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This paper examines the asymptotics of the QMLE for unit root dynamic panel data
models with spatial effect and fixed effects. We consider a unit root dynamic panel
data model with spatially correlated disturbances and a unit root spatial dynamic
panel data model. For both models the estimate of the dynamic coefficient is v/nT3
consistent and the estimates of other parameters are /nT consistent, and all of them
are asymptotically normal. For the latter model the sum of the contemporaneous
spatial effect and dynamic spatial effect converges at ~/nT3 rate. We also propose a
bias-correction procedure so that the asymptotic biases of those estimates are elimi-
nated as long as n/ T3 > 0.

1. INTRODUCTION

Spatial econometrics deals with the spatial interactions of economic units in phys-
ical or economic characteristic spaces. Panel data are of great interest, as dynamic
structures in the time dimension can also be incorporated into the model.! Yu, de
Jong, and Lee (2008) consider a model with the specification

Ynt = AOWn Ynt + Y()Yn,t—l +p0Wn Yn,t—l
+Xntﬂ0+cn0+vnl> t=1929---’T’ (1)

where Y, = (Vir, Y215 -+ -5 Yur) and Vyy = (014,021, ..., 0p) are n x 1 column vec-
tors, v;; is i.i.d. (0, ag) across i and ¢, W), is an n X n spatial weights matrix with a
zero diagonal that generates the spatial dependence among y;;’s, X,,; is an n X ky
matrix of nonstochastic regressors, and ¢, is an n x 1 vector of fixed effects. This
model is termed the spatial dynamic panel data (SDPD) model. Under stationary
conditions, Yu et al. (2008) derive the asymptotic properties of the maximum
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likelihood estimator (MLE) and the quasi-maximum likelihood estimator
(QMLE). Empirical applications of the spatial panel data models are found in
Korniotis (2005) on U.S. state consumption growth and in Keller and Shiue (2007)
on market integration.”

This paper investigates a nonstationary SDPD model with unit roots in the
time dimension. The difference of stationarity and nonstationarity for the model
with W, being row-normalized? depends on whether yg + A9 + po = 1 or less
than 1. From the reduced-form equation (2) below, when the eigenvalues of A, =
(I, — AOWn)_l(on,, + poW,) are all less than 1 in absolute value, we have the
stable case in Yu et al. (2008). However, when yo 4+ A9 + po = 1, unit eigenval-
ues appear in the model. In this paper, we study the nonstationary case where
yo =1 and A9+ po = 0 and we term it a unit root SDPD model. The partic-
ular feature of this case is that all the eigenvalues of A, will be 1, because
A, = (I, — 2oWy)~ (I, — 2oW,) = I,,. This unit roots model would be a gen-
eralization of the unit root dynamic panel data model in the time series literature
with some spatial features. The constraint A9 + pg = 0 may be generated by a
panel unit root model with spatially correlated disturbances, or its spatial contem-
poraneous lag and spatial time lag effects may happen to be cancelled out. The
purpose of this paper is to consider this pure unit roots model and the QMLE.*
There is another distinct circumstance for nonstationarity, where yo+ 49+ po = 1
but 19+ po # 0, or equivalently, yg 7 1. This case is under investigation in Yu, de
Jong, and Lee (2007) and is referred to as the spatial cointegration model because
it generates spatial cointegration across spatial units. Due to a sharp discontinuity
in the eigenvalue structure of A, for the two models, the asymptotics in Yu, et al.
(2007) for the spatial cointegration case do not carry over to this pure unit roots
case. A table in the conclusion will highlight all the differences.

The paper is organized as follows: In Section 2 we introduce the model. Section
3 studies unit root dynamic panel data with spatially correlated disturbances. Sec-
tion 4 investigates the unit root SDPD model. We also propose an analytical bias
correction for our estimators. Simulation results are shown in Section 5. Section 6
concludes the paper.

2. FEATURES OF THE GENERAL MODEL AND ASSUMPTIONS

Define S, (1) = I,, — AW, and denote S,, = S, (1p). Then, presuming S, is invert-
ible and denoting A, = Sn_1 (yol, + poWy), (1) can be rewritten as

Yor = AnYuro1+ S X fo+ S, €0+ S, Vg )

By continuous substitution, for the stable case one may have Y,; as an infinite sum
involving all past exogenous variables and disturbances. If some of the eigenval-
ues of A, are equal to 1, there will be nonstationary components in the process
and it will invalidate the infinite sum. When yo = 1 and 49 + po =0, A, is equal
to 7, and all the roots in (2) are 1. By denoting X,,; = 2;::0 Xnhy Enr = 22:0 Vouhs
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we have from (2) a finite sum starting from r = —1,
Yoo =Yu 1+ @+ DS, eno+ S, X o+ S e 3)

For notational purposes, we define, ~for any n x 1 vector or matrix Y;,; with n rows
at period f, Tn, =7,, — Y, and Y,,,,_l =Yyi-1— Y_'HT,_l fort=1,2,...,T,
where Y7 = 3/ Yor and Yoz -1 = 7 3/ Yo g1 With Yor = £ 31, ¥ =
Yy 1+ TTHSn_lCnO‘i‘ %Sn_l thzl Xt fo+ %Sn_l 2;T=1 &nr and ?nt =TIyt — _nT, we
have

> Zo—1 —1% —1%

Ynt = tSn Cno + Sn Xm,BO + Sn étnt’

where f =t 41— TT+3 =1t- TTH Therefore Y,, has a time trend 7S} 'c,0 +
S, lfﬁm Po and a random walk S, 15,1,. This represents the nonstationarity feature

of )7n, in the model.
To analyze the model, we make the following assumptions:

Assumption 1. W, is a nonstochastic spatial weights matrix with a zero
diagonal.

Assumption 2. The disturbances {v;;},i =1,2,...,nandt =1,2,..., T, are
i.i.d across i and ¢ with zero mean, variance 002, and E|v,~,|4+’7 < oo for some
n>0.

Assumption 3. Here n is a nondecreasing function of 7 and T goes to
infinity.

Assumption 4. The elements of X,,; are nonstochastic and bounded uniformly
innandz.

Assumption 5. S, (1) is invertible for all 1 € A where A is compact and the
true parameter A is in the interior of A.

Assumption 6. Assume yg = 1 and pg+ 49 = 0.

Assumption 7. The row and column sums of W, and S, ' (1) are uniformly
bounded (UB) in 7, and also uniformly in /1 € A for S;1(1).

Assumptions 1 and 2 provide essential features of the weights matrix and dis-
turbances of the model.® Assumption 2 provides a simple stochastic structure
on the disturbances. The model (1) relates to unit root panel data models with
spatially correlated disturbances. Extending the disturbances to be serially corre-
lated over time may be possible, but the extended model in a panel setting will
be more complicated.” Assumption 3 allows two cases: (i) n — 0o as T — 00;
and (ii) n is fixed as T — oo. For case (i), we say that n,7 — oo simultane-
ously. When exogenous variables X,; are included in the model, they are as-
sumed to be uniformly bounded in Assumption 4 for simplicity. In general, X,
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may consist of exogenous variables, say, X1 ,, and also variables with spatial
interactions, such as W, X1 ,;. As a consequence of Assumption 5, for the sys-
tem (1), Y,; can be solved as in (2). Assumption 6 specifies that all the roots
of A, are equal to 1. It also allows the following possible data generating pro-
cess (DGP): Y,y = Yy 1—1 + €40 + Uy, where Uy = Ao W, Uy 4 V. This is a unit
root panel data process where the disturbances in U, are spatially correlated;
we will pay attention to such a model in Section 3 with regressors incorporated
in the main equation. Assumption 7 is originated by Kelejian and Prucha (1998,
2001) and also used in Lee (2004, 2007). The uniform boundedness of W,, and
S, 1(4) is a condition to limit the spatial correlation across units to a manageable
degree.

3. UNIT ROOT PANEL DATA MODEL WITH SPATIALLY
CORRELATED DISTURBANCES

In this section we consider the following unit root dynamic panel model with
spatially correlated disturbances:

Yur = y0Yn,i—1 + Xt o + €20 + Ups, “)

Unt = /‘LOWnUnt + Vl’lta

where yg = 1. We are interested in the QMLE of y¢, 19 and other parameters.
The term W, Y, ;—1 does not appear explicitly in the first equation of (4), but it
appears with the coefficient pg = —yo/o in the transformed equation with the
transformation (I,, — AgW,,) as in (1). Hence, this model can be regarded as a
special case of interest in (1) with the constraint® PO = —Y040.

3.1. Likelihood Function

Denote 6 = (&', A,02%)’, where d = (y, ') and Z,; = (Yy.,—1, Xns). The likeli-
hood function of (4) is

T T
0Ly 70, ¢,) = —”711127[ - %lnaz-i—TlnlSn(/l)l

1 T
T z m(e ) Vi (0, ¢n), 5)

where V,;(0,¢,) = Sy (L) (Yur — Zp10 — ¢5,). From (5), the concentrated likelihood
atf is

T
InL, 7)) = —71 27r—71na +TIn|S, (1) — Z OV (6), (6)
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where V,,, @ =S, (i)(l?,,, -7, (0) and thf: score and information matrix are (A.1)
and (A.2) in Appendix A.l. The QMLE 6,7 maximizes (6). Denote

1 L. -
HnT = Z Z/;S/ SnZnt
nT = "

1 T =) / >
_ nlet:Tl Yn:l—ISnSlZY",f—l 1 . ~* ) ’ (7)
ﬁzt=1 X;tS;zSnYn,t—l ﬁzt=1 X;zzS;/zSant

Yp.7 = diag(T, l,/{x, 1,1), Y51 = diag(T, l,/{x),
where /i, is ky x 1 vector of ones.

Assumption 8. Assume limTHooETé_’lTHnT Té_’} is nonsingular, lim,_,
(Sin]ogs; syt = Hnfo2(2) s, ('S (] ) # 0 for 4 # 20, and limy o0
# thzl(cnOf'i‘XntﬂO)/S;,Sn (cn05+§§ntﬁ0) #* 0.

The first part of Assumption 8§ is for the identification of dy. The second part
is for the identification of 1. The last part specifies that the nonstationary com-
ponent is present asymptotically and it is dominated by the linear trend generated
by either ¢, or X,;.

The optimization for (6) can be simplified by focusing on the concentrated log
likelihood of 1. From (6), given 4,

-1
A 1 . N 1 & . -
5nT(/1) = ﬁ Z Z;”S,/l (/I)Sn (A)Znt |j’lT z Z;l; S;/q (A)Sn (/I)Ynt 5 (8)
t=1 t=1
~ 1 I e S5 R / ol 5 R
O-nT(i) = ﬁ 2 M (’D(Ynl - ZnténT(/l))] [Sn (’D(Ynt - ZnténT(l))]’ ()]
=1
and the concentrated likelihood at A is
T T .
InL, (1) = —%(ann F1)— ”71110,37(1) £ TIn|S, (). (10)

3.2. Asymptotics for Ont
The following theorem is on the asymptotic properties of the estimators.

THEOREM 1. Under Assumptions 1-8, the OMLE Ot of (6) for the model (4)
is consistent.

When 7 — 0, Yo.7nT @ur — 6o) 4 N(0,1im7 00 (Zgynr) ™" +
limT%oo[(ZQO,nT)_lQ@Q,n(zﬁo,nT)_l])~
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When 7 — k < oo,

Yo, 7vnT (énr —90) + «/zbgo,nr
d . -1 . -1 -1
- N <0a Thﬁmoo(ZHO,nT) + Th—>moo [(Eeo,nT) ng,n(ZH(),nT) ]> .

When % — oo, Yo, 7T Out —00) + gy n7 5o
Here, with G, (1) = WnSn_l(/l) and G, = WnSn_l,

_ 1 1 1\
bé’o,nT = (ZHO,nT) laeo,n where ag.n = <2501kaa ;tan (/1)5 20_2> , 11

ngT({THnTTa_,'}r 0k, +1)x1 0k, +1)x1
ST = 01k, +1) 5 [0(GLG+u(GD] a(Ga) |, (12)
01 (k,+1) ﬁtr(Gn) ﬁ
and
Ok, +1)x (ke +1) * *
Qppn = Ha _4303 015 (k,+1) Gy | (13)
70 015 (ke +1) %tan ﬁ

This result implies that 7,7 will have a rate of convergence ~/nT3 with a bias
of the order O(T_Z) while 4,7, BT, and 62 ~r will have a rate of convergence

V/nT with biases of the order O(T~"). When 7 is small relatlve to n in the sense
that —> 00, the presence of by, ,7 causes inr, ﬁ,,r, and 62 = to have the slower
T™ rate of convergence even though y,lT has the 72 rate of convergence. We
can derive the bias-corrected estimator 6? J7 as

énT
T 9

By = bur — (14)

where Byr = —[Zg,,717" - a0,nly_p - We show that, when n/T? — 0, 4}, will
be asymptotically centered normal even when n/T — oo.

THEOREM 2. Under Assumptions 1-8 for the model (4), if % -0

Yo, 7V nT(éan —0)

d . _ . _ _
—)N(O, lim (Sgpnr) ™" + 1im | (Sgynr) ™" Qapn (Sop.n7) 1}) (15)
T— oo T— oo
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Hahn and Kuersteiner (2002) show that for the model y;; = yoyi,—1 +a; +
2y

vi; where yo = 1, VuT3 (7 — y0) 4N (::10;1;;’\/_2’ — 12;’1 p
exists and is a positive finite constant. From (11) in Theorem 1 for the model (4)
with spatial disturbances, the bias of 7,7 is the same as in Hahn and Kuersteiner
(2002) when Sy = 0 is imposed in the estimation and A¢g = 0 in the DGP. To see
that, from Theorem 1, due to the block diagonal matrices in (12) and (13) when
Po = 0 is imposed, we have

VT3 Gar —y0) + \/ byo.nt

when lim 7

-1
d
SN oaohm[ﬂz ”SSYMI ,

when the limit of % is a positive finite constant. Here, by, 7 =
-1
[SES. Y,: 11508y Yu 1] o2, which is essentially the same as in Hahn

and Kuersteiner (2002) when Ao = 0.2 Hence, when Ao happens to be 0, the
asymptotic bias value and the asymptotic distribution of j,7 are the same as those
in Hahn and Kuersteiner. However, the estimation of the spatial effect will always
change the value of b, ,,7 for the unrestricted unit root SDPD model considered
in the next section, even though the true spatial effect might be zero.

4. THE UNIT ROOT SDPD MODEL

In this section,'® we consider the model (1), where yo =1 and 4o + po = 0; but,
for the estimation, the constraint on A and p is also not imposed.

4.1. Likelihood Function

Denote 0 = (5/7 /19 0-2)/7 where d = (V > P> ﬁ/)/ and Z}’LT = (Yn,t—l s Wn Yn,t—] s an)
The likelihood function of (1) and its concentrated likelihood are slightly different
from those in Section 3. The likelihood function is now

T T
InLy (0, cy) = —%ann — %1n02+T1n|Sn(i)|

1 T
- 20-2 Z Vr:t (0’ Cn)Vnt(H, cn)s (16)
t=1

where V,,; (0, ¢,) = Sy (1) Yyt — Z,10 — ¢, The reduced form (2) can be represented
as

Ynt = Sn_l (an50 +¢no + Vnt) = Zn150 + j«OGn Zn150 + Sn_l (cnO + Vnt)» (17)
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because S, U= I, 4 20G,. Under Assumption 6,

GnZnICSO = WnSn_l(?n,t—l - /IOWn?n,t—l +Xntﬁ0)

= Wn);n,t—l +Gn)~(ntﬁ0~ (18)

The relation (18) is an important one generated by the model (1) with unit roots
in addition to the structure (3). These features appear neither in the spatial coin-
tegration model nor the stable model in Yu et al. (2007, 2008). As G, Z,;dy has

the nonstationary term W, 17,,,,_ 1 as one of its components, it will cause mul-

ticollinearity between W, 17,” and W, ?n,z—l, which has implications on rates of
convergence of estimates.
Denote Y57 = diag(7, T, l,’(x) and

1= 1 ~ -
Z = ZntT(s T — (TYn,t—l, TWnYn,t—lant> >

s s
Hl,nT HZ,nT
W = , Where 19)
s/ s
2.nT 7-[3,nT

T
ZZQZi,, Sur = — > Z5GnXuifo, and

N
1,nT T

M=
N
N

3 nT = nT Z(Gn nt,BO) Gy ntﬁO

Assumptions 8. Assume limr_ oEH, ;- is nonsingular, or limn_mo(%ln |002
SV =10 2(2) 871 () S (A)]) # 0 for A # 4 and limp o0 - 37, X7,
X,,, exists and is nonsingular. Additionally, limT%oon—%Zszl(cnof + X,,,,Bo)/
(e + X o) # 0.

The first part of Assumption 8 states that (i) G, X nt Po 1s not multicollinear with
Zj;, asymptotically or (ii) the spatial effect can be identified from disturbances of
the reduced-form equation (17). Statement (i) is related to the identification of the
model parameters from the regression component of the reduced form equation. In
the event of multicollinearity, the regression equation would not provide enough
information for parameter identification, in particular, 4¢, and then the identifi-
cation of Ag via the reduced form disturbances will be needed. The last part of
Assumption 8’ corresponds to that of Assumption 8 for the restricted model.
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4.2. Asymptotics for é,,T

Denote
1 0 0 0 0
o 7! -1 0
Er={0 0 K, 0 0 (20)
0 0 0 1 0
0 0 0 0 1

We have the following theorem on the asymptotic properties of the estimators.

THEOREM 3. Under Assumptions 1-7 and 8', the QMLE Our of (17) for the
model (1) is consistent.
When % — 0,
diag(7, 1,1 , 1, DV/nT @ur — 00)
S N, lim (705, 0r) ™"+ (iyur) ™ D ()~ 1Z0)).
When 7 — k < oo,
diag(7, 1,1 , 1, DV/nT @ur — 00) + vkbgy u1
5 N, tim (Z7LEh, )™+ (Zyr) ™ Qan (T, )~ 1Z7)).
When % — 00,
diag(7, 1,0, 1, )T @ur — 00) + boynr - 0.
Here,

—_ = K -1
b(?'(),nT =are [zéo,nT] *AGy,n»

don = (;rltr(s,:l (), 5 (G (), 01k 15(Ga (), 2;) L e
s
Zes)o,nr = 0-102 <0i7(-;i:li3) O(k'H(F)S)Xl)
0k, +2)x (ks +2) 0k, +2)x1 0k, +2)x1
I 3 MGG +u@GH] TuGa) |, @)
01 (k,+2) a(}Tntr(Gn) ﬁ
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Ok, +2)x(ki+2)  Ok+2)x1 O, 42)x1

4
Ha—30 1 yn 2 1
Qppn = 2| Oixet2) w2ie1 Goii 2%zntan . (23)
O,
0
1 1
le(kx+2) 20'&ntan 4061

Additionally, denote e; = (0, 1,014k, ,0,0),

. A n 1 n
VT3 (pur + Anr) + €54/ ?beo,nT +0,p <max (ﬁ T3>>

d . _ _ —
= N, lim (51(Z, )" + (o ur) ™ Qapn(Zh, o)™ le2)). (24

Hence, Pa1 is ~/nT3 consistent and AnT, pnr are /nT consistent. Addition-
ally, A, + pur is vnT?3 consistent. The QMLE has the bias —%diag(T_1 1, l,/{x ,
1, 1)bg, »7 and the confidence interval will not center properly for 0,7 when

% — k where 0 < k < o0o. The bias-corrected estimator is in the form of (14)
where 1§nT = diag(T_l, 1,l,/cx, L) [-E7- (Zlg’nT)_1 -ae,n“g:éﬂ. This bias re-
duction procedure will be valuable for all estimates in énr, even if the bAias of 1
is already of the small order O (T ~2). We show that, when n/ 7> — 0, HJT in (14)

will be asymptotically centered normal even when n/T — oo.

THEOREM 4. Under Assumptions 1-7 and 8 for the model (1), if % -0,

diag(T, 1,1}, 1, )V/nT @}y —60)

d . —_ - — —1q=
= N, Tim (E71(Zg,,0) ™"+ (Zgyur) ™ Qapn(Zg nr) T 1ED). (25)

Compared to Hahn and Kuersteiner (2002), even though pg = 19 = 0 in the
DGP so that %tan = 0in ag,,,, EH;, in the information matrix is not diagonal
in general, as py and Ag are included in the estimation. Hence, the bias of ,7
is different from that in Hahn and Kuersteiner for this unrestricted model. Sim-
ilarly, the asymptotic variance of y,7 is also different from that in Hahn and
Kuersteiner.

5. SIMULATION

We conduct a small Monte Carlo experiment to evaluate the performance of the
MLEs and the bias-corrected estimators of the unrestricted model. We generate
samples from (1) and use 6§ = (1,-0.5,1,0.5,1) or 0(1)’ =(1,-0.1,1,0.1, 1),
where 6y = (y0, po, By» 405 002)’ ; Xnt, €no, and V,;; are generated from independent
normal distributions; and the spatial weights matrix is a rook matrix.!! We use
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T =20 and T =50, and n = 25, n =49, and n = 196. For each set of gen-
erated sample observations, we calculate the MLE O, and evaluate its bias,
énr — 6. We then construct the bias-corrected estimator GAJT and evaluate the bias,
ér:T —6p. We do this 1,000 times to see if the bias is reduced on average by using
the analytical bias-correction procedure, i.e., to compare ﬁﬁ}gﬁo (9,17 —0)i
with ﬁﬁ}g{o(@h —6p);. With two different values of 6y for each n and T,
finite sample properties of both estimators are summarized in Tables 1 and 2,
where Table 1 is for the performance of the estimators before bias correction and
Table 2 is for the performance after bias correction. For each case we report the
bias (Bias), standard deviation (SD), root mean square error (RMSE), and cover-
age probability (CP).

We can see that both estimators have some biases, but they are reduced with
the bias-corrected estimators. Even though )?an has a bias of the order of O (T ~?)
while the biases of the other parameters are O(1/T), we observe in this Monte
Carlo study that the magnitude of bias of 7,7 may not be smaller than those of
the other estimates. This might be due to its finite sample property, where the co-
efficient of its order could be larger than those of the others. The bias-correction
procedure turns out to be helpful for y,7, in addition to the other parameter esti-
mates. The bias-corrected estimator ﬁan will eliminate the bias of order O (7 ~2)
and the bias corrected estimators for other parameters will eliminate the bias of
order O(T_l). Also, the bias reduction is achieved while there is no significant
increase in the variance of the estimators. Before bias correction, the CPs of the
estimators under 95% confidence level have lower values due to the bias, espe-
cially when n is relatively large. After bias correction, the CPs are close to the
specified 95% confidence level.'?

For different cases of n and 7', we can see that for each given n, when T is
larger, the biases of two sets of estimators with 6§ and 0(’)’ will be smaller and the
variance will be smaller; and for each given 7', when n is larger, the biases of two
sets of estimators will be nearly the same but the variance will be smaller. This
is consistent with our theoretical prediction, because the bias orders of estimators
depend on T but not on n, and the variance of the estimators is of the order O ( #

for the estimate of yp and O(%) for estimates of other parameters. Also, for
different values of fy, the biases become larger when 6 is the larger 98, and the
variances do not change much.

We also run small simulations to check the consequences due to misspecifica-
tion of the disturbances, where the true disturbances might have serial correla-
tion or spatial autocorrelation. To avoid unnecessary tables, we report the results
for n =25 and T = 20 in Table 3. From Misspecification 1 with serial corre-
lated disturbances, we can see that serial correlation in the disturbances does not
cause the bias problem. This is similar to the time series literature due to the
deterministic trend component in the DGP. From Misspecification 2 with spa-
tially correlated disturbances, we can see that the spatial correlation in the distur-
bances will cause a severe bias problem, mostly for 4o and pg. However, for the
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TABLE 1. Performance of estimators before bias correction

T n 6 y p B A o? p+A

[€))] 20 25 6f Bias —0.0135 0.0104 —0.0098 —0.0048 —0.0648 0.0056

SD 0.0075 0.0399 0.0451 0.0384 0.0604 0.0128

RMSE 0.0162 0.0539 0.0630 0.0512 0.1023 0.0190

CP 0.5720 0.9490 0.9330 0.9500 0.7670 0.8850

2) 20 25 (9(1)’ Bias —0.0137 —0.0003 —0.0106 0.0020 —0.0664 0.0017

SD 0.0073 0.0487 0.0446 0.0473 0.0591 0.0138

RMSE 0.0163 0.0648 0.0626 0.0630 0.1018 0.0198

CP 0.5440 0.9530 0.9360 0.9500 0.7610 0.9080

3) 20 49 of Bias —0.0127 0.0097 —0.0062 —0.0039 —0.0588 0.0058

SD 0.0052 0.0293 0.0322 0.0283 0.0434 0.0089

RMSE 0.0139 0.0408 0.0446 0.0389 0.0804 0.0137

CP 0.3320 0.9350 0.9310 0.9410 0.6940 0.8590

4) 20 49 06’ Bias —0.0127 0.0006 —0.0069 0.0009 —0.0601 0.0015

SD 0.0051 0.0356 0.0319 0.0347 0.0425 0.0097

RMSE  0.0139  0.0486  0.0442  0.0477  0.0805  0.0137

CP 0.3040 0.9430 0.9280 0.9390 0.6800 0.9200

(5) 20 196 6§ Bias —0.0121  0.0079 —0.0065  0.0022 —0.0552  0.0057

SD 0.0026 0.0151 0.0161 0.0146 0.0218 0.0044

RMSE 0.0124 0.0224 0.0231 0.0210 0.0603 0.0081

CP 0.0040 0.8940 0.9220 0.9240 0.2790 0.7200

(6) 20 196 Gg Bias —0.0121 0.0006 —0.0069 0.0015 —0.0560 0.0010

SD 0.0025 0.0183 0.0160 0.0179 0.0213 0.0048

RMSE 0.0124 0.0256 0.0230 0.0253 0.0607 0.0068

CP 0.0040 0.9350 0.9180 0.9260 0.2640 0.9250

(@) 50 25 6f Bias —0.0024 0.0036 0.0004 —0.0028 —0.0240 0.0008

SD 0.0020 0.0243 0.0286 0.0242 0.0398 0.0034

RMSE 0.0035 0.0328 0.0389 0.0325 0.0590 0.0048

CP 0.7960 0.9560 0.9440 0.9550 0.8790 0.9340

®) 50 25 0(1)’ Bias —0.0024 —0.0018 —0.0001 0.0018 —0.0251 0.0000

SD 0.0020 0.0300 0.0283 0.0299 0.0390 0.0037

RMSE 0.0035 0.0404 0.0385 0.0402 0.0585 0.0052

CP 0.7750 0.9540 0.9480 0.9580 0.8700 0.9300

) 50 49 6f Bias —0.0023 0.0043 —-0.0011 —0.0033 —-0.0217 0.0010

SD 0.0014 0.0180 0.0204 0.0179 0.0285 0.0024

RMSE 0.0029 0.0248 0.0281 0.0245 0.0437 0.0035

CP 0.6240 0.9520 0.9340 0.9490 0.8700 0.9140

(10) 50 49 Hé’ Bias —0.0024 —0.0002 —0.0016 0.0004 —0.0228 0.0002

SD 0.0014 0.0220 0.0202 0.0219 0.0279 0.0026

RMSE 0.0029 0.0295 0.0278 0.0294 0.0435 0.0036

CP 0.5930 0.9540 0.9350 0.9510 0.8550 0.9390

(1) 50 196 6'(‘)’ Bias —0.0022 0.0030 —0.0009 —-0.0019 —-0.0211 0.0011

SD 0.0007 0.0093 0.0102 0.0092 0.0143 0.0012

RMSE 0.0023 0.0136 0.0141 0.0134 0.0274 0.0019

CP 0.0910 0.9170 0.9460 0.9340 0.6620 0.8550

(12) 50 196 Hg Bias —0.0022 —-0.0010 —0.0012 0.0012 —0.0218 0.0003

SD 0.0007 0.0113 0.0101 0.0113 0.0140 0.0013

RMSE 0.0023 0.0153 0.0139 0.0152 0.0276 0.0018

CP 0.0780 0.9480 0.9440 0.9530 0.6350 0.9490

Note: 8= (1,-0.5,1,0.5, 1) and 6¢= (1, —0.1,1,0.1, 1).
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TABLE 2. Performance of estimators after bias correction

T n 6 y P S A o? p+i

() 20 25 6§ Bias —0.0001 0.0045 —0.0029 —0.0047 —0.0180 —0.0002
SD 0.0077 0.0402 0.0462 0.0386 0.0634 0.0131

RMSE 0.0104 0.0533 0.0634 0.0515 0.0885 0.0179

Cp 0.9430 0.9490 0.9450 0.9470 0.9030 0.9410

2) 20 25 c’)(])’ Bias  —0.0001 —0.0017 —0.0037 0.0018 —0.0198 0.0001
SD 0.0075 0.0491 0.0457 0.0476 0.0621 0.0142

RMSE  0.0102 0.0647 0.0629 0.0632 0.0872 0.0194

Cp 0.9410 0.9630 0.9440 0.9480 0.8950 0.9410

3) 20 49 6§ Bias 0.0000 0.0038 0.0001 —0.0039 —0.0118 —0.0001
SD 0.0053 0.0295 0.0330 0.0284 0.0456 0.0091

RMSE 0.0072 0.0400 0.0448 0.0391 0.0637 0.0124

Cp 0.9460 0.9470 0.9380 0.9410 0.9130 0.9440

4 20 49 06’ Bias 0.0000 —0.0007 —0.0005 0.0009 —0.0131 0.0002
SD 0.0052 0.0358 0.0327 0.0349 0.0446 0.0099

RMSE 0.0070 0.0487 0.0444 0.0479 0.0628 0.0134

Cp 0.9500 0.9470 0.9400 0.9390 0.9080 0.9390

(5) 20 196 6f Bias 0.0000 0.0020 —0.0004 —0.0022 —0.0080 —0.0002
SD 0.0026 0.0152 0.0165 0.0147 0.0228 0.0045

RMSE 0.0035 0.0215 0.0227 0.0211 0.0316 0.0060

Cp 0.9470 0.9320 0.9400 0.9250 0.9200 0.9520

(6) 20 196 Hé’ Bias  —0.0000 —0.0017 —0.0008 0.0015 —0.0088 —0.0001
SD 0.0025 0.0184 0.0164 0.0180 0.0224 0.0049

RMSE 0.0035 0.0257 0.0225 0.0254 0.0312 0.0066

CP 0.9550 0.9410 0.9360 0.9230 0.9110 0.9460

(7) 50 25 6f Bias 0.0001 0.0026 0.0017 —0.0028 —0.0045 —0.0002
SD 0.0020 0.0244 0.0288 0.0242 0.0406 0.0035

RMSE 0.0028 0.0328 0.0392 0.0325 0.0560 0.0047

CP 0.9500 0.9580 0.9470 0.9560 0.9340 0.9420

@®) 50 25 0(])’ Bias 0.0001  —0.0020 0.0011 0.0018 —0.0056 —0.0001
SD 0.0020 0.0301 0.0285 0.0300 0.0398 0.0038

RMSE 0.0027 0.0405 0.0387 0.0403 0.0552 0.0052

Cp 0.9450 0.9550 0.9480 0.9580 0.9330 0.9400

9 50 49 6§ Bias 0.0000 0.0032 0.0001 —0.0033 —0.0021 —0.0000
SD 0.0014 0.0180 0.0206 0.0179 0.0291 0.0024

RMSE 0.0019 0.0247 0.0282 0.0246 0.0399 0.0033

Cp 0.9590 0.9510 0.9370 0.9510 0.9320 0.9460

(10) 50 49 0(1)’ Bias 0.0000 —0.0004 —0.0005 0.0004 —0.0032 0.0000
SD 0.0014 0.0221 0.0204 0.0220 0.0285 0.0026

RMSE 0.0019 0.0296 0.0279 0.0295 0.0392  0.0035

Cp 0.9600 0.9530 0.9350 0.9500 0.9270 0.9480

(11 50 196 6§ Bias  —0.0000 0.0019 0.0003 —0.0019 —0.0016 0.0000
SD 0.0007 0.0093 0.0103 0.0093 0.0145 0.0012

RMSE 0.0009 0.0134 0.0141 0.0134 0.0198 0.0016

Cp 0.9580 0.9320 0.9430 0.9340 0.9420 0.9580

(12) 50 196 9(')’ Bias  —0.0000 —0.0012 —0.0000 0.0012  —0.0022 0.0000
SD 0.0007 0.0114 0.0102 0.0113 0.0143 0.0013

RMSE  0.0009 0.0153 0.0140 0.0153 0.0194 0.0018

Cp 0.9590 0.9480 0.9490 0.9510 0.9450 0.9510

Note:0§ = (1,—0.5,1,0.5,1) and 6f= (1,—0.1,1,0.1, 1).
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TABLE 3. Performance of estimators under misspecifications of disturbances

T n 6o y p s A o2 p+A

Misspecification 1: serial correlation

(1 20 25 6§ Bias —0.0132  0.0104 —0.0098 —0.0049 —0.0509 0.0055

(before bias correction)  SD 0.0074 0.0400 0.0454 0.0385 0.0613 0.0126

RMSE 0.0162 0.0547 0.0635 0.0521 0.0981 0.0199

CpP 0.5650 0.9500 0.9370 0.9480 0.8140 0.8360

(1 20 25 o Bias —0.0001  0.0047 —0.0031 —0.0049 —0.0034 —0.0001

(after bias correction) SD 0.0076  0.0403  0.0465 0.0387 0.0644 0.0129

RMSE 0.0111 0.0542 0.0639 0.0523 0.0902 0.0191

Cp 0.8890 0.9530 0.9440 0.9470 0.9160 0.8940

Misspecification 2: spatial error
2) 20 25 6§ Bias —0.0133 —0.0888 —0.0259 0.0931 —0.0812  0.0043
(before bias correction)  SD 0.0074 0.0359 0.0448 0.0341 0.0597 0.0126
RMSE 0.0160 0.0977 0.0660 0.100. 0.1114 0.0184
Cp 0.5780  0.2950 0.8920 0.2180 0.6980  0.9020
2) 20 25 o Bias —0.0001 —0.0935 —0.0191 0.0933 —0.0354 —0.0002
(after bias correction) SD 0.0076  0.0361 0.0459 0.0343 0.0627 0.0129
RMSE 0.0103 0.1020 0.0651 0.1009 0.0919 0.0175
Ccp 0.9500 0.2400 0.9200 0.2240 0.8610  0.9430

Misspecification 3: spatial error (restricted model w/o W, X,,; )
3 20 25 o Bias —0.0152 0.1323 —0.0105 —0.1360 0.0203 —0.0037
(before bias correction)  SD 0.0076  0.0450 0.0469 0.0433 0.0653 0.0141
RMSE 0.0176  0.1408 0.0660 0.1435 0.0904  0.0207
CP 0.5020 0.1630 0.9300 0.1160 0.9430 0.8980
(3)20 25 6f Bias —0.0003 0.1355 —0.0030 —0.1356 0.0712 —0.0002
(after bias correction) SD 0.0077 0.0453 0.0480 0.0436 0.0686 0.0145
RMSE 0.0105 0.1438 0.0663 0.1432 0.1122  0.0199
CP 0.9450  0.1400 0.9370 0.1140 0.8350 0.9310

Misspecification 4: spatial error (restricted model with W, X,,; )
4 20 25 o Bias —0.0143 0.0031 —0.0100 —0.0091 —0.0669 —0.0059
(before bias correction)  SD 0.0072  0.0491 0.0447 0.0471 0.0608 0.0136
RMSE 0.0166 0.0656 0.0627 0.0634 0.1040 0.0201
CP 0.5090 0.9580 0.9360 0.9520 0.7610 0.8970
@) 20 25 6f Bias —0.0002 0.0088 —0.0029 —0.0002 0.0088 —0.0029
(after bias correction) SD 0.0074  0.0492 0.0458 0.0074 0.0492 0.0458
RMSE 0.0101 0.0654 0.0631 0.0101 0.0654 0.0631
CP 0.9420 09630 0.9430 0.9420 0.9630 0.9430

Note: 0(’)' =(1,-0.5,1,0.5,1).

restricted model where yg = 1 and 19 = 0.5 in (4), we can see from Misspecifi-
cations 3 and 4 that adding the regressor W, X,,;; will resolve the misspecification
problem. '3

To check the consequences of misspecification of the spatial weights matrix, we
also conduct a small Monte Carlo study. The true weights matrix is the rook ma-
trix we have used in Tables 1 and 2. We have two misspecifications of the weights
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TABLE 4. Performance of estimators under misspecifications of weights matrix

T n 0o y p s A o? p+A
Misspecification 1: underspecification

(1 20 25 6§ Bias —0.0144 0.1976 0.0235 —0.1935 0.0852 0.0041
(before bias correction) SD 0.0076  0.0352 0.0484 0.0340 0.0697 0.0106
RMSE 0.0173 0.2008 0.0705 0.1963 0.1235 0.0160
CP 0.5230 0 0.9170 0 0.7790 0.8850
(120 25 05 Bias —0.0002 0.1937 0.0309 —0.1934 0.1395 0.0003
(after bias correction) SD 0.0078 0.0354 0.0496 0.0342 0.0732 0.0109
RMSE 0.0110 0.1970 0.0735 0.1965 0.1635 0.0151
CP 0.9060 0 0.8890 0 0.4950 0.9270

average likelihood: -568.3 vs. -538.1 under true, none of them greater than the true ones

Misspecification 2: overspecification
(2) 20 25 4§ Bias —0.0138 0.0087 0.0176 —0.0042 0.0358 0.0044
(before bias correction) SD 0.0074 0.0479 0.0472 0.0461 0.0663 0.0152
RMSE 0.0165 0.0657 0.0674 0.0631 0.0971 0.0226
CP 0.5390 0.9470 0.9220 0.9520 0.9120 0.8940
2h20 25 6 Bias —0.0001 0.0039 0.0348 —0.0039  0.0875 —0.0000
(after bias correction) ~ SD 0.0076 0.0482 0.0484 0.0463 0.0696 0.0156
RMSE 0.0105 0.0655 0.0699 0.0634 0.1237 0.0214
Cp 0.9260 0.9520 0.9030 0.9510 0.7430 0.9390
average likelihood: —555.7 vs. -538.1 under true, 0.1% of them greater than the true ones

Note: 8 =(1,-0.5,1,0.5,1).

matrix: One is the underspecification with a circle matrix, where each unit has
two neighbors; the other is the overspecification with a queen matrix.'# To avoid
unnecessary tables, we report the results for n = 25 and 7' = 20 in Table 4. By
comparing the results with Tables 1 and 2, we can see that both misspecifications
have poorer performances compared to the correct specification. However, un-
derspecification produces much more bias than overspecification of the weights
matrix. The comparison of maximized log likelihood values provides a valuable
model selection criterion for the models.

6. CONCLUSION

In this paper we derive the asymptotic properties of QMLEs for the unit root
dynamic panel data model with spatially correlated disturbances and the unit root
SDPD model. We also propose a bias-correction procedure for both cases so that
the QMLEs are properly centered normal. For both models, when the exogenous
variables are relevant or fixed effects are presented in the DGP, the estimate of
the dynamic coefficient is v/nT3 consistent, the estimates of other parameters
are ~/nT consistent, and all are asymptotically normal. For the unit root SDPD
model, the sum of the contemporaneous spatial effect and dynamic spatial effect
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TABLE 5. Summary of different SDPD models

Stable Spatial cointegration Unit root

Parameters yo+4io+po <1 yo+io+po=landyg#1 yo+iog+py=1
and yg =1
Eigenvalues of A,  All less than 1 Some unit roots All unit roots
in absolute value
Dynamics Stable Cointegration No cointegration
Cointegrating matrix I, — Wy

Consistency rates  ~/nT for 7, JnT ppr 0T 508 07, 2T s P> T or AT, put

nT3 for InT + 2nT + PnT VnT?3 for InT
and )“nT +ﬁnT

Information matrix Nonsingular Singular Nonsingular after
rescaling
Bias magnitude  O(F) for 7, Aur. pur O(F) fOr fur, Int  pu O() for fr

0(%) for j‘nTaPAnT

will converge at ~/nT?3 rate. In Table 5 we compare the unit root SDPD model
with the spatial cointegration case and the stable case in Yu et al. (2007, 2008).

From the comparison in Table 5, we see that the various cases imply some
different asymptotics of the estimates of parameters. These differences are due
to different asymptotic behaviors of the models. The unit eigenvalues of the unit
root SDPD model are not linked to the eigenvalues of the spatial weights matrix.
On the contrary, for the spatial cointegration model, the unit eigenvalues corre-
spond exactly to those unit eigenvalues of the spatial weights matrix via a well
defined relation. For the unit roots SDPD model, the outcomes of the different spa-
tial units do not show comovements. However, one can show that for the spatial
cointegration model, the outcomes of different spatial units can be cointegrated
with a reduced rank, where the rank is the number of eigenvalues of W,, different
from 1.

Because of the different asymptotics and implications of the unit root SDPD
model and the spatial cointegration model, model specification tests for unit roots
will be of special interest. Unit root tests in time series as well as in panels have a
large body of literature (for a recent survey, see Choi, 2006). The literature on unit
root tests covers panels with cross-section dependence generated by unobserved
common time variables or factors (e.g., Moon and Perron, 2004). As the spatial
interactions in this paper generate cross-section correlation of a different nature,
it would be of interest to understand the asymptotic properties of unit root tests in
the presence of spatial correlation. See Baltagi et al. (2007) for some Monte Carlo
evidence. For either the unit root panel model or the unit root SDPD model in this
paper, the Wald test for yp = 1 is a unit root test.

The panel model investigated in this paper is on spatial and dynamic autore-
gressive structures, where the regressors are assumed to be stationary or exoge-
nous if present. It would be of interest to consider cases where regressors are
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unit root processes and the panel has cointegrating relations. Such a model will
generalize the panel cointegration model considered in Kao and Chiang (2000),
Pedroni (2000), and Phillips and Moon (1999) with spatial correlation and dy-
namics. The implication of spatial correlation on the estimation of cointegration
relations will be of interest. These issues will be investigated in future research.

NOTES

1. See, e.g., Baltagi, Song, and Koh (2003), Korniotis (2005), Kapoor, Kelejian, and Prucha (2007),
Baltagi, Song, Jung, and Koh (2007), and Yu, de Jong, and Lee (2007, 2008).

2. In Yu and Lee (2009) we apply the SDPD model to study a regional growth convergence model
with U.S. state data. The 48 contiguous states are spatially correlated due to technological spillover and
factor mobility; with panel data available for the personal state income, we can study the convergence
rate taking into account the spatial correlation.

3. W, is row-normalized if Wy, = l,,, where [, is an n-dimensional vector of ones. This feature
of W, is useful to characterize the nonstationarity in Yu et al. (2007).

4. An alternative to the maximum likelihood (ML) or the QML method is the generalized method
of moments (GMM). With a finite and fixed number of moments, the asymptotic properties of a
GMM estimator can be derived without additional difficulty given the basic asymptotics in this paper.
However, as in a dynamic panel data model, many instrumental variables (IVs) and moments may
exist as T increases. With many IVs, the asymptotic properties of such a GMM estimation need to
be investigated. The GMM approach is of particular interest when 7' is much smaller than n, under
which the asymptotic results in this paper might not hold. In our preliminary investigation of the
GMM estimation for the SDPD, there is Monte Carlo evidence that the MLE and some carefully
designed GMM estimates are compatible, but the MLE can be better than other GMM estimators.
In the implementation, the ML or the QML method is much more straightforward. MLE with bias
correction has been shown to be efficient for the dynamic panel data model in Hahn and Kuersteiner
(2002).

5. We say that the row and column sums of a (sequence of n X n) matrix P, = [p; ] are uniformly
bounded in 7 if SUpj <; <y >1 Z?:l |pijn| < oo and SUP < j<pn>12ie] |pijn| <oc.

6. Assumption 1 is slightly less restrictive than Assumption 1 in Yu et al. (2007) because the row
normalization requirement is not needed for analysis.

7. The problem of serial correlation in disturbances is of interest. But as in the usual panel model
with or without dynamic, the estimation of models with serial correlation needs special treatment.
For example, the ML method becomes complicated (Anderson and Hsiao, 1982). We leave such an
extended model for future research. We expect that MLE will still be consistent due to a determin-
istic trend component in the DGP. This is also true in time series where serial correlation will cause
inconsistency in the estimate of a stationary AR(1) parameter while the parameter estimate may still
be consistent for a nonstationary AR(1) model. See Table 3 for Monte Carlo results on possible con-
sequences of this misspecification of the disturbances.

8. In addition, there are also constraints on the coefficients across the regressors X,; and Wy X,
in the transformed equation.

9. From the DGP (4) without X,;, we have 17,,, =1c,0 + Sn_lfm. Hence, lim7_, o n]?th:l

= / > P 1 / . . 1 T = i
Yw_ls,,s,, Yy,r—1 is equal to 15-¢, S, Sncyo because limp_; me:l én,t—lé",f—l =0 from

Lemma 8 in Yu et al. (2007). When 1o =0, %c;OS; Sn€y is reduced to %c;loc,,o, which is % Py aiz
in Hahn and Kuersteiner (2002). However, when A( # 0, the bias term is not equal to that in Hahn and
Kuersteiner in general.
10. In this section some notations are similar to those in Section 3 but might have different meanings.
11. A rook matrix presents a square tessellation with a connectivity of four for the inner fields on
the chessboard and two and three for the corner and border fields, respectively.
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12. As the Wald test for yg = 1 can be regarded as a test of unit root in our model, the accuracy of
the CP for the bias-corrected estimator indicates that such a unit root test has an accurate size.

13. For this restricted model Yy =Y, ;1 + Xnt fo +€no + Vinr where Vip = wo Wy Vit + e with
elements of &, being i.i.d., the transformed equation is Ynr = woWnYnr + Ynr — woWn Y, 11 +
Xnt Po — woWnXnt fo + €0 + €ns, Where ¢,0 = (In — woWn)ey,0 is the transformed fixed effects.
We note that while the sample observations are generated by this restricted model, the estimates in
Misspecifications 3 and 4 of Table 3 are based on the likelihood function of the unrestricted model.

14. A queen matrix presents a square tessellation with a connectivity of eight for the inner fields on
the chessboard and three and five for the corner and border fields, respectively.
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APPENDIX A: Algebra for Section 3

A.l. First and Second Conditions for (6). For the concentrated likelihood function
(6), the score and the information matrix are

tyg @) (S 75T
6lnL;,,0T(90) = | nLpr@n | _ Jingzl(\?,;tc;;vm —odtGy) |, (A1)
BGEO )\ S S ViV =)

and
ﬁEH,,T 0k, +1)x1 0k, +1)x1

—E%% = | Oixsn % [w(GGw +u(GD)] @ | @2
01 x (ke +1) %%ntr(cﬂ) ﬁ

0k, +1)x (ke +1) ljgﬁﬁle Z3 1S, Gn+ W1V Uétﬁﬁtr:l Ziu SVt
E . 0 ”gﬁtr(Gn) .

* * —
7
To,

2
where H,, 7 is in (7). Therefore, the elements of —E% % have different orders

as Zp; has the element ):’n +—1. After rescaling, using Lemmas 8 and 9 in Yu et al. (2007),

—1 3%In L7 (0 -1 - .
we have Y 7 ( —E% %WT,(‘)))T&T = g7 +O(T 1), where g, ,7 is in (12).

We can decompose Zm as
Znt = Z} — (S &~ 1, Opxk)s (A3)

o Xn) and Y =1 + X180 + 8718, — with Iy =
*

. Hence, Z; is decomposed into two parts: Z;,, uncorrelated with V;;;, and

where Z, = (Y

(S,TIE,,T,_l » 0y xk, ), correlated with Vy,;. Correspondingly,

1 olnL,7(6) 1 0lnL; ;(6))

JnT 06 N A (A4)
where

,%g \/% St Zni SV
Jiﬁw = Jig \/iﬁ Zthl(V,:,G;l Vit —ogtan) . (A.5)

1 1 T / 2
;é«/ﬁ Zz:I(Vm‘ Vn[ —nao)
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and

0_%% ﬁ(EnT,—l s On ka)/VnT
Agy.nt = %\/IV,;TG; Var : (A.6)

2(, V n nTVnT
olnL; (0) is

. . . 1 .
Similar to Yu et al. (2008), the variance matrix of 77 T

E(T_l 1 oInL} 7(6p) oL} +(6)
0

-1 -1
TaT 00 o0 TH’T) = Zpar+ Qa0 (17'). 4D

When Vj; are normally distributed, Q, ,, = 0 because 4 — 303 =0 for a normal distri-
bution.

A.2. About 61 (2) for (10). From (9), we have

. L& o e
Gar (D)= — 3 Va Sy Sy (DSa (S Vs + Ry (), (A8)
t=1
062%,(1) _1 Ry 7 (2)
— == 2 nt G Sn(2)Sy Vg + =272, (A9)
0252 @ _ 2 r 2Ry o7 (A)
nT / 1,nT

—i = 1 GnG v, —_— A.10

=3 T; nVar + ——25— (A.10)
where

1L - B
Rl,nT(;L) = E Z Z, S;,(/l)sn(/l)Sn_ Vit 2 ZntS/ (/I)Sn(i)znt
t=1

M~
N
SN

X
:‘_
~

N
Il

( Sh(2)Su(1)S;! Vm>

-1
Z3 Sy () Sn (28 Vi ( Zf,; Sp(2)Sn (/I)an>

_.
I

S
ﬂ‘”
M'ﬂ

~

( 1
X
13

~

Z35Sh () Sa (M) Sy Vm> ,
1

because an = anT(;_}- Using Lemmas 8 and 9 in Yu et al. (2007), Ry ,7(4)

=0p (max (%, %)) uniformly in 4, and so are their derivatives with respect to A.
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1

) for any n x n non-

~-
S~——~7"

Hence, using % Zthl V) By Vit = ag%tan + 0, (max (

s

S

stochastic square matrix 5, from Lemma 9 in Yu et al. (2007),

. 1 & 51! 11
Gur () =— g  SLS () S () Sy Ve + 0, (max (nT TZ)) (A.11a)
6Un (Ao) , o~ 1 n
VnT aTA Z Gy Vi + Op <max < Nk F)) : (A.11b)
0%62,(0) 208 1
612 =0 (G,Gn)+0p <max <F T)) (A.d1c)

where the orders of the residual terms are all uniformly in A.

APPENDIX B: Proofs for Theorems in Section 3

Proof of Theorem 1.

Consistency. The concentrated log likelihood for the restricted model is InL,, (1) in
(10). This log likelihood function can be compared with that of a simple pure spatial dy-
namic process below. It is known that, for the log likelihood for pure spatial dynamic
process Yy = AgWy Y+ Vg fort =1,..., T,

v n n “
0Ly 7 (2) = =7 (027 +1) = 26,2 () + TIn| Sy (A,

’ts,’,—ls,’, (D) Su(2) ST Vs

P
Gop () = nT |

||Mﬂ

Under limy— o0 (1 Inad 857V S5 = Lin[o 2 (2)S;71 (1) ;71 (2)]) # 0 for 2 # Ao, the max-
imizer 4,7 is globally identified and consistent (Thm. 2 in Yu et al., 2008).

From 62(2) in (A.11a), -5 InL, 7(2) = - InL, 7(2) = 0,(1) uniformly in 1. By
using Lemma A.6 in Lee (2007), the maximizer ZnT of % InL,, 7(4) will also be consis-
tent. Hence, j-nT — 40 Zo. Using (A.11a), we have &3T (2,,7) - ag £ o. Also, from (8),
using Z3, = Zm’r(;} where Y5 7 = diag(7, l,/{X), we have

A 1 L
T&,T[énT(/lnT)_éo] = (nT 2

—1
Z;t/t S;z (j-nT)Sn (j-nT)Z;Lt>
t=1

1 L., . L
x| — X 258, Onr)Sn Cn) S Vit |-
nT =

Hence, 3,17 (/Al,,T) is also consistent such that Y5 7 (3,17 (/AlnT) —00) .
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Asymptotic Distribution. From the Taylor expansion, for 8,7 lying between é,,T and 6,

—1
A 1 8InL, 7@,7)
Yg.rVnT O —0p) = T“ s i T“
n

T 06000’
1 olnL* (00)
-1 n,T
olnL* (6
where “TT(O) and Ag, 7 are in (A.5) and (A.6).
olnL [

The \/;ITT HTT(O) is a combination of the linear and quadratic forms of V,;;. After
being rescaled,

_1 1 oInL, 76
Tg,;mgié +T9TA90nT <4 N, Jlim (ngnT + Qo)) (B.2)

using the CLT in Yu et al. (2007). For ’Y‘H_ITA(;O,nT, we have IE/T _1BuVar —E(1 /

n nT -1
BVar) + Op(ﬁ) where E(%E,;T 1 BuVur) = ag T2T1 rlltan is O(1) and Bn

n nT
Vor = nTO'O 2B, + Op( JT) for any n x n nonstochastic matrix 53,. Hence, TH T

AgonT =/ Fagyn + Op(f) where ag, 5, is in (11). Similar to Yu et al. (2008), we

_ 2L, 1@, _
have — T@%‘HT%WTQ;_HG}'IT -0l Op(l)-f—Op(\/—)-f—EQO T - Because

@) 10,7 =6l = op(1)as 6‘,,7 is consistent and (ii) Zg, 7 is the nonsingular in the limit by

) -
Assumption 8, _Tb’_ IT ﬁ%WTQ_ IT is invertible for large 7. Hence, from (B.1),

Yo. 10T Gr —00) = 0p(1)- (0,,(1)+0 ([)) which implies that

. [1 1
Yo, 7 Onr —60) = Op (max ( o T)) . (B.3)

Hence, T&,T(énT —0p) = 0p (max (\ / %, %) ) , which implies that

_ -1
1 1 8%InL,7@yr) __ 11
1 nT\UnT 1 —1
<_T9’TnTac969’ TH,T =(Zgy,nT)” +Op | max T . (B4)

Consequently,

~ 1 1
Yo, 75nT Our —00) = ((Zao,nr)_1 +0p <max <\/ T T>)>

1 oInL* .(6y)
—1 n,T
’ (TG,T JnT 20 T@ TA90 nT

which, in turn, implies the result in Theorem 1. |

Proof for Theorem 2. As énT has the asymptotic distribution in Theorem 1, we
will have (15) if %(—énr - (Zgo’,,T) an(@p)) L) and — 0. The difference
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(29’,,]‘)_1 lp—p o (290,,17)_1 has a similar order in (B.4). Thus we have
=B = (Zagnr) ™ 0 00) = (Zap,01) ™" (a0 @) = an 00) )

+an@,7) x Op (max (T }))

From a,(0) in (11), %g,”) will be uniformly bounded in probability and ay, (énT) is
Op(1) because a,(fp) is O(1). Hence, using (B.3), —l§,,T - (Zgo,nT)_lan(Ho) =
Op (max (%, ﬁ)) This implies that ,/%(—énT - (Ego,nT)_lan(Go)) £ 0 under
% — 0. |

APPENDIX C: Algebra for Section 4

C.1. A Lemma. Denote

1 I - , = . Hiar Honr
Hnr = — 2 (Znt, GnZnt30) (Znt, GnZnido) = , > (C.1
nT t=1 2.nT H3,nT
where
1 L, 1 L
Hinr = 7 2 ZyZnt, Honr = 7 2 GnZni 0o, M3 n1

Gn Znt 50) Gn Zm‘50 (C.2)

ﬂ"‘
I|M’ﬂ

Hence, H,,7 is the covariance matrix of the explanatory variables of (17) after being de-
meaned from time average. By using Lemmas 8 and 9 in Yu et al. (2007), we have the
following lemma.

LEMMA 1. Under Assumptions 1-7, for (C.2) and (19), we have

(M3 = Hy o Hi g Hont) = (HS g — (S, VITHS 17 IHS 7 D),
(EH3 07 — [EH2 n7V[EH1 71~ EHo u7])
= (BHS 7 — [EM3 7 (BH , 717 [EH3 1),

1 L, - L )
T 2 (GoZn G _Hé,nTHl,izTZ;lt)Bn Vit
=1
12 2 1oss
—1s
- nT Z('BOX’”G" ZHT[HI nT] Z )annt,
=1

/ —1
(H3,"T - HZ,nTHI,nTHZ,"T)

1
-1
- (EH3,nT _EH/z,nT[EHI,nT] EHZ,VLT) = Op <\/ﬁ> 5
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1 Lo . 5
,TTZ](%Z;nG/ HZnTHl 7 Znt)Bn Var
=

1 Lo . . 1
—E— Y (5yZ;Gp, —H o7 HT By Vnr = 0O <—)
nT 2‘1( 04 nt 2,nT lnT nt) n Vnt p m
where (EM3,7 — EMb 7 (EH1 1) " 'EHp 1) is O(1) and Byl X1 (9)2;,G, —

b nt Hing Zyt) Ba Vs is O ().

C.2. About 6 (A) Denote H, o7 = H3,uT _H/z,nTHI_}zTHlﬂT’ Vonr = %
Zt mSn DS, 1y . and Xont = GnZntdy — anH]_iTHZ,nT for notational simplic-
ity in this section. For the unit root SDPD model in Section 4, given A, the concentrated
estimate d,,7 (1) and &3T (1) are

-1
A 1 I, - 1 I, .
Onr () = {T Z‘,l Zntznt:| [nT zgl ZtSn (/I)Ynt:| ) (C3)
1 L~ . T
&nT(A) = 7 Z (Sn (A)Ynl - ZntanT(/l))’(Sn (A)Ynt - ZnténT(/Ab))- (C4
Hence,

6ur (D) = (o= Hynr + — 2 VeSSt () S (1) Sy Vg

1 L - _
+200 =1 X X, Sa(D)S; Wt =V, e M pg Vet (C.5)
t=1
062, (1) 2 I o “1s
., = 2(/1 - AO)HLHT — z nSn (}')Sn Ve
o nT ~
—2(40 _i) 2 ntG'l an - 2 Z mSn(i)Sn_l‘;nt
T ~

+2V, r iy r 7 Z Zp GVt (C.6)

3262.(2) s 4 T 5
T

;T 2H ot + 2 G;,Gn o +ﬁ ; Xz/,nth |

’
1 - -
-2 (nT Z Z;zth Vnt> 7‘[1 T ( Z ZmGn Vnt) (C.7)
=1

Additionally, denoting H; , 7 = H3 7 7{2 nTHl nTHZ w7 Venr = an >,z
Sn(/l)Sn_le, and X} ot = GnXmﬁo — Znt’;’-[1 nT’HZ 7 Tor simplicity, by using
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Lemma 1, we have

bar () = o= H yp + — ZVA,S/ LS ()8 (1) S5 Ve (C.8)

1 L 1
+2(0 =) Y X Su (S Ve =V M
=1

z nT-*
Hence, using Lemmas 8 and 9 in Yu et al. (2007), we have
1

(/1) —0’0 + A= /10|2 Op(1)+12=2pl-Op(1)+ Op (max (F T)) , (C.9a)
8&3T(/1) 1

Y —00 tan +12=20l- Op(1)+ Op | max F T (C.9b)
3262.(2)
% =2(H3n7 = Hy 7 Hi 7 Hont)

+2 1tGG +0 ! (C.9¢)
—tr max .
00 n p \/7 T
Furthermore, using Lemma 1, at A = ¢, we have
A2 4

\/n—Tﬁo'naT/I(/uo)

. 2 . I
o S TG 3 UKl O, 1
t=1
1 1 n
+0, (max(ﬁ,?,,/ﬁ>). (C.10)

APPENDIX D: Proofs of Theorems in Section 4

Proof of Theorem 3. In the following, we show the consistency of the QMLE Ant for
A0, then derive the distributions of the QMLEs of the remaining parameters.

Consistency of /AlnT- We have the concentrated likelihood (10), where 6,7~ (4) has the
form (C.8). The optimization problem is similar to Yu et al. (2008), where the regressors
in the reduced form (17) are Z}, and G, X ntPo instead. Hence, under the identification
condition in Assumption 8', we get the consistency of j-nT-

Asymptotic Distribution of j»nT- The distribution of j'nT is such that

T Gt — /10)—{-\/7 JonT 1+ Op <max <1/%,%)>

d . -1 -2
— N(O, T1i>moo(2)‘0’nT + 2,07 %%0,nT)); (D.1)
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where

—1
blo,nT = E/lo,nT *Ajo,nT>

1 _ 1 _ _ 1
ionT == [([Hiﬂ] NS D (S + (] 17 MY D2 (G |

(D.2)
1 _
Lot = — (3 = 30V 7 )™ a7 D
0
1 , ,  2(trG)?
+; G, Gy + G, — - , (D.3)
m —30 1 & trG 2
Qi1 = o n, S { n] , (D.4)

and ([H] nT]_l[HS nT])l ([H3 nT]_l[HS 2712 are, respectively, the first and second

elements of the column vector [#} nT] 1[’}-[2 Wt
To prove this, from the concentrated log likelihood for this model, which is similar to
(10), we have

1 8InL, (A 1 062.(3) 1
L onlnr® _ _ 2r®) LG, 0, ®.5)
nT oA 2&}12T(,1) o n
2
1 82InL, 7( 1 %62 () 062.(J 1
76 n n,T( ):_ T( ). 2 (l) O'nT(/L) —7t1‘(G%(ﬂ.)).
nT 022 264, | 042 o n

By plugging (C.5) at 4, (C.9), and (C.10) into (D.5), we have

1 aInL, r(lo) 1 0lnLj 1(4o) A +O( (1 n>)
= - max ( ——,4/ =% s

JnT oA JnT 04 Ao.nT 7+ Zp JT\ 13

where

1 olnLy (o) 1 1

nT ol B 002 vnT [ 5

T
1
N N Vi (G;Z — Gy In) Vo, (D.6)

and

1 T _ 1 - 1 - r_
AjonT = 3\ [Hi/,nr(?ﬁ,nr) ! <?Sn &1, ?annT,—laonxkx)] V.

0
(D.7)
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Here, Z;?j = (%(f—lsn_lcno + Sn_lfgn,t—lﬁo + Sn_lin,t—l)’ %(f—lGncnO + ann,t—l
Po + Gnén,i—1)> Xnt) in (D.6) is the component of Zf,, uncorrelated with V,; such
that

1

N e 1 -
Z;;t = Zf; - (?Sn lfnT,—la ?annT,—la 0n><kx) . (D.8)

Under Assumption 8’, so that ¥ Jo,nT 18 nONZETO, we have

n 1 alnL* (ﬂ.o)
—1 N
VT (nr =20) = 2} 7 (J,ﬁz;l = Ajgnt

11
+0, (max (ﬁ’?”/%))' (D.9)

For A, »7 in (D.7), using Lemmas 8 and 9 in Yu et al. (2007), we have

n n 1
AdonT =1/ 7 %o.nT +0p (max (, / 73 ﬁ)) , (D.10)

olnL* (A
where a;, ,,7 is in (D.2). For ﬁ ngif(o), it is asymptotically normal implied by the

CLT in Yu et al. (2008). To calculate the limit variance, using uncorrelatedness of Z; 7 and
Vi, we have

1 1 L trG
Cov | — |74 (G’—Jz—nl>\/ ),
(s & (e (et )
1

T
02 /nT 2, By X G _[Hi,rlT]/[Hi,nT]thlZ;;‘/)Vn1>
0 t=1

u3 1 trG r = « _
=T > (Gn,ii - nn) (EZ(anntﬂo—ZZz [H 7] 1Hi,nﬂ) =0
= t=1 ;

1

because 2[T=1 GnXntfo=0and Ezszl Zy1 = 0. Hence,

1 olnL: (ko) 4 .
JnT — 2 NO,_lim (25007 + Qg n7) D.11)

where X,/ ,7 and Q) ,,7 are defined in (D.3) and (D.4). Also, from Lemma 1 we have

1 PmLyrCar) 2(tan)2>
n

1
— % - (trG;Gn +uG2 —

1
— M8y — [ VIS T HS up D +op(D). (D12)
0,
0

From (D.12), (D.10), and (D.11), we have T (.7 — Z9) = Op(1) - <0p(1)+

0y (/F) ) Hence
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A 1 1
j‘)’lT - AO = Op (maX (\/7, ?)) . (D.13)

Using (D.12), (D.10), and (D.11) again, we get the result in (D.1).

~ ~ o~ —1
Asymptotic Distribution of O, . Denote J = (0, 1,01 ), then (% ZIT:l Z;,th)
(ﬁ 2,T=1 Z,’”W,, Yn,,_l) = J,. Hence, from (C.3), using S, (1) Yur = [In — (4 — 20)Gn]
Zméo + Sn (/I)Sn_1 Vyaz, we have
VT Gpr (Gn) = 00)

1 L 1 A
_ A1 s/ s/ _ _
_T(;T(nT S 7078 )(«ﬁﬁ; zs Vm) T G = 20) )

. . 1 L., - 1 L. N
_T5,71~ nT(AnT _/LO) (nT 2 Z}Yz/lZ;Lt> <nT 2 Zlet(GantﬁO)> +R3nT’
=1 =1

(D.14)

where Ry =="57~/nT (lyr = zo)(,ﬂ S 22T G S 2 G V), s =

diag(T, T lk ), and Z5, = Z,Z,T” As Gyl z"z,g,)-l(ﬁztzlZ;;’,G,va) is

Op (max (F T)) and v/n (/lnT —A0)is Op (max (1 ‘/%)) from (D.13), we have
B,y = Yirr O (max (£, 77 /75))

From (C.8), using Lemma 1 and (D.13), we have &ZT Gpr) = % 2,T=1 V) SIS o)

sn(z,,T)s Wt + 0, (max(an Tz)) As Su()S; ! = Iy — (1 — 10)Gy, using -

Z G Gan = agtrn@ + Op (max( and nT(Qpr — Ao) =

Op (max (1, \/?)), we have

\/ﬁ( On T(’lnT)—”o)

a7 t))

an - na&)

T

(D.15)

whereRAz =0p (maX(T \lﬁ 2 ))
Also, from (D.9), we have

VnT (Gt = A0)
— (EA )_] 1 !
— ST 002 \/rﬁ

T

~ 1 ~
v,;t (G, — ;tan -In)Vm>

T
-1 1 e -
+(Z4p.n1) 02( Z 0% G = [H3 7V 1M 7] IZZQ)Vnt)+RznT,
0

(D.16)

where RznT =0, (max (T ok 2 ))
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Hence, from (D.14), (D.15), and (D.16), define

—1 8 1A
Iy YoplHY 017 M r + 72 Og12)x1

Biar = | O1x(ky42) 1 0 ,
O (k,+2) 700G !
17 o) Ow+axt O +2x1

Bonr = 01 (k,+2) T 0 ,and

01 % (ky+2) 0 204
Ik 42 O, +2)x1 Ok, 12)x1
B3 ur = _HiinT[Hi,nT]_l 1 252Gy |
015 (k,+2) 0 1
we have
On, 7 UinT) — 0o

1 oLy @)

vnT 06 Ont’>

vnT Ant =0 =Crnr X
&,%T(inT) _‘702

-1 -1
where Cy 7 = Bl,nT X By ur X B3n1, By 1 =

—1 -1
Iz =Xy, Hy 0 =20 Og2)x1
01 (k,+2) 1 0 , and
01 (k,+2) —%O‘&tan 1

Ry = (5 7 [Hy 0™ Hy o + 2Ry
_ p—1 / ; )
RénT - Bl’nT . (RSnT ’ R}“nT ’ Ra'nzT) - RinT
2.2
R&V%T —_ EO-O tanRjunT
(D.17)

For Zg)o,nT in (22), we can also express it as

1071706 Ou2x1 Op+2)x1
[Zh0nr) ™ =Bz x| Olugro12) Z,l_ol,nT 0 X B3 nr-
01x(k,+2) 0 20
Denote

; <O(kx+2)x<kx+z) J O(kx+2)><l>

02 (k, +2) 02%1 02x1
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By comparison, we can see that Cy ,7 = (I —J)- dlag(T(s 1L, 1)- [22)0 nT]_l' We have

| 1 n
diag(T, 1,1} ,1,1)- Ry =0 (max (— —,,/—)), (D.18)
X nT /nT T T3

because Yy, 7 R3nr’ Ri,, and R, areall Op (max (ﬁ, %, \ /%)) Hence, we have

Ot

1 alnLYT(eo)

vnT 00

As diag(T, l,ll/{x, L)-(I—=J) -diag(TC{}, 1,1) = E7 in (20), using (D.18), we have

NnT @y —60)= (I —J)- dlag(T(;T,l,l)[Zgo,nT]_l +Ry . (D.19)

=5 ‘ _; 1 oInL, (6
diag(T’l’l[/{xal’l) nT(HnT_QO):ET[Eg)O,nT] ! ﬂ

nT 00
1 1 n
+ 01; max \/ﬁ’ ?, F . (D.ZO)
olnLy 1(6b) oInL;*7(60) aInLs%- (0
Here, ﬁ 2l — = J}ﬁ 2l—"— Ago,nT» Where \/%67070) and Ag, nr

are

11 T s*/V
o VT Zi=1 Znt Vit
2?:1 (Vi1 Gy Vs — 03trGp)

11
1 8lanl*T (6o) _ ad v/n
~nT o0 +‘70 ﬁzt I(anntﬂo) Vit

FZZ 1 (V,:t Vit —nao)

(D.21)

L
4

and

n( Sy léfnT -7 annT -1 nxkx) VnT

Agy,nT = \/ 7 Vr:TG/ nT

;-
25 n VnTV”T

n n 1
= ?ago’n + Op (maX ( F’ ﬁ)) . (D.22)

with Z3¥ in (D.8). Using the CLT in Yu et al. (2008), we have

N (0’ A [ Zd0.07 +Q€o,n1) ’ (D.23)

where 29 7 is in (22) and Qg , is in (23). For Ay, ,,7, using Lemmas 8 and 9 in Yu
et al. (2007) we have (D.22). Therefore, we have the result in Theorem 3.
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Also, multiplying both sides of (D.19) by (0, 1,01« ,1,0) and denoting e, = (0, 1,
01, ,0,0), we have

VT3 (pur + I — po = 20)
1 aInLS ;)

=e/2[250,nT]‘1ﬁT+T'(0’ L01xk, . LOR, .
because T -(0,1,01%, ,1,0)-(I = J) ~diag(Tg}, 1,1)= e’z. From (D.17), we can have
- 0 S S i
T-(0,1,01 %, 1,O)R0nT =0p (max («/ﬁ’ T>1\/ 73 )) Hence, we have the result;n
(24).

Proof of Theorem 4. We will have the result in (25) if , / %(ET-[Eg 1T]_1 Ay
nT T nis

= ; —1 J . . .
Zr- [2219,471 'a?()’") — 0 and % — 0. The condition % — 0 is an assumption. For
the remaining condition, we have

= K -1 = s -1
(HT.[EénT,nT] 4 =T (2 ] -ago,n)

1 1
—_ K -1
= (:.T . [Zéo,nT] . (aéﬂ,n _aﬁo,n)) +aénr,n -0p (max (?, \/7)> . (D.24)

From a,(0) in (21), %1 will be uniformly bounded in probability and a,, (énT) is

. A _ 1 1 = s =1 4. — B
O, (1). Hence, using 0,7 — 0y = O)p (max (T’ «/7))’ B [Zé,,r,nT] a4 o n T ET
—1 _ 11 o impli = -1,
[Zéo,nT] -agyn = Op (max (T’ TT)) This implies that |/ % (E7 [25,17,;”]
_ — P
ag =B 15§ 7] 1. ag, n) = 0 under 75 = 0. u
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