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Abstract. The lattice Boltzmann equation (LBE) is considered as a promising approach
for simulating flows of liquid and gas. Most of LBE studies have been devoted to reg-
ular square LBE and few works have focused on the rectangular LBE in the simulation
of gaseous microscale flows. In fact, the rectangular LBE, as an alternative and efficien-
t method, has some advantages over the square LBE in simulating flows with certain
computational domains of large aspect ratio (e.g., long micro channels). Therefore,
in this paper we expand the application scopes of the rectangular LBE to gaseous mi-
croscale flow. The kinetic boundary conditions for the rectangular LBE with a multiple-
relaxation-time (MRT) collision operator, i.e., the combined bounce-back/specular-
reflection (CBBSR) boundary condition and the discrete Maxwell’s diffuse-reflection
(DMDR) boundary condition, are studied in detail. We observe some discrete effect-
s in both the CBBSR and DMDR boundary conditions for the rectangular LBE and
present a reasonable approach to overcome these discrete effects in the two boundary
conditions. It is found that the DMDR boundary condition for the square MRT-LBE
can not realize the real fully diffusive boundary condition, while the DMDR boundary
condition for the rectangular MRT-LBE with the grid aspect ratio a ̸=1 can do it well.
Some numerical tests are implemented to validate the presented theoretical analysis.
In addition, the computational efficiency and relative difference between the rectangu-
lar LBE and the square LBE are analyzed in detail. The rectangular LBE is found to be
an efficient method for simulating the gaseous microscale flows in domains with large
aspect ratios.
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1 Introduction

The wide applications of micro-electro-mechanical-systems (MEMS) and nano-electro-
mechanical-systems (NEMS) have stimulated a great interest in the development of sim-
ulation methods for gaseous microscale flow [1, 2]. For non- continuum flows, the char-
acteristic parameter is the Knudsen number Kn=λ/h, where λ represents the mean-free
path of the gas and h is the characteristic length of the flow. According to the value of Kn,
the flow can be classified into four flow regimes, i.e., the continuum flow (Kn≤ 0.001),
the slip flow (0.001<Kn≤0.1), the transition flow (0.1<Kn≤10), and free molecular flow
(Kn> 10). Therefore, when Kn is greater than around 0.001, the continuum assumption
will break down and the traditional simulation approaches based on the Navier-Stokes
equations are not valid.

The lattice Boltzmann equation (LBE), which is a special discrete form of the con-
tinuous Boltzmann equation [3, 4], is considered as a promising method for simulat-
ing gaseous microscale flow [5]. Recently, numerous LBE studies have been devoted to
gaseous microscale flow and most of them have focused on the LBE with a regular square
lattice [6–25]. However, to our knowledge, there are few LBE works to study gaseous mi-
croscale flow based on a rectangular lattice. In fact, the rectangular LBE, as an alternative
and efficient method, has some advantages over the square LBE for simulating flows in
some cases.

Recently, the two-dimensional nine-velocity (D2Q9) LBE model with a rectangular
lattice has been received particular attention and further studied [26–30]. As pointed out
in [30], the rectangular LBE schemes can be constructed in three distinct approaches: the
first method is to decouple the discretization of the velocity space from spatial and tem-
poral discretizations [31], the second one is to construct a multiple-relaxation-time (MRT)
operator [26], and the third one is to introduce some more discrete velocities [30]. Com-
pared to the second approach mentioned above, the first approach loses the simplicity
of the LBE and the third approach can not generate real rectangular grids. Therefore, in
this work we choose the rectangular D2Q9 MRT-LBE model presented in [26] to study
gaseous microscale flow.

The aim of this paper is to analyze two kinds of boundary conditions for the rect-
angular LBE and to apply the method to gaseous microscale flows in slip regime. The
rest of the paper is organized as follows. In Section 2, we present the Chapman-Enskog
analysis and derive the relationship between the relaxation parameter and the Knudsen
number for the rectangular LBE model. In Section 3, we analyze the combined bounce-
back/specular-reflection (CBBSR) boundary condition and the discrete Maxwells diffuse-
reflection (DMDR) boundary condition for the rectangular LBE, and show how to choose
the reasonable combination parameters (i.e., the bounce-back fraction for the CBBSR
scheme and the accommodation coefficient for the DMDR scheme) in the two bound-
ary conditions. In Section 4, the numerical tests are performed to validate the presented
theoretical analysis. Finally, we conclude the paper in Section 5.
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2 Rectangular lattice Boltzmann equation

We consider the rectangular D2Q9 MRT-LBE model presented in [26]

fi(r+ciδt,t+δt)− fi(r,t)=Ωi+δtF′
i, (2.1)

for i=0,1,··· ,8, where fi is the density distribution function associated with the molecular
velocity ci at position r=(x,y) and time t, δt is the time step, Ωi is the discrete collision
operator, F′

i is the discrete forcing term accounting for the external force F=(Fx,Fy)
T, and

ci is the molecular velocity, which is given by

ci =


(0,0), i=0,
(cos[(i−1)π/2],asin[(i−1)π/2])c, i=1−4,

(cos[(2i−9)π/4],asin[(2i−9)π/4])
√

2c, i=5−8,

(2.2)

where c= δx/δt (set to be 1 in this work), with δx and δt representing the lattice spacing
in the x direction and the time step, respectively; a= δy/δx, where 0< a≤1 is the aspect
ratio of the rectangular grid, with δy representing the lattice spacing in the y direction.

The discrete collision operator in the rectangular D2Q9 MRT-LBE model is given by

Ωi =−
8

∑
j=0

(M−1SM)ij
[

f j− f (eq)
j

]
, (2.3)

where S=diag(s0,s1,s2,s3,s4,s5,s6,s7,s8) is a diagonal relaxation matrix, f (eq)
j is the equi-

librium distribution function, and M is the transformation matrix, which is given by [26]

M=



1 1 1 1 1 1 1 1 1
−2φ1 φ2 φ3 φ2 φ3 φ1 φ1 φ1 φ1

4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 a 0 −a a a −a −a
0 0 −2a 0 2a a a −a −a

−2φ4 φ5 φ6 φ5 φ6 φ4 φ4 φ4 φ4
0 0 0 0 0 a −a a −a


, (2.4)

where φ1= a2+1, φ2=1−2a2, φ3= a2−2, φ4= a2−1, φ5= a2+2, and φ6=−(2a2+1).
We can project the density distribution function fi and the equilibrium distribution

function f (eq)
i in velocity space onto macroscopic variables in moment space through the

transformation matrix M

m :=Mf=
(

ρ,e,ε,ρux−
δt

2
Fx,qx,ρuy−

δt

2
Fy,qy,pxx,pxy

)T
, (2.5a)

m(eq) :=Mf(eq)=
(
ρ,e(eq),ε(eq),ρux,q(eq)

x ,ρuy,q(eq)
y ,p(eq)

xx ,p(eq)
xy

)T
, (2.5b)
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where f=( f0, f1,··· , f8)
T, f(eq)=( f (eq)

0 , f (eq)
1 ,··· , f (eq)

8 )
T
, ρ is the density, ux and uy are the

velocities in the x and y directions, Fx and Fy are the external forces in the x and y direc-
tions, e is related to the kinetic energy, ε is related to the kinetic energy squared for a=1
(but has no obvious physical meaning when a ̸= 1), qx and qy are proportional to the x
and y components of the energy flux, pxx and pxy are proportional to the diagonal and

off-diagonal components of the viscous stress tensor, and e(eq), ε(eq), q(eq)
x , q(eq)

y , p(eq)
xx and

p(eq)
xy are the equilibrium values of the non-conserved moments.

The density and velocities can be defined as follows

ρ=∑
i

fi, (2.6a)

ρu=∑
i

ci fi+
δt

2
F, (2.6b)

where u=(ux,uy)
T and F=(Fx,Fy)

T.
For the collision process, the equilibrium values of the non-conserved moments can

be proposed by [26]

e(eq)=2(3c2
s −1−a2)ρ+3ρ(u2

x+u2
y), ε(eq)=

ρ

2
, (2.7a)

q(eq)
x =

c2+4(1−a2)

2a2 ρux, q(eq)
y =

1
2

c2ρuy, (2.7b)

p(eq)
xx =

(a2−1)
a2

[
3(a2+1)c2

s −2a2]ρ+3ρ
(

a2u2
x−

1
a2 u2

y

)
, p(eq)

xy =ρuxuy, (2.7c)

where cs is the sound speed, and c2 is the coupling constant. It should be noted that for a
given grid aspect ratio a (a ̸=1), the values of cs and c2, which can optimize the isotropy
and stability of the model, are not fixed but can be adjusted.

For the rectangular MRT-LBE model, the collision process is executed in moment s-
pace,

m̃(r,t)=m(r,t)−S
[
m(r,t)−m(eq)(r,t)

]
+δtF̂, (2.8)

and the propagation process is performed in velocity space,

fi(r+ciδt,t+δt)= f̃i(r,t), (2.9)

where the quantities with and without the superscript ”∼” are the post-collision and pre-

collision states, respectively. F̂=MF′, with F̂=(F̂0, F̂1,··· , F̂8)
T

and F′= (F′
0,F′

1,··· ,F′
8)

T,
can be directly chosen in moment space. We suggest

F̂0=0, F̂1=6
(

1− s1

2

)
(uxFx+uyFy), F̂2=−6

(
1− s2

2

)
(uxFx+uyFy), (2.10a)

F̂3=
(

1− s3

2

)
Fx, F̂4=−

(
1− s4

2

)
Fx, F̂5=

(
1− s5

2

)
Fy, (2.10b)

F̂6=−
(

1− s6

2

)
Fy, F̂7=6

(
1− s7

2

)(
a2uxFx−

1
a2 uyFy

)
, F̂8=

(
1− s8

2

)
(uxFy+uyFx), (2.10c)
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which are similar to the discrete forcing terms of the square D2Q9 MRT-LBE model pre-
sented in [17, 32].

Through the Chapman-Enskog analysis instead of the linear analysis presented in [26],
we can derive the macroscopic equations from the rectangular LBE model (see Appendix
for detail),

∂tρ+∇·(ρu)=0, (2.11a)

∂t(ρu)+∇·(ρuu)=−∇p+∇·[ρν(∇u+(∇u)T−(∇·u)I)+ρζ(∇·u)I]+F+R, (2.11b)

where p = ρc2
s is the pressure, I is the unit matrix, ν and ζ are the kinematic shear and

bulk viscosities given by

ν=
4+c2

6

( 1
s8
− 1

2

)
δt, (2.12a)

ζ=
1
12

(7+3a2+c2−12c2
s )
( 1

s1
− 1

2

)
δt. (2.12b)

Compared with the Navier-Stokes equations, the macroscopic equations from the rectan-
gular LBE model include an additional term R given by

R=
[ a2−1

2

( 1
s1
− 1

2

)
δt∂x(ρ∂yuy),

1−a2

2

( 1
s1
− 1

2

)
δt∂y(ρ∂xux)

]T

. (2.13)

The additional term R probably means that, although the model presented [26] is Galilean
invariant and isotropic up to the second order in the wave-vector k, the hydrodynamic
modes in the model differ from those in a real fluid by involving motions that are not
exactly parallel or perpendicular to the wave-vector k. Clearly, R= 0 as a= 1, which is
consistent with the square D2Q9 model [32].

Because of the constraints of the isotropy, the relaxation parameters are coupled by
the following relationships [26]

1
s̃1

=
2(4+c2)

[
(12c2

s −c2)(1+a2)−2(5a2+2)
]

(1+a2)(1+c2−3a2)(c2+10−12c2
s )+6

[
a4(c2−2)−3(a2−1)

] 1
s̃8

, (2.14a)

1
s̃7

=
2(4+c2)

[
(12c2

s −c2)(1+a2)−2(3a4+5a2+5)
]

(1+a2)(1+c2−3a2)(c2+10−12c2
s )+6

[
a4(c2−2)−3(a2−1)

] 1
s̃8

, (2.14b)

where 1/s̃α =(1/sα−1/2). Note that the relationship between s1 and s8 is needed only
when a ̸=1.

It is important for us to consider two critical issues before we use the rectangular LBE
model to simulate various flows. The first one is the numerical stability of the rectangular
LBE model. As pointed out in [26], the stable region in parameter space of u and si for
the rectangular LBE model is smaller than that for the square LBE model. Therefore,
the rectangular LBE model limits ability to simulate flows even at moderate Reynolds
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numbers. Fortunately, the Reynolds number of gaseous microscale flow is usually small.
Another critical issue is about the additional term R in the macroscopic equations from
the rectangular LBE model. As shown in Eq. (2.13), for the model with a square grid
(a= 1), or flows such as the Poiseuille flow satisfying ∂x(ρ∂yuy) = 0 and ∂y(ρ∂xux) = 0,
the additional term R in the macroscopic equations will disappear. Otherwise, the effect
of the additional term R can be reduced by adjusting the values of cs and c2. In general
cases, to eliminate the effect of the additional term R, we can absorb this term into the
body force, i.e., in the evolution equation (2.8) we replace F with F−R.

Owing to the small Reynolds number of gaseous microscale flow, the rectangular
D2Q9 LBE model can be competent for simulating gaseous microscale flow. For gaseous
microscale flow, the characteristic parameter is the Knudsen number Kn. Therefore, the
relationship between the relaxation parameter in the rectangular LBE and the Knudsen
number must be given appropriately.

According to the gas kinetic theory, the relationship between the mean-free path λ
and the dynamic viscosity µ=ρν can be expressed by [33]

λ=
µ

p

√
πRT

2
, (2.15)

where R is the gas constant, and T is the system temperature.
Substituting Eq. (2.12a) and p=ρc2

s =ρRT into Eq. (2.15), we can obtain that

λ=
4+c2

6

√
π

2c2
s

( 1
s8
− 1

2

)
δt. (2.16)

Without loss of generality, here we consider that the characteristic length is aligned
with the y-axis. Then, with the aid of Eq. (2.16), the relationship between s8 and Kn is
given by

1
s8
− 1

2
= aNyKn

6
4+c2

√
2c2

s
π

, (2.17)

where Ny = h/δy is the grid number in the direction of the characteristic length, and h is
the characteristic length.

3 Kinetic boundary conditions for rectangular LBE

To obtain reasonable results, it is necessary to choose the suitable boundary condition
in the process of simulating gaseous microscale flow. In practice, two types of kinetic
boundary conditions, which are the combined bounce-back/specular- reflection (CBB-
SR) scheme [34] and the discrete Maxwells diffuse-reflection (DMDR) scheme [35], are
widely applied in LBE. Recently, the two kinetic boundary conditions for both square
BGK- and MRT-LBE were analyzed, and it was found that both of them contain some
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Figure 1: Lattice and boundary arrangement in the D2Q9 model with a rectangular lattice.

discrete effects and the combination coefficients should be chosen carefully under speci-
fied conditions [15–19, 22].

However, the aforementioned boundary conditions and the analysis focus only on
the standard LBE model with a square lattice, and few works for the LBE model with
a rectangular lattice have been studied. In what follows, we will investigate the two
boundary conditions for the rectangular LBE.

For simplicity and without loss of generality, we consider a unidirectional gas flow
over a stationary flat plate driven by a constant external acceleration G in the x direction
(see Fig. 1), and we assume the gas flow satisfies the following conditions

ρ= const, uy =0,
∂φ

∂x
=0,

∂φ

∂t
=0, (3.1)

where φ is an arbitrary flow variable. As shown in Fig. 1, after the collision process at
time t, the unknown distribution function, f 1

2 , f 1
5 , and f 1

6 at node j=1, can be determined
by the CBBSR and DMDR boundary conditions, respectively:

f 1
2 = f̃ 1

4 ,

f 1
5 = r f̃ 1

7 +(1−r) f̃ 1
8 ,

f 1
6 = r f̃ 1

8 +(1−r) f̃ 1
7 ,

(3.2)

for the CBBSR boundary condition, where 0≤ r≤1 is the combination parameter repre-
senting the bounce-back fraction, and

f 1
2 =σK f (eq)

2 (uw)+(1−σ) f̃ 1
4 ,

f 1
5 =σK f (eq)

5 (uw)+(1−σ) f̃ 1
8 ,

f 1
6 =σK f (eq)

6 (uw)+(1−σ) f̃ 1
7 ,

(3.3)

for the DMDR boundary condition, where 0≤σ≤1 is the combination coefficient (accom-
modation coefficient) representing the portion of particles fully diffused by the wall, K
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is defined as K=( f̃ 1
4 + f̃ 1

7 + f̃ 1
8 )/[ f (eq)

2 (uw)+ f (eq)
5 (uw)+ f (eq)

6 (uw)], and uw =0 is the wall
velocity. It should be noted that unlike the square LBE [15], for the rectangular LBE with
the grid aspect ratio a ̸= 1, the DMDR boundary condition can easily be applied to the
moving boundaries [11], while it is unclear how to deal with such moving boundaries by
the CBBSR boundary condition.

Following the method proposed in [15–17], we can obtain the following equation

u(2)
x =Au(1)

x +BδtG, (3.4)

where u(1)
x and u(2)

x are the velocities in the x direction at j=1 and j=2, and the parameters
A and B are given by

A=
1+2r(1/s8−2)−2/s8

1+2r(1/s8−1)−2/s8
, (3.5a)

B=
2a2

4+c2

6(2/s8−1)+r[11−16/s8+(8/s8−4)/s4]

(2/s8−1)[1−2/s8+2r(1/s8−1)]
, (3.5b)

for the CBBSR boundary condition, and

A=
1+σ(1/s8−2)−2/s8

1+σ(1/s8−1)−2/s8
, (3.6a)

B=
2a2

4+c2

6(2/s8−1)+σ[11/2−8/s8+(4/s8−2)/s4]

(2/s8−1)[1−2/s8+σ(1/s8−1)]
, (3.6b)

for the DMDR boundary condition.
The discrete velocities at the inner node j satisfy the following equation

ν
u(j+1)

x −2u(j)
x +u(j−1)

x

δ2
y

+G=0, (3.7)

which is just a second-order finite difference equation of the following partial differential
equation

ν
∂2ux

∂y2 +G=0. (3.8)

In order to solve the finite difference equation (3.7), we need another boundary condition.
Here, the Poiseuille flow with two walls located at y=0 and y=H is considered. For this
flow, the solution of Eq. (3.7) can be obtained as follows

u(j)
x =4uc

yj

H

(
1−

yj

H

)
+us, (3.9)

where yj =(j−1/2)δy, uc =GH2/(8ν) and us is the slip velocity.
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Substituting Eq. (3.9) into Eq. (3.4), we can obtain that

Us :=
us

uc
=


2(1−r)(2/s8−1)

r
∆+

1
3
[16/(s4s8)−8/s8−8/s4+1]∆2 for CBBSR,

2(2−σ)(2/s8−1)
σ

∆+
1
3
[16/(s4s8)−8/s8−8/s4+1]∆2 for DMDR,

(3.10)

where ∆=δy/H. With the aid of Eq. (2.17), Eq. (3.10) can be rewritten as

Us =


24a

√
c2

s (1−r)
(4+c2)r

√
2
π

Kn+
96a2c2

s [16/(s4s8)−8/s8−8/s4+1]

(4+c2)
2π(1−2/s8)

2 Kn2 for CBBSR,

24a
√

c2
s (2−σ)

(4+c2)σ

√
2
π

Kn+
96a2c2

s [16/(s4s8)−8/s8−8/s4+1]

(4+c2)
2π(1−2/s8)

2 Kn2 for DMDR.
(3.11)

The second-order slip condition is widely used for the non-continuum gas flow and the
slip velocity us can be obtained by

us =A1λ
∂ux

∂y

∣∣∣
wall

−A2λ2 ∂2ux

∂y2

∣∣∣
wall

, (3.12)

where A1 and A2 are the slip parameters relating to the gas-wall interaction. For a fully
diffusive boundary, A1 = 2ξ/

√
π and A2 = (1+2ξ2)/π with ξ = 1.016, are proposed by

Cercignani [33]. By solving the Navier-Stokes equations with the boundary condition
(3.12) for the Poiseuille flow, we can obtain the slip velocity at the wall as

Us =4A1Kn+8A2Kn2. (3.13)

By comparing Eq. (3.11) with Eq. (3.13), we can find that in order to realize the second-
order slip condition (3.12), the parameter r in CBBSR boundary condition (or σ in DMDR
boundary condition) and the relaxation parameter s4 must be chosen as follows

r=
σ

2
=
[
1+

(4+c2)

6a
√

c2
s

√
π

2
A1

]−1

, s4=
[1

2
+
(4+c2)

2πA2(2/s8−1)2+36a2c2
s

96a2c2
s (2/s8−1)

]−1

. (3.14)

It can be seen that when a=1, c2
s=1/3, and c2=−2, the above results coincide with the

previous results for the square MRT-LBE [17]. However, it should be noted that unlike
the square MRT-LBE [17], for the rectangular MRT-LBE with a given value of a ̸= 1, the
combination parameters r and σ in the two kinetic boundary conditions are not constants
but depend on cs and c2. Therefore, by adjusting the values of cs and c2 so that both
0≤ r≤ 1 and 0≤ σ≤ 1, we can use both the CBBSR and DMDR boundary conditions to
realize the real fully diffusive boundary condition, which is not realized by the DMDR
boundary condition in the square MRT-LBE [17]. However, it should be noted that in
general the stability of the rectangular LBE reduces with the grid aspect ratio a. Therefore,
in order to obtain good numerical stability, the grid aspect ratio a will be set larger than
or equal to 0.4 in the following simulations.
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4 Numerical tests

First, we validate the theoretical results by applying the rectangular MRT-LBE with the
CBBSR and DMDR boundary conditions to the Poiseuille flow driven by a constant ex-
ternal acceleration G = 10−5. The flow considered is in a channel with the ratio of the
length L to the height H being 10, and it is simulated by the rectangular LBE with several
different values of the grid aspect ratio a. In order to compare with the square MRT-LBE
model, we fix the grid number in the direction of the characteristic length (Ny =36) and
choose the grid number in the x direction according to a. It is clear that compared with
the square MRT-LBE model, the rectangular LBE model needs fewer grids in the x di-
rection in the same computational domain. Periodic boundary conditions are applied to
the inlet and outlet of the channel, and the CBBSR or DMDR boundary conditions are
applied to the channel walls. For a given value of a ̸= 1, the values of cs and c2 must be
chosen such that the numerical stability of the model is satisfied and Eq. (3.14) leads to
the parametric limitations (0≤ r≤1 and 0≤σ≤1). In general, to gain the numerical sta-
bility of the model, the values of cs and c2 can be chosen according to the linear analysis
presented in [26]. These values are summarized in Table 1. The relaxation parameters
are given as follows: s8 is determined by Eq. (2.17), s1 and s7 are given by Eqs. (2.14a)
and (2.14b) respectively, s4 is obtained according to Eq. (3.14), s0, s3 and s5 are related to
the conserved quantities and are set to be 0, and the other two parameters are chosen to
be s2 = 1.2 and s6 = s4. In the following simulations, the convergence criterion toward a
steady state is set as follows:√√√√√∑i,j

{
[ux(i, j,t+100δt)−ux(i, j,t)]

2+
[
uy(i, j,t+100δt)−uy(i, j,t)

]2
}

∑i,j

[
ux(i, j,t+100δt)

2+uy(i, j,t+100δt)
2
] <10−9. (4.1)

In Fig. 2, the slip velocities of the CBBSR and DMDR boundary conditions in the rect-
angular LBE model are measured as a function of r and σ. It is seen that the numerical
predictions are in good agreement with the analytical results given by Eq. (3.11) for d-
ifferent grid aspect ratio a. Therefore, the choice of r and σ is important to obtain the
reasonable slip velocity in simulations.

The discrete effects in the CBBSR and DMDR boundary conditions for the rectangular

Table 1: Simulation parameters of the micro-channel flows with different grid aspect ratios.

a cs c2 r σ

1.00 1/
√

3 −2 0.5464 –
0.80 0.58 −0.9 0.3846 0.7692
0.65 0.48 −1.7 0.3616 0.7232
0.50 0.38 −2.5 0.3460 0.6920
0.45 0.34 −3.0 0.3898 0.7796
0.40 0.30 −3.2 0.3851 0.7702
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Figure 2: Slip velocity as functions of r and σ for the CBBSR and DMDR boundary conditions with Kn=0.1
and different values of the grid aspect ratio a. (a) a=1.0; (b) a=0.8; (c) a=0.65; (d) a=0.5; (e) a=0.45; (f)
a=0.4.

LBE will be tested with different values of the grid aspect ratio a. In Fig. 3, the velocity
profiles for the Poiseuille flow at Kn= 0.1 for a fully diffusive wall are predicted by the
rectangular LBE with the CBBSR boundary condition and different values of the grid
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Figure 3: Velocity profiles for the Poiseuille flow at Kn=0.1 for a fully diffusive wall with the CBBSR boundary
condition and different values of the grid aspect ratio a. (a) a=1.0; (b) a=0.8; (c) a=0.65; (d) a=0.5; (e)
a=0.45; (f) a=0.4.

aspect ratio a. It can be seen that the results with the boundary condition considering
the discrete effects, i.e., setting r and s4 as Eq. (3.14), are in excellent agreement with the
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Figure 4: Velocity profiles for the Poiseuille flow at Kn=0.1 for a fully diffusive wall with the DMDR boundary
condition and different values of the grid aspect ratio a. (a) a=1.0; (b) a=0.8; (c) a=0.65; (d) a=0.5; (e)
a=0.45; (f) a=0.4.

analytic solutions in all cases, while those without considering the discrete effects, i.e.,
setting r=0.5 and s4= s8, deviate significantly from the analytic velocity profiles.

In Fig. 4, the same case is predicted by the rectangular LBE with the DMDR boundary
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condition and different values of the grid aspect ratio a. It is shown that the results with
the boundary condition considering the discrete effects, i.e., setting σ and s4 as Eq. (3.14),
are also in excellent agreement with the analytic solutions in the case of a ̸=1, while those
without considering the discrete effects, i.e., setting σ= 1.0 and s4 = s8, also deviate ap-
parently from the analytic velocity profiles. Moreover, it should be noted that the DMDR
boundary condition of the square MRT-LBE model does not realize the real fully diffu-
sive boundary condition [17], while the DMDR boundary condition of the rectangular
LBE model with a ̸=1 can successfully work in this case.

In what follows, the computational efficiency and numerical accuracy between the
rectangular LBE and the square LBE in simulations are analyzed in detail. It is known that
the running time of the LBE program is proportional to the product of the grid number
(Nx×Ny) and the iteration number (IN). Therefore, the relative running time (RRT) ψtime=
T/Ts, where T = Nx×Ny×IN and the subscript s denotes ”square LBE”, is introduced
to evaluate the computational efficiency between the rectangular LBE and the square
LBE. With regard to the difference between the rectangular LBE and the square LBE, the
relative global difference (RGD) Eu=∥u(y)−us(y)∥/∥us(y)∥ is assessed, where the norm
is defined as ∥u(y)∥= [∑y u2(y)]1/2. The comparison between the rectangular LBE and
the square LBE for the Poiseuille flow at Kn = 0.1 with L/H = 10 is presented in Table
2, from which we can see that, compared with the square LBE, the rectangular LBE can
obtain the same results but needs much less computation time. The comparison also
demonstrates that the simulations are in good agreement with the theoretical analysis
presented above, that is, for the LBE model with a square grid (a= 1), or flows such as
the Poiseuille flow satisfying ∂x(ρ∂yuy) = 0 and ∂y(ρ∂xux) = 0, the additional term R in
the macroscopic equations will disappear.

Our second test case is the pressure-driven gas flow in a long microchannel with pres-
sure boundary condition, which satisfies ∂x(ρ∂yuy) ̸=0 and ∂y(ρ∂xux) ̸=0. To compare the
simulation results with the direct simulation Monte Carlo (DSMC) and the information
preservation (IP) results [36], the ratio of the length to the height of the channel is taken
as L/H = 100, the ratio of the inlet and outlet pressure is set to be pin/pout = 1.4, and
the Knudsen number at the outlet is fixed at Knout =0.0194. The local Knudsen number
varies along the channel and can be calculated by Kn(x) = Knout pout/p(x), where p(x)
is the local pressure. The CBBSR boundary condition presented above is applied at the

Table 2: Computational efficiency and difference between the rectangular LBE and the square LBE for the
Poiseuille flow at Kn=0.1 with L/H=10.

a Nx×Ny IN ψtime Eu
1.00 360×36 2600 1.000 0
0.80 288×36 2100 0.646 0
0.65 234×36 2000 0.500 0
0.50 180×36 2000 0.385 0
0.45 162×36 2000 0.346 0
0.40 144×36 2000 0.308 0
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Figure 5: Streamwise velocity at the outlet for pressure-driven flow in a long microchannel with Knout=0.0194
and pin/pout=1.4. Comparison of the simulation results by the square LBE (a=1.0) with the results of IP and
DSMC method [36] (a), and the simulation results by the rectangular LBE with a=0.8 (b), a=0.65 (c), a=0.5
(d), a=0.45 (e), and a=0.4 (f).

channel walls. The linear extrapolation scheme [20, 23] is adopted to realize the pressure
boundary condition at the inlet and outlet. The grid number in the direction of the char-
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Figure 6: Pressure deviation along the centerline of the channel for pressure-driven flow in a long microchannel
with Knout =0.0194 and pin/pout =1.4. Comparison of the simulation results by the square LBE (a=1.0) with
the results of IP and DSMC method [36] (a), and the simulation results by the rectangular LBE with a= 0.8
(b), a=0.65 (c), and a=0.5 (d), a=0.45 (e), and a=0.4 (f).

acteristic length is set to be Ny =21, which is able to obtain grid-independent results for
the square LBE [23, 37, 38]. The grid number in the x direction can be given based on the
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Table 3: Computational efficiency and difference between the rectangular LBE and the square LBE for the
pressure-driven flow in a long microchannel with Knout =0.0194 and pin/pout =1.4.

a Nx×Ny IN ψtime Eu
1.00 2100×21 82600 1.000 0
0.80 1680×21 67200 0.651 2.35×10−3

0.65 1365×21 66000 0.519 2.37×10−3

0.50 1050×21 64400 0.390 2.87×10−3

0.45 945×21 64600 0.352 2.59×10−3

0.40 840×21 65000 0.315 2.09×10−3

value of the grid aspect ratio a. The values of cs and c2 for the rectangular LBE are shown
in Table 1.

The streamwise velocity at the outlet and the pressure deviation along the centerline
of the channel for pressure-driven flow in a long microchannel with Knout = 0.0194 and
pin/pout =1.4 are shown in Figs. 5 and 6, respectively, in which the IP and DSMC result-
s [36] and the results obtained by the rectangular LBE with different grid aspect ratio a
are presented for comparison. In Figs. 5 and 6, the dimensionless streamwise velocity
ux/uxmax at the outlet and the pressure deviation δp(x) = [p(x)−pl(x)]/pout along the
centerline of the channel are presented, where uxmax is the maximum velocity at the out-
let and the linear distributed pressure pl(x) = pin+x(pout−pin)/L. Figs. 5 and 6 show
that the results by the rectangular LBE with a ̸=1 are in good agreement with the IP and
DSMC results and the results by the square LBE.

The computational efficiency and difference between the rectangular LBE and the
square LBE for the pressure-driven flow in a long microchannel with Knout =0.0194 and
pin/pout = 1.4 are listed in Table 3. From the table it is seen that in comparison with the
square LBE, the rectangular LBE can effectively reduce the running time of the LBE pro-
gram and can obtain the satisfactory numerical results. For instance, the RGD between
the rectangular LBE with a=0.5 and the square LBE is 2.87×10−3, and the RRT between
the rectangular LBE with a = 0.5 and the square LBE is only 0.390, indicating the rect-
angular LBE has a higher computational efficiency than the square LBE for the problem
under nearly the same accuracy.

In addition, we also make some discussions on the effect of the values of cs and c2 on
the computational efficiency and difference between the rectangular LBE and the square
LBE for the pressure-driven flow in a long microchannel. Taking the rectangular LBE
with a = 0.5 for example, we use different values of cs and c2 to simulate the pressure-
driven flow in a long microchannel with Knout = 0.0194 and pin/pout = 1.4. The results
are listed in Table 4. From the table it is seen that the computational efficiency (ψtime)
and difference (Eu) are dependent on the choice of cs and c2, meaning that we can adjust
the values of cs and c2 in the rectangular LBE to achieve a better balance between the
accuracy and efficiency. The detailed study of the effect of cs and c2 on the accuracy and
efficiency is very complex and beyond the scope of the present work.

Our third test problem is the micro-lid-driven cavity flow. The flow is contained in a
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Table 4: Effect of cs and c2 on the computational efficiency and difference between the rectangular LBE
with a= 0.5 and the square LBE for the pressure-driven flow in a long microchannel with Knout = 0.0194 and
pin/pout =1.4.

a cs c2 r σ Nx×Ny IN ψtime Eu
0.50 0.45 −2.5 0.3851 0.7702 1050×21 55500 0.336 7.62×10−3

0.50 0.38 −2.5 0.3460 0.6920 1050×21 64400 0.390 2.87×10−3

0.50 0.377 −2.55 0.3519 0.7038 1050×21 64800 0.392 2.61×10−3

0.50 0.36 −2.5 0.3338 0.6676 1050×21 67500 0.409 1.00×10−3

0.50 0.35 −2.5 0.3276 0.6552 1050×21 69100 0.418 4.53×10−5

0.50 0.35 −3.2 0.4774 0.9548 1050×21 69000 0.418 5.04×10−5

0.50 0.34 −2.5 0.3212 0.6424 1050×21 70900 0.429 1.18×10−3

0.50 0.33 −2.5 0.3148 0.6296 1050×21 72700 0.440 2.42×10−3

cavity with L/H = 3, where L is the cavity width and H is the cavity depth. The upper
wall of the cavity moves with a constant velocity U from left to right, and the other
three walls of the cavity are stationary. In simulations, the Reynolds number Re, where
Re=UH/ν, is taken as 0.3, the Knudsen number Kn is set to be 0.01, and the grid number
in the direction of the characteristic length is fixed at Ny = 255. In order to make the
vertical centerline of the cavity on the grid points, we choose the rectangular LBE with
Nx = 459 (a = 0.6) to simulate the flow. Because the DMDR scheme of the square LBE
can not realize the real fully diffusive boundary condition and the CBBSR scheme of the
rectangular LBE with a ̸=1 can not be employed in dealing with the moving boundaries,
to realize the real fully diffusive boundary condition, we use the DMDR scheme at all
solid walls for the rectangular LBE with a ̸=1 and apply the CBBSR scheme with moving
boundaries [15] to the solid walls for the square LBE. In order to gain good stability,
the values of cs and c2 for the rectangular LBE with a= 0.6 are chosen as 0.44 and −2.0,
respectively.

Fig. 7 shows the results of the rectangular LBE with a=0.6, which are in good agree-
ment with those of the square LBE. It can be seen that the rectangular LBE [26] can be
used to simulate the cavity flow which is always considered as a severe test to demon-
strate the isotropy of the model. The RGD and the RRT between the rectangular LBE
with a=0.6 and the square LBE are Eu =4.5×10−3 and ψtime =0.466, respectively, which
indicates the rectangular LBE with a = 0.6 is of higher efficiency with nearly the same
accuracy.

As mentioned above, to recover the macroscopic equations more accurately, we can
also improve the rectangular LBE model by replacing F with F−R in the evolution equa-
tion (2.8). It should be noted that although the improved rectangular LBE can accurately
recover the Navier-Stokes equations by the Chapman-Enskog analysis, it will introduce
the density and velocity gradients in the LBE, which may affect the numerical stability
and the computational efficiency of the LBE. Finally, we will make a comparison between
the improved rectangular LBE and the previous one by simulating the micro-lid-driven
cavity flow mentioned above.
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Figure 7: The velocity profiles across the cavity center at Re=0.3 and Kn=0.01. (a) streamwise velocity along
the vertical centerline. (b) spanwise velocity along the horizontal centerline.

In order to make the comparison under the same conditions, the same values of cs and
c2 should be used in both the improved rectangular LBE and the previous one. It should
be noted that compared with the previous rectangular LBE, the values of cs and c2 for
the improved rectangular LBE will be chosen in a narrower range, which may be because
introducing the density and velocity gradients in the LBE will affect the numerical stabil-
ity. To gain good stability of both the improved rectangular LBE and the previous one,
the values of cs and c2 for the (improved) rectangular LBE with a=0.6 are chosen as 0.44
and −2.8, respectively. The comparison results between the improved rectangular LBE
and the previous one for the micro-lid-driven cavity flow are listed in Table 5. From the
table it is shown that the differences of simulation results between the improved rect-
angular LBE and the previous one are negligibly small under the same values of cs and
c2. Furthermore, the differences of simulation results between the improved rectangular
LBE and the square LBE may mainly come from the differences of cs and c2 between the
two models. This is because, the improved rectangular LBE is intrinsically a compress-
ible scheme and the choice of cs and c2 can affect the values of the relaxation parameters,
the speed of sound, viscosity, and combination parameters, which may lead to the differ-
ences of simulation results between the improved rectangular LBE and the square LBE.
Table 6 shows the effect of the choice of cs and c2 on the computational efficiency and
difference between the improved rectangular LBE and the square LBE. In addition, it is
interesting to note that the RGD (Eu) of the improved rectangular LBE is slightly higher
than that of the previous one. The possible reason for this is that the error due to the ad-
ditional term R just reduces the differences of simulation results between the improved
rectangular LBE and the square LBE. Overall, the simulation results with the improved
rectangular LBE or the previous rectangular LBE agree well with each other, and with
the results with the square LBE. Therefore, as an alternative and efficient method, both
the improved rectangular LBE and the previous rectangular LBE can be used to simulate
gaseous microscale flows in some cases.
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Table 5: Comparison results between the improved rectangular LBE and the rectangular LBE for the micro-lid-
driven cavity flow with Re=0.3 and Kn=0.01.

Models cs c2 IN ψtime Eu
Rectangular LBE 0.44 −2.8 73900 0.480 2.17×10−3

Improved rectangular LBE 0.44 −2.8 73900 0.480 2.23×10−3

Table 6: Effect of cs and c2 on the computational efficiency and difference between the improved rectangular
LBE with a=0.6 and the square LBE for the micro-lid-driven cavity flow with Re=0.3 and Kn=0.01.

cs c2 IN ψtime Eu
0.40 −2.8 80000 0.520 1.74×10−3

0.42 −2.8 77400 0.503 1.97×10−3

0.44 −2.8 73900 0.480 2.23×10−3

0.46 −2.8 70700 0.459 2.52×10−3

0.46 −2.5 72800 0.473 3.33×10−3

5 Summary

We have expanded the application scopes of the rectangular LBE model to gaseous mi-
croscale flow by choosing the suitable boundary conditions and the reasonable relation-
ship between the relaxation parameter (s8) and Kn. In particular, we have analyzed the
discrete effects in the CBBSR and DMDR boundary conditions for the rectangular LBE
with different values of the grid aspect ratio a in detail and have investigated the com-
putational efficiency and difference between the rectangular LBE and the square LBE in
several simulations. Some results are summarized as follows. First of all, the Chapman-
Enskog analysis is used to derive the macroscopic equations from the rectangular LBE
model presented in [26]. It is found that compared with the Navier-Stokes equations, the
derived momentum equation includes an additional term which can be minimized or
neglected in some cases. Second, the discrete forcing terms of the rectangular MRT-LBE
model are directly chosen in moment space. We note that the discrete forcing terms in
moment space suggested by us can make errors due to the discrete lattice effect of the ex-
ternal force disappear. Third, the relationship between s8 and Kn for the rectangular LBE
model depends on the choice of the rectangular grid, i.e., different values of the grid as-
pect ratio a result in different relationships. Fourth, some discrete effects exist in both the
CBBSR and DMDR boundary conditions for the rectangular LBE. Therefore, a reasonable
approach to determine the parameters r and σ in the two boundary conditions for the
rectangular LBE is proposed. It is found that the real fully diffusive boundary condition
can not be realized by the DMDR boundary condition in the square MRT-LBE, but can
be implemented by the DMDR boundary condition in the rectangular LBE with a giv-
en value of a ̸=1. The numerical simulations are implemented to validate the presented
theoretical analysis. Finally, the computational efficiency and relative difference between
the rectangular LBE and the square LBE in some simulations are analyzed in detail. It is
found that the rectangular LBE is more efficient than the square LBE in simulating flows
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in domains with large aspect ratios under nearly the same accuracy. Consequently, the
rectangular LBE, as an alternative and efficient approach, has advantages over the square
LBE for simulating gaseous microscale flows in such cases.

Appendix: Chapman-Enskog analysis of the rectangular
MRT-LBE

The density distribution function, the derivatives of time and space, and the external
force can be expanded by a small parameter ε:

fi = f (0)i +ε f (1)i +ε2 f (2)i +··· , (A.1a)

∂t = ε∂t0+ε2∂t1 , (A.1b)
∂α = ε∂0α, (A.1c)
F= εF0, (A.1d)

where F0 = (Fx0,Fy0)
T. Substituting the above Eqs. (A.1a)-(A.1d) into Eq. (2.1), we can

obtain the zero-, first-, and second-order equations in ε:

ε0 : f (0)i = f (eq)
i , (A.2a)

ε1 : D0i f (0)i =− 1
δt

8

∑
j=0

(M−1SM)ij f (1)j +F′
i0, (A.2b)

ε2 : ∂t1 f (0)i +D0i f (1)i +
δt

2
D2

0i f (0)i =− 1
δt

8

∑
j=0

(M−1SM)ij f (2)j , (A.2c)

where D0i =∂t0+ciα∂0α and F′
i = εF′

i0.
Rewriting Eqs. (A.2a)-(A.2c) in vector form and multiplying the transformation ma-

trix M on both sides of them, we can derive the corresponding equations in the moment
space:

ε0 : m(0)=m(eq), (A.3a)

ε1 : D̂0m(0)=−S′m(1)+F̂0, (A.3b)

ε2 : ∂t1 m(0)+D̂0(I−
S
2
)m(1)+

δt

2
D̂0F̂0=−S′m(2), (A.3c)

where m(k) =Mf(k), f(k) = ( f (k)0 , f (k)1 ,··· , f (k)8 )
T
, F̂0 =MF′

0, F′
0 = (F′

00,F′
10,··· ,F′

80)
T, S′ =

S/δt, D̂0=MD0M−1, D0=∂t0 I+∂0αdiag(c0α,c1α,··· ,c8α), and I is the unit matrix.
Based on Eqs. (2.5a) and (2.5b), the elements of m(1) corresponding to the conservative

variables ρ and ρu are zero and −δtF0/2, respectively. Therefore, considering Eqs. (2.10a)-
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(2.10c), we can rewrite Eq. (A.3b) as

∂t0 ρ+∂0x(ρux)+∂0y(ρuy)=0, (A.4a)

∂t0(ρux)+∂0x(ρc2
s +ρu2

x)+∂0y(ρuxuy)=Fx0, (A.4b)

∂t0(ρuy)+∂0x(ρuxuy)+∂0y(ρc2
s +ρu2

y)=Fy0. (A.4c)

Similarly, Eq. (A.3c) can be rewritten as

∂t1 ρ=0, (A.5a)

∂t1(ρux)−
δt

2
∂t0

[(
1− s3

2

)
Fx0

]
+

1
3+3a4

(
1− s1

2

)
∂0xe(1)+

a2

3+3a4

(
1− s7

2

)
∂0x p

(1)

xx

+
(

1− s8

2

)
∂0y p

(1)

xy+
δt

2

{
∂t0

[(
1− s3

2

)
Fx0

]
+∂0x

[ 6
3+3a4

(
1− s1

2

)
(uxFx0+uyFy0)

+
6a2

3+3a4

(
1− s7

2

)(
a2uxFx0−

1
a2 uyFy0

)]
+∂0y

[(
1− s8

2

)
(uxFy0+uyFx0)

]}
=0, (A.5b)

∂t1(ρuy)−
δt

2
∂t0

[(
1− s5

2

)
Fy0

]
+

a4

3+3a4

(
1− s1

2

)
∂0ye(1)− a2

3+3a4

(
1− s7

2

)
∂0y p

(1)

xx

+
(

1− s8

2

)
∂0x p

(1)

xy+
δt

2

{
∂t0

[(
1− s5

2

)
Fy0

]
+∂0x

[(
1− s8

2

)
(uxFy0+uyFx0)

]
+∂0y

[ 6a4

3+3a4

(
1− s1

2

)
(uxFx0+uyFy0)−

6a2

3+3a4

(
1− s7

2

)(
a2uxFx0−

1
a2 uyFy0

)]}
=0. (A.5c)

Neglecting the terms O(|u|3) as a small quantity under the incompressible condition and
with the aid of Eq. (A.3b), we can derive the following equations for e(1), p

(1)

xx and p
(1)

xy:

−s′1e(1)=
−12c2

s +10+c2

2
ρ∂0xux+

−12c2
s +4+c2+6a2

2
ρ∂0yuy

+3s1(uxFx0+uyFy0), (A.6a)

−s′7 p
(1)

xx =−4+c2−6c2
s +6a4(−1+c2

s )

2a2 ρ∂0xux+
−6a2+6c2

s +a4(4+c2−6c2
s )

2a2 ρ∂0yuy

+3s7

(
a2uxFx0−

1
a2 uyFy0

)
, (A.6b)

−s′8 p
(1)

xy =
4+c2

6
ρ∂0xuy+

4+c2

6
ρ∂0yux+

s8

2
(uxFy0+uyFx0). (A.6c)

Substituting Eqs. (A.6a)-(A.6c) into Eqs. (A.5a)-(A.5c) and considering Eqs. (2.14a) and
(2.14b), we derive the hydrodynamic equations in ε2:

∂t1 ρ=0, (A.7a)
∂t1(ρux)=∂0x

[
ρζ(∂0xux+∂0yuy)

]
+∂0x

[
ρν(∂0xux−∂0yuy)

]
+∂0y

[
ρν(∂0xuy+∂0yux)

]
+

a2−1
2

( 1
s1
− 1

2

)
δt∂0x(ρ∂0yuy), (A.7b)
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∂t1(ρuy)=∂0y
[
ρζ(∂0xux+∂0yuy)

]
+∂0y

[
ρν(∂0yuy−∂0xux)

]
+∂0x

[
ρν(∂0xuy+∂0yux)

]
+

1−a2

2

( 1
s1
− 1

2

)
δt∂0y(ρ∂0xux), (A.7c)

where ν and ζ are the kinematic shear and bulk viscosities given by

ν=
4+c2

6

( 1
s8
− 1

2

)
δt, (A.8a)

ζ=
1
12

(7+3a2+c2−12c2
s )
( 1

s1
− 1

2

)
δt. (A.8b)

Finally, combining the results at the orders of ε and ε2, we can obtain the following macro-
scopic equations:

∂tρ+∇·(ρu)=0, (A.9a)

∂t(ρu)+∇·(ρuu)=−∇p+∇·[ρν(∇u+(∇u)T−(∇·u)I)+ρζ(∇·u)I]+F+R, (A.9b)

where p=ρc2
s is the pressure, u=(ux,uy)

T, F=(Fx,Fy)
T and the additional term R is given

as follows

R=
[ a2−1

2

( 1
s1
− 1

2

)
δt∂x(ρ∂yuy),

1−a2

2

( 1
s1
− 1

2

)
δt∂y(ρ∂xux)

]T

. (A.10)
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