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A drop in a nonlinear shear flow
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The fluid mechanics problem of an initially spherical drop subjected to a two-directional
nonlinear cubic shear flow, under creeping flow conditions, is theoretically studied. This
physical situation is described by four dimensionless numbers: the capillary number (Ca),
the viscosity ratio (λ), the linear velocity ratio (G) and the nonlinear intensity of the flow
(E). Analytical expressions for the external and internal flows of a spherical drop as well
as for the shape of the deformed drop were obtained by applying Lamb’s general solution
to the Stokes equations. The internal and external streamlines of a spherical drop (Ca = 0)
suggest interesting and unusual shapes which are sometimes also accompanied by many
stagnation points. When λ= ∞, the drop becomes a solid sphere with an angular velocity
ω = −(1 − G)/2 independent of E. For the familiar simple shear flow in the x-direction
(G = 0, E = 0), Taylor’s theory, valid at Ca � 1 and λ= O(1), predicts an ellipsoidal drop
oriented at an azimuthal angle φ= 45°; as Ca increases, the deformation increases and
the drop attains a peanut shape. For other linear or nonlinear cases, the drop is aligned
at φ= ±45°, and a spherical drop with no deformation is possible at Ca /= 0. In a highly
viscous drop (λ� 1), the drop remains almost spherical even at Ca = O(1), oriented at
φ= 0° or 90° (G /= 1), and its deformation is independent of Ca.

Key words: drops and bubbles, low-Reynolds-number flows

1. Introduction

A large number of industrial products take the form of emulsions in which a drop of
one fluid is suspended in a liquid of another fluid. Often, these emulsions are processed
in rotary equipment generating shear or extensional flows, resulting in the deformation
or the breakup of the embedded drops. Thus, the fluid mechanics problem of a drop
undergoing shear or extensional flow has a long history and important place in science
since the pioneering work of Taylor (1932, 1934). Since then, and for the last ninety years,
this subject has been considered by numerous researchers who refined the theory and the
experimental results. Many of these studies, as well as industrial applications, can be found
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the reviews of Acrivos (1983, 1990), Rallison (1984), Stone (1994) and Briscoe, Lawrence
& Mietus (1999), and in the books of Clift, Grace & Weber (1978), Sadhal, Ayyaswamy &
Chung (1997), Zapryanov & Tabakova (1999), Polyanin et al. (2002) and Leal (2007).

Consider a non-buoyant spherical drop (radius a, viscosity μin) suspended in another
fluid (viscosity μ) which is subjected to a simple (linear) shear flow. Let the two fluids
be Newtonian, incompressible, immiscible and under creeping flow conditions. This
situation, described by the Stokes equations, is governed by two dimensionless parameters.
These are: the capillary number, Ca = μAa/σ , the ratio of the external viscous force,
which tends to deform the drop, to the surface tension force, which tends to keep the
drop spherical; and the viscosity ratio, λ = μin/μ. Here, A is the shear rate of the
undisturbed motion and σ is the surface tension. The present theoretical report deals
with small deformations (Ca � 1 and λ= O(1), or Ca = O(1) and λ� 1), where the drop
can be considered a slightly perturbed sphere. There is, however, another regime of large
deformations (Ca � 1 and λ� 1), where slender drops with pointed ends are observed,
which will not be covered in this communication.

Like many other topics in fluid mechanics, the first one to explore, both theoretically
and experimentally, the deformation of a drop in a simple (linear) shear and creeping flow
was Taylor (1932, 1934). By applying Lamb’s general solution to the Stokes equations,
Taylor (1932) obtained the O(Ca0) (spherical) solution, and extended the Einstein (1906,
1911) suspension viscosity relation to the case of a dilute emulsion. According to Taylor
(1934), when Ca � 1 and λ= O(1), the O(Ca1) deformed shape is an ellipsoid oriented
along the principal axis of elongation at an angle of 45° with the direction of the
flow. Taylor also observed that, in a simple shear flow, small drop deformations can
also be achieved at Ca = O(1), as long as the drop is very viscous (λ� 1). Taylor
(1934) modified his theory to find out that in this case the drop is positioned with
the direction of the flow, its shape depends on λ but not on Ca, and breakup is not
possible.

Bartok & Mason (1958) obtained expressions for external and internal streamlines in the
z = 0 plane, explored their shapes and calculated their mean time of circulation. Chaffey,
Brenner & Mason (1965a), confirmed Taylor’s results, and also explored the behaviour
of a drop in a non-uniform linear shear flow between counter-rotating disks. Taylor’s
theory was refined by Cox (1969), who also include studies on the behaviour of the
drop when the shear flow started impulsively from rest. Rallison (1980, 1981) suggested
a comprehensive procedure for any kind of linear flow, and performed a numerical
investigation for the specific case where the drop and the continuous phase have the
same viscosity (λ= 1). Hetsroni & Haber (1970) assumed the undisturbed motion to be
arbitrary and duplicated Taylor’s results for the case of a simple shear flow. Wall bounded
(Chaffey, Brenner & Mason 1965b, 1967), and unbounded (Chaffey & Brenner 1967)
Couette flow studies, lead to the O(Ca1) velocity profile and to the O(Ca2) deformed
shape. Accordingly, the drop deviates from its ellipsoidal shape and the angle between the
maximum drop elongation and the direction of the flow is smaller than 45° and approaches
0° at larger Ca and λ. A general linear flow field method for the O(Ca2) deformed shape
was also suggested by Barthès-Biesel & Acrivos (1973). Their analysis predicts that low
viscosity (λ< 0.1) or high viscosity drops (λ> 3.6) behave like the O(Ca1) deformed
theory, and their shapes are stable to small disturbances. For medium viscosity drops
(0.1< λ< 3.6) there is a critical value of Ca (the breakup point) beyond which no solution
exists. Vlahovska, Blawzdziewicz & Loewenberg (2009) developed a small deformation
perturbation analysis, extended the Barthès-Biesel & Acrivos (1973) solution and obtained
the O(Ca3) deformed shape.
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A drop in a nonlinear shear flow

Experiments which verify the main predictions of the small deformation theory were
conducted by Taylor (1934), Bartok & Mason (1959), Rumscheidt & Mason (1961a,b),
Karam & Bellinger (1968), Torza, Cox & Mason (1972), Grace (1982), Guido, Greco &
Villone (1999), Guido, Simeone & Alfani (2002), Guido & Greco (2001), Rust & Manga
(2002), Megías-Alguacil, Fischer & Windhab (2004, 2006), Megías-Alguacil et al. (2005),
Vananroye, van Puyvelde & Moldenaers (2011) and others. Excellent agreement between
the experiments and the O(Ca1) deformation theory was obtained at very low capillary
numbers. At slightly higher capillary numbers, the predictions of the O(Ca2) deformation
theory (change in orientation and drop shape) were also qualitatively confirmed. Many
of these publications also contain breakup mechanisms studies, which appear to depend
not only on Ca and λ, but also on the initial drop shape and on the rate of increase of
the shear rate up to the critical value. Usually, breakup is by centre pinching, leaving two
large drops separated by tinny satellite droplets. Another breakup mechanism is called
tip streaming, where very small drops are detached from the drop at the tip of the drop.
The literature suggests that tip streaming, usually observed in highly elongated drops, is
caused by surfactants moving in the direction of the tip of the drop and accumulating there
(De Bruijn 1993).

Over the years, Taylor’s theory was not only reconfirmed by theory and experiments in
a large number of reports, but also many extensions have been suggested to it. Bentley
& Leal (1986) used a computer controlled four-roll mill apparatus to study the effect of
vorticity. They considered linear flows between simple shear flow, where the magnitude
of the vorticity is equal to that of the shear rate, and two-dimensional hyperbolic flow,
where vorticity is absent. In general, the effect of vorticity is to inhibit the deformation
and the breakup of drops (Rallison 1981). Hakimi & Schowalter (1980) explored the
flow produced in an orthogonal rheometer (eccentric parallel rotating discs). Similar to
simple shear flow, the flow contains angular deformation and vorticity. Contrary to simple
shear flow, deformation and vorticity can be controlled independently. Other extensions to
Taylor’s theory, which are not directly connected to the present analytical report include:
the effects of wall confinement, effects of inertia, non-Newtonian systems, transient
response to a start-up shear flow, drop relaxation after the shear flow has been stopped,
oscillatory shear flows, addition of surfactants, capsules made of liquid drops enclosed by
elastic membranes, heat or mass transfer, electrical or magnetic fields as well as different
numerical methods.

So far, we dealt with the behaviour of a slightly deformed drop subjected to a simple
(linear) shear flow under creeping flow conditions. However, rotating equipment which
processes emulsions does not necessarily produce linear flows, such as uniaxial or biaxial
extensional flows, hyperbolic flow or simple shear flow, which were extensively treated in
the literature. Instead, it is expected to find in this type of machinery more complicated
flows which include nonlinear terms to the velocity field. For example, Antanovskii
(1996) considered a pointed drop in a two-dimensional nonlinear extensional flow, since
it describes better (than the linear flow) the flow produced in Taylor’s four-roller mill
apparatus. Nonlinear flows are also expected in microfluidic devices, where the size of
the drop is comparable to that of the apparatus (Pozrikidis 1998; Dimitrakopoulos 2017).
Sherwood (1984) and Favelukis (2016, 2019a,b) suggested a nonlinear uniaxial extensional
flow in their slender drop studies. Sherwood’s (1984) velocity profile, which combines
linear and cubic terms, but not quadratic terms in order to maintain the symmetry of the
drop, has been recently adopted by Favelukis (2017, 2019c, 2020) in order to explore small
drop deformations in a nonlinear extensional creeping flow. As expected, the inclusion of
nonlinear terms results in more deformation and breakup patterns than the linear case.
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Figure 1. A spherical drop in a simple (linear) shear flow (A> 0, B = C = 0).

The nonlinear examples listed here are limited to extensional flows, whereas the objective
of this report is to explore the behaviour of a drop in a nonlinear shear flow. Apart from
simple shear flow, Hetsroni & Haber (1970), Chan & Leal (1979) and Yang & Lee (1989)
also explored small drop deformations in Poiseuille flow which can be considered as a
nonlinear shear flow. However, since Poiseuille flow consists of quadratic velocity terms,
the deformation of the drop lacks symmetry around the origin. It is therefore the purpose
of this theoretical report to extend the nonlinear literature, by exploring small deformations
of a drop in a two-directional nonlinear cubic shear flow under creeping flow conditions.

2. The governing equations

Figure 1 describes an initially non-buoyant spherical drop (radius a) of one fluid positioned
at the origin of a coordinate system and submerged in another fluid. Let both fluids be
immiscible, incompressible, Newtonian and under creeping flow conditions. Far away
from the drop, the external fluid experiences a nonlinear cubic shear flow (in two
directions), defined in Cartesian coordinates (x, y, z) as

vx = Ay + By3, (2.1)

vy = Cx + Bx3, (2.2)

vz = 0, (2.3)

p = 6μBxy + K. (2.4)

Here, p is the pressure, μ is the viscosity of the external fluid and K is an arbitrary
constant. Note that quadratic terms are missing in order to maintain an odd velocity
profile around the origin. The constants A, B and C can attain positive, negative or zero
values, and if B = C = 0, and A> 0, the familiar simple (linear) shear flow, described in
figure 1, is recovered. Furthermore, the constants of the terms with the cubic powers must
be the same, otherwise the Stokes equations cannot be fulfilled. Similar to simple shear
flow, this nonlinear shear flow possesses angular deformation and rotation but not linear
deformation.
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A drop in a nonlinear shear flow

In spherical coordinates (r, θ , φ), with 0 ≤ θ ≤π being the polar angle and 0 ≤φ < 2π
the azimuth angle, the undisturbed motion, given by (2.1)–(2.4), reads

vr = 1
2(A + C)rsin2θ sin(2φ)+ 1

2 Br3sin4θ sin(2φ), (2.5)

vθ = 1
2(A + C)r cos θ sin θ sin(2φ)+ 1

2 Br3 cos θsin3θ sin(2φ), (2.6)

vφ = 1
2 r sin θ [−A + C + (A + C) cos(2φ)] + Br3sin3θ cos(2φ), (2.7)

p = 3μBr2sin2θ sin(2φ)+ K. (2.8)

The Stokes equations, outside and inside the drop, together with the appropriate boundary
conditions, suggest a problem which is governed by four dimensionless parameters. These
are: the capillary number (Ca), the viscosity ratio (λ), the linear velocity ratio (G) and the
nonlinear intensity of the flow (E)

Ca = μAa
σ
, (2.9)

λ = μin

μ
, (2.10)

G = C
A
, (2.11)

E = Ba2

A
. (2.12)

Here, μ and μin are the external and internal viscosities, respectively, a is the initial radius
of the spherical drop and σ is the surface tension. Note that since the constants A, B and
C can be positive, negative or zero, this suggests the same for Ca, G and E.

From now on and in what follows, we non-dimensionalize the lengths with the initial
drop radius (a), the velocities with the characteristic linear velocity (U = Aa) and the
pressures and viscous stresses with the characteristic external stress (μA). A general
solution the Stokes equations, in spherical coordinates, was suggested by Lamb (1945),
see also Happel & Brenner (1983) and Zapryanov & Tabakova (1999). For the internal
flow have

vin =
∞∑

n=1

[
(n + 3)r2∇pn,in

2λ(n + 1)(2n + 3)
− nrerpn,in

λ(n + 1)(2n + 3)
+ ∇�n,in + ∇ × (rerχn,in)

]
,

(2.13)

pin = p0 +
∞∑

n=1

pn,in, (2.14)

pn,in = rn
n∑

m=0

Pm
n (η)[an,m cos(mφ)+ bn,m sin(mφ)], (2.15)

Φn,in = rn
n∑

m=0

Pm
n (η)[cn,m cos(mφ)+ dn,m sin(mφ)], (2.16)

χn,in = rn
n∑

m=0

Pm
n (η)[en,m cos(mφ)+ fn,m sin(mφ)]. (2.17)
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And by replacing n with −(n + 1), we arrive at the external flow expressions

vout = v∞ +
∞∑

n=1

[
−(n − 2)r2∇pn,out

2n(2n − 1)
+ (n + 1)rerpn,out

n(2n − 1)
+ ∇�n,out + ∇ × (rerχn,out)

]
,

(2.18)

pout = p∞ +
∞∑

n=1

pn,out, (2.19)

pn,out = r−n−1
n∑

m=0

Pm
n (η)[a−n−1,m cos(mφ)+ b−n−1,m sin(mφ)], (2.20)

Φn,out = r−n−1
n∑

m=0

Pm
n (η)[c−n−1,m cos(mφ)+ d−n−1,m sin(mφ)], (2.21)

χn,out = r−n−1
n∑

m=0

Pm
n (η)[e−n−1,m cos(mφ)+ f−n−1,m sin(mφ)]. (2.22)

Here, v is the velocity, v∞ and p∞ are the velocity vector and pressure of the unperturbed
motion, p0 is the internal pressure in the absence of flow, er is the unit vector in the radial
direction and the subscripts in and out represent inside and outside the drop, respectively.
The functions pn,�n and χn are solid spherical harmonics with Pm

n (η) being the associated
Legendre polynomials of degree n and order m, and the usual substitution in spherical
coordinates (η= cosθ ) has been made. The constants in (2.15)–(2.17) and (2.20)–(2.22)
are to be evaluated according to the usual boundary conditions suggested by the literature.

The no slip condition requires equal velocities at the interface (r = 1). Furthermore, in
a stationary drop the normal velocities also vanish:

vr,out = vr,in = 0, (2.23)

vθ,out = vθ,in, (2.24)

vφ,out = vφ,in. (2.25)

Newton’s third law of motion requires the normal and tangential stresses of the two fluids
to be balanced at the interface (r = 1). For the tangential stress we have

τrθ,out = τrθ,in, (2.26)

τrφ,out = τrφ,in. (2.27)

According to the method for solving this type of problem, (2.13)–(2.27) are sufficient to
obtain the spherical solution O(Ca0). This zeroth-order solution can then be substituted
into the normal stress balance at the interface to obtain the first-order, O(Ca1), deformed
shape

pin − pout + τrr,out − τrr,in = 1
Ca

(
1

R1
+ 1

R2

)
, (2.28)

where R1 and R2 are the principal radii of curvature of the surface.
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A drop in a nonlinear shear flow

3. The undisturbed motion

In order to better understand this physical situation, it is worthwhile to describe first the
behaviour of the undisturbed motion, that is, the flow in the absence of the drop. Since the
undisturbed motion is an incompressible two-dimensional flow, we can easily define and
obtain for it a dimensionless streamfunction

vx = +∂ψ
∂y

= y + Ey3, (3.1)

vy = −∂ψ
∂x

= Gx + Ex3, (3.2)

ψ = 1
2
(y2 − Gx2)+ E

4
(y4 − x4). (3.3)

Note that vx vanishes at y = 0 or y = ±i/
√

E, while vy vanishes at x = 0 or x = ±i
√

G/E.
In terms of the strain rate tensor (Γ ) and the vorticity tensor (Ω), the only non-vanishing

components are

Γxy = Γyx = 1
2 [(1 + G)+ 3E(x2 + y2)], (3.4)

Ωxy = −Ωyx = 1
2 [(G − 1)+ 3E(x2 − y2)]. (3.5)

Thus, for a linear shear flow (E = 0), if G = 0 we have the familiar simple shear flow in the
x-direction with both angular deformation and rotation of the same magnitude, if G = 1
there is only angular deformation and if G =−1 there is only rotation. In a nonlinear shear
flow (E /= 0), there will be always angular deformation and rotation simultaneously.

Figure 2 shows the velocity vector of the unperturbed motion for the case where the
shear flow is linear (E = 0). Four G cases are described: the familiar simple shear flow in
which the velocity is in the x-direction (G = 0) or in the y-direction (G =∞); a positive
case (G = 1), where observing at an angle of φ= 45° suggests an extensional flow; and
finally, a negative case (G = −1), where the fluid rotates clockwise.

The undisturbed motion with a positive nonlinear intensity (E = 1) is described in
figure 3. The case G =∞ is similar to the linear flow in the y-direction of figure 2, since
then the linear velocity term is much larger than the nonlinear term. The remaining three
cases are all similar in form, with the case G = −1 also showing a clockwise circulation.
This circulation increases in size as E decreases, until the image of the linear case (G =−1,
E = 0) is recovered.

Probably the most interesting undisturbed motion case is shown in figure 4, where the
nonlinear intensity of the flow is negative (E =−1). Once again, the case G =∞ is similar
to the linear flow in the y-direction of figure 2, since then the linear velocity term is much
larger than the nonlinear term. The third case (G = 1) is fascinating, since, if observing
it from an angle of φ= ±45°, it mimics a drop in an extensional flow, with the familiar
internal circulations, despite the fact that there is no drop at all! Figures 2–4 show just a
few possibilities for the undisturbed motion. Many more interesting streamline shapes can
be obtained by exploring different combinations of G and E, as a result of the inclusion of
nonlinear terms to the velocity field, which among other features, also suggests up to eight
stagnation points, besides the one at the origin which always is present. These are located
at: (0, 0); (0, ±i/

√
E); (±i

√
G/E, 0); (±i

√
G/E, ±i/

√
E); and (±i

√
G/E, ∓i/

√
E).
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Figure 2. The undisturbed motion in a linear (E = 0) shear flow.

4. The disturbed motion

The flow in the presence of a spherical drop, corresponding to the limit of Ca = 0, can
be obtained by solving the Stokes equations with the appropriate boundary conditions, as
suggested by (2.13)–(2.27). It appears that, if the linear case (E = 0) can be satisfied with
n = 1 and 2, our nonlinear problem requires n = 1, 2, 3 and 4. With the assistance of the
Mathematica software, the following analytical expressions for the coefficients in the solid
harmonics were obtained. For the external flow we have

b−3,2 = −(2 + 5λ)(1 + G)
6(1 + λ) − λE

(1 + λ) , (4.1)

b−5,2 = +(2 + 9λ)E
75(1 + λ) , (4.2)

d−3,2 = − λ(1 + G)
12(1 + λ) + (2 − 5λ)E

42(1 + λ) , (4.3)

d−5,2 = + λE
150(1 + λ) , (4.4)

e−4,2 = + (1 − λ)E
30(5 + 2λ)

. (4.5)
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Figure 3. The undisturbed motion in a positive nonlinear (E> 0) shear flow.

While the coefficients of the internal flow are

b2,2 = +7λ(1 + G)
4(1 + λ) + 7λE

2(1 + λ) , (4.6)

b4,2 = − 11λE
60(1 + λ) , (4.7)

d2,2 = − (1 + G)
8(1 + λ) − E

4(1 + λ) , (4.8)

d4,2 = + E
120(1 + λ) , (4.9)

e1,0 = −(1 − G)
2

, (4.10)

e3,2 = + 7E
60(5 + 2λ)

, (4.11)

where the rest of the coefficients vanish.
Figure 5 represents the velocity vector of the disturbed motion, in the z = 0 plane,

for the familiar simple (linear) shear flow (E = 0, G = 0), where the velocity of the
unperturbed motion is in the x-direction only. This case has been extensively explored
by Bartok & Mason (1958). Four viscosity ratios are presented, from a bubble or an
inviscid drop (λ= 0) up to a solid sphere (λ= ∞). When λ= 0, the external streamlines
are open while the internal streamlines suggest the familiar ‘8’ shape combined with
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Figure 4. The undisturbed motion in a negative nonlinear (E< 0) shear flow.

oval streamlines. A similar picture is observed for the λ= 0.1 case, except that the external
streamlines are closed. For low values of λ, where the ‘8’ shape exists, the drop contains
two additional stagnation points, besides the one at the origin. At z = 0, these are located
at φ= 90° and φ= 270° and at r = √

(1 − 2λ)/5 suggesting that the ‘8’ shape can be
established only if λ< 1/2 (Bartok & Mason 1958). Next is λ= 1, where the two phases
are of equal viscosity, and where the internal streamlines are everywhere oval in shape.
Finally, when λ= ∞, the drop becomes a solid sphere rotating clockwise at an angular
velocity ω= −1/2 in accordance with the literature. In general, the angular velocity of a
solid sphere in this problem is ω = −(1 − G)/2 and independent of E.

Another interesting feature of the flow field is the location of surface stagnation points.
At the surface of the drop (r = 1) and at the z = 0 plane (η= 0), vr = vθ = 0, and the
condition for a vanishing vφ leading to a stagnation point can be expressed as

φ = ±1
2

cos−1
[

10(1 − G)(1 + λ)(5 + 2λ)
10(1 + G)(5 + 2λ)+ 7E(20 + 11λ)

]
+ nπ, (4.12)

where n is an integer. It follows that, for the cases described in figure 5 (G = E = 0), only
the inviscid drop (λ= 0) predicts real azimuthal angles which are located at φ= 0° and
φ= 180°. The inviscid drop is also the only case in figure 5 suggesting no closed external
streamlines, an important issue when dealing with mass transfer problems around such a
drop.

Next, in figure 6, we continue with the velocity vector in a linear shear flow (E = 0) at the
z = 0 plane, but with a positive linear velocity ratio (G> 0). Two viscosity ratios (λ= 0,
1) and two linear velocity ratios (G = 1, 10) are described. For the two G = 1 cases, and if
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A drop in a nonlinear shear flow
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Figure 5. The disturbed motion in a linear (E = 0) shear flow, with G = 0, as a function of λ.

observing at φ= ±45°, an extensional flow is produced (see figure 2, G = 1) suggesting
similar streamlines shapes for all values of λ. However, when G � 1, the external flow
moves towards a simple shear flow in the in the y-direction (see figure 2, G = ∞), where,
similar to the familiar simple shear flow (figure 5), the shape of the internal streamlines
strongly depends on λ. The surface stagnation points in figure 6 can be easily located
according to (4.12). The case G = 1 is unique since it suggests the simple expression of
φ = (±1/4 + n)π, which is independent of λ or E. The angular velocity of a solid sphere
(λ=∞) is ω = −(1 − G)/2 and independent of E. That is, for G = 1 it vanishes, while
for G> 1 it results in ω> 0 or a counter-clockwise rotation.

Figures 5 and 6 suggests that, for the linear case (E = 0), the internal flow within the
drop contains zero, two or four stagnation points, besides the one at the origin. The first
pair is located at φ= 0° and φ= 180°, and its distance from the origin is

r =
√

5 + 2λ+ (1 − 2λ)G
5(1 + G)

. (4.13)

While the next pair is positioned at φ= 90° and φ= 270°, and at

r =
√

1 − 2λ+ (5 + 2λ)G
5(1 + G)

. (4.14)

It follows that, for G = 1, these two pairs are at equal distance r = √
3/5 = 0.775

from the origin and independent of λ. When λ= 0 and G = 10, the first pair is at

941 A50-11

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

30
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.309


M. Favelukis

(a) 2

1

0y

–1

–2 210–1

(b) 2

1

0

–1

–2 210–1

(c) 2

1

0y

x x

–1

–2 210–1

(d ) 2

1

0

–1

–2 210–1

λ = 0, G = 1, E = 0 λ = 0, G = 10, E = 0

λ = 1, G = 1, E = 0 λ = 1, G = 10, E = 0

Figure 6. The disturbed motion in a linear (E = 0) shear flow, with G> 0, as a function λ.

r = √
3/11 = 0.522, and the second one at r = √

51/55 = 0.963. However, if λ= 1 and
G = 10, the first pair does not exist (r is imaginary), and the second one does not exist
either (r> 1).

Figure 7 finalizes our linear (E = 0) findings, by plotting the velocity vector at the
z = 0 plane, with a negative velocity ratio (G< 0). As in figure 6, two viscosity ratios
(λ= 0, 1) and two linear velocity ratios (G = −1, −10) are presented. The case E = 0
and G =−1 is unique since, in the entire space, all velocity components vanish except
vφin = vφout = −rsinθ , independent of λ. That is, the drop rotates clockwise like a solid
particle at an angular velocity ω=−1. As G becomes more negative, the external
streamlines change their configuration from circles towards ellipse-like shapes and, if
|G| � 1, we approach a simple shear flow in the y-direction but in opposite direction to
the one presented in figure 2. When G< 0 (E = 0), (4.12) predicts no stagnation points at
the surface of the drop. Figure 7 shows that, if G< 0 (G /=−1), the internal circulation is
a strong function of λ, predicting once again oval shape streamlines with or without the
‘8’ structure (which now lies down). The internal stagnation points, besides the one at the
origin, can be obtained from (4.13) and (4.14), where it is clear that, if G = −1, they do
not exist as the denominator vanishes. For the G = −10 cases described here, only λ= 0
predicts internal stagnation points and only one pair located at φ= 0° and φ= 180° at a
distance r = 1/3 from the origin.

Now that we are familiar with the disturbed linear (E = 0) behaviour, we can move
forward and explore nonlinear (E /= 0) shear flows in the presence of a drop. For a spherical
drop (Ca = 0), the problem is governed by three dimensionless numbers (λ, G, E), and the
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A drop in a nonlinear shear flow
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Figure 7. The disturbed motion in a linear (E = 0) shear flow, with G< 0, as a function λ.

number of combinations is extremely large. To reduce the number of figures, we explore
the case λ= 1 only, at three different linear velocity ratios (G = 0, 1, −1). All forthcoming
velocity vector plots are shown at the z = 0 plane.

The first nonlinear plot of the disturbed motion is presented in figure 8, where λ= 1,
G = 0 and E adopts positive and negative values. In the first case (E = 0.1), the nonlinear
intensity of the flow is weak, and since G = 0, the flow behaviour is not far from the
familiar simple shear flow (G = 0, E = 0). Some differences are observed in the external
flow, where the present case has stagnation points at φ= 0°, φ= 180° and r = 1.15,
whereas the linear case has not. On the other hand, the internal streamlines are oval, with
no stagnation points apart from the origin, as in the familiar simple shear flow case λ= 1.
No stagnation points are present at the surface of the drop. Next, we increase the nonlinear
intensity (E = 1) and dramatic changes occur everywhere. Now, the external flow does not
contain stagnation points, but the surface of the drop does (φ=±30.4°, ±149.6°). Inside
the drop, four additional stagnation points are created, at the usual azimuthal angles. The
first pair is located at φ= 0° and 180° with r = 0.874, while for the second one we have
φ= 90° and 270° with r = 0.547.

When E< 0, and if G = 0, the undisturbed motion has stagnation points (besides the
origin) at x = 0, y = ±i/

√
E. As |E| increases and the flow becomes more nonlinear, this

stagnation point moves towards the origin. For E = −1/2, this point is located at (0,±√
2)

and its location, if the flow is disturbed, is not far away from it (0, ±1.39). The direction
of the flow above and below of this point is reversed, as can be seen in the first E< 0
case of figure 8. No stagnation points are predicted at the surface of the drop or inside the
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Figure 8. The disturbed motion in a nonlinear (E /= 0) shear flow, with λ= 1 and G = 0, as a function of E.
Blue: E> 0; red E< 0.

drop, except at the origin. As |E| continues to increase, ±i/
√

E approaches the origin, and
the stagnation point in the external fluid, where the flow changes direction, does not exist
anymore. This is illustrated in the last example of figure 8 where four stagnation points are
created at the surface of the drop (φ= ±56.3°, ±123.7°) and four others within the drop
(φ= 0°, 180° and r = 0.522; φ= 90°, 270° and r = 0.828).

The next nonlinear disturbed motion plot is shown in figure 9, where λ= 1 and G = 1
for all cases. The two positive nonlinear intensities E = 1 and E = 10, are not only similar
in form, but they also behave as in the linear case (λ= 1, G = 1, E = 0) in figure 6. That is,
if observing from an angle φ=±45°, we have an extensional flow. The only difference
between the cases is the volumetric flow rate which increases with an increase in E.
Stagnation points are not present in the external flow; however, they are present at the
surface of the drop (φ= ±45°, ±135°), and within the drop (φ= 0°, 90°, 180°, 270°).
It appears that, for a constant λ and if G = 1, all these four points are located at equal
distances from the origin. For λ= 1 we have: E = 0, r = √

3/5 = 0.775; E = 1, r = 0.741;
E = 10, r = 0.716; E = ∞, r = 0.711. Thus, the distance of the internal stagnation points
from the origin slightly decreases as E increases.

The two cases at the bottom of figure 9 correspond to λ= 1, G = 1 and E< 0. Since both
E< 0 and G/E< 0, the undisturbed motion predicts eight stagnation points besides the one
at the origin. These are located at: (0, ±i/

√
E); (±i

√
G/E, 0); (±i

√
G/E, ±i/

√
E); and

(±i
√

G/E, ∓i/
√

E). The stagnation points move towards the origin as |E| increases. In the
first case, G = 1 and E =−1/2, the first two pairs are located at (0, ±√

2) and (±√
2, 0) and

941 A50-14

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

30
9 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.309


A drop in a nonlinear shear flow
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Figure 9. The disturbed motion in a nonlinear (E /= 0) shear flow, with λ= 1 and G = 1, as a function of E.
Blue: E> 0; red E< 0.

their position in the disturbed motion is not far from (0, ±1.35) and (±1.35, 0). Around
these stagnation points, circulations are formed. In addition, four stagnation points in the
external fluid can be observed at (φ=±45°, ±135°, r = 1.78) to support such complex
structure. As |E| increases and the flow becomes more nonlinear, as can be seen in the last
example of figure 9 (E = −2), these eight stagnation points just described move towards
the origin and disappear in the external fluid. Both E< 0 cases suggest four stagnation
points at the surface of the drop (φ= ±45°, ±135°, r = 1), and another four (besides the
origin) within the drop (φ= 0°, 90°, 180°, 270°). Those within the drop move toward
the surface as |E| increases from E = 0 (E = 0, r = √

3/5 = 0.775; E = −0.5, r = 0.867;
E = −0.645, r = 0.9997). These points disappear in the range −1<E<−0.646, and
emerge once again at E<−1 (E =−1, r = 0; E =−2, r = 0.664; E =−10, r = 0.706;
E = −∞, r = 0.711).

The last undisturbed motion is presented in figure 10, where once again λ= 1 but with
a negative linear velocity ratio (G< 0). The first positive nonlinear intensity case (E = 1)
should be compared with its equivalent undisturbed motion in figure 3 (G =−1, E = 1).
The external fluid contains two stagnation points (φ= 0°, 180°, r = 1.07); however, the
surface of the drop and the internal fluid (except the origin) do not. As E increases, as
shown in the second case (E = 5), the stagnation points in the external fluid disappear,
yet they emerge at the surface of the drop (φ=±37.5°, ±142.5°) and within the drop
(φ= 0°, 180° and r = 0.798; φ= 90°, 270° and r = 0.612). For λ= 1 and G = −1, the first
pair (φ= 0°, 180°) appears if E> 1.29 from r = 1 and reaches r = 0.711 at E =∞, while
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Figure 10. The disturbed motion in a nonlinear (E /= 0) shear flow, with λ= 1 and G =−1, as a function of
E. Blue: E> 0; red E< 0.

the second pair (φ= 90°, 270°) appears when E> 1.33 from r = 0 and approaches also
r = 0.711 at E = ∞.

The next two cases correspond to negative nonlinear intensities (E< 0). In the first one
(E =−0.5), the external flow contains two stagnation points (φ= 90°, 270°, r = 1.43), not
far from those of the undisturbed motion (0, ±√

2). Yet, both the surface of the drop and
the internal fluid (besides the origin) do not contain stagnation points. As |E| increases and
the flow becomes more nonlinear (E =−5), the situation is reversed. Stagnation points in
the external fluid disappear, but appear at the surface (φ= ±52.5°, ±127.5°) and within
the drop (φ= 0°, 180° and r = 0.612; φ= 90°, 270° and r = 0.798). For λ= 1 and G = −1,
the first pair (φ= 0°, 180°) appears if E<−1.33 from r = 0 until r = 0.711 at E =−∞,
while the second pair (φ= 90°, 270°) appears if E<−1.29 from r = 1 and approaches
r = 0.711 at E =−∞. Thus, one concludes that, if the present situation (E =−5) is rotated
at φ= 90°, the previous internal findings (E = 5) are recovered.

5. Deformation of the drop

So far, the velocity profiles outside and inside a spherical drop, representing the O(Ca0)
solution, are available to us. The normal viscous stresses can be evaluated from Newton’s
viscosity law, and the pressures from (2.14) and (2.19). These can be then substituted into
the normal stress balance, (2.28), that has not been applied yet, to obtain the O(Ca1) shape
of the deformed drop. Let the distance from the origin to the surface of the deformed drop
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A drop in a nonlinear shear flow

be
R(θ, φ) = 1 + Ca f (θ, φ), (5.1)

Where, according to Landau & Lifshitz (1987), the shape function f (θ , φ) is connected to
the principal radii of curvature, obtained from the normal stress balance, as follows:

1
R1

+ 1
R2

= 2 − Ca(2f + ∇2f ). (5.2)

In (5.2), the Laplacian operator should be in spherical coordinates. After some algebraic
manipulation, the expression the shape of the deformed drop is given by

R = 1 + Ca(1 + G)
(16 + 19λ)
16(1 + λ) (1 − η2) sin(2φ)

+ CaE
7[28 + 41λ− η2(16 + 17λ)]

240(1 + λ) (1 − η2) sin(2φ). (5.3)

When G = E = 0, the shape of the familiar (linear) simple shear flow is recovered.
The maximum and minimum semi-axes in the z = 0 (η= 0) plane can be found by
solving ∂R/∂φ = 0. As expected, these are located at the principal axes of extension or
compression (φ= ±45°, ±135°), for both linear and nonlinear shear flows. The expression
presented here for the shape of the drop is valid for a slightly deformed drop with λ= O(1),
G = O(1), E = O(1) and Ca � 1. For a simple shear flow, Taylor (1934) showed that small
deformations are also possible for highly viscous drops λ� 1 with Ca = O(1) where the
major axis of the deformed drop is positioned in the direction of the flow. In section 6 we
shall discuss high viscosity drops.

Figure 11 describes the shape of a drop with λ= 1 and G = 0 at different values of Ca.
Each figure contains the linear case (E = 0) as well as positive and negative nonlinear
intensities (E = ±1). As expected, the deformation of the drop increases as Ca increases.
When the nonlinear intensity is positive (E = 1), the drop is more elongated than the linear
case, and when it is negative (E = −1), the drop is less elongated than the linear case. This
is also expressed by the familiar centre pinching or peanut shape, which for E> 0 it is
developed at a lower Ca than the linear case, and for E< 0 it is not developed at all as a
result of extremely small deformations. At φ= 0°, 90°, 180° and 270°, the distance of the
surface to the origin is R = 1.

In figure 12 we continue to describe the shape of the same drop (λ= 1), but this time
the linear velocity ratio is G = 1. Once again, each figure accommodates three different
nonlinear intensities (E = 0, ±1). It appears that the same behaviour observed in the
previous case (G = 0) occurs here (G = 1) as well. That is, the deformation of the drop
increases with an increase in E. Note that the influence of G on the shape of the drop takes
place only in the second (linear) term on the right-hand side of (5.3). It is clear from the
shape expression that larger deformations are to be expected when G = 1 (figure 12) than
when G = 0 (figure 11). This is also reflected by the evidence that, contrary to figure 11,
this time even the E =−1 case shows the peanut shape. The last case had to be stopped at
Ca = 0.313 as, beyond that, no steady shape was possible for E = 1.

Finally, in figure 13 we portray the deformation of the drop when λ= 1 and G = −1. The
case G = −1 is unique since the second (linear) term on the right-hand side of the shape
(5.3) vanishes. Furthermore, for the linear case (E = 0), even the last term on the right-hand
side vanishes, suggesting that no deformation is possible since the unperturbed flow
contains vorticity but not angular deformation. The two nonlinear situations of E =±1
offer the same deformation but at different orientations. For E = 1, the drop is aligned
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Figure 11. The shape of a drop with λ= 1 and G = 0 as a function of Ca. Black: E = 0; blue: E = 1; red
E = −1.

at φ= 45°, while for E =−1 at φ= −45°; however, it is possible to orient the drop at
φ=±45° for all cases of E (zero, positive or negative). When G< 0 and if |G| is relatively
large, an opposite picture than figures 11 and 12 is obtained. That is, all drops are aligned
at φ=−45°, if E< 0, the drop is more elongated than the linear case, and if E> 0 it is
less elongated than the linear case.

Figures 11–13 confirmed that the drop sometimes is aligned at φ= 45° and sometimes at
φ=−45°, that is, in the principal directions of elongation. When the drop shifts from one
orientation to the other it passes via the spherical shape where no deformation is taking
place, even at Ca /= 0. This combination of parameters can be anticipated by letting R = 1
in (5.3)

G = −
[

1 + 7(28 + 41λ)
3(80 + 95λ)

E
]
. (5.4)

Thus, taking the examples in figures 11–13 (λ= 1), this shift occurs at: G = −1 (E = 0,
shown in figure 13), G =−48/25 = −1.92 (E = 1) and G =−2/25 =−0.08 (E = −1).

As noticed in figures 11–13, at larger capillary number, the drop adopts a peanut shape
similar in appearance to the case of a centre pinching breakup mechanism. So, it would
be interesting to determine the critical capillary number at which the physical drop shape
ceases to exist. Of course, this cannot be considered as the official breakup point since
drop breakup is a transient unstable situation which the steady and slightly perturbed
sphere approximation performed here cannot predict. Nevertheless, we feel that this limit
is valuable to the analysis presented here. Substituting R = 0 at φ=±45° in (5.3), we find
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A drop in a nonlinear shear flow
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Figure 12. The shape of a drop with λ= 1 and G = 1 as a function of Ca. Black: E = 0; blue: E = 1; red
E =−1.

this critical value to be

Cacr = 240(1 + λ)
15(1 + G)(16 + 19λ)+ 7E(28 + 41λ)

. (5.5)

Thus, taking the example of figure 12 (λ= 1, G = 1), this occurs at: Cacr = 16/35 = 0.457
(E = 0), Cacr = 160/511 = 0.313 (E = 1, shown in figure 12) and Cacr = 160/189 = 0.847
(E = −1).

In the drop deformation literature, it is common to introduce the Taylor deformation
parameter (Taylor 1934) as a measure of the deformation magnitude. Let L = Rmax and
B = Rmin be the major and minor radii of the drop. Applying a Taylor series on Taylor’s
deformation parameter for Ca, around Ca = 0, results in

D = L − B
L + B

=
∣∣∣∣(16 + 19λ)

16(1 + λ) (1 + G)Ca + 7(28 + 41λ)
240(1 + λ) Ca E

∣∣∣∣ , (5.6)

where D = 0 suggests a sphere and D → 1 denotes a slender drop. Note that we included
the absolute value, as we already saw that sometimes the major radius is at φ= 45°
and sometimes at φ= −45°. Figure 14 describes the Taylor deformation parameter as a
function of the capillary number (Ca), the viscosity ratio (λ), the linear velocity ratio (G)
and the nonlinear intensity of the flow (E). The first case (G = 0), confirms once again our
finding of figure 11 (G = 0) that, for the same Ca, when E> 0, the drop is more elongated
than the linear case (E = 0), and when E< 0 the drop is less elongated than the linear case.
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(a) 2
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(b) 2
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0
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(c) 2

1

0y

x x

–1

–2 210–1

(d ) 2

1

0

–1

–2 210–1

λ = 1, G = –1, Ca = 0.1 λ = 1, G = –1, Ca = 0.2

λ = 1, G = –1, Ca = 0.4λ = 1, G = –1, Ca = 0.3

Figure 13. The shape of a drop with λ= 1 and G = −1 as a function of Ca. Black: E = 0; blue: E = 1; red
E = −1.

Furthermore, when E ≥ 0, as λ increases the drop is more elongated; however, when E< 0
the opposite is expected. The next case (G = 1), see also figure 12, repeats the G = 0 trends,
but with a larger deformation. Here, the λ influence is practically indistinguishable for
E = −1. The last two cases correspond to G< 0, where the example of figure 13 (G =−1)
was not selected as it predicts no deformation for the linear case, and equal deformation
(but not orientation) at E = ±1. When G =−0.5, once again, if E> 0, the drop is more
elongated than the linear case and if E< 0 the drop is less elongated than the linear case.
Also, as λ increases the drop is more elongated for all E cases. In the last situation, where
G =−2, the major radius in all E cases is oriented at φ= −45°, and the deformation
of the drop increases as E decreases. Moreover, when E ≤ 0 the elongation increases
as λ increases, and the opposite occurs at E> 0. To summarize, the Taylor deformation
parameter is primarily affected by G and E, while λ variations are of second importance.

6. Deformation of a very viscous drop

Taylor (1934) also treated the case of a very viscous drop (λ� 1), where the shape of
the drop remains almost spherical, even at Ca = O(1). This is possible when the external
flow has sufficient vorticity (such as in simple shear flow) resulting in the high viscosity
drop rotating almost as if it were a solid particle (Frankel & Acrivos 1970; Stone 1994).
Accordingly, we repeat Taylor’s solution procedure, as follows. The normal stress balance,
(2.28), with the right-hand side equal to 2/Ca, is included, the normal velocities are
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(a) 0.5

0.4

0.3

D
0.2

0.1

0.5

0.4

0.3

0.2

0.1

0 0.250.200.150.100.05 0.250.200.150.100.05

(b)

0

0.5

0.4

0.3

0.2

0.1

0.5

0.4

0.3

0.2

0.1

0 0.250.200.150.100.05 0.250.200.150.100.050

(c)

D

Ca Ca

(d )

G = 0 G = 1

G = –0.5 G = –2

Figure 14. The Taylor deformation parameter, as a function of Ca, for different values of λ, G and E. Black,
E = 0; blue, E = 1; red, E =−1. Solid lines, λ= 1; dashed lines, λ= 0; dotted lines, λ= 2.

still continuous; however, they do not vanish. Once again, with the assistance of the
Mathematica software, an analytical solution of O(Ca0) has been obtained. For the external
flow, the coefficients of the solid spherical harmonics are now

b−3,2 = +5(1 − λ)(1 + G)
3(3 + 2λ)

+ 2(1 − λ)E
(3 + 2λ)

, (6.1)

b−5,2 = − 6(1 − λ)E
5(11 + 10λ)

, (6.2)

d−3,2 = +(1 − λ)(1 + G)
6(3 + 2λ)

+ 5(18 + λ− 19λ2)E
21(3 + 2λ)(16 + 19λ)

, (6.3)

d−5,2 = − (1 − λ)E
15(11 + 10λ)

, (6.4)

e−4,2 = + (1 − λ)E
30(5 + 2λ)

. (6.5)

And for the internal flow we have

b2,2 = + 35λE
(16 + 19λ)

, (6.6)

d2,2 = + 5(1 + G)
12(3 + 2λ)

− 5(1 − λ)E
2(3 + 2λ)(16 + 19λ)

, (6.7)
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d4,2 = − E
20(11 + 10λ)

, (6.8)

e1,0 = −(1 − G)
2

, (6.9)

e3,2 = + 7E
60(5 + 2λ)

. (6.10)

Here, the other coefficients vanish, and the eij values are equal to the those of the previous
procedure.

Following Taylor (1934), we represent the surface of the drop and the surface radial
velocity at the z = 0 (θ =π /2, η= 0) plane as

R(φ) = 1 + f (φ), (6.11)

so that

vr = dR
dt

= df
dt

= df
dφ

dφ
dt
. (6.12)

While, on the other hand,

vφ = r sin θ
dφ
dt

= dφ
dt
, (6.13)

where the last equality in (6.13) has been evaluated at the surface of the drop (r = 1) and
at the z = 0 plane. Combining the last two equation results in

f (φ) =
∫
vr

vφ
dφ. (6.14)

Applying a Taylor series on vr and vφ at r = 1 and θ =π /2 for λ, around λ= ∞, suggests
the following leading-order velocity components:

vr = 5(1 + G)
4λ

sin(2φ) + 507E
380λ

sin(2φ), (6.15)

vφ = −(1 − G)
2

. (6.16)

Substituting the above velocities into (6.14) and then into (6.11) results in an expression for
the surface of the drop at the z = 0 plane, which at first approximation can be described as

R = 1 + 5(1 + G)
4λ(1 − G)

cos(2φ) + 507E
380λ(1 − G)

cos(2φ). (6.17)

With an appropriate Taylor deformation parameter of

D = L − B
L + B

=
∣∣∣∣ 5
4λ
(1 + G)
(1 − G)

+ 507
380λ

E
(1 − G)

∣∣∣∣ . (6.18)

For the familiar simple (linear) shear flow (G = 0, E = 0) in the x-direction, (6.17) and
(6.18) reduce to Taylor’s results. Clearly, that the treatment presented here, which we
suppose to describe small deformations ( f � 1), must be restricted to λ� 1, Ca = O(1),
G = O(1) and E = O(1), is independent of Ca and it is not valid for G → 1. When λ� 1
and G → 1, (6.16), as well as the previous treatment, predict, at a leading order, vφ = 0,
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λ = 10, G = 0 λ = 10, G = –1

λ = 10, G = 0.5 λ = 10, G = 2

Figure 15. The shape of a very viscous drop with λ= 10 as a function of G. Black: E = 0; blue: E = 1; red
E =−1.

and we may expect the drop to remain at the principal axis of elongation or contraction at
φ=±45°.

Figure 15 describes the shape of a viscous drop (λ� 1), at the z = 0 plane, for different
values of the linear velocity ratio (G), and of the nonlinear intensity of the flow (E). In
the first case (G = 0), the deformation of the drop appears to increase with E. The largest
radius is sometimes aligned with the x axis (E = 0, 1) and sometimes with the y axis
(E = −1). The next case (G = −1) is interesting. Here, the drop in the linear case (E = 0)
remains spherical, while the nonlinear cases deform at exactly the same magnitude but at
opposite directions. Although difficult to see, for E = 1 the largest radius is aligned with
the x axis and for E =−1 with the y axis. As explained above, under this very viscous drop
procedure, the case G = 1 is singular, so the last two cases are dedicated to other positive
values (G = 0.5, G = 2). Both cases show a relatively large deformation which increases
with E. The difference is in the orientation of the drop. For G = 0.5 it is with the x axis,
while for G = 2 it is with the y axis. Finally, notice that at φ= ±45° and ±135°, for all
cases, the distance of the surface of the drop to the origin is R = 1.

7. Conclusions

The fluid mechanics problem of an initially spherical drop subjected to a two-directional
nonlinear shear flow, under creeping flow conditions, is theoretical studied. The
unperturbed nonlinear shear is a two-dimensional flow, leading to a three-dimensional
perturbed motion. Four dimensionless numbers describe this problem: the capillary
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number (Ca), the viscosity ratio (λ), the linear velocity ratio (G) and the nonlinear intensity
of the flow (E). By applying Lamb’s general solution to the Stokes equations in spherical
coordinates, analytical expressions for the external and the internal motion of a spherical
drop (Ca = 0) have been obtained.

First, we explored the unperturbed motion, that is, the flow in the absence of the
drop, given in a dimensionless form by vx = y + Ey3 and vy = Gx + Ex3. The velocity
components of the two-directional nonlinear shear flow are composed of linear and cubic
terms in order to maintain an odd velocity profile around the origin. For a linear shear flow
(E = 0), if G = 0 we have the familiar simple shear flow in the x-direction only with both
angular deformation and rotation, if G = 1 there is only angular deformation and if G =−1
there is rotation only. However, in a nonlinear shear flow (E /= 0), angular deformation
and rotation appear simultaneously. The undisturbed nonlinear motion suggests many
interesting streamline shapes, as well as up to eight stagnation points, besides the one
at the origin, which always is present.

Next, the motion in the presence of a spherical drop (Ca = 0) has been examined in
detail. For the familiar simple (linear) shear flow (E = 0, G = 0), we confirmed the detailed
work of Bartok & Mason (1958). That is, λ= 0 is the only case with no closed external
streamlines. The internal streamlines suggest: an ‘8’ shape enveloped by an oval shape
(λ< 1/2), an oval shape (λ> 1/2) and a circular shape (λ� 1). For other combinations
of λ, G and E, the internal flow consists of zero, two or four stagnation points (apart from
the origin), located at varying distances from the origin, at azimuth angles of φ= 0°, 90°,
180°, 270°, and enclosed by circulations. More stagnation points may appear at the surface
of the drop and in the external fluid. When λ=∞, the drop becomes a solid sphere and
its angular velocity is ω = −(1 − G)/2 independent of E. That is, for G< 1 it rotates
clockwise, for G> 1 it rotates counter-clockwise and for G = 1 it does not rotate at all.

In a simple (linear) shear flow (E = 0, G = 0), the small deformation theory of Taylor,
valid for Ca � 1 and λ= O(1), predicts an ellipsoidal drop oriented along the principal
axis of elongation at φ= 45° with the direction of the flow. As Ca increases, the
deformation of the drop increases, from spherical to ellipsoidal and finally attains a
peanut shape. This peanut shape is also suggested by the O(Ca2) deformed shape of
Barthès-Biesel & Acrivos (1973), and was experimentally observed by Rumscheidt &
Mason (1961b) and Torza et al. (1972) at λ ∼ 1, but may not be physically realized in
other cases. In other linear or nonlinear cases, the same behaviour was observed, except
for the fact that the drop is sometimes aligned at φ= 45° and sometimes at φ= −45°, that
is, with the principal directions of elongation. When the drop shifts from one orientation
to another, it passes via the spherical shape where no deformation is taking place, even at
Ca /= 0. The magnitude of the deformation is represented in terms of Taylor’s deformation
parameter, suggesting that the deformation of the drop is primarily affected by Ca, G and
E, while λ variations are of secondary importance.

Taylor observed that small drop deformations are also possible at Ca = O(1) as long as
the drop is highly viscous (λ� 1). For the familiar simple (linear) shear flow (G = 0,
E = 0), Taylor’s modified his theory to determine that the orientation of the drop is
at φ= 0°, that is with the direction of the flow, and its shape is independent of Ca.
Accordingly, we followed his solution procedure, and found that, for all linear or nonlinear
cases (G /= 1), the orientation of the drop is sometimes at φ= 0° and sometimes at 90°,
independent of Ca.

Finally, we recommend extending this report in two directions. First, an analytical study
can be tried, to obtain the O(Ca2) deformed shape. This will allow us to investigate
moderate drop deformations and to have a better description of the drop orientation.
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Second, a numerical investigation using, for example, the boundary integral method, can
be performed to provide stronger evidence for our analytical predictions.

The behaviour of emulsions in mixing devices has been extensively modelled in the
literature by the deformation and breakup of a single drop in a linear flow, such as
axisymmetric extensional flow, hyperbolic flow or simple shear flow. However, mixing
devices do not necessarily produce linear flows but rather much more complicated flows
in which the velocity vector contains nonlinear terms. Accordingly, the report presented
here aimed to explore the influence of a nonlinear shear motion on the behaviour of a
single drop embedded in such a flow. Hopefully, the conclusions of this report can improve
our understanding of emulsion processing in rotating mixing equipment, where nonlinear
flows are expected to be present. The solution method closely followed the classical papers
of G.I. Taylor (1932, 1934), which after almost a century, still remain relevant.
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