Relativistic Equations. An Introduction

This chapter is intended as an introduction to relativistic quantum mechanics, with the
aim of providing the student with a basic knowledge of the subject and a link to more
advanced courses in relativistic quantum theory.

So far we have been dealing with nonrelativistic QM, which works well in the context
of Galilean relativity. When the Schrodinger equation is modified to make it consistent
with special relativity, the result is the Klein-Gordon equation. Such a modification
gives better qualitative, though not quantitative, agreement with experiment.

On the other hand, introducing the spin of the electron into the Schrédinger equation
gives the Pauli equation, as we saw in Section 14.2. In this way, some important spin
effects are incorporated into Schrodinger’s theory.

When special relativity and spin are considered together, one obtains Dirac’s equa-
tion. This equation applies only to particles with spin 1/2; the relativistic description of
particles (or fields) with spin 1 is given by the Proca equation, that of particles of spin
3/2 by the Rarita—Schwinger equation, and so on. Of all these, the most important
is undoubtedly Dirac’s equation, since it allows us to obtain those corresponding to
higher values of spin, as well as describing the behavior of the most interesting particles,
namely the electron and the nucleons, the fundamental constituents of matter.

19.1 The Klein—Gordon Equation

We begin by constructing the Klein—-Gordon equation for the relativistic descrip-
tion of spinless particles. To do this we start from the observation that Schrodinger’s
equation can be obtained simply by “quantizing” the relativistic energy expression
E =p?/2m + V, by replacing E by i5d/dt and p by — iV, which leads to

Y 12

ih— = —— V? V. 19.1
i . v+ VY (19.1)

Since the operators E and P are the components of the four-vector —ih(d;, —icds),!
the substitution retains its validity when we move to the relativistic description.

' The notation used in this chapter is as follows. The Cartesian components of a tensor in space-time are

denoted by Greek indices, x;,, Ay, Fj, and so on, with o = 1,2, 3, 4. The spatial components are indicated
with a Latin index, x;, A;, Fjj, Fi;, and so on. In Minkowski notation, the fourth component of the four-
vectors is imaginary; for example,

x = (x,y,z,ict), A=(Ax,Ay,AziA), (19.2)
a d 9 9 9 i 0
b (L (e 10 w3
oxp, dx dy dz idct c ot
Therefore,
a
— iR (3, —icdy) = (—ihVi,ihfﬂ) = (7. E). (19.4)
C
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562 19 Relativistic Equations. An Introduction

To obtain an equation consistent with relativity, it is sufficient to use the correspond-
ing expression for the energy, restricting ourselves first to the case of a free particle,
V = 0. Using this procedure, we obtain the Klein—-Gordon equation for a free particle
from E? = m?c* + p2c?,

Vi — = — — —5 ¥ =0. (19.5)

The first two terms, corresponding to the wave equation, can be grouped as the
d’Alambertian of v, which gives

m?c?

h2

Oy — v = 0. (19.6)

This equation was derived simultaneously and independently by many authors, includ-
ing Schrodinger (the first), de Broglie, and of course Klein and Gordon.?

19.1.1 Basic properties of the Klein—-Gordon equation

Let us look at some basic properties of the Klein-Gordon equation. To simplify the

writing, we put p, = —ihd,, where the index u takes the four values u = 1,2,3,4,
with x4 = ict. Then h*0 = —p, p, and the free-particle equation can be written in
the form

pupu¥ +mic*y =0. (19.7)

With s = mc/h, we get
30, — Y =0 (19.8)
and its conjugate
30 — 52 Y* = 0. (19.9)

If we multiply these equations by ¥* and y respectively and subtract the results, we
get a conservation equation,

O Ju =0, (19.10)
where the current four-vector j, = (j,ijo) is defined as (A is a constant to be
determined)

Ju =AW Y — YY), (19.11)
The fourth component is j; = ijy, with
Jjo=cp = (A/c)Tay /ot — Yay™/dn); (19.12)

with this identification and in three-dimensional notation, (19.10) takes the usual form
of the continuity equation,

2 Oskar Benjamin Klein (1894-1977) was a Swedish theoretical physicist; Walter Gordon (1893-1932) was
a German physicist.
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5
a—’t’+v.j=o. (19.13)

In general, an equation of the form
0.0,0p.. =0 (19.14)

is a conservation equation, meaning that the fourth component of the tensor 6,4p...
is a conserved quantity. In particular, Eq. (19.10) is equivalent to Eq. (19.13) for the
conserved density p, given by the expression

_A (0
p=7 (w v a;)‘ (19.15)

Since this expression has no definite sign, we cannot interpret it as the density of par-
ticles, although it is customary to give it the meaning of charge density (choosing the
constant 4 accordingly); j is then the electric current density. Note, however, that the
time evolution of the system could, in principle, change the sign of p.3 For example, if
we write ¢ = R ¢S, using (19.15), we obtain

A . h .
p= SRS = ——2 R*S, (19.16)
C mc

and it is clear that its sign depends on that of S, which can change with the evolution
(the appropriate value of A4 has already been inserted).

To set the coefficient A, we have taken into account that in the nonrelativistic limit
Schrédinger’s theory has to be recovered. Considering the special case where y refers to
a stationary state Y = e~ £7/"p(x) and substituting in (19.11), we get p = —2i %W*lﬂ,
which in the nonrelativistic limit (E — mc?) gives p = —2i ATmi/f*l//. For this quantity
to agree with the charge density of the nonrelativistic theory, p = ey*yr, we have to
set A = ihe/2m. From (19.11) we thus obtain the current density

. ihe
i = 5 U0 = V), (19.17)

m
whose spatial components are the same as in the nonrelativistic case, although its
fourth component, given by Eq. (19.15), differs from the corresponding nonrelativistic

expression.
As a solution to the Klein—Gordon equation for the free particle, we propose

W = Ae EURtIRX g — pp, (19.18)

Introducing this into (19.6) we see that the equation is satisfied if £ = +F(, with Ey =
+v/m?2c* 4 2 p? = hw, The theory thus predicts the coexistence of states with positive
and negative energy.* To see this in more detail, let us consider the two solutions

- A+efia)t+ik-x’ v_ = A_eia)t+ik<x’ (1919)

3 This problem was the main argument that led Schrédinger to abandon this equation for its nonrelativistic,
first-order time derivative version.

4 Models can be built that allow only positive energies, although they are somewhat artificial; see, for
example, Dirac (1971).
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where ¥ corresponds to E = hw > 0 and ¥_ to E = —hw < 0. Substituting these
into the expression for the density, we get

ek eEy
pr=+—lALP po = ——5[A_P, (19.20)
mc mc

so that with the present convention the solutions of positive energy correspond to
particles with charge of one sign (that of ¢), while those of negative energy correspond
to charges of opposite sign. Incidentally, we note that something similar happens with
any additive quantum number. This leads us to conclude that the Klein—-Gordon equa-
tion contains solutions for both particles and their antiparticles, as we will see in more
detail later.

19.1.2 Klein-Gordon equation with minimal coupling

To introduce the electromagnetic field, we use the principle of minimal coupling
(see Section 12.7) in its relativistic version; this means that we have to replace the
momentum-energy operator p, by the corresponding canonical operator, p, —
(e/c) A, This substitution in Eq. (19.7) gives the Klein—Gordon equation for particles
subject to the action of an electromagnetic potential,

Pu—SA,) (u— SAL) ¥ +my =0, (19.21)
C &

To apply this equation to the atomic case we introduce the following conditions:

(a) In the Lorentz gauge, A = 0 and Ay = —V = Ze?/r.

(b) The atom is in a stationary state, so we can write ¥/ (x,7) = e’ E't/ Ry (x). The total
energy is then E' = E + mc?, where mc? is the rest energy and E < mc?.

Under these conditions, we obtain from Eq. (19.21)

1 Zer\*
Vi + —— [(E +me* + —) - m2c4:| v =0. (19.22)
h2c2 r
Let us first consider the nonrelativistic approximation that occurs for |E +Ze/r |2
« mc?. The term in square brackets reduces in this case to 2mc(E + Ze?/r) to the
first order, so that (19.22) takes the approximate form

h? r
which is exactly the Schrodinger equation. Therefore, we can consider Eq. (19.21) as
the relativistic version of Schrodinger’s equation.’
Returning to the problem of the relativistic atom, we need to solve Eq. (19.22).
This can be done exactly by writing

2
v2y 4 2 (E +Z ) ¥ =0, (19.23)

Vv = R(MY" (6, 9); (19.24)
the resulting radial equation is
I0+1)—a?Z> 2B
<Vr2 — % + = A) R =0, (19.25)
r r

5 This transition from the Klein-Gordon equation to the Schrédinger equation was precisely the path that
Schrodinger followed to arrive for the first time at the nonrelativistic version of his equation.
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where

192 m?c? E \? Zme? E
Vie-o—r, A=—V—|1—-(14— , B=—\|14+—), (19.26
r= v h? ( + mc2> h? < * mc2> ( )

and « = e?/hc ~ 1/137. Equation (19.22) has just the form of the radial Schrodinger
equation for Kepler’s problem, although with different parameters. The comparison
with the nonrelativistic results shows that for the boundary conditions

R — const<oo, R — O (19.27)
r—0 r—00

to be satisfied, the relation between the coefficients A and B must be such that

B 1 I
— —JU+ 35?2 —-Z%2 - 5=k k=0,1,2,... (19.28)
VA 2 2

Since both coefficients must be real, the theory only applies to problems that meet the
condition Za < %, that is, to light or medium atoms. From the relation between A
and B and taking into account Eq. (19.22), we obtain for the energy (including the rest
energy mc?),

m02

E' = . (19.29)
1+ a’Z? .
(k+%+,/(1+%)2—22a2)

Using the old definition n = k + [ + 1, this expression shows that E,; = E' — mc
depends on n and /, that is, the degeneracy on [ has been broken. For the case Za « 1
we get the approximate result

RhZ? a?7Z% [ n
Epy=———|1+———3]+...]. (19.30)
n n [+ >

with R the Rydberg constant. The first term coincides with the Schrodinger solution
and the second represents the relativistic correction; this term is the one that causes the
breakdown of the degeneracy between different values of /. For example, between the
2s and 2p levels of the hydrogen atom there is an energy difference E,; — E»g, which
corresponds to the transition frequency

2

w= @ — LRa?. (19.31)
This result differs from the experimental value by a factor of 1/3. In other words, the
relativistic correction to Schrodinger’s theory improves the qualitative properties of
the predicted spectrum, but it is not sufficient. We will see later that this discrepancy is
due to the fact that it does not take into account the effects of the electron spin on the
energy levels, which turn out to be of the same order of magnitude (and opposite sign)
as the relativistic effects. The equation that takes into account both the relativistic and
the spinorial corrections is the one that can reproduce the empirical energy values; this
is Dirac’s equation.
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19.2 The Dirac Equation

Dirac’s original intention in proposing his equation for the electron was to simulta-
neously solve several problems that made the Klein—-Gordon theory inadequate. One
is the unsatisfactory shape of the particle density, another is the need to introduce
the electron spin manually, and a third is to avoid the negative energy solutions
characteristic of a relativistic theory.

Dirac’s aim was to make the theory generate spin by itself, rather than introducing
it phenomenologically from outside, in addition to providing a suitable solution to
the other problems mentioned. This attitude is reminiscent of Einstein’s approach to
Newton’s theory of gravity in classical mechanics, where the gravitational force is intro-
duced by hand and its form chosen to reproduce the observed results. In both cases it
was a matter of principle. However, precisely because it is characteristic of a relativistic
theory to predict negative energies, the latter requirement has to be reformulated in an
appropriate way, as we will see next.

The unsatisfactory expression (19.15) for the particle density arises from the fact
that the Klein—-Gordon equation contains a second-order time derivative. One way of
avoiding the second derivative and preserving the Lorentz invariance of the theory is
to linearize (to “extract the square root of ) the formula E? = ¢?p? +m?c*, that is, to
propose that there exists a first-order linear relationship between the operators E and
P, so that we can write

E =ca-p+ Bmc?, (19.32)

while demanding that its square be consistent with the relativistic expression. Applied
to the wave function W, this relationship leads to the following equation, with & and 3
constant,

EV = ca - PV + Bmc* V. (19.33)

As we will see in more detail later, this equation also has negative energy solutions,
so to solve the difficulty,® Dirac proposed to introduce the notion of positron or, more
generally, of antimatter. The negative root of the equation EZ = ¢ p*+m?c*, E = —E
then does not refer to negative energies of the electron — since it always has positive
energy E > mc? — but to particles below the energy level 0. It is therefore proposed that
all levels with E < 0 are normally occupied by electrons, forming the Dirac sea, so that
electrons cannot fall into such states due to the exclusion principle. When one of the
electrons in the Dirac sea is excited and enters a positive energy state, this electron and
the hole appear simultaneously in the sea; the hole is then identified as an antielectron,
that is, a positron, since it corresponds to the absence of a negative charge, which is
observed as a positive effective charge; similarly, the absence of negative energy appears
as positive energy, and so on for the other properties of the electron. In this way, the
negative energy states correspond to antimatter.

6 The main difficulty with the existence of negative energy solutions is that particles with positive energy
would spontaneously make transitions to states of increasingly negative energy, radiating the excess energy.
The purpose of the Dirac sea is to put a limit on such processes.
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In 1932, two years after Dirac’s proposal, Anderson’ experimentally found the
positron in plates traced by cosmic rays. The prediction of antimatter was the first
major prediction of the Dirac equation. Modern quantum field theory treats particles
and antiparticles completely symmetrically, so the notion of a Dirac sea has become
obsolete.

Introducing the expressions p = —ihV, E = ihd/dt, we can write the Dirac
equation explicitly as

BN
mg = —ihco - VW + Bmc W, (19.34)

The four quantities «;, 8 have to be chosen so that the relativistic laws are fulfilled.
To determine them, we rewrite Eq. (19.33) using a convenient noncovariant provisional
notation (exclusive for this calculation), in the form E = cay, p,,, with pg = mc, 09 =
B. Note carefully that o, p, defined in this way are not four-vectors, since, pg = mc is
a scalar, not the fourth component of a four-vector. Squaring and taking into account
that the components p, commute among themselves, we obtain

E?= czaﬂpuaupv = czpupvaﬂav = c2pup1,% (auav + avaﬂ) , (19.35)

where we have symmetrized by interchanging the indices v, 1 and taking the half sum.
Since E? must be equal to ¢?p? + ¢? p% = ¢ p,pu, it follows that we must write

ooy + ooy, = 28,,. (19.36)

This shows that that the «,, should anticommute, so they cannot be simple numbers,
but rather represent numerical matrices. Since the coefficients «;, 8 in Eq. (19.34) are
matrices, the functions W must have several components to make sense. To propose a
first-order equation for the electron, therefore, requires expanding the dimensionality
of the space of solutions W.

In order to construct the matrices that satisfy (19.36) and describe the spin, we
tentatively consider that the Pauli matrices satisfy a similar equation

5‘,‘5‘j+5j5,' = 28;j, (19.37)

for i, j = 1,2,3: but when completing the basis with the unit matrix it turns out that
the latter, combined with some 4;, does not satisfy, but commutes with, Eq. (19.36).
Therefore, we cannot identify the «; with the Pauli matrices and we have to look for a
space of higher dimensionality. Since there are two degrees of freedom associated with
the spin % and two possible signs for the energy, there can be four different states for
a given E2, so a wave function with at least four linearly independent components is
required; this means that the matrices «;, must be of dimension at least 4 x 4. In the
general case, for a particle with spin S, the matrices must be of dimension N x N, with
N =22S+1) =4S + %). The simplest Dirac equation is therefore one of rank 4,
corresponding to spin 1/2. Restricting ourselves to this case and choosing «g = S, we
rewrite Eq. (19.34) in the (classical) Dirac form,

oW _
ihW = —ilica - V¥ + mc?BY = HV. (19.38)

7 Carl David Anderson (1905-1991) was a US-born physicist, who won the 1936 Nobel Prize for his dis-
covery (observation and identification) of the positron. In 1936 he discovered the muon, a subatomic particle
207 times more massive than the electron (and ten times lighter than the proton).
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Multiplying this equation from the left by g, taking into account that g2 = aﬁ =1 as
follows from (19.36), introducing four new matrices y,, defined as

Yo=—iya=—if = —iap, v = —ifai, (19.39)

and dividing by fic gives (matrices y, and their relatives are not usually marked as
operators, as there is no risk of confusion),

(Y0d0 + ¥i0) W + %xv =0, (19.40)

or since y0do + ¥idi = Vuiu,
yuaﬂw+%qf —0. (19.41)
This is the most common and convenient form of Dirac’s equation for a free particle.
Since mc/h is a scalar, y,,d,, must also be a scalar, so y,, is a four-vector, and Eq. (19.41)

is explicitly covariant under Lorentz transformations. From (19.38) we see that the
Dirac Hamiltonian

H = —ihca -V + Bmc? (19.42)

is a matrix of dimension 4 x 4, so the functions W are bispinors or spinors of four
components.

Exercise E19.1. The Dirac oscillator

The Dirac Hamiltonian is obtained by “taking the square root” of the Klein—-Gordon—
Hamiltonian. Use this idea to construct a linear Hamiltonian describing an isotropic
3D harmonic oscillator and show that it is indeed an oscillator with some peculiarities.’

Solution. The proposal is to “linearize” the operator (leaving aside the mass term)

p2 +m?o’r? = [a- (p+ ima)r)] [Ot- (p— ima)r)] , (19.43)

using an idea similar to the preceding, but now including a linear coupling term in r.
It is clear that the terms £imor can still be multiplied by any (scalar or pseudoscalar)
matrix that anticommutes with the ; matrices without affecting the factorization. The
detailed analysis of this possibility leads to the conclusion that this factor must be taken
as the B matrix, as this is the only way to guarantee that the resulting equation has the
appropriate Lorentz covariance properties. This can be understood by recalling that
the mass term in the free-particle Dirac equation itself, Eq. (19.34), has the form fm,
so the m of the interaction terms must be accompanied by the factor 8, £imwpBr. From
these considerations we conclude that the proposed equation must be

W
ihW = HV = ca- (p — imwr) ¥ + mc?BV. (19.44)

It is easy to verify that this Hamiltonian is self-adjoint. One way to make physical sense
of Eq.(19.44) is to consider the term imwpr as due to the coupling of the particle to
an external (e.g., electric) field that grows linearly in the region of interest.

8 There are variants in the literature which may differ from the present notation by signs or factors such

as & in the definition of the fundamental matrices or the metric.
9 This topic is discussed in detail in Moshinsky and Smirnov (1996).
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To prove that Eq.(19.44) describes an oscillator and to study its properties, we cal-
culate the square of the Hamiltonian, which, after some simplifications, gives (with

h=c=1)
02— [a-(p—ima)r)+m/3]2 (19.45)
= i p; pj — m*’a; ot fxix; +m?
— imw (e Bpix; + oiBajxipj) .
that is,

H? = p> + m*&*r? + m*> — (4L-S + 3)mwB, (19.46)

where L is the orbital angular momentum and § = o¢/2 is the electron spin. This
(squared) Hamiltonian effectively corresponds to that of a HO with spin—orbit cou-
pling, plus irrelevant constants. An interesting exercise, left to the reader, is to show
that the total angular momentum J = L + § commutes with H? and is therefore
conserved; separately, neither L nor S is conserved.

19.2.1 The Dirac y,, matrices

We now move on to the study of the properties of the Dirac y,, matrices. The complete
Dirac algebra consists of 16 linearly independent matrices of dimension 4 x 4; later
the matrices y5 (one pseudoscalar) and o, (the six components of an antisymmetric
tensor) are introduced in addition to the unit matrix. The remaining four matrices can
be taken as ysy, (components of a pseudo-four-vector). This set is closed with respect
to multiplication and constitutes a Clifford algebra, that is, its elements anticommute.
(We recall that a pseudotensor is a tensor whose components change sign when rotated

bszrZﬁl (19.39) we see that «; = iBy;. On the other hand, from (19.36) it follows
that a0, = —aya, for p # v; taking here u = i, v = 0, with o9 = B we get
viB = —iBaip = if*a; = ia;, that is,
YiB = —Bvyi (19.47)
or, again with (19.39),
Yiva+ vayi = 0. (19.48)
Taking now u = i,v = j, we obtain
i + oy = 28 = —ByiBy; — BYiBvi = B*lviv; + vivil. (19.49)
that is,
vivi +vivi = 26i;. (19.50)

Finally, for u = v = 0 we get apag + apag = 2 = 2iypiyp, or

Vaya + yays = 2. (19.51)

https://doi.org/10.1017/9781009679633.020 Published online by Cambridge University Press


https://doi.org/10.1017/9781009679633.020

570 19 Relativistic Equations. An Introduction

Equations (19.48-19.51) show that the matrices y,, satisfy a relationship similar to
(19.36),10

YuVv + VoV = 28u0. (19.52)

An important property of the y,, matrices is that they all have zero trace. This fol-
lows immediately from Eq. (19.52) with v # u, multiplying it on the left by y,, and
calculating the trace, which gives

Yy H U Vv =20 vy = 28,tr v, =0 (1 # v). (19.53)
Since yl% = 1, it follows that for each u,

try, =0. (19.54)

19.2.2 The van der Waerden equation: Helicity operator

The preceding derivation of the Dirac equation, although very popular, is purely formal
and it seems to be a matter of luck that it applies to the electron. For this reason,
it is convenient to present a second derivation in which the physical content of the
postulates is more transparent. To introduce the spin, we will make the substitution
p?> — (0-p)? successfully used in the nonrelativistic case to take account of the electron
spin; see Section 14.2. Now we will use it in a relativistic context to arrive at a theory
that contains both spin 1/2 and relativity by construction.

Our starting point is once again the equation E%/c¢* — p?> = m?c?, which with the
substitution p> — (o - p)* and the transition to operators becomes

E2
— —6 PGP = m2c? (19.55)
C
or, taking advantage of the fact that E commutes with P and with the Pauli operators,
E E
(— -6 -ﬁ) (— +6 -ﬁ) = m?c?. (19.56)
¢ ¢

Using the quantum expressions for E and P and applying the equation to a spinor ¥
(of two components), we obtain a second-order equation in terms of 2 x 2 matrices,

(ihdo + iTi6 - V) (ihido — ih6 - V) = m>*c*y. (19.57)

This is known as the van der Waerden equation. Because of the way this equation
was derived, it clearly describes relativistic particles of spin 1/2. To show that it is
just another form of the Dirac equation, we introduce the pair of spinors (of two
components) L) and ¢p®), defined as

o =y, (19.58)

1
¢® = — (ihdy — ih6 - V) 92, (19.59)
mc

10°1f two sets of matrices yu and V;/L satisfy (19.52), there is always a nonsingular matrix § such that

:S:yﬂ:SLl = y/t. This so-called fundamental Pauli theorem leads to the invariance of Dirac’s equation with
respect to the change of representation.
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From here and (19.57) it follows that these spinors satisfy the system of equations
(ih6 -V — ihdo) ¢V = —mep®,
(ih6 -V +ihdo) B = mep™. (19.60)
Each of these equations has two components, so that in total we have four first-order
equations for four functions, as is the case with Dirac’s equation.
Before proceeding further, it is convenient to make a brief comment to establish

the physical meaning of the spinors ¢® and ¢), which is interesting and useful. We
consider the case m = 0, which decouples Egs. (19.60),

(ih6 -V —ihdp) ¢ =0, (ih6 - V +ihdg) ' = 0. (19.61)

Introducing |p| = E/c with E > 0 in the first equation, for eigenstates of £ and p we
get (6 - p+ |pl)¢'L) =0, that is,

A A

TPyt = _gb, (19.62)
Pl
and a similar equation for ¢®_ with the sign reversed. The operator
h=o.L, (19.63)
Pl

called the helicity operator, describes the projection of the spin operator in the direc-
tion of the momentum; the negative eigenvalue in Eq. (19.62) indicates that the spin
is antiparallel to p and that the helicity of the ¢/ state is —1. Similarly, the solution
for ¢® corresponds to the state of spin parallel to p and helicity +1. In summary, we
see that for m = 0 and S = 1/2 there are two independent helicity states with values
+1. For massive particles, the solutions are in general linear combinations of the two
helicity states, or what is equivalent, they are not helicity eigenstates.

Returning to Egs. (19.61) and (19.60) and taking first their difference and then their
sum, we get the system of equations

— iha()\IJA —iho - V\IJB = —mc\IJA, (19.64)
ihdgWp +ihé - VW, = —mcWg, (19.65)

for the functions
Wy =B o, wp=9¢® gL (19.66)

These linear combinations are clearly arbitrary, and others could well have been
adopted. This observation is important, since this freedom is at the basis for the pos-
sibility of constructing different representations of the Dirac matrices, as we will see
later. If we rewrite the preceding system in matrix form, we get

—ihdy —iho -V Wy . Wy
( ih6 -V ihdo )( Wy )‘ mc( Wy ) (19.67)
We now construct a four-component bispinor (Dirac spinor) as
Wy ¢(R) 4 ¢(L)
U= < vy ) = ( 6B _ gL |- (19.68)
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so that Eq. (19.67) becomes

) I O 0O —ig; _
|:—lh< O I ) 0o+ h E < 6 © > 8,:| U = —mcV. (19.69)
1

Introducing the 4 x 4 matrices

0 —ié (1 O

and taking into account that —idy = d4, we obtain

mc

(et + =) v =0. (19.71)

which is precisely the Dirac equation, (19.41).

The y,, matrices have been written here directly in terms of the Pauli matrices. If
instead of Wy = ¢® + ¢ and Wz = ¢® — ¢L) other linear combinations had
been used, a different form for the y,, matrices would have been obtained, and thus
a different representation of them. The specific representation used here, in addition
to satisfying the condition (19.52), is Hermitian, as can be seen from its expression in
terms of Pauli matrices. We will come back to this point later.

19.3 Properties of the Dirac Equation. The Zitterbewegung

After the Maxwell-Lorentz equations of classical electrodynamics, Dirac’s equation
was the next major step in the investigation of the properties of the electron. In the
following we will introduce the elements needed to construct the conservation equation
for the current density. We will then prove that Dirac’s equation describes particles
with spin 1/2 more generally, and discuss the zitterbewegung, the fast oscillation of
the particle around its classical (relativistic) trajectory, which Schrodinger predicted in
1930 from his analysis of the solutions of the Dirac equation.

19.3.1 The Dirac adjoint and the continuity equation

Applying to Eq. (19.41) the operator y,d,, — mc/h from the left, we obtain

2.2
nc nmc m-=c
(=) e+ ) = (s =5 w0 0om
which can be written symmetrically as
2.2
m-c
[% (Vuvv + vo¥i) 00y — ?} v = 0. (19.73)
This expression is simplified with the help of (19.52), so that
2.2
m=c
(D - 7) v =0. (19.74)
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The operator in parentheses acts on each of the four components of the spinor sep-
arately, which means that each component of the Dirac equation is a solution of the
Klein—-Gordon equation. This is not to say, however, that any solution of the Klein—
Gordon equation is appropriate, since the bispinors are constrained by the Dirac
equation.

Given a spinor W, the Dirac adjoint is defined as

U =uly (19.75)
or explicitly, in the preceding representation of the Dirac matrices,
V=W ¥y —vr - (19.76)

Writing Dirac’s equation in the form

ViU + y4040 + %\y ~0 (19.77)
and taking its adjoint (with 3] = —0,4 since x4 = ict), we get
Wy — 0wy, + %w —0. (19.78)

To recover from the sign change that occurred in the fourth component, we multiply
from the right by y4,

mc
VT yiys — 04V T yayy + T‘I’TM =0. (19.79)

We now take advantage of the fact that y4 commutes with itself, but anticommutes
with the y;; rewriting the result in terms of the Dirac adjoint, we get

. mc — — mc—
— 8V yy — a0 T sy + F‘I’TM =—0;Vy; — 04 Wys + 7‘1’ =0, (19.80)

which leads to the adjoint Dirac equation,
— 9, Ty, + %E —0. (19.81)

This result can be used to derive the continuity equation. To do this, we multiply the
Dirac equation on the left by W, its adjoint by W from the right, and take the difference,

Wy, 8, ¥ + (3,¥)y, ¥ = 0; (19.82)

this can be written as

9 (Wy, ¥) =0, (19.83)

which has the form of a conservation equation d,, j,, = 01if the current density is chosen
to be proportional to W)/M\IJ. For this expression to have the correct nonrelativistic
limit, it is usual to write

Ju=ic¥y, v, (19.84)
that is, using i y4y; = «; (see Eq. (19.39)),

Ju = (¥ aW,icw W), (19.85)
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where the first term in the parentheses represents the spatial component j and the last
the density p multiplied by ic,

p =V =Yy + Uiy + Yivs + Vi, (19.86)
j=cViaw. (19.87)

The problem of the sign of p has thus been solved, since the expression obtained
for p is analogous to the nonrelativistic one and legitimately corresponds to a density
of particles independent of their charge, unlike what happens with the Klein—-Gordon
equation. The expression for j, Eq. (19.87), holds a surprise for us, since ac plays the
role of the velocity operator for the free particle, and the eigenvalues of the matrices
a; are £1 (note from (19.5) that «® = T). We will return to this point later to study its
meaning; in the meantime, note that the expression for j is a scalar in spin space.

19.3.2 The spin of the electron

From the preceding derivations — in particular the van der Waerden derivation — we
know that Dirac’s equation describes particles with spin 1/2, but it is instructive to
prove this directly. For simplicity, we will limit ourselves to the proof for a free par-
ticle, which can be generalized to the case of a central potential. Consider the Dirac
Hamiltonian for a free particle,

H=ca p+pmc, (19.88)
and the orbital angular momentum operator,
L3 = —iliezjx; 9. (19.89)
The commutator
[H,L3] = [c@- p.L3] = —ihc (a1 P2 — a2 p1) (19.90)

is nonzero and therefore L3 is not an integral of the motion. Since in this case there
must be an angle operator that is conserved, we need an operator that completes L;
and gives the conserved quantity. By applying o3 to the Hamiltonian, one obtains after
some algebra (which we do not reproduce here)

[H.03] = 2ic(a1p2 — a2p), (19.91)
which combined with Eq. (19.90) gives
[ﬁ, Ls+ %h@] —0. (19.92)
Hence the quantity (be careful not to confuse j; with J;)
J3=L3+ 83 = L3+ Lhos, (19.93)
with
S5 = Lhos, (19.94)
is an integral of motion,
[H,73]=0 (19.95)
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We conclude that the spin operator of the particle (the quantity added to L to complete
the angular momentum) is given by S = (h/2)o, where o is a Dirac matrix.

Sometimes it is convenient to use spin tensors, which are operators built from the
matrices y,, that describe the spin of the relativistic electron. It is common to write
these in the form

O = =3 (Vu¥v — YoV, (19.96)

or else
Oy = —IVuVv, WK FV, (19.97)
=0, w=v. (19.98)

The spatial components of these tensors are identified with the spin components; the
meaning of the other components will be seen later.

19.3.3 *The zitterbewegung

We will now analyze some properties of the velocity vector x; for a free particle in
order to better understand the meaning of Eq. (19.87). We begin by noting that the
commutator of the free-particle Dirac Hamiltonian H with pj vanishes, hence

-~ P NP

Po= 1 [A.7] =0, (19.99)
This means that py is an integral of the motion for the free particle. However, things
are more complicated for the velocity, as follows by writing Heisenberg’s equation

for xy,
X = % [ﬁ,fk] = %ai [1’7\5,55/(] = cu;dix = co. (19.100)
This result confirms that ac is the velocity operator,
¥ =ca, (19.101)

for any free particle. Combining with Eq. (19.87) we see that we can write j = Uixw,
Since the eigenvalues of «; are +1, the free Dirac particle always moves at speed c.
In order to understand how this is possible, Schrédinger introduced the concept of
zitterbewegung, which refers to a very fast (at speed ¢) vibrating or dancing motion of
the electron around its trajectory, and which we translate as tremor. Let us see how this
idea is justified and how the motion is described.

While the components of the momentum are constants of motion, the x; are not
(they are given by operators). This suggests that p; can be regarded as the local average
(over very short times) of mxy; in other words, that x; contains more detailed informa-
tion about the instantaneous motion than py, as we will confirm a little later (see Eq.
(19.103)). To make the difference between the operators py and mx; explicit, we again
use Heisenberg’s equation for o and write

1 I~ 2ic . 20 ~

b = % = [H.on] = ==pic = Zeudl. (19.102)

From here and from [a;, ;] # 0, with a; ~ X;, we conclude that the velocity com-
ponents of the free particle do not commute with each other and are not conserved,
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that is, they fluctuate. To study the changes in velocity we integrate Eq. (19.102) for
an eigenstate of H and py, which allows us to treat these quantities as constant; the
solution is

2 2
i = cap = <25 4 (i) — SLE 2iEun (19.103)
E E
and its integral over time gives
2 . .
¢ pi ihe (xk0)  cpk\ _siki/n
=x0)+ —t+—|—— - — iEt/h 19.104
e = x(0) + — +2E(c 7 )¢ ( )

The first two terms in this equation represent the classical solution for the relativistic
free particle and the third is an additional term that oscillates in time. The amplitude
of these oscillations around the classical trajectory is of the order of Ax ~ he/E and
therefore depends on the energy. These oscillations constitute the zitterbewegung.!!
For a particle that is not moving very fast (apart from zitterbewegung), E ~ mc?* and
so Ax ~ h/mc = Ac, the Compton wavelength (which for the electron is ~ 10712 m).
At such energies the oscillation frequency of the zitterbewegung is 2E /h ~ 2mc?/h ~
1021571,

If in Eq. (19.103) we average over some cycles of the tremor (as happens in prac-
tice when measuring velocity or position), the term in parentheses vanishes, but the
classical term is not altered, and we obtain

2
U = CTE = Pk (19.105)

(9

This result confirms that the relation between v and py is the relativistic one (mvg
is practically equal to py for E ~ mgc?). Note, however, that for positive energy
states (E >moc?>0), (vx) and pi have the same sense, but for E <moc* (E < 0),
these quantities have opposite senses. From a classical point of view, with p =muv
(which corresponds to the limit E =moc?), the last case implies a negative mass.
Another important observation is that Ax decreases with energy, while the frequency
of the oscillation increases with it, which means that for ultrarelativistic particles the
oscillation occurs at a very high frequency and negligible amplitude. In other words,
the ultrarelativistic electron behaves as a point particle, with the effective structure
produced by the tremor disappearing.

19.4 The Free Particle

We now turn to study the solution of the Dirac equation for a free particle. We propose
to express the solution of the corresponding equation

(Y + %)w —0 (19.106)

' The zitterbewegung is not an exclusive result of the Dirac equation, but rather a property of relativistic
(not necessarily quantum) dynamics when restricted only by the constraints imposed by the Poincaré invar-
iance group. It should therefore be seen as a relativistic prediction for spin particles, regardless of the details
of the description.
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in terms of plane waves in the form ¥ = ¢~ 7t ¥ (r), with ¢ (r) a bispinor. We substitute
Eq. (19.67) into the Dirac equation written in terms of the spinors W4, Wp and cancel
the common time factor; this gives the pair of coupled equations

co' - pWp = (E — mcH)Wy, (19.107)
co' - pVy = (E +mcH)Vp. (19.108)
In the reference system where the particle is at rest (p = 0) these equations reduce to
(E —mc®)Wy =0, (19.109)
(E +mc*)Wg =0. (19.110)

If E > 0, the first equation holds with E = mc? and any W4, but it follows from the
second equation that Wz must be zero; if E < 0, ¥4 must be equal to zero and E =
—mc?. This allows us to identify W4 as the spinor describing positive energy particles
and Wp as the corresponding spinor for negative energy states; the Dirac bispinors are

therefore
Wy 0
( 0 ), E >0, ( Wy ), E <0. (19.111)

To uniquely determine the bispinors ( q}A ) for p # 0, it is usual to introduce
B

some additional condition. The simplest is to require that they be eigenfunctions of
o3, which commutes with H for the particle at rest. According to Eq. (19.91), the
same consideration holds for any value of p3 but with p; = p» =0 and hence for the
eigenstates of the helicity operator, which becomes ) = o3 according to (19.63). There-

1 . _ 0
fore \IJI(:) = ( 0 ) corresponds to the eigenvalue s3 = 1 and ‘IJ,(cx) = ( ) ) to

s3 = —1. The eigenfunctions Wp for negative energy are constructed analogously. We
thus obtain the following eigenfunctions of H and o3 for p = 0,
1 0
8 eim "zl/h, (E > 0,53 =1); (1) e~im "2’/h,(E > 0,53 =—1);
0 0
(19.112)
0 0
(1) eimczt/h,(E < 0,53 =1); 8 eimczt/h,(E < 0,53 = —1). (19113)
0 1

Since in experiments with electrons we have E > 0, the first pair of solutions is generally
used.

To study the particle moving in the laboratory system we can either apply a Lorentz
transformation to (19.112) or solve Eqgs. (19.107) and (19.108) directly. For this we
propose a solution of the type

ua(p) ) i(—Et+p-x)/h
Y = p s 19.114
( ug(p) ¢ ( )
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where u 4 and upg are spinors. From (19.107) and (19.108) we get

C
upa(p) = ————0' - pup(p), (19.115)
E —mc

up(p) = TU pua(p). (19.116)

Combining these two equations we get a third one that is satisfied by either u4 or up,
which indicates that there are different solutions whose selection depends on additional

. . . 1 .
conditions of the problem. It is often proposed to take u 4 simplyasu s = ( 0 ) , which

agrees with the solution for the free-particle eigenstate of o3; then the second solution

must be
») S : (19.117)
u = —— . , )
BP =5 ma® Po
uly(p)
and the components of up = o) become
ug' (p)
m__ € (@)
“B T E fmel Vs m(m-i-lpz) (19.118)
Since
o' -p=op+oyp2+o03 =< P3 Pl—ipz>7 19.119
p 1P1 2P2 3P3 oL+ ip s ( )

this solution corresponds to E > 0 and positive spin projection along the z-axis; for
. . o 0 .
the negative spin projection we take ug = < | ) Note that u4 is large compared to

u g for nonrelativistic particle velocities and positive energies (when E +mc? ~ 2mc?).
The two solutions with negative energy are obtained in an analogous way; in this case
u 4 becomes small compared to ug. The final set of solutions is

1 0
0 1
wP)=N| 4 o |, wP)=N| ap=ipy [ (19.120)
E-+mc? E+mc?
+c(p1+lp2) __¢p3
E+mc? E+mc?
__¢p3 _cpi=ip2)
|E|+mc? |E|+mc?
_cpitip2) cp3
uz(p) = N IE\1+mcz . us(p)=N IEleC2 . (19.121)
0 1

These spinors are solutions of the equation
Ayupuy +mou,(p)=0, r=1,234, (19.122)

which is the Fourier transform of the Dirac equation for the free particle. Each u, is
a column of four components, which in general is not an eigenfunction of o3 except
when p; = p» = 0, as we have already noted.
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From the previous discussion we conclude that there are only two cases where
solutions of the free-particle Dirac equation exist which are eigenfunctions of ¢ - 1,
namely

(i) when p = 0,

(ii) whenn = p/|p|.

These solutions are indeed eigenfunctions of the helicity operator. To verify this we
start from the relation

[H.a o] = —2ica-(p xa) (19.123)
and note that when p = 0 or when a is parallel to p, the commutator vanishes (see
problem P19.5).

To normalize the solution of Dirac’s equation, we write

u®'u® = ¢ (19.124)

and fix the constant C with an appropriate criterion. Two commonly used are

|E| + m c?
C=1, N= |—————, 19.125
Vg ( )

(b) Lorentz-invariant normalization,

|E| [|E| +mc?

Exercise E19.2. The free particle with positive energy
Construct the solutions of the Dirac equation for a free particle with positive energy
and helicity states +-1.

(a) Normalization to unity,

Solution. We propose a solution of the form (in units of 7 = 1)

W = u(p)e' PrED, (19.127)

with E > 0. The helicity operator is
o-p
h=""F

p

Using the standard representation of the Pauli matrices oy, the eigenvalue equation
for the helicity applied to the spinor W, h¥ = h\W¥, h = +1, is decomposed into equal
systems of two equations, one for u, u; and a similar one for u3, ug, which means

that the small spinor (with components u3, u4) is proportional to the large one (with
components u1, u;). For the latter we obtain

p3ui + (p1 — ip2) uz = hpuy, (19.129)

1
==Y op. (19.128)
P k

(p1+ip2)ui — pauz = hpus. (19.130)

It is convenient to simplify the expressions that follow by writing the momentum
components in terms of the angles that determine their direction,

e py= pcosé. (19.131)
Equations (19.129) and (19.130) then reduce to

p1£ipy = psinfe
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U1 cosf + uysinfe™'? = huy, wupsin@e'® — uy cosd = hus, (19.132)
which gives

(a) forh =+1, wurs = tan 30e%u; 3,
(b) forh = —1, Uz 4 = —cot %Oei“’ul,g.

To find the components u 3 we substitute ¥ and Eqgs. (19.131) into the Dirac equation,
giving the system

ussin@e % + u3cos® — su; =0,

+ip

us sinfe ugcosf — suy = 0,

. i 1
—upsinfe "% —ujcos + —uz =0,
P
. 1
—u;sinfe™? +upcosh + —ug =0, (19.133)
P

where
cp
w=—.
E +mc?
By inserting Eqs. (19.132) here, the system is reduced to u3 = hszu. The still missing
relation between the amplitudes is determined by the normalization, which is given by
Eq. (19.124), u®(p)u(p) = 1. (There are a number of uses here.) This gives

(19.134)

(a) for h = +1,
cos %Oe_i‘”/z
ol +iw/2
_ sin 56e :
u(p) i | scos %ee—f(p/z ,
2sin %06'“‘”/2
(b) forh = —1,

sin %9e"W2
—cos %Ge"""p/z

1
u-(p) = T | —ssin Lgeiv/?

2 COS %9e+i“’/2

The structure of the solution confirms that it corresponds to positive energy, that is, to
electrons.

19.5 *The Dirac Particle in an External Electromagnetic Field
|

We now turn to the study of Dirac’s equation for the case where the particle is under
the action of an external electromagnetic field. By introducing minimal coupling, we

obtain Dirac’s equation in the presence of an electromagnetic field,

Yo (au— %AM>\P+%\I’=O. (19.135)
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To transform this equation we need a relativistic generalization of Eq. (14.10),
G-A)G-B)=A-B+ig-(AxB), [A5]=0, (19.136)

which we obtain as follows. We rewrite Eq. (19.96) in the form y,y, = yvyu + 2iou,
and combine with y,y, = —yyy, + 25, to obtain

YuVYv = Slw + iguv- (19137)

Now let A,, be an operator that commutes with y,,; by multiplying (19.137) with A, B,
on the right, we get

(YuAwwBy) = AuBy +ioyuAyBy. (19.138)
On the other hand, if we exchange the indices, we see that
ouwAuB, =0, AyB, = —0u, A By, (19.139)
due to the antisymmetry of o,,,. Combining the two expressions, we get
ouwAuBy = 30, (AuB, — A, By), (19.140)
so that Eq. (19.138) can be written in the more convenient form,
(VuAu)(yvBy) = AuBy + 3i0,, (A, By — Ay By). (19.141)
This is the desired generalization. In particular, for A = B we get
(VuAp? = ApAy + Sioy [Au AV]. (19.142)

Returning to our task, we apply from the left to Eq. (19.135) the operator (y, B, —
mc/h), with B,, = 9, — (ie/hc) A,

m? c?

2
We now apply (19.142), substituting B,, for its original expression; the result is an equa-

tion that contains the Klein—-Gordon equation plus additional terms describing the
coupling between the particle’s spin tensor and the external field,

(vav _ %) ()/MBM n %) v = [(VUBV)()/HB“) — ] w=0  (19.143)

. 2 22 . .
e m-=c e e
(aﬂ - %Aﬂ> VoWt Jiou [aﬂ = oA O = §AV} W =0. (19.144)

The commutator that appears in this expression can be rewritten as follows,
ie
[,] = _§(8MAV + Auav - 31/Ap, - Avau)

ie

- —% [(0:A) = @A) = =5 Fyn, (19.145)

where
Fu = zTA: — % (19.146)
is the electromagnetic tensor (remember that F;; = &;x By, F4; = iE;). Substituting

and multiplying by (—i%)?, the preceding equation takes the form

h
(P — SADMW + m2c2q,_2_e%pqu =0. (19.147)
c c
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19.5.1 Electric and magnetic moments of the electron

The preceding result shows that the Dirac equation for a particle subject to the action
of an electromagnetic field is the relativistic generalization of the corresponding Pauli
equation (see Section 14.2.1), which allows us to write

he ihe ihe
MO';WFMU = _MV/AVVF;W = _%(Viijij + vivaFia)
he
= — (o Bx + iyivai Ep), (19.148)
2mce
or taking into account that y;y4 = y; 03 = p20ip3 = p2p30; = ip10; = i,
he he .
MgﬂvFMV = %(G ‘B —ia-E)= Mmag - B + peject - E, (19.149)
where
Kmag = — (heo/2mc) o (19.150)
and
Relect = i (hieg/2mce) (19.151)

are the electric and magnetic Dirac moments of the electron, respectively.

It is particularly interesting to check that Dirac’s equation predicts the correct value
of the intrinsic magnetic moment, including the factor g =2 that we had to insert by
hand in nonrelativistic theory. It also predicts an electric moment of the electron pro-
portional to the velocity operator. Since the eigenvalues of o are of the order of unity,
while those of « are of the order of |X| /¢, in the nonrelativistic limit one has
(&)

c

heg heg

N — >>
|<Mmag>| e

~ [{Kelect) s (19.152)

2mec

and the interaction term reduces to the Pauli expression in the low-velocity limit, as
expected.

Up to now, the properties of the Dirac electron have been obtained in a natural
way, without the need to introduce ad hoc assumptions, so that Dirac’s equation is
considered to be an exact equation for the electron. However, in a second-quantization
theory, the electron also couples to the fluctuations of the radiation field (which in
fact always exist) and through them to itself, that is there is a self-interaction of the
particle that contributes to modify the parameters that characterize it (mass, charge,
etc.). One of the effects of self-interaction is the appearance of the anomalous magnetic
moment, a contribution that is added to the proper magnetic moment predicted by
Dirac’s theory. As a result, the total magnetic moment of the electron is not that given
by Dirac’s theory for a particle, but carries a correction given by (see the explanation
in Section 14.4)

M=uo(1+%+...) (19.153)

with o &~ 1/137. This is an important result of QED, although because of the small size
of the correction it is common to start from Dirac’s equation to describe the electron
and add the anomalous moment as a correction if necessary. In the case of nucleons,
on the other hand, although the anomalous magnetic moment is of the order of the
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electronic one, the normal moment is much smaller (of the order of a thousandth of
the electronic one, since  ~ m ™), so in this case the anomalous magnetic moment
cannot be introduced as a mere correction.

19.6 Solution of Dirac’s Equation for the Hydrogen-Like Atom
|

In Section 19.2, the first-order Dirac equation for a four-component bi-spinor was
transformed into a pair of first-order equations, each for a two-component spinor.
A further separation of the angular and radial variables leads to a second-order equa-
tion corresponding to the Klein—Gordon equation plus additional terms representing
corrections introduced by the coupling of the particle’s spin to the external field.
Finally, the angular and radial functions can be factored out.

In the stationary case this transformation leads to the radial equation for the
hydrogen-like atom,

A 2
<V,2+—2D+£—dE>R=0, (19.154)
r r
with
o 1 92 252
Vr = ——=7, AD21(1+1)—O[ Z N (19155)
r or?
m2c2 2 Zmez
d5=7<1—8 ). ek = ¢, (19.156)
where
2
E
£ % (19.157)
mc

is the energy of the atom, including the rest energy, expressed in units of the rest energy,
and o = ¢%/hc.

19.6.1 Exact solution of the central-force problem

For the case of the Coulomb potential, Dirac’s equation can be solved exactly. The
result for the energy levels (including the proper energy), is given in Exercise 19.33,

mcz

Eqn = . (19.158)
14+ o272 .
[n—j—%+«/k2—a222}
where n = k +1 + 1. It is interesting to compare this expression with the one obtained
from the Klein—-Gordon equation (19.29) with k = kg, in which j takes the place of

k due to the absence of electron spin; with k = kp the correspondence is kg + % —
kp + % + (I — j)). An expansion of the previous result in powers of Za gives

z’a® 7%t n
Enj=m62|:1— — — -3 +...| (19.159)

2n? 2n4
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The first term after the proper mass represents the Schrodinger energy; the next repre-
sents the relativistic and spinorial correction to order o, which follows from Dirac’s
equation; this correction differs from (19.30) derived from the Klein—-Gordon equation
by substituting j for 1. It is clear that this approximate expression is valid only when
k* > Z2a?, that is, for relatively light atoms, or highly excited states of heavy atoms.
The solution (19.159) predicts the breaking of the degeneracy with respect to j, but not
with respect to /.

Exercise E19.3. Solution of the radial Dirac equation for the H atom using the
algebraic consistency method

Construct the exact energy eigenvalues for the Dirac H atom by means of the algebraic
procedure developed in Section A.1.

Solution. The method of algebraic consistency conditions can be used to solve the
H-atom eigenvalue problem without the need to know the explicit solution of the Dirac
equation, as follows.

The consistency conditions hold whenever the operators S and A can be written in
the form of Egs. (A.94) and (A.95), where B,_ represents the Hamiltonian operator
expressed in the appropriate dynamical variable.

In terms of u=rR, Eq. (19.154) acquires the same structure as the radial Sch-
rodinger equation for the hydrogen-like atom, (A.99). They both correspond to the
operator Bj_, although with a different set of parameters, so (19.154) is equivalent to

> A 2
(—qd—2+—D+q>u —B_u= f—/Ezu (19.160)

9 q d
Ap=1l+1)—d®  g=d/r (19.161)

Thus, the solution for the Schrodinger atom can be transferred to the Dirac atom,
by = bo + 2k, (19.162)

where by is given by by = 1 + /1 +4Ap according to Eq. (A.98). The minus sign is
excluded, since by > 0 for any /. From the preceding equations, after some algebra,
we obtain

402 V2
a=[iv o m] (19.163)

which is the exact result for the energy of the Dirac H atom in units of mc?.

19.7 Approximate Versions of Dirac’s Equation
|

We will now study the corrections to the Schrédinger (or rather to the Pauli) equation
predicted by Dirac’s equation. An expansion up to the second order in v/c allows us
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to derive the terms coming from both relativity and spin, which can then be treated as
perturbations to the Pauli equation, as was done in Section 14.4.

Consider an electron in an external electromagnetic field; we write the wave function
as W = e~ E1/hy(r) and substitute into Eq. (19.135) to obtain the following system of
equations for the spinors (see Egs. (19.107) and (19.108) with p, — p,, —eA,/c),

co’ - (p— SAWp = (E — eAg — mcP)Wy, (19.164)
C

o’ (p— SAWW, = (E — eAg+ mc?)Wp. (19.165)
Cc

Solving for W from the second equation and inserting the solution into the first gives
a second-order equation of the van der Waerden type,

CZ

Y ¢ _ _ B 5
Eeaggma® @ AVa=(E—edp—mcHWs (19.166)

o' (p—SA)
C
This is an exact Dirac’s equation, and it is Lorentz invariant, although not explicitly
covariant. In the nonrelativistic approximation we can consider E ~ mc? and expand
up to the first order in |v/c|; with Eg = E — mc? and |Eg — eAg| < mc?, where E is
the total energy, we get

2 1 2mc? 1 Eo —eAg
E —eAg+mc2 2m2mc2+ Ey—eAy 2m

+> (19.167)

2mc?

Keeping for the moment only the first term 1/2m, (19.166) reduces to

1 , e 1?
[0 = 2] Wi = (B0 - eana, (19.168)
2m c

which is the Pauli equation (14.25) for the stationary case, with V. = eAg. The Pauli
equation can then be seen as the lowest-order nonrelativistic approximation of the
Dirac equation. If, in addition, the spin is suppressed, the previous equation reduces
to that of Schrodinger. Note that this result endorses the substitution of p? by (o - p)?
used in Section 14.2 as a method of introducing spin into Schrodinger’s theory.

After some algebra carried out to second order, the Dirac Hamiltonian reduces to

Ho Py B _em
2m 8m3c2  8m2c2
We see that to this order, Dirac’s theory predicts three correction terms to Schrodinger’s
theory, namely,
(1) the relativistic correction to the kinetic energy, H =- p*/8m3c?,

(i1) the Darwin term due to the zitterbewegung of the electron,

h
(V.E)— —% _6.Ex p. (19.169)
m=c

= —i(V-E)z oy (19.170)
8m?2c2 8m?2c2 ’
(ii1) the term due to the coupling between orbital motion and spin,
I%:—ia-Exp:—a-(VV)xp. (19.171)
4m?2 2 4m? 2

Note that H, has appeared here as a result of the coupling of the electron’s electric
moment to the electric field, generated by the orbital motion. This makes it possible to
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link the origin of the electron’s electric moment to the zitterbewegung. Sometimes this
correspondence is carried further by considering that even the magnetic moment, and
hence the electron spin, is due to the zitterbewegung. This possibility has been seriously
considered by several authors over the years, but no consensus has been reached.

Problems

P19.1

P19.2

P19.3

P19.4

P19.5

P19.6

P19.7

P19.8

Solve the Klein—-Gordon equation for an isotropic attractive potential of depth
Vo and radius «; find the continuity conditions at » = a. Obtain the minimum
value of Vj needed to bind a particle of mass m.

Use the method suggested in Problem 19.7.1 and the approximate equivalence

271_21 [E—V ()] — # [(E —V)?— m%“] , (19.172)
to obtain the Klein—-Gordon solution for the spherical uniform well from the
solution of the corresponding Schrodinger problem.

Show that the expectation values of EZ and p? for a general packet solution
of the Klein-Gordon equation, satisfy the equation (E?) = ¢ (p?) + m>c*.
Show explicitly that the matrices y,, and «,, satisfy the appropriate anticom-
mutation rules, Egs. (19.36) and (19.52).

In applications, the matrix ys, defined as the product of the four matrices y,,,

Vs = V1Y2Y3V4 (19.173)

is frequently used. Prove that s is Hermitian, that it anticommutes with the
matrices y,,

Ys¥u +yvuys =0 (uw=12,3,4), (19.174)

and that
_( 0 -I 2 _
Y5 = ( I 0 ), vs = 1. (19.175)

Solve Problem 19.7.1, this time using Dirac’s equation. Compare and discuss
your results.

Prove that [ﬁ,a . a] = —2ica - (p X a) for a a fixed vector and H the free-
particle Dirac Hamiltonian.

Consider the sign operator for the free-particle Dirac equation given by the
equation

. H, : 2
A=fp _cx-ptpme  p e, (19.176)
E. E,

Show that this operator is Hermitian and unitary, with eigenvalues » =
+1, and that these eigenvalues are integrals of motion for the free particle.
Construct with its help the projectors [T+ = %(1 4+ A) and show that these
operators project the positive and negative energy states, respectively, for the
free particle.
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P19.9 Given the Dirac Hamiltonian with minimal coupling (in units ¢ = h = 1)

Hp =a -1+ Bm + e, (19.177)

where & = p — ZA, prove that
F=a, i=d&=2i[r—aHp—ep)], (19.178)
i =¢E +ea x B. (19.179)

Note that the Lorentz force is expressed in terms of «.
P19.10 Prove the equation

(@-p)o-D)=p1c-p)o-J)=p1p-J+ia-(pxJ). (19.180)

P19.11 The selection rules for dipole transitions that apply to Dirac’s theory are
Al = £1, Aj = 0,+£1. Determine the frequencies of the transitions allowed
between the states with n = 2 and n = 3 for the H atom in Dirac’s theory, and
compare with the results predicted by Schrodinger’s theory.
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Dirac’s classic book (2023), first published in 1930, is still a standard reference.

The idea that the electron spin is related to the zitterbewegung has been proposed inde-
pendently by many authors, starting with Schrodinger (1935). This has been an
ongoing topic of research over the years; see, for example, Dirac (2023), Huang
(1952), Bhabha and Corben (1941), Barut and Zhangi (1984), Hestenes (1990),
Rodrigues et al. (1993), G. Salesi (1993). The last word on this subject has not yet
been said, however.
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