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A NOTE ON ROBUST MONETARY
POLICY AND NON-ZERO TREND
INFLATION

KoHEI HAsuI
Matsuyama University

This paper studies how model uncertainty influences economic fluctuation when trend
inflation is high. We introduce Hansen and Sargent’s [(2008) Robustness, Princeton
University Press] robust control techniques into a New Keynesian model with non-zero
trend inflation. We reveal the following three points. First, we find that robust monetary
policy responds more aggressively. This aggressiveness increases with trend inflation.
Second, as the trend inflation rises, the response of macroeconomic variables is larger
under robust policy. Third, stronger robustness tends to lead to indeterminate equilibrium
as trend inflation increases. Consequently, the economy might be volatile when trend
inflation is high due to robustness from the view of both variance and determinacy. We
interpret the results as indicating that the model uncertainty might be the one of the
factors causing large macroeconomic fluctuations when trend inflation is high.

Keywords: Trend Inflation, Robust Control, Discretionary Monetary Policy

1. INTRODUCTION

The relation between inflation and monetary policy is one of the most impor-
tant topics. In a standard New Keynesian model, a more than 1% increase in
policy rate in response to a 1% increase in inflation rate leads to a determinate
equilibrium. This is called the Taylor Principle. However, once the trend of infla-
tion is positive, the Taylor Principle does not hold. Ascari and Ropele (2009)
show that the standard Taylor rule fails to stabilize and therefore the economy
falls into indeterminate equilibria. The relation between trend inflation and mon-
etary policy has been explored by determinacy analyses. Moreover, some papers
analyze this relationship in a New Keynesian model from an empirical perspec-
tive. Coibion and Gorodnichenko (2011) argue that the US economy experienced
high volatility because high trend inflation leads to economy indeterminacy of
the rational expectation equilibrium. Kobayashi and Muto (2013) also explain
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this macroeconomic phenomenon by introducing adaptive learning to the New
Keynesian model with non-zero trend inflation and show that high trend inflation
leads to the rational expectation equilibrium becoming expectational unstable.

In the present paper, we take an alternative approach to analyzing the relation
between monetary policy and trend inflation. We introduce Hansen and Sargent’s
(2008) robust control technique as the imperfect knowledge about the economic
structure. Under the robust control problem, the true economic structure devi-
ates from the so-called reference macroeconomic structure by the misspecification
terms. The central bank cannot know this true economic structure and cannot for-
mulate the probability for the misspecification terms. This uncertainty is called
Knightian uncertainty. When the central bank designs a monetary policy suppos-
ing the worst-case outcome, it is called robust policy. Thus, robust policy deviates
from policy without Knightian uncertainty (henceforth, the reference model).

We introduce a robust control approach developed by Giordani and Soderlind
(2004) and Hansen and Sargent (2008) to a New Keynesian model with non-
zero trend inflation as imperfect knowledge. First, we analyze how changes in
trend inflation affect the deviation between robust policy and the reference model.
Moreover, we analyze how this deviation affects volatility in macroeconomic
variables. We derive closed-form analytical solutions of the model under opti-
mal discretionary policy. We find that deviations between robust policy and the
reference model become larger as trend inflation rises. Moreover, we find this
increase in deviation leads to higher economic volatility with trend inflation.

The key mechanism for the result is a slope of the Phillips curve. The value
of the slope becomes small as trend inflation increases. In response to positive
cost-push shock, the central bank lowers the output gap by raising the policy
rate to mitigate the impact on the inflation rate. However, the central bank needs
to decrease the output gap more, because the slope is small and the impact
on inflation is also small when trend inflation is high. The central bank knows
this mechanism, and robust policy responds more aggressively as trend inflation
increases. This leads to the aggressive response of the inflation rate.

Second, along the lines of determinacy analysis in the literature of trend infla-
tion, we investigate the determinacy region for degree of trend inflation and model
uncertainty. We find that stronger robustness leads to indeterminate equilibria as
the trend inflation increases. This result is consistent with Kobayashi and Muto
(2013). A higher trend inflation makes the model more forward-looking. On the
other hand, model uncertainty increases the volatility of the economy. Combining
these two factors, the model deviates from equilibrium substantially and tends to
be indeterminate.

Our paper is related to two strands in the literature. First, our paper is related
to robust monetary policy. The seminal work of Brainard (1967) first showed
that a policy maker will become more cautious (called the “Brainard’s conserva-
tive mechanism”) when multiplicative uncertainty exists. Giordani and Soderlind
(2004) and Leitemo and Soderstrom (2008a,b) analyze the robust policy by

https://doi.org/10.1017/51365100518000883 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100518000883

1576 KOHEI HASUI

introducing Hansen and Sargent’s (2008) robust control technique. Tillmann
(2009a) examines the robust monetary policy in a New Keynesian model with a
cost channel, and Gerke and Hammermann (2016) investigate a robust monetary
policy in a New Keynesian model with incomplete interest rate pass-through.' In
addition to Hansen and Sargent’s (2008) technique, some papers analyze mone-
tary policy under imperfect knowledge in alternative ways. Aoki (2003) explores
the optimal monetary policy when measurement errors exist in data and shows the
policy cautiousness.? Giannoni (2002, 2007) analyzes the robust monetary policy
when the parameter uncertainty exists. Cogley et al. (2008) consider US robust
monetary policy for Bayesian parametric uncertainty. Orphanides and Wieland
(2013) examine the robust policy rules by evaluating alternative policies toward
the various models for the Euro area.

Second, our paper is related to the literature of trend inflation. Ascari (2004),
Ascari and Ropele (2007, 2009), Sbordone (2007), and Cogley and Sbordone
(2008) introduce positive trend inflation into the sticky price model. Ascari (2004)
and Ascari and Ropele (2007, 2009) analyze how a positive trend inflation affects
economic dynamics, firms’ pricing behavior, and the stabilization problem in
monetary policy. Ascari and Ropele (2007) show that optimal discretionary pol-
icy does not guarantee a determinate equilibrium with positive trend inflation, and
that positive trend inflation deteriorates social welfare under the optimal commit-
ment policy. Ascari and Ropele (2009) find that the standard Taylor rule fails
to stabilize the economy, which falls into indeterminate equilibria since positive
trend inflation makes pricing behavior more forward-looking.? Sbordone (2007)
and Cogley and Sbordone (2008) investigate the inflation dynamics under a posi-
tive trend inflation rate. They show that a positive long-run trend inflation rate can
explain the persistent dynamics of the inflation rate without introducing intrinsic
inflation persistence. Masolo and Monti (2017) explain the motion of US trend
inflation by introducing Knightian uncertainty to the central bank’s monetary pol-
icy conduct. While our analysis is based on the optimal discretionary policy, they
present a numerical analysis of monetary policy under a Taylor rule.

The remainder of this paper is organized as follows: Section 2 explains the
model and robust control problem. Sections 3 and 4 analyze the effects of trend
inflation on robust monetary policy. First, we solve the model analytically and
confirm the fundamental property of robust policy. Second, we analyze the effects
of trend inflation on robust monetary policy numerically. Section 5 presents our
conclusions.

2. THE MODEL
2.1. The Macroeconomic Structure

The model is a New Keynesian model with trend inflation, proposed by Sbordone
(2007) and Cogley and Sbordone (2008).
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TABLE 1. Coefficients on forward terms for degree of trend inflation

7 (%) p& (1) B x (IT) B¢ (IT) A(IT)

0 0.99 0 0 0.0062903
1 1.0117 0.00013398 0.0087346 0.0057769
2 1.033 0.0002519 0.016975 0.0052884
3 1.054 0.00035389 0.024695 0.0048242

TABLE 2. Parameter values

Parameters Values Explanation
B 0.99 Discount factor
o 1.5 Intertemporal substitution of consumption
w 0.429 Sensitivity of real marginal cost to output
o 0.588 Price stickiness
€ 9.8 Elasticity of substitution for individual goods
o, 1.0160 Standard deviation of natural rate shock
oy 0.154 Standard deviation of cost-push shock
X =Expp1 — ol — By — rf), (€))

7= [k = (1 = @) ()] 5+ BEME 41 + B (Etes
> S 2
+BXDE Y ¢ s+ BLDE, 3 ¢+ y (7 41, O

=2 j=2

where x;, i;, 1y, and u, denote output gap, nominal interest rate, natural rate of
interest, and cost-push shock, respectively. 77, denotes the percent deviation of
the inflation rate from trend inflation. IT denotes the gross rate of trend inflation.
We define 7 as the annual rate of trend inflation.* Parameters ¢, «(IT), x (IT),
&(TT), ¢(IT), and y (IT) denote structural parameters. We give definitions of these
structural parameters in Appendix A.l in the Supplementary Material. r}' and u,
are i.i.d disturbance terms with standard deviation o, and o,, respectively. The
explanations and values of deep parameters are listed in Table 2.

As Ascari and Ropele (2007) point out, trend inflation influences firms’ pricing
behavior, and the model becomes more forward-looking. We check how val-
ues of coefficients on forward-looking terms B&(IT), B x(IT), and B¢ (TI) vary
as trend inflation increases by setting annualized trend inflation as 0%, 1%, 2%,
and 3%. Table 1 shows that B&(IT), B x(IT), and B¢(IT) increase as trend infla-
tion rises. This indicates that a positive trend inflation makes the model more
forward-looking.

To compute the model, we change the form of the New Keynesian Phillips
curve (NKPC) simply by introducing the auxiliary variable.

7y = K(IDx, + BADE w1 + b + y(ID7 + uy,
hy = B (IDEx; 11 + BETDEm 11 + ¢E Ay 1,
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where &, denotes the auxiliary variable. We define KC(IT) =« (IT) — (1 — ¢)~!
x(IT) and B(IT) = B [£(IT) — ¢(TD)].

2.2. The Central Bank’s Objective Function

The welfare loss function of the economy is derived by second-order approx-
imation of the household’s utility function. Under non-zero trend inflation, the
welfare loss function includes trend inflation, since it affects price dispersion.
Alves (2012, 2014) derives the trend inflation welfare-based loss function by
approximating the second-order utility function around the steady state with trend
inflation. The central bank’s intertemporal problem is given as follows:

[e.¢]
Li=E Y PLy

j=0
where the period loss function is
1 —a «(I0)
l—at €
The weight on the output gap depends on the level of trend inflation. As indi-
cated in Table 1, A(IT) takes 0.0062903, 0.0057769, 0.0052884, and 0.0048242
for annualized trend inflation 0%, 1%, 2%, and 3%, respectively. The weights on
output gap decrease and relative weights on inflation increase as trend inflation
increases. One can interpret this as follows. The central bank weights on inflation

rate increase with trend inflation because the fluctuation in inflation might become
larger as trend inflation becomes higher.’

L=+ M(IDx?, A1) =

2.3. Robust Control Problem

Up to the previous section, we assumed that the central bank and economic agent
know the model exactly. The model satisfies the certainty equivalence, because
terms of shocks are additively separable. We call the model up to this point the
“reference model”.

Now, we relax the assumption. In the actual world, we cannot capture the econ-
omy exactly. We describe this situation by introducing Hansen and Sargent’s
(2008) robust control technique. The central bank knows the reference model
but does not know the true model. The true model lies in the neighborhood of
the reference model. The robust control approach introduces specification error
terms, denoted v}, vJ, and U;h to describe the deviation between the true model
and reference model. The misspecified economic model is given by the following
equations®:

Xy = Etxt-H —oli, — Et”t-&-l - (r;l + le)]’
7 = K(IDx, + BADE w41 + b + y(IDE 4+ 07) + w07,
he = Bx(IDEx 11 + BEIDE w41 + ¢E ey + v
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Moreover, the central bank cannot formulate the probability to vy, vJ, and v,h.
Thus, the robust control approach assumes that the central bank designs a “robust”
monetary policy supposing the worst possible outcome is realized. We refer to this
model as “worst-case”. However, even though monetary policy adopts a robust
policy supposing the worst-case, misspecification does not exist in practice. We
refer to this model as the “approximating model”. The specification error terms
are set by an “evil agent” to maximize the loss in the central bank’s objective
function. The evil agent sets specification error terms subject to the following
constraint:

o0
i/
E, E ﬂjvt+jvt+j =< Vo,
j=0

where v, = [v]; V] v,”]. According to Giordani and Soderlind (2004) and Hansen
and Sargent (2008), the robust control problem can be recast as

o0
min max B, " B/[L.; — 0v] vy,

X0t Ut -
J=0

S.t . ) . 3)
X =Ex1 —oliy —Emg — (V; + v ),
7, = K(IDx; + BADE, 41 + b+ y AD7 + v)) + (w4 v7),

h = Bx(IDEx; + BCIDE w41 + ¢E,hyq + U,h,

where 6 denotes the central bank’s preference for robustness, that is, the degree
of robustness. lim,_,( 8 = oo denotes the case that no misspecification exists in
the model, that is, the reference model in the present paper. On the other hand, a
low value of 6 denotes the case where strong misspecification exists.

We solve problem (3) and obtain solutions for forward variables x;, ;, and A;.
In addition to the solution of forward variables, misspecification error terms can
be solved as a function of r and u;.

U[:FU [;‘t}.
t

F, denotes a 3 x 2 matrix. The approximating model is obtained by setting
F,= 03><2-7

To evaluate #, we introduce the detection error probability. Given the data
from the model, the probability is calculated as the rate of wrong choices
between the worst-case model and approximating model. Thus, the detection
error probability indicates the difficulty of distinguishing between models with
and without misspecification. Following Giordani and Soderlind (2004), we set
6 so that the detection error probability becomes 20% for numerical analysis in
Section 4.

https://doi.org/10.1017/51365100518000883 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100518000883

1580 KOHEI HASUI

3. THE EFFECTS OF ROBUST POLICY

This section derives the analytic policy function of i;, m;, and x; under a
robust control problem. The first-order conditions under discretion are given as

follows®:
feDD,, o
—0¢1;, =0, ©)
Oy — 3 = 0, (6)
—0v; +0¢1 + y (g =0, (7
—0v] + ¢ =0, ®)
—0v] + ¢3, = 0. 9)

Equation (4) denotes a fargeting rule. The parameter of robustness 6 does not
enter into the coefficient of the targeting rule. This shows that the targeting rule is
not affected by the robust control approach, which is consistent with Leitemo and
Soderstrom (2008b).

Now, we derive policy functions for r, x,, and i; by the undetermined coefficient
method using structural equations and first-order conditions. We guess the policy
functions as follows'°:

n
T = ayr, + ayly,
Xy = b, 1} + byu,

iy =1} + cyldy.

The value of coefficients of policy function depends on preference of robustness
0. This leads to a complication in analyzing the effects of robustness. We pose
Assumption 1 following Leitemo and Soderstrom (2008b).

ASSUMPTION 1. We analyze the effects of small decreases in 0 starting from
0 = oo.

Assumption 1 shows that we analyze the effects of small increases in robustness
starting from the rational expectation.

Supposing reasonable values of deep parameters, we pose Assumption 2 for
some coefficients that depend on a value of trend inflation.

ASSUMPTION 2. We assume o0>1, O<a<1, O<w<l1, €¢>1, and
K(IT) > 0.

The solution of policy function for inflation rate is given as follows:

Ty =ar(n, G)r:l +au(n79)ut
yan 1

Ao T ame)"
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where

[KIDP 1 2
I g {lyaDI +2}+1>0.

A(IT,0) =

Combining the policy function of inflation with the targeting rule, we obtain the
policy function of the output gap as follows:

xy = b,(I1, 0)ry + by (11, O)uy
K(H)[ (I, O)r + a,(T1, 0)u,]
=———_la, ’ r ay 5 Url,
A(TT) ! !
where b, <0 and b, < 0. Finally, we obtain the policy function of the nominal
interest rate as follows:

ir = c,(I, 9)7’;1 + ¢, (I, 0)u;

_[(1, kam (L, XD "
= |:(5 —+ m) a,(l'[,@) + 1i| ry + <§ + m) au(nve)utv

where ¢, > 0 and ¢, > 0.
Now, we analyze the effects of robustness on policy function. We evaluate the
effect following Leitemo and Soderstrom (2008a).

01511, 0))

29 ,z=a,b,c, j=r,u. (10)

This partial derivative shows changes in the coefficient in response to a small
decrease in 6. Since 6 = co corresponds to the case of rational equilibrium, a
decrease in 6 shows the effect of robustness.

First, we analyze the effect on coefficients of inflation, a,(I1, #) and a,(I1, 6).
The effects of the central bank’s robustness to a,(I1, ) are given by

Cla,LO) 1 3A(TL06)
90 TA(TLO)? 96
P42 (v
~ [PA(TL, 6)]2
Similarly for a,(I1, 6),
_ 0]a,/(T1,6)| =_8|au(H,9)|y(n)>0' 12)

a6 a6

Equations (11) and (12) show that inflation rate responds aggressively to cost-
push shock and natural rate shock under robust monetary policy.

Next we analyze the effects of robustness on coefficients of the output gap,
bi(I1,0),j =r, u. The absolute value |b;| is —b;, because b; is negative. The effects
of robustness to b, (I1, 6) are
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0L (I, 0) _ K(IT) da,(I1, 0)
90 0D 90

13)
K [yIm? +2] -0
© A AL 0P T
Similarly, the effects of robustness to b,(I1, 9) are given as follows:
a|b,(I1,0 alb,(I1, 0
_91by( )|:_ 1Du( )ly(l'l)>0. (14)

a0 00

Equations (13) and (14) show that the output gap responds aggressively to cost-
push shock and natural rate shock under robust policy.

Finally, we derive the effects of robustness on the coefficients of the nominal
interest rate, ¢,(I1, 6) and ¢, (I1, ). The effects of robustness to ¢,(I1, ) are given

as follows:
e, (I, 0)]  a,(T1,0) 1 KD\ da,(T1,0)
90 o2 0 ox(ID) 90
) (15)
_ 1 1 kI [ydD]"+2 -0
T H2A(T1, 6) 0 oA(IT)) [AA(TT, 0)]> '
The effects on the coefficient of the natural rate c,(I1, 6) are
dlc(I1, 0)] d|c,(I1, 0)]
— =— 1 . 16
20 a9 /H>0 (16)

Equations (15) and (16) show that monetary policy responds aggressively to cost-
push shock and natural rate shock under robust policy.
From the results of equations (11)—(16), we obtain the following proposition.

PROPOSITION 1. In the worst-case scenario, equations (11)—(16) show that
stronger policy robustness increases sensitivity in inflation, output gap, and policy
rate in response to cost-push shock and natural rate shock under Assumption 2.

In terms of the inflation rate, Proposition 1 is consistent with Giordani and
Soderlind (2004), but opposite to the Leitemo and Soderstrom’s (2008b) result,
which found that the inflation rate responds cautiously to cost-push shock.!!
However, as Giordani and Soderlind (2004) pointed, robustness leads to more
persistent response in inflation rate, output gap, and nominal interest rate in a
standard New Keynesian model. Our findings are consistent with this result.

Moreover, our result shows responses to natural rate shock under robust policy.
In a standard New Keynesian model, robust policy does not deviate from the ratio-
nal expectation, because the monetary policy does not face a trade-off. However,
in our model, natural rate shock appears in a Phillips curve. This means that the
central bank faces a trade-off. The robust policy deviates from the rational expec-
tation. In our analytic solution, the robust policy responds to the natural rate more
aggressively.

In addition to Proposition 1, equations (11)—(16) show that sensitivity in
response to the robustness possibly depends on trend inflation. We analyze
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how the amount of change in sensitivity depends on trend inflation by cal-

culating the cross derivatives of 32|a,(I1,6)|/063T1, 8%|b,(I1,0)|/300T1, and

8%)c,(I1,8)| /06311 for cost-push shock.'? These cross derivatives depend on the

derivative of KC(IT), A(IT), y(IT, 8), and A(I1, #) with respect to IT. We calculate

these derivatives for o0 = 1 and o > 1 separately. The case where o = 1 is simpler

than that where o > 1, because some structural parameters are reduced to zero.
Under o > 1, the sign of (IT) and A(IT) is as follows'3:

d/C(IT) aA(IT) afe — DIM2e—e@rh=2(pltwe _ 1)
<0, <0 if

ol ol 1 — ofMei+o) =ltoe A7)

Under o = 1, the signs of IC(IT), A(IT), y(I1, 8), and A(I1, 8) are determined as
follows:

de() _

aA(IT) J0A(IT, 0) ay (1)
<0 <0 =
oIl

> _07
oIl oIl oIl

s >

where KC(IT) = k(IT) if o = 1. The directions of dA(IT, 8)/dI1 and dA(IT1)/9IT are
mainly determined by the direction of d« (IT)/0TI1.

First, we begin with the policy function of inflation rate. The cross derivative
of a,(I1, ) is given as follows:

_ Pla,(ILO) 2y 8y ) [y (ID]* +2 JA(TL, )

3001 [OA(TL, )2 Il 02[A(TT,0))F oIl 18)

The sign of equation (18) can be positive and negative. If 9y (I1)/dI1 >0
and equation (17) are satisfied, the sign of equation (18) can be non-negative.
Moreover, if o = 1, the cross derivative of a,(I1, 6) is reduced to a simpler form
as follows:

9%la,(T1,0)| 4 AL 6)
900T1 O2[A(TL,0)]3 oIl —

19)

For inflation rate in response to cost-push shock, equation (19) shows that an
increase in trend inflation amplifies the effects of robustness in the case where
o=1.

Second, we derive the cross derivative of the output gap. The cross derivative
of b,(I1, ) is given as follows:

_ 9%|bu (11, 0)] _Kdamn [y(ID]* +2
3091 A(TD) [0A(TL, 0)]2

k(M) \ a(e — 1I2 k(M) € — 1
XKZ_K(n)) I—om—! +<1_K<n>> m
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K (I1) aBe(l + w)Ied+e-1 1—01< K(n)>

CKI) 1 - aBlIdro) o+ ' KD
o(1 + we)Ted+o-1 o(e — 1)(IT+we—1)[ 203
< l—all! (1 —all< )1 —aﬁl’[f(1+“’))):|
K(IT) 02|a, (11, 0)|
M) 8eamm
(20)

It is different from a,(I1, 0). The sign of the cross derivative of b,(I1,0) is
ambiguous even though the derivative of dy (IT)/dI1 > 0 and condition (17) is
satisfied. Under o = 1, the derivative is reduced as follows:

b, (M, 0) k(M) [yIDPP+2  [ale — DO afe(l +w)Te0Hte!
T a0am1 () [PACL O [ l—allcl 1 — B+ ]
k(TIT) 4 0A(TI, )
B AT O2[A(T1,0))2 oIl
It is unlikely in the case of a,(I1, 0) that the cross derivative of b,(I1, #) can be
both positive and negative, even though o = 1.

Finally, we derive the cross derivative for coefficients on nominal interest rate.
The cross derivative of ¢,(I1, 0) is given as follows:

9%|c,(T1,0)] 1 JA(TL 0) 1 8%|b,(I1,0)|
909T1  [PA(IL,0))> Il o 000I1
The cross derivative of ¢,(I1, #) for o = 1 is also ambiguous, because the sign of

the cross derivative of b, (I1, 0) is ambiguous even though o = 1. From the results
of equations (18)—(21), we obtain the following proposition.

PROPOSITION 2. In the worst-case scenario, equations (18)—(21) show that
the amount of change in sensitivity in inflation, output gap, and policy rate
depends on trend inflation.

21)

How trend inflation affects the sensitivity in inflation, output gap, and policy
rate is complicated. We tackle this question numerically in Section 4.

4. NUMERICAL RESULTS

This section analyzes numerically how trend inflation affects the change in sensi-
tivity in inflation, output gap, and policy rate. Our numerical simulation is derived
using Giordani and Soderlind’s (2004) MATLAB codes.'*

4.1. Main Result

Table 2 presents the values of parameters. We set parameters «, 8, w, and €
following Cogley and Sbordone (2008), and set standard deviations of shocks
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TABLE 3. Policy function for i, under discretion

(a) Coefficient on cost-push shock (u;)

Trend inflation (%) 0 1 2 3
i (0 =00) 4.0729 4.1696 42485  4.3033
i, (worst-case) 4.1481 4.2845 44089  4.5051

Change in percent 1.8471 2.7559 3.7771  4.6915

(b) Coefficient on natural rate shock (')

Trend inflation (%) 0 1 2 3

i, (0 =00) 1 1.0028 1.0062 1.0106
i, (worst-case) 1 1.0031 1.0105 1.0346
Change in percent 0 0.030722  0.42327  2.3739

TABLE 4. Policy function for , under discretion

(a) Coefficient on cost-push shock ()

Trend inflation (%) 0 1 2 3

7, (0 = 00) 0.6234 0.65499 0.68771 0.72137
7, (Worst-case) 0.72214 0.76588 0.81325 0.85645
Change in percent 15.8379 16.9303 18.2538 18.7261

(b) Coefficient on natural rate shock (r7)

Trend inflation (%) 0 1 2 3

7, (0 =00) 0 0.0013414 0.0030664 0.0053243
7, (Worst-case) 0 0.0040958 0.013599 0.041227
Change in percent 0 205.3302 343.4835 674.3166

following Adam and Billi (2006). We set o = 1.5 for a numerical reason.'’

Tables 3-5 show the policy functions of i;, m;, and x,. Panel (a) in each table
shows the coefficients on u, when trend inflation is 0%, 1%, 2%, and 3%; panel
(b) shows the coefficients on r}.

To capture the fundamental effect of the robust control, we begin with the case
where the trend inflation is zero. Panel (a) in each table shows that the coeffi-
cients on cost-push shock in the worst-case are amplified by coefficients of the
reference model (0 = oo). Monetary policy responds to cost-push shock more
aggressively than policy under the reference model. This is because the central
bank fears a large impact on the inflation rate by cost-push shock [c.f. Leitemo
and Soderstrom (2008b)]. 7, and x, respond aggressively to cost-push shock in
the worst-case. These results are consistent with Giordani and Sdderlind (2004),
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TABLE 5. Policy function for x; under discretion

(a) Coefficient on cost-push shock (u;)

Trend inflation (%) 0 1 2 3

x; (0 = 00) —6.1093 —6.2545 —6.3728 —6.455
x; (worst-case) —7.0769 —7.3134 —7.5361 —7.6637
Change in percent 15.8379 16.9303 18.2538 18.7261

(b) Coefficient on natural rate shock (r}')

Trend inflation (%) 0 1 2 3

X, (0 = 00) 0 —0.012809  —0.028415  —0.047643
X, (worst-case) 0 —0.03911 —0.12601 —0.36891
Change in percent 0 205.3302 343.4835 674.3166

but not with Leitemo and Soderstrom (2008b). In the Giordani and Soderlind’s
(2004) analysis, macroeconomic variables response is more persistent under
robust policy than in the reference model.

Panel (b) in the tables shows the coefficients on the natural rate. However,
results under the worst-case do not change from the reference model, because
monetary policy does not face a trade-off in response to natural rate. This result
is consistent with Leitemo and Sdderstrom (2008a) and Leitemo and Soderstrom
(2008a,b).

We now turn to the analysis of how trend inflation affects changes in coeffi-
cients between the worst-case and reference models. The coefficients on cost-push
shock in the worst-case are amplified by the coefficients of the reference model.
However, the amount of amplification increases with trend inflation. Changes in
coefficients of the nominal interest rate are particularly large relative to inflation
and output gap. Changes in percent of nominal interest rate increase about 1% as
trend inflation increases 1%.

Changes in coefficients on natural rate also increase as trend inflation increases.
However, the amount of change is large, since values of coefficients are very low.

Though it is a little complicated to disentangle why high trend inflation leads to
an aggressive policy response to cost-push shock under robust policy, we attempt
to interpret the mechanism. To obtain insight, it is useful to recall the model
for rational expectation equilibrium. The key reason is a main part of the slope
of the Phillips curve «(IT). «(IT) is a decreasing function with respect to trend
inflation.'®

(I—a(M)( —¢3(M) o' + o

— = _ e—1
ie(IT) = () o AM=an 22)

In response to a positive cost-push shock, the central bank lowers the output gap
by increasing the policy rate to mitigate the impact of the shock on the inflation
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rate. However, the central bank needs to decrease the output gap aggressively
when trend inflation is high, because the x (IT) becomes small. The policy maker
is aware of this mechanism. In our model, robust control leads to a more aggres-
sive policy response. The decrease in the slope «(IT) increases this mechanism
through the trend inflation. The policy maker adjusts the output gap largely to
cost-push shock when the model uncertainty is taken into account. This leads to a
more aggressive response of the nominal interest rate and output gap under robust
policy when trend inflation is higher.!”

On the other hand, the output gap is related to the inflation rate directly through
the targeting rule (4). The aggressive response of the output gap leads to an
aggressive response of inflation rate. However, the targeting rule also includes
trend inflation. As we will demonstrate in Section 4.2, an increase in trend infla-
tion decreases the coefficient in the targeting rule, and this decrease mitigates
the aggressive response of output gap and inflation rate. However, the effect of
trend inflation in the structural equations is dominant in our model, and inflation
and the output gap respond more aggressively.'® Our inflation rate response is
starkly different from that of Leitemo and Soderstrém (2008b). Under the stan-
dard New Keynesian model without trend inflation, robust discretionary policy
responds to the cost-push shock aggressively, and the inflation response is smaller.
This is because the central bank fears a large impact on the inflation rate from the
cost-push shock. However, our result shows that a positive trend inflation could
dominate the central bank’s preference of robustness to tighten the inflation rate
through the flatter NKPC slope.

To summarize, the model uncertainty from robust control amplifies the
responses of macroeconomic variables as trend inflation increases. The fluctua-
tion of the economy might be larger when trend inflation is higher.'”

To confirm the fluctuation in the present model, we derive the changes in
variance between the worst-case and reference models. Figure 1 shows the result.

Solid lines in the figure illustrate percent change in variance of inflation, output
gap, and nominal interest rate between the worst-case and reference models for
the level of trend inflation. Dashed lines in Figure 1 indicate percent changes
in variance between the approximating model and reference model. As may be
seen, the increase in both the worst-case and approximating models rises with
an increase in trend inflation. Thus, macroeconomic fluctuation rises large when
trend inflation increases.

4.2. Trend Inflation in Loss Function versus Structural Equation

Given the result in the previous subsection, it is natural to ask whether the trend
inflation in the loss function or structural equation affects the increases in the
effects of the robust control. To answer this question, we set trend inflation in the
structural equation Iy, = 1 explicitly.?’ Tables 6-8 show the results.

The fundamental effect of the robust control approach is the same as in the
previous subsection. Robust control leads to aggressive responses of interest
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TABLE 6. Policy function for i; under discretion (I1y, = 1)

(a) Coefficient on cost-push shock (i)

Trend inflation (%) 0 1 2 3
i; (6 =00) 4.0729 4.2912 4.5218 4.7652
i, (worst-case) 4.1481 4.3491 4.5602 4.7814

Change in percent 1.8471 1.3495 0.84766 0.33947

(b) Coefficient on natural rate shock (r7')

Trend inflation (%) 0 1 2 3
i, (0 = 00) 1 1 1 1
i, (worst-case) 1 1 1 1
Change in percent 0 0
Inflation Output Gap
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FIGURE 1. Percent changes in variances and losses.

rate, inflation, and output gap. However, changes in coefficients between the
worst-case and reference models are different when the trend inflation increases.
Changes in percent between the worst-case and reference models decrease as
trend inflation increases. Under our baseline calibration, the coefficient in the
targeting rule AC(I1)/A(I1) decreases with trend inflation.?! The impact on the
inflation rate of a fluctuation in the output gap becomes small in the targeting rule.
This makes the fluctuation of inflation small. This mechanism therefore mitigates
the aggressive responses from the effect of robustness.
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TABLE 7. Policy function for r, under discretion (ITg, = 1)

(a) Coefficient on cost-push shock (u;)

Trend inflation (%) 0 1 2 3

7, (0 = 00) 0.6234 0.60322 0.58188 0.55938
7, (Worst-case) 0.72214 0.69697 0.67077 0.64235
Change in percent 15.8379 15.5419 15.2747 14.8319

(b) Coefficient on natural rate shock (')

Trend inflation (%) 0 1 2 3
7, (6 = 00) 0 0 0 0
7, (Worst-case) 0 0 0 0
Change in percent 0 0 0 0

TABLE 8. Policy function for x; under discretion (Il = 1)

(a) Coefficient on cost-push shock (u,)

Trend inflation (%) 0 1 2 3
x; (6 = 00) —6.1093 —6.4368 —6.7828 —7.1478
x; (worst-case) —7.0769 —7.4372 —7.8189 —8.208

Change in percent 15.8379  15.5419  15.2747 14.8319

(b) Coefficient on natural rate shock (r7)

Trend inflation (%) 0 1 2 3
x; (6 =00) 0 0 0 0
x; (worst-case) 0 0 0 0
Change in percent 0 0 0 0

Now, we analyze how trend inflation in the structural equation affects the
effect of robustness. We set trend inflation in the central bank’s objective function
[Tjoss = 1 explicitly. Tables 9—-11 show the results.

The robust control amplifies the responses of interest rate, inflation, and out-
put gap. This result is consistent with the main result in Section 4. Changes in
percent between the worst-case and reference models increase as trend inflation
increases. This shows that the increases in deviation between the worst-case and
the reference models are caused by trend inflation in the structural equations.

4.3. Determinacy Analysis

Thus far, we have derived policy responses under a robust policy. However,
Coibion and Gorodnichenko (2011) and Kobayashi and Muto (2013) derive the
determinate region for trend inflation. Along the lines of their analysis, we also
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TABLE 9. Policy function for i; under discretion (ITjoss = 1)

(a) Coefficient on cost shock (u;)

Trend inflation (%) 0 1 2 3
i; (6 =00) 4.0689 3.9362 3.7546 3.5253
i, (worst-case) 4.1446 4.066 3.9376 3.7588

Change in percent 1.8589 3.2988 4.8757 6.6224

(b) Coefficient on natural rate shock (r]')

Trend inflation (%) 0 1 2 3

i, (0 =00) 1 1.002 1.0037 1.005

i, (worst-case) 1 1.002 1.0038 1.0053
Change in percent 0 0.0064964 0.017769  0.032925

TABLE 10. Policy function for 7; under discretion (ITjos = 1)

(a) Coefficient on cost shock (u;)

Trend inflation (%) 0 1 2 3

7, (0 = 00) 0.62376 0.67431 0.72402 0.77174
7, (Worst-case) 0.72278 0.7909 0.85984 0.92898
Change in percent 15.8735 17.291 18.7584 20.3741

(b) Coefficient on natural rate shock (r7)

Trend inflation (%) 0 1 2 3

7, (0 = 00) 0 0.00033803 0.00070537 0.0010938
7, (Worst-case) 0 0.00039648 0.00083768 0.0013167
Change in percent 0 17.291 18.7584 20.3741

analyze the determinacy. We derive the determinate region for trend inflation
and robustness.?? Figure 2 plots the region of determinacy.?® The horizontal axis
denotes degrees of robustness 6, and the vertical axis denotes the annualized trend
inflation 7.

Figure 2 shows that stronger robustness (i.e., low 6) leads to indeterminate
equilibrium as trend inflation increases. This is mainly because of coefficients on
the forward term. To obtain an insight, we substitute the first-order conditions into
a Phillips curve and iterate it forward.

7= lim EA8(TL,0) mr} + DL OE, Y 8 6)" (her + v (Mrfr + tter)
=0
(23)
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TABLE 11. Policy function for x; under discretion (ITjos = 1)

(a) Coefficient on cost shock (i)

Trend inflation (%) 0 1 2 3

X, (6 = 00) —6.1035 —5.9044 —5.6319 —5.2881

x, (worst-case) —7.0723 —6.9253 —6.6884 —6.3655

Change in percent 15.8735 17.291 18.7584 20.3741
(b) Coefficient on natural rate shock (r}')

Trend inflation (%) 0 1 2 3

X, (6 = 00) 0 —0.0029599  —0.0054868 —0.0074949

X, (worst-case) 0 —0.0034716  —0.006516 —0.0090219

Change in percent 0 17.291 18.7584 20.3741

bar
N
[6)]
:

Indeterminate

4 6 8 10 12 14 16

0

18 20

FIGURE 2. Determinate region for 7 and 6. Grid intervals for 7 and 6 are 0.01 and 0.1,

respectively.

where

8(I1,0) =T IN)BIT), I'(I1,0)=

1

1+ K2 /(1) — (y(I?* +1)/6°

If §(I1, 0) is outside an unit circle, equation (23) diverges. Under our baseline cali-
bration, B(IT) increase together with trend inflation. This leads to higher values in
8(IT, 0). On the other hand, increases in 6 lower the value of I'(I1, 0). Therefore,
higher trend inflation needs weaker robustness to lower the §(I1, #). This leads a
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positively sloped border line in Figure 2.2 Under our baseline calibration, robust-
ness makes the economy more volatile. When this meets higher trend inflation,
the model deviates from equilibrium substantially and tends to be indeterminate.

5. CONCLUDING REMARKS

This paper investigated how model uncertainty influences economic fluctuation
when trend inflation is high. We introduced Hansen and Sargent’s (2008) robust
control techniques into a New Keynesian model with non-zero trend inflation. We
revealed the following two points. First, we found that robust policy monetary
responds more aggressively, and macroeconomic variables have a larger response
to cost-push shock as trend inflation rises. Second, stronger robustness tends to
lead to indeterminate equilibrium with higher trend inflation. Consequently, the
economy might become volatile when trend inflation is high through determinacy
and robustness. We interpret that model uncertainty might be the one of the factors
causing large macroeconomic fluctuations when trend inflation is high.

SUPPLEMENTARY MATERIAL

To view supplementary material for this article, please visit http://doi.org/
S$1365100518000883.

NOTES

1. Tillmann (2009b) analyzes the robust monetary policy in the New Keynesian model with a cost
channel under Onatski and Williams’s (2003) structured uncertainty.

2. Aoki (2006) analyzes the advantage of optimal commitment policy when inflation and output
gap are available with noisy data.

3. Kobayashi and Muto (2013) and Kurozumi (2014) analyze the stabilization problem in mone-
tary policy under non-zero trend inflation. They introduce adaptive learning and analyze the relation
between trend inflation and E-stability, as well as determinacy.

4. The relation between gross rate of trend inflation and annual rate of trend inflation is

n=1 ﬁ
=1+ 200°

5. Conversely, Alves (2012, 2014) explains that the weight on the output gap increases as trend
inflation rises in Coibion et al.’s (2012) model. This study derives the loss function in the model
with trend inflation around the zero inflation steady-state equilibrium, different from Alves (2012).
However, our overall result does not change much if both loss functions are applied.

6. We introduce the specification error term v” even though there are no exogenous shocks in
the equation of the auxiliary variable. However, we suppose the situation that the central bank does
not capture all of the structural equations. In the numerical part, we plot the results of introducing
exogenous shock to the equation of the auxiliary variable.

7. F,=0;,, means that no misspecification exists. However, solutions for forward variables
include 6.

8. We derive the solutions under discretion but commitment. Under the commitment policy, it is
too complicated to solve the model in our hands because of the history dependence.
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9. The first-order conditions in the present paper correspond to the Nash solution in Leitemo and
Soderstrom (2008b).

10. Appendix A.2 in the Supplementary Material gives a detailed derivation of policy function.

11. The difference from Leitemo and Soderstrom (2008b) is explained in Section 4.

12. We explain the derivation of cross derivative and associated conditions in Appendix A.3 in the
Supplementary Material. The cross derivative of coefficients on natural rate is small. We report the
results in numerical analysis.

13. See Appendix A.3 in the Supplementary Material for detailed calculation for derivation.

14. Giordani and Soderlind’s (2004) code solves the robust control model under discretion using
Backus and Driffill’s (1986) iterative algorithm. This algorithm reoptimizes the problem every period
by taking the private sector’s expectation formation as given.

15. Cogley and Sbordone (2008) set o =6.25. However, under values greater than 1.5 in o,
detection error probabilities do not converge when trend inflation is high.

16. Appendix A.l in the Supplementary Material of this paper presents definitions of structural
parameters.

17. This aggressive response is related to Giordani and Soderlind’s (2004) warning that the robust
policy maker looks like a foolish catastrophist. They suggest a detection error probability as one
defense to this warning. Our interpretation of aggressive policy response comes from the central bank’s
fundamental stabilization policy to inflation fundamentally. Therefore our interpretation is reasonable
to policy makers, and we consider that it does not conflict with this warning.

18. We also investigate in detail the effect of trend inflation in the central bank’s objective function
in Section 4.2.

19. This model property seems consistent with the US economy in the 1970s, but its mechanism
might not be consistent.

20. Henceforth, we express trend inflation in the structural equations as I, where ITy, =1 cor-
responds to zero annual trend inflation. On the other hand, we express trend inflation in the central
bank’s objective function as ITjy.

21. Under our baseline calibration, values of /C(IT)/A(TT) take 9.8, 9.549, 9.2666, and 8.9482 for
0%, 1%, 2%, and 3%, respectively, in trend inflation.

22. Itis difficult to derive the determinacy region for parameters except 6, because we cannot derive
the detection error probability if the model is indeterminate.

23. We derive the region of determinacy in relying on Giordani and Soderlind’s (2004) MATLAB
code.

24. Under our baseline calibration, values of B(IT) take 0.99, 1.0029, 1.016, and 1.0293 for 0%,
1%, 2%, and 3%, respectively, in trend inflation.
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