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This paper studies a broad class of nonnegative AR®HNodels Sufficient con-
ditions for the existence of a stationary solution are established and an explicit
representation of the solution as a Volterra type series is fdunder our assump-
tions the covariance function can decay slowly like a power functialing just

short of the long memory structur® moving average representation in martingale
differences is establishednd the central limit theorem is proved

1. INTRODUCTION

In the present paper we study general nonnegative ARgHequences defined
as follows

DEFINITION 1.1. Arandom sequendeX,, k € Z}is said to satish ARCH(c0)
equations if there exists a sequence of independent and identically distributed
(i.i.d.) nonnegatie randonwariables{¢,, k € Z} such that

X = prés (1.1)
pe=a+ > b X, (1.2)
-1

wherea=0,bj=0,j=12,....

The general framework leading to the modgll), (1.2) was introduced by
Robinson(199)) in the context of testing for strong serial correlation and has
been subsequently developed by several autfsees Section }
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4 LIUDAS GIRAITIS ET AL.

This class of models includes the classical ARGH model
jo'e)
2 2.2 2 _ 2
rk—()'ksk, O'k—a‘f'zbjrk,j,
=1

and also a more general model

Irel® = adlexl?, (1.3)
ol =a+ X bnl?, (1.4)
=1

where{e, k € Z} is a sequence of zero meand. random variables andl> 0.
In fact, one can assume that = f (¢,) for some nonnegative functidrthat may
be of interestThis flexibility of the model(1.1), (1.2) is important in light of
recent empirical findings that show that whereas the retyroa most specula-
tive assets are basically uncorrelated covariance structure of the powerg®
is quite rich(seg e.g., DacorognaMiiller, Nagler Olsen and Pictet1993 and a
review paper of Baillie1996.

Animportant question is to find conditions on the coefficieats0,b, =0, | =
1,2,... and the random variablgg,} that guarantee the existence of a stationary
solution to equationgl.1) and(1.2). Such conditions willin particular lead to
corresponding conditions for special cases suchgsequationg1.3) and(1.4).

We show in Section 2 thatE(X;21 b; ¢;) < 1, then equationél.1) and(1.2) have

a unique nonanticipative strictly stationary solution with finite first montext.

Under a stronger conditiofsee Theorem.2), this solution has also finite vari-
ance angdconsequentlyis weakly stationary alsé\n important point is that we
basically require only the summability of the to show the existence and to
obtain an explicit solution to equatiof%1) and(1.2). Thus the class of models
studied in this paper is larger than the class of GARCH models defined by equations

p q
ré = oled, ol =g+ X Biodi+ D o). (1.5)
i-1 =1

Under additional constraints on the polynomigle) and«(z) the conditional
varianceoy? can be rewritten as a moving averagé = a + >, b, rZ; with
positive exponentially decaying weights(see Nelson and Cat992. The ex-
istence of a stationary solution to GARCH equations has been studied in depth by
Nelson(1990 and Bougerol and Picard992.

Section 3 deals with the asymptotic behavior of the covariance function of the
serieg X, } defined by(1.1), (1.2). Bollerslev(1988 and He and Terasvirt2000),
among othersstudied the covariance function of GARCH modéMéhat is rel-
evant to our paper is that the exponential decay of the coefficipimsplies the
exponential decay of the covariance function of the sequén@ge This result
remains valid for the general mod@ll), (1.2) (see Kokoszka and Leipu@000.

We show in particular that if by ~ Cj~” for somey > 1, then the covariance
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function of{X,} also decays at the rake . Thus asy approaches,his covari-

ance structure becomes very close to the long memory structure that is typically
defined by requiring that the autocovariance functjgnsay is not absolutely
summablei.e., X«|v«| = oo, or, more specificallyby the condition

Y ~ K29 L(K), (1.6)

for some 0< g < 3 and a slowly varying functioh.(k). (A functionL(s), s=0
is called slowly varying ifL(ts)/L(s) — 1 ass — oo for anyt > 0.)

The question of the existence of long memory ARCH models is taken up in
Section 4We discuss relevant recent research in light of the results of Sections 2
and 3 The main conclusion is that more research in this direction is called/for
also establish a martingale representation of the soluti¢hig (1.2) and apply
it to obtain an example of an ARCH process whose covariance function is arbi-
trarily close to the covariance function of a long memory sequence at any finite
number of lags

Finally, we show in Section 5 that the central limit theorem holds for the ARCH
sequencéX,} under the same assumpti@4) that guarantees the existence of a
weakly stationary solution t@l.1), (1.2). As for a Gaussian sequenc® addi-
tional mixing assumptions are needed

The results of this paper are proved using a \Volterra series type expansion of
the ARCH processn generalif X, is some nonlinear functiod, = f (¢, éx_1,.-.)
of the shocksg,, it is sometimes convenient to work with its Volterra series
expansion

f(fk’gkfl"") = 2 legk—jl—‘f_ 2 2 leyjzgk*jlgkfjlsz
“=0 ; .

1= j2=0j,=0
[ee) 0 0

+ 2 2 2 Casbkeis Skoiipbkiiiais T 1.7)
j1=0j2=0j3=0

(see Priestley1988. For the ARCH models studied in this paper the weights
Cii,....i, have the forng; ;. ; =D ...b

jl... jm.

2. STATIONARY ARCH(«) MODELS

Our goal in this section is to investigate the existence of a stationary solution to
equationg1.1) and(1.2). Because our main interest is in the memory structure of
the modelwe focus on the existence of solutions with finite variance

Recall that a random sequeniég} is strictly stationary if for any integens
andN the distribution of the vectdiZ,,, Zmy1,-- ., Zm+n) dOes not depend am.
Note that no moment assumptions are needed to define strict statiomgrity
weak stationarity we understand subsequently covariance statigmdrity, ob-
viously, requires finite variance

https://doi.org/10.1017/50266466600161018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600161018
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In generalwe shall assume that the first two momeBts andE£Z are finite
However for the existence of a strictly stationary solution(ol), (1.2) we as-
sume only the existence of the first mom&dt, (see Theorem.2).

Formally (1.1) and recursion relationd..2) give

Xk = <a+ bjlxkh)fk: aé+ > by Ekéui, P,
ji=1 ji=1
= ... = aE 2 bjl...bjlfkfk_jl...fk_jl_,,,_il, (21)
=0y, =1

which can be rewritten as

&=Q§MWL (2.2)

whereMg(k) = & and forl =1

[ee]

M, (k)

I
M

by e ey

2 bbby (2.3)
h<h-1<...<1i<k
However to show that the sequengX¥,} given by(2.2) and(2.3) is a solution to
(1.1), (1.2) additional restrictions on the weighisand the sequende; } must be
imposed Kokoszka and Leipug000 proved tha{X,} is a strictly and weakly
stationary solution ifE¢3)? 3, b, < 1. We refine this resultin Theorem2
which follows and prove the uniqueness of the stationary solutiémsay that a
solution to(1.1), (1.2) is nonanticipativaf X, is independent of th&,, n > k, for
every integek.

THEOREM 21. Suppose that& < oo and

E&§Q<L (2.4)
i=1

Then(2.2) is a strictly stationary solution t¢1.1), (1.2) with finite first moment
EX«. Moreaver, such a solution with finite first moment is a unique nonantieipa
tive solution If the constant a if1.2) is zerq this unique solution is ¥= 0.

If, in addition E£8 < co and

(E£8)? § b <1, (2.5)
=1

then(2.2) is also a unique weakly stationary solution(tbl), (1.2).
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Remark 21. In the sequelwe use the notation

Ay = E&o, )\2:E§§

and
B = 2 bj.
j=1

In this notation conditions(2.4) and(2.5) become\;B < 1 andA,B? < 1, re-
spectively Condition(2.5) implies(2.4) because\? < ..

Remark 22. In generalthe conditions of Theorem2cannot be weakengid
the existence of appropriate moments is requivéelillustrate this point by con-
sidering the ARCH1) model defined by equatiori$.1) and(1.2) with b, = band
b, = 0 forj = 2. Suppose thafy = £Z, where theg, are standard normarhen
condition(2.4) becomed < 1. If b= 1, then there is a unique stationary solution
satisfying lim_, . XP(X, > X) = ¢, wherec is a positive constantt follows that
in this caseEX, = o. Condition(2.5) becomes/3b < 1 (becausé&ef = 3), and
a similar argument shows thatbf= 1/4/3, then the unique stationary solution
satisfiesEX? = 0. The details are presented in Sectiof8 of EmbrechtsKliip-
pelberg and Mikosch(1997).

Remark 23. Note that the GARCIlL,1) model
Mk = Oké&k,
ol =ag+ Bro@ i+ aird

can be written in the fornil.1), (1.2) with p, = 02, &, = &, X, = r¢, and the
coefficientsa = ap(1+ By + B2+ ---) = ap/(1— B1), b, = Bi ‘. The condi-
tions for strict stationarity of the sequenfig} were studied by Nelso(1.990

who used the following representationaf:

oo |
0'k2:ao<1+21_[77kj>’ (2.6)
I=1j=1
wherey; = B; + a; &7. Representatiof2.6) and the strong law of large numbers
applied toS, = logn,_1 + --- + logn_, yield conditions of the existence of
strongly stationary solutiofr?}. This idea is not directly applicable to our model
(1.1), (1.2), or (2.1).

He and Terasvirt@1999 studied the general GARQHb, q) model(1.5) and
established conditions for stationarity and the existence of higher order moments
They used the following representation of conditional variance

P
o =g+ X Mik-i 0, (2.7)
-1
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wheren; i = Bi + a; eZ_;. Recursive application of equalit.7) yields a rep-
resentation analogous (2.6).

Proof of Theorem 2. We first verify that condition(2.4) implies the exis-
tence of a strictly stationary solution with finite expectatiBecause all factors
of the product, &y, ... éxj,— ..., in (2.3) are independent we obtain

o) |
EM(K) = A7t > ] by, = 1A, B)

j--nh=lm=1

and

EXc=a2 EM(K) =aA; X (A1B)' <. (2.8)
I=0 I=0

ThereforeM, (k) andX, are well definedfor anyk andl, M, (k) < co a.s. andX, <
oo a.s. One can easily verify thdiX,} (2.2) is a strictly stationary sequence sat-
isfying (1.1), (1.2).

To prove uniguenesassume thal, is any strictly stationary solution 1d. 1),
(1.2) with finite first momentEY, < co. Then applying recursively relatio(L.2),
afterm steps we obtain

Yk:aka 2 bjl---bj|fkfjl-“fk*jr---*h
1=0 ji,....51=

the X by e Y

Yk—sz fk 2 bjl'"bjm+1§k_j1"'gk_jl_"'_ijk_jl_"'_jm+l
jpeimea=1
—&a 2 Z bjl‘"bj|§k*]1"'fk*h*-“*h‘ (29)
I=m1g,.oig=1

For the first term on the right-hand side @9), by Chebyshev’s inequality and
the assumption thdty,} is a nonanticipative solutignve have

fp{fk_ > [bh---bjm+1§k—il---fk—jl—-~~—ijk—il—-~~—jm+1]>6]

jeesimen=1
= EY%(A,B) mt+1

By (2.4) and the Borel-Cantelli lemméhis implies almost sure convergence to
zero asm — co. Because, 2o M, (k) < oo as., choosingm large enoughthe
second term on the right-hand side(@f9) can be made arbitrarily small with
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probability 1 ThusY, = Xy as. Note thatif instead of assuming nonanticipativjity
we assum&Y? < co and(2.5), then the bound on the right-hand side of Cheby-
shev’s inequality iSEY?)Y2(AY2B)™"1, Consequentlyunder(2.5), (2.2) is a
unique solution in the class of all stationary solutions with finite second mgment
i.e.,, not only in the class of nonanticipative solutions

We prove now that under assumpti@h5) the solutionX, given by (2.2) is
weakly stationaryBecaus€?2.5) implies(2.4), by the first part of the theoreyix
is a strictly stationary solution with finite first momernt remains to prove that
the variance Vak s finite. This follows from a number of more general facts we
state and prove subsequenilese lemmas also play an important role in the
subsequent sections of the paper u

Our first lemma establishes a convenient representation fo(XGay, X,,) and
shows that CoX, .k, Xn) = 0.

LEMMA 2.1. Under assumptiof2.5)
COV(Xn+k’ Xn) = a-2 2 Rk('; p)’ (210)
I,p=0
where
Ri(l, p) := Cov(M, (k), M,(0))

_ 2 [(/\g(k,i,S) _ Azly(k,j,s))/\21+|+p—2y(k,j,s)
1<---<j1<k
$<---<5;<0;y(k,j,5)=1
X bk_jlbjl_jZ tee bj|—1—i| b—51b31—52 tee bSp—l—Sp]
(2.11)

withy(K,j,8) :== {K,j1,...,Ji} N {0,sy,..., S}, the number of common elements
of the setgKk, j4,..., )i} and{0,s,,...,S,}.
Because\, = A3, the righthand side 0f2.10) is nonnegatie.

Proof Observe that
CoV(Xy, Xo) = a% >, Cov(M,(k),M,(0)) =a? >, R(l,p), (2.12)
I,p=0 1,p=0
where

Re(l,p) = Cov(M, (k), My(0))

= 2 bk*jlbjlfl'z"‘bl'l—lfilb*51b51*52"'b5p—1*5p
i< <ia<k
Sp<---<$,<0

X COV(éxé), ... &, Eobs, - . £5)- (2.13)
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Because thé& are ii.d. random variablesve get that
Cov(ékéi, - -- & E0és, - &s,) = E(&kéj, .- &, €0, - €s)
— E(&kéj,---&)E(&0, &5, - - €5)

equals to Qif the sets of indexek, ji,...,ji} and{0,s,...,s,} do not intersect
and equals tgA%* S — A3y (ki.9)) \2H1+p-2y(ki.9) gtherwise This implies(2.10)
and(2.11). [ |

We now show that the right-hand side(@f10) is finite. This is established in
Proposition 21, which follows from relation$2.14) of Lemma 22 and(2.10) of
Lemma 21. Relation(2.15) of Lemma 22 will be used in Section.3

LEMMA 2.2. Consider the quantities R, p) defined by(2.11). Under as

sumption(2.5),
0=R(l,p) =21,D'", (2.14)
and if k=1,
I p
Rk(l’ p) = 2 Z Qk(u7v))\LZJL+U/\2DI+p7U7Ua (215)
u=1lv=0
where
D = BAY? (2.16)

stands for the lefhand side of(2.5) and where

Quluw) = 2 by, 0y, -, - By, -5, P, b5 s, - B s, B
Ju<"'<Jl<k
ju<sy—1<---<5<0

(2.17)
Proof Because

0= COV(fkfjl--~§j|,§o§sl---§sp) = E[fkfjl---fj,][fofsl---fsp]
= (E[&é), ... &, 17E[€oés, ... £4)) V2 = 1505772 (2.18)

we get from(2.13)

e} I+p
0=R(l,p = <2 b,-> ApA5 P2 =2, DR,
j=1

Thus(2.14) holds

Now we prove(2.15).

Let k = 1. Because we have to consider(ital3) only overlapping indexes
1K j1...,J1} and{0,s,,..., Sy}, the setl of such indexes can be factorized into
nonintersecting subselg,, u=1,...,1,v=0,..., p consisting of indexe&j ) :=
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{is---,Jirand(s) = {sy,..., s} such that setf, s, ..., jy-1} and{0,s,,...,s,_1}
do not overlap ang|, = s,. Using(2.18) and(2.13) we can rewrite

| p
Re(l,p) = 22 > bbby bog by g b g ]

u=1v=0(j),(s)Ely,

I p
X CoV(€kéj, - & €0és, -+ Es) = 21 Zo Qu(u,v) Ay A, DIFPuY,

[ |
The following corollary to Lemma.2 will be used in Section.3
COROLLARY 2.1. Under assumptio2.5)
> Rl,p) =D"P(I + 1) (p+ 1)1, (2.19)
k=0

where R(l, p) is defined in(2.11).

Proof Because indexes—ji,j1 = j2,---»ju—1— Jus —S1, S1 — $5+++,S—2 —
S,_1,S,_1 — juin (2.17) are linearly independent and the number v of these
variables is the same as the number of variaklgs..., |, Si,...,S,—1, it follows
that

8

oo u+uv
/\L:JLJrv 2 Qk(U,U) = <2 bl) /\Lfru <= Du+u
k=0 j
in view of A, = AY2. This and(2.15) imply (2.19). [

PROPOSITION 2. Under assumptiofi2.5)

0 = CoV(Xp11, Xn) = 1,82 >, D' < o0, (2.20)
1=0

wherel, = E£€Z and D< 1is the lefthand side o0f(2.5).
Proof By Lemma 22, forallk=0
Rk(la p) S)‘ZDIer, (l ZpZO)

Therefore

8

S Rip=x(o).

l,p=0 1=0

Inserting this bound int¢2.10) yields (2.20). u
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3. ASYMPTOTIC PROPERTIES OF THE COVARIANCE FUNCTION

Condition(2.5), (E£8)Y? 221 b; < 1, in Theorem 21 ensures that the process
{X\} is weakly stationaryi.e., it has finite variance and covariances
CoVv(Xn ik, Xn) = Cov( Xy, Xo) that are invariant with respect to the shiffinThis
result however says nothing about the memory structure of the sequgXge
i.e., how fast the covariance function of the procéXg} tends to Qask — co.

We show in Proposition.3, which follows that the assumptio(®.5), which
ensures the existence of a weakly stationary solution of ARGHequations
also implies that

> Cov(Xy, Xo) < co. (3.1)
k=—o0
Because the covariances Q& X,) are nonnegativehis shows that ARCkto)
models with finite second moments satisfying conditi@/®) are short memory
processedn the sense that the covariance function is absolutely summable

PROPOSITION 3L If D = (E£3)Y2 372, b, < 1, then

i Cov(Xy, Xp) < co. (3.2)

k=—o0

(Recall thatCov(X,, Xy) = 0.)
Proof By (2.10) and Corollary 21,

2 COV(Xk,Xo) = COV(Xo, Xo) + 2 2 COV(Xk, Xo)
k=1

k=—o0

=a’ i i R(l,p) = 21,22 % (I+1(p+1D"P

k=—oco1,p=0 l,p=0

00 2
=2)\2a2(2(l+1)D'> < oo. [ |
1=0
We show now that the rate of decay of the coefficiantsontrols the asymp-

totic behavior of Co¥X,, X,). Kokoszka and Leipu€000 showed that if thé,
decay exponentiallghen the covariance function is exponentially decaying,also
in particular if by = Ba! with 8 =0, 0 < « < 1, and if condition(2.5) is satisfied
then

COV(Xk, Xo) = (a(l + ,8)) k,

wherea, = B, means that there are positive constaiitandC, such thatC, 8, <
ay < Cy By, k> ko for somek, > 0.

In Proposition 3, which follows we show that hyperbolic decdy = Cj 7,
v > 1 implies the hyperbolic decay of the covariances CQvX,). Proposi-
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tion 3.2 also implies thatib; ~ Cj ™%, y > 1, (o ~ 8 means that; /8; — 1 as) —
o), then Cov X, Xo) = k 7. Thus even though conditiof2.5) implies absolute
summability of the covarianceg allows for a very slow rate of decay of the
autocorrelation function whep > 1 (fixed) is chosen close to.1

PROPOSITION 2. Suppose that2.5) holds and assume that for some
vy>1c>0

b =cj7, i=12,... (3.3)

Then there exists G 0 such that for k= 1

Cov(X, Xp) = Ck™. (3.4)
If c,j 77 = by = c,j ¥ for sufficiently large jthen

C k™ = Cov(X,, Xg) = C, k™Y (3.5)

for sufficiently large k

Proof Inthe proofC denotes a generic positive constant that may change from
line to line

We will show that under assumptid8.3) the termsR.(I, p) in the expansion
(2.10) of the covariance Cd¥,, Xp) can be estimated as

Re(l,p) = Ck (I +1)""2(p+1)Y"2D'*P, (3.6)
Once(3.6) has been verified3.4) and the upper bound it8.5) follow immedi-
ately because

Cov(Xi, Xo) = a2 X Ri(l,p) =Ck” 3 (I+1)7"2(p+1)7*2D"*P
I, p=0 l,p=0

0 2
- cw<2 (+ 1)v+20'> =Ck.
=0

The lower bound in3.5) is easy to establisiBecause th&(l, p) in (2.10) and
thel; are nonnegative

Cov(X, Xo) = a’R(1,1) = a* _Ek b, b_s, Cov(£é),,é0és)
J1<
$,<0

= a?(A3, — )«1)(2 b b+ > bkb,s>.
j<o0 s<0
Because\j A, — A1 > 0 andb; = 0, we get

Rd(11) = (A1, — A1)b > b_g= Ck™? (3.7)

s<0

for sufficiently largek.
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It remains to verify(3.6), which will follow from inequality (2.15) once we
have shown that

A7 Q(uv) = C(1 + 1) (p+ )7 k= 7Dv* (3.8)

To prove(3.8), we have to estimate

Quv) = X bbb Dby g s g b
JL|<‘.'<]1<k
%}<"'<51<0:ju:3u

Setny =K —j3, M =j1 —j2ee M = Ju-1 = Ju Muva = =Sy, Ny = §y —
SpyeeesMNuty-1=S-2—S-1, Nyt = S,—1 — S,, Wherej, = s,. Becausen, + --- +
Ny — (Ngy1+ --- +nyy,) = kthere exists ¥ ip = u+ v such than;, = k/(u+v).
Thus

bnl0 =Cn,”=C(u+v)’k™.

The indexesy, ..., N 1, N +1,..., Nyt are linearly independenthus

u+tov u+uv 00
Q(u,v)=C 2 (u+wv)’k™ H < bni) =C(u+ o)k 7Butv L
io=1 i=1\ m=1
i#ig

This implies(3.8), becauséu + v)**1 = (I + 1)**}(p+1)*"* and

A]_E bjﬁ(/\z)l/ZZbJ:D<1 u
j=1 j=1

4. LONG MEMORY AND MARTINGALE REPRESENTATION

We have seen in Section8ee Proposition.2) that it is not possible to construct
a stationary ARCH modsdillL.1), (1.2) satisfying(2.5) with autocovariance func-
tion that is not absolutely summableong memory ARCH models are however
desirable in light of the observed covariance structure of many real-life time
seriedseee.g., Dacorogna et al1993 Baillie, Bollersley and Mikkelsen1996
Ding and Grangetl996 Breidt, Cratq and de Lima1998. Consequentlymany
authors(seg e.g., Robinson 1991; Baillie et al, 1996 Ding and Grangerl996
Robinson and Zaffaroni997 1998 Robinson and Henrl 998 have discussed
possible ways of constructing stationary long memory ARCH moddie ap-
proach generally taken is to argue that some fractional power of the difference
operator applied to the serig¢ig|® forms a sequence of martingale differences
and hencgby analogy with linear sequencéie seriesr,|® exhibits long mem-
ory as defined by1.6). In this section we take a closer look at this approach in
light of the results established in the previous sections and develop a martingale
representation for the modél.1), (1.2).

To focus attentiopconsider the long memory ARGHM (q)-ARCH, model of
Ding and Grange(1996. The model is defined as follow§r?} is the observable
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time serieswhich may represene.g., squares of log-returngind{e,} is a se-
guence of.i.d. mean zero random variables with unit varian8appose that the
g, have finite fourth momenEsg = A,. The LM(q)-ARCH equations are

ré = olef, al=021—p) +p q rkz,j, (4.2)
j=1

where0=u=10<g< 1 and

g ard-a _d
' TA-gr(j+1 r@a-oq

N ) (4.2)

are the coefficients in the expansion of the fractional differencing opetater
L)9= -3¢ a LJ; L is the lag operator defined hyX, = X,_,. The coefficients
a; clearly satisfy> 1" a; = 1. Ding and Grange1996 argue that under conditions
that guarantee the existence of the fourth monf&it< oo,

Cov(ré,,rd) ~ Ck&a1 (4.3)

whenever 0< g < 3. The results we obtained show that the long memory

property(4.3) is not valid for u satisfying 0= u < 1/VA, < 1. (If the g, are
standard normak4.3) does not hold fo < 1/y/3 = .577.) Indeed upon set-
ting Xy = 1, px = 0, &k = &k, a= 021 — u), by = ua;, the preceding model
coincides with our model defined k.1), (1.2). If u < 1 condition(2.4) holds
becauseX?;a = 1 implies X2, b, = u, which combined withEeg = 1
implies

Efo > by = pEo=p < 1.
-1

Therefore by Theorem 2L the unique stationary solution exists and is given by
(2.2), (2.3) wheneveru < 1. Under the additional assumptign< 1/v2A, this
solution is also covariance stationary because cond{@d) is satisfied

(EE)V2 X b = (Ap)Y2u < 1.
j=1
Moreover by (4.2), b, ~ Cj~97L Thus using Proposition 2, we get the rate of
decay of the covariance function
COV(XK) XO) = k*(]*l,

which is different from(4.3).
The caseu = 1 discussed by Ding and Grangédi996 has drawn particular
attention because it yields the equations

(1-LD)r2 =, (4.4)
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where they, = r? — 0,2 are martingale differencéprovided a stationary solution
{r?} exist9. Because of the similarity df.4) and fractional ARIMA equations
it is argued that for 6< g < 3 the covariance function df?} decays at the rate
k29-1, Note that in the case = 1, condition(2.4) for the existence of a stationary
solution is not satisfiedherefore our results do not apply to this caaeygesting
a need for further research in this direction

Roughly speakinghe rate of decay of the covariance function of a stationary
sequence is controlled by the asymptotic behavior of the coefficients in its mov-
ing average representatidn the remainder of this sectipwe develop a moving
average representation in martingale differences for the ARCH model studied in
the present paper

Consider the general ARQkb) model(1.1), (1.2) and assuma > 0, because
under our assumptiona = 0 implies that the only stationary solutionXg = 0.
We reparametrize the model by setting

Condition(2.4) is then equivalent to

2 P < 1. (4.6)
j=1
Define the function

p(2) = 1—yyz—h2° — -, lz| =1, (4.7)

which, by (4.6), is analytic in the open unit disz: |z| < 1} and has no zeros in
the closed dis¢z |z| = 1}. Equationg1.1) and(1.2) can now be rewritten in the
following form:

Xi = préks pr=a+ > b X =a+ A (1— ¢ (L)X (4.8)
-1

According to Theorem .2, under assumptio(®.4), there is a unique nonantici-
pative strictly stationary solution to equatioflsl) and(1.2), given by (2.2),
which by (2.8) satisfies

ar, ar;

EX, = W (4.9)

Hence(4.8) can be rewritten as

P (L) (X — EXo) = vy, (4.10)
where
v = p(ék— A1), ke Z (4.11)

https://doi.org/10.1017/50266466600161018 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466600161018

STATIONARY ARCH MODELS 17

is a sequence of martingale differences., E(v\| F_1) = 0, where /=
o{¢;,j =k} is theo-algebra generated by the random varialflggy_1,.... If
condition (2.5) holds then{X,} is also covariance stationary and thghave
finite second momen(It is easy to verify thaEvZ = A3 (A, — A3)EXZ.)

To represenk, — EX, as a moving average of thg, we must apply the op-
eratoryy (L) to both sides of4.10). A simple sufficient condition that justifies
such an operation is that (L) has absolutely summable coefficiefése e.g.,
Proposition 3.1 of Brockwell and Davis1991, and the discussion that follows
More preciselywe must show that fojz| = 1,

¢(2) = D iz and X |¢h] < oo (4.12)
j=0 j=0
This is not a trivial assertigrbut it follows from the following lemma
LEMMA 4.1. SupposeZolii| < oo, ¥(2) = 2204 2%, and|¢(2)| > 0 for

|z = 1. Theny(2) =1/4(2) = 209 2, |2 = 1, and ZjZo| | < co.

Lemma 4l is stated as problem 8 of chapter 18 of Rudi®87) and essentially
follows from Theorems 121 and 1110 of Rudin(1987). Results of this type are
known in harmonic analysis as the Wiener-Lévy theofeae also Zygmund
1959 Ch. 6, Sect 5).

The functiony (z) defined by(4.7) and(4.5) satisfies the assumptions of Lemma
4.1, and so we obtain the following representation

Xk: EXk+¢7l(L)VkEEXk+ E&J Vi—j. (413)
j=0
We summarize the preceding discussion in the following theorem

THEOREM 41. If condition(2.4) holds then the solutiodX,} of theARCH
equationg1.1) and(1.2) admits the representation

X = EXe+ X i
i—o

whereX 2| JJ- | < oo and theyy satisfy Hv,| F._1) = 0. If, in addition, condition
(2.5) holds then B/Z < co.

Remark 41. Theorem 41 leads to an alternative proof of Propositiori.3
Indeed under(2.5) thew, are uncorrelatecand so

> [Cov(X, Xo)| = > Evé

k=—o0 k

Z‘Zjlzwk = Eué(E |1ZJ|>2 < oo.
J j
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Recall that Theorem.4 cannot be applied to the operatfL) = (1 — L)
0<d< 3, becausg (1) =1—A,>7 b, = 0, which violates conditiori2.4). The
following example discusses a simple but interesting modification to which Theo-
rem 41 applies

Example 4.1
Consider the operator

p(L) = (@2-rL)e,

where 0<r < 1 and 0< a < 1. Then condition(2.4) is satisfied and assumption
(2.5) reads as follows

(ADV2A7H1— (1-1)*) < 1 (4.14)
In this case
- rdj+ ) ,

= TUED) gyt (o).

" T(e)r(j+ 1)
If (4.14) holds Theorem 41 implies that

CoV(Xy, Xo) = Evg D i thj+ k-
j=0

One can easily verify that
CoVv( Xy, Xo) ~ Kke 1k (4.15)
Indeedfork >0

Cov(Xx, Xo)
kuz 1

[e'e]
) -
OZl//] kLy l k*
Because

ik

ka*lr k

- I Ya)ri ask— oo,
it follows from the dominated convergence theorem tddl5) holds with
K =Endl Ya) > 1171- r=Evdl Ya)(1—r2)"~
j=0
Analogously to the ternsemi heavy-tailgpplied to probability densities as-
ymptotically behaving ag~“8 *(a > 0, 8 > 0) whenx — oo, the dependence
structure in the preceding example could be characterized as “semilong niemory

The model described in Examplelsas the autocovariance functjavhich,
asr — 1, tends to the autocovariance function of along memory model uniformly
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at any fixed number of lags but eventually decays exponentially Téss may

have empirical relevandsege.g., Dacorogna et al1993 Figure § which shows

that the absolute values of the returns on USD-DEM exchange rate have auto-
correlation function that exhibits behavior similar to the one givef#ih5)).

5. CENTRAL LIMIT THEOREM

We prove in this section the central limit theoré@LT) for the ARCH(co) se-
quence{ X}

Itis well known that for moving average§ = =2 ., ax_ &, whereX ag <
co ande; are ii.d. random variables witks; = 0, Esj2 =1, or Gaussian processes
X, the conditionS|Cov(Xy, Xo)| < oo implies the CLT N"¥231Vx, 2
N(0,0?) with o2 = X2 _., Cov( Xy, Xo) (see Ibragimov and LinnjkL971, Theo-
rem 186.5).

Theorem 51 shows that although the ARGhb) sequencé?.2) has much more
complicated structure than moving averagbe short memory conditidr.2)
still effectively controls its dependence structure and implies the. €EbT the
CLT to hold neither the rate of decay of thg need be specified nor any other
“short memory assumptiotisuch ase.g., mixing conditiongneed be imposed

The fact that the CLT holds for the ARCH sequences studied in this paper can
be interpreted as yet another manifestation of their “short memory napag”
tial sums of long memory sequences converge at a rate different/tNan.f.
(5.2), which follows

THEOREM 51. Suppose th&dtX,} is anARCH(c0) sequence satisfyirng.1),
(1.2), and assumptiol2.5), i.e.,
(E€3)Y? > b < 1. (5.1)

=1

Then as N— o

N
N=2 (X — EX) -5 N(0,02), (5.2)
j=1
where
a?2= > Cov(X,Xg) < 0. (5.3)
k=—o0

Here -%> denotes the carergence in distribution
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Proof By Theorem 21 the unique stationary solution tb.1), (1.2) exists and

can be represented as the s(@2). Fix L > 1 large enough and spk (2.2) into
two parts

oo L o]
XkEa|:20M|(k)=a|:EOM|(k)+a 2 M|(k)

I=L+1

L L )
= {aE M,(k)} + {a M*(k)+a > M|(k)} =: X + X¢.
1=0 1=0 I=L+1
HereM,” (k), M,* (k) are defined by splitting/, (k) as
M) = X by, by g6

ji<---<iji<k

) P FO S S

i<+ <ii<k

+ > [ @ L=t jo=teai=L)

J<---<j1<k

M (k) + M (k).

Set

Svi=N"V2 Z a(M; (k) — EM(k)),

j=1

N
Sui =N3> aM (k) — EM (K)),

i=1
N

S =N 2a(M.*(k) — EM" (k)
j=

and rewrite

Nfl/z.gl(xj —EX) = S{,S" = :2‘63\”} + {2 SWES i S\U}

1=0 I=L+1
=S+ S
To prove(5.2) it is sufficient to show that for any fixed > 0,
SN B N@O,02)  (N— o) (5.4)
with 02 := 32, Cov(Xy, X5),
g2 a?2= D Cov(Xy,Xo) (L — o) (5.5)
k=—o0
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and that for any fixed > 0,e > 0
P{ISX|>€} =0  (L— ) (5.6)

uniformly in N.
To prove(5.4) note that

N
Sv = N2 (X —EX),
k=1

whereXy =aX>_ oM, (k) isa stationary sequencemfdependent random vari-
ables withm= L2 i.e, X, X5 are independent |k — s| > L2 This follows from
the definition ofM; (k) and the fact that th¢, are independenBecause the
random variableX, have finite second momerib.4) follows from the CLT for
anm-dependent sequen¢see Billingsley1968 Theorem 2Q1).

We now proves.5). The covariance CdX , Xg ) has a representation anal-
ogous to(2.10), (2.11) with the b; replaced byb;1;;=.;. Because for an¥,
Cov(X , Xg ) = Cov(X,, Xo) monotonically inL

g2:= D Cov(Xc,X5) = > Cov(Xy,Xo) =02 (L — o0).

k=—o0 k=—o0
It remains to verify(5.6). It is sufficient to prove that
Var§i — 0 (L — o0) (5.7)

uniformly in N. From the definitions o, andXg it follows that covariances
Cov(X, , X5 ), Cov(X, X5 ), Cov(X{, XS ) are nonnegativerhus

Cov(X, Xs) = Cov(X{ + X, X& + Xg) = Cov( Xy, XJT) + Cov( X, X5),
and hence

Cov(X{, Xd) = Cov(X,, Xs) — Cov( Xy, Xg ).

This implies

N N
Var§y = N7 D Cov(X{, Xd) =Nt > (Cov(X, Xs) — Cov(X, Xs))
k,s=1 k,s=1

= D Cov(X, Xo) — D Cov(Xg,Xg)

k=—o0 k=—o0

=0?-0?->0 (L — o0)

by (5.5). This completes proof of5.7). u

Remark 51. Note that slightly modifying the proof of Theoreml5we also
have the convergence of the finite dimensional distributionsSgft) :=
N-V23MN(x, — EX)(0 =t = 1) to oW(t), where W(t) is the standard
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Wiener processin Giraitis, Kokoszka and Leipus(1999 we strengthen this
result to the weak convergence in the sp&j®,1] endowed with the Sko-
rokhod topology
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