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Abstract

In this paper, we give a complete list of strongly tempered anomaly-free hyperspherical Hamiltonian spaces-those
that are dual to symplectic vector spaces under the relative Langlands duality. We show that the period integrals
attached to the list contain many previously studied Rankin-Selberg integrals and period integrals, thus giving a new
conceptual understanding of these integrals. The list also proposes many new interesting period integrals to study.
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1. Introduction
1.1. BZSV duality

In [1], Ben-Zvi, Sakellaridis, and Venkatesh introduced a striking relative Langlands duality for the
so-called anomaly-free hyperspherical Hamiltonian spaces, which we will refer to as the BZSV duality.
We begin by briefly recalling the key data involved.

Throughout this paper, & is a global field, A = Ay, F is a local field, and ¢ is a nontrivial additive
character of A/k (resp. F) if we are in the global (resp. local) setting. Let G be a split connected reductive
group defined over k. In Section 3.5.1 of [1], Ben-Zvi, Sakellaridis, and Venkatesh defined a special
category of G-Hamiltonian spaces called the hyperspherical G-Hamiltonian spaces. The most important
condition for hyperspherical is the coisotropic condition (Condition (2) in Section 3.5.1 of [1]), which
states that the field of G-invariant rational functions on the Hamiltonian space is commutative with
respect to the Poisson bracket. In Theorem 3.6.1 of [1], Ben-Zvi, Sakellaridis, and Venkatesh proved a
structure theorem stating that each hyperspherical G-Hamiltonian space is associated with a quadruple
A = (G,H, pu,t) where H is a split reductive subgroup of G; py is a symplectic representation of
H; and ¢ is a homomorphism from SL, into G whose image commutes with H. We will call such a
quadruple the BZSV quadruple in this paper.

Let us briefly recall how to associate a G-Hamiltonian space M to a BZSV quadruple A =
(G,H, pi,1). Set h(t) = L((é t(_)l
(resp. U = exp(i1)) the corresponding unipotent subgroups of G associated with ¢, where u C g (resp.
i C g) is the positive weight space (resp. negative weight space) of the Lie algebra g of G under the
adjoint action of 7i(¢). Then P = LU and P = LU are parabolic subgroups of G that are opposite to each
other. It is clear that H C L.

Let u* be the > 2 weight space under the adjoint action of 7(r). It is well known that the vector
space u/u* has a symplectic structure and realizes a symplectic representation of H (and of L) under the
adjoint action. If we use V = V,,; to denote the underlying vector space of the symplectic representation
pH, then the Hamiltonian variety M is defined to be ((3.17) of [1])

)) in G and denote by L the centralizer of 7(z) and by U = exp(u)

Ma = ((V xu/u*) X 87) XHV G (1
where

o the maps u/u*t — h* and V. — bh* are the moment maps;
o the map V — u” is the zero map;
o the map u : u/u* — u* is given by

() = K1 () + s

where «; : u/u* — (u/u*)* is the isomorphism via the symplectic form on u/u* and
00
ke(X)=(f,X), Xen, f= L((l O))

https://doi.org/10.1017/fms.2026.10190 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10190

Forum of Mathematics, Sigma 3

Theorem 3.6.1 of [1] states that any hyperspherical G-Hamiltonian space is of the form M, for some
BZSV quadruple A = (G, H, pg,t).

Remark 1.1. When A = (G, H,0, 1) (here 1 means the SL,-homomorphism is the trivial map and
0 means that the symplectic representation is zero dimensional), the Hamiltonian space M, is just
the cotangent bundle 7*(G/H) for the variety G/H. This is called the spherical variety case. When
A = (G, G, p, 1) (which is the case we consider in this paper), the Hamiltonian space M, is just the
underlying vector space of the symplectic representation p. This is called the symplectic vector space
case.

Definition 1.2. We say that a quadruple A = (G, H, pg, t) is hyperspherical if the associated Hamilto-
nian variety M, is.

Remark 1.3. As we explained above, the most important condition in the definition of hyperspherical is
the coisotropic condition. By Proposition 3.6.3 of [ 1], the Hamiltonian space M associated to a BZSV
quadruple A = (G, H, pp, t) is coisotropic if HU is a spherical subgroup in G (i.e. it acts with an open
orbit in the flag variety of G) and the vector space V x u/u* is a coisotropic/multiplicity free symplectic
representation of the generic stabilizer of G on the cotangent bundle 7*(G/HU) or equivalently,
the generic stabilizer of H on the cotangent bundle 7*(L/H) (we say a symplectic representation
is coisotropic, or multiplicity free if the field of invariant rational functions on the vector space is
commutative with respect to the Poisson bracket). All multiplicity-free symplectic representations are
completely classified by Knop [30] and Losev [35].

Next we explain the anomaly-free condition for a Hamiltonian space. Let A = (G, H, py,t) be a
hyperspherical BZSV quadruple, and let M be the associated hyperspherical Hamiltonian space. The
map ¢ induces an adjoint action of H X SL; on the Lie algebra g of G and we can decompose it as

Bker1 Pk ® Symk

where py is some representation of H and [ is a finite subset of Z>o. We let I,44 be the subset of 1
containing all the odd numbers and we define

PH,. = PH D (Bict,uPi)- 2
This is a symplectic representation of H.

Definition 1.4 (Proposition 5.1.2 of [1]). We say that the Hamiltonian space M, is anomaly-free (or
equivalently, the quadruple A is anomaly-free) if the representation pg_, is a symplectic anomaly-free
representation (see Definition 2.7) of H.

Let G be the dual group of G. The BZSV duality is a conjectural duality between the set of anomaly-
free hyperspherical G-Hamiltonian spaces and the set of anomaly-free hyperspherical G-Hamiltonian
spaces, or equivalently, a conjectural duality between the set of anomaly-free hyperspherical BZSV
quadruples of G and the set of anomaly-free hyperspherical BZSV quadruples of G. This proposed
duality not only extends the classical Langlands program to a broader geometric setting but also provides
a new perspective on the interaction between Hamiltonian symmetries and representation theory.

In [1], Ben-Zvi, Sakellaridis, and Venkatesh formulated a series of elegant and far-reaching con-
jectures that should hold within this framework. An important aspect of their work concerns period
integrals, which we will recall in the next subsection.

Despite its conceptual beauty, a major challenge in BZSV duality is the lack of a general algorithm
to explicitly compute the dual of a given anomaly-free hyperspherical Hamiltonian space. In other
words, for a given anomaly-free hyperspherical BZSV quadruple A = (G, H, pg,t), there is currently
no known systematic procedure to determine its dual A. This remains a fundamental open problem.
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In Section 4 of [1], the authors devised an algorithm to compute the dual in a special case known as
the polarized case, which is when the symplectic representation pgy , of H is of the form py , =7 ® 7"
for some representation 7 of H. In particular this includes the cases when A = (G, H,0,1) (i.e. the
spherical variety case).

In this paper, we focus on another fundamental case: when the Hamiltonian variety is a vector space,
that is, the case when A = (G, G, p, 1). We will give an algorithm to compute the dual in this case and
we will provide several pieces of evidence of the period integral conjecture in this case. Understanding
this setting is an important step toward unraveling the full structure of the duality. We refer the reader
to Section 2.4 and 2.5 for more details.

In our previous paper [36], we proposed a relative trace formula comparison that connects the periods
PH .. pr (¢) associated with any BZSV quadruple (G, H, py, t) to the periods of a quadruple dual to a
symplectic vector space. In principle, this approach—assuming the conjectural relative trace formula
comparison holds—would reduce the period integral conjecture to the symplectic vector space case. This
motivates our study of the duality and period integral conjecture in the symplectic vector space setting.
Moreover, by examining the period integral conjecture in this setting, we recovered many previously
studied Rankin-Selberg integrals and period integrals, thus giving a new conceptual understanding of
these integrals. Our work also introduces several new and interesting period integrals for further study.
For more details, see Section 1.4.

1.2. The period integral conjecture

In this subsection we will recall the period integral conjecture for the relative Langlands duality. Let
A=(G.H,py,0)andA = (G, A, p f+»£') be two anomaly-free hyperspherical BZSV quadruples that
are dual to each other. As we explained in the previous subsection, the maps ¢ and #’ induce adjoint
actions of H X SL; (resp. A’ x SLy) on g (resp. §) and they can be decomposed as

8 = ®erpk ® Sym*, § =@, ;pr ® Sym"

where py (resp. px) are representations of H (resp. H’). It is clear that the adjoint representation of H
(resp. A)isa subrepresentation of pg (resp. po).

For an automorphic form ¢ of G (A) (resp. G (A)), we can define the period integral PH ,1.pr (&) (resp.
Por v, par (¢)) associated with the quadruple. Let us briefly recall the definition. We have a symplectic
representation py , : H — Sp(V). Let Y be a maximal isotropic subspace of V and Q, be the Weil
representation of §§(V) on the Schwartz space S(Y(A)). The anomaly-free condition on pg, ensures
§f)(V) splits over Im(pp ) and Q, restricts to a representation of H(A) on S(Y(A)). We define the
theta series

Of () = Y, Qu(he(X), he H(A),¢ € S(Y(A)),
XeY (k)

and we can define the period integral to be

Praon 0= [ P Of (.

H (k)\H (&)

Here P, is the degenerate Whittaker period associated with ¢ (we refer the reader to Section 1.2 of [36]
for its definition). To simplify the notation, we will omit the Schwartz function in the notation of the
period and simply write itas Py, p,, (¢)'. Similarly we can also define the period integral Py, ;. o (¢).
The following conjecture is the main conjecture regarding global periods in BZSV duality.

twhen the nilpotent orbit associated to ¢ is not even, the degenerate Whittaker period P, is a Fourier-Jacobi coefficient and one
also needs to include an extra Schwartz function in its definition
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Conjecture 1.5 (Ben-Zvi-Sakellaridis—Venkatesh, Conjecture 14.3.5 and (14.6.4) of [1]).

1. Let n© be an irreducible discrete automorphic representation of G(A) and let v : ©1 —
L*(G(k)\G(A))x be an embedding. Then the period integral

PH,L,pH (¢)’ ¢ € Im(V)

is nonzero only if the Arthur parameter of & factors through t' : H'(C) x SL,(C) — G(C). If this
is the case, n is a lifting of a global tempered Arthur packet 11 of H'(A) (the Langlands dual group
of H'). Then we can choose the embedding v so that

Pr.cpn (D L(/2,1L,pg) T L(k/2+ 1,11, pr)
(¢, p) B L(1,11, Ad)?

, ¢ € Im(v).

Here {,) is the L*-norm.
2. Let © be an irreducible discrete automorphic representation of G(A) and let v : ©1 —
L*(G(k)\G(A))x be an embedding. Then the period integral

Phir.ir pyy (®): ¢ € Im(v)

is nonzero only if the Arthur parameter of n factors through t : H(C) X SLy(C) — G(C). If this is
the case, 7 is a lifting of a global tempered Arthur packet TI of H(A) (the Langlands dual of H).
Then we can choose the embedding v so that

Pa o O LOJ2,00 py) - Tee L(K/2+ 1,10, i)
(¢, ) - L(1,11, Ad)?

, ¢ € Im(v).

Remark 1.6. The above conjecture is usually called the Ichino-Ikeda type conjecture. To state an explicit
identity instead of using the notation “=", one must choose suitable Haar measures on G and H, and
make some adjustments to the right-hand side. We refer the reader to Remark 1.3 of [36] for details. In
particular, at ramified places the local L—value is replaced by the local relative character.

Remark 1.7. In [1], they also formulated many other conjectures for the duality (i.e., local/global
geometric conjecture, local conjecture for Plancherel decomposition). The expectation is that those
conjectures would uniquely determine the duality. In this paper we will only focus on their conjecture
for period integrals.

Definition 1.8. We say the quadruple A = (G, H, pg,t) is strongly tempered if G = I:I’ZG, i.e. the
“dual group” of A is equal to the dual group of G up to center (this is equivalent to saying that the dual
Hamiltonian space is essentially a symplectic vector space). We say the quadruple is reductive if ¢ is
trivial.

If the quadruple A = (G, H, pm,t) is strongly tempered, then Conjecture 1.1(1) states that for all
global tempered L-packet IT of G (A)?2, there exists 7 € Il and v : 7 — L?(G(k)\G(A)) such that

PH.. 2 L(1/2,11, pg,
Prtaon OF LA Tpg) .
(¢, ¢) L(1,11, Ad)
In other words, it means that the norm square of the period integral Py , ., (¢) is essentially equal to
the central value of an automorphic L-function on every tempered global L-packet.

2when G # H’, we need to make some assumptions on the central character of II so that its Langlands parameter factors
through A’
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The most well-known example of strongly tempered quadruple is the Gross-Prasad model
(G,H, pg,t) = (SO2,41 X SOy, SOy, 0, 1). In this case the dual quadruple is given by

(G, G, p,1) = (Spay, X SO2y, Sy, X SOy, stdsp, ® stdso,,, 1).

In this case, Conjecture 1.5(1) is just the Ichino-Ikeda conjecture in [27] and Conjecture 1.5(2) is just
the Rallis inner product formula for the theta correspondence between Sp,,, and SO»,,.

Remark 1.9. Conjecturally the quadruple is strongly tempered if and only if the integral
[ P@metin @)
H(F)

is absolutely convergent for all tempered matrix coefficient ¢ of G(F). Here F = k, is a local field
for some v € |k|, P, is the local analogue of the global degenerate Whittaker period, and ¢(h) is a
matrix coefficient of the local Weil representation of H(F') associated to the symplectic representation
pu (although the unipotent integral P, is not necessarily convergent and it needs to be regularized, see
examples in [2, 33, 44, 45, 46]). In this case, the local relative character in Remark 1.6 is given by the
integral (4) where ¢ is a matrix coefficient of m,; and m, is the local component of 7 at v which is a
tempered representation of G (F).

The local relative character for unramified datum is defined in (4) with ¢ and ¢ being unramified
matrix coefficients normalized to be 1 at identity, and with suitably chosen Haar measures. For Conjec-
ture 1.5 to hold, we need the local relative character for unramified datum to be

LV(]/Z’H’p]:]’)
L.(LILAd)

In the following, we will encounter several strongly tempered quadruples A whose associated period
comes with an Euler product factorization

1
PH,pH,L(¢) = Lf?S(E) ) HVESIV(W¢)

that arises from Rankin-Selberg theory. Here Lgg is an L—function, W is the Whittaker coefficient of
¢ and I, is a local Rankin-Selberg integral.

Consider the unramified datum /,,(W,,) where W, is unramified vector in the local Whittaker model
whose value at identity is 1. Then 1, (W,) = LRS’V(%).

Definition 1.10. In the above setting we will call I,,(W,) = LRS,V(%) the local unramified Rankin-
Selberg factor of the quadruple A.

Assume p = T(f) := £ @ ()" for some representation ¥ of G. If the local unramified Rankin-
Selberg factor of the quadruple A is L(1/2,11,, %), then the equation in part (1) of Conjecture 1.5
holds?.

Remark 1.11. In the above discussion ¢ is assumed to be a cusp form. There are cases when
the period integral of a noncuspidal representation (i.e. an Eisenstein series) has a Rankin-Selberg
integral. We can use the same procedure to define the local unramified Rankin-Selberg factor
for the quadruple, as the local integral I, (W,) depends only on the local component of the
representation.

3note that the Whittaker coefficient contributes the missing adjoint L-function according to Lapid-Mao’s conjecture [33]
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1.3. Statement of main results

In this paper, we consider the case when the Hamiltonian space is a symplectic vector space, that is, it
is associated with a quadruple of the form

A=(G,6,p,1).

In this case, the hyperspherical and anomaly-free conditions are equivalent to the following three
conditions for the symplectic representation p of G.

1. The symplectic representation p is anomaly-free (see Definition 2.7).

2. The symplectic representation p is multiplicity free (i.e. the field of invariant rational functions on
the vector space is commutative with respect to the Poisson bracket).

3. The generic stabilizer of the representation p of G is connected.

The set of multiplicity-free symplectic representations were classified by Knop [30] and Losev [35]
independently. In this paper we will use the list in [30]. By [30, Theorem 2.3], the classification is
reduced to that of symplectic representations that are saturated and multiplicity free, which are listed
in Tables 1, 2, 11, 12, 22, S of [30].

For each multiplicity-free symplectic representation in Knop’s list that is anomaly-free and has a
connected generic stabilizer (which is equivalent to the symplectic vector space being anomaly-free and
hyperspherical), we will write down the quadruple A = (G, H, pg, ¢) that is dual to A = (G, G, p,1). In
other words, we provide an algorithm to compute the dual Hamiltonian space in the symplectic vector
space case. To determine the dual quadruple, we will provide a systematic way to write down H and ¢
(see Property 2.11). On the other hand, the choice of py has been made in an ad hoc way at this stage.

Remark 1.12. Condition (1) is the anomaly-free condition and Condition (2) is the coisotropic condition
(in the definition of hyperspherical Hamiltonian spaces). Condition (3) above is related to the Type N
spherical root. Whenever this condition fails, we should expect some covering group to appear in the dual
quadruple A = (G, H, pg,t). This is not covered in BZSV’s framework at this moment. Nonetheless,
for some of the cases in [30] that do not satisfy (3), we are still able to write down a candidate for the
dual quadruple A from some existing automorphic integrals in previous literature*.

We first consider representations not in Table S of [30] (because Table S of [30] is an infinite
table). For each representation p in the table, we will write down a quadruple A = (G, H, pg, ) that
is dual to (GA,m,ﬁ, 1) where Zpn = Zg N ker(py) and Zg is the center of G (i.e. it is dual to
the symplectic vector space up to some central isogeny). To support the duality, we provide evidence
through the three main theorems below. Our results are summarized in the six tables at the end of this
paper (Table 21, 22, 23, 24, 25 and 26, the first two tables are for reductive cases while the last four tables
are for nonreductive cases). In particular, we give a complete list of strongly tempered anomaly-free
hyperspherical Hamiltonian spaces (up to isogeny).

Theorem 1.13.

1. For all the reductive cases (Table 21 and 22) except Model 3-5 of Table 22, and for all quadruples in
Table 23 and 24 except Model 2 of Table 24, either the local relative character with unramified datum
equals %W, or we have p = T(%) for some representation t of G, Py is a Rankin-Selberg
integral, and the local unramified Rankin-Selberg factor of A equals L,,(1/2,11, 7).

2. For Model 3, 5 of Table 22 and Model 2 of Table 24, there exists a Levi subgroup M of G such that
POly = T (%) for some representation T of M. Moreover, when we consider the period integral Pa
for Eisenstein series on G (A) induced from M (A) (in particular I1 is the parabolic induction of an
automorphic representation Iy; of M(A)), we recover the Rankin-Selberg integral studied in [7, 18,

38] whose local unramified Rankin-Selberg factor equals L, (1/2,Ts, 7).

4In this paper, we will not check the connectedness condition for representations in [30], we will leave it as an exercise for the
reader.
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Remark 1.14.

1. Ttis easy to check for all cases in Table 21 — 26, the integral (4) is absolutely convergent. In [27] and
[46], many cases of the local relative characters are computed with unramified datum. We expect
that the methods there can be used to compute the unramified factor for all the cases in these tables.

2. In the case of Model 4 of Table 22, an anonymous referee provided a beautiful argument connecting
it to the exterior cube L-function during the peer review process. We refer the reader to Section 6.1
for details and are grateful to the referee for this contribution.

3. As the local relative character (resp. local Rankin-Selberg factor) is defined via certain integral of
the matrix coefficient (resp. the Whittaker model), it is nontrivial to prove a relation between them.

Theorem 1.15. For the quadruples in Table 21, 23 and 25, the nonvanishing part of Conjecture 1.5(2)
holds, if we assume (when applicable) the global period integral conjectures in [13, 14, 27] for Gan-
Gross-Prasad models. Moreover, the local relative character of the period Py, s is equal to the

L(I/Z»H,PH)'erlL(k/z‘*'l,H,Pk))
L(1,11,Ad)? :

Remark 1.16. In most cases for Theorem 1.15 and some cases for Theorem 1.13 we utilize the theta
correspondence. We summarize the results needed for theta correspondence in Section 2.2.

L-value in Conjecture 1.5(2) at unramified places (i.e.

Remark 1.17. In [14], the authors formulated only a global conjecture concerning the nonvanishing
of period integrals for the Gan-Gross-Prasad models associated with nontempered Arthur L-packets
(Conjecture 9.11 of [14]). An Ichino-Ikeda-type conjecture for these periods is not provided in [14]
due to the challenges in defining local relative characters at ramified places in the nontempered case
(see the last paragraph of Section 9 in [14]). Consequently, in Theorem 1.15, we can only establish the
nonvanishing part of Conjecture 1.5(2).

For these cases, assuming (when applicable) the Ichino-Ikeda conjecture for the Gan-Gross-Prasad
models, we could, in principle, fully prove Conjecture 1.5(2), subject to verifying two additional
conditions beyond checking the L-factors at unramified places:

o At ramified places, one must establish a local identity between the local relative character of the
period Py ;. . and the local relative characters arising from the Gan-Gross-Prasad model and theta
correspondence.

o It is necessary to verify that the global constant defined in (14.26) of [1] for the period conjecture
matches the global constant derived from the Gan-Gross-Prasad model and theta correspondence.

In this paper, we do not pursue this direction further. Instead, we focus solely on verifying the L-factors
at unramified places.

Besides the above two theorems, we provide one further piece of evidence for the duality for all
the nonreductive quadruples. To state the evidence, we need to introduce one more notation. Let
A = (G, H, py,t) be a BZSV quadruple, and let L be the centralizer of {¢(diag(t,t™!))| t € GL,}in G
as before. We define

Ared = (L9 H3pH,L3 l)

where the representation pg , has been defined in (2). As we explained before, the Hamiltonian G-
space associated to A is defined by certain induction of the Hamiltonian L-space associated to A,.4. In
Section 4.2.2 of [1], Ben-Zvi—Sakellaridis—Venkatesh proposed a conjecture about the relation between
the dual quadruples of A and A,.4. We will recall this conjecture in Conjecture 2.10. Now we are ready
to state the third evidence.

Theorem 1.18. For any quadruple A = (G,H, pg,t) in Table 23, 24, 25 and 26, the corresponding
quadruple Ayeq = (L,H,pu .., 1) is a quadruple in Table 21 and 22. Moreover, the duality for the
quadruples A and A .47 is compatible with Conjecture 2.10.

5hereAbyAsaying the duality for A (resp. A,¢q) we mean the duality between A (resp. A,-.4) and the quadruple (G, G,ﬁ, 1)
(resp. (L, L, p, 1)) where p is the corresponding symplectic representation in Table 21-26
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Remark 1.19. Most of the quadruples in Table 21 and 22 come from Tables 1, 11, 2, 12, 22 of [30].
There are some exceptions; the quadruples given in (24), (31), (32), (39) and (40) are strongly tempered
and dual to p from Table S in [30].

Remark 1.20. For quadruples in Table 23, 24 and 25, Theorem 1.13 and 1.15 already provide strong
evidence for the duality of (G, H, pg,t). Combining with Theorem 1.18, we get strong evidence of
Conjecture 2.10 for quadruples in these three tables.

Lastly we consider Table S of [30]. The representations coming out of this table are glued together
from various representations of this table that already appeared in Tables 1, 2, 11, 12, 22 of [30]. Since
the length can be arbitrary (i.e. we can glue any number of certain representations together), this table
produces infinitely many representations. In Section 9, for all the representations ¢ coming from Table
S that are anomaly-free and with connected generic stabilizer, we will describe a way to glue the dual
quadruples which gives the dual of the quadruple (G, G, p, 1).

More precisely, given representations (G, p;) in Table S of [30], let (G, ) be the gluing of those
representations. Assume that p is anomaly-free and its generic stabilizer is connected. We will describe
the dual quadruple A of A = (G, G, P, 1) in terms of the dual quadruples A; of (Gi, Gi, pi, 1). Roughly
speaking, A is glued from A;, where the gluing process will be described in Section 9. To justify our
construction, we will prove the following theorem (we refer to Section 9 and Remark 9.1 for further
details and clarification).

Theorem 1.21. With the above notation, Conjecture 1.5 for (A, A) follows from Conjecture 1.5 for
(Ai AY).

In this paper, we provide evidence of duality mainly through the period integral aspect, namely,
Conjecture 1.5. As we mentioned in Remark 1.7, there are other ways to justify the duality, for example
from the geometric conjectures and local Plancherel conjectures (e.g. [10, 12, 3, 4, 43, 11]). We will not
consider those conjectures in this paper. We just want to remark that Theorem 1.13 provides numerical

evidence for the local Plancherel conjecture in Proposition 9.2.1 of [1], but we will not digress in these
directions here.

1.4. Rankin-Selberg integrals and special values of period integrals

To end this introduction, we would like to point out that the list of strongly tempered quadruples we
found in this paper recovers many existing integrals such as the Rankin-Selberg integrals in [5], [6],
[71, [8], [15], [16], [17], [18], [28], [29], [37], [38] and the period integrals in [13], [22], [46]. It also
produces many new interesting period integrals for studying.

A simple example that leads to a Rankin-Selberg integral is the quadruple (13):

(GL, x GL,,GL,,,T(stdcL,,). 1)
which is dual to
(GL, x GL,,GL, x GL,, T (stdgL, ® stdgL,),1).

The attached period integral is

/ 01(8)02(8)0° (g) dg
GL,, (k)\GL, (A)

where ¢1 € w1, ¢» € mp are cusp forms in irreducible unitary cuspidal automorphic representations 7
and 7> on GL,, and ®®(g) is a theta series on GL,, explicitly given by

©%(g) = |detg| > ) ®(£g).

&ekn
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Let & = (0,0,...,0,1), then we can identify ®®(g) with the sum of | detg|_%d>(0) and a mirabolic
Eisenstein series®

_1
E®(g)=|detg] ™ ) ®(4yg)
y€Py(k)\GL,, (k)

where Py is the mirabolic subgroup that fixes &y. This period integral is just the specialization of the well-
known Rankin-Selberg integral for tensor product L—function [28] evaluated at a specified value (note
that either the contribution from | det g|_% ®(0) to the period integral is O or the L—value is infinity).

Remark 1.22. In this case, Conjecture 1.5 predicts that the square of the period integral equals the
square of the central value of the standard L-function. It is therefore reasonable to expect that the
period integral itself equals the central value of the standard L-function, which is precisely what has
been proved via the Rankin-Selberg integral for the tensor product L-function [28]. More generally,
when A = (G,G,T(p),1), Conjecture 1.5 predicts that the square of the period integral P equals
L(1/2,11, p)%. It is then reasonable to expect the period integral Py to equal L(1/2,TI, p), and there is
a Rankin-Selberg integral that represents L(s, I1, §).

The theory of Rankin-Selberg integrals is a very successful theory, producing many integral represen-
tations to study L-functions. A noted drawback of this theory is that the integrals are mostly developed
in an ad hoc way. The list provided in this paper can actually fit many of the Rankin-Selberg integrals
into the framework of BZSV duality. To be precise, those Rankin-Selberg integrals (evaluated at certain
value) are simply the period integrals attached to some strongly tempered BZSV quadruples whose dual
is closely related to the L-functions associated to the Rankin-Selberg integrals. The following is a list
of such Rankin-Selberg integrals.

Integrals for exterior square L—functions by Bump-Friedberg [5].

Integrals for Spin L—function by Bump-Ginzburg [6], [7] and [17].

Integrals for standard L—functions of exceptional groups E¢ by Ginzburg [15].
Multivariable Rankin-Selberg integrals by Ginzburg-Hundley [18] and Pollack-Shah [38].
Rankin-Selberg convolution by Jacquet-Piatetski-Shapiro-Shalika [28].

Integrals for exterior square L—functions by Jacquet-Shalika [29].

O O 0O O O ©

The above list exhausts all currently known Rankin-Selberg integrals utilizing the mirabolic Eisenstein
series. There are also examples above that use the Eisenstein series of other types (e.g., the ones in [18]
and [38]).

Our list provides more candidates for Rankin-Selberg integrals. For example, Model 12 of Table 26
suggests considering the following Rankin-Selberg integral of G = GSOg, which should produce the
standard L-function and the Half-Spin L-function. Let 7 be a generic cuspidal automorphic representa-
tion of GSOg(A), ¢ € m and P = M N be a maximal parabolic subgroup GSOg with its Levi subgroup
M = GL; x GSOy4. Let H = S(GL, X GSOy4) be a subgroup of M and let E(h, 51, s2) be an automorphic
function on H induced from the trivial function on GL, and the Borel Eisenstein series of GSOy4 (s1, 52
are the parameter of the Eisenstein series). It is easy to see that one can take a Fourier-Jacobi coefficient
of ¢ along the unipotent subgroup N that produces an automorphic function on H. We will denote it by
Pn (¢). Then, the integral associated to Model 12 of Table 26 is just

/ P (@) (WE(h, 51, 52)dh.
H(k)\H (A)/Zg (A)

In the spirit of Conjecture 1.5, we expect this to be the integral representation of the L-function
L(sy, 7, p1)L(s2, 7, p2) where py (resp. p») is the standard representation (resp. Half-Spin representa-
tion) of Sping (C).

6more precisely, after we integrate the theta series E® over the center of GL,, we get the mirabolic Eisenstein series
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Meanwhile the majority of the quadruples in our list have period integrals that cannot be considered
as specializations of Rankin-Selberg integrals. In some cases, the identities between the periods and
the L—values in Conjecture 1.5 are consequences of Gan-Gross-Prasad conjectures [13, 14, 27] and the
conjectures in [46]. There is also one case where the integral is predicted by the work of Ginzburg-
Jiang-Rallis [22] on the central value of symmetric cube L—functions. Of more interest are the many
cases where the conjectured identity in Conjecture 1.5 is new and unrelated to the conjectures mentioned
above. For example, each of the quadruples in Tables 25 and 26 gives such a new conjecture.

We now list one example from Table 22 that not only provides a new Ichino-Ikeda type conjecture for
a strongly tempered quadruple but also can be used to explain the Rankin-Selberg in [18]. The example
is Model 3 of Table 22. This quadruple is self-dual and is given by

A =(G,H, pn) = (GSp, x GSping X GL,, S(GSping X G(Sp, x SL2)),
stdsp, ® stdspin, ® HSping ® stdsy, ).

Let 7 be a cuspidal generic automorphic representation of G(A), ¢ € m and ©,,, be the theta series
associated to the symplectic representation pg. Then the period integral is given by

Pa(e) = / ¢(h)®,,, (h)dh.
H (k)\H (A)/Za (&)

In the spirit of Conjecture 1.5, we expect the square of this period integral to be equal to

L(1/2,11,p)
L(1,11, Ad)

where p is the representation stdsp, ® stdspin, ® HSping ® stdsy, of —G7Z\A(C). This is a new period
integral that has not been considered before. However if we replace the cusp form on GSp, and GL; by
Borel Eisenstein series, then the period integral P becomes the Rankin-Selberg integral in [18].

Remark 1.23. In this paper we will also encounter some representations p whose generic stabilizer is
not connected. While these representations do not fit in the current framework of BZSV quadruple, one
can still consider the associated period integrals and they are related to the previously studied integrals
on covering groups, in [8, 16, 22, 24, 37, 42].

1.5. Organization of the paper

In Section 2, we will explain our strategy for writing down the dual quadruple. In Sections 3—7, we will
consider Tables 1, 2, 11, 12 and 22 of [30]. In Section 8 we summarize our findings in six tables. In
Section 9 we will discuss Table S of [30].

2. Our strategy
2.1. Notation and convention

In this paper, for a group G of Type A, (resp. Bn, Cn, Dy, G2, Eg, E7), we use stdg to de-
note the n-dimensional (resp. 2n + 1-dimensional, 2n-dimensional, 2n-dimensional, 7-dimensional,
27-dimensional, 56-dimensional) standard representation of G. We use Spin,,, (resp. Spin,, ;) to de-
note the Spin representation of the reductive group of Type D,, (resp. B,) and we use HSpin,,, to denote
the Half-Spin representation of reductive group with Type D,,. We use Sym™ (resp. A") to denote the
n-th symmetric power (resp. exterior power) of a reductive group of Type A. We use /\(3) to denote the
third fundamental representation of a reductive group of Type Cs. Lastly, for a representation p of G,
we use p" to denote the dual representation and T'(p) to denote p @ p".
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In this paper, we always use [ to denote the similitude character of a similitude group. If we have two
similitude group GH; and G H;, we let

G(H| x Hy) = {(h1,hy) € GH, X GH2| I(hy) = [(h2)},

S(GH1 X GH) = {(h1, h2) € GH; X GHy| [(h1)l(h2) = 1}.
Similarly we can also define G(H; X --- X H,) and S(GH| X - -- X GH},). For example,
S(GL ) = S(GL2 X GL2 X GLQ) {(/’l], /’12, h3) € GLgl det(h1h2h3) = 1}

All the nilpotent orbits considered in this paper are principal in a Levi subgroup (this is also the case
in [1]). As a result, we will use the Levi subgroup or just the root type of the Levi subgroup to denote
the nilpotent orbit, i.e. we will use a Levi subgroup L of G to denote the nilpotent orbit of g that is
principal in L (the zero nilpotent orbit is still denoted by 1). For a split reductive group G, we will use
T to denote a maximal split torus of G (a minimal Levi subgroup).

For a BZSV quadruple A = (G, G, p, 1), there are many other quadruples that is essentially equal to
A up to some central isogeny. To be specific, one can take any group H of the same root Type as G such
that the representation p can also be defined on A. Then one can choose any group G’ containing H
such that G’ = HZG,. The quadruple (G’, H, p, 1) is essentially equal to A up to some central isogeny.
For example, both (PGL3, PGL,,0, 1) and (GL3, GL,, 0, 1) can be viewed as trilinear GL;-model. The
dual quadruple of them are (SL3, SL3 p,1) and (GL3, S (GL ), P, 1) where p is the tensor product of
the standard representations of SL; X SL, x SL, and S(GL, x GL; x GL;) respectively, and they are
equal to each other up to some central isogeny. While there are various choices of dual quadruples pairs
(A, A) associated to p due to the isogeny issue, in this paper, for each representation g in [30], we will
only write down one quadruple A = (G, H, py,t) whose dual quadruple A is (G, E/Z, 0, 1) where
Zn =Zg Nker(pp).

Remark 2.1. In our proof of Theorem 1.13, we frequently quote the unramified computation in [27]
and [46]. The settings in [27] and [46] may actually differ from ours through finite isogeny or central
isogeny. It is clear that the computation can be adapted and the results there still apply. For example,
in [27], they computed the local relative character for the Gross-Prasad model (SO,+; X SO,, SO,,)
at unramified places. Their results can be also applied to models like (GL4 x GSp,, GSp,) (which is
essentially the Gross-Prasad model (SOg X SOs, SOs) up to some central isogeny).

2.2. Theta correspondence for classical groups

In this paper we will frequently use theta correspondence for classical groups. We will briefly review it
in this subsection. We start with the theta correspondence for the general linear group. Let n > m > 1
and G = H| X H, = GL,, X GL,,,. We use V to denote the underlying vector space of the representation
p = stdgL,, ® stdg,, of G. For ¢ € S(V(A)), we define the theta function

0%(8)= >, p(@e(X), gcG(A)
XeV (k)

which is an automorphic function on G(A) = H{(A) X Hp(A). Let m be a cuspidal automorphic
representation of Hy(A). For ¢ € L?>(H,(k)\H3(A)),, the integral

/ Qi(hl,hz)fﬁ(hz)dhz
Hy(k)\H2(A)

gives an automorphic function on H;(A) which will be denoted by ®(¢).
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Theorem 2.2 [34]. We have

{0(8)] ¢ € L*(Ha(k)\H2(A))x} = {E(¢",1)| ¢’ € L*(Ha(k)\H2(A))x }

where E(¢’, 1) is the Eisenstein series on Hi(A) = GL,,(A) induced from ¢’ and the identity function
on GL,,_;,(A) that belongs to the induced representation Indg‘ (r® 1)6}3/ 2) (here P is a parabolic
subgroup of H, = GL,, of type (m,n —m)). Moreover, for ¢1,¢» € L*>(Ho(k)\H2(A))x, we have the
Rallis inner product formula

/ / / O (h1, h2) E(@1,1) (h1)
Hz(k)\Hz(A)/ZHZ(A) Hi(k)\H;(A) J Hi(k)\H;(A)

05 (h}, h)E(¢2, 1) (h})dhidhidhy

-m+1

¢ — ”L(n E(¢1’1)(h1)E(¢2’ 1)(h1)dh2

, ) /
2 Hi (k)\H\ (&) Zp, ()

Here the integrals on both sides require regularization.

Remark 2.3. When m = 1, the above theorem implies that if we integrate the theta series on GL,,
associated to the symplectic representation 7'(std,) over the center of GL, we will get the mirabolic
Eisenstein series of GL,,. We will frequently use this fact in later discussions.

For the unramified computation, we also need the local theta correspondence for unramified rep-
resentation. Let F' be a p-adic local field that is a local place of k. We use ¢, (1, h2) to denote the
local spherical matrix coeflicient of the Weil representation with ¢,(1,1) = 1. Let 7 be a tempered
unramified representation of H»(F), ¢ (tesp. ¢.1) be the unramified matrix coeflicient of 7 (resp.

mdgﬁszLM (m® 1)) with ¢ (1) = ¢.1(1) = 1.

Theorem 2.4 [34]. With the notation above, we have

n-m+1

/ o (1, h2)p(h2)dhy = L( >
H,(F)

sﬂ') . ¢7r,1(h1)-

Next we study the theta correspondence between SOy, and Sp,,, withn > m > 1. Let G =
H| x Hy = SOy, X Sp,,, and we use V to denote the underlying vector space of the representation
p = stdso,, ® stdsp, of G. Let Y be a maximal isotropic subspace of V, we can define @i(g) an
automorphic function on G (A) as in the introduction, for any Schwartz function ¢ on Y.

Let IT be a cuspidal tempered global Arthur packet of H»(A) = Sp,,,,(A) and let IT’ be its lifting to
Hy(A) = SOy, (A) under the map SOy,,,+1(C) X SLy(C) — SO,,(A) whose restriction to SL; is the

principal embedding from SL; to SOy;,—2,,,—1 (if n > m + 1 then IT’ is a nontempered Arthur L-packet)”.
For ¢ € L?>(H,(k)\H3(A)), the integral

/ ®£(h1»h2)¢(h2)dh2
H, (k)\H»(A)

gives an automorphic function on H; (A) = SO, (A) which will be denoted by @(¢). Then the following
theorem holds.

Theorem 2.5 [32, 49, 20]. With the notation above, the representation

{©()] ¢ € L2(Spay (k) \Spyy (4))1}

7in fact here II” should be an Arthur packet of Oy, (A) which is the union of two Arthur packets of SO»,, (A) differed by the
outer automorphism
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of SO, (A) is a direct sum of some distinct irreducible representations belonging to the Arthur L-packet
IT" of H1(A) = SOy, (A). Moreover, for ¢y, ¢, € I1’, we have the Rallis inner product formula

/ / / O (. 1)y (O (] ) o (Y
Hy (k)\H(A) J Hi (K)\H{ (&) J Hy (k)\H} (&)

“="L(n-m,II) - ¢1(h1)p2(h1)dh,.
Hy (k)\H;(A)

For the unramified computation, we also need the local theta correspondence for unramified repre-
sentation. Let F be a p-adic local field that is a local place of k. We use ¢, (%1, h2) to denote the local
spherical matrix coefficient of the Weil representation with ¢,(1,1) = 1. Let 7 be a tempered unram-
ified representation of H,(F) and 7’ be its lifting to H;(F) (which is also unramified). Let ¢, (resp.
¢ ») be the unramified matrix coefficient of 7 (resp. n’) with ¢ (1) = ¢ (1) = 1.

Theorem 2.6 [34]. With the notation above, we have
/ ¢p(h1, h2)pr(h2)dhy = L(n —m, x) - ¢ (hy).
H>(F)

The theta correspondence between SO,,, and Sp,,, (resp. GSO,, and GSp,,,,, GSO,,, and GSp,,,) is
similar and we will skip it here.

2.3. Anomaly-free symplectic representations

In this subsection we will recall the definition of anomaly-free symplectic representations. Let G be a
split reductive group, T C G be a maximal split torus and p : G — Sp(V) is a symplectic representation
of G. Since T is split, the restriction of the representation (p, V) to T can be decomposed into a direct
sum of two representations that are dual to each other, i.e.

(plT’V) = (,007W) 5] (p(\)/’W)

Definition 2.7 (Definition 5.1.2 and Proposition 5.1.5 of [1], Definition 2.2 of [47]). With the notation
above, we say the symplectic representation p is anomaly free if there exists a character y of T — GL;
and a character 77 of G — GL; such that det(pg) = x> - lr.

Remark 2.8.

1. Roughly speaking, anomaly-free means that the sum of half of the weights of p is a square in the
weight lattice of T (up to some character of G).

2. Itis clear that the definition is independent of the choice of the decomposition (plr, V) = (p9, W) &

(pg>W).

If p = T'(7) then it is anomaly free.

4. If p_p1 ® p2 such that p; is an anomaly free symplectic representation for i = 1,2, then p is also
anomaly free.

e

2.4. A conjecture of the duality under induction

We recall the notion from the introduction. Let A = (G, H, pg,t) be a BZSV quadruple. Let L be the
centralizer of {¢(diag(t,t™"))| t € GL,} in G. Then L is a Levi subgroup of G with H c L. We have
defined

Ared = (L’HMDH,L? 1)

where the representation pg,, was defined in (2). It is clear that A is reductive if and only if A = A,..4.
In Section4.2.2 of [ 1], Ben-Zvi—Sakellaridis—Venkatesh made a conjecture about the relation between
the dual of A and A,..4. To state their conjecture, we first need a definition.
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Definition 2.9. Let L be a Levi subgroup of G and p be an irreducible representation of L with the
highest weight @y . There exists a Weyl element w of G such that wewy, is a dominant weight of G®.
We define (p)LG to be the irreducible representation of G whose highest weight is wewy . In general, if
p = ®;p; is a finite-dimensional representation of L with p; irreducible, we define

(P)E = @i(p))yf -

Now we are ready to state the conjecture.
Conjecture 2.10 (Ben-Zvi-Sakellaridis—Venkatesh, [1]). With the notation above, if the dual of Ayeq
is given by Ayeq = (L, H) , p’,7), then the dual of A is given by
GA’ HA/, ! éll b e
(G A" (o)1)
where H' is generated by I-?i and {Im(to)| @ € Ag — A }°. Here Ay (resp. Ay ) is the set of simple
roots of G (resp. L) and 1o : SLy — G is the embedding associated to a.

Assuming the above conjecture, it would suffice to develop an algorithm for the duality in the reductive
case, i.e. when A = (G, H, pyg, 1) (where ¢ = 1). Within this setting, two particularly important special
cases arise:

o the case when py = 0 (i.e. the spherical variety case);
o the case when H = G (i.e. the symplectic vector space case).

As mentioned in the introduction, Ben-Zvi, Sakellaridis, and Venkatesh provided an algorithm in
Section 4 of [1] for computing the dual Hamiltonian space in the spherical variety case. In this paper,
we develop an algorithm for the symplectic vector space case (our approach will be explained in the
next subsection).

Ultimately, our goal is to integrate these two algorithms to establish a general procedure for all
reductive cases. If successful, this could be combined with Conjecture 2.10 to produce a general
algorithm for computing the duality of any anomaly-free hyperspherical Hamiltonian space.

2.5. General strategy

Let A = (G, G, p, 1) be a quadruple such that p is an anomaly-free symplectic representation of G, and
it appears in Tables 1, 2, 11, 12, 22 of [30]. Our goal is to write down a dual quadruple (up to isogeny)
A=(G,H,pg,t).

The data in Knop’s tables of [30], besides (G, p), also contains the following two items: a Levi
subgroup L of G and a Weyl group Wy written in the form of Wy where H is the root type (e.g.
Ap, By, Cp, etc). (In [30] the notations are L,G, Wy in place of i,é,Wv respectively.) Our key
observation is that two data (H,¢) of the dual quadruple A = (G, H, pg, t) are given by the following
properties.

Property 2.11.

1. The root type of H is dual to the root type of Wy in the tables of [30].
2. The nilpotent orbit O, associated to ¢ is the principal nilpotent orbit of L where L is the dual Levi of L.

Remark 2.12. Basically, the Weyl group Wy can be viewed as the “little Weyl group” of the quadruple
A= (é, G,ﬁ, 1), and [ in Tables of [30] is an analogue of Ix in Table 3 of [31]. Here [ is defined to
be the generic isotropy algebra of the symplectic vector space (i.e. the stabilizer of a generic point of
the vector space) and the little Weyl group is defined to be a subquotient of the Weyl group that satisfy
equation (1.8) of [30].

8the choice of w is not unique but w @y, is uniquely determined by w7y,
9In particular, H” is conjectured to commute with Im(Z’)
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Property 2.11 provides an algorithm to compute H and ¢ in the dual quadruple A = (G, H, pm, ).
It remains to determine the symplectic representation pg. At this moment we do not have a systematic
way to construct pg. Instead, we propose a py in an ad hoc way and then provide evidence for the
duality between A = (G, H, pg, 1) and (G, 67_Z\A,ﬁ, 1).

We provide two strong pieces of evidence for the duality. The first one is evidence for the period
integral conjecture (Conjecture 1.5), i.e., Theorem 1.13 and 1.15. The second evidence is for nonreduc-
tive models. For those models, we will show that the duality is compatible with Conjecture 2.10, i.e.
Theorem 1.18.

In the sections that follow, we will go through Knop’s list of representations p (i.e. Tables 1, 2, 11,
12, and 22 in [30]). For each p we write down a quadruple (G, H, pg,t). When the quadruple is not
reductive, we will also write down A .4 which is dual to another representation (I:, pr) in Knop’s list
and verify that Theorem 1.18 holds.

For cases in Table 21, 22, 23 and 24, we give references where either the local relative character is
calculated in the unramified places, or a Rankin-Selberg integral provides the local unramified Rankin-
Selberg factor, thus verifying Theorem 1.13. We will also verify Theorem 1.15 for the global periods
associated to the dual side A for cases in Table 21,23 and 25. In Section 8, we summarize our findings
in Table 21-26.

Lastly, in Section 9 we will deal with Table S of [30]. We will describe an algorithm to glue to dual
Hamiltonian spaces for representations in Table S of [30] and then we will prove Theorem 1.21.

3. Models in Table 1 of [30]

In this section we will consider Table of [30], this is for the case when p is an irreducible representation
of G. Itis easy to check that the representations in (1.2), (1.8), (1.9) and (1.10) of [30] are not anomaly
free and the representation in (1.1) of [30] is only anomaly free when p = 2n is even. Hence it remains
to consider the following cases. Note that we only write the root type of T and we write 0 if it is abelian.
Also we separate the cases when 1 is abelian and when 1 is not abelian. These are precisely the cases
where the dual quadruple is reductive/nonreductive (see Property 2.11).

Table 1. Reductive models in Table 1 of [30].

Number in [30] (G.p) Wy I
(1.1), p=2m (szm X SO2, Sl‘dspZm ® StdSOZ,,,) D,, 0
(1.1), p=2m+2 (SPZm X SO2n42, StdSsz ® Stdsoz,mz) Cn 0
(1.3), m=2 (Spins x Spiny, Spins ® Spin;) Cy X Ay 0
(1.3), m=3 (Spg x Spiny, stdsp, ® Spin;) C3 X B3 0
(1.3), m=4 (Spg x Spiny, stdsp, ® Spin;) D4 X B3 0
(1.6) (SLy, Sym?) Ay 0
Table 2. Nonreductive models in Table 1 of [30].
Number in [30] (G, p) Wy i
(1.1), p=2n<2m (Spam X SOy, stdsp,  ® stdso,,) D, Cii-n
(1.1),p=2n>2m+2 (Spam X SOy, stdsyp,  ® stdso,,) Cn Dy_m
(1.3), m=1 (SLy x Spiny, stdsr, ® Spiny) Ay Ar
(1.3),m>4 (Spy, X Spin,, stdsp, ~® Sping) Dy X B3 Cra
(1.4) (SLZ X Sping, S[dSLz ® Sping) Al X Ay Ay
(1.5), n=11 (Spin,, Spin,;) Ay Ay
(1.5), n=12 (Spin,,, HSpin;,) Ay As
(1.5), n=13 (Spin3, Spin;3) B; Ax X Ay
(1.7) (SLg, %) Ay Ay X Ay
(111) (E7,Sl‘dE7) Ay Eg
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3.1. The reductive case

In this subsection we consider the reductive cases, i.e., the ones in Table 1. The nilpotent orbit ¢ is trivial
for all these cases so we will ignore it.
For (1.1) with p = 2m (resp. p = 2m + 2), the associated quadruple A is

(G, H,pu) = (50241 X SO2n, SO2, 0) )
(resp.(G, H, p) = (SO2p41 X SO2n42, SO2m+1, 0)) (6)

which is just the reductive Gross-Prasad model. The unramified computations in [27] prove

Theorem 1.13 in these two cases. For the dual side, Theorem 2.5 applied to the theta correspondence

between SOy, X Sp,,, (resp. SO242 X Sp,,,,) implies Conjecture 1.5(2) and this proves Theorem 1.15.
For (1.3) with m = 2, the associated quadruple A is

(G,H, pu) = (GSpg X GSp4, G(Spy X Sp,),0)

which is the model (GSpg X GSp,4, G(Spy X Sp,)) studied in [46]. The unramified computations in [46]
prove Theorem 1.13 in this case.
For (1.3) with m = 3, the associated quadruple A is

(G,H, pn) = (GSpg x GSpin,, S(GSpy x GSpin,), stdsp, ® Spin,).
For (1.3) with m = 4, the associated quadruple A is
(G,H, py) = (GSpg x GSpiny, S(GSpg x GSping), stdsp, ® HSping). @)

Theorem 1.13 and 1.15 for two cases can be established by the same argument as Model (11.11) of [30]
(see (23) and (22) of Section 5.1) together with the triality of D4.

For (1.6), it is clear that the generic stabilizer of g in G is not connected, hence it does not belong to
the current framework of BZSV duality. However, for this specific case, by the work of [22], we expect
there is an associated quadruple of the form (GL,, GL,, pg, 1) where pg is no longer an anomaly free
symplectic representation, but rather we understand that pg corresponds to the theta series on H = GL,
defined via the cubic covering of GL; as in [22]. There is a covering group involved in the integral since
the generic stabilizer is not connected. In [22] it is established that the nonvanishing of Py , ,, (¢) is
equivalent to the nonvanishing of L(1/2,11, p). We expect further that Conjecture 1.5(1) holds in this
case.

By the discussion above, the strongly tempered quadruple associated to Table 1 (without the row
corresponding to (1.6)) is given as follows. Note that ¢ is trivial for all these cases.

Table 3. Dual quadruples of Table 1.

(G.H, pu) o
(SO2/m+1 X SO2111, SO, 0) Stdspz,,, ® StdSOz,,,
(SOZm+2 X S02m+l ) SO2m+| 5 O) Stdsz,,, ® SZdSOQ,,Hz
(GSpg x GSpy, G (Spy % Sp,),0) Spins ® Spin,
(GSpg x GSpin,, S(GSpg x GSpin,), stds,, ® Spin,) stdsp, ® Spin,
(GSpg x GSping, S(GSpg X GSping), stds,, ® HSping) stdsp, ® Spiny

3.2. The nonreductive case

In this subsection we consider the nonreductive cases, i.e., the ones in Table 2.
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For (1.1) with p = 2n < 2m, the associated quadruple A is'®
(S02m+1 X S02n7 SOZn, 0, (GLl)n X So2m—2n+] X TSOZH) (8)

and it is the Gross-Prasad period for SO+ X SOy,. For (1.1) with p = 2n > 2m + 2, the associated
quadruple A is

(SO2m+1 X SO21, SO2m+1, 0, T50,,,., X (GL1)™ X SO24-21n)

and it is still the Gross-Prasad period for SOy,,+1 X SO»,. In these two cases A,.4 are given by (5),
(6). It is clear that Theorem 1.18 holds in these two cases. The unramified computation in [27] proves
Theorem 1.13 for these two cases. Theorem 2.5 applied to the theta correspondence between SO2, XSp,,,
implies Conjecture 1.5(2) and proves Theorem 1.15 for these two cases.

For (1.3) when m = 1, the associated quadruple A is

(GSp6 X GL2, GLQ, O, (GL3 X GLI) X TGLz) (9)

and it is the model (GSpg X GL3, GLy = U) studied in [46]. In this case A,eq = ((GL,)3,GL,,0,1)
(which a special case of (6) with m = 1). It is clear that Theorem 1.18 holds in this case and the
unramified computation in [46] proves Theorem 1.13 in this case.

For (1.3) when m > 4, the associated quadruple A is

(GSpin,,,,,; X GSpg, S(GSping X GSpy), stdsp, ® HSping, L)

where L is the Levi subgroup whose projection to GSpin,,,,; (resp. GSpe) is of the form (GL)* x
GSpin,,,,_7 (resp. the maximal torus). The nilpotent orbit induces a Bessel period for the unipotent
radical of the parabolic subgroup P = MU with M = (GL;)"* x GSping X GSpg whose stabilizer is
GSping X GSpg and we can naturally embed H into the stabilizer. In this case A .. is given by (7) and it
is clear that Theorem 1.18 holds. Theorem 1.13 and 1.15 for this model can be established by the same
argument as (27) in Section 5.2 together with the triality of Dy.

For (1.4), the associated quadruple A is

(GSp8 X GLQ, G(SL2 X SLz), 0, GL3 X GL] X GL] X TGL2)~ (10)

The nilpotent orbit induces a Bessel period for the unipotent radical of the parabolic subgroup P = MU
with M = GL, X GSp, x GL, whose stabilizer is G(SL; X SLy) X GL,. We embeds H into the stabilizer
so that the induced embedding from H into M is given by the natural embeddings of H into GSp, and
into GL, x GL,. In this case A,.q4 = (GSp, X GL3 X GLy, G(SL, X SL3), 0, 1) which is essentially the
Gross-Prasad model for SO5 x SOy4. If we replace the cusp form on GL, by an Eisenstein series, we
recover the Rankin-Selberg integrals in [7]. It is clear that Theorem 1.18 holds in this case and the result
in [7] proves Theorem 1.13 in this case.
For (1.5) when n = 11, the associated quadruple A is

(GSpy, GL,, 0, GL5s x GL1) (11)

and it is the model (GSp,(, GL, < U) studied in [46]. In this case A,cq = ((GL,)3,GL,, 0, 1). It is clear
that Theorem 1.18 holds in this case and the unramified computation in [46] proves Theorem 1.13 in
this case.

here we recall from Section 2.1 that for nonzero nilpotent orbits appear in this paper, we will use a Levi subgroup to represent
it: we will use a Levi subgroup L of G to denote the nilpotent orbit of g that is principal in the Levi subgroup L. This notation
applies to all the nonreductive cases in this paper. For example, in the quadruple 8, (GL1)" X SO2;;-251+1 X T50,,, stands for the
product of the nilpotent orbit of SO3,,,+1 that is principal on the Levi subgroup (GL})"™ X SO2;;,-2,,+1 With the nilpotent orbit of
SO, that is principal on the Levi subgroup Tso,,, (Which of course is the zero nilpotent orbit of SO2;,).

https://doi.org/10.1017/fms.2026.10190 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10190

Forum of Mathematics, Sigma 19

For (1.5) when n = 12, the associated quadruple A is
(GSO13,GL,,0,GLe x GL)

and it is the model (GSO1», GL, = U) studied in [46]. In this case A,.q = ((GL2)3,GL,,0,1). It is
clear that Theorem 1.18 holds in this case and the unramified computation in [46] proves Theorem 1.13
in this case.

For (1.5) when n = 13, the associated quadruple A is

(GSpy, GSp,, 0, GL3 X GL3 x GL;).

The nilpotent orbit induces a Bessel period for the unipotent radical of the parabolic subgroup P = MU
with M = GL4 x GSp, whose stabilizer is H = GSp,. In this case A,.q4 = (GSp, X GL4,GSp,,0,1)
which is essentially the Gross-Prasad model for SOg x SOs. It is clear that Theorem 1.18 holds in this
case. In this case the unramified computation can be done in a similar way as [46], which will give
Theorem 1.13. Specifically, following the approach outlined in Sections 2.4-2.5 of [46], one need only
verify equations (2.21) and (2.23), as well as Lemma 2.32 of loc. cit., for the present model. Equations
(2.21) and (2.23) can be established via straightforward matrix computation, while Lemma 2.32 can be
verified by direct calculation. The argument is similar to the models studied in [46].
For (1.7), the associated quadruple A is

(GL¢, GL,, 0, GL3 x GL3) 12)

and it is the Ginzburg-Rallis model (GLg, GL; = U) studied in [46]. In this case A;eq =
((GL,)3, GL,, 0, 1). It is clear that Theorem 1.18 holds in this case and the unramified computation in
[46] proves Theorem 1.13 in this case.

For (1.11), the associated quadruple A is

(E7,PGL,, 0, GEg)

and it is the model (E7, PGL, = U) studied in [46]. In this case A ,.q = ((PGL,)3, PGL,, 0, 1). It is clear
that Theorem 1.18 holds in this case and the unramified computation in [46] proves Theorem 1.13 in
this case.

By the discussion above, the strongly tempered quadruple associated to Table 2 is given as follows.
Here for ¢, we only list the root type of the Levi subgroup L of G such that ¢ is principal in L.

Table 4. Dual quadruples of Table 2.

(G,H,pn) L p
(SOZWHI X SOZns SOZn > 0) Bmfn Stdszm ® StdS()z”
(SO21m+1 X SO211, SO241, 0) D, Stdspznl ® stdso,,
(GSp6 x GL,, GL;,, 0) Aj stdgL, ® Spin,
(GSpiny,,,; X GSpg, S (GSping X GSpg), stdsp, ® HSping) B4 stdsp,, ® Spin;
(GSpg X GL,, G(SLZ X SLZ), 0) Ar Sld(}L2 ® Sping
(GSpy, GL2, 0) Ay Spin,;
(GSOy3, GL3, 0) As HSpin,,
(GSpy, GSpy, 0) Ay X Ay Spin3
(GLg, GL,, 0) Az X Aj A3
(E7 ,PGL,, 0) Es SldE7
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4. Models in Table 2 of [30]

In this section we will consider Table 2 of [30], this is for the case when g = T(7) is the direct sum
of two irreducible representations of G that are dual to each other. All the representations in Table 2
of [30] are anomaly free (see Remark 2.8(3)), so we need to consider all of them. We still separate the
cases based on whether { is abelian or not.

Table 5. Reductive models in Table 2 of [30].

Number in [30] (G.p) Wy I

(2.1), m=n (GL,, xGL,,, T (stdgL,, ® stdgL,)) An-1 0

(2.1), m=n+1 and (2.4),n=2  (GL,.+1 X GL,,, T (stdgL,,, ® stdg,)) An-1 0
23) (GL,,, T (Sym?)) Anr O

(2.6), m=n=2 (Sp4 X GL,, T (Stdsp4 ® SthLz)) A xA; O

(2.6), m=2, n=3 (Spy x GL3, T (Stdsm ® Stdgr,)) CryxAy O
(2.6), m=2, n=4 (Spy x GL4, T (Sl‘dgp4 ® Stdgi,)) CryxA; O
(2.6), m=2, n=5 (Sp4 X GLs, T(Sl‘dsp4 ® Sl‘dSLS)) CyxA; O
(2.6), m=n=3 (Sp6 X GL3), T (Sl‘dsp6 ® SldGL3)) A3 XAy O

Table 6. Nonreductive models in Table 2 of [30].

Number in [30] (G, p) Wy i
@1, m>n+1,and 24),n>2 (GLy XGL,,, T (stdgL, ®stdaL,))  An-t Amn-i
(2.2), n=2m (GLowm, T (A%)) Apr (AT
(2.2),n=2m+1 (GLoms1, T (A?)) A (Ap)™m
2.5) (Spy,,» T (stdspm) 0 Ci-1
(2.6), m > 2, n=2 (szm X SLQ, T (Stdspz,y, [ StdSLz)) A] X A] Cm,z
(2.6),m=2,n>5 (Spy X SL,,,, T (Stdsp, ® Stdsy,,)) Cy X Az Am-s
(2.6), m > 3,n=3 (szm x SL3, T (StdSsz ® StdSL;)) Az X Ay Cin-3
(2.7), m=2k (SO, T (stdso,,)) A Dy
(2.7), m=2k+1 (SO2x+1, T (stdso,,,)) Ay By
(2.8), n=7 (Spin,, T (Spin;)) Ay Aj
(2.8), n=9 (Sping, T (Sping)) A X Ay Ay
(2.8),n=10 (Spinyo, T (HSpin;)) Ay Az
(2.9) (G2, T (stdg,)) Ay Ay
(2.10) (Es, T (stdg,)) Ay Dy

4.1. The reductive case

In this subsection we consider the reductive cases, i.e., the ones in Table 5. The nilpotent orbit ¢ is trivial
for all these cases so we will ignore it.
For (2.1) with m = n, the associated quadruple A is given by

(G,H, pn) = (GL, xGL,,GL,,, T (stdgL,))- (13)
For (2.1) with m = n+ 1 and (2.4) with n = 2, the associated quadruple A is given by
(G’ H’pH) = (GLn+1 XGLn’GL}'I’O)' (14)

The period integrals in these two cases are exactly the Rankin-Selberg integral for GL, x GL,, and
GL,+1 X GL,, in [28]. The result in loc. cit. proves Conjecture 1.5(1). The unramified computation in
[26] and [48] imply Theorem 1.13. For the dual side, Theorem 2.2 applied to the theta correspondence
for GL,, X GL,,+1 and GL,, X GL,, imply Conjecture 1.5(2) and this proves Theorem 1.15.
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Remark 4.1. With the work of [26] and [48], we know the local relative character with unramified
datum for the Rankin-Selberg periods on GL,, X GL,, and GL,,;; X GL,,. While we obviously also know
the local unramified Rankin-Selberg factor in these cases by the work of [28], in the following, we rely
on the relative character computation of [26] and [48] in the proof of Theorem 1.13 that uses these
Rankin-Selberg periods.

For (2.3), the generic stabilizer of p in G is not connected, hence it does not belong to the cur-
rent framework of the BZSV duality. However, for this specific case, by the Rankin-Selberg integral
in [8, 37, 42], we know that the dual integral should be the one in [8, 37, 42]. As the generic stabilizer
is not connected, there are covering groups involved in the integral.

For (2.6) with m = n = 2, the associated quadruple A is given by

(G,H,pp) = (GSp4 X GLy, G(SL; x SL;), T(SthLz’z)) (15)

where the embedding of H into G is given by the canonical embedding from GSpin, = G (SL,xSL) into
GSpins = GSp, and the projection of G(SL, X SL;) into GL; via the first GL,-copy. The representation
ppg is the standard representation of the second GL,-copy of H. This integral is essentially the Gross-
Prasad model for SOs x SO4 except we replace the cusp form on one GL;-copy by the theta series. The
unramified computation in [27] proves Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2)
would follow from Theorem 2.2 applied to the theta correspondence of GL; X GL4 and Gan-Gross-Prasad
conjecture (Conjecture 9.11 of [14]) for nontempered Arthur packet for the pair (GL4 X GSp,, GSp,)
which is essentially the Gross-Prasad period for SOg x SOs. This proves Theorem 1.15.
For (2.6) with m = 2, n = 3, the associated quadruple A is given by

(G,H, pH) = (GSp4 X GL3, GSp4 X GL3,T(SthSP4 ® SthL3)).

By the theta correspondence for GL3 x GL4 (note that the theta function constructed from T'(stdgs, . ®
stdgL,) is the restriction of the theta function from T (stdgy, ® stdgy,)), the integral over GL3 of a cusp
form on GLj3 with the theta series associated to py produces an Eisenstein series of GL4 induced from
the cusp form on GL3 and the trivial character of GL;. Then the integral over GSp, is just the period
integral for the pair (GL4 X GSp,, GSp4) which is essentially the Gross-Prasad period for SOg X SOs.
The unramified computation in [27] and Theorem 2.4 applied to theta correspondence for GL3 X GL4
proves Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2) follows from Theorem 2.2
applied to the theta correspondence of GL4 X GL3 and the global period integral conjecture for the pair
(GL4 x GSpy4, GSp,) (which is essentially the Gross-Prasad period for SOg X SOs) in [13]. This proves
Theorem 1.15.
For (2.6) with m = 2, n = 4, the associated quadruple A is

(G,H,pg) = (GSp4 X GLg4, S(GSp4 X GLy), Stdsp4 ® A2 D T(SldGL4)). (16)

By the theta correspondence for GSp, X GSOg, the integral over Sp, of a cusp form on GSp, with
the theta series associated to py produces an automorphic form of GL4. Then the integral over GL4
is just the Rankin-Selberg integral of GL4s X GL4 as in [28]'. The Rankin-Selberg integral in [28],
the unramified computation in [48], and Theorems 2.2 and 2.4 applied to theta correspondence for
GSp, x GSOg proves Conjecture 1.5(1) and Theorem 1.13 in this case. For the dual side, Conjecture
1.5(2) follows from Theorem 2.2 applied to the theta correspondence of GL4 X GL4 and the global period
integral conjecture for the pair (GL4 X GSp,, GSp,) (which is essentially the Gross-Prasad period for
SOg % SOs) in [13]. This proves Theorem 1.15. This is a very interesting case because both A and A
are strongly tempered and they are not equal to each other.

1Tn this paper we will frequently use the fact that the theta series associated to p @ p’ is the product of the theta series associated
to p and p’.
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For (2.6) with m = 2, n = 5, the associated quadruple A is
(G,H, pn) = (GSpy X GLs, S(GSp4 x GLy), stdsp, ® A?). 17)

By the theta correspondence for GSp, x GSOg, the integral over Sp, of a cusp form on GSp, with the
theta series associated to p g produces an automorphic form of GL4. Then the integral over GL4 is just the
Rankin-Selberg integral of GLs X GL4. The Rankin-Selberg integral in [28], the unramified computation
in [26], and Theorems 2.5 and 2.6 applied to theta correspondence GSp, X GSOg¢ proves Conjecture
1.5(1) and Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2) follows from Theorem 2.2
applied to the theta correspondence of GL4 X GL5 and the global period integral conjecture for the pair
(GL4 x GSpy4, GSp,) (which is essentially the Gross-Prasad period for SOg X SOs) in [13]. This proves
Theorem 1.15.
For (2.6) with m = n = 3, the associated quadruple A is given by

(G,H, pr) = (GSpin; x GL3, GSping X GL3, T (HSping ® stdgr,)). (18)

By the theta correspondence for GL3 X GL4 (note that GSping is essentially GL4 up to some cen-
tral isogeny which won’t affect the unramified computation) the integral over GL3 of a cusp form
on GL3; with the theta series associated to py produces an Eisenstein series of GSping induced
from the cusp form on GLj3 and the trivial character of GL;. Then the integral over GSping is
just the period integral for the Gross-Prasad model of GSpin; x GSping. The unramified compu-
tation in [27] and Theorem 2.4 applied to theta correspondence for GL3 X GL4 proves Theorem
1.13 in this case. For the dual side, Conjecture 1.5(2) follows from Theorem 2.5 applied to the
theta correspondence of GSpg X GSOg and the Rankin-Selberg integral of GL4 X GL3. This proves
Theorem 1.15.

By the discussion above, the strongly tempered quadruple associated to Table 5 is given as follows.
Note that ¢ is trivial for all these cases.

Table 7. Dual quadruples of Table 5.

(G.H,pH) p
(GLn x GL,,GL,,,T (SZdGL" )) T (SZdGL" ® SldGL")
(GL,+1 X GL,, GL,,, 0) T (stdgL,,, ® stdgL,)
(GSp4 X GL,, G(SLZ X SLz), T (Sl‘dGquz)) T (Sl‘dcsp4 ® Sl’dGLz)
(GSpy xGL3, H =G, T (Sld(;sp4 ® SthL;)) T (Sld(;sp4 ® Sl‘dGL3)
(GSp, x GL4, S(GSp, x GLy4), Sl‘dsp4 QAN T (SthL4)) T (Sl‘d(;sp4 ® Stdcu)
(GSp, X GLs, S(GSp, X GLy4), stdsp, ® A?) T (Stdgsp, ® StdgLs)
(GSpin; x GL3, GSping x GL3, T (HSping ® stdgi,)) T (Stdcspﬁ ® Stdgr,)

4.2. The nonreductive case

For (2.1) with m > n + 1 and (2.4) with n > 2, the associated quadruple A is given by
(G, H, PH> DE (GLm x GL,, GL,,0, (GLl)n X GLjy—p X TGLn)~

When m —n is odd (resp. even), the nilpotent orbit induces a Bessel period (resp. Fourier-Jacobi period)
for the unipotent radical of the parabolic subgroup P = MU with M = (GLl)m‘"—1 x GL,+1 X GL,
(resp. M = (GL1)™™" x GL,, X GL,;) whose stabilizer in M is GL,, X GL,,. We can diagonally embed H
into the stabilizer. This is the Gan-Gross-Prasad model for the general linear group defined in Section 13
of [13]. In this case A .4 is given by the quadruple (14) (resp. (13)). It is clear that Theorem 1.18 holds
in this case. The period integral in this case is closely related to the Rankin-Selberg integral in [28].
However the difference is not negligible and we do not claim Theorem 1.13 for this case. For the dual
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side, Conjecture 1.5(2) follows from Theorem 2.2 applied to the theta correspondence for GL,, X GL,,.
This proves Theorem 1.15.
For (2.2) with n = 2m, the associated quadruple A is given by

(GLowm, GLyy, T (stdg,, ), (GL2)™).

The nilpotent orbit induces a Bessel period for the unipotent radical of the parabolic subgroup P = MU
with M = GL,,, X GL,,, whose stabilizer in M is H = GL,,. In this case A,.4 is given by (13). It is
clear that Theorem 1.18 holds in this case. The period integral in this case is exactly the Rankin-Selberg
integral in [29]. The result in loc. cit. proves Conjecture 1.5(1) and Theorem 1.13.

For (2.2) with n = 2m + 1, the associated quadruple A is given by

(GL2m41, GL, 0, (GL2)™ X GL).

The nilpotent orbit induces a Fourier-Jacobi period for the unipotent radical of the parabolic subgroup
P = MU with M = GL,,, Xx GL; X GL,,, whose stabilizer in M is GL,, X GL;. We can naturally embed H
into the stabilizer. In this case A, .4 is given by (13). It is clear that Theorem 1.18 holds in this case. The
period integral in this case is exactly the Rankin-Selberg integral in [29]. The result in loc. cit. proves
Conjecture 1.5(1) and Theorem 1.13.

For (2.5), the associated quadruple A is given by

(SO2m+1,502,0,SO2,—1 X GL).

It is the Gross-Prasad model of SOy;,,+1 X SO, and A4 is given by (5) when m = 1. It is clear that
Theorem 1.18 holds in this case. The unramified computation in [27] proves Theorem 1.13. For the dual
side, Conjecture 1.5(2) follows from Theorem 2.5 applied to the theta correspondence for Sp,,,, X SOz
and this proves Theorem 1.15.

For (2.6) with m > 2, n = 2, the associated quadruple A is given by

(G, H,pH, L) = (GSpin2m+l X GLz, G(SL2 X SLz), T(Sl‘dGLz), (GL1)2 X GSpian_3 X TGLZ’Z).

The nilpotent orbit ¢ induces a Bessel period on the unipotent radical of the parabolic sub-
group P = MU with M = GSpins x (GL;)"™"% x GL, whose stabilizer in M is GSpin, x
GL,. We then embeds H = G(SL, x SLp) into GSpin, X GL, via the identity map on
GSpin, and the projection of G(SLy x SL;) into GL, via the first GL,-copy. The represen-
tation pgy is the standard representation of the second GL,-copy of H. This integral is es-
sentially the Gross-Prasad model for GSpin,,,,; X GSpin, except we replace the cusp form on
one GL,-copy by theta series. In this case A .4 is given by (15). It is clear that Theorem 1.18 holds in this
case. The unramified computation in [27] proves Theorem 1.13. For the dual side, Conjecture 1.5(2) fol-
lows from Theorem 2.5 applied to the theta correspondence for GSp,,, X GSO4 and the Rankin-Selberg
integral of GL, X GL;. This proves Theorem 1.15.
For (2.6) with m = 2,n > 5, the associated quadruple A is

(GSp, X GL,,, S(GSp, x GLy), stdsp, ® A%, Tgsp, X (GL1)* X GL,_4).

When 7 is odd (resp. even), the nilpotent orbit induces a Bessel period (resp. Fourier-Jacobi period)
for the unipotent radical of the parabolic subgroup P = MU with M = GSp, X GLs5 X (GL,)? (resp.
M = GSp, x GL4 x (GL})*) whose stabilizer in M is GSp, X GL4. We can naturally embed H into the
stabilizer. In this case A4 is given by (17) (resp. (16)). It is clear that Theorem 1.18 holds in this case.
For the dual side, Conjecture 1.5(2) would follow from Theorem 2.2 applied to the theta correspondence
of GL, X GL4 and the global period integral conjecture for the pair (GL4 X GSp4, GSp,) (which is
essentially the Gross-Prasad period for SOg X SOs) in [13]. This proves Theorem 1.15.
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For (2.6) with m > 3,n = 3, the associated quadruple A is given by
(GSpin,,,,; x GL3, GSping x GL3, T(HSping ® stdgy,), (GL1)> x GSpin,,, s X TgL, ).

The nilpotent orbit ¢ induces a Bessel period on the unipotent radical of the parabolic subgroup P = MU
with M = GSpin, X (GLl)’”‘3 x GL3 whose stabilizer in M is H = GSping X GL3. In this case A4 is
given by (18). It is clear that Theorem 1.18 holds in this case. The unramified computation in [27] and
Theorem 2.4 applied to theta correspondence for GL4 X GL3 proves Theorem 1.13. For the dual side,
Conjecture 1.5(2) follows from Theorem 2.5 applied to the theta correspondence of GSp,,, X GSOg and
the Rankin-Selberg period for GL4 X GL3. This proves Theorem 1.15.

For (2.7) with m = 2k, the associated quadruple A is

(GSpiHZk, GSpin3, T(Sp1n3), GL1 X Gspinzk_z).

This is essentially the Gross-Prasad model for GSpin,; X GSpin; except we replace the cusp form on
GSpin, by a theta series. In this case A,..q4 is given by (13) when n = 2. It is clear that Theorem 1.18
holds in this case. The unramified computation in [27] proves Theorem 1.13.

For (2.7) with m = 2k + 1, the generic stabilizer of g in G is not connected, hence it does not belong
to the current framework of the BZSV duality. However, for this specific case, by the Rankin-Selberg
integral in [24], we know that the dual integral should be the one in [24]. As the generic stabilizer is not
connected, there are covering groups involved in the integral.

For (2.8) with n = 7, the associated quadruple A is given by

(GSpG, GL,, T(Sl‘dGLz), GL; x GL]).

This is essentially the same as the quadruple (9) except we replace the cusp form on GL; by theta series.
The period integral in this case is exactly the Rankin-Selberg integral in [6] and A, is given by (13)
when m = 2. It is clear that Theorem 1.18 holds in this case. The unramified computation in [46] proves
Theorem 1.13.

For (2.8) with n = 9, the associated quadruple A is

(GSpS, G(SL2 X SLz), T(SthLz,Z), GL3 x GL; x GL]). (19)

where stdgi, 2 is the standard representation of the second GL,-copy. This is essentially the same as
the quadruple (10) except we replace the cusp form on GL; by theta series and the period integral in
this case is exactly the Rankin-Selberg integral in [7]. In this case A, .4 is given by (15). It is clear that
Theorem 1.18 holds in this case. The result in [7] proves Theorem 1.13.

For (2.8) with n = 10, the associated quadruple A is

(PGSOlo, GLz, 0, GL4 X GLl).

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GL; x GL; x SO, whose stabilizer in M is H = GL, (here the embedding is given
by h+ (h, h,diag(det(h), 1))). In this case A, .4 is given by (13) when n = 2. It is clear that Theorem
1.18 holds in this case. This integral is very close to the Rankin-Selberg integral in [17], though we
again do not claim Theorem 1.13 in this case.

For (2.9), the generic stabilizer of p in G is not connected, hence it does not belong to the current
framework of the BZSV duality. However, for this specific case, by the Rankin-Selberg integral in [16],
we know that the dual integral should be the one in [16]. As the generic stabilizer is not connected, there
are covering groups involved in the integral.

For (2.10), the associated quadruple A is

(GEs,GL3, T (stdgL,), D4).
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In this case A,..4 is given by (13) when n = 3. The period integral associated to it is exactly the Rankin-
Selberg integral in [15]. It is clear that Theorem .18 holds in this case. The result in [15] proves

Theorem 1.13.

By the discussion above, the strongly tempered quadruple associated to Table 6 is given as follows.

Here for ¢, we only list the root type of the Levi subgroup L of G such that ¢ is principal in L.

Table 8. Dual quadruples of Table 6.

(G, H,pH)

L

P

(GL,, x GL,,, GL,;, 0)
(GLaym, GLy, T (stdai,,))
(GLZmH > GLm’ O)
(SO21m+1, 802, 0)

(GSpinzmH X GLQ, G(SL2 X SLz), T (SldGLz))
(GSpy X GL,,, S(GSpy x GL4), stdsp, ® A?)
(GSpin,,,,,.; X GL3, GSping X GL3, T (HSping ® stdgr,))
(GSpin,; , GSpins, T (Spins))

(GSpg» GLa, T (stda,))

(GSpg, G(SLy X SLy), T (stdgL,))
(PGSO, GL;, 0)
(GEs,GL3, T (stdgL,))

Am-n-1
(Ap™
(Ap™

T (Sl‘dGLm ® SldGL”)
T (A%
T (A?)
T(Sl‘dspz")
T (Sl‘dcspm ® Sl‘dGLz)
T(Sl‘dsp4 ® Stdsy,,)
T (Sldsz,,, ® SldSL3)
T (stdso,,)
T (Spin;)
T (Sping)
T (HSpin,)
T(Sl‘dEé)

5. Models in Table 11 of [30]

In this section we will consider Table 11 of [30], this is for the case when p is the direct sum of two
distinct irreducible symplectic representations of G. It is easy to check that the representations in (11.5),
(11.8), (11.13), (11.14), (11.15) of [30] are not anomaly free and the representation in (11.1) (resp.
(11.11)) of [30] is only anomaly free when r is even (resp. p odd). Hence it remains to consider the
following cases. We still separate the cases based on whether I is abelian or not.

Table 9. Reductive models in Table 11 of [30].

Number in [30] (G.p) Wy i
(11.7) (Spy % Sping X SLy, stdsp, ® stdspin, ® HSping ® stds;,) CoxDixA; 0
(11.9) (SL X Spin; X SLy, stds, ® Spin; ® Spin; ® stds,) (A))3xB, 0
(11.10) (SL; x SO¢ X SL,, stds1, ® stdso, ® stdsog ®Sl‘dSLz) A XA xBy 0
(11.11), p=2m+1 (SO2m+1 X SPayy,» Stds0,,,,, ® stdsp, © stdsp, ) B,y X Cpyy 0
(11.11), p=2m-1 (SOzm,l X szm, StdSOzmq ® Stdspzm @ Stdspzm) By—-1 X Dy, 0
Table 10. Nonreductive models in Table 11 of [30].
Number in [30] (G.p) Wy i
(11.1), n=2k (SLz X SOy X SL;, Std5L2 ® Slds()Zk D Sl‘dsoz,( ® SldSLz) A XA X B D>
(11.2) (Spiny,, HSpin}, & HSpin,) (A2 X B Al X Ay
(11.3) (SLZ X Spinlz, StdSLz ® StdSpinn & HSpinlz) (A1)3 Az
(11.4) (Spy X Spinyy, stdsp, ® stdspin, ® HSpiny,) Cy X Al X Dy Al
(11.6) (SL2 X Spil’lg X SL,, StdSLz ® StdSpin8 @ HSping ® StdSLz) (A1)3 Al
(11.11), p=2k+1>2m+1 (SO2k+1 X SPayyy» $1ds0y,.,, ® stdsp, @ stdsp, ) B, XxCp, Bi-m
(L1, p=2n—1<2m~1 (SO2n-1 X SPyyy» Stds0,,., ® stdsp,, ® stdsp, ) By X Dy, Crn-n
(11.12) (Spg- Ap @ stdsp,) Al XA A
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5.1. The reductive case

In this subsection we consider the reductive cases, i.e., the ones in Table 9. The nilpotent orbit ¢ is trivial
for all these cases so we will ignore it.
For (11.7), the associated quadruple A is

(GSp4 x GSping X GL,, S(GSping X G(Sp, x SLy)), Stdsp4 ® S[dSping @ HSping ® stdsy,). (20)

Note that when we take Borel Eisenstein series on GSp, and GL,, this period integral recovers the
Rankin-Selberg integral in [18]. This is because the theta lifting of a Borel Eisenstein series on GSp,
to GSOg is the two-variable Eisenstein series on GSOg appeared in the Rankin-Selberg integral of [18]
and the theta lifting of a Borel Eisenstein series on GL; to GSOg is the one-variable Eisenstein series
on GSOg appeared in the Rankin-Selberg integral of [18] up to a triality automorphism on GSOg (we
need the triality automorphism here becuase we are using the half Spin representation instead of the
standard representation in pg ). The result in loc. cit. proves Theorem 1.13 in this case. This quadruple
is self-dual.
For (11.9), the associated quadruple A is given by

(GSp6 X GSO4, S(G(Sp4 X SL2) X GSO4), Sl‘dsp4 X Sldso4).

By the theta correspondence for GSO4 X GSp,, the integral over SO4 of a cusp form on GSO4 with
the theta series associated to py produces an automorphic form on GSp,. Then the integral over
G (Sp4 % SL,) is just the period integral for the pair (GSps X GSpy4, G (Sp4 X Sp,)) in [46]. The unramified
computation in [46] and Theorem 2.6 applied to theta correspondence for GSO4 X GSp, proves Theorem
1.13 in this case.

For (11.10), the associated quadruple A is given by

(GL4 X GSOy, S(GSp4 X GSO4), Sl‘ds()4 X Stdsp4). 21

By the theta correspondence for GSO4 X GSpy,, the integral over SO4 of a cusp form on GSO4 with the
theta series associated to py produces an automorphic form on GSp,. Then the integral over GSp, is
just the period integral for the pair (GL4 x GSp,, GSp,) which is essentially the Gross-Prasad model
for SOg X SOs. The unramified computation in [27] and Theorem 2.6 applied to theta correspondence
for GSO4 x GSp, proves Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2) would follow
from the theta correspondence for SOg X Sp, (here we view SL, X SL, as a subgroup of Sp,) and
the global period integral conjecture for the Gross-Prasad model SOs x SOy in [13]. This proves
Theorem 1.15.
For (11.11) when p = 2m + 1, the associated quadruple A is given by

(SOzm+1 X szm, SO2,41 X szm, Sl‘dsoz,ﬂ+1 ® Stdspzm (&) Stdspzm). (22)

By the theta correspondence for SO2,42 X Sp,,,,, the integral over Sp,,, of a cusp form on Sp,,,, with the
theta series associated to pg produces an automorphic form on SO,,,,+>. Then the integral over SOy,
is just the period integral for the Gross-Prasad period for SOy,,,12 X SO2;,+1. The unramified computation
in [27] and Theorem 2.6 applied to theta correspondence for SOy;,.42 X Sp,,, proves Theorem 1.13 in
this case. This quadruple is self-dual and it is clear that Conjecture 1.5 would follow from the theta
correspondence for SO2,42 X Sp,,,, and the global period integral conjecture for the Gross-Prasad model
of SO2n42 X SO2py41 in [13]. This proves Theorem 1.15.
For (11.11) when p = 2m — 1, the associated quadruple A is given by

(SO2m41 X SPayn_25 SO2m X SPa_2s Stds0,,, ® stdsy, ). (23)
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By the theta correspondence for SOy, X Sp,,,,_,, the integral over Sp,,,_, of a cusp form on Sp,,, with
the theta series associated to pg produces an automorphic form on SO,,,,. Then the integral over SO,,,, is
just the Gross-Prasad period for SOy;,,11 X SO2,,,. The unramified computation in [27] and Theorem 2.6
applied to theta correspondence for SOy, X Sp,,,,_, proves Theorem 1.13 in this case. For the dual side,
Conjecture 1.5(2) would follow from the theta correspondence for SO, X Sp,,,,_, and the global period
integral conjecture for the Gross-Prasad model SO»,,, X SOy,,4+1 in [13]. This proves Theorem 1.15.

By the discussion above, the strongly tempered quadruple associated to Table 9 is given as follows
(note that ¢ is trivial for all these cases) where

* = (GSpy X GSping X GL2, S(GSping X G(Spy X SL»)), stdsp, ® stdspin, ® HSping ® stdsy,)

Table 11. Dual quadruples of Table 9.

(G,H,pn) P
* stdsp, ® stdsp;ng @ HSping ® stdsi,
(GSp(, X GSOy4, S(GSO4 % G(Sp4 x SLy)), Sl‘dso4 X Stdsp4) StdSLz ® Spin7 (&) Spin7 ® Sl‘dSL2
(GL4 X GSOyq4, S(GSp4 X GSO4), Slds()4 X Sldsm) Sl‘dSLz ® Sl‘dso6 & Sldso6 ® SldSL2
(502m+1 X szm, H =G, Sl‘dsozr”I ® SldSpZm 53] Stdspz,n) Std502m+| ® Sldspzm b Stdspzm
(SOgmH X Sp2m—2’ SOy, X Sp2m—2’ SldSOz,,, ® Stdsz",_z) StdSOg,,H ® Stdspzl" @ Stdsz,,,

5.2. The nonreductive case

For (11.1) when n = 2k, the associated quadruple A is
(GSpiny; X GSO4, S(GSpy X GSO4), stdso, X stdsp,, GSpiny;_4 X (GL;)? x TGso,)-

The nilpotent orbit ¢ induces a Bessel period on the unipotent radical of the parabolic subgroup P = MU
with M = GSping x (GL; )%¥=3 x GSO4 whose stabilizer in M is GSpins X GSO4. We can embed H into
the stabilizer as in (21) and A,.4 is given by (21). It is clear that Theorem 1.18 holds in this case. The
unramified computation in [27] and Theorem 2.6 applied to theta correspondence for GSO4 X GSp,
proves Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2) would follow from the theta
correspondence for SOy x Sp, (here we view SL, X SL; as a subgroup of Sp,) and the global period
integral conjecture for the Gross-Prasad model SO5 x SOy in [13]. This proves Theorem 1.15.
For (11.2), the associated quadruple A is

(GSO12, S(GSp, X GSO4), 0, GL, X GL, x (GL1)%).

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GL4 x GSO4 whose stabilizer in M is H. In this case A,.q4 is given by (21). It is
clear that Theorem 1.18 holds in this case.

For (11.3), we first introduce a reductive quadruple which belongs to Table S of [30]. Let G = (GL2)5
and H = S(GL; x GL; x GL;) where the embedding H — G is given by mapping the first GL,-copy
into the first GL,-copy, and mapping the second (resp. third) GL,-copy diagonally into the second
and third (resp. fourth and fifth) GL,-copy. Let py = stdgL, ® stdgL, ® stdgL, be the triple product
representation and ¢ be trivial. The quadruple

Ao = (G, H, pp.1) = ((GL,), S(GLy x GLy x GLy), stdgr, ® stdgr, ® stdgr,, 1) (24)

will be used to explain several models in this paper. This quadruple comes from Table S of [30], it is
obtained by combining two copies of Model (S.3) with n = 4. We claim the dual quadruple is given by

Ao = (é, G/ZA,ﬁ, 1), ,(3 = SthLz,l ® Sl‘dGLz,z ® SthL2,3 (&) SthLz,l ® SthL2,4 ® SthL2,5
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where stdgr,,; represents the standard representation of the i-th GL,-copy. To justify the duality, we
will prove Theorem 1.13 and Theorem 1.15 for this case.

We start with Theorem 1.13. By the theta correspondence for GSp, X GSOq, the integral of a cusp
form on the first GL;,-copy with the theta series produces cusp forms on the other two GL;-copies of H.
Then the period integral over the remaining two copies of GL, are just the period for two trilinear GL,-
models (i.e., the first, second, third GL;-copies and the first, fourth, fifth GL,-copies). Then Theorem
1.13 follows from the unramified computation in [27]. In fact, in this case, Conjecture 1.5(1) follows
from the result in [25] (for the trilinear GL,-model) and Theorem 2.6 applied to theta correspondence
for GSp, X GSOy4. For the dual side, Conjecture 1.5(2) in this case is also a direct consequence of
the result in [25] (for the trilinear GL,-model) and Theorem 2.5 applied to theta correspondence for
GSp, X GSOy4. This proves Theorem 1.15. Later in Section 9, we will use a similar argument to prove
Theorem 1.21 for most of the cases.

For (11.3) the associated quadruple A is

(GSO1, X PGLy, S(GLy X GSO4), 0, GL4 X (GL1)? X TpaL,)- (25)

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GL; X GL; x GSO4 X PGL; whose stabilizer in M is S(GL; X GSO4) x GL,. We
can embed H into the stabilizer by mapping the GL,-copy of H into the GL,-copy of the stabilizer and
by mapping GSO4 = GL, x GL,/ GL‘lﬁag into GSO4 X PGL; via the idenity map on GSO,4 and the
projection map GSO4 = GL, x GL,/ GLf’“g — PGL,; via the firts GLy-copy of GSOy. It is clear that
the induced embedding from H into M is the same as (24). In this case A .4 is given by (24). It is clear
that Theorem 1.18 holds in this case.
For (11.4), the associated quadruple A is

(GSP4 X GSpinu, S(GSpin8 X G(Sp4 X SLz)), Stdsp4 ® StdSping, TGSp4 X GL, X (GL])S)

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GSp, x GL, x GSping whose stabilizer in M is GSp, x S(GL, x GSping) and we
can naturally embed H into the stabilizer. In this case A, .4 is given by (20). It is clear that Theorem
1.18 holds in this case.

For (11.6), the associated quadruple A is

(GSOg X GSO4, S(GL2 X GSO4), 0, GL2 X (GL])3 X TGSO4)- (26)

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GSO4 x GL, x GSO4 whose stabilizer in M is S(GSO4 x GL;) x GSO4. We can
embed H into the stabilizer by making the GL;-copy of H into the GL;-copy of the stabilizer and by
mapping the GSO4-copy of H diagonally into the two GSO4-copies of the stabilizer. It is clear that the
induced embedding from H into M is the same as (24). In this case A .4 is given by (24). It is clear that
Theorem 1.18 holds in this case.

For (11.11) when p =2k + 1 > 2m + 1, the associated quadruple A is

(SO2m+1 X SPag, SO2m+1 X SPayys 51dS0y,,.1 @ Stdsp,, TS0, X SPak—om X (GL1)™).

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = Sp,,,, X (GL{)*™™ x SOs,,+1 Whose stabilizer in M is H. In this case A ,.q is given
by (22). It is clear that Theorem 1.18 holds in this case. For the dual side, Conjecture 1.5(2) would
follow from Theorem 2.5 applied to the theta correspondence for Sp,,, X SOzx2 and the Gan-Gross-
Prasad conjecture (Conjecture 9.11 of [14]) for nontempered Arthur packet of the Gross-Prasad model
of SOzx42 X SO24+1. This proves Theorem 1.15.
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For (11.11) when p = 2n — 1 < 2m — 1, the associated quadruple A is
(SO2m+1 X Spyy,_2,SO2n X Spy,, 9, Stdso,, ® stdsp, ,,SO2m-2n+1 X (GL1)" X Tsp, ). (27)

In this case A,.q is given by (23). It is clear that Theorem 1.18 holds in this case. By the theta
correspondence for SOy, X Sp,,,_,, the integral over Sp,,,_, of a cusp form on Sp,,, with the theta series
associated to pg produces an automorphic form on SO,,,. Then the integral over SO, is just the Gross-
Prasad period for SOy,,,4+1 X SOy,,. The unramified computation in [27] and Theorem 2.6 applied to theta
correspondence for SOy, X Sp,,,_, proves Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2)
would follow from the theta correspondence for Sp,,, X SOy, and the global period integral conjecture
for the Gross-Prasad period of SOy,, X SO»,_; in [13]. This proves Theorem 1.15.
For (11.12), the associated quadruple A is

(GSpin,, GL,, S(GL, x GL,), stdgr,, GLy x (GL1)?).

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GSpin; X GL, whose stabilizer in M is H. The representation pg is the standard
representation on the first GL,-copy. In this case A,.4 is given by (22) when m = 1. It is clear that
Theorem 1.18 holds in this case.

By the discussion above, the strongly tempered quadruple associated to Table 10 is given as follows.
Here for ¢, we only list the root type of the Levi subgroup L of G such that ¢ is principal in L and
* = (GSpiny x GSpin,,, S(GSping X G(Sp, X SL2)), stdsp, ® stdspin,)-

Table 12. Dual quadruples of Table 10.

(G,H,pu) t P
(GSpinZk X GSOy4, S(GSp4 X GSO4), Sl‘ds()4 X Sl‘dsm) D> Sl‘dSL2 ® Sl‘dsoZA 3] StdSOZk ® Sl‘dSL2
(GSO12, S(GSpy x GSO4), 0) Al X A HSpin}, ® HSpin,
(GSO]Z x PGL,, S(GL2 X GSO4), 0) Aj StdSLz ® StdSpinlz (5] HSpin12
* Ay Sldsm ® StdSpinlz & HSpin12
(GSOg x GSO4, S(GL; x GSO4), 0) A stdsi, ® Sldspm8 @ HSping ® stds,
(SO21m+1 X Spas» SO2ms1 X SPayy» S50, ® StdSpZm) Ck-m stdsoy.,, ® StdSsz & Sl‘dspm
(SO2/41 X SPa,-2,S02, X Spy,, s, Stdso,, ® Stdsz,l,z) Biin stdso,, | ® Stdsp2m @ Sldspm
(GSpiny, S(GL; x GLy), stdgL,) A A3 @ stdsp,

6. Models in Table 12 of [30]

In this section we will consider Table 12 of [30], this is for the case when p is the direct sum of three
irreducible representations of G with two of them dual to each other (i.e. p = po ® T(7)). It is easy
to check that the representations in (12.4), (12.9), (12.10), (12.11), (12.12) of [30] are not anomaly
free. Hence it remains to consider the following cases. We still separate the cases based on whether 1 is
abelian or not.

Table 13. Reductive models in Table 12 of [30].

Number in [30] (G, p) Wy i
(12.5) (SLe x SLa, A3 @ T (stds, ® stdst,)) AlXA I xA; 0
(12.7), m=1 (SL2 X SL4, Sl‘dSLz ® A2 eT (Slds]__,,)) Al XAy 0
(12.7), m=2 (Sp4 X SLy4, Stdsp4 ® A2 T (Sldsu)) Cr X Az 0
(12.7), m=3 (Spg X Sping, stdsp, ® stdspin, ® T (HSping)) A3z X Az 0
(12.8) (SLZ X SL4 XSLz,SIdSLZ ®/\2 @T(Stdsu ®StdSL2)) Al XAl X Az 0
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Table 14. Nonreductive models in Table 12 of [30].

Number in [30] (G, p) Wy i
(12.1) (Spinlz,HSpil’llz G}T(Stdspinlz)) Al XA XA Az
(12.2) (SL; x Spil’llo, SldSLz ® StdSpinm ® T(StdSpinlo)) Al XA X A3z Ay
(12.3) (SL; x Sping, stdsy, ® Sl‘dspi,-,B 3] T(Sl’dspinx)) Al XA XA Ay
(12.6) (SLg, A3 @ T (stdsL,)) Al XA Al x A

(12.7),m > 3 (szm x SOg, Sl‘dSPZm ® stdso, @ T(Hspiné)) A3 X Az Cin-3

6.1. The reductive case

In this subsection we consider the reductive cases, i.e., the ones in Table 13. The nilpotent orbit ¢ is
trivial for all these cases so we will ignore it.
For (12.5), the associated quadruple A is

(GLg X GL3, GL X S(GL4 X GLy), A? ® stdgL,). (28)

Here the first GL,-copy maps into the GLg part of G, while the second GL,-copy maps into the GL, part
of G, the representation A> ® stdgr, stands for the tensor product of the exterior square representation
of GL4 with the standard representation of the second GL;-copy. An unramified computation similar to
[27] and [46] can confirm the duality in this case.

During the peer review process, an anonymous referee provided a beautiful argument connecting the
period of this quadruple to the exterior cube L-function. To be specific, let I = 7 ® T be a cuspidal
representation on GLg X GL,. After integrating T against the theta series associated to the representation
A?@stdgL,, we get the Speh representation Speh(r,2) on GLy (this is the theta correspondence between
Sp, and SOg up to isogeny). Then the global period integral becomes

/ p(diag(g1,82))E+(g2)dg1dga, ¢ € 7, Ex € Speh(z,2).
[GLaxGL4]/GL; (A)

We add a s-variable in the integral and define

1(¢,Ez,5) =/ | det(g1)/det(g2)** ¢ (diag (g1, 82)) E+(g1)dg1dga,
[GL4xGL2]/GL (A)
pemn, E; € Speh(t,2)

Lemma 6.1.

(¢, Ez,5) =/ |det(g1)/det(g2)**¢Gr(8)Er.y(g1)d(g1, g2)
H” (A)\(GL4 (A)XGL, (4))

where
L ZX
vor(g) = / / o 0 1 ¥ |diag(h, . )y (1r(Z +Y)) dXdydzdn
[GL21/GL1(A) J [M atrxa 3 001

is the period integral of ¢ with respect to the Ginzburg-Rallis model (12) and

LU
E. = E; -U) dU;
wen=f (A

H' = {(g )}f) X (h)l heGl,, X e Mathz} c GL4 x GL,;,.
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Proof. We expand the function ¢(diag(gi, g2)) along the unipotent subgroup ( 0 ;()

g1 0 X\(g1 O
(0 gz)) - Z/Mat4x2] (O 12)( ))f(X)dX

where & runs over characters of [Matuyx,]. Under the adjoint action of GL4(k) X GL,(k), the set of
characters ¢ have three orbits, which correspond to elements in Matyx4(k) of rank 0, 1, 2 respectively.
Using the cuspidal condition of IT it is easy to see that the contribution of rank 0 and rank 1 terms to
I(yp, E,s) is zero. So we only need to consider the rank 2 terms, which can be written as

((gl 0

LOX\ g
0 / eg'|0 LY g(ol ))¢(tr(Y))dXdY
82 M atry | 0 O 12 82

)-
g €H’ )\ (L (K)XGLa (K))

with
’ hl X
H = { 0 h X (h2)| hi € GL,, X € Mathz} c GL4 X GL,,
2
and we embed H’ into GLg with (a, b) — diag(a, b). Unwinding, we have

I(p.Er,s) = / J(g1.82)| det(g1) /det(g2)’]F d(g1. 82):
H'’(A)\(GL4(A)xGLy(A))

with

L0X
J(gl,gz)=/ / 0|0 LY (
(H')/GLy(4) J[Manel \ 0 I,

x E-(g]g1)| det(g])/det(g5) "y (tr(Y))dXdYd(g], g5).

gigr 0 ))
0 g5

Further expanding with i running through all characters of [Mat)y,]:

8181 ’0 ))

L ZX
(O 8,82

J(g1,82) = Z/ / ¢(0 LY
[H']/GL; (A) J [M atrxa]? 0015

X E-(g1g1)| det(g})/det(g)*[*n(Z)y (ir(Y)) dZdXdYd(gy, 5)-

Under the adjoint action of GL; (k) X GL; (k), the set of characters i have three orbits, which correspond
to elements in Matyyy (k) of rank 0, 1,2 respectively. Using the cuspidal condition of IT it is easy to
see that the contribution of rank 0 and rank 1 terms to J(g, g2) is zero. The rank 2 characters 77 are the
orbit of H’/H"" acting on the character Z +— (tr(Z)). Thus

Isz(

J(g1,82) = Z / / o(h| 0 I, Y
[H']/GLi(A) J [Mats )3 001

gigr 0 ))
H'(k)/H" (k)

0 g8

x E-(hg|g1)|det(g})/det(g))* [y (tr(Y + Z)) dZdXdYd(g}, g5),
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which unwinds to

LZX
/ / / ol 0 I ¥ (
H” (A)\H'(A) J[H"]/GL1 (A) J [Man,a]? 00 I

X E-(hgjg1)|det(g)/det(g))*Iy (tr(Y + Z)) dZdXdY dhd (g}, g))-

gi&1 0 ))
0 g8

Write an element in H” as ( (g Z), h) and change variable Z +— Z — U, the above becomes:

LZX\ .,
/ / / ¢(diag(h.h. )| 0 I ¥ (glogl , ))x
H”(4)\H'(4) J[GL2]/GLi (4) J [Mao]* 00 I, 8282

X ET((g l}{)g{gm det(g{)/det(gé)2|st,b(tr(Y +Z-U))dU dZdXdY dhd(g],g5).
Now
hU .
I ET<(O h).)zﬁ(tr(—U)) dU = E-  (diag(h. 1))
[Maty]

By Theorem 13 and Claim 8 of [9], E  is a Shalika model of Speh(t,2), namely E. y (diag(h, h)-) =
E+ (). Therefore

LZX\ ,
Jerg = [ / [, enennfony |8 0 )
H"(A)\H'(4) J[GL,]/GL, (&) J [Man]* 001, 8282

X Er y(g781)| det(g])/det(gh)?[*y (tr (Y + Z)) dZdXdY dhd(g}, g}),

or simply

J(gth):/ 0GR(
H”(A)\H'(A)

The lemma follows from further combine the integration over H”’ (A)\H’(A)’ and H'(A)\(GL4(A) X
GL,(A)). O

(8]5’1 0

0 gégz))ET,w(gigl)Idet(g{)/det(gé)zl“' d(81.83)-

Since the Ginzburg-Rallis model yields the exterior cube L-function, we expect the Eulerian integral
above to coincide with the L-function of the tensor product of the standard representations of GL¢ and
GL, which would explain the duality for the quadruple (28). We thank the referee for this beautiful
argument. As the unramified calculation of this Eulerian integral will be computed in the PhD thesis of
a student of the third author, we will not reproduce it here.

For (12.7) with m = 1, the associated quadruple A is

(GL4 x GL,, GL, x GL,, 0).

This is the model (GL4 X GL,, GL; X GL;) studied in [46] and the unramified computation in [46] proves

Theorem 1.13 in this case. For the dual side, Conjecture 1.5(2) would follow from Theorem 2.5 applied

to the theta correspondence of GSp, X GSOg and Gan-Gross-Prasad conjecture (Conjecture 9.11 of [14])

for nontempered Arthur packet of the Rankin-Selberg integral of GL4 X GL4. This proves Theorem 1.15.
For (12.7) with m = 2, the associated quadruple A is

(GL4 x GSpy, GL4 X GSpy, T(SthL4 ® SthSp4))-
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Observe that this is the dual to the quadruple in (16), thus both Theorems 1.13 and 1.15 have been
proved there.
For (12.7) with m = 3, the associated quadruple A is

(GSpin; x GSping, GSping x GSping, T (HSping ® HSping)). (29)

By the theta correspondence for GL4 X GLy4, the integral over the second GSping-copy of a cusp form
on GSping with the theta series associated to pg produces the same cusp form with an extra central
value of the Spin L-function. Then the integral over the other copy of GSpiny is just the period integral
for the Gross-Prasad model GSpin; X GSping. The unramified computation in [27] and Theorem 2.4
applied to theta correspondence for GLs X GL4 proves Theorem 1.13 in this case. For the dual side,
Conjecture 1.5(2) follows from the theta correspondence for GSpgs X GSO¢ and the Rankin-Selberg
integral of GL4 X GL4. This proves Theorem 1.15.
For (12.8), the associated quadruple A is

(GL, x GL4 X GL3, S(GLy x GLy4) X GL,, stdgr, ® A> ® T(stdgr, x stdgL,)). (30)

Note that when we put Eisenstein series on both GL, copies, this period integral recovers the Rankin-
Selberg integral in [38]. The result in [38] proves Theorem 1.13 in this case. This quadruple is self-dual.

By the discussion above, the strongly tempered quadruple associated to Table 13 is given as follows
(¢ is trivial for all these cases) where

* = (GLp X GL4 X GLg, S(GL, X GL4) X GL,, stdgr, ® A’ @ T(stdar, X stdgL,)).

Table 15. Dual quadruples of Table 13.

(G,H,pn) p
(GLg x GL,, GL x S(GLy X GL,), A2 @ stdag,) A @ T (stds, ® stds,)
(GL4 x GL,, GL; x GL;, 0) stdsy, ® A2 ©T (stdsy,)
(GL4 x GSpy, GL4 X GSp,, T (stdaL, ® stdasp,)) stdsp, ® A> © T (stdsL,)
(GSpin; x GSping, GSping x GSping, T (HSping ® HSping)) stdsp, ® stdspin, ® T (HSping)
* stdsy, ® A2 ® T (stdsy, ® stdsy,)

6.2. The nonreductive case

For (12.1), we first introduce a reductive quadruple which belongs to Table S of [30]. Let G = (GL,)*
and H = S(GL; x GL; x GL,) where the embedding H — G is given by mapping the first two
GL,-copies into the first two GL,-copy, and mapping the last GL,-copy diagonally into the third and
fourth GL,-copy. Let py = stdgr, ® stdgr, ® stdgr, ® T (stdgL,,2) where stdgr,,; represents the
standard representation of the i-th GL,-copy and ¢ be trivial. This quadruple

Ag = (G, H, PH, L) = ((GL2)4, S(GL2 X GL, X GLz), SthL2 ® Sl‘dGLZ ® Sl‘d(j,]_2 (&) T(Sl‘dGLz,z), 1)
3D

is almost the same as (24) except we replace the cusp form on one GL,-copy by theta series. It is
obtained by combining Model (S.3) and (S.11) in Table S of [30] with n = 4 and m = 2. We claim the
dual quadruple is given by

Ao = (G, G/ZA,ﬁ, 1), p= T(SthLz,l ® Sl‘dGLz’z) (&) SthLz,l ® SthL2’3 ® SthL2’4.

We can use the same argument as in (24) to prove Theorem 1.13 and Theorem 1.15 for this case.
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For (12.1), the associated quadruple A is
(GSOlz, S(GL2 X GSO4), T(SthLz), GL4 % (GL1)3).

The attached period integral is the same as model in (25) except we replace the cusp form on GL, by
theta series. In this case A,.4 is given by (31) and it is clear that Theorem 1.18 holds in this case.
For (12.2), the associated quadruple A is

(GSpin,y X GLy, S(GL, X GSping) X GLj, T(HSping ® stdgL, ), GLa X (GL1)* x TgL,)

The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GL, X GSping X GL, whose stabilizer in M is H. In this case A .4 is given by (30).
It is clear that Theorem 1.18 holds in this case.

For (12.3), the associated quadruple A is

(GSOg x GL,, S(GL; x GSO4), T(stdar,), GLy X (GL1)* X TgL,).

The attached period integral is the same as the model (26) except we replace the cusp form on
one GL,-copy by theta series. In this case A,.4 is given by (31) and it is clear that Theorem .18
holds in this case.

For (12.6), we first introduce a reductive quadruple from Table S of [30] (it is obtained by combining
Model (S.10) and Model (S.3) with n = 4)

(G,H, pu,t) = (GLy X GLy X GLy, GLy X GLo, T'(stdgL, ® stdgL,), 1) (32)

where H embeds into G by mapping the first GL,-copy into the first GL,-copy and mapping the second
GL,-copy diagonally into the second and third GL,-copy. We claim the dual quadruple is given by

(G,G|Zn, p,1), p=T(stdgr,.1) ® stdgL,.1 ® stdgL, » ® stdgr, 3

where stdgy,,; is the standard representation of the i-th GL,-copy. To justify the duality, we will prove
Theorem 1.13 and Theorem 1.15 for this case.

We start with Theorem 1.13. By the theta correspondence for GL, x GL,, the integral over the
first GL,-copy of a cusp form in 7w with the theta series gives a cusp form on GL; (in the same
space m, note though Theorem 2.2 applied to the correspondence does introduce the central value of
the standard L-function). Then the integral over the other GL,-copy is just the period integral for the
trilinear GL,-model. As a result, Conjecture 1.5(1) and Theorem 1.13 follow from the theta correspon-
dence for GL, X GL, and the result in [25] (trilinear GL,-model). For the dual side, Conjecture 1.5(2)
follows from the theta correspondence for GSp, X GSO4 and the Rankin-Selberg integral of GL, X GL,.
This proves Theorem 1.15 in this case. Later in Section 9, we will use a similar argument to prove
Theorem 1.21 for some of the cases (more precisely for those cases containing model (S.10) of [30]).

Now we can write down the associated quadruple A of (12.6). It is given by

(GLG, GL2 X GL2, 0, GL2 X GLQ X GL] X GL])
The nilpotent orbit ¢ induces a Fourier-Jacobi period on the unipotent radical of the parabolic subgroup
P = MU with M = GL; x GL, x GL, whose stabilizer in M is H. In this case A .4 is given by (32). It
is clear that Theorem 1.18 holds in this case.

For (12.7) when m > 3, the associated quadruple A is

(GSpin,,,,; x GSping, GSping x GSping, T (HSping ® HSping), GSpin,,,,_s X (GL;)* x (GL;)*).
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The nilpotent orbit ¢ induces a Bessel period on the unipotent radical of the parabolic subgroup P = MU
with M = GL{"_3 x GSpin; X GSping whose stabilizer in M is H. In this case A,.q4 is given by (29).
It is clear that Theorem 1.18 holds in this case. The unramified computation in [27] and Theorem 2.4
applied to theta correspondence for GL4 X GL,4 proves Theorem 1.13 in this case. For the dual side,
Conjecture 1.5(2) follows from the theta correspondence for GSp,,, X GSOg and the Rankin-Selberg
integral of GL4 X GL4. This proves Theorem 1.15.

By the discussion above, the strongly tempered quadruple associated to Table 14 is given as follows.
Here for ¢, we only list the root type of the Levi subgroup L of G such that ¢ is principal in L and

* = (GSpin;y X GL,, S(GL, x GSping) X GL,, T (HSping ® stdgr,))-

Table 16. Dual quadruples of Table 14.

(G.H, pn) [’ p

(GSO12, S(GLz x GSO4), T (stdaL,)) Az
* Ay

HSpiny, ® T (stdspin,,)
stdsy, ® StdSpinm oT (Stdspinm)

(GSOg XGLQ,S(GLZ XGSO4),T(SthL2)) Ay Sl‘dSL2 ®Sl‘dspin8 @T(Stdspinx)
(GLg, GL, x GL,, 0) Al X A A @ T (stdsL,)
(GSpin,,,,,.; X GSping, GSping X GSping, T (HSping ® HSping)) B3 stdsp, ® stdso, ® T (HSping)

7. Models in Table 22 of [30]

In this section we will consider Table 22 of [30], this is for the case when p is the direct sum of four
irreducible representations of G of the form T'(p;) & T(p2). All the representations in Table 22 of [30]
are anomaly free (see Remark 2.8(3)), so we need to consider all of them. We still separate the cases
based on whether I is abelian or not.

Table 17. Reductive models in Table 22 of [30].

Number in [30] (G.p) Wy i
(22.2), n=2m (SL,,, T (A?) @ T (stdsL,)) A1 X At 0
(22.2), n=2m+1 (SL,., T (A?) & T (stdsy,)) Am X Ay 0
(22.3), m=n (SLm xSL,,, T (StdSLm ® SldSL") eT (StdSL”)) An-1 X An-q 0
(22.3), m=n+1 (SL,, X SL,,, T (stdsy,, ® stdsy,,) ®T (stdst,)) Ap-1 X Ap-y 0
(22.3), m=n-1 (SL,;; X SL,,, T (stdsy,, ® stds,) & T (stdsy,,)) A X Ay 0
(22.3), m=n-2 (SL,,, xSL,,, T (StdSLm ® Slds]“") eT (StdSL")) A X Ap—1 0
(22.4), n=3 (SLg, T (Stdsu) eT (StdSLg)) Al 0
(22.5), m=2 (Spy, T (stdsp,) ®T (stdsp,)) Al XAy 0
Table 18. Nonreductive models in Table 22 of [30].
Number in [30] (G.p) Wy i
(22.1) (Sping, T (stdspin,) ® T (HSping)) Al XAl X Ay Ay
223),m>n+1 (SL,, X SL,,, T (stdsy,, ® stdsy,,) ®T (stdst,)) Ap_1 X Ap-i Am—n+1
223),m<n-2 (SL,,, X SL,,, T(Sl’dSLm ® SldSLn) @ T(StdSL”)) A X Am—1 A
224),n>3 (SL,,, T (Sl‘dSLn) T (Sl‘dSL" )) A A,z
22.5),m > 2 (szm, T (Stdspzm) T (‘Yldspz,n)) Al XAy Cin-2
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7.1. The reductive case

In this subsection we consider the reductive cases, that is, the ones in Table 17. The nilpotent orbit ¢ is
trivial for all these cases so we will ignore it.
For (22.2) with n = 2m, the associated quadruple A is

(GLy, GLyy, X GL,;,, T(Sl‘dGLm)).

The period integral in this case is exactly the Rankin-Selberg integral in [5]. The result in loc. cit. proves
Conjecture 1.5(1) and Theorem 1.13 in this case.
For (22.2) with n = 2m + 1, the associated quadruple A is

(GLom+1, GLys1 X GL,y,, T (stdgr,,,,)) -

The period integral in this case is exactly the Rankin-Selberg integral in [5]. The result in loc. cit. proves
Conjecture 1.5(1) and Theorem 1.13 in this case.
For (22.3) with m = n, the associated quadruple A is

(GL, x GL,,GL,, x GL,, T (stdgL, ® stdaL,, ® stdgL,))- (33)

By the theta correspondence for GL,, X GL,,, the integral over GL,, of a cusp form on GL,, with the
theta series associated to T'(stdgr, ® stdgr,,) produces a cusp form on GL,. Then the integral over
the other GL,,-copy is just the Rankin-Selberg integral of GL,, X GL,,. This quadruple is self-dual. The
Rankin-Selberg integral of GL,, X GL,, in [28], the unramified computation in [48], and Theorems 2.2
and 2.4 applied to the theta correspondence for GL,, x GL,, proves Conjecture 1.5, Theorem 1.13 and
Theorem 1.15. Notice that the theta correspondence introduces an extra central value of the standard
L-function in this case.
For (22.3) with m = n + 1, the associated quadruple A is

(GL,+1 X GL,, GL,, X GL,,, T (stdgL, ® stdaL,,))- (34)

By the theta correspondence for GL, x GL,, the integral over GL, of a cusp form on GL, with
the theta series associated to py produces another cusp form on GL,. Then the integral over the
other GL,,-copy is just the Rankin-Selberg integral of GL,; X GL,,. The Rankin-Selberg integral of
GL,4+1 X GL,, in [28], the unramified computation in [26], and Theorems 2.2 and 2.4 applied to the theta
correspondence for GL,, X GL,, proves Conjecture 1.5(1) and Theorem 1.13 in this case. Again notice
that the theta correspondence introduces an extra central value of the standard L-function. For the dual
side, Conjecture 1.5(2) follows from the theta correspondence of GL,,+; X GL,, with the Rankin-Selberg
integral of GL,, X GL,,. This proves Theorem 1.15.
For (22.3) with m = n — 1, the associated quadruple A is

(GLn x GL,,_1,GL, x GL,,_, T(SthLn ® Sl‘dGLn_l 52} SldGLn)). 35)

By the theta correspondence for GL,, X GL,,, the integral over GL,, of a cusp form on GL,, with the
theta series associated to py produces another cusp form on GL,,. Then the integral over GL,,_; is just
the Rankin-Selberg integral of GL,, X GL,,_;. This quadruple is self-dual. The Rankin-Selberg integral
of GL,, X GL,—; in [28], the unramified computation in [26], and Theorems 2.2 and 2.4 applied to the
theta correspondence for GL,, X GL,, proves Conjecture 1.5, Theorem 1.13 and Theorem 1.15 in this
case. As before, the theta correspondence introduces an extra central value of the standard L-function.
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For (22.3) with m = n — 2, the associated quadruple A is
(GL, x GL,—»,GL,,—; X GL,—2, T (stdgL,,_, ® stdaL,, ,))- (36)

By the theta correspondence for GL,,_; X GL,,_», the integral over GL,,_, of a cusp form on GL,,_, with
the theta series associated to py produces an Eisenstein series on GL,_; which is induced from the
cuspidal automorphic representation on GL,,_, and the trivial character. Then the integral over GL,,_; is
just the Rankin-Selberg integral of GL,, X GL,,_;. The Rankin-Selberg integral of GL,_; X GL,, in [28],
the unramified computation in [26], and Theorems 2.2 and 2.4 applied to the theta correspondence for
GL,,-1 X GL,,_, proves Conjecture 1.5(1) and Theorem 1.13 in this case. For the dual side, Conjecture
1.5(2) follows from the theta correspondence of GL,_; X GL,, with the Rankin-Selberg integral of
GL,-1 X GL,,_. This proves Theorem 1.15.
For (22.4) with n = 3, the associated quadruple A is

(GL3,GLy x GLy, T (stdgL,))- 37

The period integral is essentially the Rankin-Selberg integral of GL3 X GL, except that we replace the
cusp form on GL; by theta series. The result in [28] and [26] proves Conjecture 1.5(1) and Theorem
1.13 in this case.

For (22.5) with m = 2, the associated quadruple A is

(GSpins x GL;, GSpin, x GL,, T(HSpin; & HSpin, ® stdgL,)). (38)

The period integral is essentially the Gross-Prasad period for GSpins x GSpin, except that we replace
the cusp form on GSpin, by theta series. The unramified computation in [27] proves Theorem 1.13 in
this case.

By the discussion above, the strongly tempered quadruple associated to Table 13 is given as follows
(¢ is trivial for all these cases).

Table 19. Dual quadruples of Table 17.

(G.H,pu) p
(GLom, GLyy X GLyy,, T (stdaL,,)) T (A?) @ T (stdgL,,)

(GLays1, GLinst X GLyn, T (stda,,,,)) T (A%) @T (stdat,,..)
(GLn x GL,,, GL,, X GL,,, T (SthLn ® SthL,, [57] SldGL")) T (SthL” ® Sl‘dGL") eT (SZdGL")
(GL,+1 XxGL,,GL,, xGL,,T (SthLn ® SldGLn )) T (SZdGLnH ® SldGLn) oT (SIdGL")
(GL,, xGL,,_1,GL,, xGL;,—1,T (SthL" ® stdgL,,_, ® SthL”)) T (SthL" ® stdgr,,_,) T (Sl‘dGLn)
(GLn X GL;-2,GL,-1 XxGL,,—», T (SIdGL"_] ® SthL,,_g)) T (SthLy, ® Sl‘dGL"_z) eT (SldGL")

(GL3,GL2 XGL],T(SZdGLZ)) T(SIdSLg) @T(StdSLz)

(GSpins x GL{, GSpiny x GL;, T (HSpin; @ HSpin; ® stdgL,)) T (stdsp,) ® T (stdsp,)

7.2. The nonreductive case

For (22.1), we first introduce a reductive quadruple which belongs to Table S of [30]. Let G = (GL,)?,
H = §(GLy x GL, x GL,) and py = stdgr, ® stdgL, ® stdar, ® T (stdgr,2) ® T(stdgL,,3) where
stdgr,,; represents the standard representation of the i-th GL,-copy and ¢ be trivial. This quadruple

Ao =(G,H,pu,1) = ((GLp)*, S(GL, X GLy X GLo),
SthL2 ® SthL2 ® SthL2 ® T(S[dGLLQ) (&3] T(SthL2,3), 1) 39
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is almost the same as (24) except we replace the cusp form on two GL,-copies by theta series. It is
obtained by combining two copies of Model (S.11) in Table S of [30] with m = 2. We claim the dual
quadruple is given by

Ao =(G,G|Zp,p,1), p=T(stdgr,,1 ® stdgr,2) & T(stdgr,,1 ® stdgr, 3)-

We can use the same argument as in (24) to prove Theorem 1.13 and Theorem 1.15 for this case.
For (22.1), the associated quadruple A is

(GSOg, S(GL, x GSOy), T (stdgL, ® stdgi,), GLa x (GL1)?).

The period integral is the same as (26) except we replace the cusp form on both GL;-copies by theta
series. In this case A,.4 is given by (39) and it is clear that Theorem 1.18 holds in this case.
For (22.3) when m > n + 1, the associated quadruple A is

(GLyy X GL,,, GL,, X GL,,, T(stdL, ® stdgr,), (GL1)" X GLy_p X ToL, ).

When n — m is odd (resp. even), the nilpotent orbit ¢ induces a Bessel period (resp. Fourier-Jacobi
period) on the unipotent radical of the parabolic subgroup P = MU with M = GL'l”‘"‘1 X GL,+1 X GL,
(resp. M = GL"™" x GL,, x GL,) whose stabilizer in M is H. In this case A,.4 is given by (34)
(resp. (33)). It is clear that Theorem 1.18 holds in this case. For the dual side, Conjecture 1.5(2) would
follow from Theorem 2.2 applied to the theta correspondence of GL,, X GL,,+; and Gan-Gross-Prasad
conjecture (Conjecture 9.11 of [14]) for nontempered Arthur packet of the Rankin-Selberg integral of
GL,;;+1 X GL,,. This proves Theorem 1.15.
For (22.3) when m < n — 2, the associated quadruple A is

(GL,, X GLy, GLyy X GLypy1, T (stdgy,, ® stdar,,.,), Tor,, X (GL)™ ' X GL,_pn_1).

m+1
When n —m — 1 is odd (resp. even), the nilpotent orbit ¢ induces a Bessel period (resp. Fourier-Jacobi
period) on the unipotent radical of the parabolic subgroup P = MU with M = GL?*"‘*2 X GL,;42 XGL,,
(resp. M = GLT_’”_1 X GL;;41 X GL,;;;) whose stabilizer in M is H. In this case A, is given by (36)
(resp. (35)). It is clear that Theorem 1.18 holds in this case. For the dual side, Conjecture 1.5(2) follows
from Theorem 2.2 applied to the theta correspondence of GL,, X GL,,+; and the Rankin-Selberg integral
of GL,,+1 X GL,,,. This proves Theorem 1.15.

For (22.4) when n > 3, we need to introduce another reductive quadruple from Table S of [30] (it is
obtained by combining two copies of Model (S.10))

(G,H,pH,t) = (GLy x GL1,GLy x GL4, T (stdgL, ® stdar, ® stdgr,), 1). 40)
We claim that the dual quadruple is given by
(G,G.p,1), p=T(stdaL, ® stdgL, ® stdgL,).

that is, it is self-dual. We can use the same argument as in (32) to prove Theorem 1.13 and Theorem
1.15 for this case.
The associated quadruple A for (22.4) with n > 3 is given by

(GLn, GL,, T(S[dGLz), GL,,_» xGL; x GLI).
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When n — 2 is odd (resp. even), the nilpotent orbit ¢ induces a Bessel period (resp. Fourier-Jacobi
period) on the unipotent radical of the parabolic subgroup P = MU with M = GL?_3 x GLj3 (resp.
M = GL’I“2 X GL,) whose stabilizer in M is H. In this case A4 is given by (37) (resp. (40)). It is clear
that Theorem 1.18 holds in this case.

For (22.5) when m > 2, the associated quadruple A is

(GSpiny,,,; X GL;, GSpin, x GL, T(HSpin} & HSpin; ® stdgr,), GL1 x GL; X GSpin,,,_3).

The nilpotent orbit ¢ induces a Bessel period on the unipotent radical of the parabolic subgroup P = MU
with M = GL’I"‘2 x GSpins whose stabilizer in M is H. In this case A,..q4 is given by (38). It is clear
that Theorem 1.18 holds in this case. The period integral is essentially the Gross-Prasad period for
GSpin,,,,,; X GSpin, except that we replace the cusp form on GSpin, by theta series. The unramified
computation in [27] proves Theorem 1.13.

By the discussion above, the strongly tempered quadruple associated to Table 18 is given as follows.
Here for ¢, we only list the root type of the Levi subgroup L of G such that ¢ is principal in L and

* = (GSpiny,,,,; X GL, GSpiny x GL,, T (HSpin; & HSpin, ® stdgr,)).

Table 20. Dual quadruples of Table 16.

(G,H,pu) t p
(GSOs, S(GL, x GSO4),T(SthLZ ®SthL2)) Ay T(Stdspinx) @ T (HSping)
(GLm x GL,,, GL,, XGLn,T(SthL" ®S[dGL")) Apm—n+l T(SldSLm ®SldSLn) G}T(Sl‘dSL")
(GLm X GL,, GL;,, X GLyyy41, T (SthLm ® SthL,,M )) An-m-2 T (SZdSLm ® SI(]SL“) eT (StdSL")
(GL,, GLy, T (stda,) Ans T (stds,) ®T (stds,)
* B> T(Stdgpzl") o T (stdsp,,)

8. Summary

We summarize our findings in this paper into the following 6 tables.

o Table 21 contains reductive strongly tempered quadruples for which we have provided evidence for
Conjecture 1.5(1) and (2) (i.e., Theorem 1.13 and 1.15).

o Table 22 contains the remaining reductive strongly tempered quadruples. For all of them except
(GLg X GL3, GLy X S(GL4 x GL,), A2 ® stdgr,), we have provided evidence for Conjecture 1.5(1)
(i.e. Theorem 1.13).

o Table 23 contains nonreductive strongly tempered quadruples for which we have provided evidence
for Conjecture 1.5 and 2.10 (i.e., Theorem 1.13, 1.15 and 1.18).

o Table 24 contains nonreductive strongly tempered quadruples for which we have provided evidence
for Conjecture 1.5(1) and 2.10 (i.e., Theorem 1.13 and 1.18).

o Table 25 contains nonreductive strongly tempered quadruples for which we have provided evidence
for Conjecture 1.5(2) and 2.10 (i.e. Theorem 1.15 and 1.18).

o Table 26 contains the remaining nonreductive strongly tempered quadruples. For each of them, we
have only provided evidence for Conjecture 2.10 (i.e., Theorem 1.18).

For quadruples (G, H, pg,t) in Table 21 and 22, the nilpotent orbit ¢ is trivial. For all the quadruples
A = (G, H, pg,t) in Table 21-26, the dual quadruple is given by (G, G/Za, p, 1) where p is given in
the tables and Zy = Zg N ker(pg).-
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Table 21. Reductive strongly tempered quadruples 1.

Ne (G. H, prr) P

1 (SO2/m+1 X SO2111, SO0, 0) StdSsz ® StdSOg,,,

2 (SO21+2 X SO2pm+1, SO21m41, 0) stdsp,  ® stdso,,,.,

3 (GSpg x GSping, S(GSpg x GSpin,), stdsp, ® Spin;) stdsp, ® Sping

4 (GSpg x GSping, S(GSpg x GSping), stds,, ® HSping) stdsp, ® Sping

5 (GLn x GL,,GL,,,T (SthL,,)) T (SldGL“ %9 SthL,,)

6 (GL,H.l X GL,,,, GLn, 0) T (SthL,.H ® SthL")

7 (GSp4 X GL,, G(SLZ X SLQ), T (Sthszz)) T (Stdcsp4 ® SldGLz)

8 (GSpy xGL3, H = (;,T(Sl‘dc;sp4 ® stdg,)) T(Sl‘d(;sp4 ® StdgL,)

9 (GSp, x GL4, S(GSp, x GLy4), stdsp, ® A2eT (stdgL,)) T (Stdgsp4 ® Stdg,)

10 (GSp4 XGLs,S(GSp4 XGL4),SIdSp4 ® /\2) T(SthSp4 ®SldGL5)

11 (GSpin; x GL3, GSping x GL3, T (HSping ® stdgr,)) T (Std(}sp6 ® Stdg,)

12 (SO2m41 X Spr,.» H = G, stdso,,,,, ® Stdspzm @ StdSpZm) stdso,,,,, ® Sl’dspM @ StdspZm

13 (502m+1 X Sp2m72, SO,,,; X Sp2m—2’ Sldsom ® Sldsp2m72) StdSOZ,,,_l ® Stdspzm ® Sldsp2m

14 (GL4 X GSOy, S(GSp4 X GSO4), Std504 X Stdsm) StdSLz ® Stds()6 [S2] Sldsoﬁ ® StdSLz
15 (GL4 X GL,, GL; x GLs, 0) stdst, ® N> @ T (stdst,)

16 (GL4 x GSpy, GL4 X GSp,, T (Sl‘dGL4 ® Stdcsp4)) Sl‘dsp4 QN eT (stdsy,)

17 (GSpin; x GSping, GSping x GSping, T (HSping ® HSping)) stdsp, ® stdspin, ® T (HSping)

18 (GLn x GL,,GL, xGL,,T (SILIGL“ ® SthL“ 52} SthLn)) T (Sld(}[‘,l ® SIdGL“) eT (SthL“)
19 (GL,4+1 XGL,,,GL,, X GL,,, T (stdgL, ® stdgL,)) T (stdgt,,, ® stdgr,) ®T (stdgL,)
20 (GL,, xGL,,-1,GL,, XGL,,—1,T (stdgL, ® stdgL,_, ® SthL")) T (stdgL,_, ® Sl‘d(;Ln) & T (stdgL,)
21 (GL,, x GL,;—2, GL,,—; XxGL,,_», T (stdgL,_, ® SthL,,,z)) T (SthL” ® SthLn,z) T (Sl‘dGL")
22 ((GLz)S, S(GL2 X GL, % GLQ), SthLZ ® SthL2 ® SthLz) *

23 # #k

24 (GLy x GLy X GL,, GL, x GL,, T (stdgr, ® stdgi,)) * %k

25 #it P

26 (GLZ x GL;, GL, ><GL],T(SHIGL2 ®5thL2 ®SldGLI)) T(SthLz GBSI‘(]GL2 ®SldGL|)

# = ((GLy)*, S(GL, x GL, x GLy), stdgr, ® stdgr, ® stdg, ® T(stdgr,.2)).
# = ((GL,)?, S(GLy x GLy x GL,), stdgr, ® stdgr, ® stdgr, ® T(stdgy,) ® T(stdgr,3)).
* = stdgr,,1 ® stdglr,,2 ® stdgr,.3 ® stdgr,,1 ® stdgr,,4 ® stdgL,,5.
wk = T(stdgL,,1 ® stdgL,,2) ® stdgr,,1 ® stdgL, 3 ® stdgy, 4.
# %% = T(stdgr,,1) ® stdgrL,,1 ® stdgL,,2 ® stdgL,,3-

* ok kk = T(Sl‘dGLz’l ® Sl‘dGLz,z) (&) T(Sl‘dGLz,l ® SthL2,3).

Table 22. Reductive strongly tempered quadruples 2.

Ne (G, H, pr) p

1 (GSpg x GSpy, G (Spy % Sp,),0) Spins ® Spin,

2 (GSpg x GSO4, S(GSO4 X G(Spy X SLy)), stdso, X stdsp,) stdsy, ® Spin; ® Spin; ® stds,

3 * stdsp, ® stdspinB @ HSping ® stds,
4 (GLg X GL,, GL, X S(GLy X GL,), A? ® stdg,) A @T (stds, ® stdsi,)

5 - stdsp, ® A? ® T (stdsy, ® stdsy,)
6 (GLay, GLyyy X GL,y,, T (stdg,,)) T (A?) ® T (stdgL,,)

7 (GLoms1, GLynst X GLy, T (stdat,,,, ) T (A*) &T (stdci,,,,)

8 (GLg,GLz XGL],T(SldGLZ)) T(Sl‘dSL3) GBT(SldSLB)

9 (GSpins x GL;, GSpiny x GL;, T (HSpinj; @ HSpin; ® stdgL,)) T (stdsp,) ® T (stdsp,)
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* = (GSpy X GSping X GL,, S(GSping X G(Spy X SL2)), stdsp, ® stdspin, ® HSping ® stdsy,).

*k = (GL2 X GL4 X GL;, S(GLZ X GL4) X GL,, Sl‘a’(‘,]_2 ® /\2 D T(Sl‘dG]_4 X SthL2)).

Table 23. Nonreductive strongly tempered quadruples 1.

Ne (G,H,pn) L Yé)
1 (SO2/341 X SO2,,, SO, 0) B Sl‘dsPZm ® stdso,,
2 (SO21m+1 X SO25, SO2n41, 0) Dy stdsp,, ® stdso,,
3 (GSpiny,,,,; X GSpg, S (GSping X GSpg), stdsp, ® HSping) By stdsp,, ® Sping
4 (SO2m+1, 502, 0) B T (stdsp,,)
5 (GSpinz,nH X GL,, G(SL, x SL,), T (SthLg)) B> T (SthSsz ® SthLz)
6 (GSpinzmH x GL3, GSpin6 x GL3, T (HSpin6 ® S[dGL3)) B3 T (Stdspzm ® SldSLz)
7 (SOzmH X SpZn—Z’ SOy, X Sp2n—2’ StdSOg,. ® Stdspz,,,g) Byi—n StdSOz,,,| ® Stdspzm b Stds}’zm
8 (GSpinZk X GSOyq4, S(Gsp4 X GSO4), Sldso4 X Stdsm) D> StdSLz ® StdSng 5] stdsou ® StdSLz
9 (GSpiny,,,,,; X GSping, GSping x GSping, T (HSping ® HSping)) B3 stdsp,, ® stdso, ® T (HSping)
Table 24. Nonreductive strongly tempered quadruples 2.
Ne (G,H,pH) [ b
1 (GSpg x GL,, GL,, 0) Aj stdgL, ® Sping
2 (GSpg X GLy, G(SLy X SL,), 0) Ar stdgr, ® Sping
3 (GSpy, GL, 0) Ay Spin;;
4 (GSOlz, GLz, 0) A5 HSpil’l12
5 (GLg, GL,, 0) Ar X Ay A3
6 (E7,PGL;, 0) Es stdg,
7 (GLom, GLy, T (stda,,)) (Ap™ T (A)
8 (GLa2+1, GLyn, 0) (Ap™ T (A)
9 (GSpiny; , GSpins, T (Spinz)) Dy T (stdso,, )
10 (GSpg, GL,, T (stdgL,)) Ay T (Spin;)
11 (GSpg, G(SLy x SL»), T (stdgL,)) Aj T (Sping)
12 (GEG,GL3,T(SldGL3)) Dy T(SldEb)
13 * B2 T(StdSsz) 52 T(Stdspzm)
* = (GSpin,,,,; x GL, GSpin, x GL;, T (HSpin} & HSpin; ® stdgL,))-
Table 25. Nonreductive strongly tempered quadruples 3.
Ne (G,H,pn) L Yé)
1 (GL,, x GL,,, GL,,, 0) Anon-1 T (SthLm ® Sl‘dGL")
2 (GSp4 x GL,,, S(GSp4 x GLy), Sl’dsp4 ® /\2) A,s T (Slfdsp4 ® Sl‘dSLm)
3 (SOzmH X Ska , SO241 X szm, Stdsozlwl ® SldsPZM) Cr-m Sl‘dsoyﬁ,l %4 Sldsz,n @ StdSsz
4 (GLm x GL,,, GL,, x GLn,T(SthL" ®SthLn)) Apm—n+l T(StdSL,,, ®StdSLn) @T(SldSLn)
5 (GLm x GL,,, GL,,, X GL,;41, T (SthL,,, ® SthLmH )) An-m-2 T (StdSL,,, ® StdSLn) eT (SldSL")
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Table 26. Nonreductive strongly tempered quadruples 4.

Ne (G.H,pH) t p
1 (GSpy, GSp4, 0) Ay X Ay Spin, 3
2 (PGSO, GL,, 0) Az T (HSpin,)
3 (GSOy2, S(GSpy x GSO4), 0) Al XAy HSpinT2 @ HSpin|,
4 (GSOj; X PGL;,, S(GL; X GSO4), 0) Az stdsy, ® StdSpinlz @ HSpin,
5 * Ay Sl‘dsp4 ® Sldspm12 3] HSpin,z
6 (GSOg X GSOyq4, S(GL2 X GSO4), O) A StdSLz ® Stdspm8 52} HSping ® StdSLz
7 (GSpiny, S(GLy x GLy), stdaL,) Ay A3 @ stdsp,
8 (GSOy3, S(GL, x GSOy4), T (SthLg)) Az HSpin;, ® T (StdSpinlz)
9 Hok Al stdsy, ® stdspin, ®T (stdspinm)
10 (GSOg x GL,, S(GL; x GSOy),T (SthLz)) Al Sl‘dSL2 ® Sl’dspm8 eT (Stdsping)
11 (GLg, GL; x GL,, 0) Al XA A3 & T (stdsiy)
12 (GSOs, S(GLy x GSO4), T (stdgL, @ stdgr,)) Al T(Stdsping) & T (HSping)
13 (GL,,, GLz,T(SthLZ) An-3 T(Sl‘ds]_l") @T(Slds]“")

* = (GSpiny x GSpin,,, S(GSping X G(Sp, X SL2)), stdsp, ® stdspin,)-

wx = (GSpin;q X GLa, S(GLy x GSping) X GLy, T (HSping ® stdgr,)).

9. Table S of [30]

In this section we will discuss Table S of [30]. This table contains several models from Tables 1, 2,
11, 12, 22 of [30] with some A; components (i.e. G = Gl X Gz where Gl is of Type A;). Then one
can obtain more multiplicity free representations by gluing those representations together via the A;-
components. Two of the models in Table S contain two A;-components (i.e. (S.1) and (S.2)) and hence
it can be used to create infinite many multiplicity free representations. We refer the reader to [30] for
the details of the gluing process (also see (41)). In this section we will discuss how to write down the
dual of those models by defining a gluing process for the dual of models in Table S.

We first recall Table S from [30]. Note that underlined section of the SL, part is where we can
glue the representations. Model (S.1) and (S.2) contains two underlined SL, and we can use it glue
representations with any arbitrary length.

Table 27. Table S of [30].

No in [30] G P
(S.1) &2 X szm X &2 Std5L2 ® Stdspzm ® S[dSLz
S.2) SL, x Sping X SL, stdsy, ® stdspin, ® HSping ® stds,
(S.3) SO, x SL, stdso, ® stdsy,
(S.4) Spin;, x SL, HSpin,, & stdspin,, ® stdsi,
(S.5) Sping X SL, Sping ® stds,
(S.6) Sping X SL, T (stdspin,) ® HSping ® stdsr,
S.7) Spin; X SL, Spin; ® stdsy,
(S.8) SL; x Spiny X SL, stdsy, ® stdspin, ® Spin; ® stdsy,
(S.9) &2 Sl‘dSL2
(S.10) SL, T (stdst,)
(S.11) SL,, X&Z T(StdSLm ®Sld5L2)
(S.12) SL4 x SL, T (stdsy,) ® A> ® stdst,
(S.13) Spym X SL, stdsp,, ® Sym?
(S.14) Spym X SL, T (stdsp,, ® stdsL,)
(S.15) Spins X SL, Spins ® stdspin; ® stdsy,
(S.16) Gy x SL, stdg, ® stdsy,
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Itis clear that if one glue some anomaly-free representations with some non anomaly-free representa-
tions in Table S, one will get a non anomaly-free representation. Hence we can consider them separately.
We first consider the anomaly-free representations in Table S, this corresponds to Model (S.1), (S.2),
(S.3) when n is even, (S.4)-(S.7), (S.10)-(S.12) and (S.14). For each of them we have already write down
its dual quadruple in the previous sections. We just need to describe how to glue the dual together!2.

Let A = (G,G,p, 1) be one of such model and let A = (G, H, pg,t) be its dual. If the model
is not (S.1), (S.2) or (S.10), then G = G1 X G2 and G = G| X G, with Gl G being of Type A;.
Moreover, by our description of A in the previous sections, we know that the projection map H — G
is surjective and we can write the group HG (i.e. the group generated by H and G1) as G| X H; X H;
with H, = H N G, and H; ~ G is in the centralizer of Hy in G{H N G,. Moreover the image of the
diagonal embedding from H; into G| X H; belongs to H. In particular, the representation py induces
a representation (still denoted by pgy) on H; X H> (on H,-part this is given by restriction and on H
part it is given by restriction and the diagonal embedding from H; into G| X Hy). Finally, the nilpotent
orbit ¢ is the product of some nilpotent orbit of G, with the trivial nilpotent orbit of G;. For example,
consider Model (S.3) when n = 4, the dual is the trilinear GL, model

(G,H, pu,t) = (PGL3, PGL,, 0, 1)
and in this case
G ={(1,1,h)| h € PGLy}, H = {(h, h,h)| h € PGL,}, Hy = {(h,h,1)| h € PGLy}, Hy = {1}.

If the Model is (S.1) or (S.2), then G = G xG12xG2and G = G11XG 12xGo withG 11, G 12, G11, G 12
being of Type A ;. Moreover, by our description of A in the previous section, we know that the projection
map H — G| X G, is surjective and we can write the group HG1G12as G11 X Ga X Hjy X Hja X Hy
with H, ¢ H, Hj; =~ Gy;, and the image of the diagonal embedding from Hj; into G; X Hy; belongs
to H fori = 1,2. Also the representation py would be 0 in this case. Finally, the nilpotent orbit ¢ is the
product of some nilpotent orbit of G, with the trivial nilpotent orbit of G1; X G 5.

Lastly, if the model is ($.10), then A = (SL,, SLy, T(std), 1) and A = (PGL,, GL,, 0, 1). In particular
G = (fl and G = G are of Type A;.

Now we can describe the gluing process on the dual side. Suppose we are gluing two representations
(G, G, p) and (G’,G’, p’). In particular we can write

G=CGixGCy G =G xC

and we are gluing G| with GAj The goal is to write down the dual of

A

glue—(GZXG] XG27G2XG1 XG27,0®,0 D). (41)

Here we consider p (or p’) as a representation of G2 X G| x GAé where the GAé (or G2) component acts
trivially. Let A = (G, H, pg,t) and A" = (G', H’, py;, ") be the dual of A and A’.

There are two cases. First we consider the case when both representations are not (S.10). In this case,
by our discussion above, we have the decomposition’3

G|H=G1 XH] XHz, GEH’ =G1 XH{ XHé.

12(S.1) is Model 1 of Table 23 with n=4, (S.2) is Model 6 of Table 26, (S.3) when 7 is even is Model 2 of Table 23 with m = 1,
(S.4) is Model 4 of Table 26, (S.5) is Model 2 of Table 24, (S.6) is Model 10 of Table 26, (S.7) is Model 1 of Table 24, (S.10) is
Model 6 of Table 21 with n = 1, (S.11) is Model 1 of Table 25 with n = 2, (S.12) is Model 15 of Table 21, and (S.14) is Model 5
of Table 23.

B3If we are in the case of (S.1) or (S.2), then G| would be one of the G; and H; would be the corresponding H;
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Then the dual would be given by
Aglue = (G, X Gy XG;,HQXH] X G XH{ XH,,pH @p;{ @p’,LXLl)

where p’ is the tensor product representation of H; XG X H { . Note that when the model is not (S.1), (S.2)
or (S.10), we have explained how to view pg (resp. p};) as a representation of Hy x H; (resp. H I X Hé).
In the cases of (§.1) or (S.2) the representation py (resp. pj;) is just 0. Also note that ¢ (resp. ¢') is the
product of some nilpotent orbit of G, (resp. GY) with the trivial nilpotent orbit of G = G and hence
we can view ¢ X ¢ as a nilpotent orbit of G| X G| X G/. Model (24) and (31) are examples of this case.

Now let’s prove Theorem 1.21 in this case. The idea is similar to the proof of Conjecture 1.5 for
Model (24). Roughly speaking, we will show that the period integral associated to A gy, (resp. A glue)
is a combination of the period integrals associated to A, A’, A} (resp. A, A’, A 1) where

Ay = (SL3,SL3, std ® std ® std, 1),A| = (PGL3, PGL,, 0, 1).

In particular, Conjecture 1.5 for (A gsye, Aglue) will follow from Conjecture 1.5 for (A, A), (A’, A’) and
(A1,A}). As Conjecture 1.5 is know for (A;, A1) (by the Rallis inner product formula and the work of
Harris-Kudla [25] for the triple product period), we know that Conjecture 1.5 for (Agjye, A glue) Will
follow from Conjecture 1.5 for (A, A) and (A’, A’). This proves Theorem 1.21.

It remains to explain why the period integral associated to A g, (resp. A glue) is a combination of the
period integrals associated to A, A’, A; (resp. A, A’, A|). We start with the period integral associated
t0 Agyye. In this case we start with an automorphic form ¢ = ¢g,¢g, ¢G§ on G, Xx G X Gé. We first
integrate over G| (note that the projection of nilpotent orbit ¢ x¢” to G is the trivial orbit, so the unipotent
integral associated to ¢ X ¢/ commutes with the integral over G ). Since the symplectic representation
pu (resp. py,) is on the group Hy X Hy (resp. H{ X H), the integral over G is just the integral of ¢¢,
with theta function associated to p” (recall that p” is the tensor product representation of Hy X G| X HY).
By the theta correspondence of Sp, X SOy, the integral

Gi(k\Gi (&)

gives an automorphic form ¢ HyxH] (h1, hY) in the irreducible space 7 ® 7 on Hy X H| (assuming ¢ € 7
of G| ~ H; =~ H,). We may as well assume ¢H1xH{(h1,h;) has the form ¢H1(h1)¢Hl/(h;). Note
that by Rallis inner product formula ||¢G, | = "[|¢m, [|l|¢n;]l. Then the remaining integrals (i.e. the
unipotent integral associated to ¢ X ¢’ and integral over Hy X H; X H { X Hé) become the product of
the period integrals of the automorphic forms ¢, X ¢, and ¢n; X ¢g; associated to the quadruples
(G, xHy,H, x Hy, pg, ) and (H{ X Gé, H{ X Hé, Opy» t") respectively's. But these two quadruples are
just A and A’ via the isomorphism H| ~ G| ~ G| =~ H{. As aresult, Conjecture 1.5(1) for A g7, would
follow from Conjecture 1.5(1) for A and A".
For the other direction, the period integral associated to A glue 18 given by

/ R / A / 96,8106, (82)06 (85)05(81,82)0 (g1, 85)dgrdgadg .
G1\G1(A) S (\Ga(8) J G, (k)\G, () 2

(42)

By Conjecture 1.5(2) for A and A’, we know that

“(AL A s just Model 2 in Table 21 when m = 1, the period integral associated to A is the theta correspondence of
Sp, x SO4 while the period integral associated to A is the triple product integral

note here for the embedding of Hy x Hj (respectively H{ x H}), the component H; (resp. H{) diagonally embeds into
Gy x Hy (resp. H{ X G})
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o the integral

/  0¢,(82)05(81,82)dg2
G2 (k)\G2(A)

is nonvanishing only if the Arthur parameter of ¢4, factors through Hy X Hy — Gy, i.e. it is the

lifting of an Arthur packet I ® 1,5, of H;(A) X Hy(A). Moreover, if this is the case and the packet
Iy, ® Iy, is tempered, then the automorphic function

oiei= [ 66, (00p(en e g1 € Gi(A)
G2 (k)\G2(A)

belongs to the packet Hﬁl (as H, ~ G| we can view H,q] as a packet for él);
o the integral

[ (oo e
G (\G (&)

is nonvanishing only if the Arthur parameter of ¢, factors through H| X H) — G, i.e. it is the
2

lifting of an Arthur packet IT ar® I Ay of H 1(A) X I-Alé (A). Moreover, if this is the case and the packet
Iy ® Iy, is tempered, then the automorphic function

8(s1) = / 06 (80O (g1, 8)dgh. g1 € Cr(A)
G, (\Gy(a) 2

belongs to the packet Hﬂ{ (as H{ = G we can view HH]’ as a packet for G ).

By the above two facts, the integral (42) becomes
[ e tenatesisnds
Gi(k\G1(A)

which is exactly a triple product integral on H; X G xH {- In particular, Conjecture 1.5(2) for Agye
follows from the work of Harris-Kudla [25] for the triple product period and Conjecture 1.5(2) for A
and A’. This finishes the proof of Theorem 1.21 for this case.

Remark 9.1. Our argument above demonstrates that the period integral associated with A gy, (resp.
Aglue) can be expressed as a combination of the period integrals associated with A, A’, A (resp.
A,A’,Al). Since the period integral of Ay (resp. Al) is the theta correspondence for SO4 X Sp,
(resp. trilinear GL,-model), both of which are well understood, it follows that the nonvanishing statement
in Conjecture 1.5 for A g7, (resp. A glue) can be deduced from the corresponding nonvanishing statement
for A, A’ (resp. A, A’).

Moreover, if the local relative character associated with A, A’ (resp. A, A’) is equal to the L-value in
Conjecture | Sat unramified places, then the same holds for the local relative character associated with
Aglue (reSP~ Aglue)'

In principle, as in the context of Theorem 1.15 and Remark 1.17, our approach here could also be
used to completely prove Conjecture 1.5 for (Agye, A glue), assuming the conjecture holds for (A, A)

and (A, A"), subject to verifying two additional conditions:

o At ramified places, one must establish a local identity between the local relative character of the
period for A gy, (resp. Aglue) and those for A, A’, A1 (resp. A A7 AY).

o It is necessary to verify that the global constant defined in (14.26) of [1] for Agse (resp. Aglue)
matches those for A, A’, A (resp. A A A -
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In this paper, we do not pursue this direction further. This remark also applies to the next case discussed
below.

Next we consider the case when at least one of the representation is (S.10). We may assume that
(G’,G’, p’) is (S.10). Then we have the decomposition

G H=G|xH| XH,, G’ ~Gj.
The dual of
Agiue = (G2 x G1,Ga x G, p & T(stdg, ), 1).
would be given by
Agiue = (G2 X G1,Hy x Hy X Gy, pg @ T(p"), 1)

where p’ is the tensor product representation of H; X G . Model (32) and (40) are examples of this case.

Now let’s prove Theorem 1.21 in this case. The idea is similar to the proof of Conjecture 1.5 for
Model (32). Roughly speaking, we can show that the period integral associated to A g, (resp. A glue)
is a combination of the period integrals associated to A, A, (resp. A, A,) where!®

As = (GL, X GL», GL, X GL,, T(std ® std), 1), Ay = (GL, x GLy, GL,, T(std), 1).

In particular, Conjecture 1.5 for (Agye, A glue) Will follow from Conjecture 1.5 for (A, A), and
(A, Az). As Conjecture 1.5 is know for (A5, Ag) (by the theory of Rankin-Selberg integral and the Rallis
inner product formula), we know that Conjecture 1.5 for (A gse, A glue) Will follow from Conjecture 1.5
for (A, A). This proves Theorem 1.21.

It remains to explain why the period integral associated to Ay, (resp. Aglue) is a combination of
the period integrals associated to A, A, (resp. A,A,). The argument is very similar to the previous case
as well as the case of the Model 32, we will skip it here.

This completes the description of the dual BZSV quadruples associated to representations glued from
anomaly-free representations in Table S of [30], as well as the proof of Theorem 1.21 for those cases.

It remains to consider the non anomaly-free representations in Table S of [30], which are (S.3) when
n is odd, (S.8), (S.9), (S.13), (S.15) and (S.16). It is easy to see that if we glue the model (S.8), (S.13)
or (S.15) with any other models, then the representation we get is not anomaly-free. Hence we just need
to consider (S.3) when 7 is odd, (S.9) and (S.16). There are 6 different cases.

If we glue (S.3) when 7 is odd with (S.9), we get the model (11.11) of Table 11 with m = 1, this has
already been considered in Section 5. If we glue (S.9) with itself, the representation we get is just T'(std)
of SL, which is model (S.10). For the remaining four cases, the generic stabilizer of the representation
is not connected'”.
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6(Ay, Ay) is just Model 5 in Table 21 when n = 2, the period integral associated to A, is the theta correspondence of
GL, x GL, while the period integral associated to Ag is the Rankin-Selberg integral of GL, x GL,

while in this paper we suggested the form of dual quadruples for some representations with nonconnected stabilizer, it is not
clear to us what the dual should be for the cases here
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