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Abstract. Periodic structures involving crossed arrays of cylinders appear as special
three-dimensional photonic crystals and cross-stacked gratings. Such a structure con-
sists of a number of layers where each layer is periodic in one spatial direction and
invariant in another direction. They are relatively simple to fabricate and have found
valuable applications. For analyzing scattering properties of such structures, general
computational electromagnetics methods can certainly be used, but special methods
that take advantage of the geometric features are often much more efficient. In this
paper, an efficient method based on operators mapping electromagnetic field compo-
nents between two spatial directions is developed to analyze structures with crossed
arrays of circular cylinders. The method is much simpler than an earlier method based
on similar ideas, and it does not require evaluating slowly converging lattice sums.
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1 Introduction

Periodic structures such as diffraction gratings [1–3], photonic crystals [4] and metamate-
rials [5], have many interesting and useful properties, and are very important in modern
photonics technologies. In this paper, we consider three-dimensional (3D) biperiodic
structures consisting of crossed arrays of cylinders. More precisely, we assume the struc-
tures are periodic in the x and y directions, and bounded by homogeneous media in the
z direction, where {x,y,z} is a Cartesian coordinate system. In the z direction, it is fur-
ther assumed that the structure can be divided into a number of layers, where each layer
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is a periodic array of cylinders parallel to the x or y axis. Such crossed arrays of cylin-
ders are relatively easy to fabricate, and appear as special 3D photonic crystals [6, 7] and
cross-stacked gratings [8].

For biperiodic structures bounded by homogeneous media in the z direction, a fun-
damental problem is to compute the transmitted and reflected waves for a given plane
incident wave [9–12]. For electromagnetic waves and light, the governing equation is
the Maxwell’s equations. General numerical methods such as the finite element method
[13–16], can always be used, but it is possible to develop more efficient special compu-
tational methods by taking advantage of the available geometric features. For crossed
arrays of cylinders, each layer is invariant in one spatial variable. In an x-invariant layer,
if the wave field is decomposed into Fourier modes in x, then these modes are uncou-
pled within the layer. This implies that although the problem is truly three dimensional,
the wave field in each layer can be resolved by solving a sequence of two-dimensional
(2D) problems corresponding to different Fourier modes in one spatial direction. If the
structure has many layers in the z direction and some of these layers are identical, it is
desirable to avoid duplicated calculations in identical layers. If the cylinders have circu-
lar cross sections, it is also possible to develop efficient semi-analytic method based on
cylindrical wave expansions.

For crossed arrays of circular cylinders, a semi-analytic method based on scattering
matrices and cylindrical wave expansions was developed by Smith et al. [17] and Ya-
sumoto and Jia [18]. The scattering matrices are used to avoid duplicated computations
in identical layers. Cylindrical wave expansions are used for calculating the scattering
matrix of each layer. In both works, sophisticated lattice sums techniques [19] are needed
to take care of the periodic array of cylinders in each layer. For the same structures,
we developed a semi-analytic method based on Dirichlet-to-Neumann (DtN) maps [20].
The DtN-map approach also uses cylindrical wave expansions, but it avoids the tedious
lattice sums and is more efficient.

In this paper, we develop a simpler and more efficient semi-analytic method for an-
alyzing crossed arrays of circular cylinders. Instead of the DtN maps, we use operators
that map two tangential components of the electromagnetic field to two different tan-
gential components (the T2T operators). Since the tangential components are continuous
across a surface, the T2T operators are also continuous across interfaces. This leads a
number of simplifications compared with the DtN-map method [20]. Cylindrical wave
expansions are also used, but as in the DtN-map method, lattice sums are not needed,
since the T2T operators are constructed starting from the unit cells. Numerical examples
are used to validate the method and illustrate its accuracy and efficiency.

2 Formulation

For linear electromagnetic waves in isotropic media without sources, the governing equa-
tions in the frequency domain are the Maxwell’s equations:
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∇×E= ik0µH̃, ∇×H̃=−ik0εE, (2.1)

where E is the electric field, H̃ is the magnetic field multiplied by free space impedance,
k0 = ω/c is the free space wavenumber, ω is the angular frequency, c is the speed of
light in vacuum, ε is the relative permittivity, µ is the relative permeability, and the time
dependence is assumed to be exp(−iωt). We consider a biperiodic structure given in
0< z< D, and bounded by homogeneous media in z< 0 and z> D, where the z axis is
assumed to be in the vertical direction. For the top and bottom homogeneous media, we
assume {ε,µ}={ε(1) ,µ(1)} for z>D and {ε,µ}={ε(2) ,µ(2)} for z<0, where ε(1), µ(1), ε(2) and
µ(2) are constants. The structure consists of M layers separated by 0=z0<z1<···<zM=D.
Two four-layer examples are shown in Fig. 1. The mth layer is given by zm−1< z< zm for
1≤m≤M. In each layer, the structure is either periodic in x and invariant in y, or periodic
in y and invariant in x, with period L in both directions. In particular, we will analyze
crossed arrays of circular cylinders, where the mth layer consists of a periodic array of
circular cylinders parallel to either x or y, and surrounded by a homogeneous medium.
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Figure 1: Side views in xz plane of four-layer structures with crossed arrays of circular cylinders. Left: regular
arrays; Right: woodpile arrays.

For z > D, we specify a plane incident wave {E(i),H̃(i)} with the wave vector

(α0,β0,−γ
(1)
00 ), where α0 and β0 are real and

γ
(1)
00 =

√

k2
0ε(1)µ(1)−α2

0−β2
0. (2.2)

The objective is to calculate the reflected wave {E(r),H̃(r)} in the top (z > D) and the
transmitted wave {E(t),H̃(t)} in the bottom (z<0). Due to the periodicity of the structure
and the specific form of the incident wave, the electromagnetic field is quasi-periodic in x
and y. That is, the wave field multiplied by e−i(α0x+β0y) is periodic in x and y with period
L. In particular, the reflected and transmitted waves can be expanded in plane waves
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with wave vectors (αj,βk,γ
(1)
jk ) and (αj,βk,−γ

(2)
jk ), respectively, where

αj =α0+
2πj

L
, βk =β0+

2πk

L
, (2.3)

γ
(l)
jk =

√

k2
0ε(l)µ(l)−α2

j −β2
k, l=1,2. (2.4)

The complex square root in (2.2) and (2.4) must be defined such that either Im(γ
(l)
jk )>0 or

γ
(l)
jk is real and non-negative. The plane wave components with wave vectors (αj,βk,γ

(1)
jk )

and (αj,βk,−γ
(2)
jk ) are the (j,k)-th reflection and transmission orders, respectively.

For a given wavevector, there are two linearly independent plane waves. For a partic-
ular plane wave, if the coefficients of two properly chosen field components are known,
the coefficients of the other four components can be determined. In particular, if the x
and y components of the transmitted wave are given as

u
(t)=∑

jk

a
(t)
jk exp[i(αjx+βky−γ

(2)
jk z)], z<0,

v
(t)=∑

jk

b
(t)
jk exp[i(αjx+βky−γ

(2)
jk z)], z<0,

where

u=

[

Ex

H̃x

]

, v=

[

Ey

H̃y

]

, (2.5)

then the coefficients a
(t)
jk and b

(t)
jk (column vectors of length 2) are related to each other by

a
(t)
jk +B

(t)
jk b

(t)
jk =0,

where

B
(t)
jk =

1

η
(2)
k

[

αjβk k0µ(2)γ
(2)
jk

−k0ε(2)γ
(2)
jk αjβk

]

and η
(2)
k = k2

0ε(2)µ(2)−β2
k. For the above matrix to exist, it is necessary to assume that

η
(2)
k 6=0 for all k. In that case, we can define an operator B(t) [20], such that

u
(t)+B(t)

v
(t)=0, z<0.

Since the transmitted field is the total field for z<0, and u and v are continuous at z=0,
we have

u+B(t)
v=0, z=0. (2.6)

The above serves as a boundary condition at z = 0. It is referred to as the downward
radiation condition.
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Similarly, we can define an operator B(r) for the reflected wave based on the 2×2
matrices

B
(r)
jk =

1

η
(1)
k

[

αjβk −k0µ(1)γ
(1)
jk

k0ε(1)γ
(1)
jk αjβk

]

,

where η
(1)
k =k2

0ε(1)µ(1)−β2
k are assumed to be non-zero, so that the boundary condition at

z=D is
u+B(r)

v=
[

u
(i)+B(r)

v
(i)
]

z=D+
, z=D. (2.7)

More details can be found in [20]. The boundary conditions (2.6) and (2.7) are valid for

all but one discrete sequence of frequencies where η
(1)
k or η

(2)
k is zero for some integer k. If

we use an operator that maps u to v (instead of v to u) to define the boundary conditions,

a similar difficulty appears when σ
(l)
j = k2

0ε(l)µ(l)−α2
j becomes zero for l = 1 or 2. Using

operators between different linear combinations of the four field components Ex, Ey, H̃x

and H̃y, it is possible to establish boundary conditions that are valid for all frequencies.
The details are given in Section 6.

The quasi-periodic condition of the electromagnetic field can be written as

φ(x+L,y,z)= eiα0 Lφ(x,y,z), φ(x,y+L,z)= eiβ0 Lφ(x,y,z), (2.8)

where φ is any component of the electromagnetic field. Therefore, using Eqs. (2.6), (2.7)
and (2.8), the boundary value problem is now formulated on the domain

Ω={(x,y,z)|0< x< L, 0<y< L, 0< z<D}. (2.9)

3 Marching schemes

A general numerical method, such as the finite element method [13–16], can be used to
solve the boundary value problem (2.1), (2.6)-(2.8) formulated on Ω. However, it is pos-
sible to develop more efficient computational methods by utilizing the special geometric
features of the structures. For layered structures, it is often advantageous to use an op-
erator marching (OM) scheme [21–28] to avoid repeated calculations in different layers
with identical or similar profiles. This is particularly true when the layers are relatively
simple, such as arrays of circular cylinders, so that semi-analytic methods can be used.

For a multilayer structure where the layers are separated by z0, z1,···, and zM, and the
incident wave is given in the top, an OM scheme marches some operators from z=0− to
z=D+, and determines the reflected and transmitted waves afterwards. One approach
is to use the scattering (i.e., reflection and transmission) operators based on a decompo-
sition of the wave field into upward and downward components [17, 18, 21–23]. At a
fixed z, the reflection operator maps the downward component to the upward compo-
nent, but it is discontinuous at zm if the media above and below zm are different. As a
result, the OM scheme for reflection and transmission operators must manipulate these
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two operators from z+m−1 to z−m (for m=1,2,··· ,M) and from z−m to z+m (for m=0,1,··· ,M).
The step from z+m−1 to z−m requires the 2×2 scattering matrix (with operator entries) of the
layer. Furthermore, when the directional wave field components are expanded in Fourier
series, each operator is represented by an infinite matrix. For structures where the lay-
ers are composed of arrays of circular cylinders, cylindrical wave expansions with lattice
sums techniques have been used to calculate the scattering matrices of the layers [17,18].

In our previous work [20], an OM scheme was formulated based on the Dirichlet-to-
Neumann (DtN) operator and a related propagation operator. For a fixed z, the DtN oper-
ator maps the wave field to its z derivative. The wave field decomposition is not needed,
but the DtN operator is also discontinuous at horizontal material interfaces. Similar to
the scheme based on scattering operators, the DtN scheme also requires two different
kinds of steps: the step for a layer (from z+m−1 to z−m) and the step for an interface (from z−m
to z+m). In addition, the step from z+m−1 to z−m requires a 2×2 matrix DtN operator of the
layer. Compared with the scattering matrix formalism [17,18], the DtN approach is more
efficient, since the DtN operator of the layer can be constructed from the same operator
of a unit cell, and this process does not need to evaluate lattice sums.

To avoid the discontinuity of scattering and DtN operators at horizontal material in-
terfaces, we can use operators that manipulate the tangential (i.e. x and y) field compo-
nents which are continuous. One approach is to use the impedance or admittance oper-
ator that relate the tangential electric field components to the tangential magnetic field
components [23]. Since the layers are invariant in either x or y, it is convenient to group
the tangential components according to the directions. In the following, we present an
OM scheme based on an operator B that links the two x components with the two y
components. For a fixed z∗≥ z0, the operator B satisfies

B(z∗)v=−u, at z= z∗, (3.1)

where u and v are the x and y components of an arbitrary electromagnetic field satisfying
the Maxwell’s equations (2.1) for z< z∗ , the downward radiation condition (2.6), and the
quasi-periodic condition (2.8). The reflected wave can be determined when B at zM=D is
obtained. To find the transmitted wave, we need the propagation operator W satisfying

W(z∗)v|z=z∗ =v|z=z0 . (3.2)

At z= z0, these two operators are given by

B(z0)=B(t), W(z0)=I ,

where B(t) is the operator given in Eq. (2.6) and I is the identity operator. The main step
of the OM scheme is to march B and W from zm−1 to zm for m=1,2,··· ,M. If B(zM) and
W(zM) are known, we can find the total field at zM by solving

[

−B(zM)+B(r)
]

v|z=zM
=
[

u
(i)+B(r)

v
(i)
]

z=D+
. (3.3)
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The reflected wave can be obtained by subtracting the incident field. The transmitted
wave can be easily evaluated using W(zM):

v|z=z0 =W(zM)v|z=zM
. (3.4)

We note that if there is a non-zero electromagnetic field satisfying the Maxwell’s equa-
tions (2.1) for z<z∗, the boundary conditions (2.6) and (2.8), and v=0 at z=z∗, then B and
W cannot be defined at z∗. This could happen for some special frequencies. In Section 6,
we present an approach to avoid this difficulty.

To march the operators through a layer, i.e., from zm−1 to zm, we need a local T2T op-
erator N (m) defined for the tangential field components on the two horizontal interfaces
at zm−1 and zm. It satisfies

N (m)

[

v(zm−1)
v(zm)

]

=

[

N (m)
11 N (m)

12

N (m)
21 N (m)

22

]

[

v(zm−1)
v(zm)

]

=

[

u(zm−1)
u(zm)

]

. (3.5)

In the above, N (m) is given as a 2×2 matrix where each entry is an operator acting on
vectors of two functions of x and y. It is defined for any electromagnetic field satisfying
Eqs. (2.1) and (2.8) for zm−1< z< zm. The definition may fail, if there is a non-zero quasi-
periodic electromagnetic field satisfying the zero boundary conditions v(zm−1)=v(zm)=
0. An alternative OM scheme without this problem is presented in Section 6. Using the
definitions of B, W and N (m), it is easy to derive the following marching formulae:

Z=[B(zm−1)+N (m)
11 ]−1N (m)

12 , (3.6)

B(zm)=N (m)
21 Z−N (m)

22 , (3.7)

W(zm)=−W(zm−1)Z . (3.8)

Notice that Z is the projection operator that maps v(zm) to −v(zm−1).
The above OM scheme based on B, W and N (m) is applicable to general multilayered

biperiodic structures. In principle, a general numerical method can be used to calculate
the local T2T operator N (m). The method is especially useful if there is a partial period-
icity in the z direction, and when the horizontal periods (in x and y) are not very large
compared with the wavelength, so that the operators can be approximated by relatively
small matrices. In Section 5, we present an efficient semi-analytic method to construct
N (m).

4 Representations in Fourier space

For a given z, a component φ of the electromagnetic field satisfies the quasi-periodic
condition (2.8), and it can be expanded in Fourier series as

φ(x,y,z)=
∞

∑
j,k=−∞

φ̂jk(z)e
i(αjx+βky). (4.1)
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In practice, we truncate the Fourier series to N terms in each direction, that is, j and k are
chosen from −N/2 to N/2−1 if N is even and from −(N−1)/2 to (N−1)/2 if N is odd.
These N2 coefficients can be put together in a column vector φ̂. For example, we can put
the N coefficients with the same k together as a column vector of length N, then put all
these N vectors together as one big vector of length N2.

If a linear operator T acts on quasi-periodic functions and the results are also quasi-
periodic, then it can be approximated by an N2×N2 matrix. From the Fourier series

T {ei(αjx+βky)}=
∞

∑
l,m=−∞

T
jk
lm ei(αl x+βmy), (4.2)

we immediately get the Fourier series of ψ=T φ:

ψ=
∞

∑
l,m=−∞

(

∞

∑
j,k=∞

T
jk
lm φ̂jk

)

ei(αl x+βmy)=
∞

∑
l,m=−∞

ψ̂lm ei(αlx+βmy). (4.3)

This leads the relation ψ̂ = T̂ φ̂, where ψ̂ is defined as φ̂ with the same ordering of the
indices, T̂ is a matrix with row and column indices given by (l,m) and (j,k), respectively.

Due to the vector nature of our problem, the operatorsB and W act on column vectors
of two quasi-periodic functions. Therefore, the operator B is in fact a 2×2 matrix where
each entry is an operator. In the Fourier space and after the truncation of the Fourier
series, the operators B and W are approximately represented by (2N2)×(2N2) matrices
B̂ and Ŵ . Similarly, the local T2T operator N (m) is approximated by a (4N2)×(4N2)
matrix N̂ (m). The operators B(t) and B(r) that appear in the boundary conditions (2.6)
and (2.7) are represented by (2N2)×(2N2) matrices B̂(t) and B̂(r), and they are 2×2 block
matrices where each block is an N2×N2 diagonal matrix. In fact, the four entries of

the matrix B
(t)
jk give the diagonal entries of the four block matrices in B̂(t) with an index

corresponding to (j,k).
The equations in Section 4 remain valid if we replace the wave field components and

the operators by the corresponding vectors and matrices in Fourier space.

5 T2T operators

In this section, we present the steps for constructing the local T2T operators N (m) for lay-
ers with a periodic array of circular cylinders. Without loss of generality, we consider the
first two layers, assume the first layer is y-invariant and the second layer is x-invariant.

In the first layer, if the electromagnetic field is expanded in Fourier series in y, the
different Fourier components are uncoupled, and they can be studied as independent 2D
problems. More precisely, we have

u=
∞

∑
k=−∞

uk, v=
∞

∑
k=−∞

vk, w=
∞

∑
k=−∞

wk (5.1)
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for z0<z<z1, where w=(Ez,H̃z)T is a column vector of the two z components, uk, vk and
wk depend on y as eiβky. For each k, we first construct a T2T operator Nk in the physical
space, then transform it to the Fourier space to obtain N̂k. Finally, we assemble N̂k (for
all k) together to form N̂ (1). Notice that N̂k is approximated by a (4N)×(4N) matrix. In
the physical space, the operator Nk is also approximated by a (4N)×(4N) matrix.

To find Nk, we consider a 2D unit cell in the xz plane:

Ω1=

{

(x,z)
∣

∣

∣
xc−

L

2
< x< xc+

L

2
, z0< z< z1

}

,

such that the center of the circular cylinder closest to the z axis is (xc,zc), where typically
zc = (z0+z1)/2. Since the x-coordinates of the cylinders in different y-invariant layers
can be different in general, we introduce a horizontal shift xc. Within the unit cell, we
use a polar coordinate system (r,θ) centered at (xc,zc), and expand the field in vector
cylindrical waves as

vk =
∞

∑
m=−∞

Φm(r)bm ei(mθ+βky), (5.2)

where Φm is a 2×2 matrix and bm is a column vector of two arbitrary coefficients. The
explicit form of Φm is given in [29], it depends on the radius and the refractive index of
the cylinder, and the refractive index of the surrounding medium in the unit cell. The
other four components of the electromagnetic field are related to vk. From the Maxwell’s
equations, it is easy to show that

uk =
i

ηk

(

βk
∂vk

∂x
+k0L

∂vk

∂z

)

, (5.3)

wk =
i

ηk

(

βk
∂vk

∂z
−k0L

∂vk

∂x

)

, (5.4)

where ηk = k2
0εµ−β2

k is assumed to be non-zero, and

L=

[

0 −µ
ε 0

]

.

Therefore, we can expand uk and wk in cylindrical waves with the same coefficients {bm :
−∞<m<∞}.

On the boundary of Ω1, we choose 2N+2N′ points, with N and N′ points on the
horizontal and vertical edges, respectively. The x and z coordinates of the points on the
horizontal and vertical edges are given by

xl = xc+

(

l−0.5

N
− 1

2

)

L, l=1,2,··· ,N, and

z0,l = z0+
l−0.5

N′ (z1−z0), l=1,2,··· ,N′,
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respectively. We also truncate the vector cylindrical wave expansion (5.2) to retain 2(N+
N′) terms, i.e. for −(N+N′)≤m≤N+N′−1. If we evaluate the truncated version of (5.2)
at the 2(N+N′) points on the boundary of Ω1, we obtain a 4(N+N′)×4(N+N′) matrix

Θ
(1)
k linking vk on the boundary to the coefficients:













v
(0)
k

v
(l)
k

v
(r)
k

v
(1)
k













=Θ
(1)
k
~b,

where~b is a vector for {bm :−(N+N′)≤m≤N+N′−1}, v
(0)
k , v

(l)
k , v

(r)
k and v

(1)
k are column

vectors for vk at the discrete points on the bottom, left, right and top edges of Ω1. The
cylindrical wave expansions for uk and wk are similarly truncated. Evaluating the trun-
cated expansions of uk and wk on the horizontal and vertical edges of Ω1, respectively,

we obtain another 4(N+N′)×4(N+N′) matrix Θ
(2)
k , such that













u
(0)
k

w
(l)
k

w
(r)
k

u
(1)
k













=Θ
(2)
k
~b,

where u
(0)
k , w

(l)
k , w

(r)
k and u

(1)
k are vectors defined as those for vk. Eliminating~b, we have

a 4(N+N′)×4(N+N′) matrix Θk =Θ
(2)
k [Θ

(1)
k ]−1, such that

Θk













v
(0)
k

v
(l)
k

v
(r)
k

v
(1)
k













=













u
(0)
k

w
(l)
k

w
(r)
k

u
(1)
k













. (5.5)

For the cylinder with cross section Ω1, vk and uk are tangential field components on
the horizontal boundaries, and vk and wk are tangential field components on the ver-
tical boundaries, therefore Θk above maps tangential field components to tangential field
components, and it is the T2T operator of the unit cell for a field with the given eiβky

dependence on y.
Since the field is quasi-periodic in the x direction, we have

v
(r)
k = eiα0 L

v
(l)
k , w

(r)
k = eiα0L

w
(l)
k . (5.6)

Writing down Θk in 4×4 blocks and using the above quasi-periodic condition, we can

eliminate v
(l)
k , v

(r)
k , w

(l)
k and w

(r)
k , and find Nk satisfying

Nk

[

v
(0)
k

v
(1)
k

]

=

[

u
(0)
k

u
(1)
k

]

. (5.7)
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The above Nk is a (4N)×(4N) matrix, it is the T2T operator of the layer in physical space
for a wave field that depends on y as eiβky.

To obtain the Fourier representation of Nk, we make use of the discrete Fourier trans-
form. Since the y dependence is fixed as eiβky, we only need the discrete Fourier transform
in x. For a scalar quasi-periodic function φ(x), we have the approximate relation

φ(xl)=
N/2−1

∑
j=−N/2

φ̂je
iαjxl , l=1,2,··· ,N, (5.8)

where φ̂j are the Fourier coefficients of φ, N is assumed to be even, otherwise j is from
−(N−1)/2 to (N−1)/2. This gives rise to an N×N matrix relating a vector of φ at N
points in the physical space with a vector for its N Fourier coefficients. Such a relation
is valid for the x and y field components in uk and vk (at both z0 and z1), respectively.
Therefore, we can insert this linear relation into Eq. (5.7) and obtain N̂k satisfying

N̂k

[

v̂
(0)
k

v̂
(1)
k

]

=

[

û
(0)
k

û
(1)
k

]

, (5.9)

where û
(0)
k is a vector of length 2N for the Fourier coefficients of Ex and H̃x at z= z0 and

fixed k, etc. Finally, we simply put N̂k for all k into a (4N2)×(4N2) matrix to form the
T2T operator of the layer in Fourier space. This gives rise to N̂ (1) satisfying

N̂ (1)

[

v̂(z0)
v̂(z1)

]

=

[

û(z0)
û(z1)

]

. (5.10)

For the second layer (z1<z<z2) which is invariant in x and periodic in y with period
L, the local T2T operator N̂ (2) can be constructed using a similar but slightly different
procedure. With some abuse of notations, we follow the Fourier expansion in x and
decompose the wave field as

u=
∞

∑
j=−∞

uj, v=
∞

∑
j=−∞

vj, w=
∞

∑
j=−∞

wj (5.11)

for z1<z<z2, where uj, vj and wj depend on x as eiαjx. For a given uj, the corresponding
y and z components can be evaluated by the following equations:

vj =
i

σj

[

αj

∂uj

∂y
−k0L

∂uj

∂z

]

, (5.12)

wj =
i

σj

[

αj

∂uj

∂z
+k0L

∂uj

∂y

]

, (5.13)

where σj = k2
0εµ−α2

j is assumed to be non-zero.
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In the yz plane, we introduce a 2D unit cell for the second layer:

Ω2=

{

(y,z)
∣

∣

∣
yc−

L

2
<y<yc+

L

2
, z1 < z< z2

}

,

such that the center of the cylinder is (yc,zc). With a polar coordinate system centered at
(yc,zc), we can expand the field in cylindrical waves as before. When the horizontal and
vertical edges of the unit cell are discretized by N and N′ points, respectively, and cylin-
drical wave expansions are properly truncated, we obtain the following two equations















u
(1)
j

u
(l)
j

u
(r)
j

u
(2)
j















=Θ
(1)
j
~b,















v
(1)
j

w
(l)
j

w
(r)
j

v
(2)
j















=Θ
(2)
j
~b,

This leads to Θj =Θ
(1)
j [Θ

(2)
j ]−1 such that

Θj















v
(1)
j

w
(l)
j

w
(r)
j

v
(2)
j















=















u
(1)
j

u
(l)
j

u
(r)
j

u
(2)
j















. (5.14)

The quasi-periodic condition in the y direction gives

u
(r)
j = eiβ0 L

u
(l)
j , w

(r)
j = eiβ0L

w
(l)
j . (5.15)

Eliminating the components on the vertical edges from (5.14), we obtain

Nj

[

v
(1)
j

v
(2)
j

]

=

[

u
(1)
j

u
(2)
j

]

. (5.16)

In Fourier space, the above becomes

N̂j

[

v̂
(1)
j

v̂
(2)
j

]

=

[

û
(1)
j

û
(2)
j

]

. (5.17)

Assembling Ñj for all j in one matrix, we obtain the T2T operator N̂ (2) satisfying

N̂ (2)

[

v̂(z1)
v̂(z2)

]

=

[

û(z1)
û(z2)

]

. (5.18)
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6 Robust marching scheme

As mentioned in previous sections, the OM scheme based on the T2T operator B, the
propagation operator W and the local T2T operator N (m), could break down at frequen-
cies where some of these operators cannot be defined. In this section, we present a more
robust scheme that in principle should work for all frequencies. The idea is similar to
those used in domain decomposition methods [30] and in a 2D OM scheme developed
by Ehrhardt et al. [31].

Let u′ and v′ be given by

u
′=
[

Ex+ρH̃y

H̃x−ρEy

]

, v
′=
[

Ey+ρH̃x

H̃y−ρEx

]

, (6.1)

where ρ is a positive real number, we define the operator B′ at any z∗≥ z0, such that

B′(z∗)v′=−u
′ at z= z∗, (6.2)

for any electromagnetic field satisfying the Maxwell’s equations (2.1) for z< z∗ , a down-
ward radiation condition (to be given below), and the quasi-periodic condition (2.8). For
any nonzero electromagnetic field satisfying these conditions, we must have v′ 6= 0 at
z= z∗. Otherwise, the z component of the time-averaged Poynting vector at z∗ is

Pz=
1

2
Re(ExH̃y−EyH̃x)=

ρ

2
(|Ex|2+|H̃x|2)≥0. (6.3)

The integral of Pz over one period in the z=z∗ plane is proportional to the power passing
through one period in the positive z direction. Since the field satisfies a downward ra-
diation condition and there is no source, the upward power should be zero, thus Ex and
H̃x must be identically zero at z∗. The assumption v′ = 0 implies that Ey and H̃y must
also vanish at z∗. This leads to the conclusion that all field components must be zero for
z≤ z∗, since the Maxwell’s equations can be written as a first order system for the x and
y components, with only first order partial derivatives in z [20].

To march the operator B′ through a layer, i.e., from zm−1 to zm, we need the operator
M(m) satisfying

M(m)

[

u′(zm−1)
v′(zm)

]

=

[

M(m)
11 M(m)

12

M(m)
21 M(m)

22

]

[

u′(zm−1)
v′(zm)

]

=

[

v′(zm−1)
u′(zm)

]

. (6.4)

Note the difference between this operator, where u′(zm−1) is in the left hand side, and
N (m) given in (3.5), where both v at zm and zm−1 are in the left hand side. The operator
M(m) is well-defined for all frequencies, since a nonzero field cannot satisfy u′=0 at zm−1

and v′=0 at zm, otherwise, it radiates power to z< zm−1 and z> zm. Notice that if u′=0,
then Pz =−ρ(|H̃y|2+|Ey|2)/2 ≤ 0. From the definitions of B′ and M(m), the following
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marching formulae can be derived:

Z=[I+M(m)
11 B′(zm−1)]

−1M(m)
12 , (6.5)

B′(zm)=M(m)
21 B′(zm−1)Z−M(m)

22 . (6.6)

For any z∗≥ z0, we can define the operator W ′ by

W ′(z∗)v′|z=z∗ =v
′|z=z0 , (6.7)

then the additional marching formula is

W ′(zm)=W ′(zm−1)Z . (6.8)

Based on the vectors u′ and v′, we can establish a downward radiation condition valid
for all frequencies. If u′ and v′ (for z<0) are expanded in plane waves with wave vectors

(αj,βk,−γ
(2)
jk ), then their corresponding vector coefficients a

′(t)
jk and b

′(t)
jk are related to

each other by

a
′(t)
jk +B

′(t)
jk b

′(t)
jk =0, (6.9)

where

B
′(t)
jk =

1

∆
(2)
jk

[

αjβk(1+ρ2) k0γ
(2)
jk (µ(2)−ρ2ε(2))−ρ(α2

j −β2
k)

k0γ
(2)
jk (ρ2µ(2)−ε(2))+ρ(α2

j −β2
k) αjβk(1+ρ2)

]

, (6.10)

and
∆
(2)
jk =α2

j +(γ
(2)
jk )2+ρk0γ

(2)
jk (ε(2)+µ(2))+ρ2[β2

k+(γ
(2)
jk )2]. (6.11)

Notice that ∆
(2)
jk 6= 0 for all k0 > 0. This allows us to define an operator B′(t), so that the

boundary condition at z=0, i.e., the downward radiation condition, can be written as

u
′+B′(t)

v
′=0, z=0. (6.12)

The boundary condition at z= D can be similarly derived, but it is necessary to use
an operator that maps u′ to −v′. Expanding the reflected wave u′(r) and v′(r) for z>D in

plane waves, their vector coefficients corresponding to the wave vector (αj,βk,γ
(1)
jk ) are

linked by the following 2×2 matrix

G
′(r)
jk =

1

∆
(1)
jk

[

αjβk(1+ρ2) k0γ
(1)
jk (µ(1)−ρ2ε(1))+ρ(α2

j −β2
k)

k0γ
(1)
jk (ρ2µ(1)−ε(1))−ρ(α2

j −β2
k) αjβk(1+ρ2)

]

, (6.13)

where
∆
(1)
jk =β2

k+(γ
(1)
jk )2+ρk0γ

(1)
jk (ε(1)+µ(1))+ρ2[α2

j +(γ
(1)
jk )2]. (6.14)
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This gives rise to an operator G ′(r) such that v′(r)+G ′(r)u′(r)=0 and the following bound-
ary condition:

v
′+G ′(r)

u
′=[v′(i)+G ′(r)

u
′(i)]z=D+ , z=D. (6.15)

At z0=0, we can initialize the two operators B′ and W ′ by

B′(z0)=B′(t), W ′(z0)=I . (6.16)

After B′ and W ′ are obtained at zM =D, we can solve v′(zM) from

[

I−G ′(r)B′(zM)
]

v
′(zM)= [v′(i)+G ′(r)

u
′(i)]z=D+ , (6.17)

then determine the reflected and transmitted waves.

While the above OM scheme avoids the difficulties associated with some special fre-
quencies, its implementation becomes more complicated. Our view is that although the
simpler OM scheme of Section 3 could fail in some cases, it is still useful, as far as we
monitor the potential risk of failure. This can be done by avoiding the frequencies satis-
fying k2

0εµ=α2
j or k2

0εµ= β2
k for integers j and k, and monitoring the norms of B, W , and

N (m). The numerical examples of the next section are based on the simple OM scheme of
Section 3.

7 Numerical examples

In this section, we present numerical examples to validate and illustrate our method de-
veloped in previous sections. First, we consider 32 layers of crossed arrays of circular
dielectric cylinders surrounded by air. As in previous works [18, 20], we assume that
the cylinders have a dielectric constant ε = 5 and a radius 0.25L, where L is the period
of the array in each layer and also the vertical distance between the cylinder centers in
neighboring layers. More precisely, the layers are given by zm−1 < z< zm = zm−1+L for
1≤m≤ M= 32, the cylinders in the mth layer are parallel to the x axis if m is even and
to the y axis if m is odd, and their axes are located on the plane at z = (zm−1+zm)/2.

For a normal incident plane wave with the wavevector (α0,β0,−γ
(1)
00 )= (0,0,−k0) and a

magnetic field polarized in the y direction, we use our method to calculate the reflection
spectra. The results shown in Fig. 2 are the reflection spectra for two cases, where R00 is
the diffraction efficiency of the (0,0)-th reflection order, i.e., the normalized power car-
ried by the (0,0)-th reflection order. The top panel is for regular crossed arrays where
the centers of the cylinders in even (or odd) layers have the same x (or y) coordinates,
or simply xc = yc = 0 for all layers. The bottom panel is for a woodpile structure where
xc and yc are alternatively 0 and L/2 in even and odd layers, respectively. Our results
agree with those of [18] and are indistinguishable from those of [20]. For this example,
we avoid the frequencies ωL/(2πc)= 1/

√
5 and 2/

√
5 (assuming ωL/(2πc)< 1), since
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Figure 2: Reflection spectra for 32 layers of crossed arrays of circular cylinders. Top: regular arrays. Bottom:
woodpile arrays.

formulae (5.3), (5.4), (5.12) and (5.13) (for constructing the field inside the rods) break
down at these frequencies.

Next, we consider a dielectric slab with M crossed arrays of circular cylindrical air-
holes. The dielectric constant of the slab is ε= 11.4. The radius of the air-holes is 0.4L,
where L is the period in x and y directions. The cylindrical air-holes are arranged as a
woodpile structure, where the axes of air-holes in two layers separated by one interme-
diate layer are offset by L/2. The thickness of the slab is D= ML. Assuming the slab is
given by 0<z<D, then the axes of the air-holes in the mth layer are located on the plane
at z=(m−0.5)L. The medium above and below the slab (i.e. z>D and z<0) is air. For
this structure, we consider a plane incident wave with the wave vector (0,0,−k0) and an
electric field polarized in the y direction. For ωL/(2πc)<1 and the normal incident wave,
the only propagating diffraction order is the (0,0)-th order. In Fig. 3, we show the trans-
mission spectra for M=8 and M=16, where T00 is the diffraction efficiency of the (0,0)-th
transmission order. These results are obtained with N=N′=13. For ωL/(2πc)≤0.5, the
OM scheme breaks down at ωL/(2πc)=1/

√
11.4, and this frequency is avoided.

For the above air-hole structure, we also consider an oblique incident wave with a

wave vector (α0,β0,−γ
(1)
00 )= k0(

√
6/4,

√
2/4,−

√
2/2). For M= 16, we show part of the

transmission spectra in Fig. 4. The top and bottom panels correspond to incident waves

with H̃
(i)
y = 0 and E

(i)
y = 0, respectively. At higher frequencies, there are more than one

propagating transmission orders. In Fig. 5, we show the computed diffraction efficiencies
of four transmission orders for different values of N (and N′ = N). The left and right
panels are results for ωL/(2πc)=0.9 and ωL/(2πc)=1, and for incident waves satisfying
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Figure 3: Transmission spectra of normal incident waves for woodpile crossed arrays of circular air-holes in a
finite dielectric medium. Top: 8 layers. Bottom: 16 layers.
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Figure 4: Transmission spectra of oblique incident waves for 16 layers of crossed arrays of air-holes in a dielectric

medium. Top: H̃
(i)
y =0. Bottom: E

(i)
y =0.

H̃
(i)
y =0 and E

(i)
y =0, respectively. For practical applications, it is sufficient to use a very

moderate value for N, such as N=11.
For this example and for frequencies satisfying ωL/(2πc)≤ 0.5, we need to avoid
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Figure 5: Dependence of diffraction efficiencies on integer N. Left: H̃
(i)
y = 0 and ωL/(2πc) = 0.9. Right:

E
(i)
y =0 and ωL/(2πc)=1.

ωL/(2πc)=1/(
√

11.4±
√

6/4) and 1/(
√

11.4±
√

2/4), since the OM scheme breaks down
at these frequencies. For frequencies near a breakdown value, we expect some loss of
precision, but the effect appears to be very mild. For example, let ω∗ be the frequency
corresponding to 1/(

√
11.4+

√
6/4), we calculate T00 for ω = 0.99ω∗, 0.999ω∗, 1.001ω∗

and 1.01ω∗, where the incident wave satisfies H̃
(i)
y =0. The results obtained using different

values of N are listed the Table 1. In all cases, the first four digits are stabilized for N

Table 1: Transmission coefficient T00 of an oblique incident wave with H̃
(i)
y =0 for 16 layers of crossed arrays of

air-holes in a dielectric medium. The frequencies are near the breakdown value ω∗L/(2πc)=1/(
√

11.4+
√

6/4).

N T00(0.99ω∗) T00(0.999ω∗) T00(1.001ω∗) T00(1.01ω∗)
6 0.8747 0.8051 0.7947 0.7751

7 0.8765 0.8074 0.7972 0.7785

8 0.8748 0.8059 0.7958 0.7776

9 0.8745 0.8054 0.7953 0.7768

10 0.8749 0.8058 0.7956 0.7771

11 0.8750 0.8059 0.7957 0.7772

12 0.8749 0.8058 0.7956 0.7772

13 0.8749 0.8058 0.7956 0.7771

14 0.8749 0.8058 0.7956 0.7771

15 0.8749 0.8058 0.7956 0.7771
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around 12 or 13. In our implementation, the norms of B, W and N (m) are continuously
monitored, so that any possible loss of precision can be automatically detected.

8 Conclusions

In this paper, we develop a new semi-analytic method (called T2T operator marching
method) to analyze transmission and reflection properties for structures with crossed ar-
rays of circular cylinders. The method marches two operators B and W through the
structure layer-by-layer, where each layer is an infinite periodic array of circular cylin-
ders parallel to the x or y axis, using local operators N (m) constructed from cylindrical
wave expansions. The construction of N (m) is efficient, since it is reduced to a sequence of
2D problems which have analytic solutions. The operator B and N (m) are named global
and local T2T operators, respectively, since they map tangential field components in one
spatial direction to tangential field components in another spatial direction. Compared
with the earlier method developed in [20], the new method brings a number of simplifi-
cations. Since B and W are continuous, there is no need for steps to jump over horizontal
interfaces. Furthermore, the same local operator N (m) is used in the marching process
whether the cylinders in a layer are parallel to the x or y axis, therefore, it is not necessary
to use two pairs of operators and to switch between them. The method is validated by
comparing numerical solutions with those given in [18] and [20]. It is further illustrated
by a slab structure where the cylinders are actually air-holes in the slab.

The operator marching procedure makes the method particularly efficient for struc-
tures with many layers. The method is useful to design structures with crossed arrays for
practical applications. The main operator-marching step is valid even when the cylinders
in the layers have general cross sections, but a different method must be used to construct
the local T2T operators N (m).

The relatively simple OM scheme developed in Sections 3, 4 and 5 could break down
at some special frequencies. A more robust OM scheme is proposed in Section 6. How-
ever, the simple scheme is still useful, since we can detect any significant loss of accuracy
by monitoring the norms of B, W and N (m). In our experience, the method remains re-
liable even when the frequency only differs from a breakdown point by 0.1% in relative
values. Finally, it is clearly worthwhile to implement the more robust OM scheme of
Section 6 and to develop OM schemes for more general 3D periodic structures.
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