk, k=1,··· ,8, where

sk ={C0,Ck,Ck+1}, (4.4)

where cells C0−C8 can be found in Fig. 2.

C0

C2

C3

C4C5C6

C7

C8 C1(9)

Figure 2: Cell C0 with ambient 8 cells (c1−c8) for reconstruction.

From the value of W at each stencil sk, we can construct a second-order approximation
polynomial

pk(x,y)=W0,k+W1,kx+W2,ky. (4.5)
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At last, the second-order WENO polynomial for cell (i, j) is given by

pi,j(x,y)=
8

∑
k=1

ωkpk(x,y), (4.6)

where ωk (k=1,··· ,8) are the WENO weights of W at the kth stencil,

ωk=
1

(ε2+W2
1,k+W2

2,k)

/ 8

∑
l=1

1(
ε2+W2

1,l+W2
2,l

) , ε=10−6. (4.7)

The point-wise values of W at the mid point of four edges of cell C0 are given by

{
Wi,j,D =pi,j(xi,yj− 1

2
), Wi,j,U =pi,j(xi,yj+ 1

2
),

Wi,j,L =pi,j(xi− 1
2
,yj), Wi,j,R=pi,j(xi+ 1

2
,yj).

(4.8)

4.1.2 Evaluation of the Godunov values

We solve the classical homogeneous Riemann problem for time dependent elastic-plastic
equations in the y-direction:

PDEs:





∂tU+∂yG(U)=0,

∂tsxx+v∂ysxx+
2
3 µ∂yv−sxy∂yu=0,

∂tsyy+v∂ysyy− 4
3 µ∂yv+sxy∂yu=0,

∂tsxy+v∂ysxy−
(

µ+
syy−sxx

2

)
∂yu=0,

ICs: Q(xi+ 1
2
,y,0)=

{
Qi,j,U if y<yn

j ,

Qi,j+1,D if y>yn
j .





(4.9)

Qi,j,U and Qi,j+1,D are functions of Wn
i,j,U and Wn

i,j+1,D given by Eq. (4.8).

Denote the solution of (4.9) by D(0)(y/t), then the Godunov values of Q are Qn
i,j+ 1

2

=

D(0)(v) . Because the grid moves at speed of the flow, the Godunov values of Q should be
the values of Q at the linearly degenerate waves of the Riemann solution. Here we use
the upwind method to define the Godunov values at the linearly degenerate waves.

Step A1: Evaluate W∗
L2 and W∗

R2
in Fig. 1.

Step A2: Determine (ρ∗,u∗,v∗,p∗,s∗xx,s∗yy,s∗xy) of (ρ,u,v,p,sxx,syy,sxy):

(
ρ∗,u∗,v∗,p∗,s∗xx,s∗yy,s∗xy

)
=





W∗
L2

if
v∗L2+v∗R2

2 >0,

W∗
R2

if
v∗L2+v∗R2

2 ≤0.
(4.10)

Given (ρ∗,u∗,v∗,p∗,s∗xx,s∗yy,s∗xy), we can compute the Godunov values of Q.
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4.1.3 Evaluation of the vertex velocity

Fig. 3 depicts a node P shared by four edges (1,2,3,4) and four cells {C1, C2, C3 and
C4}. Pk is the mid point of edge k, the length and the unit outward normal of the edge
[P,Pk] are denoted by Lk and −→n k respectively. The normal velocity at Pk is vn,k, which is
determined by solving the Riemann problem introduced in Section 4.1.2.

vn1

vn2

vn3

vn4

L1

L2

L3

L4

C1

C2

C3

C4

P

P1

P2

P3

P4

Figure 3: Node P with 4 edges and 4 cells (C1,C2,C3 and C4) surrounded.

The momentum is conservative around a node: ∑
4
k=1

[
mk

(−→v p ·−→nk −vn,k

)
·−→nk

]
= 0,

where mk=
1
2(ρck−1

s2,k−1+ρck
s2,k)Lk. Finally, the resulting equations can be written as

MP ·−→v P =FPC=

(
∑

4
k=1mknx,kvn,k

∑
4
k=1mkny,kvn,k

)
, (4.11)

where

MP =

(
∑

4
k=1mkn2

x,k ∑
4
k=1mknx,kny,k

∑
4
k=1mknx,kny,k ∑

4
k=1 mkn2

y,k

)
. (4.12)

Solving the algebraic system (4.11), one gets the velocity −→v p of node p.

4.1.4 Discretization of the moving equations

A two-dimensional spatial domain Ω is divided into N×M cells, Ii,j denotes a quadri-

lateral cell constructed on −→r =(x,y) in proper order by 4 vertices subscripts (i− 1
2 , j− 1

2),

(i+ 1
2 , j− 1

2), (i+
1
2 , j+ 1

2), (i− 1
2 , j+ 1

2 ).

An integration of (4.1) from tn to tn+ 1
2 yields

∫ tn+ 1
2

tn

d(x,y)i+ 1
2 ,j+ 1

2
(t)

dt
=
∫ tn+ 1

2

tn
(u,v)(xi+ 1

2
,yj+ 1

2
,t)dt. (4.13)
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In the predictor step, we perform obtain the coordinates of the grid vertex:

x
n+ 1

2

i+ 1
2 ,j+ 1

2

= xn
i+ 1

2 ,j+ 1
2
+un

i+ 1
2 ,j+ 1

2

∆t

2
, y

n+ 1
2

i+ 1
2 ,j+ 1

2

=yn
i+ 1

2 ,j+ 1
2
+vn

i+ 1
2 ,j+ 1

2

∆t

2
.

4.1.5 Discretization of the conservative equations

The finite volume version of the second-order scheme follows from integrating (2.1) over
Ω1234−abcd, denoted by Ω in Fig. 4, and has the following formulation by virtue of the
Green’s theorem:

S
n+ 1

2
i,j U

n+ 1
2

i,j =Sn
i,jU

n
i,j−(Fi+ 1

2 ,j−Fi− 1
2 ,j+Fi,j+ 1

2
−Fi,j− 1

2
)

+(Gi+ 1
2 ,j−Gi− 1

2 ,j+Gi,j+ 1
2
−Gi,j− 1

2
),

where S
n+ 1

2
i,j (Sn

i,j) denote the areas of Ii,j at half (old) time, U
n
i,j (U

n+ 1
2

i,j ) is the cell spatial

average at old (half) time. Fi+ 1
2 ,j and Gi,j+ 1

2
are given by

Fi+ 1
2 ,j=

∫ tn+ 1
2

tn

∫ y
i+ 1

2 ,j+ 1
2

y
i+ 1

2 ,j− 1
2

f(U(xi+ 1
2 ,j,y,t))dydt=

∆t∆yn
i+ 1

2 ,j

2
f(Un

i+ 1
2 ,j
),

Gi,j+ 1
2
=
∫ tn+ 1

2

tn

∫ x
i+ 1

2 ,j+ 1
2

x
i− 1

2 ,j+ 1
2

g(U(x,yi,j+ 1
2
,t))dxdt=

∆t∆xn
i,j+ 1

2

2
g(Un

i,j+ 1
2
)





with

f=
(
0, p−sxx, −sxy, (p−sxx)u−sxyv

)T
,

g=
(
0, −sxy, p−syy, (p−syy)v−sxyu

)T
,

and Un
i+ 1

2 ,j
(Un

i,j+ 1
2

) is the Godunov value of U at the cell interface −→r n
i+ 1

2 ,j
(−→r n

i,j+ 1
2

), and

∆yn
i+ 1

2 ,j
=yn

i+ 1
2 ,j+ 1

2

−yn
i+ 1

2 ,j− 1
2

, ∆xn
i,j+ 1

2

= xn
i+ 1

2 ,j+ 1
2

−xn
i− 1

2 ,j+ 1
2

.

1 2

34

tn

tn+1

5 6

78

a
b

cd

tn+1/2

Figure 4: Integration volume.
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4.1.6 Discretization of the constitutive equation

In this subsection, we discretize the constitutive equation (2.2). In the Lagrangian frame,
it can be written as 




dsxx
dt =2µ( 2

3
∂u
∂x − 1

3
∂v
∂y )+sxy

(
∂u
∂y − ∂v

∂x

)
,

dsyy

dt =2µ( 2
3

∂v
∂y − 1

3
∂u
∂x )−sxy

(
∂u
∂y − ∂v

∂x

)
,

dsxy

dt =µ
(

∂v
∂x +

∂u
∂y

)
+

syy−sxx

2

(
∂u
∂y − ∂v

∂x

)
.

(4.14)

The geometrical conservation law, which is very important for a cell-centered La-
grangian scheme, means that the following equation should be satisfied:

dVi,j(t)

dt
=
∫ ∫

Ii,j

(
∂u

∂x
+

∂v

∂y

)
dxdy. (4.15)

In two spatial dimensions, the volume of cell Ii,j is defined as

Vi,j(t)=
1

2

[
(y3−y1)(x2−x1)−(x3−x1)(y2−y1)

+(y4−y1)(x3−x1)−(x4−x1)(y3−y1)
]
,

where (xk,yk)= (xk(t),yk(t)), k= 1,2,3,4, are the coordinates of the vertices of cell Ii,j. If
we take the material derivative to the volume Vi,j(t) of cell Ii,j, we obtain

dVi,j(t)

dt
=

4

∑
k=1

uk+uk+1

2
(yk+1−yk)−

vk+vk+1

2
(xk+1−xk), (4.16)

where (·)5=(·)1, (uk,vk) is the moving velocity of the k-th vertex of cell Ii,j.

The geometrical conservative law is guaranteed by (4.16) and (4.15),

∫ ∫

Ii,j

(
∂u

∂x
+

∂v

∂y

)
dxdy=

4

∑
k=1

uk+uk+1

2
(yk+1−yk)−

vk+vk+1

2
(xk+1−xk).

We discretize
∫ ∫

Ii,j

∂u
∂x dxdy,

∫ ∫
Ii,j

∂v
∂y dxdy,

∫ ∫
Ii,j

∂u
∂y dxdy and

∫ ∫
Ii,j

∂v
∂x dxdy by

(ūx,v̄x)=
1

Vn
i,j

∫ ∫

Ii,j

∂(u,v)

∂x
dxdy=

1

Vn
i,j

4

∑
k=1

(u,v)k+(u,v)k+1

2
(yk+1−yk),

(ūy,v̄y)=
1

Vn
i,j

∫ ∫

Ii,j

∂(u,v)

∂y
dxdy=− 1

Vn
i,j

4

∑
k=1

(u,v)k+(u,v)k+1

2
(xk+1−xk),




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Thanks to the above three equations, the system (4.14) is discretized as follows:

(s̄xx)
n+1/2−(s̄xx)

n

1
2 ∆t

=2µ

(
ūx−

1

3

(
ūx+ v̄y

))
+ s̄n

xy

(
ūy− v̄x

)
,

(
s̄yy

)n+1/2−
(
s̄yy

)n

1
2 ∆t

=2µ

(
v̄y−

1

3

(
ūx+ v̄y

))
− s̄n

xy

(
ūy− v̄x

)
,

(
s̄xy

)n+1/2−
(
s̄xy

)n

1
2 ∆t

=µ
(
ūy+ v̄x

)
+

(
s̄n

yy− s̄n
xx

)

2

(
ūy− v̄x

)
.





4.2 Corrector step

Using the predictor step, we obtain the cell average Q
n+ 1

2 of Qn+ 1
2 . We perform the

reconstruction procedure and compute the Godunov values of Q at half time, then we
evaluate the moving speed of a grid node. All the equations are integrated over the
control volume Ω1234−5678 and the form of the resulting equations is the same as that in
the predictor step, while all the variables with the superscripts n on the right hand side
of all the equations in the predictor step are replaced by the corresponding variables with
the superscripts n+ 1

2 .

5 Numerical tests

In this section, we test our scheme with several problems to validate the scheme in cap-
turing the elastic-plastic waves and the convergence.

5.1 Accuracy test

We use smooth manufactured solutions to test the accuracy of our second-order scheme
[15, 16]. We consider the following equations of compressible elastic-plastic flows with
source terms:

∂tU+∂xF(U)+∂yG(U)=S ,
dS
dt =2µD0−(SW−WS),

}

where S=(0,s2,s3,s4)
T, and

s2=−2ρ0ρxπx1a2+2bρ0ρyπy1a+ρ0(2aρxπx1−2bρyπy1)a,+2πs1y2

+2πs1x2+2πs1y1+
a2

0ρ0(ρxΓ0πx1−2ρxπx1)z1

(−ρyy2−ρxx2−sz1+1)2
− 2a2

0ρ0ρxπx1

(
z1− 1

2 Γ0z1+1
)

(−ρyy2−ρxx2−sz1+1)2

− 2a2
0ρ0(2ρxπsx1−2ρxπx1)z1

(
−ρyy2−ρxx2− 1

2 Γ0z1+1
)

(z1−sz1+1)3
,
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s3=
2ρ0ρyπ

(
z1− 1

2 Γ0z1+1
)

y1a2
0

(z1−sz1+1)2
+

ρ0z1(2ρyπy1−ρyΓ0πy1)a
2
0

(z1−sz1+1)2

− 2ρ0z1

(
z1− 1

2 Γ0z1+1
)
(2ρyπy1−2ρyπsy1)a

2
0

(z1−sz1+1)3
+2πs1x1−2abρ0ρxπx1

+2πs1x2+2πs1y1+2b2ρ0ρyπy1+bρ0(2aρxπx1−2bρyπy1),

s4=−b(−2πs1x1−2πs1x2)+a

(
s421+s422−2ρ0ρx

(
a2

2
+

b2

2
+e0

)
πx1

)

+2aπs1x2+ρ0

(
a2

2
+

b2

2
+e0

)
(2aρxπx1−2bρyπy1)−a(−2πs1y2−2πs1y1)

+b

(
s441+s442+2πs1y1+2ρ0ρy

(
a2

2
+

b2

2
+e0

)
πy1

)
,

with

s421=
ρ0(ρxΓ0πx1−2ρxπx1)z1a2

0

(z1−s(−ρyy2−ρxx2)+1)2
− 2ρ0ρxπx1

(
z1− 1

2 Γ0z1+1
)

a2
0

(z1−sz1+1)2
,

s422=−2ρ0(2ρxπsx1−2ρxπx1)z1

(
z1− 1

2 Γ0z1+1
)

a2
0

(z1−s(z1)+1)3
,

s441=
2ρ0ρyπ

(
z1− 1

2 Γ0z1+1
)

y1a2
0

(z1−sz1+1)2
+

ρ0z1(2ρyπy1−ρyΓ0πy1)a
2
0

(z1−sz1+1)2
,

s442=−2ρ0z1

(
z1− 1

2 Γ0z1+1
)
(2ρyπy1−2ρyπsy1)a

2
0

(z1−sz1+1)3
.

In the above expressions, a= b=10000 m/s, ρx = ρy =0.1, s1 =60×106 Pa, e0 =10−14,
x1 = cos(2π(x−at)), x2 = sin(2π(x−at)), y1 = sin(2π(y−bt)), y2 = cos(2π(y−bt)), z1 =
−ρyy2−ρxx2, ρ0 = 8930 kg/m3, a0 = 3940 m/s, Γ0 = 2,s= 1.49, the shear module µ= 45×
109 Pa, the yielding strength Y0=90×109 Pa.

The smooth manufactured solution of the above equations reads as

ρ=ρ0

{
1−ρx sin[2π(x−at)]−ρy cos[2π(y−bt)]

}
,

u= a, v=b, e= e0, sxx = s1(cos(2π(x−at))−sin(2π(y−bt))),

syy=−s1(sin(2π(x−at))−cos(2π(y−bt))), sxy= sxx+syy,

where e0 is the constant internal energy.
The computational domain is [0,1]×[0,1] and the periodic boundary condition is used.

The initial data are

ρ=ρ0

{
1−ρx sin(2πx)−ρy cos(2πy)

}
,

u= a, v=b, e= e0, sxx = s1(cos(2πx)−sin(2πy)),

syy =−s1(sin(2πx)−cos(2πy)), sxy = sxx+syy.
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We use our second-order Lagrangian scheme to simulate this problem. Because there
are source terms in this problem, we apply the fifth-order Gaussian quadrature method
to compute

∫ ∫
Ii,j

s2dxdy,
∫ ∫

Ii,j
s3dxdy and

∫ ∫
Ii,j

s4dxdy, and here we omit the details of

treating the source terms for the simplicity of presentation.
The errors in L1- and L∞-norms at the output time t= 1 are given in Tables 1 and 2,

from which we see that our scheme achieves the desired order of accuracy.

Table 1: Error in L1-norm of our scheme for the smooth solution using N×N uniform mesh cells.

N ρ Ord ρu+ρv Ord ρE Ord sxx Ord

20 6.87E-04 1.87E-03 1.09E-03 7.47E-05

40 2.21E-04 1.64 4.86E-04 1.95 2.57E-04 2.09 2.47E-05 1.60

80 6.18E-05 1.84 1.27E-04 1.93 6.48E-05 1.99 6.86E-06 1.85

160 1.62E-05 1.93 3.28E-05 1.96 1.64E-05 1.98 1.79E-06 1.94

Table 2: Error in L∞-norm of our scheme for the smooth solution using N×N uniform mesh cells.

N ρ Ord ρu+ρv Ord ρE Ord sxx Ord

20 2.55E-03 8.13E-03 5.52E-03 3.07E-04

40 8.01E-04 1.67 2.33E-03 1.80 1.50E-03 1.88 8.77E-05 1.81

80 2.24E-04 1.84 6.28E-04 1.89 3.97E-04 1.92 2.28E-05 1.95

160 5.73E-05 1.97 1.59E-04 1.98 1.00E-04 1.99 5.88E-06 1.95

5.2 A piston problem with stress shock waves in copper

Here we simulate a moving shock in a piece of copper with the same initial condition
as that in [4]. The left boundary condition is a velocity boundary condition given by
vpiston=20 m/s, whereas on the right, upper and down boundaries of the computational
domain, the wall boundary conditions are imposed.

In order to test the convergence of the current scheme, we compute this problem, to
which there is the exact solution, with 100×8, 200×8, 400×8 and 800×8 cells, respectively.
The CFL number is taken to be 0.45 and the stopping time is t= 150 µs. The numerical
results with different ∆x are presented in Fig. 5, from which we see that the numerical
solution is converging to the exact solution, and the leading elastic shock wave and the
followed plastic shock wave are well captured. Besides, there is no numerical oscillation
near the shock waves. This asserts that the current scheme is right and stability.

Moreover, we compare the numerical results by our first-order and second-order
schemes with those by the first-order and second-order schemes developed by Maire
et al. [4] in Fig. 6, from which it is clear to see that there are very small differences in the
results of both first-order schemes.

This shows that for shock waves, our Riemann solver works as well as the node Rie-
mann solver in [4] from results by the first scheme. Besides, we can find that our second-
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Figure 5: Piston problem. Density, velocity and sxx versus x at time t=150 µs.
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Figure 6: Piston problem. Comparison of the densities computed by the current 1st- and 2nd-order schemes
and that by the 1st- and 2nd-order schemes developed by Maire et al. with 100 cells.

order scheme performs better for the shock waves than Maire et al.’s second-order

scheme. It shows that our simple WENO reconstruction has higher accuracy(and smaller
dissapitation shown in the test: two-dimensional projectile impact) than the piecewise
linear reconstruction based on a least square approach introduced in [4].
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5.3 Wilkins’ problem

This problem is initially introduced by Wilkins in [1]. We test it here to show the ability
of our scheme in the simulation of rarefaction waves. This problem describes a moving
aluminium plate striking another aluminium plate. The equation of state for aluminium
and the initial condition are the same as those in [4]. We use 400×8 and 800×8 cells
to simulate the problem up to time 5×10−6 s with free boundary condition on the left
boundary and wall boundary condition on the other three boundaries. Numerical results
are presented in Figs. 7-9. The reference solution (solid line in all the figures) is obtained
by using the current second-order cell-centered Lagrangian scheme with 4000×8 cells.

From Figs. 7-9 we observe that the numerical solution is converging to the reference
one. Similarly, the elastic and plastic right-facing shocks and the reflected elastic and
plastic rarefaction waves are well captured, and the numerical results are in good agree-
ment with those in [4].
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Figure 7: Wilkins’ problem. Density versus x at time t= 5 µs. Bottom figure: Close-up of the region around
the head of the right-facing elastic rarefaction wave.
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We also compare the computed results by the current first-order and second-order
schemes with those by the first-order and second-order schemes developed by Maire et
al. in [4] in Figs. 10 and 11, from which it can be observed that

(1) The current first-order and second-order schemes perform better than Maire et
al.’s first-order and second-order schemes around the plastic rarefaction wave. This is an
advantage of FRRSE in resolving rarefaction waves.

(2) The numerical results computed by the current first-order scheme agree very well
with those by Maire et al.’s first-order scheme around the elastic and plastic right-facing
shocks. However, the current second-order scheme performs better than Maire et al.’s
second-order scheme around the shocks. This demonstrates that the current reconstruc-
tion method has higher accuracy than the piecewise linear reconstruction method intro-
duced in [4].
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Figure 10: Wilkins’ problem. Comparison between the computed densities by the current 1st-order and 2nd-order
schemes and those by Maire et al.’s 1st-order and 2nd-order schemes with 100 cells.
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Figure 11: Wilkins’ problem. Local comparison between the computed densities by the current 2nd-order scheme
and those by Maire et al.’s 2nd-order scheme with 100 cells around the elastic rarefaction and shock waves.

5.4 Collapse of a cylindrical beryllium shell

This problem initially proposed by Howell and Ball in [17] is to compute the collapse of
a cylindrical beryllium shell. The problem setting is depicted in Fig. 12.
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Figure 12: Collapse problem: Sketch map (left) and the initial gird (right).

The initial inner and outer radii of the shell are Ri = 0.08 m and Ro = 0.10 m, respec-
tively. The angle range of computational field is [0, π

2 ]. The initial density ρ0=1845 kg/m3,
the initial pressure p0 = 105 Pa, the initial velocity is towards the center of the shell and
the initial radial velocity field is −V0

Ri
r , where V0 is 417.1 m/s and r =

√
x2+y2 is the

radius. The equation of state for beryllium is given by the Mie-Grüneisen model with the
following parameters: ρ0=1845 kg/m3, a0 =12870 m/s, Γ0=2,s=1.124. The constitutive
model is characterized by the following parameters: the shear module µ=151.9×109 Pa,
the yielding strength Y0=330×106 Pa. In this problem, on the left and right boundaries
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the reflected boundary condition is imposed, and on the upper and down boundaries the
free boundary condition is implemented.

For this problem, Maire et al. in [4] pointed out that the analytic solution proposed by
Howell and Ball in [17] is also suitable for this problem with a different EOS. The analytic
solution is that, at time t=130 µs, the initial total kinetic energy is totally transformed into
the internal energy and the inner and outer stopping radii become 0.05 m and 0.0781 m,
respectively.

We use two grids (20×16 and 40×32) to simulate the problem in order to analyze the
convergence of the current second-order scheme. In Fig. 13 one can see that the inner
and outer stopping radii of the shell agree with the theoretical values and the numerical
solution is converging to the analytical one. This shows that the current scheme appears
to be convergent.

Time(Microsecond)

R
ad

iu
s(

cm
)

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
4

5

6

7

8

9

Exact
20x16
40x32

R=7.81cm

R=5cm

Outer radius

Inner radius

Time(Microsecond)

E
ne

rg
y(

10
7 J)

0 50 100
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Kinetic, 20x16
Internal, 20x16
Kinetic, 40x32
Internal, 40x32

Total energy

Figure 13: Collapse problem: Average radius and the energy vs time with different cells.

From Fig. 14, one can observe that the changes of the inner and outer radii of the shell
with the time at different angles are almost the same. This demonstrates that the current
second-order scheme seems to be symmetrical. We further see that the density contours
seem to be symmetrical, and the minimum and maximum of the density computed by
the current scheme are 1842.04 kg/m3 and 1843.74 kg/m3 respectively. However, the
minimum and maximum of the computed density by Maire et al.’s scheme in [4] are
1843.8 kg/m3 and 1844.8 kg/m3 respectively.

Obviously, in our numerical results, the minimum and maximum values of the den-
sity are slightly smaller than the corresponding computed values of the density evaluated
by Maire et al. in [4]. The reason, we think, is that during evaluating rarefaction waves
the numerical dissipation of the our 2nd-order scheme is less than that of Maire et al.’s
2nd-order scheme. For this collapse problem, the rarefaction waves dominate in the flow
and FRRSE is constructed based on rarefaction waves, thus resulting in less numerical
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Figure 14: Collapse problem: Inner radius (left) and outer radius (center) versus time at different angles with
40×32 cells and the density contours (right) at time t=130 µs with 40×32 cells.

dissipation. Less numerical dissipation makes deformation of the beryllium shell easy
and hence the change of the density in our numerical results is greater than that in [4].

5.5 Two-dimensional projectile impact

Here we consider a 2D impact problem, in which an aluminium is projected against a
rigid wall. We use the same data as those in [4]. The initial projectile is a rectangular
plate and its length and thickness are 5 m and 1 m respectively. The material is made of
aluminium, for which the equation of state is given by the Mie-Grüneisen model with
parameters: ρ0 = 2785 kg/m3, a0 = 5328 m/s, Γ0 = 2,s = 1.338. The constitutive model
is characterized by the following parameters: the shear module µ = 27.6×109 Pa, the
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Table 3: Length of the projectile for two grids.

Grid Stopping time(10−6s) Length(cm)

50×10 4511.2 464.0

100×20 4844.9 461.4

yielding strength Y0 = 300×106 Pa. We take the initial computational domain to be
[0,5 m]×[0,1 m] and the initial velocity to be (−150 m/s,0 m/s). Besides, on the left
boundary the reflected boundary condition is imposed, while on other three boundaries,
the free boundary condition is implemented.

Although this problem has neither analytical solution nor experimental results, it is
a good example to test the robustness and accuracy of our numerical scheme. In order
to perform a convergence analysis, we use two initial uniformly spaced grids 50×10 and
100×20 to simulate this problem.

When it impacts the wall, the projectile deforms and its kinetic energy is transformed
to the internal energy. When all kinetic energy is completely transformed into the internal
energy, the projectile begins to rebound. We define the stopping time by the moment
when 99.99% of the kinetic energy is transformed into the internal energy.

We present the stopping time and the length of the projectile in Table 3, From which
one sees that, when the grid is refined, the stopping time is longer and the length of the
projectile is shorter. This shows the current scheme is convergent. The grid is refiner,
the numerical dissipation is smaller. This results in slowdown of transform of the kinetic
energy into the internal energy, and so the stopping time computed by using the refined
grid is longer and the length is shorter. Besides, we find that the our computed final
length is close to the value given by Maire et al.’s second-order scheme. The computed
final length computed by the current scheme with 100×20 cells is 461.4 cm, but the final
length computed by Maire et al.’s second scheme with 100×20 and 200×40 cells are
about 464.0 cm and 462.0 cm, respectively. This shows that the current scheme is less
numerically dissipative than Maire et al.’s second-order scheme in same number of cells.

The changes of length and energy with respect to time are given in Fig. 15 from which
one can see that the transform of the kinetic energy into the internal energy with a coarse
grid is faster than that with a refined grid. This is consistent with the analysis mentioned
above. Moreover, we find that after the stopping time, the length of the projectile starts
to become big, and this shows that the projectile begins to rebound.

At last, let us see that the final grid and density contours in Figs. 16 and 17, from
which we see that the evaluated final grid and density contours are symmetrical with
respect to the line y=0.5 m. This illustrates that our scheme appears to be symmetrical.
Otherwise, one can observe that there are very clear wave structures in these figures.
Moreover, the refiner the grid is, the clearer the wave structures are; but the positions of
waves are almost the same. Such wave structures can not be found in [4].
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Figure 15: Projectile problem: length vs time with different cells.
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Figure 16: Two-dimensional projectile impact problem: Final grid (top) and the density contours (bottom) at
the stopping time t=4.5×10−3 s with 50×10 cells.
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Figure 17: Two-dimensional projectile impact problem: Final grid (top) and density contours (bottom) at the
stopping time t=4.9×10−3 s with 100×20 cells.
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6 Conclusions

In this paper we have introduced a four-rarefaction approximate Riemann solver for the
equations of two-dimensional elastic-plastic flows with the Mie-Grüneisen equation of
state and Wilkins’s constitutive model, where the von Mises’ yielding condition is used.
Then, based on the developed Riemann solver, we have proposed a predictor-corrector
finite volume scheme to discretize in time and a WENO reconstruction to discretize in
space for the two-dimensional equations for elastic-plastic flows in the Lagrangian frame-
work, in which the discretization in both space and time is of second-order accuracy.
At cell interfaces, the constructed four-rarefaction Riemann solver is used to evaluate
the Godunov state for the density, pressure, velocity and stress. In summary, we have
constructed a second-order cell-centered Lagrangian scheme, which has been tested nu-
merically through a number of test problems, including the piston problem and Wilkins’
problem. The numerical results have demonstrated that the computed solutions with
the present scheme appear to converge to the exact solution and show good agreement
with other reference solutions. Moreover, compared with the numerical results reported
by Maire and collaborators, it can be seen that the present scheme exhibits comparable
accuracy for shock waves, while being more accurate in simulating rarefaction waves.
Finally, it is worth remarking that the current scheme has the potential to be extended to
very high order of accuracy in both space and time.

Acknowledgments

This work was supported by the Science and Technology Foundation of CAEP (Grant
No. 2013A0202011), the National Basic Research Program under Grants (2014CB745002,
2014CB239202, 2011CB309705), NSFC (Grant Nos. 11172050, 11672047, 11229101,
11371065 and 11271051), Science Challenge Project (Grant No. TZ2016002) and Shandong
Province Natural Science Foundation of China (No. ZR2011EL035).

A Evaluating the states behind a TSW

For a TSW, we choose sxy as an independent variable and other variables as the depen-
dent variables. Given the state ahead of a TSW, Wa and sxy,b, we need to evaluate other
dependent variables, such as ρb, ub, vb, pb, sxx,b and syy,b.

If the deviatoric stresses reach the elastic limit, the states do not change again for a
TSW. Here we assume, during evaluating a TSW, the deviatoric stresses do not reach the
elastic limit. We shall discuss the elastic limit for a TSW in Appendix B.

Integrating (3.18)-(3.19) with respect to τ from τa to τb where τ= 1
2 s2

xy, one has

Tb =Ta+
∫ τb

τa

Hdτ, T=[ρ,p,sxx ,syy]
T , H=

[
Hρ,Hp,Hxx,Hyy

]T
, (A.1)
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where Hp=
(w3− 4µ

3ρ w2)

ρs2
1

, Hρ =
w2

ρs2
1

, Hxx =
(1+ 2µ

3ρ w2)

ρs2
1

, Hyy=− (1+ 4µ
3ρ w2)

ρs2
1

.

Next, we consider how to approximate the integral term in (A.1):

ξ(τb)=
∫ τb

τa

Hdτ (A.2)

with high-order accuracy, where ξ(τb)=
(
ξρ(τb),ξp(τb),ξsxx(τb),ξsyy(τb)

)T
.

Obviously, we can not get an explicit formulation of ξ(τb). Thus, we use the Gaussian
quadrature method to compute ξ(τb) with high-order accuracy:

ξ̂b =
G

∑
g=1

ωgH(τg)(τb−τa), (A.3)

where τg and ωg are the Gaussian quadrature points and integral weights respectively, G
is the number of the Gaussian quadrature points.

From (3.6) and (3.9), we find that, given T(τg) and sxy,g, we can evaluate the value of
H(τg). In the following, we describe how to evaluate T(τg) with given T(τg−1). (3.18)-
(3.19) can be written as dT=Hdτ. Integrating this equation from τg−1 to τg yields

T(τg)=T(τg−1)+
∫ τg

τg−1

Hdτ. (A.4)

Assume that both left and right TSWs are rarefaction waves, H is smooth. We make a
Taylor series expression at τg−1 for H:

H(τ)=Hg−1+
M

∑
m=1

∂mH

∂τm

(τ−τg−1)
m

m!
. (A.5)

Substituting (A.5) into (A.4), we see that

Tg =Tg−1+Hg−1(τg−τg−1)+
M

∑
m=1

∂mH

∂τm

(τg−τg−1)
m+1

(m+1)!
. (A.6)

Given Tg, one evaluates a2
g, s2

1,g, s2
2,g, Hρ,g, Hp,g, Hxx,g and Hyy,g and correspondingly

one can get the values of ̧̂b in (A.3).
Integrating (3.20) with respect to τ from τa to τb, one infers that

vb =va∓
∫ τb

τa

1

ρ2s1
w2dτ. (A.7)

With the help of the given values of Tg, a2
g, s2

1,g, s2
2,g and Hρ,g (g = 1,··· ,G), we can

employ the Gaussian quadrature method to compute vb:

vb =va∓
G

∑
g=1

ωg
Hρ,gs1,g

ρg
(τb−τa). (A.8)
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If one integrates (3.20) with respect to sxy from sxy,a to sxy,b, one obtains

ub =ua±
∫ sxy,b

sxy,a

1

ρs1
dsxy. (A.9)

Given the values of Tg, s2
1,g and s2

2,g (g=1,··· ,G), we can use the Gaussian quadrature
method to compute ub:

ub=ua±
G

∑
g=1

ωg
1

ρgs1,g
(sxy,b−sxy,a). (A.10)

Remark A.1. From the numerical experiments we find: if G=max{2,16× |sxy,b|−|sxy,a|
|sxy,b|+|sxy,a|} in

(A.3) and M = 1 in (A.5), the approximations in (A.6), (A.8) and (A.10) are high-order
accurate.

B Evaluation of the stress yielding limit across a TSW

Given the state, Wa, ahead of a TSW, we need to decide the states of the stress yielding
limit behind the TSW. These unknown yielding limit states are named WE

b , where WE
b =(

ρE
b ,uE

b ,vE
b ,pE

b ,sE
xx,b,sE

yy,b,sE
xy,b

)T
. In the following, we show how to evaluate the yielding

limit states for a TSW. Here, sE
xy,b is the independent variable and other variables are

dependent. Define

ϑ(τE)=
√

SE : SE−
√

2

3
Y0, (B.1)

where τE = 1
2(s

E
xy,b)

2, SE is the yielding limit of stresses. By virtue of von Mises’ yielding

condition, ϑ(τE) = 0. Obviously, we still can not give an explicit solution and have to
use the Newton iteration method to solve it. In the following, we describe the detailed
procedure of the iteration.

Step 1: Define the first iteration values: s
(1)
xy = sxy,a, s

(1)
xx = sxx,a, s

(1)
yy = syy,a, p(1) = pa,

ρ(1)=ρa and τ(1)= 1
2 s2

xy,a.

Step 2: Evaluate ϑ(τ(k)) =
√

SE,(k) : SE,(k)−
√

2
3Y0. If |ϑ(τ(k))|< 10−16, then iteration

procedure is stopped, and set sE
xy,b=s

(k)
xy , sE

xx,b=s
(k)
xx , sE

yy,b=s
(k)
yy , pE

b =p(k), ρE
b =ρ(k), uE

b =u(k),

vE
b =v(k).

Step 3: Evaluate the derivative of ϑ(τ(k)) with respect to τ(k):

dϑ(τ(k))

dτ(k)
=

∂ϑ(sE
xy,b)

(k)

∂τ(k)
+

∂ϑ(τ(k))

∂s
(k)
xx

ds
(k)
xx

dτ(k)
+

∂ϑ(τ(k))

∂s
(k)
yy

ds
(k)
yy

dτ(k)
, (B.2)
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where ds
(k)
xx

dτ(k) and
ds

(k)
yy

dτ(k) can be computed by using (3.19) respectively, and the detailed pro-
cedure will be omitted here.

Step 4: Evaluate the next iteration value of τ and sxy:

τ(k+1)=τ(k)− ϑ(τ(k))
dϑ(τE)(k)

dτ(k)

, s
(k+1)
xy,b =

√
2τ(k+1)sign

(
1,sxy,b,old

)
,

where sxy,b,old is the solution to the problem of two TSWs without using von Mises’ yield-
ing condition.

Step 5: Use the method introduced in the above subsection to evaluate the values of

s
(k+1)
xx , s

(k+1)
yy , p(k+1), ρ(k+1), u(k+1) and v(k+1) across the TSW.

Step 6: Convergence decision. Stop the iteration procedure whenever CHA =
|τ(k+1)−τ(k)|

1
2 |τ(k+1)+τ(k)|<10−16. Otherwise, go to Step 2 with k := k+1.

C Evaluating the states behind a LSW

For a LSW, we choose the density ρ as the independent variable and other variables as
the dependent ones. Integrating (3.21) across the left or right LSW, one gets

ub=ua, vb =va∓
∫ ρb

ρa

s2

ρ
dρ, pb = pa+

∫ ρb

ρa

(
s2

2−
4µ

3ρ

)
dρ, (C.1)

sxx,b= sxx,a+
∫ ρb

ρa

2µ

3ρ
dρ= sxx,a+

2µ

3
[ln(ρb)−ln(ρa)], (C.2)

syy,b= syy,a+
∫ ρb

ρa

−4µ

3ρ
dρ= syy,a−

4µ

3
[ln(ρb)−ln(ρa)], (C.3)

sxy,b= sxy,a,

√
3

2
Sb : Sb ≤Y0. (C.4)

In (C.1), − and + stand for the left and right LSWs, respectively.
Substituting (3.6) into (C.1) results in

pb = pa+
∫ ρb

ρa

(
a2− ρ0

ρ2
Γ0syy

)
dρ= pa+χ(ρb), (C.5)

where χ(ρb)=
∫ ρb

ρa

(
a2− ρ0

ρ2 Γ0syy

)
dρ.

Still, we can not give an explicit expression of the integral χ(ρb) in (C.5) and shall use

the Gaussian quadrature method to evaluate it: χ̂b = (ρb−ρa)∑
GL
g=1ωga2(ρg)−ρ0Γ0(ρb−

ρa)∑
GL
g=1ωg

syy(ρg)

ρ2
g

.

In the following, we give the detailed procedure of evaluating χ̂b.
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Step 1: evaluate syy(ρg) and update Sg.

We integrate (3.21) from ρa to ρg to obtain

sxx,g = sxx,a+
2µ

3

[
ln
(
ρg

)
−ln(ρa)

]
, syy,g = syy,a−

4µ

3

[
ln
(
ρg

)
−ln(ρa)

]
,

where sxx,g= sxx(ρg), sxy,g = sxy(ρg) and syy,g= syy(ρg).
Then the condition of von-Mises’ elastic limit is used to update Sg.

Step 2: evaluate a2(ρg).

From (3.4), one sees that, given ρg and p(ρg), one can evaluate the value of a2(ρg).
Next, we show how to evaluate p(ρg) with given p(ρg−1).

An integration of (3.21) from ρg−1 to ρg gives

p(ρg)= pg−1+
∫ ρg

ρg−1

(
a2− ρ0

ρ2
Γ0syy

)
dρ. (C.6)

Here the integral term can be written as

∫ ρg

ρg−1

(
a2− syy

ρ2
ρ0Γ0

)
dρ=φ−ρ0Γ0

2

∑
gi=1

ωgi

syy(ρgi
)

(ρgi
)2

(ρg−ρg−1), (C.7)

where ωgi
and ρgi

are the weights and density values at the gi-th Gaussian quadrature
point between ρg−1 and ρg respectively, and

φ=
∫ ρg

ρg−1

a2dρ. (C.8)

We shall approximate (C.8) with high-order accuracy. Assume that both left and right
waves are rarefaction waves and a2 is smooth. We make a Taylor series expansion at ρg−1

for a2:

a2(ρ)= a2
g−1+

ML

∑
m=1

∂ma2

∂ρm

(ρ−ρg−1)
m

m!
. (C.9)

Inserting (C.9) into (C.8), we find that

φ= a2
g−1(ρg−ρg−1)+

ML

∑
m=1

∂ma2

∂ρm

(ρg−ρg−1)
m+1

(m+1)!
. (C.10)

Thanks to (C.6), (C.7) and (C.10), one obtains the approximation to p(ρg):

pg = pg−1+a2
g−1△ρg+

ML

∑
m=1

∂ma2

∂ρm

(△ρg)m+1

(m+1)!
−ρ0Γ0

2

∑
gi=1

ωgi

syy(ρgi
)

(ρgi
)2

(△ρg). (C.11)
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Given the values of pg, one can use (3.4) to evaluate a2
g (g=1,··· ,GL), where a2

g is the

approximation to a2(ρg).
Finally, the approximation to χ̂b reads as

χb =(ρb−ρa)
GL

∑
g=1

ωga2
g−ρ0Γ0(ρb−ρa)

GL

∑
g=1

ωg
syy(ρg)

ρ2
g

, (C.12)

and the approximation to pb in (C.5) can be obtained. We refer the reader to [14] on the
error analysis for this approximation. We do not want to repeat the details here.

As before, we use the Gaussian quadrature method to evaluate vb:

vb =va∓
GL

∑
g=1

ωg
s2(ρg)

ρg
(ρb−ρa), (C.13)

where s2(ρg) is approximated by (3.6) with given ρg, pg and Sg (g=1,··· ,GL).

In the numerical experiments, we find that GL = max
{

2,16× |ρb−ρa|
|ρb+ρa|

}
in (C.12) and

(C.13), and ML=2 in (C.11) is good enough to obtain the desired high-order accuracy.

D Solving the problem of two TSWs in (3.28)

In this subsection, we show how to solve (3.28) with given initial states in front of the left
and right TSWs.

Define Λ(sT∗
xy ) = uT∗

L (sT∗
xy )−uT∗

R (sT∗
xy ),where sT∗

xy = sT∗
xy,L = sT∗

xy,R. According to (3.28),

Λ(sT∗
xy )=uT∗

L (sT∗
xy )−uT∗

R (sT∗
xy )=0.

As before, we employ the Newton iteration method to solve it as follows.

Step 1: Guess the initial sT∗
xy(1) as sT∗

xy,(k)=
1
2

(
sxy,L+sxy,R

)
, where k=1.

Step 2: Given the value of sT∗
xy,(k), without using von Mises’ yielding condition, one can

evaluate the states behind two TSWs (uT∗
m,(k), vT∗

m,(k), ρT∗
m,(k), pT∗

m,(k), sT∗
xx,m,(k), sT∗

yy,m,(k), m=L,R).

Denote Λ(k) by Λ(k)=uT∗
L,(k)−uT∗

R,(k).

Step 3: Evaluate the derivatives of Λ(k) with respect to sT∗
xy,(k):

dΛ(k)

dsT∗
xy,(k)

=
duT∗

L,(k)

dsT∗
xy,(k)

−
duT∗

R,(k)

dsT∗
xy,(k)

=
1

ρT∗
L,(k)

sT∗
1,L,(k)

+
1

ρT∗
R,(k)

sT∗
1,R,(k)

.

Step 4: Evaluate sT∗
xy,(k+1)= sT∗

xy,(k)−
Λ(k)
dΛ(k)

dsT∗
xy,(k)

.

Step 5: Evaluate the errors of the iteration:

CHA=max
{∣∣∣sT∗

xy,(k+1)−sT∗
xy,(k)

∣∣∣,Λ(k)

}
.
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Go to Step 6 if CHA<10−8; otherwise, go to Step 2 with K :=K+1.

Step 6: Check whether the states behind two TSWs reach the elastic limit. Because the
left and right states may reach the elastic limit, there are four cases we have to consider:

If
√

3
2 ST∗

L : ST∗
L <Y0 and

√
3
2 ST∗

R : ST∗
R <Y0, the evaluation of (3.28) stops;

If
√

3
2 ST∗

L : ST∗
L <Y0 and

√
3
2 ST∗

R : ST∗
R ≥Y0, go to Step 7A;

If
√

3
2 ST∗

L : ST∗
L ≥Y0 and

√
3
2 ST∗

R : ST∗
R <Y0, go to Step 7B;

If
√

3
2 ST∗

L : ST∗
L ≥Y0 and

√
3
2 ST∗

R : ST∗
R ≥Y0, go to Step 7C.

Step 7A: Left torsional solution.
In this case, WT∗

R =WE
R , where WE

R is the elastic limit state behind the right TSW and
determined by using the method introduced in Appendix B.

Because the deviatoric stress of the left states does not reach the elastic limit, one can
change sT∗

xy,L to make uT∗
L =uT∗

R , but sxy may not be continuous across the linear degenerate
wave. Now, we need to solve the following equation to obtain the left state:

uT∗
L (sT∗

xy,L)=uT∗
R .

We solve this equation still by using the Newton iteration without considering the elastic
limit. Here we do not show the details for the simplicity of presentation.

After the convergence of iteration, if
√

3
2 ST∗

L : ST∗
L < Y0, Step 7A is finished. If

√
3
2 ST∗

L : ST∗
L ≥Y0, the state behind the left TSW reaches the elastic limit. Consequently,

WT∗
L =WE

L , where WE
L is the elastic limit state behind the left TSW. So far, the evaluation

of (3.28) is complete.

Step 7B: Right torsional solution.
In this case, WT∗

L =WE
L . we need to solve the following equation to obtain the right

state: uT∗
R (sT∗

xy,R)=uT∗
L We solve this problem by using the Newton iteration without con-

sidering the elastic limit. Here we do not show the details for simple presentation.

After the iteration has converged, Step 7B is ended if
√

3
2 ST∗

R : ST∗
R <Y0, or else WT∗

R =

WE
R . Now, the evaluation of (3.28) is complete.

Step 7C: Two elastic limits.
Because the stresses of the left and right states reach the elastic limit, WT∗

L =WE
L and

WT∗
R =WE

R . Now, (3.28) is solved.
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