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SUMMARY
In this paper, a safe map building and area search algorithm for a mobile robot in a closed unknown
environment with obstacles is presented. A range finder sensor is used to detect the environment. The
objective is to perform a complete search of the environment and build a complete map of it while
avoiding collision with the obstacles. The developed robot navigation algorithm is randomized. It is
proved that with probability 1 the robot completes its task in a finite time. Computer simulations and
experiments with a real Pioneer-3DX robot confirm the performance of the proposed method.

KEYWORDS: Area search; Mapping; Obstacle avoidance; Safe robot navigation; Unknown cluttered
environments; Wheeled mobile robots; Robotic search and rescue.

1. Introduction
Area search and map building in cluttered environments is a fundamental problem of modern robotics.
In many military and commercial applications of mobile robots, the robot should be able to explore
an unknown area with obstacles and build a geometrical map including the location and shape of
each obstacle. The general application of the mobile robot is searching and mapping a dangerous
environment which is impossible or undesirable to reach by humans. Possible examples include
search and rescue operations in disaster areas, military intelligence, surveillance of contaminated
areas, marine archaeology, and exploration of other planets. Moreover, similar problems appear in
many applications of service robotics such as navigation of industrial robots, agricultural robots,42 and
hospital robots.38 Various area search and map building problems for mobile robots have attracted a lot
of attention in the robotics community; see, e.g., refs. [3, 15, 17, 21, 25, 27, 28, 31, 37, 39, 41]. Recent
publications in this field present many achievements in both single robot mapping and multi-robot
mapping. The frontier-based exploration is the most common method in single robot exploration and
mapping; see, e.g., refs. [2, 12, 29, 39]. For multi-robot systems, not only frontier-based algorithms
(see, e.g., refs. [1, 8]) but other approaches (see, e.g., refs. [13, 20]) were proposed. In this paper, we
focus on the single robot exploration. The work in ref. [2] proposed an efficient and simple algorithm
to explore a closed environment by using incremental triangulation. However, this algorithm requires
the obstacles in the environments are polygons. Another work in ref. [29] presented a fast exploration
algorithm based on a simple prior topological map of the environment. One of the disadvantages is
that the algorithm of ref. [29] cannot be implemented in a completely unknown environment. The
works in refs. [12, 39] proposed two similar frontier-based exploration algorithms with search trees.
The main difference of these two algorithms is the algorithm of ref. [12] selects a candidate randomly
and the algorithm of ref. [39] determines the candidate by a multi-criteria decision method.

Another fundamental problem of robotics is safe (collision free) navigation of a mobile robot in
cluttered environments with obstacles. In order to operate in a cluttered unknown environment, a
mobile robot should be able to detect and avoid obstacles along its trajectory. This problem has been
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the subject of extensive research in robotics over decades; see, e.g., refs. [14, 23, 34] and references
therein. There are many achievements in recent publications in this field; e.g., refs. [4, 18, 30]. The
work in ref. [4] improved and modified Vector Field Histogram algorithms based on range finder
sensor for a non-static environment. The most important modification of this work appears in the
calculation of histogram values, which takes into account the usage of laser range finder (LRF). In
the work in ref. [18], a heuristic obstacle avoidance algorithm with a camera sensor was proposed.
According to the comparison in ref. [18], the algorithm of ref. [18] has a shorter navigation trajectory
than some previous works. However, the performance of the algorithms in both ref. [4] and ref. [18]
has not been proved by mathematically rigorous analysis. Moreover, these two methods do not take
into account the constraints of robot’s motion. The work in ref. [30] presented a safe navigation
method with a 360◦ camera, which is different from the type of the camera used in ref. [18]. However,
the same limitation of the methods of ref. [30] and ref. [18] is that the specific features (e.g., line
segment or corner) in the environments are required to calculate the collision-free regions. A number
of algorithms for robot navigation with obstacle avoidance for non-holonomic robots was proposed
in refs. [14, 23, 34]. All these publications do not consider the problem of map building.

In this paper, these two fundamental problems of modern robotics are combined together and
a robot navigation algorithm for exploring a complex unknown environment with obstacles and
building a binary map while avoiding collisions with obstacles is proposed. The task is performed
by a wheeled mobile robot equipped with a range finder sensor. The search area is cluttered with a
number of possibly non-convex obstacles with unknown shapes and locations. An algorithm for robot
collision free navigation and map building is developed to generate a complete map of the searched
area based on the range finder sensor measurements. It is proved that with probability 1 the task of
the area search and map building will be completed in a finite time.

The main feature of our method is that it combines complete map building with obstacle avoidance
for an unicycle model with constant speed, whereas some other papers did not solve the safe navigation
problem for this model. For example, the works in refs. [12, 39] proposed different methods to select
the candidate points and build a search tree. However, like the most of other frontier-based exploration
methods, these methods did not consider the motion control from a candidate to next candidate for a
special model. Therefore, safe navigation should be considered additionally for these methods with
some special robot models. Second, the proposed algorithm is relatively simple and computationally
efficient. Therefore, the computational load of the proposed randomized algorithm is smaller than the
most of frontier-based algorithms such as, e.g., refs. [2, 5, 29]. Moreover, the proposed algorithm is
based on a 2D range finder sensor. Comparing with other types of sensors (see, e.g., refs. [3, 30]),
the range finder measurements are simpler to process and the map is built more accurately with a
range finder sensor; see, e.g., refs. [3, 30]. Furthermore, a more realistic non-holonomic model of
the mobile robot’s motion is considered whereas many other papers in refs. [2, 28, 29, 39, 41] in
the area do not take into account non-holonomic motion constraints. Additionally, unlike many other
publications on the topic, a mathematically rigorous theoretical analysis of the developed algorithm
is given.

The rest of the paper is organized as follows. Section 2 presents system description and relevant
definitions and assumptions. The randomized navigation algorithm for area search and map building
with obstacle avoidance is given in Section 3. Moreover, Section 3 contains its mathematical analysis.
Computer simulations of our navigation algorithm are presented in Section 4 whereas experiments in
which the proposed algorithm is implemented with a real Pioneer-3DX robot are given in Section 5.
Furthermore, a comparison between our algorithm and another exploration algorithm is carried out
in Section 4. Finally, Section 6 presents a brief conclusion.

2. System Description and Main Assumptions
In this paper, a planar vehicle or wheeled mobile robot is modeled as a Dubins car.11 It travels with
a constant speed and is controlled by the angular velocity limited by a given constant. The model of
the vehicle is as follows (see Fig. 1):

ẋ(t) = v cos θ(t)
ẏ(t) = v sin θ(t)
θ̇ (t) = u(t) ∈ [−uM, uM ]

,

x(0) = x0

y(0) = y0

θ(0) = θ0.

(1)
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Fig. 1. Unicycle model of a wheeled mobile robot.

Fig. 2. Measurements of a range finder sensor.

Here, (x, y) is the vector of the vehicle’s Cartesian coordinates, θ gives its orientation, v and u are
the speed and angular velocity, respectively. The maximal angular velocity uM is given. The robot
satisfies the standard non-holonomic constraint

|u(t)| ≤ uM. (2)

This obviously implies that the minimum turning radius of the robot is

Rmin = v

uM

. (3)

The non-holonomic model (1) is commonly used to describe planar motion of ground robots,
unmanned aerial vehicles, and missiles; see, e.g., refs. [22, 23, 34, 35].

The wheeled robot is moving in a bounded planar unknown area A with several disjoint obstacles
D1, . . . , Dk . Let the safety margin d0 > 0 be given. The requirement is to drive the autonomous
robot through the obstacle-free part of the area A while keeping the safety margin d0 from both the
obstacles and the boundary of area A.

Available Measurements: The robot is equipped with a range finder sensor that at any time t ≥ 0
measures the distance to the nearest object in all directions as follows: For any angle 0 ≤ ω < 2π ,
the robot measures the distance d(ω, t) to the nearest boundary of an obstacle or the area A in the
direction given by ω (see Fig. 2). Furthermore, the robot is equipped with an odometry type sensor
which measures the robot’s position and heading relative to its starting location and heading.

The goal of the robot is to build a complete map of the unknown cluttered area A while keeping a
safe distance from the obstacles and the area boundary.

Definition 2.1. Let M be a planar set and F be a binary map M → {0, 1}. The pair (M, F ) is
said to be the complete map of the area A if M and A are congruent, i.e. one can be transformed
into the other by an isometry, and for any point p ∈ M, F(p) = 1 if and only if p under such
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Fig. 3. An example of a complete map.

Fig. 4. Planar set M0(t) and binary map F0(t).

isometry corresponds to a point of either the boundary of A or the boundary of one of the obstacles
D1, . . . , Dk.

In other words, a complete map means that the geometry of the area A is precisely known with
all the obstacles D1, . . . , Dk that belong to A; see, e.g., Fig. 3. A topological (binary) map is used to
represent the environment. This map indicates the parts of the environment where the robot cannot
go and the parts where it can go. The motivation to use such a map is to get a simplest representation
of the environment to make our algorithm as computationally efficient as possible.

For any robot’s trajectory, the following map building algorithm is proposed.

M1: At any time t ≥ 0, the robot builds a planar set M0(t) and a binary map F0(t) as follows: The
set M0(t) consists of all points p of the plane that are visible by the range finder sensor at time t and
F0(t)(p) = 1 if p belongs to either obstacle boundary or area boundary, and F0(t)(p) = 0 otherwise;
see Fig. 4. The pair (M0(t),F0(t)) is called the instant map at time t .

M2: At any time t ≥ 0, the robot builds a planar set M(t) and a binary map F(t) by fusing with
the help of odometry sensor all the instant maps (M0(τ ),F0(τ )) for τ ∈ [0, t]. The pair (M(t),F(t))
is called the total map at time t .

https://doi.org/10.1017/S0263574717000194 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574717000194


100 Safe area search and map building in unknown cluttered environments

Fig. 5. An example of M(tf ) and F(tf ) which satisfy the Definition 2.2.

Now some definitions are given as follows.

Definition 2.2. Consider a robot trajectory and the map building algorithm M1–M2. A time tf ≥ 0
is said to be a map building completing time if the total map

(
M(tf ),F(tf )

)
at time tf satisfies the

following property: the boundary of the set M(tf ) consists of points p such that F(tf )(p) = 1 and
does not include any point p such that F(tf )(p) = 0; see Fig 5.

Remark 2.1. If tf is a map building completing time, it can be seen that the total map(
M(tf ),F(tf )

)
at the time tf is the complete map of the area A. Moreover, if the robot has built by

the time tf the complete map of the area A, then each point of the area outside of the obstacles was
seen by the robot’s sensor at some time.

Definition 2.3. A trajectory p(t) = (x(t), y(t)), t ∈ [0, tf ] of the robot (1) is said to be complete
map building with obstacle avoidance if tf is a map completing time and the distance between the
robot’s position p(t) and the boundary of the area A and the obstacles is no less than d0 for all
t ∈ [0, tf ].

Notation 2.1. Let D be any closed set, p be a point in the plane. Introduce the distance ρ(D, p)
as

ρ(D, p) := min
q∈D

‖p − q‖.

Notice that min is achieved since D is closed. Also, ρ(D, p) = 0 if p ∈ D.

Definition 2.4. For d0 > 0, the d0-enlargement of the domain D ⊂ R2 is the set E[D, d0] formed
by all points at the distance ≤ d0 from D, i.e., E[D, d0] := {

p ∈ R2 : ρ(D, p) ≤ d0
}
. On the other

hand, the d0-reduction of the domain D ⊂ R2 is the set R[D, d0] formed by all points of D at the
distance ≥ d0 from the boundary ∂D of D, i.e., R[D, d0] := {p ∈ D : ρ(∂D, p) ≥ d0} .

Assumption 2.1. The planar sets R[A, d0] and E[Di, d0], i = 1, . . . , k are closed, bounded,
connected, and linearly connected sets.

Assumption 2.2. The sets E[Di, d0] and E[Dj, d0] do not overlap for any i 
= j . Any set E[Di, d0]
is a subset of R[A, d0].

Remark 2.2. If Assumption 2.2 does not hold, it can be seen that map building with obstacle
avoidance may be impossible (see, e.g., Fig. 8).
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Fig. 6. The robot can see any point of the boundary of A or Di .

Fig. 7. There is a segment on the boundary of Di which cannot be seen by the robot.

Fig. 8. The robot cannot reach and map the area which is isolated by overlapped E[Di, d0].

Assumption 2.3. Any point of the boundaries of A or Di can be connected by a straight line
segment non-crossing any obstacle of the region’s boundary with a point of the boundary of R[A, d0]
or E[Di, d0], correspondingly.

Remark 2.3. Assumption 2.3 means that any point of the boundaries of A or Di can be seen by
the robot travelling along the boundaries of R[A, d0] or E[Di, d0], correspondingly, see, e.g., Fig. 6.
If Assumption 2.3 does not hold, map building with obstacle avoidance may be impossible since the
boundaries of the obstacles or the region can contain some points which are impossible to see from a
safe distance (see, e.g., Fig. 7).

Notation 2.2. Let ∂Di(d0) denote the boundary of the set E[Di, d0], and ∂A(d0) denote the
boundary of the set R[A, d0].

Assumption 2.4. For all i, the boundary ∂Di(d0) is a non-self-intersecting, closed smooth curve
with curvature ki(p) at any point p satisfying |ki(p)| ≤ 1

Rmin
. Moreover, the boundary ∂A(d0) is also a

closed, non-self-intersecting smooth curve with curvature k(p) at any point p satisfying |k(p)| ≤ 1
Rmin

.

https://doi.org/10.1017/S0263574717000194 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574717000194


102 Safe area search and map building in unknown cluttered environments

Fig. 9. There may be negative curvature at some points on R[A, d0] and E[Di, d0].

Remark 2.4. Notice that the sets R[A, d0] and E[Di, d0] are not assumed to be convex. Therefore,
their boundaries may have negative curvature at some points; see, e.g., Fig. 9. The standard definition
of curvature from differential geometry is used here (see, e.g., ref. [19]).

Definition 2.5. There are two circles with the radius Rmin that cross the initial robot position p(0)
and tangent to the robot initial heading θ(0). The two circles are called initial circles.

These initial circles are assumed to be far enough from the obstacles and the boundary of A.

Assumption 2.5. Both the initial circles lie in the set R[A, d0] and do not intersect the sets
E[Di, d0].

3. Safe Navigation Algorithm
In this section, the proposed algorithm of safe navigation with map building is described. First, a
number of definitions are introduced.

Definition 3.1. A straight line L is said to be a tangent line if one of the following conditions
holds:

(1) The line L is simultaneously tangent to two boundaries ∂Di(d0) and ∂Dj (d0) where i 
= j .
(2) The line L is simultaneously tangent to the boundary ∂Di(d0) and an initial circle.
(3) The line L is simultaneously tangent to the boundary ∂Di(d0) and the boundary ∂A(d0).
(4) The line L is simultaneously tangent to the boundary ∂A(d0) and an initial circle.

Points of the boundaries ∂A(d0), ∂Di(d0), and the initial circles belonging to the tangent lines are
called tangent points.

For the case of simplicity, the following assumptions are introduced.

Assumption 3.1. Any tangent point belongs to only one tangent line.

Assumption 3.2. If the set A(d0) is non-convex, then there exists a tangent point belonging to
∂A(d0).

Remark 3.1. If the set A(d0) is convex, then it can be seen that the boundary ∂A(d0) does not
contain tangent points. If the set A(d0) is non-convex, the boundary ∂A(d0) may have tangent points,
see Fig. 10.

Definition 3.2. Segments of tangent lines between two tangent points are called tangent segments.
For any tangent point P , the direction of the corresponding tangent segment from this tangent point
to the another tangent point of this segment is called the exit direction of the tangent point P ; see
Fig. 11.

Definition 3.3. The graph G is introduced that its vertices are the robot’s initial position p(0) and
the tangent points, and its edges are the tangent segments, arcs of the initial circles and the segments
of the boundaries of the extended obstacles and the reduced area that connect the vertices of the
graph. The graph G is called the extreme graph (see, e.g., Fig. 12). A path on this graph connecting
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Fig. 10. Tangent lines connecting the boundary ∂A(d0) with either a boundary ∂Di(d0) or an initial circle.

Fig. 11. The exit direction of the tangent point P .

Fig. 12. The graph G.

two vertices is said to be viable if the heading at the end of each edge of the path is equal to the
heading at the beginning of the next edge of the path (see Fig. 13).

Assumption 3.3. Let P1 and P2 be any two tangent points from any boundaries ∂Di(d0) or
∂A(d0). Then there exists a viable path from P1 to P2 on the extreme graph G.
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Fig. 13. A viable path connecting the vertices a and b in the graph G.

Definition 3.4. A tangent point on the boundary ∂Di(d0) or ∂A(d0) is said to be non-circular if
the other tangent point on the corresponding tangent segment does not belong to the initial circles.

Let 0 < q0 < 1 be a given number. To search and map the closed area A completely, the following
probabilistic navigation algorithm is proposed:

A1: The robot starts to move along any of two initial circles.
A2: When the robot moving along an initial circle reaches a tangent point with the exit direction

coinciding with the robot’s current heading, it starts to move along the corresponding tangent segment.
A3: When the robot moves along the boundary ∂Di(d0) or ∂A(d0) and reaches a non-circular

tangent point with the exit direction coinciding with the robot’s current heading, with probability q0

it starts to move along the corresponding tangent segment, and with probability (1 − q0) it continues
to move along the boundary.

A4: When the robot moves along a tangent segment and reaches a tangent point on the boundary
∂Di(d0) or ∂A(d0), it starts to move along this boundary.

The navigation algorithm A1–A4 is based on switching between following the initial circles,
tangent lines, and segments of boundaries of the extended obstacles or the reduced search area. In
the step A1, the proposed algorithm makes the robot either move along the corresponding tangent
segment (with probability q0) or continue to move along the boundary (with probability (1 − q0).
Hence, the algorithm A1–A4 employs a degree of randomness as part of its logic and therefore
belongs to the class of randomized algorithms.

Now the main theoretical result of this paper is presented as follows.

Theorem 3.1. Suppose that Assumptions 2.1–2.5, 3.1–3.3 hold and the robot is navigated by the
algorithm A1–A4 with some q0 ∈ (0, 1). Then for any initial position and heading of the robot, with
probability 1 there exists a time tf ≥ 0 such that the trajectory p(t) = (x(t), y(t)), t ∈ [0, tf ] of the
robot (1) is complete map building with obstacle avoidance.

Assumptions 2.1–2.5, 3.1–3.3 are needed for mathematically rigorous proof of the main theoretical
result (Theorem 3.1). In practice, the proposed algorithm often performs well even when some of
them do not hold.

The proof of Theorem 3.1 The first step in the proof of Theorem 3.1 is to prove that with
probability 1 there exists a time tf ≥ 0 which is a map building completing time (see Definition 2.2).
Indeed, there are the following two possible cases:

Case 1: The set R[A, d0] is non-convex.
Case 2: The set R[A, d0] is convex.
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Fig. 14. A straight line segment connecting P with a point P1 of a boundary ∂Di(d0).

Fig. 15. The map is built after a complete turn of an initial circle.

In Case 1, Assumption 3.2 implies that the algorithm A1–A4 includes switching between tangent
lines and the boundaries ∂A(d0) and ∂Di(d0) with some non-zero probabilities. Therefore, it follows
from Assumption 3.3 that with probability 1 there exists a time tf ≥ 0 such that by this time the
robot’s trajectory includes all the points of the boundaries ∂A(d0) and ∂Di(d0) for all i (notice that
the robot can travel along the boundaries in either clockwise or counter-clockwise direction). Now it
immediately follows from Assumption 2.3 that the robot by the time tf has seen every point of the
boundaries of the region and the obstacles. Furthermore, the navigation algorithm A1–A4 consists
of moving along the boundaries ∂Di(d0), ∂A(d0), two initial circles, and tangent lines between
them. According to Assumption 2.5, the distance between both initial circles and obstacles and the
boundary of the region is greater or equals d0. Therefore, under the navigation algorithm A1–A4,
the robot always moves along lines such that the distance between these lines and the obstacles and
the boundary of the region is greater or equals d0. Hence, the distance between the robot and the
obstacles and the boundary of the region is greater or equals d0.

In Case 2, there is no a tangent line connecting a tangent point on the boundary ∂A(d0) with either
a boundary ∂Di(d0) or an initial circle since ∂A(d0) does not have tangent points. In this case, the
robot does not travel along ∂A(d0). The algorithm A1–A4 includes switching between tangent lines
and the boundaries ∂Di(d0) with some non-zero probabilities. Therefore, it follows from Assumption
3.3 that with probability 1 there exists a time tf ≥ 0 such that by this time the robot’s trajectory
includes all the points of the boundaries ∂Di(d0) for all i. Assumption 2.3 immediately implies that
the robot by the time tf has seen every point of the boundaries of the obstacles. Moreover, this and
the convexity of the set R[A, d0] imply that the robot by the time tf has seen every point of the
boundary of the region A as well. Indeed, Let P be an arbitrary point of the boundary of A. If there
exists a straight line segment connecting P with a point P1 of a boundary ∂Di(d0) which does not
cross any obstacle (see Fig. 14) than the robot sensed the point P when it was at P1. If there is no such
a straight line segment then the region A does not contain any obstacles. In this case, the algorithm
A1–A4 results in travelling along an initial circle and the map of the region will be built after one
complete turn (see Fig. 15). The proof of the statement that the algorithm A1–A4 guarantees that the
distance between the robot and the obstacles and the boundary of the region is greater or equals d0 is
exactly the same as in Case 1. This completes the proof of Theorem 3.1.
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Remark 3.2. It should be pointed out that the robot will stop at a time tf ≥ 0 that is a map building
completing time (see Definition 2.2). It immediately follows from Remark 2.1 and Theorem 3.1
that trajectory p(t) = (x(t), y(t)), t ∈ [0, tf ] of the robot (1) navigated by the algorithm A1–A4 is
complete map building with obstacle avoidance.

4. Computer Simulations
In this section, computer simulations of the collision free map building navigation algorithm A1–A4
are presented. In these simulations, the odometry errors, range finder noise, and dynamic environments
are discussed. Finally, our algorithm is compared with another environment exploration and map
building algorithm.

To follow tangent lines and boundaries of the reduced region and the extended obstacles, a sliding
mode control law which is a modification of the law of ref. [34] is used, that consists of switching
between a boundary following approach proposed in ref. [24], and the pure pursuit navigation
approach; see, e.g., ref [36]. Our sliding mode navigation law can be expressed as follows:

u(t) =
⎧⎨
⎩

±uM R1
�sgn [φtan(t)] uM R2,

�sgn
[
ḋmin(t) + X(dmin(t) − d0)

]
uM R3

(4)

where the function sgn(x) is defined as follows:

sgn(x) =
⎧⎨
⎩

1 x > 0
0 x = 0

−1 x < 0
. (5)

This navigation law defined three control strategies corresponding to three separate modes R1 −
R3. There are three rules for switching the mode between three modes R1 − R3. Initially, mode R1
is active, and transitions to other modes are determined as follows:

(1) R1 → R2: It occurs when the robot is at a tangent point on one of the initial circles and the exit
direction at the tangent point coincides with the robot’s current heading.

(2) R2 → R3: It occurs when the robot is at a tangent point on a tangent segment and reaches the
boundary ∂Di(d0) or ∂A(d0).

(3) R3 → R2: With the probability q0, it occurs when the robot is at a tangent point on the boundary
∂Di(d0) or ∂A(d0) and the exit direction at the tangent point coincides with the robot’s current
heading.

Mode R1 describes motion along the initial circle with maximal angular velocity. Mode R2
describes pursuit navigation, where φtan(t) is defined as the angle between the robot’s heading and a
line segment connecting the vehicle and the currently tracked tangent segment. Mode R3 describes
boundary following navigation, where the control calculation is based on the minimum distance to
the nearest obstacle, defined as dmin(t).

This control law is subject to some restrictions which are inherited from ref. [24]. The variable �

is defined as +1 if the boundary followed is on the left of the tangent being tracked, −1 if it is on
the right. A constant dtrig > d0 is also introduced to determine when the control system transitions
to boundary following mode.24 The saturation function X is defined as follows:

X(r) =
{

lr |r| < k

lk sgn(r) otherwise,
(6)

where l and k are tunable constants. Because of any potential chattering in the robot’s heading caused
by the sliding mode control, once it is decided to not pursue a tangent line, there is a short pause until
tangent following can potentially be engaged again. It means, during this short pause, the mode R3
will not switch to R2 even if the robot’s heading coincides with a tangent line again.

According to the system description in Section 2, the robot is equipped with a range finder sensor
and an odometry sensor. The range finder sensor can inform the distance from the mobile robot to the
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Fig. 16. The calculation of the tangent line ξk .

nearest obstacles in a finite number of directions. The measurements of the range finder sensor can
be represented as a finite point set {Wi(ωi, ςi)|i = 1, 2 . . . n}. ςi is the distance from the robot to the
nearest obstacle in the direction ωi . ωi is the direction angle relative to the robot’s heading. Moreover,
the odometry sensor measures the robot’s speed and angular velocity. The robot can calculate its
position and orientation by using odometry.

Notice that the robot will stop at a time tf ≥ 0 that is a map building completing time (see
Definition 2.2). As it is pointed out in Remark 3.2, in this case, the trajectory p(t) = (x(t), y(t)), t ∈
[0, tf ] of the robot (1) navigated by the algorithm A1–A4 is complete map building with obstacle
avoidance.

Now, the following approaches to implement the proposed algorithm A1–A4 are presented.
With a small angular resolution �ω of the range finder sensor, the variable dmin(t) can be

approximated by the minimum value ςmin. Similarly, ḋmin(t) can be approximated by dmin(t+T )−dmin(t)
T

with a short sampling interval T .
To determine when the mode R2 should be activated, the following steps are designed to check

whether the robot’s orientation coincides with a tangent line (see Fig. 16):

(1) Calculate |�ςi | between successive ςi and ςi+1 for any i = 1, 2 . . . n − 1. According to the
Assumption 2.2, the minimum distance between any two obstacles is > 2 · d0. Therefore, the
tangent lines on the boundary of obstacles are obtained by checking if |�ςi | > 2 · d0. When there
exists any |�ςk| > 2 · d0, let ς ′

k denote the smaller value between ςk and ςk+1. Then, the line
segment 
k from the pole to the point (ω′

k, ς
′
k) is a tangent line on an obstacle.

(2) According to the geometry, let 
k be a leg and construct a right triangle. The length of another
leg which shares the common endpoint (ω′

k, ς
′
k) with 
k is d0. After this, the hypotenuse ξk can

approximately represent the tangent line on the corresponding safe boundary ∂D(d0). Note that
if ςk < ρk+1, the polar angle of ξk is bigger than the polar angle of 
k (see ξ2 in Fig. 16). If
ςk > ρk+1, the situation is opposite (see ξ1 in Fig. 16).

(3) Define a safe area �k for each line segment ξk (see Fig. 17). The set �k is formed by all points at
the distance < d0 from the line segment ξk . If there is any point Wi within the area �k , ξk is not
a real tangent line because in geometry, it intersects with other ∂D(d0) and can not be pursued
safely by the robot.

(4) If there exist a ξk that the absolute value of its angle ωk in the local polar coordinate system
is smaller than a given threshold θtrig , the robot’s orientation approximately coincides with the
tangent line ξk .

To calculate φtan(t) in the Eq. (4), an intermediate target PT is defined. Assume that when the
mode R2 is activated, the robot’s orientation coincides with the tangent line ξk . Then, the temporary
target PT is the endpoint of ξk . After this, φtan(t) is the angle between the robot’s heading and the
vector from the robot’s position (x(t), y(t)) to the intermediate target PT .

A raster graphics map is used to represent the environment. Each cell of the map has three
optional states (unknown, unoccupied, and occupied). Initially, all the cells are unknown. At each
sampling time, the measurements Wi(ωi, ςi) are transformed from the local polar coordinate system
to the global Cartesian coordinate system Wi(xW (i), yW (i)). Then, the Bresenham’s line algorithm7

is used to determine the state of each cell intersecting with the line segments between robot’s
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Table I. The Parameters for Simulation 1.

Speed of robot v 1 m/s
Maximum angular velocity uM 1.4 rad/s
Minimum turning radius Rmin 0.71 m
Safety margin d0 1.7 m
Sampling interval T 0.25 s
Angle threshold θtrig 0.08 rad
Distance threshold dtrig 0.3 m
Probability q0 0.4
Resolution of the map 20 cm2/cell

Fig. 17. The definition of safe area �k .

position (x(t), y(t)) and each Wi(xW (i), yW (i)). The state of each cell is updated by the following
strategy:

(1) If an unknown cell or an unoccupied cell is occupied by Wi(xW (i), yW (i)), the cell will be updated
to occupied cell.

(2) If an unknown cell intersects with a line segment between (x(t), y(t)) and Wi(xW (i), yW (i)) and is
not occupied by Wi(xW (i), yW (i)), the cell will be updated to unoccupied cell.

In the implementations of the proposed algorithm, there are some parameters which should be
determined as follows:

(1) The maximal angular velocity uM is a known physical parameter of a mobile robot.
(2) For a real robot, the safety margin d0 should be bigger than the maximum distance from the

robot’s center to its boundary. Moreover, it should be smaller than a half of the minimal distance
between any obstacles (see Assumption 2.2).

(3) The robot’s speed v should be < uM · d0 because Rmin should be < d0 (see Assumption 2.4).
(4) The two thresholds θtrig and dtrig should be tuned in different implementations to guarantee the

correct mode transitions.
(5) If the precision of a range finder sensor is ±e, the resolution of the map is recommended to be

> (2e)2/cell because a higher resolution than (2e)2/cell is unnecessary.

In the following parts, five groups of computer simulations are carried out to confirm and discuss
the performance of the proposed algorithm.

Simulation 1: The proposed algorithm was simulated in two 112.5 m × 112.5 m cluttered
environments with different types of obstacles. In the first scene, there are some non-convex obstacles.
The parameters used for the simulation are listed in Table. I. The result of the simulation in the first
scene is shown in Fig. 18. It can be seen that the robot searched the whole area successfully and built
a complete map of the environment in 920.5 s.

In the second scene (a maze), the safety margin was changed to 4 m to make the result clear to see.
Thus, the speed and angular velocity used for this simulation were changed to 0.8 m/s and 0.5 rad/s.
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(a) (b)

Fig. 18. The result of the simulation in the first scene of Simulation 1. (a) t = 125 s. (b) t = 920.5 s.

(a) (b)

Fig. 19. The result of the simulation in the second scene of Simulation 1. (a) t = 250 s. (b) t = 1186 s.

As the result shows in Fig. 19, the robot started from an initial position and searched the whole area of
this maze without any collision. Finally, it took 1168 s to build a complete map of this environment.

Simulation 2: In Simulation 2, the range finder sensor is considered as a LRF and the noise model
proposed in ref. [16] was used to simulate the LRF noise. The modeled noise is a combination of
flicker noise and white noise with standard deviation of 1.77023 mm and 3.03856 mm (see Fig. 20).
In this simulation, the modeled noise was increased by five times to make the effects of the noise
more obvious in the result of the simulation. The size of the environment is 11.25 m × 11.25 m and
the resolution of the map is 1 cm2/cell. Figure 21 shows the complete map in this simulation with the
LRF noise. It can be seen that the proposed algorithm is robust with the range finder errors, although
the map quality is influenced (i.e., rough boundaries in generated maps).

Simulation 3: In the proposed algorithm, odometry is used to estimate the position and orientation
of the robot. The odometry errors are caused by many reasons.6 In this simulation, only the odometry
errors caused by the approximation in the odometry equations6 are considered. The sampling interval
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−

−

−

Fig. 20. The modeled laser range finder noise.

Fig. 21. The result of Simulation 2 with range finder noise. (a) Obstacles’ boundaries. (b) Generated map.

Fig. 22. The result of Simulation 3 with odometry errors.

in this simulation is 0.5 s, which caused an obvious odometry errors. The size of the environment is
11.25 m × 11.25 m. The result of the simulation (see Fig. 22) shows that the estimation of the robot’s
position diverged from the real position gradually with the increase of time. As a result of odometry
errors, there are obvious errors on the generated map.

To alleviate the odometry errors, an improved estimation model with the help of an accelerometer
is proposed here. The accelerometer measures the acceleration of the robot in the direction vertical
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Fig. 23. The direction of the acceleration measured by the accelerometer.

Fig. 24. The result of the simulation with the improved estimation model (7). Notice that the obstacles’ boundaries
nearly coincide with the generated map and the real trajectory of the robot nearly coincides with the estimated
trajectory.

to the robot’s heading (see Fig. 23). Let v̂ and û be the speed and angular velocity measured by
odometry sensors, respectively. Let â be the acceleration measured by the accelerometer. In the
improved estimation model, v̂, û and â are approximated as constant during the sampling interval T .
Based on the approximation, the improved estimation model is proposed as follows:

x(k + 1) = x(k) + Q cos θ(k) + âT 2

2 cos(θ(k) + π
2 )

y(k + 1) = y(k) + Q sin θ(k) + âT 2

2 sin(θ(k) + π
2 )

θ(k + 1) = θ(k) + û(k)
, (7)

where

Q =
∫ T

0

√
v̂2 − (ât)2 dt = (

T

2

√
v̂2 − (âT )2 + v̂2

2â
arcsin(

âT

v̂2
)). (8)

To confirm the performance of the improved estimation model (7), a new simulation is carried out
with this improved model in a same environment. The result of the new simulation is shown in Fig. 24.
Comparing with Fig. 22, the odometry errors are alleviated significantly by the improved estimation
model (7). Additionally, for other types of odometry errors, there are many methods focusing on the
alleviation of odometry errors, e.g., refs. [9, 10, 33].

Simulation 4: In Simulation 4, a dynamic environment with both steady and moving obstacles
is considered. In the dynamic environment, the proposed algorithm should be modified to explore
the environment safely and build the complete map correctly. In this simulation, the robot navigation
algorithm contains a simple motion detector block to distinguish moving obstacles and avoid collisions

https://doi.org/10.1017/S0263574717000194 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574717000194


112 Safe area search and map building in unknown cluttered environments

Fig. 25. The dynamic environment in Simulation 4.

with them. There are many methods focusing on the moving obstacle detection, e.g., [26, 32, 43].
Moreover, in our future research, more advanced methods of avoiding collisions with moving obstacles
can be integrated with the proposed algorithm (see, e.g., refs. [14, 23]). With the motion detector block,
the robot can avoid pursuing a tangent segment which is tangent to a moving obstacles (see algorithm
A3). With the update of the map during the exploration, the boundaries of moving obstacles on the
map will be eliminated completely and it will end up with a correct map of the steady environment
(the region and all its steady obstacles).

With the above modifications, Simulation 4 is carried out with two moving obstacles in a 5 m × 5 m
environment (see Fig. 25). The result of the simulation is shown in Fig. 26. It can be seen that the
robot successfully explored the area without pursuing any tangent line belonging to moving obstacles.
Moreover, it can be seen that, at the time 47.1 s, the robot avoided the moving obstacle when pursing
a tangent line. According to the update of the map, it can be seen that the boundaries of moving
obstacles are eliminated gradually. Finally, the robot built a correct complete map of the region and
all its steady obstacles.

Simulation 5: In recent researches, the frontier-based exploration algorithms are the most common
exploration strategies. In this simulation, a frontier-based exploration algorithm proposed in ref. [39]
was selected to compare the exploration time with the proposed algorithm. The selected algorithm has
a better performance than current exploration methods. It keeps the map information integrated during
exploration and uses a multi-criteria decision method to overcome the drawbacks of the traditional
weighted average method to improve the efficiency of the exploration.

Notice that, although the Growing Neural Gas network topological map is used to represent the
environment, which is different from geometrical map, it does not affect the exploration time. In this
simulation, the algorithm of ref. [39] was simulated and run in some new examples to compare the
exploration time with the proposed algorithm.

In these new examples, the exploration time of the two algorithms is compared in different
environment with different number of obstacles. Notice that the algorithm of ref. [39] refers to a front
exploration area which is a semi-circle at the front of the robot. Therefore, different radius of the
front exploration area was considered in the simulations.

In the comparison, the size of the environment is 37.5 m × 37.5 m and the robot’s speed is 0.2 m/s.
Figure 27 shows the different exploration time of two algorithms with different number of obstacles.
The performance of the proposed algorithm refers to Line A. The performance of the algorithm of
ref. [39] with different radius of 5 m, 6 m, 7 m, and 8 m refers to Line B1 to B4, respectively.

According to the comparison, it can be seen that our randomized search algorithm has a strong
advantage because our method builds a complete map of the environment nearly twice faster than
the algorithm of ref. [39]. Furthermore, our algorithm is designed for a non-holonomic model (see
Eq. (1)), whereas the algorithm of ref. [39] and the most of works in this fields do not consider
any non-holonomic constraint of the robot’s motion. Moreover, the algorithm of ref. [39] may fail
to search some part of the area when the diameter of the front exploration area is smaller than the
minimum distance between any obstacles. Additionally, the performance of our algorithm is verified
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Fig. 26. The result of Simulation 4 in the dynamic environment. (a) t = 6.1 s. (b) t = 47.1 s. (c) t = 112.2 s.

by a mathematically rigorous proof. Finally, the developed randomized algorithm requires a smaller
computational load than the exploration algorithm proposed in ref. [39].

5. Experiments with a Real Wheeled Robot
In this section, the real implementation of the proposed collision free map building algorithm A1–A4
are proposed with a Pioneer-3DX wheeled mobile robot. The robot has an on-board computer with
a Linux operating system. It can be programmed to control the speed of each wheel separately and
process the data of the mounted sensors. The Pioneer-3DX robot calculates its real-time position and
orientation by odometry.

In the experiments, the robot is equipped with a SICK LMS-200 LRF and an odometry sensor.
This LRF’s angular resolution, scanning range, and measurement range are 0.5◦, 180◦, and 80 m,
respectively. The LRF’s precision is ± 15 mm. Notice that, to guarantee that the minimum distance
to obstacles can be measured correctly and any point on obstacles’ boundaries can be detected by the
range finder, the scanning range of the LRF should be ≥180◦. If the scanning range is <180◦, the
minimum distance cannot be measured correctly and some parts of obstacles’ boundaries may never
be detected (see Fig. 28). The change of the scanning range does not affect the final result of the map
building and safe navigation. However, with the decrease of the scanning range, the map building
completing time will increase. Moreover, it is noticed that the scene we built in the experiments is not
quite large. Thus, the odometry errors of the robot is quite small and the generated map is accurate.
If the proposed algorithm is implemented in a larger scene, the approach proposed in Simulation 3
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Fig. 27. The exploration time of the two algorithms with different number of obstacles.

Fig. 28. The minimum distance cannot be measured correctly and obstacle’s boundary cannot be detected with
the scanning range which is <180◦.

can be used to reduce odometry errors. Other technologies can also be used to reduce the localization
error of the robot such as the use of Global Positioning System (GPS) in outdoor environments.

A closed area in an indoor environment was built by blocking the hallway and doors. Seven
obstacles were placed on the floor. Each obstacle was higher than the robot to guarantee that the
obstacle can be detected by the LRF. Considering the measurement range of the LRF, the maximum
distance from any point to any boundary should be <80 m.

The robot was programmed with the proposed algorithm and put into the environment. When the
robot started running, its mode R1 was activated and it moved along the initial circle firstly (see A1).
When its heading coincided with a tangent line ξ (See Fig. 16), its mode was transitioned to R2 from
R1 or R3 (see A2 and A3). When the robot reached the endpoint of the line segment ξ , its mode was
transitioned back to R3 (see A4) and it started tracking ∂Di(d0) or ∂A(d0). During the period of the
safe navigation, the robot was continuously updating the map and checked whether the map building
is completed (see Definition 2.2). Finally, the robot stopped when the complete map was built.

Remark 5.1. The saturation function (6) is used to replace the sign function to reduce control
chattering, which is undesired in experiments with a real robot.36

In the following parts, five experiments are carried out with different probability q0 in the preset
environment to confirm the performance of the proposed algorithm. The parameters used in these
experiments are listed in Table II. The probability q0 for the five experiments are 0.3, 0.4, 0.5, 0.6,
and 0.7.

At the beginning, the robot selected one of two initial circles randomly to move. When the robot’s
heading coincided with a tangent segment, the robot left the initial circle and reached the enlarged
boundary by pursuing this tangent segment. When reached the enlarged boundary, the robot started
patrolling this boundary and randomly selected the next tangent segment to pursue. Finally, the
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Table II. The parameters for experiment 1.

Speed of robot v 0.15 m/s
Maximum angular velocity uM 0.4 rad/s
Minimum turning radius Rmin 0.375 m
Safety margin d0 0.55 m
Sampling interval T 0.2 s
Angle threshold θtrig 0.1 rad
Distance threshold dtrig 0.1 m
Resolution of the map 3 cm2/cell

Fig. 29. The generated maps at different time with probability q0 = 0.6. (a) t = 10 s. (b) t = 40 s. (c) t = 100
s. (d) t = 174.2 s.

robot explored the closed area completely and built a correct complete map of this environment.
This procedure is indicated in Figs. 29 and 30. Figure 29 shows the generated maps and the robot’s
trajectory at different time in the experiment with probability q0 = 0.6. Figure 30 shows some pictures
of the corresponding experiment.

The results of the five experiments including the generated complete maps, map building
completing time tf , the robot trajectories, and corresponding probability q0 are indicated in Fig.
31. It can be seen that, in the five experiments, the robot successfully avoided all the obstacles and
built the complete maps of the closed area in a finite time. Moreover, according to the comparison of
the experimental results, it can be seen that the map building completing time tf and the length of
the robot trajectory are influenced by different values of the parameter q0. Furthermore, it is easy to
see that the accuracy of the generated map is influenced by the length of the robot trajectory because
a longer robot trajectory involves bigger odometry errors and reduces the accuracy of the map (e.g.,
Fig. 31).

6. Conclusion and Future Work
In this paper, a safe area search and map building algorithm for a mobile ground robot in a closed
unknown 2D environment with obstacles was proposed. The obstacles are not required to be convex.
The developed algorithm belongs to the class of randomized algorithms. It was proved that with
probability 1 the robot finishes searching the area and builds a complete map of the environment
in a finite time. Moreover, the odometry errors, range finder noise, and dynamic environments are
considered and discussed in the computer simulations. The computer simulations and experiments
with a real Pioneer-3DX robot confirmed the expected performance of the proposed navigation
algorithm.

The proposed method has a number of advantages. First, the area search and safe navigation
were combined together in our method. Second, the proposed algorithm is relatively simple and
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Fig. 30. The experiment pictures at different time with probability q0 = 0.6. (a) t = 51 s. (b) t = 97 s.
(c) t = 143 s. (d) t = 174.2 s.

Fig. 31. The generated maps with different probability q0 and different map building completing time tf .
(a) q0 = 0.3 and tf = 313.6 s. (b) q0 = 0.4 and tf = 298.6 s. (c) q0 = 0.5 and tf = 336.2 s. (d) q0 = 0.6
and tf = 174.2 s. (e) q0 = 0.7 and tf = 130.2 s.
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computationally efficient. Moreover, unlike many other publications in the area, a non-holonomic
robot model was considered in the proposed method. Finally, the performance of the proposed
algorithm is proved by mathematically rigorous analysis. The usefulness of the method in real
applications is based on the fact that the proposed algorithm is computationally simple and easy
to implement. Moreover, the proposed mathematically rigorous theoretical framework describes
cluttered environments in which a good performance of the algorithm will be guaranteed.

While the simulations and experiments have confirmed the performance and advantages of the
proposed algorithm, there are still some limitations on our method. In particular, in the proposed
method, only the range finder sensor is considered. In the future work, the proposed methodology will
be generalized and extended to different types of sensors. Moreover, the algorithm will be extended
to 3D environments. An interesting direction of our future research will be to find a method to select
a better value of the parameter q0 in the step A3 of the algorithm depending on the environment to
be explored. Implementation of the proposed method in real applications will be another important
direction of our future research. Potential real applications include environment map building in
planetary development, seabed map building in oceans, and surveillance and patrolling in sensitive
and contaminated regions.
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