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This paper studies a broad class of nonnegative ARCH~`! models+ Sufficient con-
ditions for the existence of a stationary solution are established and an explicit
representation of the solution as a Volterra type series is found+ Under our assump-
tions, the covariance function can decay slowly like a power function, falling just
short of the long memory structure+A moving average representation in martingale
differences is established, and the central limit theorem is proved+

1. INTRODUCTION

In the present paper we study general nonnegative ARCH~`! sequences defined
as follows+

DEFINITION 1+1+ A random sequence$Xk,k[ Z% is said to satisfyARCH~`!
equations if there exists a sequence of independent and identically distributed
~i+i+d+! nonnegative randomvariables$jk,k [ Z% such that

Xk 5 rkjk, (1.1)

rk 5 a 1 (
j51

`

bj Xk2j , (1.2)

where a$ 0, bj $ 0, j 5 1,2, + + + +

The general framework leading to the model~1+1!, ~1+2! was introduced by
Robinson~1991! in the context of testing for strong serial correlation and has
been subsequently developed by several authors~see Section 4!+
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This class of models includes the classical ARCH~`! model

rk
2 5 sk

2«k
2, sk

2 5 a 1 (
j51

`

bj rk2j
2 ,

and also a more general model

6rk6d 5 sk
d6«k6d, (1.3)

sk
d 5 a 1 (

j51

`

bj 6rk2j 6d, (1.4)

where$«k,k [ Z% is a sequence of zero mean i+i+d+ random variables andd . 0+
In fact, one can assume thatjk 5 f ~«k! for some nonnegative functionf that may
be of interest+ This flexibility of the model~1+1!, ~1+2! is important in light of
recent empirical findings that show that whereas the returnsrk on most specula-
tive assets are basically uncorrelated, the covariance structure of the powers6rk6d

is quite rich~see, e+g+, Dacorogna,Müller, Nagler,Olsen, and Pictet, 1993; and a
review paper of Baillie, 1996!+

An important question is to find conditions on the coefficientsa$ 0, bj $ 0, j 5
1,2, + + + and the random variables$jk% that guarantee the existence of a stationary
solution to equations~1+1! and~1+2!+ Such conditions will, in particular, lead to
corresponding conditions for special cases such as, e+g+, equations~1+3! and~1+4!+
We show in Section 2 that ifE~(j51

` bj jj ! , 1, then equations~1+1! and~1+2! have
a unique nonanticipative strictly stationary solution with finite first momentEXk+
Under a stronger condition~see Theorem 2+1!, this solution has also finite vari-
ance and, consequently, is weakly stationary also+ An important point is that we
basically require only the summability of thebj to show the existence and to
obtain an explicit solution to equations~1+1! and~1+2!+ Thus the class of models
studied in this paper is larger than the class of GARCH models defined by equations

rk
2 5 sk

2«k
2, sk

2 5 a0 1 (
i51

p

bi sk2i
2 1 (

j51

q

aj rk2j
2 + (1.5)

Under additional constraints on the polynomialsb~z! anda~z! the conditional
variancesk

2 can be rewritten as a moving averagesk
2 5 a 1 (j51

` bj rk2j
2 with

positive exponentially decaying weightsbj ~see Nelson and Cao, 1992!+ The ex-
istence of a stationary solution to GARCH equations has been studied in depth by
Nelson~1990! and Bougerol and Picard~1992!+

Section 3 deals with the asymptotic behavior of the covariance function of the
series$Xk% defined by~1+1!, ~1+2!+Bollerslev~1988! and He and Teräsvirta~2000!,
among others, studied the covariance function of GARCH models+What is rel-
evant to our paper is that the exponential decay of the coefficientsbj implies the
exponential decay of the covariance function of the sequence$rk

2%+ This result
remains valid for the general model~1+1!, ~1+2! ~see Kokoszka and Leipus, 2000!+
We show, in particular, that if bj ; Cj2g for someg . 1, then the covariance
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function of$Xk% also decays at the ratek2g+ Thus, asg approaches 1, this covari-
ance structure becomes very close to the long memory structure that is typically
defined by requiring that the autocovariance functiongk, say, is not absolutely
summable, i+e+, (k6gk65`, or, more specifically, by the condition

gk ; k2q21L~k!, (1.6)

for some 0, q , 1
2
_ and a slowly varying functionL~k!+ ~A function L~s!, s$ 0

is called slowly varying ifL~ts!0L~s! r 1 assr ` for any t . 0+!
The question of the existence of long memory ARCH models is taken up in

Section 4+We discuss relevant recent research in light of the results of Sections 2
and 3+The main conclusion is that more research in this direction is called for+We
also establish a martingale representation of the solution to~1+1!, ~1+2! and apply
it to obtain an example of an ARCH process whose covariance function is arbi-
trarily close to the covariance function of a long memory sequence at any finite
number of lags+

Finally,we show in Section 5 that the central limit theorem holds for theARCH
sequence$Xk% under the same assumption~2+4! that guarantees the existence of a
weakly stationary solution to~1+1!, ~1+2!+ As for a Gaussian sequence, no addi-
tional mixing assumptions are needed+

The results of this paper are proved using a Volterra series type expansion of
theARCH process+ In general, if Xk is some nonlinear functionXk5 f ~jk,jk21, + + + !
of the shocksjk, it is sometimes convenient to work with its Volterra series
expansion:

f ~jk,jk21, + + + ! 5 (
j150

`

cj1jk2j1 1 (
j150

`

(
j250

`

cj1, j2jk2j1jk2j12j2

1 (
j150

`

(
j250

`

(
j350

`

cj1, j2, j3jk2j1jk2j12j2jk2j12j22j3 1 {{{ (1.7)

~see Priestley, 1988!+ For the ARCH models studied in this paper the weights
cj1, j2, + + + , jm have the formcj1, j2, + + + , jm 5 bj1 + + +bjm+

2. STATIONARY ARCH(`) MODELS

Our goal in this section is to investigate the existence of a stationary solution to
equations~1+1! and~1+2!+ Because our main interest is in the memory structure of
the model, we focus on the existence of solutions with finite variance+

Recall that a random sequence$Zk% is strictly stationary if for any integersm
andN the distribution of the vector~Zm,Zm11, + + + ,Zm1N! does not depend onm+
Note that no moment assumptions are needed to define strict stationarity+ By
weak stationarity we understand subsequently covariance stationarity,which, ob-
viously, requires finite variance+
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In general, we shall assume that the first two momentsEj0 andEj0
2 are finite+

However, for the existence of a strictly stationary solution to~1+1!, ~1+2! we as-
sume only the existence of the first momentEj0 ~see Theorem 2+1!+

Formally, ~1+1! and recursion relations~1+2! give

Xk 5 Sa 1 (
j151

`

bj1 Xk2j1Djk 5 ajk 1 (
j151

`

bj1jkjk2j1 rk2j1

5 {{{ 5 a (
l50

`

(
j1, + + + , j l51

`

bj1 + + +bjl jkjk2j1 + + +jk2j12{{{2j l , (2.1)

which can be rewritten as

Xk 5 a (
l50

`

Ml ~k!, (2.2)

whereM0~k! 5 jk and forl $ 1

Ml ~k! 5 (
j1, + + + , j l51

`

bj1 + + +bjl jkjk2j1 + + +jk2j12{{{2j l

5 (
j l,j l21, + + +,j1,k

`

bk2j1bj12j2 + + +bjl212j l jkjj1 + + +jj l + (2.3)

However, to show that the sequence$Xk% given by~2+2! and~2+3! is a solution to
~1+1!, ~1+2! additional restrictions on the weightsbj and the sequence$jj % must be
imposed+ Kokoszka and Leipus~2000! proved that$Xk% is a strictly and weakly
stationary solution if~Ej0

2!102 (j51
` bj , 1+We refine this result in Theorem 2+1,

which follows, and prove the uniqueness of the stationary solution+We say that a
solution to~1+1!, ~1+2! is nonanticipativeif Xk is independent of thejn, n . k, for
every integerk+

THEOREM 2+1+ Suppose that Ej0 , ` and

Ej0 (
j51

`

bj , 1+ (2.4)

Then~2+2! is a strictly stationary solution to~1+1!, ~1+2! with finite first moment
EXk+Moreover, such a solution with finite first moment is a unique nonanticipa-
tive solution+ If the constant a in~1+2! is zero, this unique solution is Xk 5 0+

If, in addition, Ej0
2 , ` and

~Ej0
2!102 (

j51

`

bj , 1, (2.5)

then~2+2! is also a unique weakly stationary solution to~1+1!, ~1+2!+
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Remark 2+1+ In the sequel, we use the notation

l1 5 Ej0, l2 5 Ej0
2

and

B 5 (
j51

`

bj +

In this notation, conditions~2+4! and~2+5! becomel1B , 1 andl2B2 , 1, re-
spectively+ Condition~2+5! implies~2+4! becausel1

2 # l2+

Remark 2+2+ In general, the conditions of Theorem 2+1 cannot be weakened, if
the existence of appropriate moments is required+We illustrate this point by con-
sidering the ARCH~1! model defined by equations~1+1! and~1+2! with b15band
bj 5 0 for j $ 2+ Suppose thatjk 5 «k

2, where the«k are standard normal+ Then
condition~2+4! becomesb , 1+ If b51, then there is a unique stationary solution
satisfying limxr`xP~Xk . x! 5 c, wherec is a positive constant+ It follows that
in this caseEXk 5`+ Condition~2+5! becomes#3b , 1 ~becauseE«k

4 5 3!, and
a similar argument shows that ifb $ 10#3, then the unique stationary solution
satisfiesEXk

25`+ The details are presented in Section 8+4+2 of Embrechts,Klüp-
pelberg, and Mikosch~1997!+

Remark 2+3+ Note that the GARCH~1,1! model

rk 5 sk«k,

sk
2 5 a0 1 b1sk21

2 1 a1 rk21
2

can be written in the form~1+1!, ~1+2! with rk 5 sk
2, jk 5 «k

2, Xk 5 rk
2, and the

coefficientsa 5 a0~11 b1 1 b1
2 1 {{{! 5 a00~12 b1!, bj 5 b1

j21a1+ The condi-
tions for strict stationarity of the sequence$rk

2% were studied by Nelson~1990!
who used the following representation ofsk

2:

sk
2 5 a0S11 (

l51

`

)
j51

l

hk2jD, (2.6)

wherehj 5 b1 1 a1«j
2+ Representation~2+6! and the strong law of large numbers

applied toSn 5 log hk21 1 {{{ 1 log hk2l yield conditions of the existence of
strongly stationary solution$rk

2%+ This idea is not directly applicable to our model
~1+1!, ~1+2!, or ~2+1!+

He and Teräsvirta~1999! studied the general GARCH~ p,q! model~1+5! and
established conditions for stationarity and the existence of higher order moments+
They used the following representation of conditional variance:

sk
2 5 a0 1 (

i51

p

hi,k2i sk2i
2 , (2.7)

STATIONARY ARCH MODELS 7

https://doi.org/10.1017/S0266466600161018 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466600161018


wherehi,k2i 5 bi 1 ai «k2i
2 + Recursive application of equality~2+7! yields a rep-

resentation analogous to~2+6!+

Proof of Theorem 2+1+ We first verify that condition~2+4! implies the exis-
tence of a strictly stationary solution with finite expectation+ Because all factors
of the productjkjk2j1 + + +jk2j12{{{2j l in ~2+3! are independent we obtain

EMl ~k! 5 l1
l11 (

j1, + + + , j l51

`

)
m51

l

bjm 5 l1~l1B! l

and

EXk 5 a (
l50

`

EMl ~k! 5 al1 (
l50

`

~l1B! l , `+ (2.8)

ThereforeMl ~k! andXk are well defined: for anyk andl,Ml ~k! ,` a+s+ andXk ,
` a+s+ One can easily verify that$Xk% ~2+2! is a strictly stationary sequence sat-
isfying ~1+1!, ~1+2!+

To prove uniqueness, assume thatYk is any strictly stationary solution to~1+1!,
~1+2! with finite first momentEY0 ,`+ Then, applying recursively relation~1+2!,
afterm steps we obtain

Yk 5 ajk (
l50

m

(
j1, + + + , j l51

`

bj1 + + +bjl jk2j1 + + +jk2j12{{{2j l

1 jk (
j1, + + + , jm1151

`

bj1 + + +bjm11
jk2j1 + + +jk2j12{{{2jmYk2j12{{{2jm11

+

Therefore, we have that

Yk 2 Xk 5 jk (
j1, + + + , jm1151

`

bj1 + + +bjm11
jk2j1 + + +jk2j12{{{2jmYk2j12{{{2jm11

2 jka (
l5m11

`

(
j1, + + + , j151

`

bj1 + + +bjl jk2j1 + + +jk2j12{{{2j l + (2.9)

For the first term on the right-hand side of~2+9!, by Chebyshev’s inequality and
the assumption that$Yk% is a nonanticipative solution, we have

ePHjk (
j1, + + + , jm1151

`

@bj1 + + +bjm11
jk2j1 + + +jk2j12{{{2jmYk2j12{{{2jm11

# . eJ
# EYk~l1B!m11+

By ~2+4! and the Borel–Cantelli lemma, this implies almost sure convergence to
zero asm r `+ Because(l50

` Ml ~k! , ` a+s+, choosingm large enough, the
second term on the right-hand side of~2+9! can be made arbitrarily small with
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probability 1+ThusYk5Xk a+s+Note that, if instead of assuming nonanticipativity,
we assumeEYk

2 , ` and~2+5!, then the bound on the right-hand side of Cheby-
shev’s inequality is~EYk

2!102~l102B!m11+ Consequently, under~2+5!, ~2+2! is a
unique solution in the class of all stationary solutions with finite second moment,
i+e+, not only in the class of nonanticipative solutions+

We prove now that under assumption~2+5! the solutionXk given by ~2+2! is
weakly stationary+ Because~2+5! implies~2+4!, by the first part of the theorem, Xk

is a strictly stationary solution with finite first moment+ It remains to prove that
the variance VarXk is finite+This follows from a number of more general facts we
state and prove subsequently+ These lemmas also play an important role in the
subsequent sections of the paper+ n

Our first lemma establishes a convenient representation for Cov~Xn1k,Xn! and
shows that Cov~Xn1k,Xn! $ 0+

LEMMA 2 +1+ Under assumption~2+5!

Cov~Xn1k,Xn! 5 a2 (
l, p50

`

Rk~l, p!, (2.10)

where

Rk~l, p! :5 Cov~Ml ~k!,Mp~0!!

5 (
j l,{{{,j1,k

sp,{{{,s1,0;g~k, j,s!$1

@~l2
g~k, j,s! 2 l1

2g~k, j,s! !l1
21l1p22g~k, j,s!

3 bk2j1bj12j2 + + +bjl212j l b2s1
bs12s2

+ + +bsp212sp
#

(2.11)

with g~k, j,s! :5 6$k, j1, + + + , j l % ù $0,s1, + + + ,sp%6, the number of common elements
of the sets$k, j1, + + + , j l % and$0,s1, + + + ,sp%+

Becausel2 $ l1
2 , the right-hand side of~2+10! is nonnegative+

Proof+ Observe that

Cov~Xk,X0! 5 a2 (
l, p50

`

Cov~Ml ~k!,Mp~0!! 5 a2 (
l, p50

`

Rk~l, p!, (2.12)

where

Rk~l, p! 5 Cov~Ml ~k!,Mp~0!!

5 (
j l,{{{,j1,k
sp,{{{,s1,0

bk2j1bj12j2 + + +bjl212j l b2s1
bs12s2

+ + +bsp212sp

3 Cov~jkjj1 + + +jj l ,j0js1
+ + +jsp

!+ (2.13)
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Because thejk are i+i+d+ random variables, we get that

Cov~jkjj1 + + +jj l ,j0js1
+ + +jsp

! 5 E~jkjj1 + + +jj l j0js1
+ + +jsp

!

2 E~jkjj1 + + +jj l !E~j0,js1
+ + +jsp

!

equals to 0, if the sets of indexes$k, j1, + + + , j l % and$0,s1, + + + ,sp% do not intersect,
and equals to~l2

g~k, j,s! 2 l1
2g~k, j,s! !l1

21l1p22g~k, j,s! otherwise+ This implies~2+10!
and~2+11!+ n

We now show that the right-hand side of~2+10! is finite+ This is established in
Proposition 2+1, which follows from relations~2+14! of Lemma 2+2 and~2+10! of
Lemma 2+1+ Relation~2+15! of Lemma 2+2 will be used in Section 3+

LEMMA 2 +2+ Consider the quantities Rk~l, p! defined by~2+11!+ Under as-
sumption~2+5!,

0 # Rk~l, p! # l2Dl1p, (2.14)

and if k$ 1,

Rk~l, p! # (
u51

l

(
v50

p

Qk~u,v!l1
u1vl2Dl1p2u2v, (2.15)

where

D 5 Bl2
102 (2.16)

stands for the left-hand side of~2+5! and where

Qk~u,v! 5 (
ju,{{{,j1,k

ju,sv21,{{{,s1,0

bk2j1bj12j2 + + +bju212jub2s1
bs12s2

+ + +bsv222sv21
bsv212ju+

(2.17)

Proof+ Because

0 # Cov~jkjj1 + + +jj l ,j0js1
+ + +jsp

! # E @jkjj1 + + +jj l # @j0js1
+ + +jsp

#

# ~E @jkjj1 + + +jj l #
2E @j0js1

+ + +jsp
# 2 !102 5 l2l2

~l1p!02 (2.18)

we get from~2+13!

0 # Rk~l, p! # S(
j51

`

bjDl1p

l2l2
~l1p!02 5 l2Dl1p+

Thus~2+14! holds+
Now we prove~2+15!+
Let k $ 1+ Because we have to consider in~2+13! only overlapping indexes

$k, j1, + + + , j l % and $0,s1, + + + ,sp%, the setI of such indexes can be factorized into
nonintersecting subsetsIu,v, u51, + + + , l, v5 0, + + + , p consisting of indexes~ j ! :5
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$ j1, + + + , j l % and~s! 5 $s1, + + + ,sp% such that sets$k, j1, + + + , ju21% and$0,s1, + + + ,sv21%
do not overlap andju 5 sv+ Using~2+18! and~2+13! we can rewrite

Rk~l, p! 5 (
u51

l

(
v50

p

(
~ j !,~s![Iu,v

@bk2j1bj12j2 + + +bjl212j l b2s1
bs12s2

+ + +bsp212sp
#

3 Cov~jkjj1 + + +jj l ,j0js1
+ + +jsp

! # (
u51

l

(
v50

p

Qk~u,v!l1
u1vl2Dl1p2u2v+

n

The following corollary to Lemma 2+2 will be used in Section 3+

COROLLARY 2+1+ Under assumption~2+5!

(
k50

`

Rk~l, p! # Dl1p~l 1 1!~ p 1 1!l2, (2.19)

where Rk~l, p! is defined in~2+11!+

Proof+ Because indexesk 2 j1, j1 2 j 2, + + + , ju21 2 ju, 2s1, s1 2 s2, + + + ,sv22 2
sv21, sv21 2 ju in ~2+17! are linearly independent and the numberu 1 v of these
variables is the same as the number of variablesk, j1, + + + , ju, s1, + + + ,sv21, it follows
that

l1
u1v (

k50

`

Qk~u,v! # S(
j51

`

bjDu1v

l1
u1v# Du1v

in view of l1 # l2
102+ This and~2+15! imply ~2+19!+ n

PROPOSITION 2+1+ Under assumption~2+5!

0 # Cov~Xn1k,Xn! # l2a2 (
l50

`

Dl , `, (2.20)

wherel2 5 Ej0
2 and D, 1 is the left-hand side of~2+5!+

Proof+ By Lemma 2+2, for all k $ 0

Rk~l, p! # l2Dl1p, ~l $ p $ 0!+

Therefore

(
l, p50

`

Rk~l, p! # l2S(
l50

`

DlD2

+

Inserting this bound into~2+10! yields~2+20!+ n

STATIONARY ARCH MODELS 11

https://doi.org/10.1017/S0266466600161018 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466600161018


3. ASYMPTOTIC PROPERTIES OF THE COVARIANCE FUNCTION

Condition~2+5!, ~Ej0
2!102 (j51

` bj , 1, in Theorem 2+1 ensures that the process
$Xk% is weakly stationary, i+e+, it has finite variance and covariances
Cov~Xn1k,Xn!5Cov~Xk,X0! that are invariant with respect to the shift inn+ This
result, however, says nothing about the memory structure of the sequence$Xk%,
i+e+, how fast the covariance function of the process$Xk% tends to 0, ask r `+

We show in Proposition 3+1, which follows, that the assumption~2+5!, which
ensures the existence of a weakly stationary solution of ARCH~`! equations,
also implies that

(
k52`

`

Cov~Xk,X0! , `+ (3.1)

Because the covariances Cov~Xk,X0! are nonnegative, this shows thatARCH~`!
models with finite second moments satisfying condition~2+5! are short memory
processes, in the sense that the covariance function is absolutely summable+

PROPOSITION 3+1+ If D 5 ~Ej0
2!102 (j51

` bj , 1, then

(
k52`

`

Cov~Xk,X0! , `+ (3.2)

~Recall thatCov~Xk,X0! $ 0+!

Proof+ By ~2+10! and Corollary 2+1,

(
k52`

`

Cov~Xk,X0! 5 Cov~X0,X0! 1 2 (
k51

`

Cov~Xk,X0!

5 a2 (
k52`

`

(
l, p50

`

Rk~l, p! # 2l2a2 (
l, p50

`

~l 1 1!~ p 1 1!Dl1p

5 2l2a2S(
l50

`

~l 1 1!DlD2

, `+ n

We show now that the rate of decay of the coefficientsbj controls the asymp-
totic behavior of Cov~Xk,X0!+ Kokoszka and Leipus~2000! showed that if thebj

decay exponentially, then the covariance function is exponentially decaying also,
in particular, if bj 5 ba j with b $ 0, 0 , a , 1, and if condition~2+5! is satisfied,
then

Cov~Xk,X0! } ~a~11 b!!k,

whereak } bk means that there are positive constantsC1 andC2 such thatC1bk ,
ak , C2bk, k . k0 for somek0 . 0+

In Proposition 3+2, which follows, we show that hyperbolic decaybj # Cj2g,
g . 1 implies the hyperbolic decay of the covariances Cov~Xk,X0!+ Proposi-
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tion 3+2 also implies that ifbj ;Cj2g, g . 1, ~aj ;bj means thataj 0bj r 1 asj r
`!, then Cov~Xk,X0! } k 2g+ Thus, even though condition~2+5! implies absolute
summability of the covariances, it allows for a very slow rate of decay of the
autocorrelation function wheng . 1 ~fixed! is chosen close to 1+

PROPOSITION 3+2+ Suppose that~2+5! holds and assume that for some
g . 1, c . 0

bj # cj2g, j 5 1,2, + + + (3.3)

Then there exists C. 0 such that for k$ 1

Cov~Xk,X0! # Ck2g+ (3.4)

If c1 j 2g # bj # c2 j 2g for sufficiently large j, then

C1k2g # Cov~Xk,X0! # C2k2g (3.5)

for sufficiently large k+

Proof+ In the proofCdenotes a generic positive constant that may change from
line to line+

We will show that under assumption~3+3! the termsRk~l, p! in the expansion
~2+10! of the covariance Cov~Xk,X0! can be estimated as

Rk~l, p! # Ck2g~l 1 1!g12~ p 1 1!g12Dl1p+ (3.6)

Once~3+6! has been verified, ~3+4! and the upper bound in~3+5! follow immedi-
ately because

Cov~Xk,X0! 5 a2 (
l, p50

`

Rk~l, p! # Ck2g (
l, p50

`

~l 1 1!g12~ p 1 1!g12Dl1p

5 Ck2gS(
l50

`

~l 1 1!g12DlD2

# Ck2g+

The lower bound in~3+5! is easy to establish+ Because theRk~l, p! in ~2+10! and
thebj are nonnegative

Cov~Xk,X0! $ a2Rk~1,1! 5 a2 (
j1,k
s1,0

bk2j1b2s1
Cov~jkjj1,j0js1

!

5 a2~l1
2 l2 2 l1

4 !S(
j,0

bk2j b2j 1 (
s,0

bkb2sD+
Becausel1

2 l2 2 l1
4 . 0 andbj $ 0, we get

Rk~1,1! $ ~l1
2 l2 2 l1

4 !bk (
s,0

b2s $ Ck2g (3.7)

for sufficiently largek+
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It remains to verify~3+6!, which will follow from inequality ~2+15! once we
have shown that

l1
u1vQk~u,v! # C~l 1 1!g11~ p 1 1!g11k2gDu1v+ (3.8)

To prove~3+8!, we have to estimate

Qk~u,v! 5 (
ju,{{{, j1,k

sv,{{{,s1,0: ju5sv

bk2j1bj12j2 + + +bju212jub2s1
bs12s2

+ + +bsv222sv21
bsv212ju+

Set n1 5 k 2 j1, n2 5 j1 2 j 2, + + + ,nu 5 ju21 2 ju, nu11 5 2s1, nu12 5 s1 2
s2, + + + ,nu1v21 5 sv22 2 sv21, nu1v5 sv21 2 sv, whereju 5 sv+ Becausen1 1 {{{ 1
nu 2 ~nu11 1 {{{ 1 nu1v! 5 k there exists 1# i0 # u1 v such thatni0 $ k0~u1 v!+
Thus

bni0
# Cni0

2g # C~u 1 v!gk2g+

The indexesn1, + + + ,ni021,ni011, + + + ,nu1v are linearly independent+ Thus

Qk~u,v! # C (
i051

u1v

~u 1 v!gk2g )
i51
iÞi0

u1vS(
ni51

`

bniD5 C~u 1 v!g11k2gBu1v21+

This implies~3+8!, because~u 1 v!g11 # ~l 1 1!g11~ p 1 1!g11 and

l1 (
j51

`

bj # ~l2!102 (
j51

`

bj 5 D , 1+ n

4. LONG MEMORY AND MARTINGALE REPRESENTATION

We have seen in Section 3~see Proposition 3+1! that it is not possible to construct
a stationary ARCH model~1+1!, ~1+2! satisfying~2+5! with autocovariance func-
tion that is not absolutely summable+ Long memory ARCH models are however
desirable in light of the observed covariance structure of many real-life time
series~see, e+g+,Dacorogna et al+, 1993;Baillie,Bollerslev, and Mikkelsen, 1996;
Ding and Granger, 1996; Breidt,Crato, and de Lima, 1998!+Consequently,many
authors~see, e+g+, Robinson, 1991; Baillie et al+, 1996; Ding and Granger, 1996;
Robinson and Zaffaroni, 1997, 1998;Robinson and Henry, 1998! have discussed
possible ways of constructing stationary long memory ARCH models+ The ap-
proach generally taken is to argue that some fractional power of the difference
operator applied to the series6rk6d forms a sequence of martingale differences,
and hence, by analogy with linear sequences, the series6rk6d exhibits long mem-
ory as defined by~1+6!+ In this section we take a closer look at this approach in
light of the results established in the previous sections and develop a martingale
representation for the model~1+1!, ~1+2!+

To focus attention, consider the long memoryARCH, LM ~q!-ARCH,model of
Ding and Granger~1996!+ The model is defined as follows: $rk

2% is the observable
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time series, which may represent, e+g+, squares of log-returns, and$«k% is a se-
quence of i+i+d+mean zero random variables with unit variance+ Suppose that the
«k have finite fourth momentE«k

4 5 l2+ The LM~q!-ARCH equations are

rk
2 5 sk

2«k
2, sk

2 5 s*
2~12 m! 1 m (

j51

`

aj rk2j
2 , (4.1)

where 0# m # 1, 0 , q , 1, and

aj 5
qG~ j 2 q!

G~12 q!G~ j 1 1!
;

q

G~12 q!
j 2q21 ~ j r `! (4.2)

are the coefficients in the expansion of the fractional differencing operator~12
L!q 5 2(0

` aj L
j ; L is the lag operator defined byLXk 5 Xk21+ The coefficients

aj clearly satisfy(1
` aj 51+Ding and Granger~1996! argue that under conditions

that guarantee the existence of the fourth momentErt
4 , `,

Cov~rt1k
2 , rt

2! ; Ck2q21, (4.3)

whenever 0, q , 1
2
_ + The results we obtained show that the long memory

property~4+3! is not valid form satisfying 0# m , 10#l2 , 1+ ~If the «k are
standard normal, ~4+3! does not hold form , 10#3 5 +577+! Indeed, upon set-
ting Xk 5 rk

2, rk 5 sk
2, jk 5 «k

2, a 5 s*
2~1 2 m!, bj 5 maj , the preceding model

coincides with our model defined by~1+1!, ~1+2!+ If m , 1 condition~2+4! holds
because(j51

` aj 5 1 implies (j51
` bj 5 m, which combined withE«k

2 5 1
implies

Ej0 (
j51

`

bj 5 mEj0 5 m , 1+

Therefore, by Theorem 2+1 the unique stationary solution exists and is given by
~2+2!, ~2+3! wheneverm , 1+ Under the additional assumptionm , 10#l2 this
solution is also covariance stationary because condition~2+5! is satisfied:

~Ej0
2!102 (

j51

`

bj 5 ~l2!102m , 1+

Moreover, by ~4+2!, bj ; Cj2q21+ Thus, using Proposition 3+2, we get the rate of
decay of the covariance function

Cov~Xk,X0! } k2q21,

which is different from~4+3!+
The casem 5 1 discussed by Ding and Granger~1996! has drawn particular

attention because it yields the equations

~12 L!qrk
2 5 nk, (4.4)
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where thenk5 rk
22sk

2 are martingale differences~provided a stationary solution
$rk

2% exists!+ Because of the similarity of~4+4! and fractional ARIMA equations,
it is argued that for 0, q , 1

2
_ the covariance function of$rk

2% decays at the rate
k2q21+Note that in the casem 51, condition~2+4! for the existence of a stationary
solution is not satisfied; therefore our results do not apply to this case, suggesting
a need for further research in this direction+

Roughly speaking, the rate of decay of the covariance function of a stationary
sequence is controlled by the asymptotic behavior of the coefficients in its mov-
ing average representation+ In the remainder of this section,we develop a moving
average representation in martingale differences for the ARCH model studied in
the present paper+

Consider the general ARCH~`! model~1+1!, ~1+2! and assumea . 0, because
under our assumptions, a5 0 implies that the only stationary solution isXk [ 0+
We reparametrize the model by setting

cj 5 l1bj + (4.5)

Condition~2+4! is then equivalent to

(
j51

`

cj , 1+ (4.6)

Define the function

c~z! 5 12 c1z2 c2z2 2 {{{, 6z6# 1, (4.7)

which, by ~4+6!, is analytic in the open unit disc$z: 6z6 , 1% and has no zeros in
the closed disc$z: 6z6# 1%+ Equations~1+1! and~1+2! can now be rewritten in the
following form:

Xk 5 rkjk, rk 5 a 1 (
j51

`

bj Xk2j [ a 1 l1
21~12 c~L!!Xk+ (4.8)

According to Theorem 2+1, under assumption~2+4!, there is a unique nonantici-
pative strictly stationary solution to equations~1+1! and ~1+2!, given by ~2+2!,
which by~2+8! satisfies

EXk 5
al1

12 l1B
5

al1

c~1!
+ (4.9)

Hence~4+8! can be rewritten as

c~L!~Xk 2 EXk! 5 nk, (4.10)

where

nk 5 rk~jk 2 l1!, k [ Z (4.11)
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is a sequence of martingale differences, i+e+, E~nk6Fk21! 5 0, whereFk 5
s$jj , j # k% is thes-algebra generated by the random variablesjk,jk21, + + + + If
condition ~2+5! holds, then $Xk% is also covariance stationary and thenk have
finite second moment+ ~It is easy to verify thatEnk

2 5 l2
21~l2 2 l1

2 !EX0
2+!

To representXk 2 EXk as a moving average of thenk, we must apply the op-
eratorc21~L! to both sides of~4+10!+A simple sufficient condition that justifies
such an operation is thatc21~L! has absolutely summable coefficients~see, e+g+,
Proposition 3+1+1 of Brockwell and Davis, 1991, and the discussion that follows!+
More precisely, we must show that for6z6# 1,

10c~z! 5 (
j50

`

Dcj z
j and (

j50

`

6 Dcj 6 , `+ (4.12)

This is not a trivial assertion, but it follows from the following lemma+

LEMMA 4 +1+ Suppose(j50
` 6cj 6 , `, c~z! 5 (j50

` cj z
j, and 6c~z!6 . 0 for

6z6# 1+ Then Dc~z! [ 10c~z! 5 (j50
` Dcj z

j, 6z6# 1, and(j50
` 6 Dcj 6 , `+

Lemma 4+1 is stated as problem 8 of chapter 18 of Rudin~1987! and essentially
follows from Theorems 18+21 and 11+10 of Rudin~1987!+Results of this type are
known in harmonic analysis as the Wiener–Lévy theorem~see also Zygmund,
1959, Ch+ 6, Sect+ 5!+

The functionc~z! defined by~4+7! and~4+5! satisfies the assumptions of Lemma
4+1, and so we obtain the following representation:

Xk 5 EXk 1 c21~L!nk [ EXk 1 (
j50

`

Dcj nk2j + (4.13)

We summarize the preceding discussion in the following theorem+

THEOREM 4+1+ If condition~2+4! holds, then the solution$Xk% of theARCH
equations~1+1! and~1+2! admits the representation

Xk 5 EXk 1 (
j50

`

Dcj nk2j ,

where(j50
` 6 Dcj 6,` and thenk satisfy E~nk6Fk21! 5 0+ If, in addition, condition

~2+5! holds, then Enk
2 , `+

Remark 4+1+ Theorem 4+1 leads to an alternative proof of Proposition 3+1+
Indeed, under~2+5! thenk are uncorrelated, and so

(
k52`

`

6Cov~Xk,X0!6 5 (
k

En0
2*(

j

Dcj Dcj1k* # En0
2S(

j

6 Dcj 6D2
, `+
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Recall that Theorem 4+1 cannot be applied to the operatorc~L! 5 ~1 2 L!d,
0 , d , 1

2
_ , becausec~1! 512 l1 (1

` bj 5 0, which violates condition~2+4!+ The
following example discusses a simple but interesting modification to which Theo-
rem 4+1 applies+

Example 4.1

Consider the operator

c~L! 5 ~12 rL !a,

where 0, r , 1 and 0, a , 1+ Then condition~2+4! is satisfied and assumption
~2+5! reads as follows:

~l2!102l1
21~12 ~12 r !a ! , 1+ (4.14)

In this case

Dcj 5
G~ j 1 a!

G~a!G~ j 1 1!
r j ; G21~a! j a21r j ~ j r `!+

If ~4+14! holds, Theorem 4+1 implies that

Cov~Xk,X0! 5 En0
2 (

j50

`

Dcj Dcj16k6 +

One can easily verify that

Cov~Xk,X0! ; Kka21r k+ (4.15)

Indeed, for k . 0

Cov~Xk,X0!

ka21r k 5 En0
2 (

j50

`

Dcj

Dcj1k

ka21r k +

Because

Dcj1k

ka21r k r G21~a!r j ask r `,

it follows from the dominated convergence theorem that~4+15! holds with

K 5 En0
2G21~a! (

j50

`

Dcj r
j 5 En0

2G21~a!~12 r 2 !2a+

Analogously to the termsemi heavy-tailsapplied to probability densities as-
ymptotically behaving asx2ab2x~a . 0, b . 0! whenx r `, the dependence
structure in the preceding example could be characterized as “semi long memory+”

The model described in Example 4+1 has the autocovariance function, which,
asr r 1, tends to the autocovariance function of a long memory model uniformly
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at any fixed number of lags but eventually decays exponentially fast+ This may
have empirical relevance~see, e+g+,Dacorogna et al+, 1993,Figure 6,which shows
that the absolute values of the returns on USD-DEM exchange rate have auto-
correlation function that exhibits behavior similar to the one given in~4+15!!+

5. CENTRAL LIMIT THEOREM

We prove in this section the central limit theorem~CLT! for the ARCH~`! se-
quence$Xk%+

It is well known that for moving averagesXk 5 (j52`
` ak2j «j , where(k ak

2 ,
` and«j are i+i+d+ random variables withE«j 5 0, E«j

25 1, or Gaussian processes
Xk, the condition(k6Cov~Xk,X0!6 , ` implies the CLT: N2102 (1

N Xk
d
&&

N~0,s2! with s2 5(k52`
` Cov~Xk,X0! ~see Ibragimov and Linnik, 1971,Theo-

rem 18+6+5!+
Theorem 5+1 shows that although theARCH~`! sequence~2+2! has much more

complicated structure than moving averages, the short memory condition~ 3+2!
still effectively controls its dependence structure and implies the CLT+ For the
CLT to hold, neither the rate of decay of thebj need be specified nor any other
“short memory assumptions,” such as, e+g+,mixing conditions, need be imposed+

The fact that the CLT holds for the ARCH sequences studied in this paper can
be interpreted as yet another manifestation of their “short memory nature”; par-
tial sums of long memory sequences converge at a rate different than#N, c+f+
~5+2!, which follows+

THEOREM 5+1+ Suppose that$Xk% is anARCH~`! sequence satisfying~1+1!,
~1+2!, and assumption~2+5!, i+e+ ,

~Ej0
2!102 (

j51

`

bj , 1+ (5.1)

Then, as Nr `

N2102 (
j51

N

~Xj 2 EXj !
d
&& N~0,s2 !, (5.2)

where

s2 5 (
k52`

`

Cov~Xk,X0! , `+ (5.3)

Here d
&& denotes the convergence in distribution+
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Proof+ By Theorem 2+1 the unique stationary solution to~1+1!, ~1+2! exists and
can be represented as the sum~2+2!+ Fix L . 1 large enough and splitXk ~2+2! into
two parts:

Xk [ a (
l50

`

Ml ~k! 5 a (
l50

L

Ml ~k! 1 a (
l5L11

`

Ml ~k!

5 Ha (
l50

L

Ml
2~k!J 1 Ha (

l50

L

Ml
1~k! 1 a (

l5L11

`

Ml ~k!J 5: Xk
2 1 Xk

1 +

HereMl
2~k!,Ml

1~k! are defined by splittingMl ~k! as

Ml ~k! 5 (
j l,{{{,j1,k

bk2j1bj12j2 + + +bjl212j l jkjj1 + + +jj l

5 (
j l,{{{,j1,k

@ + + + #1$k2j1#L, j12j2#L, + + + , j l212j l#L%

1 (
j l,{{{,j1,k

@ + + + # ~12 1$k2j1#L, j12j2#L, + + + , j l212j l#L% !

5: Ml
2~k! 1 Ml

1~k!+

Set

SN, l 5 N2102 (
j51

N

a~Ml ~k! 2 EMl ~k!!,

SN, l
2 5 N2102 (

j51

N

a~Ml
2~k! 2 EMl

2~k!!,

SN, l
1 5 N2102 (

j51

N

a~Ml
1~k! 2 EMl

1~k!!

and rewrite

N2102 (
j51

N

~Xj 2 EXj ! [ (
l50

`

SN, l 5 H(
l50

L

SN, l
2 J 1 H(

l50

L

SN, l
1 1 (

l5L11

`

SN, lJ
5: SN

2 1 SN
1 +

To prove~5+2! it is sufficient to show that for any fixedL . 0,

SN
2 d

&& N~0,s2
2 ! ~N r `! (5.4)

with s2
2 :5 (k52`

` Cov~Xk
2 ,X0

2!,

s2
2 r s2 5 (

k52`

`

Cov~Xk,X0! ~L r `! (5.5)
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and that for any fixedt . 0, e . 0

P$6SN
16 . e% r 0 ~L r `! (5.6)

uniformly in N+
To prove~5+4! note that

SN
2 5 N2102 (

k51

N

~Xk
2 2 EXk

2!,

whereXk
2 5 a(l50

L Ml
2~k! is a stationary sequence ofm-dependent random vari-

ables withm5 L2, i+e+, Xk
2 ,Xs

2 are independent if6k2 s6. L2+ This follows from
the definition ofMl

21~k! and the fact that thejk are independent+ Because the
random variablesXk

2 have finite second moment, ~5+4! follows from the CLT for
anm-dependent sequence~see Billingsley, 1968, Theorem 20+1!+

We now prove~5+5!+ The covariance Cov~Xk
2 ,X0

2! has a representation anal-
ogous to~2+10!, ~2+11! with the bj replaced bybj 1$ j#L%+ Because for anyk,
Cov~Xk

2 ,X0
2! r Cov~Xk,X0! monotonically inL

s2
2 :5 (

k52`

`

Cov~Xk
2 ,X0

2! r (
k52`

`

Cov~Xk,X0! 5 s2 ~L r `!+

It remains to verify~5+6!+ It is sufficient to prove that

Var SN
1 r 0 ~L r `! (5.7)

uniformly in N+ From the definitions ofXk
2 andX0

1 it follows that covariances
Cov~Xk

2 ,Xs
2!, Cov~Xk

1 ,Xs
2!, Cov~Xk

1 ,Xs
1! are nonnegative+ Thus

Cov~Xk,Xs! 5 Cov~Xk
1 1 Xk

2 ,Xs
1 1 Xs

2! $ Cov~Xk
1 ,Xs

1! 1 Cov~Xk
2 ,Xs

2!,

and hence

Cov~Xk
1 ,Xs

1! # Cov~Xk,Xs! 2 Cov~Xk
2 ,Xs

2!+

This implies

Var SN
1 5 N21 (

k,s51

N

Cov~Xk
1 ,Xs

1! # N21 (
k,s51

N

~Cov~Xk,Xs! 2 Cov~Xk
2 ,Xs

2!!

# (
k52`

`

Cov~Xk,X0! 2 (
k52`

`

Cov~Xk
2 ,X0

2!

5 s2 2 s2
2 r 0 ~L r `!

by ~5+5!+ This completes proof of~5+7!+ n

Remark 5+1+ Note that slightly modifying the proof of Theorem 5+1 we also
have the convergence of the finite dimensional distributions ofSN~t ! :5
N2102 (k51

@Nt# ~Xk 2 EXk!~0 # t # 1! to sW~t!, where W~t! is the standard
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Wiener process+ In Giraitis, Kokoszka, and Leipus~1999! we strengthen this
result to the weak convergence in the spaceD@0,1# endowed with the Sko-
rokhod topology+
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